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Abstract

\I am an old man now, and when I die and go to heaven there are two matters on

which I hope for enlightenment. One is quantum electrodynamics, and the other is

the turbulent motion of 
uids. And about the former I am rather optimistic."

-Sir Horace Lamb, in a 1932 address to the British Association for the Advancement

of Science

Fluid turbulence is found everywhere in nature and in many engineering applica-

tions. Although the equations governing turbulent flow have not yet been solved

analytically, advances have been made in the measurement of this phenomenon.

The aim of this work is to contribute Magnetic Resonance (MR) methodologies to

the arsenal of measurement methods that can help unravel the mystery of fluid tur-

bulence. Magnetic Resonance is well-suited to the measurement of turbulent flow

because it is non-invasive. Three turbulent systems are studied in this thesis: a pipe,

a pipe with a constriction, and a baroque recorder. In the recorder, velocity is mea-

sured using motion-sensitized Single Point Ramped Imaging with T1 Enhancement

(SPRITE) and preliminary estimates of the degree of turbulence are extracted from

this data. In a pipe with a constriction, motion-sensitized SPRITE is once again

employed, but this time with motion sensitization applied along two Cartesian axes

simultaneously to build up a full picture of anisotropic turbulence. The technique

is akin to Diffusion Tensor Imaging which is used in clinical applications to measure
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fibrous tissues like the brain and muscles. In both a straight pipe and a pipe with

a constriction, a new technique called Rapid Acceleration and Velocity Encoding

(RAVE) is used to measure velocity and acceleration distributions. Together, these

MR-based methodologies can be used to explore turbulence and hopefully shed some

light on this chaotic and complicated phenomenon.
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Chapter 1

An Introduction to Fluid

Turbulence

1.1 The Origins of Turbulence

Fluid turbulence is found everywhere in nature and in many engineered 
ows. To

de�ne turbulence is an almost impossible task - it is su�cient for the time being to

rely on the intuitive sense of turbulent versus laminar 
ow that many people possess.

For example, take a look at �gure 1.1. In this Schlieren picture of smoke rising from

a candle, it is easy to identify which region is laminar and which region is turbulent

by following the lines of smoke. In the laminar r�egime, the streamlines, i.e. the

lines tangent to the direction of the velocity, do not cross. In the turbulent r�egime,

the streamlines do cross. Observations of turbulent 
ows date back to the time of

Leonardo Da Vinci. His sketchbooks feature beautifully detailed drawings of the

swirling patterns observed in water 
owing in a fountain. To make a 
ow transition

from laminar to turbulent, there must be some net surplus of energy injected into the

system at the largest length scales. This could be in the form of some disturbance

that causes a cascade of eddies. To transition from turbulent to laminar, there must

1



Figure 1.1: A picture of the smoke from a candle. The 
ow closest to
the candle is laminar, and at some distance the 
ow of smoke transitions
to turbulence. Adapted from: Gary Settles - Own work, CC BY-SA 3.0,
https://commons.wikimedia.org/w/index.php?curid=29522249
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be some mechanism to dissipate the turbulent kinetic energy. This could be in the

form of viscous dissipation. The transition to and from turbulence is a fascinating

and active area of research, but is not the topic of this thesis. Instead, it is assumed

that all 
ows presented are turbulent. Since turbulence is di�cult to precisely de�ne,

the focus of this section will be on several properties that distinguish turbulent 
ows

from laminar 
ows and other 
uid systems.

The Reynolds number is a unitless coe�cient that can be used to determine how

turbulent a 
ow is. It is a ratio between inertial forces and viscous forces and can

be calculated as follows,

Re =
V L
�

(1.1)

In the numerator is a characteristic length,L, which in a turbulent 
ow is the size

of the largest eddies, and in a turbulent pipe 
ow the size of the eddies is limited

by the diameter of the pipe. Also in the numerator is a characteristic speedV. For

pipe 
ow, this is the speed in the primary 
ow direction. A capital letter is used

to indicate the mean speed, a distinction that will be discussed in section 1.3. The

denominator is the kinematic viscosity,� , which is related to the dynamic viscosity,

� , by � = �=� where � is the 
uid density. A turbulent 
ow is one that has a high

Reynolds number. What constitutes \high" in a pipe 
ow depends on the relative

roughness of the material in the pipe, which is the roughness," , divided by the pipe

diameter. The cuto� between transitioning and fully turbulent pipe 
ow can be

found on a Moody diagram, for example, �gure 1.2.

