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Abstract

Longitudinal studies and categorical data analysis are commonly used in many areas,

such as medicine, public health, and psychology. Researchers have developed many

analytic methods for longitudinal data and categorical data separately. However,

the methods for analysing data with both longitudinal and categorical properties

are sparse. This thesis proposes a baseline-category model for nominal data and

a continuation-ratio logit model for ordinal data, which are both constructed from

a set of Poisson mixed models. Three levels of random effects are introduced to

account for the effects of the subjects, the time and the categories. Since the models

are rooted from Poisson mixed models, they can give both proportion and count

inference. Additionally, the 3 levels of random effects are very flexible to handle

different data sets and to fit different research interests.
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Chapter 1

Introduction

This thesis is motivated by the data set of the crash counts for over one thousand

major signalized intersections in the city of Chicago from 2004 to 2010, which were

provided by [25]. For each intersection, vehicular crashes were counted by crash

severity levels, including fatal (FAT), injury Types A (IA), B (IB), and C (IC) for

major, moderate, and minor injury levels, property damage only (PDO), and un-

known. We can see that the data set demonstrates both longitudinal and categorical

properties.

Longitudinal studies are commonly used in many areas, such as medicine, public

health and psychology. Longitudinal data, in contrast with cross-sectional data,

observes the same sample at different time points. It has some advantages over

cross-sectional studies, which are introduced in section 2.1. Researchers have spent

a great deal of time deriving methods for analyzing longitudinal data. Several general

approaches have been described to model longitudinal data [3][4][5], like ANOVA,

the generalized estimating equations (GEE), and the generalized linear mixed model

(GLMM).

Categorical data analysis is another widely used method in the biomedical and so-

cial sciences[8]. Categorical variables represent types of data which may be divided
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into groups. They have two main types of measurement scales: ordered scales and

unordered scales. Categorical variables having ordered scales are called ordinal vari-

ables, like the appraisal of a company’s inventory level (low, about right, high). The

variables with unordered scales are called nominal variables; for example a favorite

type of music (classical, country, folk, jazz, rock). Many methods have been devel-

oped to analyze these data, like the logistic regression model and its extension for

binary and multicategory responses, and the contingency tables for analyzing asso-

ciations.

Numerous studies exist on categorical data and longitudinal data respectively. How-

ever, the analysis of this kind of data with both properties is not adequately ad-

dressed. Currently, the majority of the research methods analyze data from the

angle of categorical data in the longitudinal setup, the analysis is then based on the

logit models. The methods developed, basically, can be separated into two groups.

The first group is transitional model[8] that includes past observations as predictors

in the logit models. For example, the Markov chain model[2], in which only the past

observation is included as a predictor, is a transitional model. The second group is

the logistic generalized linear mixed models[8] which involves random effects in the

logit models to account for the correlation of the responses for the same subject.

We can see that, since these two groups of models are rooted from logit models, they

can only get the results regarding to the proportions rather than the counts. For the

transitional model, as the past observation is included in the covariates, the effects

of the rest covariates of interest are attenuated. For the logistic generalized linear

mixed model, which is a kind of generalized linear mixed model, the distribution as-

sumption of the random effects imposes restrictions about this model. Furthermore,

it is not always simple to fit. As for the usual maximum likelihood estimation algo-

rithm, in order to get the likelihood function for the parameters the random effects

need to be integrated out. The calculus-based integral used to average with respect
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to the distribution of the random effects does not have a closed form. Numerical

methods for approximating it can be computationally intensive[8].

Therefore, we propose a baseline-category model for nominal data and a continuation-

ratio logit model for ordinal data. These are constructed from a set of Poisson mixed

models for the data set with both longitudinal and categorical properties. These

models could give us the results regarding both proportion and count. Further-

more, the Poisson mixed models are rooted from the dual-Poisson model introduced

in [10], which is a GLMM. However, an orthodox best linear unbiased prediction

(BLUP) approach[17] is used to do the parameter estimation and the random effects

prediction for this model. We obtain an optimal estimating equation based on the

orthodox BLUP, which is solved by a modified Newton Algorithm. One advantage

of this approach is that only the first and second moment structures of the random

effects are needed, which gives greater flexibility to the model. And this approach

leads to improved computational efficiency since all the formulas are explicit in each

iterative step.

According to the nature of the data set, the subject-specific random effects, the time-

specific random effects, and the category-specific random effects are introduced to

account for the effects of the intersection, the year an observation was taken, and

the category. These all impact the crash count. Meanwhile, these random effects

account for the correlation within the responses, which is the key property of the

longitudinal data. Finally, a set of Poisson models, which are conditional on the

random effects are proposed to model the counts. By organizing the responses and

covariates in certain ways [26], the equivalent multicategory logit models are con-

structed by the set of the conditional Poisson models[11].

The results of the analysis tells us that, over time, the number of property damage

only crashes will increase while other categories will be reduced and the possibility

of getting into a severe accident is lower. By analyzing the subject-specific random
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effects, certain intersections, which could have other effects that may dramatically

impact the number of accidents, are identified.

The remaining part of this thesis is organized as follows: Chapter 2 presents an

introductory overview of statistical knowledge and models for this thesis including:

the longitudinal studies, the multicategory logit models, the Poisson mixed model,

and the scatterplot smoothing which is used to pretreat the covariates.

The first part of Chapter 3, from section 3.1 to section 3.7, introduces the Pois-

son mixed model. In this part, four key assumptions are proposed for the model.

The moment structures of the responses and the random effects are derived. The

orthodox best linear unbiased predictors of the random effects, as well as the it-

erative equations for estimating regression and random effects parameters are also

developed. In section 3.7, the iteration algorithm is introduced to give a step by

step instruction of the estimation process, which could guide the code development.

The second part includes section 3.8 and 3.9, which introduces how to construct the

equivalent multicategory logit models by the Poisson mixed models. In this part, the

baseline-category logit model and the continuation-ratio logit model are introduced.

As 3 levels of random effects are proposed in our model, it can be adjusted to fit

in different data sets and research interests. This model expansion is discussed in

section 3.10.

To demonstrate the proposed model, we analyze the vehicular crashes data set in

chapter 4. Section 4.1 gives an initial statistics analysis and points out how to select

the covariates. In section 4.2, the baseline-category logit model and continuation-

ratio logit model are constructed by the Poisson mixed models to do the analysis.

Analysis results, along with relevant graphs and figures, are presented and discussed.

In addition, we conduct a brief simulation study to assess the behaviour of our esti-

mating algorithm in section 4.3.

We conclude the thesis in Chapter 5 with a brief discussion of our proposed model
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and a few aspects for further research.
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Chapter 2

Preliminaries

In this chapter, the basic knowledge and statistics methods which are used in this

thesis are introduced. The crashes data set used in this thesis contains 2 major prop-

erties: longitudinal and multinomial properties. Section 2.1 introduces longitudinal

studies which list out a set of methods used to analyze longitudinal data. Section

2.2 focuses on logit models, which are broadly used in multinomial data analysis.

Two sub logit models: the baseline-category logit model and the continuation-ratio

logit model, are introduced in this section to handle nominal and ordinal data re-

spectively. Then, in section 2.3, the Poisson mixed model is introduced. It shows

a way to combine longitudinal analysis and logit models to analyze the data set

with both longitudinal and multinomial properties using hierarchical random effects

and conditional Poisson distribution. In the last section, locally weighted scatter-

plot smoothing (LOWESS) is introduced, which is used to pretreat the raw data. It

uses a smoothing spatial surface to create an explanatory variable which represents

location parameters (latitude and longitude) that otherwise are not feasible to be

included in the mixed Poisson model.
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2.1 Longitudinal study

Longitudinal studies are commonly used in many areas, such as medicine, public

health and psychology. Longitudinal data, in contrast with cross-sectional data,

observes the same sample at different time points. It has some advantages over

cross-sectional studies. First, because the repeated measurements from the same

subject are not perfectly correlated, the net result is that these measurements pro-

vide more independent information than a single measurement obtained from a single

subject, which makes longitudinal studies more powerful than cross-sectional studies

for a fixed number of subjects.

Second, in a longitudinal study, each subject can serve as its own control. Because

intra-subject variability is usually smaller than inter-subject variability, excluding

inter-subject variability from measurement errors makes the statistics test more pow-

erful.

