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Abstract

Longitudinal semi-continuous data, which contain a fair amount of zeros along with
positive values, is common in biomedical, econometric and health research. The
existence of missing values in this kind of data creates additional difficulty in anal-
ysis. This thesis proposes a Compound Poisson mixed model to analyse the semi-
continuous data with missing data using a selection-model approach.

In the literature, the two-part model has been used most frequently to analyse
semi-continuous data. In the two-part model, the zero values and positive responses
from the same subject are modeled separately (Liu et al., 2012). This separation of
zero and non-zero values is likely to destroy the serial dependence structure among
the repeated responses within subjects. Therefore, we modelled the zero and positive
responses together of the semi-continuous data while considering multilevel random
effects.

Our work is motivated by Ma et al. (2007) and Hasan et al. (2009). They have
proposed a multilevel random effects zero inflated Poisson model for the clustered
count data with excess zeros. Furthermore they use patten-mixture model to deal
with the dropouts in the longitudinal unbalanced data. Recently, Yan et al. (2016)
also analyse the semi-continuous longitudinal data with Tweedie’s compound Poisson
based on orthodox best linear unbiased predictor (BLUP) of the random effects given
the data.

This thesis applies a Tweedie’s compound Poisson mixed model for longitudinal

il



semi-continuous data using a Bayesian approach. Our approach can accommodate
both the zero and non-zero parts of the semi-continuous responses simultaneously
with multilevel random effects. The regression parameters and the random effects
parameters are estimated by using the Markov chain Monte Carlo (MCMC) algo-
rithm of the Bayesian approach.

The method is demonstrated on Fluoride intake data and BSI data. Both data
sets consist of a large number of zero responses as well as a substantial amount
of dropout. To account for both excessive zeros and dropout patterns, we use a
selection-model with compound Poisson mixed random effects for the unbalanced

longitudinal data. We also conduct a simulation study to verify the proposed model.
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Chapter 1

Introduction

In biomedical, environmental and actuarial application, it is common that the semi-
continuous longitudinal random variable combines a point mass at zero with non-
zero continuous values. Modelling semi-continuous data does not have a standard
distribution due to the fact that the observations measured over time are correlated
and strong skewness exits in the data; appropriate statistical techniques are needed
for analysing the semi-continuous longitudinal data effectively.

The two-part model is commonly used to analyse semi-continuous data in the
literature. A two part model generally uses a combination of a binary mixed model
and a Gaussian mixed model to analyse the zero and non-zero parts respectively,
but the choice of Gaussian distribution may not be appropriate as the responses are
often strongly right skewed (Anderson et al., 2010). Moreover, separating zero and
non-zero responses from the same subject is likely to destroy the underlying serial
dependence structure.

Both the two-part model (Duan et al., 1983) and first sample selection model
(Heckman, 1976, 1979) use two equations to separately model and investigate the
outcome. The sample selection model posits an underlying bivariate normal error.

The model estimates an unconditional equation that describes the level subjects



would have if they all had outcomes. The two-part model estimates a conditional
equation that describes only the level of outcomes for those that are positive. There-
fore a new model to analyse the semi-continuous responses, without separating zero
and non-zero parts, and after taking random effect into account, is required.

Tweedie’s Compound Poisson model (Revfeim et al., 1984) is a popular method
to model data with highly right-skewed distribution, which has probability mass at
zero and non-negative support. Tweedie’s model has been widely applied in various
areas such as actuarial and agricultural sciences. To manage correlated data with
zeros, some models have been developed which incorporate serial correlation within
the subjects. These models possess subject-random effect terms to handle zero and
non-zero responses. As we are interested in longitudinal data, the time-random effect
should also be considered in the proposed model.

Ma et al. (2007) have proposed a zero inflated Poisson model for the clustered
count data with excess zeros. Multilevel random effects are introduced in the pro-
posed model to account for the unobserved heterogeneity which arises due to the
clustering effects. Ma et al. (2009) have also used a compound Poisson distribu-
tion to model the cluster level random effects. A compound Poisson distribution is
a Poisson sum of independent and identical Gamma distributions. Their proposed
model is more flexible as it considers only a single distribution which is Tweedie’s
compound Poisson distribution. Similarly, the compound Poisson distribution can
be used to model semi-continuous data with a number of zero and non-zero continu-
ous responses. Yan et al. (2016) also analyse the semi-continuous longitudinal data
with Tweedies compound Poisson based on orthodox best linear unbiased predictor
(BLUP) of the random effects given the data.

Bayesian methods offer the advantage of providing knowledge in the form of
prior distributions of the parameters from previous studies incorporated in the cur-

rent analysis. A major difference with the classical method is model parameters are



considered as random variables in Bayesian methods. Bayesian analysis of the semi-
continuous data is a recent research area. By introducing priors in the model, the
Bayesian approach allows the adjustment of the uncertainty of the regression param-
eters. A correlation structure can easily be incorporated in the Bayesian framework
by considering assumptions for the priors of random effects.

In this thesis, we investigate the compound Poisson mixed model for the semi-
continuous longitudinal data in the context of the Bayesian approach. Since com-
pound Poisson distribution has a mass at zero, we can analyse both zero and non-zero
continuous responses in an integral way. We also propose subject- and time-specific
distribution-free random effects to model existence of any possible over dispersion
among the longitudinal responses.

The remaining part of this thesis is organized into four chapters. In chapter
two, we will discuss the conventional models used to analyse semi-continuous data.
The models frequently used to handle semi-continuous data are the Tobit and the
Heckman'’s selection models. In this chapter, these models are described in brief along
with their disadvantage to handle zero inflation and overdispersion. The Tobit model
was the first model to deal with semi-continuous data. The sample selection model
extends the Tobit model to allow different coefficients to affect the two components.
Both models assume an underlying normal random variable that is censored by a
random mechanism. These models are sometimes suitable for modelling a limited
or censored response variable. When zeros represent actual outcome values instead
of censored or missing values, the underlying normal assumption becomes dubious.
An alternative strand of literature for semi-continuous data does not assume an
underlying normal distribution. Duan et al. (1983) proposed a two-part model to
fit data on expenditures for medical care. Jorgensen (1987) proposed a compound
Poisson exponential dispersion model for semi-continuous data.

Chapter three presents the fundamental ideas of the Bayesian approach as



well as the description of compound Poisson mixed effect model which is the main
model on which our research is based. Simulation plays an important role in Bayesian
analysis. The difficult mathematical calculations in the Bayesian approach can easily
be accomplished by simulation. Simulation is used to update estimates in Bayesian
problems. Markov chain Monte Carlo (MCMC) methods, specifically the Metropolis
Hastings algorithm and the Gibbs sampler, are described in chapter three. The
applications of Bayesian approach are discussed along with the Compound Poisson
mixed effect model.

In chapter four, we have used BSI and infant fluoride intake data with excessive
zeros collected from health studies to evaluate the proposed compound Poisson mixed
model using the Bayesian approach. The results of the analysis are presented along
with some relevant graphs and figures which show the parameter inferences and
test results. The longitudinal data often have missing observations, subsequently,
the non-ignorable missing observations are challenging to analyse. There are several
approaches available to handle the non-ignorable nonresponses; we used the selection-
model to deal with the missing values. Finally, a brief discussion about the simulation
process is presented to assess the compound Poisson mixed model.

Chapter five concludes the approach we used to show how the Bayesian frame-
work, combined with the MCMC method to handle multilevel random effects in
semi-continuous data using Tweedies compound Poisson distribution. The Bayesian
approach has the advantages of ease of interpretation, incorporation of prior knowl-

edge, and reduced small sample bias.



Chapter 2

Literature Review

2.1 Previous methods to deal with semi-continuous

data

In real life continuous outcome measures together with a large number of observed
values clustered at zero do not follow a standard distribution. The traditional ap-
proach is modelling the two parts of outcome measures separately. We introduce
several existing modelling methods for analysing semi-continuous data in the follow-

ing sections.

2.1.1 Sample selection models
2.1.1.1 Tobit model

Tobin (1958) introduces the censored regression model for analysing the household
expenditure data, which is commonly known as Tobit model. He considers the normal
distribution assumption to the positive responses, and then the positive responses are
modelled with the appropriate covariates. Here we will discuss the Tobit model very

briefly. Let Y = (Yi,...,Y,)" be the response. In the Tobit model, it was assumed



that Y;” be a normally distributed variable, which can be defined as

YP i YP >0

)

Y, = , (2.1)
0 ifYP<o0

where ¢ = 1, 2, ...,n and this division of the response indicates only non zero positive
responses are observed and considered in the model. By using explanatory variables,

Y can be expressed as

}/;p = X’Lﬂ + €

where X; are the explanatory variables for the i*" response and ¢; be the random

component, 3 are the fixed effect parameters and ¢; follows the normal distribution

with mean zero and variance 72,

T ~ N(O,TQ).

In the Tobit model, probability density function is found for both zero part

and non zero positive part. For the zero part of the data,

PYi=0) = 1= p(¥? > 0) = 1 — p(X,f + & > 0)
=1-p(XiB > —€)=1-p(—X;f <€)

=1-ple>—Xif) =1—[1—p(e; < —X;f)]

—1- [1_])(61;0) _ _XiﬁT—0:| . [1_p<z< _X;ﬂ)] (2.2)
=1- {1—F(-XT"5)}

:F(—X;ﬂ)




where F'(-) indicates the cumulative probability density function for the standard

normal distribution N (0, 1). For the positive response part of the data,

p(Yi=Y") =p(Y; = Xi +€)

=p(e =Y; — XiB)

B (Gi—O_Yi—Xzﬂ)
AU T (2.3)
( Yz‘—Xzﬂ)
=plz=—"7-—
-
1

(5

Assuming all the observations are independent, the likelihood function looks

like

L(B,7) =

I ()| Mz (5] e

The Tobit model assumes normality for the distribution of the error term, with
constant variance. This is unrealistic in many applications. When the model form is
correct but the distribution of ¢; is not normal, the ML estimators are inconsistent

(Robinson 1982).

2.1.1.2 Heckman’s selection model

Heckman introduces a selection model to analyse the women participation in the
labour force. The model is an extension of the Tobit model to a simultaneous equa-
tion system. This model is often used to the censored dependent variables like the
Tobit model. Duan et al. (1983) argues that when zeros represent nothing but the
actual data then their two-part model is more clearly interpretable than Heckman’s

selection model. There are several ways of understanding Heckman’s sample selection



model. Here we will follow the way of Min and Agresti (2002). Let Y = (Y1,...,Y,,)’
be the response. In the sample selection model, there are two basic equations, the
outcome equation and the selection equation. Outcome equation can be expressed

as

Y? when 2! >0

7

Y, = , (2.5)
0  when 2 <0

where 2¥ relates to the selection equation and

VP = XiB + e, (2.6)

where X are the explanatory variables, 5 are the fixed effect parameters and the

random component ¢; can be defined as

€ ~ N(O,TQ),

Selection equation can be defined as

2= Wig+ s, (2.7)

where W are the explanatory variables, ¢ are the regression parameters and the

random component 1); defined as follows

¢i ~ N(Oa 772)7

We can define an indicator variable z;, which can be expressed as

1 when 2/ >0

0 when 2¥ <0



It was assumed in the model that the random components of the outcome
equation and the selection equation are correlated and together follow a bivariate

normal distribution, which can be expressed as

€ 0 T2 cov(e;, ;)

(08 0 cov(e;, 1) n?

By doing some small modification, it can be easily shown that the Tobit model
is a special case of the selection model. If we replace z; by Y; then the sample
selection model gives rise to the Tobit model. Sometimes the sample selection model
is also termed as generalized Tobit model or type 2 Tobit model.

There are two ways of estimating the Heckman’s (1974) sample selection model.
They are Heckman’s two-step procedure and maximum likelihood estimation tech-
nique. In the following paragraphs we will describe them very briefly. Heckman’s
two-step procedure is a widely used technique for estimation. In the estimation

technique we need to find

E[Y?|2F > 0] = E[X;8 + &;|Wi¢ + ¢; > 0]
= X,8 + Elei|Wi¢ + ;> 0] (2.9)

= Xif + Eleilps > —W;gl.

