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Niederreiter has defined the discrepancy of a pseudo-random 
number (PRN) sequence as a quantity which measures the deviation of the 
sequenced distribution from the ideal uniform distribution. The 
discrepancy evaluation appears to be a promising criteria for testing 
randomness of PRN sequences. In this paper, we propose two algorithms 
for computer evaluation of the discrepancy of PRN sequences and evaluate 
the discrepancy of PRN sequences generated by a linear congruential 
method. 
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ABSTRACT 

Niederreiter has defined the discrepancy of a pseudo-random number 
(PRN) sequence as a quantity which measures the deviation of the 
sequence's distribution from the ideal uniform distribution. The 
discrepancy evaluation appears to be a promising criteria for testing 
randomness of PRN sequences. In this paper, we propose two algorithms 
for computer evaluation of the discrepancy of PRN sequences and evaluate 
the discrepancy of PRN sequences generated by a linear congruential 
method. 
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1. INTRODUCTION 

Pseudo-random number (PRN) sequences, generated by computer-based 

algorithms, are widely used in many applications [3,10]. A multitude of 

techniques are available for generating PRNs (see [3,10]), the most 

popular being the linear congruential method. Many statistical tests 

are used for testing the randomness of PRN sequences [3,10]. 

Niederrieter [7-9] defines the discrepancy of a PRN sequence as a 

quantity which measures the deviation of the sequence's distribution 

from the ideal uniform distribution. In his work [7-9], he finds the 

upper and bounds on the discrepancy of linear congruential PRN (LCPRN) 

sequences. The discrepancy evaluation for a given PRN sequence appears 

to be a promising criteria for testing randomness. From the literature, 

it appears that this test has not been used with the PRN sequences. In 

this paper we consider the computer evaluation of the discrepancy of 

LCPRN sequences. 

The paper is organized as follows. Section 2 reviews the concepts 

of the discrepancy and gives the upper and lower bounds on the 

discrepancy of PRN sequences generated from a RNS subroutine (which is a 

LCPRN generator). It is shown that these bounds are not very useful in 

practice since they are applicable only for very large PRN sequence 

lengths. In Section 3, we present the results of computer experiments 

carried out to find out the behaviour of the discrepancy function. The 

insights provided by these experiments lead to the development of the 

fast algorithms for computing the discrepancy, which are presented in 

Section 4. These algorithms are used to find out the discrepancy of PRN 

sequences generated by the RNS routine. Finally, some concluding 

remarks are presented. 

*Research partially supported by the Natural Sciences and Engineering 
Research Council of Canada, Grant No. A0089. 
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2. THE DISCREPANCY OF PRN SEQUENCES 

The discrepancy of a sequence is a quantity that measures the 

deviation of the sequence's distribution from the ideal uniform distri-

bution [4, 7]. 

DEFINITION (Niederreiter [4]): Let χ^.,-,χ^ be a finite sequence of 

real numbers. The quantity 

A([a,b);N) 
DN - DN (ν···'χη-1> - * 

is called the discrepancy of the given sequence, where, 

- (b-a) (1) 

sup represents the supremum, the maximum of the maximums of all 

possible interval lengths, 

A([a,b);N) a counting function defined as the number of 

Ν terms χ , for ^i^N with {χ }B[a,b), η η 

íx }e[a,b) a<x <b. η — η 

For an infinite sequence W of real numbers (or for a finite sequence 

containing at least Ν terms) the discrepancy is meant to be the 

discrepancy of the initial segment formed by the first Ν terms of W. 

The theory behind the discrepancy of uniformly distributed 

sequences generated by linear congruential generators is discussed in 

detail by Η. Niederreiter [8-10]. He examines the homogeneous and 

inhomogeneous sequences. Theorems 1-3 and 4-6 [10] deal with the upper 

bounds of the homogeneous and inhomogeneous cases, respectively. 

However, the resulting estimates of the upper bounds given by the above 

theorems are only of interest when the length of the sequence under 
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examination is at least of the order of magnitude m + e for some e>0 

[10], This makes the estimates practically useless in cases where the 

length Ν of the random sequence is much less than m, which can be true 

for many Monte Carlo program runs; such PRN sequences of shorter lengths 

naturally arise in Monte Carlo studies with parallel computer architec-

tures (see [1]). Theorems 9 and 10 in [10] establish estimates for the 

lower bounds of the discrepancy for Linear Congruential sequences, which 

again are applicable only for large sequence lengths. 