Finally, longitudinal data can provide information about individual change, and then

the statistical estimates of individual trends can be used to understand heterogeneity

in the population and the determinants of change at the individual level[3].

However, due to the correlation between measurements on the same subject, longitu-

dinal data not only brings statistical power, but also analysis complexity. Different

methods and models are discussed by [4], like generalized mixed-effects regression

models which can handle missing data and irregularly spaced measurement occa-

sions, and marginal models that use Generalized Estimating Equations(GEE) [5].

To give a basic illustration of longitudinal studies, the usual longitudinal data layout

is as follows:
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Table 2.1: Longitudinal data set layout

ID Time point Response Explanatory variables
1 1 y11 x111......x11p

. . . .
1 t1 y1t1 x1t11......x1t1p

2 1 y21 x211......x21p

. . . .
2 t2 y2t2 x2t21......x2t2p

. . . .

. . . .
n 1 yn1 xn11......xn1p

. . . .
n tn yntn xntn1......xntnp

yit: the response of tth time point of the ith subject;
xitk: the kth explanatory variable for the tth time point measurement of the ith
subject;
the index of subjects i=1…m;
the index of time points t=1...ti;
the index of explanatory variables k=1...p.

2.1.1 Analysis approaches

As mentioned above, there are many advantages to longitudinal data analysis. Thus,

many analysis methods have been developed. In [6], Student did the analysis of lon-

gitudinal data via the t-test, which reduces the repeated measurements into a single

summary variable. This summary variable cannot fully represent the repeated mea-

surements in terms of the statistical power. Analysis of variance (ANOVA) is another

historical way to handle longitudinal data. However, the assumption made in this

approach: constant variances and covariances over time, make it not feasible for

the primary portion of longitudinal data. Details of these methods and some other

extensions are introduced by [7].

In the later paragraphs, two widely accepted methods, generalized estimating equa-

tions (GEE) and generalized mixed-effects regression model, will be introduced. Both

of these can be treated as extensions of generalized linear models by accounting for
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the within subject correlation via specification of the correlation structure and ran-

dom effects respectively.

A basic feature of GEE models is that only the marginal distribution of Yit at each

timepoint need to be specified. For example, if there are two timepoints and the

responses are continuous normal, GEE would require us to assume that the distri-

bution of Yi1 and Yi2 are two univariate normals, rather than assuming that they

are from a bivariate normal distribution. A related feature of GEE models is that

the covariance structure is treated as a nuisance, and the focus is on the regression

of Y on X. Then, there are four specifications used for GEE models:

(1). the marginal expectation of the response, E(Yit|Xit)=µit depends on the covari-

ates Xit,

(2). the correlation between Yit and the covariates Xit follows the equation g

(µit)=xT
itβ, where g(.) is a known function,

(3). the variance of each response V(Yit)=ϕν(µit), where ν is a known variance

function and ϕ is a scale parameter that may be known or estimated,

(4). the correlation structure of the repeated measurement R is an n x n matrix

which depends on a vector of association parameters, denoted as α.

GEE models the mean and correlation structure separately. In other words, the

mean response depends on the explanatory variables only rather than the random

effects or previous responses. This implies that misspecification of R has limited

impact on the estimation of the regression coefficients, which is one advantage of

GEE.

Another widely used approach to the analysis of longitudinal data is the generalized

linear mixed model (GLMM). They are considered an extension of two modelling

methods: linear mixed models and generalized linear models. Linear mixed models

present a useful extension of linear regression models by including both fixed effects

9



and random effects since observations are dependent on different kinds of correlation.

Random effects can be treated as the reflection of natural heterogeneity for the rea-

son that many factors have not been measured. On the other hand, the generalized

linear models not only cater to the need of continuous response variables, but also

are capable of handling the discrete response variables. In contrast to GEE, GLMM

accounts for the within subject correlation by incorporating subject-specific random

effects with the fixed effects. Here are the specifications used for GLMM models:

(1) the conditional mean of each response is E(Yit|bi)=µit where bi is the random

effect for subject i,

(2) the conditional mean of Yit is assumed to depend on fixed and random effects

via the following linear predictor:

g(µit) = xTitβ + zTitbi,

where xit and zit are the vectors of the covariates with fixed and random effects, and

g(.) is a known link function,

Regression estimates from this specification are termed “subject-specific”, in contrast

with the GEE model, to emphasize that they are conditional on random effects.

2.2 Multicategory logit models

Logistic regression is used to model binary response variables. Generalizations of it

can be used to analyze categorical responses with more than two categories. The

traffic accident data set used in this thesis has an ordinal property for the accident

categories. And meanwhile, the ordinal data set can be analyzed as nominal data,

even though this may result in a certain loss of power because of not using the infor-

mation about that ordering [8]. So, two multicategory logit models, baseline-category

logit model and continuation-ratio logit model, are introduced here to handle nomi-

10



nal responses and ordinal responses respectively.

2.2.1 Baseline-category logit model

Let J denote the number of categories for Y. Let π1, …, πJ denote the response

probabilities, satisfying
∑J

1 πj = 1. With n independent observations, the probability

distribution for the number of outcomes of the J types is the multinomial. When the

last category J is the baseline, the baseline-category logit model with the predictors

x is

log
πj
πJ

= αj + xTβj, j = 1, ..., J − 1

Given that the response falls in category j or category J, the log odds suggest that

the response will be j. There are J-1 equations with different parameters for each,

and the effects vary according to the category paired with the baseline.

To estimate each category’s respective probability, the following equation is used:

πj(x) =
exp(αj + xTβj)

1 +
∑J−1

h=1 exp(αh + xTβh)
, j = 1, ..., J − 1

Where αJ=0 and βJ=0. The denominator is the same for each probability, and the

numerators for various j sum to the denominator. So, the sum of all the probabilities

is 1. Since the response variables are nominal, and the model setup does not have

specific requests for the baseline, we can select any category as the baseline-category.

2.2.2 Continuation-ratio logit model

When response categories are ordered, a continuation-ratio logit contrasts each cat-

egory with a grouping of categories from higher levels of the response scale. We first

set the probabilities of the response equal to j as follows, where j corresponds to the

jth category:

P (Y = j) = πj, j = 1, ..., J

11



And, then J - 1 continuation-ratio logits are generated in order to complete a

continuation-ratio logit model as follows:

log

[
πj

πj+1 + ...+ πJ

]
= αj + xTβj, j = 1, ..., J − 1

Given responses falls in j, ..., J, a continuation-ratio logit for category j is same as

a binary logistic regression model in which category j forms a single category and

categories j + 1,...,J form a second category. The parameter βj represents the effect

of x on the log odds of response in category j.

There are other logit models can handle ordinal categorical data, such as the adjacent-

categories logit model and the cumulative logit model. [9] gives a detailed introduc-

tion. I will not introduce them one by one here.

2.3 Dual-Poisson mixed model

This work’s approach is applying GLMM to Poisson distribution. Since GLMM has

been introduced previously, this section talks about mixed Poisson modeling starting

with the prototype: the dual-Poisson mixed model.

The dual-Poisson mixed modeling method is introduced in [10] to take account of

both intra-cluster correlation and extra-variation arising from the random cluster

sizes in clustered binary data analysis. The model setup is as follows:

(1) There are m pairs of observations (Si,Ni), indexed by i=1, ..., m. Si is the number

of successes, and Ni is the number of total trials (the cluster).

(2) U1, ..., Um are cluster level positive random effects, which are independent and

identically distributed with the two moments below:

E(Ui)=1, and Var(Ui)= σ2

(3) Ui1 and Ui2 are positive random effects for the numbers of successes and failures

of cluster i respectively. Given the cluster level random effects (U1, ..., Ui)=U, U11,

12



U12, ..., Um1, Um2 are independent and identically distributed with the following two

moments:

E(Uij|U)=Ui, and Var(Uij|U)= ν2j , where j=1,2

(4) Then set up the dual Poisson mixed models whose responses are Yi1= Si, Yi2=Ni-

Si. And given U∗∗= (U1,..,Um,U11, U12,...,Um1, Um2), Y11,Y12,...,Ym1,Ym2 are inde-

pendent and identically distributed with the following distribution:

 Y i1|U∗∗∼ Poisson{Ui1exp(zTi α+xT
i β)} ;

Y i2|U∗∗∼ Poisson{Ui2exp(zTi α)} ;
(2.1)

where zi and xi are known covariates vectors of cluster i, and normally they are the

same.