As €; and v; are not independent and have a bivariate normal distribution,

according to Greene (2002), we can write

Elei|t; > =W;¢] = 0+ corr(e;, i) TA(owy), (2.10)

and

Varley; > —W;p] = 7°[1 — [corr(e;, 1)]*6 (ay)], (2.11)



where ay, = (_W;‘b_o),)\(aw) = %,5(%51) = )\(if:;f)% and f(), F() are the den-

sity and the cumulative distribution function of the standard normal distribution
respectively and 7 is the square root of the variance of random component 1; of the

selection equation.

Therefore,
EYF|z > 0] = XiB + Eleitp; > —Wig)]
(2.12)
= X0 + corr(e;, ¥;)TA(ay).
Thus,
Y728 > 0= E[Y"|z} > 0] + w;
(2.13)
= X, + corr(e;, ;)T A (o) + wi.
Following Heckman (1974), w; has mean zero and variance
1+ [eorr(ei, v) " (A ay) — [Aaw)]?)]. (2.14)

In this estimation technique, ¢ and n are estimated first then are used to find
the estimate of ay,, which will help find Aa,. Next by using all the informations 3

and 7 can be estimated from the following equation,

YP2P > 0= X;8 4 corr(e;, i) TA (o) + wj. (2.15)

Maximum likelihood estimation technique can be used to estimate the param-
eters of the sample selection model. To do so any standard iteration technique is

used to the following likelihood equation,

10



L(B, ¢, V) =

Hp(zfsm] [H p(YP|2 > 0)p(zf > 0)| . (2.16)

Y;=0 Y;>0
Heckman’s two-step procedure does not perform as well as the ML estimators.
But this method is very simple and easy to implement. It is widely used and has

become the standard estimation procedure for empirical micro-econometrics studies.

2.1.2 Two-part model

The Tobit model allows the same underlying stochastic process to determine whether
the response is zero or positive as well as the value of a positive response. That is,
the same parameters influence whether the outcome is zero or positive as well as
the magnitude of the outcome, conditional on its being positive. The next two
subsections discuss the two-part model which allows the two components to have
different parameters.

A simple way to model semi-continuous data is to present them as a two-
part mixture consisting of a continuous distribution and a mass clustered at zero.
As noted by Duan et al. (1983), in the first step of the model they use a binary
model for the expenditure to find whether the response is positive or not, in the
contrast, the second part of the two-part model describes the conditional mean of the
response given that it is positive. The two-part model usually uses a combination of
a binary mixed model and a Gaussian mixed model to analyse the zero and non-zero
parts separately. But sometimes the non-zero values show strongly skewed feature
which causes that Gaussian mixed model may not be appropriate, so logarithmic
transformation is often used in the second part of the model. Next few paragraphs

show the brief description of the two-part model.

11



2.1.2.1 Model and notation

Let Y; denote the i¢th semi-continuous response, ¢ = 1,2,...,n. This response can

be recoded as two variables,

1 ifY;#£0
Z; = . (2.17)
0 ifY;=0

In the first part of the model, a logistic regression is used to deal with the

dichotomous responses, which can be represented as

logit[p(Z; = 0)] = logit[p(¥; = 0)] = X3

p( i 0) _
= log [1—19(3/1':0)] = X,
. explX;f]
=P =0 = T

where X; are the explanatory variables and S indicates the fixed effect parameters.
The second part of the model shows the conditional distribution given the binary

indicator,

9(Ys) if Y; # 0
Vi= . (2.18)
irrelevant if Y; =0
In general, the model can be written as
g(YilZ; = 1) = Xiy + &, (2.19)

where X are the explanatory variables, 7 indicates the fixed effect parameters and ¢;

12



is the random component. The function of g() is a monotone increasing function(e.r.,
log) that will make the transformed responses V; to be approximately normally dis-
tributed. Maximum likelihood estimation is often used to estimate the parameters
of the two-part model.

Later, a two-part random effects model is developed by Olsen and Schafer(2001)
as a extension of the traditional two-part model we introduced above. One random
effect is considered in the first part of the two-part model. Let Y;; denote a semi-
continuous response for the ith subject at the jth occasion.

For the first part,

1 if Y #0
Zij = (2.20)
0 ifY;; =0

Logistic regression can also be applied to the first part of the responses. Com-

paring to the aforementioned two-part model, a random effect is added in this step,

logit[p(Zi; = 1)] = X8 + Byjcs, (2.21)

where X;; and B;; are the explanatory variables, and f3 is the fixed effect parameter
and ¢; is the random effect parameter.

The second part of the responses can be defined as

9(Yi;) ifY;; #0
v, = , (2.22)

irrelevant if Y;; =0

and the model of the responses was represented as

9(Yij|Ziy = 1) = log(Yy;|Zi; = 1) = X;;8" + Bij"ci* + ¢4, (2.23)

13



where X/, and B;;* are matrices of covariates, 3* and ¢;* are parameters of fixed
and random effects respectively, and ¢; is the the residual which is assumed to follow
N(0,0?).

In the two-part mixed model, the random coefficients from the binary and

conditional parts are assumed to be jointly normal and correlated.

(I)l ~ N 0’1/} _ 77b<I>1<I>1 ¢©1<I>2

0, 1/}4’24’1 1/}‘1’2‘192

2.2 Introduction to the compound Poisson distri-
bution

In this section, I briefly review the Tweedie models based on the Tweedie exponen-
tial distribution. Tweedie distributions are a special case of exponential dispersion
models.

Any exponential dispersion model can be characterized by its variance function
V' (), which describes the mean-variance relationship of the distribution when the
dispersion is held constant. If Y follows an exponential dispersion model distribution
that has mean p, variance function V'(), and dispersion ¢, then the variance of Y

can be written as

Var(Y) = ¢V (p).

Tweedie distributions are a special case of the exponential dispersion family for
which V(u) = p? and Var(Y) = ¢p? (Dunn and Smyth 2005). The distribution is
defined for all values of p except values in the open interval (0,1). Many important
known distributions are a special case of Tweedie distributions including normal

(p =0), Poisson (p = 1), gamma (p = 2), and inverse Gaussian (p = 3). Apart from

14



these special cases, the probability density function of the Tweedie distribution does

not have an analytical expression. For p > 1, it has the form

fys 1, 0. p) = aly, d)exp le (‘ZM_I_; - Fv(u,p))} , (2.24)

where

K, p) = > P /(2 — p) for p # 2,

and

k(1 p) = log(p) for p = 2.

The function a(y, ¢) does not have an analytical expression. It is usually eval-
uated by using the series expansion methods.
For 1 < p < 2, the Tweedie distribution is a compound Poisson-gamma mixture

distribution, which can be expressed as

N
Y = ZX“ N ~ Poisson(\), X; ~ Gamma(a, 5), N L X;,

i=1
where N is the number of X;, which follows a Poisson distribution with mean A, and
X; ~ Gamma(a, ) are independently and identically distributed Gamma random
variables with mean «//3 and variance o/3%. In this representation, the exponential
dispersion model is denoted as compound Poisson distribution for index parameter
p € (1,2). As a result, the compound Poisson distribution has a density mass at
zero and a right skewed continuous positive part. This distinguished feature can be
applied to analyse semi-continuous data.

The compound Poisson distribution has been applied in diverse fields, where
the underlying examples can be considered as a compound Poisson process.

In an ecological study of fishery survey, Y refers to the total biomass of a
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particular fish species in a certain area, N is the number of fish, and X is the weight
of the ¢th fish.

In actuarial science, Y is the total claim amount of an insurance policy, N is
the number of reported claims, and X, is the individual insurance payment of the
1th claim.

In the meteorological study, Y can be the totally precipitation in a given period,
N is the number of rainfall events, and X; is the precipitation of the ith rain event.

Ma et al. (2007) propose a compound Poisson random effects approach to
analyse a set of medical and health care data which can characterize both the extra
zeros and the remaining data with multilevel clustering. In the following section,
our proposed model is discussed which is a compound Poisson mixed model based

on the Bayesian approach.

2.3 Bayesian inference

Both Bayesian and frequentist inferences are widely used in statistical analysis. In
some respects, Bayesian methods are older than frequentist ones, having been the
basis of very early statistical reasoning as far back as the 18th century, but it was
limited before the computing technology developed rapidly. The Bayesian approach
has steadily gained ground, and is now recognized as an alternative to the frequentist
approach due to computing advances.

This part is organized into three sections. The first gives an outline of the
Bayesian method, compares the Bayesian and frequentist inferences, links their dif-
ferences to fundamental differences, and argues that the Bayesian approach is more
consistent and reflects better the true nature of scientific reasoning. The second sec-
tion focuses on the computation methods for Bayesian approach. The final section

addresses the creation of compound Poisson model using Bayesian approach.
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Table 2.1:
Bayesian statistics

Overview of the similarities and differences between frequentist and

Topics

Frequentist statistics

Bayesian statistics

Definition of the p value

Probability

Inclusion of prior knowledge possible
Nature of the parameters in the model
Population parameter

Uncertainty is defined by

Estimation

Estimated intervals

The probability of observing the
same or more extreme data as-
suming that the null hypothesis
is true in the population

Limit of empirical Frequencies
No

Unknown but fixed

One true value

The sampling distribution based
on the idea of infinite repeated
sampling

Likelihood  based(MLE)
other criteria(e.g., UMVUE)
Confidence interval: interpreted
in terms of long-run behaviour of
response

and

The probability of the null hy-
pothesis

Subject belief

Yes

Unknown and random

A distribution of values reflecting
uncertainty

Probability distribution for the
population parameter

Based on the posterior
Credibility interval: interpreted

as probability statements about
the parameters

We first present the basic procedures of Bayesian inference which is a process
of getting information from data. The main difference between the frequentist ap-
proach and the Bayesian approach is that the latter one considers parameters as
random variables that are characterized by a prior distribution whereas the classical
approach relies on the frequency interpretation of probability. In frequentist statis-
tics, parameters are not repeatable random things but are fixed, which means that
they cannot be considered as random variables. In contrast, in Bayesian statistics,
the value of a parameter is uncertain, can be thought as a random variable, known

specifically from prior information.

2.3.1 The ingredients of Bayesian statistics

Three ingredients underlying Bayesian statistics were firstly described by T. Bayes
et al. (1763). In the following sections, these ingredients will be introduced and

explained in details.
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2.3.1.1 Prior knowledge

The first ingredient is the background knowledge on the parameters of the model
being tested. The first ingredient refers to all information available before we start to
analyse the data set, therefore, we define the first ingredient as prior distribution. We
expect a prior distribution with a small variance which may reflect the uncertainty
about the value of the population parameters. The smaller the variance, the more

confident one is that the prior estimates reflect the population estimates.

How to define priors The data we want to analyse can moderate our priors
regarding the parameters and thus lead to the updated value of priors. But how
do we specify priors? The choice of a prior is based on how much information we
have prior to the data collection and how accurate we believe that information to
be. There are two scenarios. First, in some cases we may not be in possession of
enough prior information to aid in drawing posterior inferences. From a Bayesian
point of view, this lack of information is still important to consider and incorporate
into our statistical specifications. Second, in some cases we may have considerable
prior information regarding the value of a parameter and our sense of the accuracy

around that value.

Non-informative prior distributions In many cases, we have no prior knowl-
edge to the value that a parameter might take. We can represent prior ignorance with
a non-informative prior distribution, sometimes called a diffuse distribution because
such a wide range of values are considered possible. The most typical diffuse prior
is a uniform probability distribution, which says that each value of the parameter is

equally likely.

Informative prior distribution The other choice is an informative prior, rep-

resenting cases where we have substantial prior knowledge about the value of the
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parameter. For example, we might specify a Gamma distribution about our prior
expectation of the parameter value. The choice of informative priors is a contentious
aspect of Bayesian inference, since they are constructed from subjective opinion as
opposite to previous empirical estimates. Therefore, the construction of priors is a

challenge for bayesians who are looking for logical and consistent values of priors.

2.3.1.2 Posterior distribution

All conclusions from Bayesian inference are based on the posterior probability dis-
tribution of the parameters or an estimate of the posterior derived from MCMC
sampling. This posterior distribution represents our prior probability distribution
modified by the current data through the likelihood function. Bayesian inference
is usually based on the shape of the posterior distribution, particularly the range
of values over which most of the probability mass occurs. A point estimate of the

parameter is usually determined from the mean of the posterior distribution.