Fluid turbulence is a continuum phenomenon. The smallest scale structure in the

continuum description of a 
ow is a 
uid element. The size of a 
uid element is many

orders of magnitude larger than molecular scales and so the system behaves not as

a collection of discrete particles but rather as a continuous substance, for example,

see �gure 2.1. There are two di�erent ways to describe a continuous medium like

3



Figure 1.2: Moody Diagram featuring the 
ows presented in chapters 3, 4, and
5. All 
ows are between the transition region and the line indicating \Complete
Turbulence", therefore all 
ows are assumed to be turbulent. Based on the original
diagram by S Beck and R Collins, University of She�eld, CC BY-SA 4.0,
https://commons.wikimedia.org/w/index.php?curid=52681200
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a 
uid: the Lagrangian picture and the Eulerian picture. The Lagrangian picture

uses the same concepts as the particle or rigid body model. The motion of a single

object, in this case, a 
uid element, is followed over time. In this case, velocity is the

time-derivative of position and acceleration is the time-derivative of velocity. In the

Eulerian picture, the continuum is considered in its entirety as a �eld, and changes

in that �eld are followed over time. In this picture, velocity is a function of both

space and time and is often referred to as the \
ow �eld". Throughout this thesis,

interpretation of data employs the Eulerian picture and 
ow �elds in three di�erent

systems will be explored.

Turbulent 
ows are often described as \chaotic" and \random". These terms are

highly debatable, and to justify their usage fully would take an entire thesis. What

is agreed upon is that turbulent 
ows cannot readily be described in a deterministic

way and in many scenarios a statistical description is more useful. Random motion

characteristic of turbulence serves to speed up mixing and momentum transfer be-

yond the e�ects of molecular self-di�usion. To distinguish the e�ects of turbulence

from the e�ects of molecular self-di�usion, any mixing or momentum transfer caused

by turbulence is referred to as \eddy di�usivity". It is worth noting here that turbu-

lence is a property of the 
ow, not a property of the 
uid. If the 
uid 
ow is stopped

then it is no longer turbulent - there is no \eddy di�usivity" property that exists

independent of the 
uid motion.

1.2 The Problem of Turbulence

Turbulence is often referred to as the last unsolved problem of classical physics. This

raises the question - why is turbulence considered a problem? The trouble lies with

the Navier-Stokes equations, which have yet to be solved analytically for all cases

of turbulence. Some argue that they can never be solved for all cases [82]. The

5



Navier-Stokes equations are written as follows

�
@~vi

@t
+ � (V � r )~vi = �

@~p
@xi

+
@~� ij

@xj
(1.2)

These equations can be derived from conservation of energy and are the governing

equations for any 
uid motion. The left hand side of the equation represents the

total acceleration in the Eulerian picture, multiplied by the 
uid density - this is

akin to the \ ma" statement in Newton's second law. The capitalV is the time-

averaged velocity vector as de�ned in equation 1.6, and following convention all

time-averaged quantities are represented by capital letters. The right hand side of

the equation represents the forces at play in the 
uid. The �rst term comes from the

pressure, ~p. The second term represents the shear stresses and contains the stress

tensor � ij .

In an incompressible Newtonian 
uid, the stresses come from the 
uid viscosity,� ,

which is a constant. The stress tensor can then be de�ned as:

~� ij = 2�� (
@~vi

@xj
+

@~vj

@xi
) (1.3)

Taking the time-average of equation 1.2 for an incompressible Newtonian 
uid results

in the component equation

� (V � r )Vi = �
@P
@xi

+
@

@xj
(Tij � � vi vj ) (1.4)

The term on the far right is the Reynolds stress tensor which contains the information

about turbulence in the system and is generally an unknown quantity. The overbar

represents the time-average for the productvi vj , which is not equivalent toVi Vj due

to the presence of cross-terms. To try to solve this equation, another time-average

can be taken, but this would result in a term that readvi vj vk , i.e. yet another un-

known. A third time average would result in a term that readvi vj vkvl , and so each

6



successive attempt to solve the Navier-Stokes equation results in the generation of

more unknown variables. So, no matter how the Navier-Stokes equations are manip-

ulated, there are more unknown than known quantities, and the equations therefore

cannot be solved analytically. This is called the closure problem of turbulence [82].