According to [11], we obtain

Y i1|Yi1+Yi2=Ni, U∗∗∼ Binomial(Ni, πi) (2.2)

Where

πi =
Ui1 exp(z

T
i α + xTi β)

Ui1 exp(zTi α + xTi β) + Ui2 exp(zTi α)

=
Ui1 exp(x

T
i β)

Ui1 exp(xTi β) + Ui2

The equivalent binomial model is given by

logit πi = xTi β + logit Ui1

Ui1 + Ui2

This report extends this model to multinomial data with random cluster size by

fitting multiple random effects Poisson models following the existing methods [12].

13



2.4 Scatterplot smoothing

Not every data set or trend can be modeled by traditional parametric techniques. In

other words, it is impossible to describe every trend with a formula [13]. The scat-

terplot smoothing technique is one alternative way to highlight the underlying trend

in the data set. Furthermore, the smoothing technique can not only fit a line but

also can fit a surface: one response variable vs. two (or more) explanatory variables

[14].

The data set used in this thesis is the vehicle crash counts in the city of Chicago over

one thousand major signalized intersections from 2004 to 2010. All the intersections

are identified by latitude and longitude. When plotting out the crash counts versus

latitude and longitude, it impossible to link these variables with one formula. So it is

unreasonable to include latitude and longitude directly in the explanatory variables

when crash counts are the response in further analysis. However, this link is one

major interest of the analysis. Now, scatterplot smoothing is used to summarize the

location parameters into one parameter which correlated with the response (crash

counts). This will be introduced in details in later sections.

There are many scatterplot smoothing techniques, like penalized spline regression,

local polynomial fitting and series-based smoothers[13][15]. Because the smoothing

needed here is for pre-treatment of the explanatory variable, and the data set has a

longitudinal property(7 years result over one location), this thesis selects the most

robust and computationally easy method: the locally weighted scatterplot smooth-

ing (LOWESS)[13].
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2.4.1 Locally weighted scatterplot smoothing (LOWESS)

Here I will briefly introduce LOWESS with the basic smoothing line, which can be

easily expanded to smoothing surface by increasing explanatory variables to two or

more.

Figure 2.1: An illustration of how LOWESS curve is constructed [13]

The figure above illustrates the basic idea of LOWESS. To get a smooth(expected)

point at x=u is to get the weighted least squared line at this point. The weight

distribution is the dotted curve shown below the points. For a point at x=v, it is

the same. Following this process, get all smoothed values over a grid of x values

and connect them to get the solid smooth line. Two things should be noted here.
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First, the least squared line p can be any degree, but normally the quadratic line is

enough. Second, the weight function K(x) is usually positively symmetric, and its

value decreases as |x| increases. The principle smoothing process is as below:

The local line is

E(yi) = β0 + β1(xi − x) + ...+ βp(xi − x)p

where xi (i =1,...n) is x value of each observation and yi (i =1,...n) is the response

versus the value.

The weight function is

K{b−1(xi − x)}

where b>0 is the bandwidth which controls the smoothness.

Then we calculate β̂0,...,β̂p which minimizes

n∑
i=1

{yi − β0 − β1(xi − x) + ...− βp(xi − x)p}2K{b−1(xi − x)}.

The smooth estimate at point x is β̂0.
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Chapter 3

A Poisson mixed modeling

approach to longitudinal

multinomial data of varying

cluster sizes

This chapter introduces the Poisson mixed model for longitudinal multinominal data.

The model makes four assumptions about the response and random effects and as-

sumes a hierarchical structure for them. The model includes regression parameters,

which characterize how the average response behaves in the population, and random

effects parameters, which model how individuals, time and category deviate from this

population behaviour. There is also a set of correlation parameters since, as longitu-

dinal data, the response is assumed to be correlated with previous measurements[16].

For sections 3.1-3.7, the estimation process is introduced. It begins by introducing

the orgnization of the responses and the four assumptions made by the model, then

derives the marginal moments of the random effects and response from the previ-

ously defined conditional moments. The orthodox best linear unbiased predictor
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(BLUP)[17], a predictor for the random effects, is introduced after this and will be

critical to parameter estimation and forecasting future values. Next, the method

for estimating the regression parameters will be discussed. Then, estimators for the

random effects parameters will be introduced based on adjusted Pearson estimators.

Finally, in section 3.7, the iteration algorithm, which links sections 3.1-3.6, is intro-

duced.

For sections 3.8 and 3.9, the baseline-category logits model and the continuation-

ratio logit model are introduced by their equivalent Poisson mixed models. Finally

in section 3.10, how this model can be expanded to handle different data sets and

analysis interests[18] are briefly introduced.

3.1 Model specification

This section will lay out the four important assumptions on both the random effects

and response of the Poisson mixed model in question. The assumptions made on

the random effects concern only the first two moments, which gives some robust-

ness to the model[17]. The response is assumed to be Poisson distributed. Let Yitj

represent the response of subject i at time point t for category j (i=1,...m; t=1,...T;

j=1,..J). Then all responses for subject i are Yi=(Yi11,...YiT1,...,Yi1J ,...YiTJ)T , and

all responses are Y=(YT
1 ,...,YT

i )T . There are three levels of random effects intro-

duced here to account for the subject-specific effects, the time-specific effects and

the category-specific effects:

(1). the subject-specific random effect for intersection i: Ui, and the vector for all

subject-specific random effects: U = (U1,...Um)T ;

(2). the time-specific random effect for subject i at time point t: Vit, and the vector

for all time-specific random effects: V = (V11,...V1T ,...,Vm1,...VmT )T ;

(3). the category-specific random effect for subject i at time point t of category j:
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Witj, and the vector for all category-specific random effects:

W = (W111,...,W1T1,...,W11J ,...,W1TJ ,...,Wm11,...,WmT1,...,Wm1J ,...,WmTJ)T .

Then, the model is characterized by four assumptions.

The first assumption concerns the subject-specific random effects U1,..., Um, which

are positive, independently and identically distributed with mean 1 and variance σ2:

E(Ui) = 1 and V ar(Ui) = σ2.

The second assumption concerns the conditional distribution of the time-specific ran-

dom effects, conditioned on the subject-specific random effects. Given the subject-

specific random effects U, the moment structure of the positive time-specific random

effects V can be expressed as:

E(Vit|U) = Ui and Cov(Vit, Vi′ t′ |U) =


τ 2ρ|t−t

′ |, if i = i
′ ;

0, if i ̸= i
′ ;

The parameter ρ|t−t
′ | represents a AR(1)[19] correlation structure.

The third assumption concerns the conditional distribution of the category-specific

random effects, conditional on the subject and time specific random effects. Given

the subject and time specific random effects (U,V), the moment structure of the

positive category-specific random effects W can be expressed as:

E[Witj|(U, V )] = Vit and V ar[Witj|(U, V )] = w2
jVit

The last assumption deals with the distribution of the response variable, Y. Given

the random effects (U,V,W), the components of Y are conditionally independent, and

the conditional distribution of Yitj, given (U,V,W), depends on Witj only, which is:

Yitj|(U, V,W ) ∼ Poisson(Witjµitj)
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where

µitj = exp(xTitβj)

with the vector of covariates xit and the regression parameter vectorβj.

3.2 Moment structure

The methods used to estimate the parameters in the model introduced in the later

sections require marginal expected values and covariances of the response and random

effects. Since only the conditional moments were defined for the response and random

effects, these will need to be determined before the model can be estimated from data.

The following identities, known as the Law of Total Expectation and the Law of Total

Covariance respectively[20], reduce this problem to straight forward algebra.

If X, Y and Z are any random variables, then:


E(Y ) = E(E(Y |X)),

V ar(Y ) = E(V ar(Y |X)) + V ar(E(Y |X)),

Cov(Y, Z) = E(Cov(Y, Z|X)) + Cov(E(Y |X), E(Z|X)).

provided that the moments exit.