2.3.2 Notation

We can denote a parameter or a collection of parameters by 6 and the data can be
denoted as Roman letter y which may be a vector of observations of a single variable
or a matrix of observations of more than one variable. Bayesian inference is based
on Bayes Theorem (1763) which states that the conditional probability for event A

given B is related to the conditional probability of B given A as follows:

15y = 2B, 4))
p(4;|B) = o(B)
_ p(B|A;)p(4;)
YL (B A) (2.25)

_ p(Bl4))p(4;)
> p(BlAj)p(A))
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The event of interest B was given and a collection of events A; (j = 1,...,.J) that
are mutually exclusive. Where p(B, A;) indicates the joint probability when both A
and B occur.

In the Bayesian approach, we use the data y to learn about the parameters
f which will be updated in the learning process. Therefore, prior and posterior
information are used to represent the knowledge before and after observing the data.
Bayesian approach also begins with a sampling model for the data y given a vector
of unknown parameters 6.

The Bayes theorem can be used for parameter estimation replacing the terms

A and B with parameter vector # and data y to obtain,

p(y,0) _ pylo)m(6)

plfly) = p(y) p(y)

(2.26)

with

ply) = / - / p(y[6)m(0) do. (2.27)

The sampling model is given in the form of a probability distribution p(y|0)
which is also the likelihood if regarded a function of 6. m(0) is called the prior distri-
bution of # which reveals the information regarding the parameter 6 before observing
the data y. The posterior probability distribution p(f|y) is the distribution of 6 ob-
tained from the combinational information in both data and the prior distribution.
In Bayesian inference, the main interest is to estimate the posterior distribution of #
given the data y. p(y) is the integral of 7(8)p(y|6) over all possible values of 6 which
indicates the p(y) will always be a constant for a particular data set. Hence we may

leave p(y) out, the posterior can be written as,

p(Oly) oc w(0)p(yl0),
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that is,

posterior o prior x likelihood.

Over all the conceptual reviews above, a typical Bayesian analysis can be out-
lined in the following steps:

The first step in a Bayesian analysis is to choose a probability model for the
data. This process is similar with the frequentist approach of choosing an appropriate
probability distribution for the data if the parameters are fixed.

Once the probability model was chosen, a prior distribution was proposed for
the unknown model parameters. The approach to choosing a prior distribution
depends on the knowledge from similar data with substantive problem or the statis-
ticians’ experiences and beliefs about the unknown parameters.

After the data has been observed, the likelihood function is constructed. The
likelihood is the joint probability function of the data, but viewed as a function
of the parameters, treating the observed data as fixed quantities. In the Bayesian
framework, all of the information about 8 coming directly from the data is contained
in the likelihood. Now, we can apply the Bayesian theorem to obtain the posterior

distribution p(6|y),

p(Oly) oc w(0)p(yl0). (2.28)

For the last step, point estimates of parameters and interval estimates can be
summarized with an appropriate analysis after the posterior distribution has been

determined.
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2.3.3 Application to Bayesian models

2.3.4 Bayesian regression

A general regression model can be represented as follows:

y=af+e, (2.29)

where y is the response variable and = = (x1, 22, ...,x,)" is a vector of explanatory
variables with corresponding regression parameter 5 = (S, 51, B2, ..., 5)’. And the
residual € is considered to be normally distributed with mean 0 and variance o2.
Comparing to the Bayesian model, we may consider this likelihood function
of y as f(y|B,0) where 8 and o are parameters. The priors for each parameters
in the Bayesian model need to be defined such as § as 7(f) and o as m(o). The
specification of prior distributions plays a very important role in Bayesian inference
since it influences the posterior directly. Finally the posterior of the model should

be obtained as follows:

p(B,olz,y) o< f(y|B, o)m(B)m (o). (2.30)

2.3.4.1 Markov chain Monte Carlo methods

MCMC techniques are often applied to simulate complicated distribution which en-
ables the estimate of posterior distribution more easily and accurately. MCMC has

a great impact on the development of Bayesian theory.

What is Markov chain A Markov chain is a stochastic process whose states,
discrete or continuous, are governed by a transition probability. The current state in

a Markov chain only depends on the most recent previous states, the future states
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are independent of past states given the present state. Or simply represented as:
T Tty ey ko ~ P(y|@i—1, .oy o) = Pay]zi-1). (2.31)

The Monte Carlo principle Typically a simple way of saying we can take quan-
tities of interest of a distribution from simulated draws from the distribution.
Suppose we have a distribution p() (perhaps a posterior) that we want to take

quantities of interest from. To derive it analytically, we need to take integrals:

Iz/@g(ﬁ)p(@)d@, (2.32)

where ¢(f) some function of #, we can approximate the integrals via Monte Carlo

Integration by simulating N values from p(#) and calculating

Iy = %Z g(69). (2.33)

The Monte Carlo approximation Iy is a simulation consistent estimator of the
truevalue]:fN%IasNﬁoo.

MCMC techniques are based on the construction of a Markov chain. To even-
tually reach the target posterior distribution, MCMC updates parameters iteratively
which makes the estimate modified in every step depending on the previous step.
After a large number of steps, known as the burn-in period, the Markov chain
converges to the target posterior distribution. Implementation of Markov Chain
Monte Carlo (MCMC) method has made the calculation of posterior probability
much easier. Many highly complicated computations can be handled easily by us-
ing MCMC method along with the use of high technique computer and software
applications. The two most popular MCMC methods are the Metropolis-Hastings

algorithm (Metropolis et al., 1953; Hastings, 1970) and the Gibbs sampling (Geman
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and Geman, 1984).

Metropolis-Hastings algorithm Metropolis-Hastings (MH) algorithm is a pop-
ular MCMC method. The sampling technique is used to draw samples from a multi-
variate target distribution without even knowing the normalizing factor. The main
idea of this method is to evolve a Markov chain so that its stationary distribution
is the target distribution f. To obtain values from the target density f(#) where 0
denotes the parameters of interest, the MH algorithm employs a proposal density
q(6°,67). This density plays an important role for two purposes: first, it provides
proposal values 6P of the parameters, given the current values 6°, and second, it is
used to decide whether this values will be accepted or not.

This is done with the help of the acceptance probability x (6, 67). So, x has to

be computed at each step,

A (6°,0°) = min { mgp; - Zgzp gp;] , 1} . (2.34)

Denoting by I the total number of iterations, the MH sampling proceeds in the
following steps,

1. Specify the initial values of the parameters §(®) = (0§0), o 0&9)).

2. Repeat fori=1,...,1

e Draw a proposal value 67 from q(6¢1);

e Draw a sample u(Y from the uniform distribution U(0, 1);

o Let

, H®) if u@ < x (901, 6P)
o) = : (2.35)
001 otherwise

3. Return the values 60 = (619,657 .. 6%)).
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After a burn in period, #%) can be considered as a sample from the target
distribution f(6). The algorithm works better if the proposal density is close to the

target distribution.

Gibbs sampler The Gibbs sampling algorithm is a special case of the Metropolis-
Hastings algorithm.The Gibbs sampler is a simple and powerful conditional sam-
pling technique. In this method, the parameter vector @ is grouped into m different
blocks, 6 = (01,0, ..., 0,,). Each block is then sampled separately conditioned on the
remaining blocks. An attractive characteristic of Gibbs sampler is that at each iter-
ation it uses the full conditional distributions f(6x|61, ..., 01, Oks1, ---, Om) as proposal
densities for 6,k = 1,2,...,m. The main advantage of using full conditionals for
construction of Markov chain moves is that at any of the sampling steps no rejection
is incurred. The basic algorithm of Gibbs sampler is as follows:

1. Specify the initial values of the parameters #(0) = (950), . 0,(79)).

2. Repeat for ¢ =i,..., [

e Generate HY) from the full conditional f(~|9¥71), 9?71), o 9,(,271));

e Generate Géi) from the full conditional f (-|9§i), Qéi_l), ey 97(,2_1));

e Generate 6% from the full conditional f(-6{”,657 ... 8" 1),

3. Return the values «99, Qg), e ,9%).

The sequence 6 = (9?%99, . ,97(7?) then comprises a Markov chain with
stationary distribution f. If the full conditionals are standard distributions, sampling
from them is straightforward. §() = ((9?’, o, .., 05,’;)) can be considered as a sample

from the target distribution f.
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2.4 Missing data

2.4.1 Missing data mechanism

To decide how to handle missing data, it is helpful to know why they are missing.
We review three general missingness mechanisms, moving from the simplest to the

most general (Little and Rubin 1987; Little 1993).

2.4.1.1 Missing completely at random (MCAR)

If the missingness does not depends on observed as well as unobserved observations
then this type of missingness is known as missing completely at random. In this
type of missingness, probability of missingness is same for all the observations. For
example, if answering a question depends on the show up of head after tossing a fair

coin, then missingness of that answer is completely random.

2.4.1.2 Missing at random (MAR)

If the missingness of an observation only depends on observed observations then
this type of missingness is known as missing at random. In MAR, probability of
missingness depends only on available observations, not on unobserved observations.
For example, missing information about age or income maybe depends on the other

available information.

2.4.1.3 Missing not at random (MNAR)

If the missingness depends on observed as well as unobserved observations then this
type of missingness is known as missing not at random. In MNAR, the probability of
missingness depends on both the observed and unobserved observations. Dropouts
in the medical studies can be a good example of the MNAR. A person in a study

may not like the previous results and may be worried about the future results of the
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study and drop out.

2.5 Methods to deal with missing data

2.5.1 Deletion methods

Many missing data approaches simplify the problem by throwing away data. We

discuss below how these two simple approaches to delete missing data.

2.5.1.1 Listwise deletion-complete case analysis

A direct approach to missing data is to exclude them. Complete case analysis only
considers those individuals or subjects for whom all required informations are avail-
able. In this method subjects having one or more missing information would be
discarded from the analysis. This method has some advantages like, any standard
statistical software can be used for the analysis and interpretations of the results will
be very straightforward. If the number of missing observations are quite high in the
data set then deletion of the data may loss some important features of the data and
the small sample size of the data may not allow the sustainable analysis. Complete
case analysis is sometimes good or consistent under MCAR mechanism but it does
not work well for the MAR mechanism. One disadvantage of the method is that
estimates may be biased if the units with missing values differ systematically from

the completely observed cases.

2.5.1.2 Pairwise deletion-available case analysis

Another simple approach is available case analysis, which uses all available data to
estimate parameters of the model. This approach is better than the complete case
analysis due to considering all informations possible in the analysis comparing to the

complete cases.
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2.5.2 Imputation methods

Instead of deleting the subjects with missing observations, it is possible to keep all

the subjects in the analysis by imputing the missing observations in the data set.

2.5.2.1 Random imputation of a single variable

Usually imputation of the missing observations is carried out by substituting the
values based on the available or observed data. Ome of the basic advantages of
this method can be specified that this method uses the complete set of data for the
analysis and the missing observations are based on the available informations. Based
on the way of using the observed values in imputation, imputation based techniques

can be subdivided into a few categories.

Last value carried forward imputation In this method of imputation, last
observed value of a subject is carried over the next missing observation. This method
can be used in monotone as well as nonmonotone settings of missingness. In this
technique, missing observations are substituted by the same subject’s last observed
information and it is assumed that the last condition would continue for the next
unobserved measurements. This assumption is very strong and often does not work
out. This method is sometimes used in clinical study and is found that it often fails
to give the unbiased estimates. Though this method is not good but it helps to

understand the pattern of the observations over time.

Imputation by related observation Sometimes related observations played a
good role in case imputing the missing values. It may happen in a study that the
mother’s age and educational status for a child is missing then father’s information
can be used to fill the mother’s missing information. Sometimes missing information
about income can be filled by the income of another person doing the same kind of

job.
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Imputation by unconditional mean In this type of imputation procedure, miss-
ing value of a subject will replaced by the average of the available information of
the same variable but from different subjects. So, in this technique the available

observations of the subject for which the imputation is occurring will not use.

Imputation by conditional mean This approach of imputation was discussed
by Buck (1960) and Little and Rubin (1987). Following Molenberghs et al. (2004)
conditional mean imputation can be explained by considering a single multivariate
normal sample. In this example, the mean and the covariance matrix was calculated
from the complete case of the data in the first step, and then in the second step,
informations from the first step were used to calculate the conditional mean from an
regression of missing values of a subject conditional on the observed observations.