There exist di�erent types of closure schemes. For example, the quasi-normal hy-

pothesis assumes that the fourth-order correlation of velocity is Gaussian, that is,

vi vj vkvl = �( vi vj )(vi vj ). Although in theory this closure model results in solvable

equations, in practice the results are still very complicated and occasionally unphys-

ical [82]. The quasi-normal hypothesis is an example of a two-point closure scheme

because it relies on correlations between two quantities. Instead, this thesis will be

presented within the framework of a much older one-point closure model, namely,

the Reynolds decomposition [27].

1.3 The Reynolds Decomposition

In 1895, Osborne Reynolds published \On the dynamical theory of incompressible

viscous 
uids and the determination of the criterion" [86]. This work contains many

foundational ideas that have become ubiquitous in the �eld of 
uid mechanics, one

of which is the Reynolds decomposition. In an e�ort to make the Navier-Stokes

equations solvable, Reynolds decomposed the velocity �eld, ~v, into two parts: a

time-averaged velocity �eld,V , and a velocity 
uctuation �eld v, that is

~v(r ; t) = V (r ) + v(r ; t) (1.5)

Note that this decomposition was actually used earlier in equation 1.4 to demon-

strate the closure problem of turbulence. There is an assumption along with this

decomposition that the mean of the turbulent 
uctuations is zero, i.e.v = 0. Also,

this type of decomposition only works for 
ows that are statistically steady, that is,

7



@V
@t = 0 ensuring that the mean velocity �eld does not change with time. Although,

if the change happened on a time-scale much larger than the relevant time-scale in

the system, which can be estimated asL=V , then the decomposition is still valid.

It is important to consider the time-scale over which the time average is taken. To

meet the condition that V is statistically steady it has to �t the condition for a

stationary random function, that is, it must be ergodic. The ergodic theorem for a

random variable ~v states

V = lim
T !1

1
T

Z T

0
~v(r ; t)dt = h~vi (1.6)

or, in words, as the timeT approaches in�nity, the time-average of the velocity �eld

converges to the ensemble average,h~vi . This ensemble average can be interpreted as

the average of an ensemble of independent measurements taken of the velocity �eld

or of measurements taken of di�erent realizations of the 
ow �eld. Of course, in the

physical world, time can never reach in�nity, so it is worth considering how long the

time T has to be for this condition to be met.

Another way to think about how long it takes for measurements to become indepen-

dent of one-another is to consider how long it takes for the motion of 
uid elements

to become uncorrelated. To anthropomorphize the question: how long does it take

a 
uid element to forget the e�ects of other 
uid elements or about an interaction

with the surrounding geometry? The correlation time, sometimes also called the

Lagrangian correlation time or the integral time-scale, is the answer to this question.

The Lagrangian correlation time is de�ned as

Tc =

R1
0 jh~v(t)~v(0)ij dt

h~v2i
(1.7)

By this de�nition, it is possible to calculate the correlation time. However, in prac-

tice, the velocity �eld is rarely known well enough to do such a calculation. Instead,

8



independent measurements can be made or estimations calculated based on the 
ow

properties.

So long as the time-scale of the 
ow measurement is longer than the correlation time,

the 
ow is stationary and the Reynolds decomposition can be used. In a sense, the

Reynolds decomposition o�ers a de�nition of turbulence for statistically steady 
ows.

Laminar 
ows are 
ows for which the turbulent 
uctuation term is zero and turbulent


ows are 
ows for which the turbulent 
uctuation term is non-zero. Understanding

a turbulent 
ow system involves understanding both the mean velocity term and the

turbulent 
uctuation term.