3.2.1 Expectations

The expectation of Vit:

E(Vit) = E(E(Vit|U) = E(Ui) = 1

The expectation of Witj:

E(Witj) = E(E(Witj|(U, V )) = E(Vit) = 1
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The expectation of Yitj:

E(Yitj) = E(E(Yitj|(U, V,W ))) = E(Witjµitj) = µitjE(Witj) = µitj (3.1)

3.2.2 Variance and covariance

The calculation of the unconditional variance of the responses Yitj:

V ar(Yitj) = E[V ar(Yitj|(U, V,W ))] + V ar[E(Yitj|(U, V,W ))]

= E(µitjWitj) + V ar(µitjWitj)

= µitjE(E(Witj|(U, V ))) + µ2
itjV ar(Witj)

= µitj + µ2
itj{E(V ar(Witj|(U, V ))) + V ar(E(Witj|(U, V )))}

= µitj + µ2
itj{E(w2

jVit) + V ar(Vit)}

= µitj + µ2
itj{E(w2

jVit) + E(V ar(Vit|U)) + V ar(E(Vit|U))}

= µitj + µ2
itj(w

2
j + τ 2 + σ2)

The calculation of the unconditional covariance of the responses Yitj and Yi′t′j′ :

Cov(Yitj, Yi′t′j′) = E{Cov(Yitj, Yi′t′j′ |(U, V,W ))}+ Cov{E(Yitj|(U, V,W )), E(Yi′t′j′ |(U, V,W ))}

= 0 + Cov(µitjWitj, µi′t′j′Wi′t′j′)

= µitjµi′t′j′Cov(Witj,Wi′t′j′)

= µitjµi′t′j′{E(Cov(Witj,Wi′t′j′|(U, V )) + Cov{E(Witj|(U, V )), E(Wi′t′j′|(U, V ))}

= µitjµi′t′j′Cov(Vit, Vi′t′)

= µitjµi′t′j′{E(Cov(Vit, Vi′t′|U)) + Cov(E(Vit|U), E(Vi′t′ |U))}
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a. If i ̸=i’,then:

Cov(Yitj, Yi′t′j′) = 0

b. If i=i’ and t ̸=t’,then:

Cov(Yitj, Yi′t′j′) = µitjµit′j′(τ
2ρ|t−t′| + σ2)

c. If i=i’, t=t’ and j ̸=j’,then:

Cov(Yitj, Yi′t′j′) = µitjµitj′(τ
2 + σ2)

The calculation of the unconditional covariance of the responses Ui and Yi′tj:

Cov(Ui, Yi′tj) = E(Cov(Ui, Yi′tj|(U, V,W ))) + Cov(E(Ui|(U, V,W )), E(Yi′tj|(U, V,W )))

= 0 + Cov(Ui,Wi′tjµi′tj)

= µi′tj{E(Cov(Ui,Wi′tj|(U, V ))) + Cov(E(Ui|(U, V )), E(Wi′tj|(U, V )))}

= µi′tjCov(Ui, Vi′t)

= µi′tj{E(Cov(Ui, Vi′t|U)) + Cov(E(Ui|U), E(Vi′t|U))}

= µi′tjCov(Ui, Ui′)

a. If i=i’,then:

Cov(Ui, Yi′tj) = µitjσ
2

b. If i ̸=i’,then:

Cov(Ui, Yi′tj) = 0
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The calculation of the unconditional covariance of the responses Vit and Yi′t′j:

Cov(Vit, Yi′t′j) = E(Cov(Vit, Yi′t′j|(U, V,W ))) + Cov(E(Vit|(U, V,W )), E(Yi′t′j|(U, V,W )))

= 0 + Cov(Vit,Wi′t′jµi′t′j)

= µi′t′j{E(Cov(Vit,Wi′t′j|(U, V ))) + Cov(E(Vit|(U, V )), E(Wi′t′j|(U, V )))}

= µi′t′jCov(Vit, Vi′t′)

= µi′t′j{E(Cov(Vit, Vi′t′ |U)) + Cov(E(Vit|U), E(Vi′t′|U))}

a. If i=i’,then:

Cov(Vit, Yi′t′j) = µit′j(τ
2ρ|t−t′| + σ2)

b. If i ̸=i’,then:

Cov(Vit, Yi′t′j) = 0

The calculation of the unconditional covariance of the responses Witj and Yi′t′j′ :

Cov(Witj, Yi′t′j′) = E(Cov(Witj, Yi′t′j′ |(U, V,W ))) + Cov(E(Witj|(U, V,W )), E(Yi′t′j′|(U, V,W )))

= 0 + Cov(Witj,Wi′t′j′µi′t′j′)

= µi′t′j′{E(Cov(Witj,Wi′t′j′|(U, V ))) + Cov(E(Witj|(U, V )), E(Wi′t′j′|(U, V )))}

= µi′t′j′{E(Cov(Witj,Wi′t′j′|(U, V ))) + Cov(Vit, Vi′t′)}
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a. If i=i’, t=t’ and j=j’, then

Cov(Witj, Yi′t′j′) = µitj{w2
j + Cov(Vit, Vit)}

= µitj{w2
j + E(V ar(Vit|U)) + V ar(E(Vit|U))}

= µitj(w
2
j + τ 2 + σ2)

b. If i=i’, t=t’ and j ̸=j’, then:

Cov(Witj, Yi′t′j′) = µitj′{0 + Cov(Vit, Vit)}

= µitj′{0 + E(V ar(Vit|U)) + V ar(E(Vit|U))}

= µitj′(τ
2 + σ2)

c. If i=i’and t ̸=t’, then:

Cov(Witj, Yi′t′j′) = µit′j′{0 + Cov(Vit, Vit′)}

= µit′j′{0 + E(Cov(Vit, Vit′ |U)) + Cov(E(Vit|U), E(Vit′ |U))}

= µit′j′(τ
2ρ|t−t′| + σ2)

d. If i ̸=i’,then:

Cov(Witj, Yi′t′j′) = 0

3.3 The best linear unbiased predictors(BLUP) of

random effects

In almost every practical situation, the random effects are unknown; however, they

can be predicted from the data. This section discusses the orthodox Best Linear Un-
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biased Predictor (BLUP) of the random effects Ui, Vit, and Witj. This is a predictor

of the random effects which is linear in Y, unbiased, and best in the sense that it

minimizes the mean square distance between the true random effects and any other

linear predictor[17].

Let Ui∗∗ represent (Ui, ..., Ui)
T︸ ︷︷ ︸

Length JT vector

, and U∗∗∗ represent (UT
1∗∗, ..., U

T
m∗∗)

T︸ ︷︷ ︸
Length mJT vector

.Similarly, let

Vi∗∗ represent (Vi1, ..., ViT , Vi1, ..., ViT , ..., Vi1, ..., ViT )T︸ ︷︷ ︸
Length JT vector

, and V∗∗∗ represent (V T
1∗∗, ..., V

T
m∗∗)

T︸ ︷︷ ︸
Length mJT vector

.

Let Wi∗∗ represent (Wi11, ...,WiT1,Wi12, ...,WiT2, ...,Wi1J , ...,WiTJ)
T︸ ︷︷ ︸

Length JT vector

, and W∗∗∗ rep-

resent (W T
1∗∗, ...,W

T
m∗∗)

T︸ ︷︷ ︸
Length mJT vector

. Then, the best linear unbiased predictors (BLUP) of ran-

dom effect can be calculated as:

Û∗∗∗ = E(U∗∗∗) + Cov(U∗∗∗, Y )Cov−1(Y ){Y − E(Y )}

V̂∗∗∗ = E(V∗∗∗) + Cov(V∗∗∗, Y )Cov−1(Y ){Y − E(Y )}

Ŵ∗∗∗ = E(W∗∗∗) + Cov(W∗∗∗, Y )Cov−1(Y ){Y − E(Y )}

By doing so, all the random effects can be calculated at once. However, if the data

set is big, the calculation efficiency is very low for R code. Furthermore, if the data

set is too big, for example 30000 observations, R could overflow when calculating the

covariance matrices.