Conditional mean from the second step was used to substitute the missing value.

Hot deck imputation Hot deck imputation procedure uses the similar kind of
responding units from the sample to substitute the missing observations. This tech-
nique is one of the commonly used techniques. For example, if the information about
the total number of persons in a household is missing then that information would

be replaced by the similar kinds of household of that area.

Cold deck imputation In this imputation technique, missing observation will
replace by a constant value from the external sources like previous survey or study.
Replacing missing values by using the cold deck technique may not give the good
statistical inference because the conditions of the current and the previous survey

may not be the same.
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2.5.2.2 TImputation of several missing variables

In the multiple imputation technique (Rubin 1978, 1987) missing values are replaced
by more than one values. This technique considers the uncertainty raised due to
estimating the missing values. This is a kind of modeling technique which produced
the data that maintains the overall variability of the population. This technique also
helps to calculate the variance of estimates. Data obtained from this technique also

keep the relationship with the existing variables.

2.5.3 Model-based methods

Longitudinal data consist of time sequence of measurements on several subjects.
Longitudinal data frequently involve some missing values. Subjects may withdraw
from the study prematurely resulting in a dropout pattern or they may missed some
occasions with an intermittent pattern. Little and Rubin (1987) introduce different
mechanisms for missing values. The missing values are termed non-ignorable if the
probability of being missed depends on the unobserved measurements. In this case
a model is needed for both the observed and missing data for unbiased inference.
In the model based technique, a model is set up for the partially missing data and
the inference of the model is done on the basis of likelihood under the model. For
estimating the parameters in the likelihood there exist several estimation techniques,
such as maximum likelihood. Though model based techniques are not so easy to
implement for all kinds of data set, this technique gives the better results than other
techniques. There are quite a few ways to apply the model based approach to the
missing data analysis. We will discuss the basic idea very briefly about two most
frequently used model based approaches for the nonignorable missing data. Two
models can be distinguished based on the factorization of the joint likelihood of
response and the missing data indicator variable. One is the selection-model and the

other one is the pattern mixture model. Following Little and Rubin (1987), these
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two models are based on two different frameworks of the joint distribution of the
response, Y and the missingness indicator variable, R and they can be expressed as

selection-model:

f(Y, R|X, Z, w1, LUQ) = f(Y|X, Z, wl)f(R\Y, X, CL)Q),

pattern mixture model:

f(Y7R|X7 Za w17¢2) = f(Y|R7 X7 Z7 wl)f(R|Xa 77[}2>a

where X, Z be the matrix of covariates of the fixed and the random effects respec-
tively, w’s and 9’s represent the parameters of the specific parts of the model and

the missingness indicator R can be defined as

0 if Y}, is observed
Rij = , (2.36)

1 otherwise

where i represents subjects (i = 1,2,...,m) and j indicates the occasions (j =
1,2,...,n;) of the observations.

The first term of the selection-model indicates the distribution of response given
the covariates and the second term shows the missingness indicator of the response is
function of responses as well as covariates. In the pattern mixture model, responses
are grouped according to the missingness patterns of the data and then these groups
are used for the modelling purpose. In the pattern mixture model first part shows
the distribution of response given the covariates for the groups and the second part
shows the missingness patterns of the response is the function of only covariates not
the responses.

In the pattern mixture modelling, subjects are divided into different groups

according to their patterns of dropout and then the created groups are used to
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examine the effectiveness of dropout patterns to the response variable.

2.5.4 Comparisons of different approaches for handling miss-
ing data

Missing values are very common in many fields of analysis. Handling missing values
is not always straightforward. We have discussed very briefly a few existing ap-
proaches for the analysis of data with missing observations. Complete case analysis
and the available case analysis only works nicely at the missing completely at ran-
dom (MCAR) mechanism. Almost all the statistical software can be used easily to
apply these two methods in the data set. Though the interpretation from the com-
plete case analysis is quite straightforward, this method can loss many important
features of the data set. Complete case analysis sometimes suffers from the lack of
reliability of interpretation because of small sample size. In the available case anal-
ysis, although it keeps subjects having missing values, it should be better than the
complete case analysis. Calculating variance component may cause problems due to
not having same number of observations in all the subjects. Imputation based anal-
ysis is sometimes preferable than the complete case analysis and the available case
analysis because of complete data set and not losing any subjects. Like complete
case analysis, imputation based analysis can be applied by any statistical software
very easily. In most of the cases, this procedure requires the MCAR mechanism
which is not very common. The results from the imputation based methods are
quite unreliable and it is very hard to distinguish between the situations where this
method works nicely and where they do not. Method, like last value carried forward,
may be very unrealistic in some settings. Very often imputation based methods need
specific adjustments for acceptable point estimates and sometimes these methods are
not capable to give correct precision estimators (Verbeke and Molenberghs, 2000).

Model based methods are flexible, and this approach can work for large data sets
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and lead to large sample estimates. These methods are sometimes hard to apply
but always gives the better results for interpretations. Among selection-model and
pattern mixture modelling approach, pattern mixture model is convenient to apply
and easy to interpret. Most of the existing statistical software can easily work with
the pattern mixture approach. Although there are a few packages available for the
selection-model approach, the distributional assumption of the conditional density
very often creates computational hazard in applications. Little (1993) argued that
the pattern mixture model is more flexible in the situation where the data are not
missing completely at random and this model shows proximity to the way how the

sample survey experts consider the nonresponse situation.
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Chapter 3

Bayesian Mixed Model for

Semi-continuous Data

3.1 Compound Poisson model

Compound Poisson Model was first used by Revfeim (1984) to model the distribution
of the total rainfall in a day, assuming that each day contains a Poisson-distributed
number of events and each event provides an amount of rainfall which has an ex-
ponential distribution. Thompson (1984) applied the same model to monthly total
rainfalls. The compound Poisson distribution is also widely used in actuarial science
and insurance to model the distribution of the total claim amount, denoted as Y,
which is the sum of a random number N of independent and identically distributed
claim amounts X7, X, ..., Xy. Although the compound Poisson Model has been
widely used in the field of insurance and risk management by several researchers, the
idea is new in the content of zero inflated count model in health and medical science.
A compound Poisson random effect approach was proposed by Ma et al. (2009) to
characterize both the extra zeros and the remaining data. They used medical and

health care data to evaluate their model. Their approach incorporated multilevel
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clustering. Hasan et al. (2009) also used Tweedie’s compound Poisson distribution
to model multilevel zero inflated longitudinal count data that can unify population-
averaged and cluster-specific analyses. In the next section, our proposed model is
discussed which is a compound Poisson mixed model based on the Bayesian approach

for the longitudinal semi-continuous data.

3.2 Compound Poisson mixed model

In our study, we adopt a Bayesian application to the compound Poisson mixed model
with longitudinal semi-continuous data.

Ma et al. (2009) have proposed a compound Poisson model to handle zero in-
flated count data. Their model is a multi-level random effects ZIP model. They have
used T'weedie’s compound Poisson distribution to characterize the excess zeros, and
at the same time they consider the clustering effects in the subject level. Based on
their work, we use the compound Poisson model for the longitudinal semi-continuous
data. The reason of using this distribution is that it can model the extra zeros and
the mixed random effects in an integral way. Conditional probability given the ran-
dom effects is used to allow the mixture of these zeros and non-zero components, and
follows a compound Poisson distribution. We incorporate the priors in this model
to obtain the posterior estimates of the parameters.

One of the main advantages of using Bayesian statistics is that Bayesian infer-
ence can provide more intuitive and meaningful inferences using all available infor-
mation. On the other hand, Bayesian computation has become much easier with the
availability of powerful computational tools, such as WinBUGS or OpenBUGS. In
the the Bayesian approach, the main task is to implement Bayes theorem and then
to derive relevant inferences or decisions from the posterior distribution. Although

in any simple problems these tasks can be done algebraically, this approach does not
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usually work for even moderately complex problems, hence, simulation techniques

are critical in Bayesian inferences. The model is described below.

3.2.1 Model specification

Let Y;; represent the response of the ¢th( ¢ = 1,2,...,m) individual at time j
(j = 1,2,....,n). Let U = (Uy,...,U;,....,Upy) be the vector of the subject-specific
random effects. Given the subject-specific random effects U, the time-specific ran-
dom effects of second level are represented as the vector of V- = (Vi1, ..., Vij, ..., Vinn,)-

To formulate the model the following three assumptions are considered:

3.2.1.1 Assumption 1

Subject-specific random effect Uy, ..., U;, ..., U,, are independently and identically dis-

tributed with mean 1 and variance o?. That is

EU;) =1,

Var(U;) = o>

In our data analysis, we use Gamma distribution for the subject-specific random

effects.

3.2.1.2 Assumption 2

Given the subject-specific random effect U, the time-specific random effects of second

level Vi1, ..., Vij, ..., Viun,, have a moment structure as follows:

E(V;|U) = Ui,
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Var(Vi;|U) = 72U;

In our data analysis, the time-specific random effect V;; given the subject-

random effects U follows Gamma (f—g, T%) distribution with mean U; and variance

7'2UZ'.

3.2.1.3 Assumption 3

Given the subject- and time-specific random effects W = (U, V'), the components of
Y are conditionally independent. The conditional distribution of Y;;, given W, only
depends on V;; and follows the Tweedie compound Poisson distribution. In notation,

the Tweedie compound Poisson is,

Yij W ~ Tw,(pi; Vi, eZVZ;*q) where 1< ¢ <2. (3.1)

And the notation of parameter f;; is

p1ij = exp(X{;B), (3.2)

where X;; = (X1, Xij2, ..., Xijp)' is the vector of covariates and 8 = (51, fa, ..., 5p)" is
the regression parameter vector. The zero and non-zero components are both mod-
elled by the compound Poisson distribution with subject- and time-specific random
effects.

The probability mass at zero can be written as follows,

2—q
1 M Vi
P(Y;; =0|W) =exp {6—2 (— 23_ qj> } ; (3.3)

The conditional mean and variance of the Tweedie’s compound Poisson distri-
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bution is given as

E(Y;|W) = pi;Vij, (3.4)

Var(Yy|W) = € uf;Vi. (3.5)

We use Bayesian software OpenBUGS and/or WinBUGS to perform our anal-
ysis . But the problem is that, the compound Poisson distribution is not listed as
the standard distribution list in OpenBUGS. Subsequently, we have to use a strat-
egy to manage the analysis in OpenBUGS. We introduce a Poisson random variable
as illustrated below to obtain a compound Poisson random variable. Also we add
a suitable constant such as 0.02 to ensure that the the value of the Gamma ran-
dom variable is positive. Here, Y;;|W follows a compound Poisson distribution with
Yi|W = Zé\/:]o G(Poisson sum of Gamma), where G, is independent Gamma(c, )
random variable and Gy is independent of N;;. Nj;; is the number of G, which

follows the Poisson(y) distribution.

Therefore,
E(Nlj) = VCLT(NZ']‘> = @, (36)
with
E(G)) = %, (3.7)
and
Var(Gy) = %. (3.8)
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E(Y;W)=E ZGk

.
=B |E| Y GilNy (3.9)
k=0

2

Var(Yi;|W) = Var Z G,
k=0

Nij

Nij
=Var |E ZGk]Nij + E |Var ZGk\Nij
k=0 k=0

2
= GaVor(Ny] + Ny
0[2 o
lEA + 32¥

Also, P(N;; = 0) = exp(—¢) which is equivalent to

2—q
P(Y;; = 0[W) Zexp{e—Q (——M’ J)} (3.11)

2—q

SO

e\ 2—q¢q

2—q
1 2—ayy
P <“” J) . (3.12)

Therefore, solving the following three equations, we can get the parameters
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o, B, .
Wi Vijg = @ x —, (3'13>

«
€2Nz‘jvij = @SO + @807 (3.14)

2—q
wz;(ﬂ—i). (3.15)

The solutions are

3.2.2 Prior specification

To incorporate Bayesian approach in the model, the priors of the parameters have to
be specified. We have considered all the regression parameters 5 = (5o, 81, B2, .-, Bk)’
to be normally distributed with mean 0 and known variance 100. The priors for the
random effects 7, o and ¢ are considered as uniform distribution. The limits for the

uniform priors are considered to be 0.001 and 10.