In the ensuing subsection, we consider the RNS subroutine on IBM 

30811), which is a homogeneous (i.e. multiplicative) LCPRN generator, and 

examine the lower and upper bounds on its discrepancy. 

2.1 Bounds on the Discrepancy 

Consider the single precision FORTRAN subroutine RNS available on 

the IBM 308ID computer of the University of New Brunswick Computer 

Center (UNBCC) in FORTRAN Η and WATFIV [12]. The algorithm used to 

generate the sequence is a multiplicative linear congruential generator 

χ . = a*x (mod m), (2) n+1 η 
with the following parameters: 

a = 32781, 
32 

m - 2 , and 

x 0 = 1. 
30 

The PRN sequence period length for RNS is equal to 2 , as given by 

applying the results in [Theorem C, 3]. 

The following theorem by Niederrieter [Theorem 3, 10] is applicable 

to RNS and it gives a upper bound on the discrepancy of PRN sequences 

generated by RNS. 
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THEOREM 1 (Niederreiter [ 10] ). Let m=pa, ρ prime a>2. Let a be 

relatively prime to m, with |a | >1 and a>b, where b is defined below. 

Then if l<N<t and, 

Ρ < 
3/2 1/2 Ρ - Ρ 
p 3 / 2 - 1 

m 3/2 

Νπ 

2 (ρ-1) 
In t + 

πρ 
(3) 

the discrepancy D^ of the points χ^,.,.,χ^ ^ satisfies the inequality 

3/2 
L Ρ 

372 Γ7Τ* 

3/2 1/2 Ρ ~ Ρ 
dn < 

p 3 / 2 - 1 
•Χ·1η 1 + 

- Ρ Χ 

In ρ 

p 3 / 2 - ! 
»X. (4) 

where 

4*m 1/2 
X = 

Νπ 

2·(ρ-1) 3 
«logt + — 

πρ 4 

Here, b is defined as the largest integer such that ρ | (a -1), if ρ is 

odd. If p=2, then d is set to 1 if a=l mod 4, or to 2 if a=3 mod 4. 
b 2 

Then b is the largest integer such that 2 |(a -1). 
The above theorem is fully satisfied by the algorithm used in RNS 

(1/2) 2 
and (4) holds true for values of Ν which are larger than (m log m). 

By applying the theorem by Niederrieter [Theorem 10, 9] to RNS 

generator establishes a lower bound on its PRN sequences. 

THEOREM 2. The lower bound on the discrepancy of RNS is given as 

1/2 
τη 

dn i — • <5> 8·/2·Ν 

The estimates of D^ are again valid only for values of Ν which are 
(1/2) 2 

appreciably larger than (m log m). The behavior of the estimates 

for the lower and upper bounds on the discrepancy is given in Table 1 

for several values of N. Although the estimates are valid only when 
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N>L, the bounds for smaller values of Ν are also included. The bounds 
21 

for N>2 are plotted in Fig. 1. Since by definition of the discrepancy 

D n must be less than 1, the upper and lower bounds in Table 1 which are 

greater than 1 are meaningless. These bounds get closer to each other 

as Ν increases and the bounds really get meaningful only for large 

values of N. Thus, if the PRN sequence lengths are smaller in an 

application then the upper and lower bounds on the discrepancy derived 

by Niederrieter are useless and therefore methods are required to find 

out the discrepancy of PRN sequences of smaller lengths or of the order 

of L; PRN sequences of such lengths arise naturally in computations done 

on a processor (or in a process) in parallel Monte Carlo algorithms (see 

[1, 11]). In the ensuing sections we propose such methods. 

3. COMPUTER EXPERIMENTS 

The definition of discrepancy of a given sequence x^,...,xN is 

given as (1): 

A([a,b);N) 
- (b-a) . 

Ν 

Here, A([a»b);N) is a counting function which counts the number of 

elements of a sequence of length N, which belong to the interval [a,b). 