According to the variance and covariance calculation in section 3.2 and after some

matrix operations, the best linear unbiased predictors (BLUP) of random effect can

be calculated block by block:

Ûi∗∗ = E(Ui∗∗) + Cov(Ui∗∗, Yi)Cov
−1(Yi){Yi − E(Yi)} (3.2)

V̂i∗∗ = E(Vi∗∗) + Cov(Vi∗∗, Yi)Cov
−1(Yi){Yi − E(Yi)} (3.3)

Ŵi∗∗ = E(Wi∗∗) + Cov(Wi∗∗, Yi)Cov
−1(Yi){Yi − E(Yi)} (3.4)
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All the elements in the above formulas can be explained by w2
j , σ2 and τ 2 via the

results from section 3.2.2.

3.4 Estimation of regression parameters

This section will go through the details of parameter estimation for the Poisson

mixed model. In order to estimate the regression parameters, we first assume known

the random effects parameters. And then in the next section, the estimation of the

random effects parameters are introduced.

Let Xi represent the covariates matrix for subject i, and p is the number of the

covariates; then:

Xi =



xi10 xi11 · · · xi1p

xi20 xi21 · · · xi2p
... ... ... ...

xiT0 xiT1 · · · xiTp

... ... ... ...

... ... ... ...

xi10 xi11 · · · xi1p

xi20 xi21 · · · xi2p
... ... ... ...

xiT0 xiT1 · · · xiTp



(3.5)

There are J repeating blocks in (3.5).

And then, let X=(XT
1 , XT

2 , ..., XT
m)T .

One theorem (theorem 5.1) from [17] and the Newton scoring algorithm from [21]

are used to estimate the regression parameters.

Theorem 3.4.1. For Tweedie mixed models, the estimated score function, sensitivity
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and variability matrices can be expressed as follows:

1.ψ(β) = XTdiag(E(Y ))Cov−1(Y )(Y − E(Y )),

2.V (β) = V ar(ψ(β)) = XTdiag(E(Y ))Cov−1(Y )diag(E(Y ))X,

3.J(β) = −S(β) = V (β)

The first statement can be treated as a multivariate version of the quasi-score func-

tion, first proposed by [22], which gives a global matrix expression for estimated

score function. The second and the third statements give the expression for variabil-

ity matrix and sensitivity matrix respectively. The Poisson distribution used in this

thesis belongs to Tweedie mixed models[23]. So all the statements can be applied to

this thesis’ model.

And the asymptotic covariance matrix[17] of β̂ can be achieved by the inverse of the

variability matrix.

Then the estimates of the regression parameters can be obtained using the Newton

scoring algorithm:

β∗ = β − S−1(β)ψ(β)

where β∗ is the next iteration of β.

According to the structure of Cov(Y), after some matrix operations, the calculation

of ψ(β) and S(β) can be simplified as:

1.ψ(β) =
m∑
i=1

XT
i diag(E(Yi))V ar

−1(Yi)[Yi − E(Yi)]

2.S(β) = −
m∑
i=1

XT
i diag(E(Yi))V ar

−1(Yi)diag(E(Yi))Xi
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3.5 Estimation of random effects parameters

In this section, moment estimators of random effects parameters are used, supposing

that the correlation parameter ρ is known.

3.5.1 Subject-specific random effects parameter

Following the concept raised by [17], the iterative equation for estimating σ2 can be

expressed as:

σ̂2
r =

1

m

m∑
i=1

{(Ûi − 1)2 + σ̂2
r−1 − V ar(Ûi − 1)}

=
1

m

m∑
i=1

{(Ûi − 1)2 + σ̂2
r−1 − V ar(Ûi)}

σ̂2
r−1 is the estimate from the previous iteration. According to (3.2), the variance of

Ûi is :

V ar(Ûi) = Cov(Ui, Yi)Cov
−1(Yi)Cov(Yi, Ui)

In this equation, Cov(Ui,Yi) is any row vector of Cov(Ui∗∗,Yi) and Cov(Yi,Ui) is the

transformation of Cov(Ui,Yi).

Then the the iterative equation for estimating subject specific random effects pa-

rameter σ2 can be expressed as:

σ̂2
r =

1

m

m∑
i=1

{(Ûi − 1)2 + σ̂2
r−1 − Cov(Ui, Yi)Cov

−1(Yi)Cov((Yi, Ui)}
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3.5.2 Time-specific random effects parameter

Similarly, the iterative equation for estimating τ 2 can be expressed as:

τ̂ 2r =
1

mT

m∑
i=1

T∑
t=1

{(V̂it − Ûi)
2 + τ̂ 2r−1 − V ar(V̂it − Ûi)}

where τ̂ 2r−1 is the estimate from the previous iteration. And:

V ar(V̂it − Ûi) = V ar(V̂it) + V ar(Ûi)− 2Cov(V̂it, Ûi)

= Cov(Ui, Yi)Cov
−1(Yi)Cov((Yi, Ui)

+ Cov(Vit, Yi)Cov
−1(Yi)Cov(Yi, Vit)

− 2Cov(Ui, Yi)Cov
−1(Yi)Cov(Yi, Vit)

In this equation, Cov(Vit,Yi) and Cov(Yi,Vit) are the accordance row and transfor-

mation vectors of matrix Cov(Vi∗∗,Yi), respectively. And then:

τ̂ 2r =
1

mT

m∑
i=1

T∑
t=1

{(Ûit − Ûi)
2 + τ̂ 2r−1

− Cov(Uit, Yi)Cov
−1(Yi)Cov(Yi, Uit)

− Cov(Ui, Yi)Cov
−1(Yi)Cov(Yi, Ui)

+ 2Cov(Ui, Yi)Cov
−1(Yi)Cov(Yi, Uit)}

3.5.3 Category-specific random effects parameter

Using the same concept as in the previous 2 subsections, the iterative equation for

estimating ω2
j can be expressed as:

ω̂2
jr =

1

mT

m∑
i=1

T∑
t=1

{(Ŵitj − V̂it)
2 + ω̂2

j(r−1) − V ar(Ŵitj − V̂it)}
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where ω̂2
j(r−1) is the estimate from the previous iteration. And:

V ar(Ŵitj − V̂it) = V ar(Ŵitj) + V ar(V̂it)− 2Cov(Ŵitj, V̂it)

= Cov(Vit, Yi)Cov
−1(Yi)Cov((Yi, Vit)

+ Cov(Witj, Yi)Cov
−1(Yi)Cov(Yi,Witj)

− 2Cov(Vit, Yi)Cov
−1(Yi)Cov(Yi,Witj)

In this equation, Cov(Witj,Yi) and Cov(Yi,Witj) are the accordance row and its

transformation vectors of matrix Cov(Wi∗∗,Yi), respectively. And then:

ω̂2
jr =

1

mT

m∑
i=1

T∑
t=1

{(Ŵitj − V̂it)
2 + ω̂2

j(r−1)

− Cov(Vit, Yi)Cov
−1(Yi)Cov(Yi, Vit)

− Cov(Witj, Yi)Cov
−1(Yi)Cov(Yi,Witj)

+ 2Cov(Vit, Yi)Cov
−1(Yi)Cov(Yi,Witj)}

3.6 Estimation of time-specific random effects cor-

relation parameter for AR(1) correlation struc-

ture

Many correlation structures can be used in the model[19], and this thesis use AR(1),

which is known as the autoregressive structure of order 1 and has only one parameter

ρ. In this section, the correlation parameter ρ is estimated by a moment approach:

ρ̂r =

∑m
i=1

∑T−1
t=1 {(V̂it − Ûi)(V̂i(t+1) − Ûi) + bi(t, t+ 1)}

{
∑m

i=1

∑T−1
t=1 {(V̂it − Ûi)2 + bi(t, t)}}1/2{

∑m
i=1

∑T−1
t=1 {(V̂i(t+1) − Ûi)2 + bi(t+ 1, t+ 1)}}1/2
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where

bi(t, t) = τ 2 − V ar(V̂it)− V ar(Ûi) + 2Cov(V̂it, Ûi)

= τ 2 − Cov(Ui, Yi)Cov
−1(Yi)Cov((Yi, Ui)

− Cov(Vit, Yi)Cov
−1(Yi)Cov(Yi, Vit)

+ 2Cov(Ui, Yi)Cov
−1(Yi)Cov(Yi, Vit)

and:

bi(t, t+ 1) = τ 2ρ̂r−1 − Cov(V̂it − Ûi, V̂i(t+1) − Ûi)

= τ 2ρ̂r−1 − Cov(V̂it, V̂i(t+1))− Cov(Ûi, Ûi) + Cov(V̂it, Ûi) + Cov(V̂i(t+1), Ûi)

= τ 2ρ̂r−1 − Cov(Ui, Yi)Cov
−1(Yi)Cov((Yi, Ui)

− Cov(Vit, Yi)Cov
−1(Yi)Cov(Yi, Vi(t+1))

+ Cov(Ui, Yi)Cov
−1(Yi)Cov(Yi, Vit)

+ Cov(Ui, Yi)Cov
−1(Yi)Cov(Yi, Vi(t+1))

where Cov(Vi(t+1),Yi) and Cov(Yi,Vi(t+1)) are the t+1 row vector and its transfor-

mation vector of matrix Cov(Vi∗∗,Yi) respectively.