3.2.3 Posterior computation

The posterior inference is obtained from the relationship as follows,

posterior o prior x likelihood. (3.16)

As mentioned in section 3.1, the priors for the random terms, such as regression
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parameters and the random effects parameters, are incorporated with the likelihood
to obtain posterior inference. In the next chapter, the Bayesian compound Poisson

mixed model is used to analyse two different semi-continuous longitudinal data sets.

3.2.4 Selection model to deal with missing data

In longitudinal studies, data are collected on a group of individuals over a period of
time and these data commonly contains missing values. These missing values may
be due to early withdrawal of some subjects from the study or some values for some
subjects may be unavailable (intermittent setting). Assuming that this missingness
follows convenient random patterns may not be realistic, so there is much interest in
methods for analysing incomplete longitudinal data which allow the incorporation
of more realistic assumptions about the missing data mechanism.

The selection model specifies both a model for the longitudinal outcome and
a model for the missingness. Assume that there are m subjects participating in the
study and the intended measurements for the ith subject are n;. Let Y;; represent
the jth measurement, j = 1,...,n;, on the ¢th subject, ¢« = 1,...,m. Let Y; be an
n; X 1 vector containing the responses that would be obtained for the ith subject, if
there were no missing values. Assume that the observed and missing components of
Y; are denoted as Y; o5 and Y ;s Tespectively.

Suppose R is the missing data indicator for the response variable, then notation

can be written as

0 yi; observed
R;; = . (3.17)

1 y;; missing
Let R; be a vector of missingness indicators. For a particular realization of
(Y, R;), each element of R; takes the value zero if the corresponding value of Y;

is observed and the value one if the corresponding value of Y; is missing. The
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response vector of the ith subject of jth measurement is Y;;, given the subject- and
time-specific random effect, the conditional distribution is assumed to follow the
compound Poisson distribution with mean p;;V;; and variance 62u§j Vij-

Therefore we can model semi-continuous data with missing values as follows:
set up a compound Poisson mixed model for all the data introduced in Section 1
of this chapter and then apply a selection-model approach to analyse the missing

values. A key assumption underlying the selection model approach is the correct

specification of the response distribution and the missing data mechanism.
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Chapter 4

Data Analysis

An intervention study was conducted to identify salient parent and adolescent psy-
chosocial factors related to somatic symptoms in adolescents in New York. Ado-
lescents and young adults living with parents with HIV (PWH), provided an op-
portunity to examine risk factors for the development and maintenance of somatic
symptoms. Families living with PWH often endure stresses from poverty, residen-
tial instability, substance abuse, physical deterioration, emotional distress or early
parental death.The purpose of their study is to evaluate an intervention designed to
reduce risk in children of PWH.

Dental fluorosis prevalence has increased in the United States, Canada, and
other nations due to the widespread availability of fluoride in many forms, with
fluoride ingestion during the first three years of life appearing most critical in fluorosis
etiology. Repeated responses to separate series of questions about water intake, use
of fluoride dentifrice, and use of fluoride supplements were collected by questionnaire
as part of the longitudinal Iowa Fluoride Study and used to estimate fluoride intake.
Estimated intake is reported by source and combined at different ages. Effects of
subject age and other covariates such as race, gender, and family income on fluoride

intake were assessed in the model.
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In this chapter, we focus on the analysis of the brief symptoms inventory data
and fluoride intake data using the proposed Tweedie’s compound Poisson mixed
model. we also analyse the data by using a model-selection approach to deal with

the missing data.

4.1 Brief symptoms inventory (BSI) data

The brief symptoms inventory (BSI) data were collected from 409 adolescents (young
adults or teenagers) whose parents are independently HIV infected (Bursch, 2008).
These adolescents were followed from 1995 to 2002. The somatic symptoms were
assessed at baseline and in each follow-up, for up to 72 months, using the average
somatization subscale score of the Brief Symptom Inventory and their global severity
index (GSI) scores; these scores were recorded in each visit. The BSI data are
longitudinal semi-continuous as the responses GSI are recoded repeatedly over time
with more than 21% of the responses being exact zeros. To illustrate the proposed
methodology, for data analysis we use a subset of the brief symptoms inventory (BSI)
data due to the significant number of missing values. In the subset, we considerer
57 adolescents from 57 independent parents and their measurements at 0, 3, 6, 9,
12, 15 and 18 months. At the beginning of the study, the parents and adolescents
were randomly assigned either to the intervention or to the standard care. The main
objective of the study is to evaluate the effectiveness of the intervention which was
designed based on social learning theory, as compared to the standard care.

Let Y;; be the response recorded at the jth time point (j = 1,2,3,4,5,6 and 7
representing responses recorded at 0,3,6,9,12, 15 and 18 months) of the ith adoles-
cent (i = 1,...,57). Figure 4.1 is the histograms of the global severity index (GSI)
scores at different measurement times in the study. The BSI data are longitudinal

semi-continuous, as the responses are recoded repeatedly over time. The histograms
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Figure 4.1: Histograms of the global severity index(GSI) scores of the brief symptoms
inventory(BSI) Data

of GSI shows that the responses are right skewed with a substantial proportion of
zeros. To overcome this problem we use the proposed compound Poisson mixed
model for analyzing the right skewed semi-continuous data. Let U; be adolescent-
specific random effect, and let V;; be the time-specific random effect as specified
in assumptions 1 and 2 discussed in Chapter 3, respectively. We consider gender,
age, time in study, treatment, Hispanic status, parents age and parents gender as
covariates. For the purpose of analysis, the covariate gender was coded as 1 for fe-
male and 0 for male; Hispanic status was coded as 1, if adolescents is Hispanic, and
0 if adolescent is not Hispanic. The collection of regression parameters is denoted

as B = (B, Ba, B3, Pa, B5, Bs, 57)’. The mean of the response of the ith adolescents
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recorded at time j is defined as follows: p;; = exp(z};3), where

log(11i5) = Bo + 1 Age + (2 Gender + 3 Time in study + 4 Treatment

+ 05 Hispanic + ¢ Parent’s age + ; Parent’s gender

The model is fitted using the WinBUGS software. We ran two different MCMC

chains with dispersed initial values. In order to break the dependence between draws

in the Markov chain, some have suggested only keeping every dth draw of the chain.

This is known as thinning, which helps to get closer to i.i.d. draws and save memory

since we only store a fraction of the draws. We ran two different MCMC chains with

dispersed initial values and retained every 100th draw to reduce autocorrelation. To

obtain the convergence, 20000 iterations have been performed.

Table 4.1: Estimates, SDs, credible intervals and MC errors for BSI data

Coefficient Estimate SD 2.5%  97.5% MC error
Intercept 3.8150 1.0890 1.6980  5.9700 0.0108
Age -0.0324 0.0075 -0.0472 -0.0176 0.0000
Gender -0.0057 0.0510 -0.1061  0.0941 0.0004
Time in study 0.6387 0.2013  0.2443  1.0340 0.0011
Treatment -0.3464 0.1994 -0.7381 0.0446 0.0011
Hispanic 0.3473 0.2126 -0.0709  0.7636 0.0014
Parent’s age 0.0161 0.0211 -0.0252 0.0574 0.0002
Parent’s gender 1.2780 0.2756  0.7281 1.8110 0.0017
T 0.0789 0.0607 0.0031 0.2259 0.0003
o 0.9527 0.1081 0.7619  1.1850 0.0005
€ 42170 0.2135 3.8190 4.6570 0.0010

The results presented in Table 4.1 which reports the estimates, standard devi-

ation, 95% credible intervals and MC error of the posterior means for all parameters.

The 95% credible intervals are based on the empirical 2.5% and 97.5% quantiles at

index parameter p=1.5. The notion of credible interval facilitates a common-sense

interpretation of statistical conclusions; a credible interval for an unknown quantity
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of interest can be regarded as having a high probability of containing the unknown
quantity, in contrast to a frequentist confidence interval which may be interpreted
only in relation to a sequence of similar inferences that might be made in repeated
practice. There is a relationship between credible intervals and significance tests.
Specifically, if the effect of one covariate is significant then the 95% credible interval
will not contain 0. MC error is used to evaluate the computational accuracy of the
mean. Values of MC error smaller than the difference between 1% and 5% of the
standard deviation of posterior estimates indicates more accurate results. In our
analysis, we found all of our estimates have very small MC error which indicates the
more accurate results of our estimates.

Our results presented in Table 4.1 indicates that adolescent’s Age, Time in
study and Parent’s gender have significant effect on GSI scores of the BSI data.
Compared to older adolescents, the younger adolescents tend to report more somatic
symptoms. Parent’s gender has positive effect, showing that youth with mother
report more somatic symptoms. The positive trend of Time in study for GSI indicates
that the youth tend to have more GSI scores as they become older. The covariate
Treatment does not appear to have any significant effect on GSI. This indicates that
the intervention is not effective enough to improve adolescents’ psychiatric condition.

The estimates of dispersion and correlation parameters 7, o, € for the BSI data
are 0.0789, 0.9527 and 4.2170 respectively. The estimates of the variance parameters
7,0 and € indicate that there is additional variation in the responses beyond what
can be characterized by the random effect. The value of 7 and ¢ indicates that
the variation of each subject and the responses at different measurement times,
respectively.

Figures 4.2 and 4.3 show the trace plots of all the parameters of the model
for the BSI data. Trace plots are used to verify the convergence of the parameters’

inference. Since no patterns or irregularities are observed in all the tracing plots, the
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Figure 4.2: Trace plots of the parameters based on two MCMC chains for BSI data

convergence can be assumed for all of the parameters.
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Figure 4.3: Trace plots of the parameters based on two MCMC chains for BSI
data(cont.)

The autocorrelation plots for the parameters of the BSI data are organized
in Figures 4.4. To minimize the autocorrelation among the responses, every 100th
iteration is considered in our analysis. We observed that autocorrelation for all pa-
rameters become low only after considering lag of 20 from the original autocorrelation
plots. However, the autocorrelation is comparatively higher in 5, B¢ which are the
coefficients of gender and parent’s age for the compound Poisson model respectively.

Figures 4.5 represents the quantile plots of all the parameters of the model

for the BSI data. Quantile plot is a plot of mean and 95% credible interval against
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Figure 4.4: Auto-correlation plots of the parameters based on two MCMC chains for

BSI data
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Quantile plots of the parameters based on two MCMC chains for BSI

iteration number. A quantile plot is also used to identify the convergence of the

parameters.

convergence

Since no patterns or irregularities are observed in any of the plots, the

can be assumed for all of the parameters.

Figures 4.6 shows the Gelman Rubin statistic plot for the convergence check.
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Figure 4.6: Gelman Rubin statistics plots of the parameters based on two MCMC
chains for BSI data

The Gelman Rubin statistic compares the variance within and between multiple
chains. As we know, this plot requires multiple parallel chains starting with overdis-
persed initial values; we ran two chains with different initial values. The multivariate
potential scale reduction factor is plotted against the number of iterations to simul-
taneously assess the convergence of all model unknowns. In particular, the Gelman

Rubin plot shows the following elements versus the number of iterations:
e Width of central 80% interval constructed from pooled runs (plotted in green)

e Average width of 80% intervals constructed from each run (plotted in blue )
. » _ pooled .
ratioR = s (in red)
In our analysis, we found all the parameters in the BSI data shows a steady conver-

gence pattern after iterations as the lines are close to 1.
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4.2 Fluoride intake data

4.2.1 Complete case

In this section, we analyse longitudinal semi-continuous fluoride intake data (Davis,
2002) using the proposed compound Poisson mixed model. In a longitudinal study
of fluoride intake, infants were enrolled at birth and followed over time. During
the first nine months of the study, total fluoride intake (mg/kg body weight) was
assessed at months 1.5, 3, 6, and 9, together with their covariates information, such
as sex, race, mother’s age and education level, household income, and the number
of children in the family. The data set contains 4151 observations from 1363 infants.
In some cases, the information of fluoride was missing or not recorded. Firstly,
we just consider 596 infants in the data set which was recorded completely for all
four measurement times. Gamma distribution is used to model the subject- and
time-specific random effects. The responses given two level random effects follow a
Compound Poisson distribution. In other words, the conditional probability are the
Poisson sum of Gamma, distributions, the values of the index parameter of Tweedie’s
compound Poisson distribution for this situation should lie between 1 < p < 2. In
our analysis, we have considered the values of p as 1.5. The models were fitted using
the WinBUGS (Spiegelhalter et al., 2003) software. We ran two different MCMC
chains with dispersed initial values. We also retained every 20th draw to reduce
autocorrelation.