1.4 The Eddy Di�usivity Model

As previously discussed, turbulence causes an increase in the mixing rates in a mov-

ing 
uid beyond thermal di�usion, and this increase is caused by the turbulent


uctuations. Therefore, it follows that the e�ect of the turbulent 
uctuations in

the Reynolds decomposition can be modeled using a di�usion-like quantity. This

quantity, referred to in this thesis as the eddy di�usivity, K ij , was derived in George

Batchelor's 1949 paper \Di�usion in a �eld of homogeneous turbulence" [14].

The general equation forK ij in a �eld of homogeneous turbulence is

K ij =
1
2

Z t

0
[Sij (� ) + Sji (� )]d� (1.8)

In this equation, Sij (� ) = hvi (t)vj (t0)i where � = ( t � t0). Batchelor describes the

behaviour ofK ij over time as \initially zero, [then] increases with time at �rst linearly

and then more slowly, and �nally tends to a constant value" [14]. Measurements have

been made using magnetic resonance imaging (MRI) that con�rm this behaviour for

the component of the eddy di�usivity that is in the primary 
ow direction [62].

By assuming that the eddy di�usivity tensor is symmetric, equation 1.8 simpli�es to

9



K ij =
Z tmax

0
hvi (t)vj (t0)i d� (1.9)

If it is assumed that the asymptote described by Batchelor is reached, that is,tmax !

1 , then this equation is equivalent to the numerator on the right hand side of

equation 1.7. Rearranging and generalizing for any combinations of directions results

in

K ij = Tchvi vj i (1.10)

This is the full tensor version of the equation used in [62] and [63] to represent the

eddy di�usion coe�cient. Note that the symbol D t is used in these papers, but

throughout this thesis the symbolK ij will be used consistently to avoid confusion

with molecular di�usion. If measurements can be made of the eddy di�usion co-

e�cient, as in Chapter 4, and if the Lagrangian correlation time is known, then

conclusions can be drawn about the velocity 
uctuations.

1.5 Fluid Measurement Techniques

Since the problem of 
uid turbulence cannot yet be solved analytically, measurement

techniques and simulations are of crucial importance. Some common 
uid measure-

ment techniques include hot-wire anemometry, laser Doppler velocimetry (LDV),

and particle image velocimetry (PIV). Simulation studies, collectively referred to as

computational 
uid dynamics (CFD), also form the basis of many turbulent 
uid

studies.

Hot-wire anemometry [54] makes use of temperature changes to measure 
uid veloc-

ity. A wire of known length and diameter is heated to a particular temperature using

an electric current. The wire is then placed in a moving 
uid, which cools the wire.

Since temperature changes a�ect the electrical resistance of most metals, this can be

10



measured and directly related to the 
uid speed. Orientation of the wire determines

the component of the velocity being measured, and placing the wire in di�erent lo-

cations allows the full velocity map to be measured. An individual measurement

is very fast, often less than a second, which means that the velocity measurement

time-scale may be small enough to probe turbulent 
uctuations. However, mapping

the entire velocity �eld takes considerably longer depending on the size of the 
ow

�eld and the desired spatial resolution. The measurement is invasive, and is of course

sensitive to temperature 
uctuations.

Laser doppler velocimetry (LDV) [65, 53] uses the Doppler shift to measure 
ow in

optically transparent 
uids. Two coherent beams of laser light, typically generated

by splitting a single beam, pass through a moving 
uid. The light then re
ects o�

particles in the 
uid that are either naturally present or placed in the 
uid. The

interference pattern produced by the re
ected laser light indicates the Doppler shift,

which can then be used to calculate the velocity. The orientation of the lasers dictates

the component of the velocity being measured. Advancements in the technique

include Extended LDV [103] whereby accelerations and auto-correlations of 
uid

elements can be measured. Both LDV and Extended LDV are nearly instantaneous

and therefore sensitive to very slow 
ows. However, these techniques are limited to

optically transparent 
ows.

Particle image velocimetry [4] is another optical technique used to visualize 
ow.