3.7 Iteration algorithm

In this section, all previous sections in Chapter 3 are linked in one iteration algorithm

which will converge to the asymptotic mean of parameters of interest.[17].

3.7.1 Initialization and iteration

In order to improve the computation efficiency, a reasonable initial value is necessary.

We use the regression parameters from the generalized linear model as the initial
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value. Furthermore, if the data set is big, it is impossible to guarantee no singular

matrix will be generated in thousands of iterations for thousands of Cov(Yi) matrices.

So, benefiting from the convergence property of the algorithm, all matrix inverse

functions are replaced by generalized inverse functions[24].

Step 1. The initial regression variables estimates β̂(0) are obtained from the standard

generalized linear models while treating all responses independently. And then the

expectation of Yitj is calculated as follows:

E(Yitj) = µitj = exp(x
′

itβj)

Step 2. The initial random effects predictions are:

Ûi
(0)

=
1
TJ

∑T
t=1

∑J
j=1{Yitj}

1
mTJ

∑m
i=1

∑T
t=1

∑J
j=1{Yitj}

V̂it
(0)

=
1
J

∑J
j=1{Yitj}

1
mTJ

∑m
i=1

∑T
t=1

∑J
j=1{Yitj}

Ŵitj
(0)

=
Yitj

1
mTJ

∑m
i=1

∑T
t=1

∑J
j=1{Yitj}
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Step 3. These predictors of the random effects are used for estimating the initial

random effects parameters:

σ̂2(0) =
1

m

m∑
i=1

{Ûi

(0)
− 1}2

τ̂ 2(0) =
1

mT

m∑
i=1

T∑
t=1

{V̂it
(0)

− Ûi
(0)
}2

ω̂
2(0)
j =

1

mT

m∑
i=1

T∑
t=1

{Ŵitj
(0)

− V̂it
(0)
}2

And then the initial correlation parameter ρ(0) is set to be 0.5.

Step 4. Use the results from step 1-3 and sections 3.2 and 3.3 to calculate the

covariance matrices.

Step 5. Use the results from step 1-4 and sections 3.4 - 3.6 to update all the interested

parameters.

Step 6. Use the updated regression parameters to update the expectation of Yitj:

E(Yitj) = µitj = exp(x
′

itβj)

Then use the results from steps 5-6 rather than steps 1-3 to start the iteration from

step 4.

3.8 Baseline-category logit model

In the previous sections of this chapter, the mixed Possion model is introduced in-

cluding model assuptions, parameter estimation, and random effects prediction. In

this section, baseline-catagory logit models are constructed by organizing a series of
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mixed Poisson models while setting the regression part in certain way.

For those responses which are introduced in section 3.1 and have J nominal cate-

gories, according to section 2.2.1, the baseline-category logit models consists of J-1

baseline logits, each of which, following the instruction of section 2.3, is constructed

from one of the J-1 Poisson mixed models and the Poisson mixed model which de-

scribes the baseline.

Thus, if setting the Jth category as the baseline categoty, the baseline-category model

is equivalent to the multiple Poisson mixed models shown below. And all the as-

sumptions and estimation methods introduced in previous sections apply here.



Yit1|(U, V,W ) ∼ Poisson{Wit1 exp[x
T
it(β1 + α)]},

...

Yit(J−1)|(U, V,W ) ∼ Poisson{Wit(J−1) exp[xTit(βJ−1 + α)]},

YitJ |(U, V,W ) ∼ Poisson{WitJ exp(xTitα)},

And those can be written in equivalent J-1 baseline logits as follows, which give the

log odds that the response is j, given that the response falls in category j or category

J.

log
πitj
πitJ

= log
Witj

WitJ

+ xTitβj, j = 1, ..., J − 1

where

πitj =
Witj exp[xTit(βj + α)]∑J−1

1 Witj exp[xTit(βj + α)] +WitJ exp(xTitα)
(3.6)

Using the estimation methods introduced before, all the regression parameters and

the random effects can be estimated. And the parameter βj represents the effect of

x on the log odds that the response is j, given that the response falls in category j

or category J.
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3.9 Continuation-ratio logit model

For those responses which are introduced in section 3.1 and have J ordinal categories,

according to section 2.2.2, the continuation-ratio model consists of J-1 continuation-

ratio logits, each of which, following the concept of section 2.3, is constructed from

the dual-Poisson mixed models as follows. Which is different from the baseline-

category logit models which fit all these Poisson model simultaneously, here, the

dual-Poisson mixed models for each logit are fitted one by one.


Yitj|(U (j), V (j),W (j)) ∼ Poisson{W (j)

it1 exp[αj + xTitβj + δj + xTitγj]},

Yit(j+1) + ...+ YitJ |(U (j), V (j),W (j)) ∼ Poisson{W (j)
it2 exp[δj + xTitγj]}.

where j=1, ..., J-1.

All of these J-1 pairs of dual-Possion mixed models construct the equivalent continuation-

ratio model as follows:

log
[

πj
πj+1 + ...+ πJ

]
= log

[
W

(j)
it1 exp[αj + xTitβj + δj + xTitγj]

W
(j)
it2 exp[δj + xTitγj]

]
= log

[
W

(j)
it1

W
(j)
it2

]
+αj+x

T
itβj

where j=1,...,J-1.

Since the J-1 dual-Poisson models are estimated separately, the upper index (j) of

the random effects shows that every dual-Poisson model has its own random effects.

The parameter βj represents the effect of x on the log odds of a response falling in

category j, given that response falls in j,...J categories.

3.10 Model expansion

The model introduced in Section 3.1 has 3 levels of random effects (U,V,W). By

reducing 1 level of random effect[18] and/or eliminating the random effect correlation

ρ[12], it can be easily expanded to other models which can fit different research
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interests. And all the calculation method in this Chapter can be reapplied to these

models. Below 2 simplifications are listed as examples. And in Chapter 4, the data

set is also fitted to these 2 models.

3.10.1 Model 1

This model is one specific case of Tweedie model introduced by [17]. If the main

purpose of the research is subject-specific and time-specific effects and the data set

shows unobvious category effects, then the model can be simplified to the setup as

below.

Assumption 1: Subject-specific random effects U1,..., Um are positive, independent

and identically distributed with mean 1 and variance σ2:

E(Ui) = 1 and V ar(Ui) = σ2.

Assumption 2: Given the subject-specific random effects U, the moment structure

of the positive time-specific random effects V can be expressed as:

E(Vit|U) = Ui and Cov(Vit, Vi′ t′ |U) =


τ 2ρ|t−t

′ |, if i = i
′ ;

0, if i ̸= i
′ ;

Here, we assume the correlation structure is AR(1).

Assumption 3: Given the random effects (U,V), the components of Y are condi-

tionally independent, and the conditional distribution of Yitj, given (U,V), depends

on Vit only, which is:

Yitj|(U, V ) ∼ Poisson(Vitµitj)
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where

µitj = exp(xTitβj)

with vector of covariates xit and regression parameter βj

3.10.2 Model 2

If the main purpose of the research is the time-specific effects and the category-

specific effects, then the model can be simplified to the setup as below.

Assumption 1: The moment structure of the positive time-specific random effects V

can be expressed as:

E(Vit) = 1 and Cov(Vit, Vi′ t′ ) =


τ 2ρ|t−t

′ |, if i = i
′ ;

0, if i ̸= i
′ ;

Here, we assume the correlation structure is AR(1).