Let Y;; be the jth (j = 1,2, 3, 4 for the response recorded at 1.5, 3, 6,9 months)
observation of the ith infant (i = 1,...,596) since the infant is 1.5 months as the
baseline age. Let U; be infant-specific random effect, and V;; be the time-specific
random effect as specified in Assumptions 1 and 2, respectively. Figure 4.7 shows that
the Fluoride intake data are longitudinal semi-continuous data as the responses are

recoded repeatedly over time and about 15.5% of the responses are exact zeros. The
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figure also indicates the distribution of the semi-continuous data are right skewed,
and the responses should not be Poisson distribution since the large amount of zeros.
To overcome this problem, we use the proposed compound Poisson mixed model

approach for analyzing fluoride intake data.
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Figure 4.7: Histograms of infant fluoride intake data (original data)

In the final model, we included age, age® (quadratic evaluation of age), sex (1
for male, 0 for female), race (1 for white, 0 nonwhite), twokids (1 for two kids at home,
0 otherwise), threekids (1 for three or more kids at home, 0 otherwise), income (1 for
annual household income of $30,000 or more, 0 otherwise) as covariates. Following
assumption 3 regarding conditioning on the subject and time-specific random effects,
we cam assume that Yi; is compound Poisson distribution with p;; = exp(z};3),

where
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log(pij) = Bo + B Age + B2 Age® + B3 Sex + 34 Race
+ 05 Twokids + g Threekids + 7 Income

The analysis results are presented in Table 4.2. The predictors Two kids, Three
kids and Income have significant effect on the fluoride intake. The indicators for two
kids and for three or more kids in a family are both negative as compared to one or
no kid which indicate that infants living with more than one kid in the family tend
to have a lower fluoride intake level. The predictor Income also has a negative effect:
the infants whose families have more income will have a lower fluoride intake level.

The estimates of dispersion and correlation parameters 7, o, € for the Fluoride
Intake data are 0.8247, 0.0338 and 1.2650, respectively. The estimates of the variance
parameters 7,0 and € indicate that there is additional variation in the responses

beyond what can be characterized by the temporal random effects.

Table 4.2: Estimates, SDs, credible intervals and MC errors for the fluoride intake
complete data

Coefficient Estimate SD 2.5% 97.5% MC error
Intercept 2.1590 0.2116 1.7695  2.5960 0.0075
Age 0.0118 0.0286 -0.0441 0.0671 0.0005
Age? -0.0040 0.0027 -0.0091 0.0013 0.0000
Sex -0.0277 0.0644 -0.1549 0.0969 0.0020
Race -0.1347 0.2052 -0.5662 0.2374 0.0075
Twokids -0.1877 0.0729 -0.3281 -0.0430 0.0023
Threekids -0.2549 0.0818 -0.4219 -0.0979 0.0025
Income -0.1977 0.0681 -0.3333 -0.0643 0.0020
o 0.8247 0.0285 0.7702 0.8818 0.0005
T 0.0338 0.0244 0.0026  0.0920 0.0008
€ 1.2650 0.0237 1.2190 1.3120 0.0005

Figure 4.8 and 4.9 show the trace plots of all the parameters of the model
for the Fluoride Intake data. Trace plots are used to verify the convergence of the

parameters’ inference. Since no patterns or irregularities are observed in all the
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Figure 4.8: Trace plots of the parameters based on two MCMC chains for fluoride
intake complete data

sssizET 2
0.4 15
0.6 10
10000 20000 30000 40000 10000 20000 30000 40000
iteration iteration
eps chains 1:2 sigma chains 1:2
1.4 10
:
:
0.0
10000 20000 30000 40000
iteration

Figure 4.9: Trace plots of the parameters based on two MCMC chains for fluoride
intake complete data (Continued)

tracing plots, the convergence can be assumed for all of the parameters.

The autocorrelation plots for the parameters of the fluoride intake complete
data are organized in Figures 4.10. To minimize the autocorrelation among the
responses, every b50th iteration is considered in our analysis. We observed that
autocorrelation for all parameters did not become low even considering a lag of 50
iterations. The plots here shows that the autocorrelation of covariances such as Sex,

Twokids, Threekids become ignorable after considering to thin at 50. However, the
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Figure 4.10: Auto-correlation plots of the parameters based on two MCMC chains

for fluoride intake complete data
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for the fluoride intake data. Since no patterns or irregularities are observed in any

of the plots, the convergence can be assumed for all of the parameters.
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Figure 4.12: Gelman Rubin statistics plots of the parameters based on two MCMC
chains for fluoride intake complete data

Figures 4.12 shows the Gelman Rubin statistic plot for the convergence check.
In our analysis, we found all the parameters in the Fluoride Intake data shows a

steady convergence pattern after iterations as the lines are close to 1.

4.2.2 Selection model for the full data

The data set contains 4151 observations from 1363 infants and fluoride intake is
missing at least one time in 56% of the infants, resulting in 596 (44%) complete
cases. The complete case was analysed in the last section. Furthermore, we are
interested in the data with missing values for the response variable fluoride intake.
Since the covariance race and annual household income include missing values, we
disposed the data set and eliminated the observations where race and income are
missing. The records of some subjects are incomplete, which were also eliminated.

A data set, including 2512 observations from 628 subjects, was used to analyse; there
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are 382 zero responses and 41 missing values in this data set. Age, race, sex, the
number of kids and income were also recorded for each individual at the beginning of
the study; these were used as covariates. For the purpose of analysis, the covariate
sex was coded as 1 for male and 0 for female; race was coded as 1 for white and 1
for otherwise; and annual household income was coded as 1 for $30,000 or more and
0 for otherwise.

Table 4.3: Variables included in the data set from the longitudinal study of fluoride

intake
Col Variable Commets
1 ID subject identifier
2 age months; values are 1.5,3,6,9
3 sex l=male, O=female
4 race 1=white, 0= non-white, .= missing
5 mother’s age 1= 30+ years, 0= less than 30 years
6 mother’s education 1 1 = high school graduate (but not college graduate)

© w0

10

12

mother’s education 2

first baby in the family

number of children in the family
number of children in the family
annual household income

total fluoride intake

0 = otherwise

1 = college graduate, 0 = otherwise

1= yes, 0 = no

1= two children at home, 0= otherwise

1= three or more, 0= otherwise

1= $30, 000, 0 = less than $30, 000, .=missing
mg/kg (. = missing)

Table 4.3 shows that one predictor income includes missing values, we may
eliminate the subject whose family income is missing in order to guarantee that only
response variable includs the missing values. Therefore, the full data set we used
to analyse includes 2512 observations, of which 124 response fluoride intake were
missing.

Figure 4.7 indicates that the distribution of the responses should not be Gaus-
sian as commonly used for the continuous part of the two parts model. To overcome
this problem, we use the proposed compound Poisson mixed model approach for
analyzing fluoride intake data.

Firstly, we ignore the missing data and impute the missing values as mean of
the response; we consider the full model with all the covariates, and then refine the
model by dropping covariates simultaneously as some covariates are insignificant;

The result shows that the covariates twokids, threekids and income are significant,

therefore, I only keep these three covariates in the model. Since the time-specific
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Figure 4.13: Histograms of infant fluoride intake data with missing

random effect can be ignorable, I eliminated the second assumption in the compound

Poisson mixed model.

The model for this data set excluding missing values is considered as follows:

log (i) = Bo™ + (1™ twokids + 2" threekids + 85" income

The aim of analysing this data set is to identify the significant effects of the birth
order and annual income on Fluoride intake amount after the infants were born, from
1.5 months to 9 months, considering the random effect at subject level.

Due to the existence of missing value in the response, one more part should

be considered in the model. I added one covariate 'missing” which was coded as 0
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for missing and 1 for not missing responses in the full data set. This covariate is
a binary variable, therefore, the logistic regression model was used to analyse the
binary response missing with covariates fluoride intake.

The logit model for this data set is considered as follows:

logit(pp ;) = 60" + 0, fluoride

where p[i, 7] is the probability that a response value is missing, and the covariate
missing follows Bernoulli distribution with parameter p.
In the second part of the model, I analysed whether the covariates fluoride

intake , twokids, threekids and income effects the missing value significantly.

4.2.3 Results from full data with missing values

In total, 2512 observations were observed for 618 infants at 1.5, 3, 6, 9 months.
Tweedies compound Poisson distribution is used to model the subject-specific ran-
dom effects. Given the random effects, the responses follow the Poisson sum of
Gamma distribution and the values of the index parameter of Tweedies Compound
Poisson distribution for this situation should lie between 1 < p < 2. In our analy-
sis, we have considered the values of p as 1.1, 1.5 and 1.9, in order to evaluate the
estimates for different values of p. The models were fitted using the OpenBUGS
software. We ran two different MCMC chains with dispersed initial values. We also
retained every 50th draw to reduce autocorrelation.

*: the coefficients for the compound Poisson mixed model

**: the coefficients for the logistic model.

Table 4.5 reports the Estimates, SD, the 95% credible intervals and the MC
error of the posterior means for all parameters. The 95% credible intervals are based
on the empirical 2.5% and 97.5% quantiles at index parameter p=1.5.

The estimates of the parameters and their standard deviation for different
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Table 4.4: Posterior estimates and standard deviations at different values of the
index parameter for the fluoride intake data

p=1.1 p=1.5 p=1.9
Coefficient Estimates SE Estimates SE Estimates SE
Intercept* 2.2760 0.1275 2.3340 0.0855 2.0690 0.1719
Twokids* -0.1012 0.1244 -0.1914 0.0886 -0.1415 0.1086
Threekids* -0.0210 0.2644 -0.2078 0.1026 -0.0531 0.1532
Income* -0.3282 0.0551 -0.0958 0.0855 -0.1082 0.0731
Intercept™ 4.7290 0.5669 4.7430 0.5778 4.5990 0.6417
Fluoride** 0.0384 0.0364 0.0419 0.0586 0.0822 0.0909
o 0.9881 0.0095 0.9862 0.0120 0.7806 0.0568
€ 0.9997 0.0004 0.9986 0.0014 0.8869 0.0809

Table 4.5: Estimates, SDs, credible intervals and MC errors for the fluoride intake
full data with missing

Coefficient Estimates SD 2.5%  97.5% MC error

Intercept* 2.0100 0.0770  1.8580  2.1610 0.0024
Twokids* -0.1530 0.0808 -0.3111  0.0041 0.0021
Threekids* -0.2010 0.0934 -0.3811 -0.0146 0.0025
Income* -0.1576  0.0768 -0.3090 -0.0092 -0.0024
Intercept™ 3.6510 0.3025 3.0800  4.2530 0.0055
Fluoride™ 0.1151 0.0888 -0.0080  0.3264 0.0018
o 0.9519 0.0340 0.8882  1.0220 0.0003
€ 1.3060 0.0257 1.2560 1.3570 0.0007

values of the index parameter p are presented in Table 4.3. It is notable that the
changes of the values of p do not have any significant effect on the estimates of the
parameters. There is a slight change in the values of estimates of the parameters.
The result shows that threekids and income have a negative impact on the fluoride
intake. The fluoride intake is not significant on the probability of missing. The
amount of fluoride intake decreases with the increase of birth order and income.
Babies of people with higher household income tend to have less fluoride intake than
the babies of people with lower household income. The negative trend of birth order
for fluoride intake indicates that the babies tend to take less fluoride than older

siblings.
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Figures 4.14 shows the trace plots of all the parameters of the model for the flu-
oride intake data. Any irregular patten in a trace plot indicates lack of convergence.
Since no patterns or irregularities are observed in any of the plots, the convergence

can be achieved for all of the parameters.
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Figure 4.15: Auto-correlation plots of the parameters based on two MCMC chains
for fluoride intake full data

The autocorrelation plots for the parameters of the fluoride intake full data

are organized in Figures 4.15. We observe that autocorrelation for all parameters
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become low only after considering a lag of 50 iterations from the original autocor-
relation plots. To minimize the autocorrelation among the responses, every 50th
iteration is considered in our analysis. The plots here show that the autocorrelation
become ignorable after considering to thin at 50. However, the autocorrelation is
comparatively higher in (1, (s, 83,01 which are the coefficients of twokids, threekids
and income for the compound Poisson model, and the coefficient of fluoride intake

for logistic model respectively.
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Figure 4.16: Quantile plots of the parameters based on two MCMC chains for fluoride
intake full data

Figures 4.16 represents the quantile plots of all the parameters of the model
for the fluoride intake data. Since no patterns or irregularities are observed in any
of the plots, the convergence can be assumed for all of the parameters.