The count of elements is then normalized by dividing it by the length of 

the sequence. The normalized result is then compared to the interval 

length which is the theoretical value of the normalized count and the 

absolute value of their difference is found. This procedure is applied 

for a fixed interval length in [0,1] with (b-a)=constant » and the 

maximum difference is found. When the above procedure is repeated for 

V X O W = n S U P 
0<a<b<l 
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all the interval lengths 0^(b-a)<l, the maximum of the maximums for each 

interval length is found, which gives the discrepancy of the sequence. 

Theoretically, the changes of the interval size (b-a) and the bounds a 

and b must be continuous. For a fixed interval length the interval 

should assume all the possible positions in the space between 0 and 1. 

To apply the above procedure in the ideal case on a computer is 

impossible due to the accuracy of the machine and due to the large 

computing time required to compute such a function for a large number of 

interval lengths and for very small interval pace. The following 

straight forward and simple minded procedure can be used to determine 

the discrepancy of a given PRN sequence. 

The procedure assumes that the following are given: 

RANDOM : The array containing the sequence, 

Ν : the sequence length, 

INTVLO : the minimum interval size for which the function is 

calculated, 

INTVHI: the maximum interval size for which the function is 

calculated, 

INCREM : the increment by which the interval size is 

incremented, and 

PACE : the pace with which the intervals traverse the space 

from 0-1. 

Since the discrepancy test is not concerned with the order in which 

the numbers appear in the given sequence, the array of random numbers is 

first sorted. The interval size is set to the minimum interval size 

(INTVLO) and the interval bounds to 0 and INTVLO. The numbers which 

belong to this interval are counted and the counting function is 
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evaluated. The interval is then advanced from zero to one by steps 

equal to the preset PACE. The maximum of the discrepancy for this 

interval is found. When the upper bound of the interval reaches 1, the 

interval is incremented by the set increment (INCREM) and the same 

procedure is repeated until the interval size reaches the selected 

higher limit (INTVHI). The maximum of the maximums for each interval is 

then returned as the discrepancy of the sequence. The values of 

discrepancy for each interval size can be noted and the results can be 

found for different paces and sample size so as to determine the optimum 

values for the pace and interval increment. It is clear from the 

definition of the discrepancy that the smaller the pace and the interval 

increment, the more accurate is the result. The problem is that as the 

pace and the increment become smaller the procedure will need more and 

more computing time. 

Fig. 2 gives discrepancy of PRN sequences of different lengths from 

RNS routine as a function of the various interval sizes, with PACE = 

0.0010. It is seen that the maximum value of the discrepancy (i.e. the 

true value of the discrepancy) lies somewhere in the middle between 0 

and 1. Further, it is seen that as the PRN sequence length increases, 

the discrepancy decreases. Fig. 3 shows the effect of the change in 

PACE on the value of the discrepancy found by the procedure. It is seen 

that as the PACE tends to zero we have almost continuous traversal of 

the intervals and the discrepancy tends to the true value of the 

discrepancy; however, the computation time also increases as the PACE 

decreases. These computer experiments provided insights into the 

behavior of the discrepancy function and lead to the development of the 

fast algorithms for computing the discrepancy, which are presented in 
the following section. 
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4. ALGORITHMS 

The large amount of computing time required by the procedure used 

in Section 3 for evaluating the discrepancy forced the development of 

faster algorithms. We present the following two algorithms for 

calculating the discrepancy of a given PRN sequence. 

4.1 Algorithm 1 

Given a finite set of Ν numbers Χ={χ^, X2»...»xnl· that are supposed 

to be uniformly distributed on the interval I=[0,1] the discrepancy can 

be defined as 

|x η j| 
length (J) D (X) = sup 

J Ν 

where J runs through all subintervals of I. 

To avoid the problem of dealing with the absolute value function 

and separate the supremum(sup) operator from the other operations, 

define for any subinterval J, 

|χ η j| 
f (J,X) length (J). 

Ν 

Then 

D (X) = sup(±f(J,X)). 
J 

J may be closed, open or one of the two half-open types of intervals. 