Assumption 2: Given the subject and time specific random effects V, the moment

structure of the positive category-specific random effects W can be expressed as:

E[Witj|V ] = Vit and V ar[Witj|V ] = w2
jVit

Assumption 3: Given the random effects (V,W), the components of Y are condition-

ally independent, and the conditional distribution of Yitj, given (V,W), depends on

Witj only, which is:

Yitj|(V,W ) ∼ Poisson(Witjµitj)

where

µitj = exp(x
′

itβj)
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with vector of covariates xit and regression parameter vectorβj.
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Chapter 4

Application

The data set used to illustrate how the model works is the crash counts over one

thousand major signalized intersections in the city of Chicago from 2004 to 2010[25].

For each intersection, vehicle crashes were counted by crash severity levels, including

fatal(FAT); injury types A(IA), B(IB), and C(IC) for major, moderate, and minor

injury levels; property damage only (PDO); and unknown. The intersections are

in dscending order of the total crashes in these sever years. In the later analysis,

the ”unknown” category is not included. And to fit with the data set, we will use

intersection-specific random effects to substitute the subject-specific random effects.

4.1 Data exploration

Table 4.1 shows a few beginning rows of the data set. Columns 1 and 2 are the loca-

tion of the intersection. The third column is the index of the intersection. Column

4 (YEAR) is the year of taking the observation. The remaining columns are the

counts of each category.

There are 1001 intersections observed from 2004 to 2010 with one observation each

year for each category. So the data set shows both longitudinal and multinomial

properties. And the data set is big, containing 35035 observations if only FAT, IA,
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IB, IC and PDO categories are counted. For the entire data set, there is no missing

value and there are seven same observation time points for each intersection.

As the model proposed in this thesis is Poisson, to make a initial data exploration,

Table 4.1: The layout of the raw data

LONG LAT INT YEAR TOTAL FAT IA IB IC PDO UNKWN
1 -87.59 41.75 1 2004 106 0 0 5 3 55 43
2 -87.59 41.75 1 2005 85 0 1 9 2 39 34
3 -87.59 41.75 1 2006 96 0 1 14 5 44 32
4 -87.59 41.75 1 2007 65 0 0 8 5 30 22
5 -87.59 41.75 1 2008 70 0 0 10 5 40 15
6 -87.59 41.75 1 2009 69 0 0 9 4 53 3
7 -87.59 41.75 1 2010 68 0 0 5 3 57 3
8 -87.71 41.94 2 2004 77 0 0 7 5 31 34
9 -87.71 41.94 2 2005 68 0 1 9 4 26 28

10 -87.71 41.94 2 2006 58 0 1 3 2 16 36
11 -87.71 41.94 2 2007 53 0 0 4 1 20 28
12 -87.71 41.94 2 2008 58 0 1 5 4 32 16
13 -87.71 41.94 2 2009 65 0 0 7 2 47 9
14 -87.71 41.94 2 2010 62 0 1 3 8 46 4
15 -87.59 41.72 3 2004 55 0 1 4 3 26 21
16 -87.59 41.72 3 2005 44 0 0 1 2 21 20
17 -87.59 41.72 3 2006 58 0 0 8 1 19 30
18 -87.59 41.72 3 2007 40 0 1 0 2 13 24
19 -87.59 41.72 3 2008 47 0 0 8 1 29 9
20 -87.59 41.72 3 2009 45 0 1 3 4 31 6
21 -87.59 41.72 3 2010 49 0 0 3 3 41 2
22 -87.75 41.97 4 2004 62 0 2 5 2 26 27
23 -87.75 41.97 4 2005 54 0 0 3 3 21 27

the data set is pretreated by taking the logarithm of each category’s count+0.5.

Adding 0.5 is to prevent infinity if the count is 0. (Mathematically, adding 0.5 to

count will not impact correlation direction, trend of each category versus “YEAR”

and the LOWESS smoothing surface shape). In this section, all analyses are based

on the pretreated data. To ease reading, in the rest of this section, PDO represents

log (PDO+0.5) of the original data set. And IA, IB, IC, FAT and TOTAL follow

the same logic.

To get the overall sense of the data set, a correlation matrix is calculated over the
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entire data set. Although the correlation tells linear relation between variables, its

direction (positive or negative ) and scale could give certain kinds of basic under-

standing between variables.

Table 4.2: The correlation matrix of the raw data

YEAR TOTAL FAT IA IB IC PDO UNKWN

YEAR 1.0000 -0.1303 -0.0442 -0.0723 -0.0721 -0.0599 0.3118 -0.5579

TOTAL -0.1303 1.0000 0.0259 0.2465 0.4731 0.4314 0.7735 0.6664

FAT -0.0442 0.0259 1.0000 0.0174 0.0039 0.0247 -0.0115 0.0365

IA -0.0723 0.2465 0.0174 1.0000 0.1449 0.1167 0.1194 0.1265

IB -0.0721 0.4731 0.0039 0.1449 1.0000 0.2236 0.2781 0.1825

IC -0.0599 0.4314 0.0247 0.1167 0.2236 1.0000 0.2682 0.1730

PDO 0.3118 0.7735 -0.0115 0.1194 0.2781 0.2682 1.0000 0.0972

UNKWN -0.5579 0.6664 0.0365 0.1265 0.1825 0.1730 0.0972 1.0000

Some highlights of table 4.2 are listed here:

(1). YEAR is negatively correlated with all the categories except POD. This can be

explained in this way: that as time moves on, traffic is busier and then car speed is

slower, which causes an increased number of small collisions. And there might be

some intervention taken to smooth the traffic in the passing years, which reduced

the number of severe accidents like FAT, IA, IB, and IC

(2). TOTAL is positively correlated with all the other categories. At first glance,

following common sense, this should be the obvious result: high risk intersections

generate more of all kinds of accidents. However, according to the nature of traffic,

if there are lots of accidents happening in one intersection which means the traffic is

busy there, then the vehicles run slow here which may reduce the number of severe

accidents while dramatically increasing low severity accidents like POD. This sce-
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nario aligns with the correlation matirx : TOTAL is highly positively correlated with

PDO and the correlation is reducing along with the accident severity increasing.

(3). FAT has no obvious correlation with all the other items. Following the concept

of (1) and (2), this result can be explained for ”busy” and ”leisure” intersections

separately. In busy intersection, because of the intensive traffic, the possibility of

getting people hurt is high, which could increase the FAT rate. However, intensive

traffic normally leads to low vehicle speed which, on the other hand, lowers the FAT

rate. Vice versa, for “leisure” intersections, low traffic could lower the FAT rate.

However, low traffic may lead to high vehicle speed, which may increase the FAT

rate. Because of the contradictions, the correlations between FAT and other vari-

ables are very small.

The correlation matrix gives the brief relation between variables. To illustrate the

longitudinal property of the data set, 100 intersections are randomly selected from

these 1001 intersections, and the trends of each category on each intersection over

time are illustrated in figure 4.1.

Figure 4.1: The trends of the crashes count over YEAR
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Actually, different random samples were taken, and the trends exhibit no big differ-

ences. The trends shown in Figure 4.1 are in compliance with the correlation matrix.

As mentioned in section 2.3 and the correlation analysis, to link the intersection lo-

cation with the counts, LOWESS smoothing surface of TOTAL over latitude and

longitude is used; the spatial surface is plotted in Figure 4.2.

According to the spatial surface, there is no clear trend and it is difficult to link them

with equations. And going back to the original data, the variation between nearby

intersections is also big. So, using the estimated value of LOWESS surface as one

covariate to link intersection location with category counts is more reasonable than

using latitude and longitude directly.

Figure 4.2: The LOWESS smoothing surface of TOTAL over latitude and longitude

4.2 Data analysis using different models

From this section on, different from section 4.1, the notations of “TOTAL”, “FAT”,

“IA”, “IB”, “IC” and “PDO” represent the original value.
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The categories of the data set show ordinal property(FAT, IA, IB, IC, and PDO are

ordered by the crash severity), and it can be analyzed as nominal data as well[8].

And the model proposed in Chapter 3 can be applied to both nominal and ordinal

data by organizing responses and covariates following section 3.8 and 3.9. To give a

basic statistic understanding of this data set and highlight the model performance,

this thesis detailedly investigates the nominal side by baseline-category logit model.

And following this, the continuation-ratio logit model is used to leverage the ordinal

property of the data set.