Figures 4.17 shows the Gelman Rubin statistic plot for the convergence check.
The Gelman Rubin statistic compares the variance within and between multiple
chains. In our analysis, we found all the parameters in the fluoride intake data

shows a steady convergence pattern after iterations as the lines are close to 1.
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Figure 4.17: Gelman Rubin statistics plots of the parameters based on two MCMC
chains for fluoride intake full data

4.3 Simulation

In this section, we examine the performance of the compound Poisson mixed model
with multilevel random effects through simulation studies for semi-continuous data
set. To do that we carried out simulation runs for the semi-continuous responses

with missing.

4.3.1 Simulation procedure

The generation procedure is discussed below:

e We first generate 596 variates, (uq, ..., us9s) following Gamma distribution
with mean 1 and variance o2 .
e In the second step, we generate four variates (v;1, vi2, Vi3, vi4) following Gamma

distribution with mean u; and variance 72u; for each u;.

e Next step, we generate (Y1, Yo, Yis, Yi4) for each u; and v; using
qu(uijVij,GQVi;_q) where 1 < g < 2, (4.1)

The conditional mean and variance of the Tweedie’s compound Poisson distribution

63



is given as

and

e Finally, we generate (Z;1,...Z;j, ...

E(Yi;IW) = pi; Vi,

Var(Yy|W) = €V,

pi; = exp(fo + 51.X1 + 2 Xo).

1Og1t(p[z7j]) = 00 -+ 01X1 + QQXQ + 93Y

, Zis) using Bern(1, py; j1), where

(4.5)

The covariates X7, Xy are described in the following section. We used [y =

1,81 =0,8=0,0p = —1,0, = —0.1,0, = 0.1,03 = —1,0 = 0.1,7 = 0.1 as the true

parameter values.

4.3.2 Summary statistics

The simulation results given in Table 4.6 indicate that the derived result can identify

estimating procedure good behaviour.

Table 4.6: Estimates, True values, SDs, credible

generated data

intervals and MC errors for the

Coefficient True value Estimates SD 2.5%  97.5% MC error
Intercept* 1.0000 0.5960 0.0274 0.5432 0.6501 0.0006
x1* 0.0000 -0.0272 0.0233 -0.0730 0.0183 0.0004
x2* 0.0000 -0.0313 0.0220 -0.0745 0.0126 0.0003
Intercept™* -1.0000 -0.7330 0.1678 -1.1020 -0.4344 0.0037
x1** -0.1000 -0.0762 0.0712 -0.2129 0.0673 0.0010
x2** 0.1000 0.0520 0.0696 -0.0888 0.1873 0.0011
v -1.0000 -1.3420 0.3513 -2.0830 -0.7135 0.0078
o 0.1000 0.1447 0.0335 0.1017 0.2215 0.0007
T 0.1000 0.2656 0.1117 0.1067 0.5004 0.0053
€ 1.0000 1.2710 0.0461 1.1670 1.3460 0.0019
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In our analysis, we found all of our estimates have a very small MC error which
indicates the accuracy of our estimates. Extensive simulation results indicate that

the estimates are reasonably close to true values.

4.3.2.1 Convergence issues

For data analysis using the Bayesian approach, it is imperative that we ensure con-
vergence of the Markov Chains used before we take results from them. WinBUGS
or OpenBUGS have several different methods to check for convergence. Here, we
describe several of those methods. We first need to estimate the length of the burn-
in period before we can take a sample from the converged chain. To estimate the
burn-in, we may look at the trace plots of the chains to see whether they have mixed
well. As the result of the generated data, we may check the compound Poisson
mixed model for semi-continuous data and logistic model for part of missing data.
All graphs come from the output of OpenBUGS. Figure 4.14 and Figure 4.15 show a
segment of the trace history of parameter for iterations from 22000. As we can see,

the chains appear to have mixed well by this stage.

21988 30000 40000 21999 30000 40000

Figure 4.18: Trace plots of the parameters based on two MCMC chains for generated
data, after 22000 burn in iterations

A more precise method to verify convergence is to look at the Gelman-Rubin

statistic (described in last section). To perform this test, we need to run two or more
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Figure 4.20: Gelman Rubin statistics plots of the parameters based on two MCMC
chains for generated data

chains in parallel, with initial values over-dispersed relative to the true posterior.
The BGR test compares the variances within and between the chains. In the plots
of the BGR statistic in Figure 4.20, the blue and green lines represent within and
between chain variations, respectively, and the red line is the ratio of the between
and within chain variations. When the lower two lines stabilise (in these diagrams
at approximately 15000 iterations) and the red line converges to 1, then we accept
that the chain has converged.

To obtain an independent sample, we may wish to thin the converged chain, so
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Figure 4.21: Auto-correlation plots of the parameters based on two MCMC chains
for generated data

that the correlation between successive states is small. The auto-correlation functions
for all the parameters are shown in Figure 4.21. To minimize the autocorrelation
among the responses, every 20th iteration is considered in our analysis. The plots
here show that the autocorrelation becomes ignorable after considering to thin at
20. In order to obtain a sample of a given size, we need to perform a considerably
larger number of iterations which may be costly in terms of computing time.
Finally, I introduce a straightforward way to check for convergence of looking
at the Monte Carlo standard error of the posterior mean, which can be obtained
from OpenBUGS. We want the values of standard error to be less than 5% of the

sample standard deviation. In all our examples, they are all qualified.
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erated data
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Chapter 5

Discussion

Conclusion

In medical, environmental, econometric and social sciences, it is common to en-
counter longitudinal data. Longitudinal data may be modelled in different ways
depending on the background and the objective of study.

Longitudinal data presents multiple methodological challenges in data analy-
ses. The primary problem is the correlation among the repeated responses of the
same subject. Classic models of data analysis, such as multiple linear and logistic
regressions, based on the independence of observations may not apply to longitudinal
data.

Another issue in longitudinal studies is missing values. Since subjects are
followed up for a period of time in longitudinal studies, it is common that some
subjects will drop out of the studies. One naive approach would be to delete the
subjects with any missing value during the study period; as it does not utilize all
available data, such an approach is not efficient. However, sometimes the remarkable
bias in the estimate from deletions may yield misleading or even wrong conclusions.

Very often researchers may encounter longitudinal continuous outcome mea-

sures with a large number of observed values clustered at zero, called a semi-continuous
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longitudinal data.

In this thesis, we have proposed a compound Poisson mixed model for longi-
tudinal semi-continuous data, combined with a logistic regression model to analyse
the missing values in the response variable. The advantages of our approach are to
analyse zero and non-zero parts of the semi-continuous data in an integral way.

We have set out to show how the Bayesian framework, combined with MCMC
method to handle multilevel random effects in semi-continuous data using Tweedie’s
compound Poisson distribution. We have considered two level random effects in
our model. The Bayesian approach has the advantages of ease of interpretation,
incorporation of prior knowledge, and reduced small sample bias. The methods used
in this project are general, and we may implement them for any similar set of data.

Two semi-continuous longitudinal data sets, the brief symptoms inventory data
and fluoride intake data, are analysed by the proposed Tweedie’s compound Poisson
mixed model using Bayesian approach. We also analyse the data by using a model

selection to deal with the missing data.

Further study

There are many areas we could investigate in more details.

Observations of each individual are likely to be serially correlated for longi-
tudinal data since subjects are followed over a period of time. It is of interest to
investigate the serially correlated random effects in the model.

The correlation p(; ;) between two measurement times for same subject can be
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expressed as a flexible structure,

1 P(1,2) P(1,3) o Pnm—1)
P(2,1) 1 P(2,3) T P@2nm—1)
Pnm—11) Pnm-12) Pm-13) " 1

To be specific, for exchangeable correlation structure, we can use p ;) = p in (5.1),

where the correlation matrix can be expressed as:

L p p p
p ]_ p .« e p

R =[G Inmxnm = : (5.2)
pp p -1

Autoregressive of order 1 (AR(1)) structure can be accommodated by considering
piy = PP for any j # j'. To estimate p under AR(1) structure, it would be

sufficient to estimate lag 1 (p! = p) correlation only, which can be obtained from

(5.1) as

1 p p2 pnmfl
p 1 p prm?
B = [p(j,j’)]nmxnm = )02 p 1 e pnm—3 ) (53)
pnmfl pnmf2 pnm73 . 1

For the Toeplitz structure, assumes Corr(Y;;,Y; j1x) = px for one subject at different
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measurements.

1 p1 P2 prm
p1 1 p1 - pn—m—2
R = [pG0lnmsnm = P2 p1 1 ceephTmTR (5.4)
pn—m—l pn—m—Z pn—m—?) . 1

In following work, we may add these correlation structures into the composed
model.

Despite the many conceptual advantages of Bayesian statistics, the models are
too complex and the Bayesian computation is technically challenging. Sometimes, a
model works well for one data set but not for another data set, or a model may work
in one package but not in another, therefore, to resolve these issues we may need to
code everything from scratch.

It may be possible that the semi-continuous longitudinal data contain a large
amount of zero values such that our proposed compound Poisson mixed model be-
comes inadequate. We may address this extra zero problem by adding a zero-inflation
component to the compound Poisson distribution. In a Bayesian context, this should
be straightforward in principle. Again, the computational challenges need to be tack-
led.

we may explore the practical performance of DIC as a model selection criterion
for comparing various models. DIC is a Bayesian version of the classical deviance
for model assessment. Therefore the model accuracy and model comparison will be

explored in the future study.
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Appendix A

R Code

A.1 Arrangement of BSI data for compound Pois-
son mixed model

# Load in BSI data.

setwd ("/Users/qiuguangsang/Downloads/Qiuguang_study/Thesis/data/bsi")
getwd ()

bsi<-read.table("bsl.txt", head=T, sep="\t")

head(bsi)

attach(bsi)

length(unique(I)) #269 parents.

table(J)

# table(I,J) # J indexes kids within a family (ranges from 1 to 5).
# K is time point ranging from 1 to 17.

detach(bsi)

# identify study_month patterns of kids.
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patterns<-NULL
for (i in 1:269){
tmpi<-bsi[bsi$I==1i,]
for (j in 1:max(tmpi$J)){
kid<-as.character (i*1000+j)
month<-tmpi$study_month [tmpi$J==3]
patternij<-paste(as.character(month), collapse=",")
patternijdiff<-paste(as.character(diff (month)), collapse=",")
maxij<-ifelse(length(month)==1, 0, max(table(diff (month))))
patterns<-rbind(patterns, c(kid, patternij, patternijdiff,
maxij))
} # end for j.

} # end for i.

# keep only kids starting with some equal time periods.
length(unique(patterns([,3])) # 315 patterns!

dim(patterns) # [1] 409 4

patterns<-patterns[patterns[,4]>=6,]
patterns<-patterns[substr(patterns[,2],1,1)=="0",]
# > dim(patterns)

# [1] 268 4

catchphrase<-"0,3,6,9,12,15,18"#,24"
tmp<-which(substr(patterns[,2], 1, nchar(catchphrase))

==catchphrase)
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length(tmp)

# Keep the 74 kids with "0,3,6,9,12,15,18".
patterns<-patterns[tmp, ]

length(unique (round(as.integer(patterns[,1])/1000))) # 57.