Tracer particles are released in the moving 
uid and are illuminated by a laser

or strobe light. The light re
ected o� the particles is then collected by a digital

camera or CCD (charge-coupled device). Taking successive images allows particles

to be traced and the velocity to be calculated. Measurements using this method are

nearly instantaneous and images of an entire plane within the sample can acquired

in one shot. The measurement is limited, however, because it is invasive due to the

injection of particles and it can only be used on optically transparent 
ows.
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CFD studies are also an important method for studying turbulent 
ows, e.g. [42,

43, 29]. There are many di�erent software packages, for example, the open-source

program OpenFOAM, that can be used to conduct CFD studies. In general, the

�rst step is to create a digital model of the 
ow geometry. In the commonly used

�nite element method, this model is then discretized so that the Navier-Stokes equa-

tions can be solved for each location in the 
ow �eld. Before solving, however, a

turbulence model needs to be chosen. One example is thek � � model [82]. This

model is based on an energy balance between the turbulence kinetic energy,k, and

the viscous dissipation,� . This model of turbulence assumes that it is homogeneous

and isotropic. Although this clearly does not re
ect reality, as discussed in Chapter

4, it is still a useful tool for many physics and engineering applications.

This thesis does not employ any of these techniques. Instead, Magnetic Resonance

Imaging is employed to explore di�erent aspects of 
uid turbulence. Magnetic Res-

onance is a slow technique compared to PIV or LDV, but it has the advantages of

being non-invasive and applicable to opaque 
ows.
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Chapter 2

An Introduction to Magnetic

Resonance Imaging

The phenomena of Magnetic Resonance (MR) and Magnetic Resonance Imaging

(MRI) have a rich and prestigious history despite being relatively recent discoveries.

In 1944, Isidor Isaac Rabi won the Nobel Prize in physics \for his resonance method

for recording the magnetic properties of atomic nuclei". Although his name lives on

in the technique of Rabi spectroscopy, his discovery laid the foundation for Nuclear

Magnetic Resonance. Unfortunately, due to the negative connotation associated

with the word \nuclear", the technique is often referred to simply as \Magnetic Res-

onance" (MR). In 1952, Felix Bloch and Edward Mills Purcell jointly won the Nobel

Prize in physics \for their development of new methods for nuclear magnetic precision

measurements and discoveries in connection therewith". Bloch's name lives on in the

Bloch equations, which are discussed later in this chapter. Purcell is immortalized

in the ubiquitous Carr-Purcell-Meiboom-Gill (CPMG) technique also discussed later

in this chapter. In 1991, Richard Ernst won the Nobel Prize in chemistry \for his

contributions to the development of the methodology of high resolution nuclear mag-

netic resonance (NMR) spectroscopy". UNB has a special connection with this work
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Figure 2.1: Length scales relevant to the experiments presented in this thesis. The
basic unit of magnetization is the magnetic moment arising from the nuclear spin.
The quantity measured is the bulk magnetization vector for each voxel within the
sample space. The basic unit of a 
uid is the 
uid element. Each voxel consists of
many 
uid elements.

through Prof. Reinhold Kaiser, who is identi�ed in Ernst's biographical essay in the

Nobel Prize archive as having conducted similar research simultaneously. In 2003,

Paul Lauterbur and Sir Peter Mans�eld jointly won the Nobel Prize in Medicine or

Physiology \for their discoveries concerning magnetic resonance imaging". Magnetic

Resonance Imaging (MRI) is now a ubiquitous technique in hospitals and research

labs world wide, and the �eld continues to grow. The author hopes that this thesis

can contribute to this growth, if only in a small and highly specialized way.

2.1 Magnetic Resonance

Magnetic resonance is fundamentally a quantum mechanical e�ect that begins with

nuclear spin. Spin is an intrinsic angular momentum possessed by fundamental

particles like protons, neutrons, and electrons. Note that the presence of spin does

not mean the particle is spinning, instead the name is a nod to the equivalent e�ect

in classical mechanics where an object that is spinning possesses angular momentum.

Spin allows a particle to interact with a magnetic �eld. The presence of spin causes

the nucleus to possess a nuclear magnetic moment which precesses about the axis of

the magnetic �eld. As an example, consider the Hydrogen nucleus, which consists

of one proton, placed in a magnetic �eld. The proton is a spin 1/2 particle, which
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