In any event, f can be defined using one or both of the following 

functions, where χεί: 

f1(x,X) = f([0,x],X); 

f2(x,X) = f([0,x),X). 
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Then 

[x»y]nx 
f([x,y],X) (y-x) 

Ν 

[0,y]nX [0 ,x)nX 

Similarly, 

Hence, 

Since 

- y + χ 
Ν Ν 

= f ̂  (y ,χ) - f2(x,X). 

f([x,y),x) = f2(y,x) - f2(x,x) 

f(tx.y).X) = f^y.x) - f̂ (χ,Χ) 
f([x,y),x) = f2(y,x) - f1(x,x) 

D N ( J ) = sup(±f(J,X)) = sup (fk(y,X) - fÄ(x,X)) 
X) y£i 
A, kel,2 

fj(χ,Χ) = f2(x,X), ¿X 

1 
= f«(χ,Χ) + - , χ£Χ, 

Ν 

Thus, 

f ̂ (χ,Χ) i f2(x,X). 

D N ( J ) = sup fK(y,X) - inf fK(x,X) 
χεί yei 

kel,2 ktl,2 
= sup f (y,X) - inf f.(x,X), 
y£l χεί 

where inf represents infimum. 

Now f ̂  (y ,X) will be a local maximum if and only if yeX, or y-0. 

Similarly, ί^(χ,Χ) will be a local minimum if and only if χεχ or x=l. 

If OiX, then f.(0,X) = 0<fo(x , X) « 1-x , so y=0 is not a global 1 l η η 
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maximum of f^ Similarly, if 1¿X, f2(l,X) = O^f^x^X) = -x^ then x=l 

is not a global minimum of f^. 

Therefore, the discrepancy can be evaluated by the following 

D n (J) = sup fx(x,X) - inf f„(x,X) 
ίεΐ,. .Ν j εΐ,..Ν 

sup 
iel,..Ν 

χ. 
Ν 1 

inf 
j εΐ,..Ν χ. 

M J 

1 
+ — 
Ν 

where sup 
i=l to Ν 

inf 
j = l to Ν 

- X, 

J 
X 

Ν 

is the maximum difference between — and x, and 
Ν 

j 
is the minimum difference — and x. 

Ν 

The result obtained is the true discrepancy of the sequence. In 

order to apply the above formula, the sequence must be in ascending 

order. 

4.2 ALGORITHM 2 

If the accuracy of the discrepancy computation is not is required 

to be very high, a variation of the above algorithm can be used to 

calculate the discrepancy of a sequence with given error of E. This 

algorithm has the advantage that it does not need a sorted sequence and 

thus is more efficient than the Algorithm 1. This algorithm is given 

below. 
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begin 

for i = 1 to |i/e| 

COUNT(i) = 0 

endfor 

for j = 1 to Ν 

i = rx(J)/El 

COUNT(i) = COUNT(i) + 1 

endfor 

SUM = SUP = INF = 0 

for i = 1 to I1/EI 

SUM = SUM + COUNT(i) 

SUP = MAX.(SUP,(SUM/N - i*E) ) 

INF = MIN.(INF,(SUM/N - i*E)> 

endfor 

DISCREPANCY = 1/N + SUP - INF + Ε 

end 

The Algorithms 1 and 2 have been coded in FORTRAN and the details 

are given in [5]. 

Fig. 4 shows the discrepancy of the PRN sequences from RNS routine 

as the length of the sequence varies. 



5. CONCLUSION 

The discrepancy evaluation of a PRN sequence appears to be a 

promising criteria for testing randomness of PRN sequences. In this 

paper, we have given insights into the behaviour of the discrepancy 

function and given two methods to evaluate the discrepancy of PRN 

sequences. PRN sequences from RNS subroutine, available in FORTRAN on 

the IBM3081D computer system, are tested to illustrate the discrepancy 

test. The discrepancy test also has been applied to other PRN 

generators, viz. GGUBS from the IMSL library, Chebyshev mixing 

transformation method and pseudo-random tree (see [5] for further 

details). 
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TABLE 1 

Upper and Lower Bounds on the Discrepancy of 
the PRN Sequences Generated by the RNS Routine 

SEQUENCE UPPER LOWER 
SIZE BOUND BOUND 

100 11647.03 28.96 

500 2332.59 5.792 

1000 1168.29 2.896 

2 1 5 39.06 0.08838 

220 2.146 0.00276 

2 2 1 1.212 0.00138 

223 3.809E-1 3.452E-4 

226 6.226E-2 4.315E-5 

228 1.801E-2 1.078E-5 

229 1.145E-3 5.394E-6 
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