# Keep the "first" kid in each family with "0,3,6,9,12,15,18".
sub_bsi<-NULL

for (i in unique(as.integer(substr(patterns[,1], 1,

nchar (patterns[,1])-3)))){

tmp<-patterns[as.integer (substr(patterns[,1],1,

nchar(patterns[,1])-3))==1i,1]
as.integer (tmp)->tmp; j<-min(tmp%%1000)
bsi_ij<-bsil[bsi$I==1i & bsi$J==j,]

sub_bsi<-rbind(sub_bsi, bsi_ij[1:7,])

# sub_bsi would be the data used.#

A.2 Arrangement of fluoride intake data for com-

pound Poisson mixed model

## "Clean" data.
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# load in "fluoride_full_data.txt".
dt<-read.table("fluoride_full_data.txt", sep="", head=T,
na.strings=".")

dt<-dt['!is.na(dt$income),]

table(dt$id) ->tmp

ttmp<-tmp [tmp==4]

ddt<-dt [dt$id%inY%names (ttmp) , ]

y<-matrix(ddt$flouride, byrow=T, ncol=4)*100

z<-ifelse(is.na(y), 0, 1)

sex<-matrix(ddt$sex, byrow=T, ncol=4); sex<-sex[,1]
race<-matrix(ddt$race, byrow=T, ncol=4); race<-racel[,1]
momage<-matrix(ddt$momage, byrow=T, ncol=4); momage<-momagel[,1]
momedul<-matrix(ddt$momedul, byrow=T, ncol=4); momedul<-momedull[,1]
momedu2<-matrix (ddt$momedu2, byrow=T, ncol=4); momedu2<-momedu2[,1]
first<-matrix(ddt$first, byrow=T, ncol=4); first<-first[,1]
twokids<-matrix(ddt$twokids, byrow=T, ncol=4); twokids<-twokids[,1]
threekids<-matrix(ddt$threekids, byrow=T, ncol=4);
threekids<-threekids([, 1]

income<-matrix(ddt$income, byrow=T, ncol=4);income<-incomel[,1]
age<-c(1.5, 3.0, 6.0, 9)

y[!is.na(y) & y==0]<-.03

ytransposevec<-c(t(y)); ztransposevec<-c(t(z))

## Write out data for BUGS.
cat("list(m=", m, ",",

NHpy=n n n
n=", n, s
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"y = structure(.Data=c(",paste(ytransposevec, collapse=","), "),
.Dim = c(628, 4)),",

"z = structure(.Data=c(",paste(ztransposevec, collapse=","), "),
.Dim = c(628, 4)),",

"twokids=c(", paste(twokids, collapse=","), "),",

"threekids=c(", paste(threekids, collapse=","), "),",

"income=c(", paste(income, collapse=","), "))", sep="",

file="datatmp.txt")

A.3 R code for generating semi-continuous data
with missing

# Simulate longitudinal semi-continuous data with missing

g<-1.5

sigma<-0.1; tau<-0.1; #eps<-0.1

eps<-1

u.pres<-sigma”(-2); v.pres<-tau~(-2); y.pres<-eps”(-2)

beta0<-dnorm(0,0.01)

for (j in 1:3){
thetal[jl<-dnorm(0, 0.01)}

thetal<--1

for (j in 1:2){

betal[j]l<-dnorm(0, 0.01)}
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m<-596; n<-4

set.seed (1)

# Level 1:

u<-rgamma(m, 1/sigma”2, 1/sigma”2)

# Level 2:
v<-matrix(NA, m,n)
for (i in 1:m){

v[i,]<-rgamma(n, ul[i]/tau”2, 1/tau”2)

# Level 3:

x1<-matrix(rnorm(m#*n), m,n)
x2<-matrix(rnorm(m*n), m,n)

mu<-exp (betalO+beta[1] *x1+beta[2] *x2)
phi<-mu~ (2-q)*v/(2-q) /eps~2
shape<-(2-q)/(q-1)

rate<-mu” (1-q)/eps~2/(q-1)

N<-matrix(NA, m,n)->y
for (i in 1:m){
for (j in 1:n){
N[i,jl<-rpois(1,phili,jl)

y[i,jl<-rgamma(l, N[i,jl*shape, rateli,jl)
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3

mean(y); sd(y); mean(y==0)

# checking missing or not
z<-matrix(NA, m,n)
linpred<-thetaO+theta[1l]*x1+theta[2]*x2+theta[3] *y

prob <- exp(linpred)/(1 + exp(linpred))

for (i in 1:m){
for (j in 1:n){
z[i,jl<-rbinom(1,1,prob[i,jl)

if (zl[i,jl==1) {yli,jl<-NA}

}
x1<-round(x1,digits=2)
x2<-round(x2,digits=2)
y<-round(y,digits=2)
X1<-as.vector(x1)
X2<-as.vector(x2)
Y<-as.vector (y)
Z<-as.vector(z)

genedata<-cbind(X1,X2,Y,Z)

Y[!is.na(Y) & Y==0]<-.001
ytransposevec<-c(t(Y)); ztransposevec<-c(t(Z))

xltransposevec<-c(t(X1))
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x2transposevec<-c(t(X2))
cat("list(m=", 596, ",",
Iln=|l, 4, |l,||,

"y = structure(.Data=c(",paste(ytransposevec,

collapse=","), "), .Dim = c(596, 4)),",

"z = structure(.Data=c(",paste(ztransposevec,

collapse=","), "), .Dim = c(596, 4)),",

"x1= structure(.Data=c(",paste(xltransposevec,

collapse=","), "), .Dim = c(596, 4)),",

"x2=structure(.Data=c(",paste(x2transposevec,

collapse=","), "), .Dim = c(596, 4)))",

sep="", file="data_gene_2.txt")

80



Appendix B

BUGS Code

B.1 WinBUGS code for testing the significance

of covariance of BSI data

model{
# fixed index parameter:
g<-1.5
shape<-(2-q)/(q-1)
u.pres<-pow(sigma,-2) # need prior for sigma.
v.pres<-pow(tau,-2) # need prior for tau.

y.pres<-pow(eps,-2) # need priors for eps, beta0, beta.
# following are compound poisson model:

for (i in 1:m){
# Level 1:

uli] “"dgamma(u.pres, u.pres)
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# Level 2:

v.shape[i]<-ul[i]*v.pres

for (j in 1:n){

v[i,jl dgamma(v.shape[i], v.pres)

# Level 3:
log(muli,jl)<-betaO+betal[l]*study_month[j]+betal[2]*agel[il
+beta[3]*gender[i] +beta[4] *treatment [i]+

beta[5] *hispanic[i]+beta[6]*parent_age[i]+beta[7]*parent_gender [i]
phili,jl<-pow(muli,jl,2-q)*v[i,jl/(2-q)*y.pres

N[i,j] dpois(phil[i,j]) #T(,100)

y.shapel[i, jl<-(N[i, j]+0.2)*shape
y.rateli,jl<-pow(muli,jl,1-q)*y.pres/(q-1)

y[i,j]l dgamma(y.shapeli,jl, y.rateli,jl)

} # end of j loop.

} # end of i loop.

# Priors.

sigma~dunif (0.01,10)
tau~dunif (0.0000001,10)
eps~dunif (0.001,10)

# u.pres”dgamma(0.1,0.1)
# v.pres“dgamma(0.1,0.1)
# y.pres”dgamma(0.1,0.1)
beta0~dnorm(0,0.01)

for (j in 1:7){

betal[j] “dnorm(0, 0.01)
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}

} # end of model

B.2 OpenBUGS code for testing the significance

of covariance of fluoride intake full data

model{
# fixed index parameter:
g<-1.5
shape<-(2-q)/(q-1)
u.pres<-pow(sigma,-2) # need prior for sigma.
## v.pres<-pow(tau,-2) # need prior for tau.

y.pres<-pow(eps,-2) # need priors for eps, betal, beta.

## following are compound poisson model:

for (i in 1:m){
## Level 1:
uli] "dgamma(u.pres, u.pres)
## Level 2:
## v.shapel[i]<-ul[i]*v.pres
for (j in 1:n){
## v[i,jl dgamma(v.shapel[i], v.pres)

v[i,jl<-uli]
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# Level 3:
log(mul[i,jl)<-betaO+betal[l]*twokids[i]
+beta[2] *threekids[i]+beta[3]*income [i]
phili,jl<-pow(muli,jl,2-q)*v[i,jl/(2-q)*y.pres
N[i,j] dpois(phil[i,j]) #T(,100)
y.shape[i,jl<-(N[i, j]+0.2)*shape
y.rate[i, jl<-pow(muli,j],1-q)*y.pres/(q-1)
y[i,j]l dgamma(y.shapeli,jl, y.rateli,j])
# missing mechanism
## Linear regression on logit

logit(pl[i,j]) <- thetaO + thetalxy[i, j]

## Likelihood function for each data point
z[i,jl = dvern(pli,jl)

} ## end of j loop.

} ## end of i loop.

## Priors.

sigma~dunif (0.1,1)

eps“dunif (0.1,1)

theta0“dnorm(0,0.01) # Prior for intercept

# thetal~dnorm(0,0.01)

beta0~dnorm(0,0.01)
for (j in 1:3){

beta[j] “dnorm(0, 0.01)
+

} ## end of model
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B.3 WinBUGS code for testing the significance
of covariance of fluoride intake complete data

## Model file.
cat("
model{
# fixed index parameter:
q<-1.5
shape<-(2-q)/(g-1)
u.pres<-pow(sigma,-2) # need prior for sigma.
v.pres<-pow(tau,-2) # need prior for tau.

y.pres<-pow(eps,-2) # need priors for eps, betal, beta.

# following are compound poisson model:

for (i in 1:m){
# Level 1:
ul[i] “"dgamma(u.pres, u.pres)
# Level 2:
v.shape[i]l<-ul[i]*v.pres
for (j in 1:n){
v[i,jl dgamma(v.shapel[i], v.pres)
# Level 3:
log(mul[i,j])<-betaO+betal[l]*age[jl+betal[2]*agel[jl*agelj]
+beta[3]*sex[i]+beta[4] *race[i] +beta[5] *twokids [i]
+beta[6] *threekids[i]+beta[7]*income [i]

phili,jl<-pow(muli,j],2-q)*v[i,jl/(2-q)*y.pres
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N[i,j]"dpois(phili,jl) #T(,100)
y.shape[i, jl1<-(N[i, j]+0.2)*shape
y.ratel[i, jl<-pow(muli,j],1-q)*y.pres/(q-1)

y[i,j] dgamma(y.shapeli,j], y.rateli,jl)

} # end of j loop.

} # end of i loop.

# Priors.
sigma~dunif (0.1,1)
tau”dunif(0.1,1)
eps”dunif(0.1,1)
beta0~dnorm(0,0.01)
for (j in 1:7){
beta[j] “dnorm(0, 0.01)

}

} # end of model

", file="fluoridebug.txt")

B.4 OpenBUGS code for testing the compound
Poisson mixed model with generated data

modeld{

# fixed index parameter:
g<-1.5

shape<-(2-q)/(g-1)
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u.pres<-pow(sigma,-2) # need prior for sigma.

v.pres<-pow(tau,-2) # need prior for tau.

y.pres<-pow(eps,-2) # need priors for eps, beta0, beta.

# following are compound poisson model:

# Level 1:

for (i in 1:m){
ul[i] “"dgamma(u.pres, u.pres)

}

# Level 2:

for (i in 1:m){
v.shape[i]<-ul[i]*v.pres

for (j in 1:n){

v[i,jl dgamma(v.shapel[i], v.pres)
}

}

# v.pres<-pow(tau,-2) # need prior for tau.

# Level 3:
for (i in 1:m){
for (j in 1:n){

log(muli, jl)<-betaO+betal1]*x1[i,jl+betal[2]*x2[1i,j]
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phili,jl<-pow(muli,jl,2-q)*v[i,jl/(2-q)*y.pres

N[i,j] dpois(phil[i,j])#T(,100)

y.shapel[i, jl<-(N[i, j]+0.2)*shape
y.ratel[i,jl<-pow(muli,j]l,1-q)*y.pres/(q-1)

y[i,jl dgamma(y.shapeli,jl, y.rateli,jl)

# Linear regression on logit

logit(p[i,j]) <- thetaO + thetal[1]lx*x1[i,j] + thetal[2]*x2[i,]j]
+thetal[3]*y[i,j]

# Likelihood function for each data point

z[i,j1 = dbern(pli,jl)

# Priors.

sigma~dunif (0.1,10)
tau~dunif (0.1,10)
eps~dunif (0.1,10)
theta0“dnorm(0,0.01) # Prior for intercept
for (j in 1:3){

thetalj] “dnorm(0, 0.01)}
beta0~dnorm(0,0.01)

for (j in 1:2){

betal[j] “dnorm(0, 0.01)}
}
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