4.2.1 Baseline-category logit model

Learning from section 4.1, this model selects YEAR and LOWESS estimates of

TOTAL over latitude and longitude as the covariates. Without doing any data re-

organization and maintaining assumptions 1 to 3 unchanged, for assumption 4, we

assume the regression parameters as below:

Yitj|(U, V,W ) ∼ Poisson(Witjµitj)

where

µitj = exp[xTit(βj + α)] for j=1,2,3,4;

µitj = exp(xTitα) for j=5;

βj=(βj0, βj1, βj2)T ;

α=(α0, α1, α2)T ;

xit=(1, YEAR, LOWESS(Total))T , where LOWESS(Total) represents LOWESS es-

timates of TOTAL over latitude and longitude.

The indexes for the model are as follows:

intersection index i=1,...,1001;

YEAR index t=1,..7, which represent year 2004 to 2010;
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category index j=1,...5, which represent FAT, IA, IB, IC, and PDO.

4.2.1.1 Model comparison

Four models are applied on the data set:

(1). Full model: the model with the intersection-specific random effects, the time-

specific random effects and the category-specific random effects;

(2). Model1: the model introduced in section 3.8.1, which includes the intersection-

specific random effects and the time-specific random effects ;

(3). Model2: the model introduced in section 3.8.2, which includes the time-specific

random effects and the category-specific random effects;

(4). GLM: the standard generalized linear model.

The analysis results are shown in table 4.3. The regression parameter estimates

under all four models are very similar with slight differences. The standard errors

of the full model are all slightly bigger than those of the GLM model execpt β10.

For model 1 and 2, the standard errors are slightly different from those of the GLM.

Furthermore, the standard errors for α0, α1, and α2 of the full model, model 1 and

model 2 are all much bigger than those of the GLM in their own scale. However, all

of these differences do not affect the significance of the regression parameters.

In table 4.3, σ2 is the variance of the intersection-specific random effects. τ 2 is

the variance of the time-specific random effects. ω2
j (j=1,..., 5) is the variance of the

category-specific random effects for category j. For the full model and model 1, which

all introduce intersection-specific and time-specific random effects, the parameters

of these two random effects are similar. And the sum of these two parameters is

similar to model 2’s time-specific random effects parameter which does not introduce

intersection-specific random effects. For full model and model 2, which both suppose

different category-specific variations, the results confirm the supposition.

Overall, all these four models give consistent results. However, according to the

45



Table 4.3: The results of the different models

Categories Covariates Full.model Model.1 Model.2 GLM
EST. SE EST. SE EST. SE EST. SE

FAT Intercept β10 -3.3686 0.909 -3.7737 0.91 -3.3661 0.8955 -3.3048 0.9076
Year β11 -0.4395 0.0975 -0.4412 0.0976 -0.4412 0.0962 -0.4625 0.0984
Lowess β12 -0.1677 0.0637 -0.168 0.0642 -0.1674 0.0628 -0.1663 0.0637

IA Intercept β20 -2.2186 0.1231 -2.2194 0.1211 -2.2199 0.1201 -2.1746 0.1216
Year β21 -0.1803 0.0123 -0.1798 0.0124 -0.1807 0.012 -0.191 0.0122
Lowess β22 -0.0257 0.0077 -0.0258 0.0076 -0.0255 0.0075 -0.0257 0.0076

IB Intercept β30 -0.8897 0.0628 -0.893 0.0613 -0.8882 0.0613 -0.8554 0.0597
Year β31 -0.1465 0.0062 -0.1464 0.006 -0.1468 0.0061 -0.1555 0.0059
Lowess β32 -0.0192 0.0039 -0.019 0.0039 -0.0192 0.0038 -0.019 0.0037

IC Intercept β40 -1.3565 0.0734 -1.3587 0.0728 -1.355 0.0714 -1.3211 0.0712
Year β41 -0.1449 0.0073 -0.145 0.0071 -0.1451 0.0071 -0.1539 0.0071
Lowess β42 -0.0156 0.0045 -0.0154 0.0043 -0.0156 0.0044 -0.0154 0.0044

PDO Intercept α0 0.4464 0.0622 0.4483 0.0631 0.4528 0.0586 0.4134 0.023
Year α1 0.1061 0.0032 0.1058 0.0037 0.1056 0.0035 0.1159 0.0023
Lowess α2 0.0745 0.0042 0.0746 0.0042 0.0758 0.0039 0.0728 0.0014
σ2 0.1103 0.1084
τ 2 0.0723 0.0888 0.1645
ω2
1 1.301 1.389
ω2
2 0.1174 0.2605
ω2
3 0.0781 0.0934
ω2
4 0.0675 0.1107
ω2
5 0.0269 0.0316
ρ 0.5258 0.4979 0.8575

nature of the data set, the full model, which accounts for intersection-specific, time-

specific and category-specific random effects, could fit the data set the best. Thus,

the rest of the analysis will focus on the full model while using the GLM as a

comparison.

4.2.1.2 Model estimation performance

For this model, given (U,V,W), Yitj are following Poisson distribution and indepen-

dent with each other for all i, t and j . So, given (U,V,W), the sum of all Yitj follows a

Poisson distribution with mean
∑m

i=1

∑T
t=1

∑J
j=1 ωitjµitj. And this derivation is con-

firmed by this data set with
∑m

i=1

∑T
t=1

∑J
j=1 yitj=65172 and

∑m
i=1

∑T
t=1

∑J
j=1 ωitjµitj=65256,
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while
∑m

i=1

∑T
t=1

∑J
j=1 µitj=66138.

The overall estimation performance can be examined by the correlations of the condi-

tional mean ωexp(xTβ) and the overall mean µ= exp (xTβ) versus the observations.

The overall correlation matrix is shown in table 4.4.

According to the correlation matrix, the full model’s conditional mean are very

Table 4.4: The correlation matrix of the fitted values and observations

Observation Conditional mean
Conditional mean 0.955

Overall mean 0.795 0.884

closely aligned with the observations. On the other hand, according to Table 4.3,

since the regression parameters for the full model are very similar to those for the

GLM, the correlation of overall mean and observation can somehow represent the

estimation performance of GLM for this data set. And this number is less than

the correlation of conditional mean and observation, which proves the full model’s

advantages.

The data can be analyzed from the angle of proportion as mentioned in section 2.2.

There are 50 intersections randomly selected and the proportion of each category

versus YEAR for estimation and observation has been plotted. Except for those

intersections which had no accident for all categories, all of them show that the es-

timated proportions are in line with the observation proportions and the trends are

more or less the same for every intersection. 3 intersections which had the highest

total counts for these 7 years are ploted in figure 4.3. All of these results show that

this model fits the data set well.
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Figure 4.3: The proportion trends for model estimates and observations of each
category
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4.2.1.3 Interpretation of the model estimates

According to table 4.3, all the coefficients are significant based on significance level

of 0.05. And then, the following can be said about this data set:

(1). The coefficients of LOWESS surface are statistically significant. The significance

suggests that we should not ignore the nonlinear association between the accident

counts in different type and the spatial location. This means that the intersections

with different fitted values of the LOWESS surface have different accident counts.

(2). Given the fitted values of the LOWESS surface been constant, one year increase

will change the number of: fatal crash to exp(β̂11+α̂1) =exp(-0.44+0.10)=0.71 times

of current year in average, major injury to exp(β̂21+α̂1) =exp(-0.18+0.10)=0.92

times of current year, moderate injury to exp(β̂31+α̂1) =exp(-0.15+0.10)=0.95 times

of current year, minor injury to exp(β̂41+α̂1) =exp(-0.14+0.10)=0.96 times of current

year, and property damage only crash to exp(α̂1) =exp(0.10)=1.1 times of current

year. Over time, the number of property damage only crashs will be increased while

other categories will be reduced. And, along with the injury severity increase, the

speed of reducing will be increased. The reason for this might be: as time goes by,

the traffic is busier which causes more small collisions. And meanwhile, because of

the busier traffic, the speed of the car is slower which makes the severe injury less

possible. And there might be other reasons like car safety technology and highway

code updates to protect people.

(3) According to equation 3.6, the negative sign of β̂11, β̂21, β̂31, and β̂41 in table

4.3 suggest that the proportion of all categories except property damage only crash

increase as time goes by.

(4) Given the accident falls in categories fatal crash and property damage only crash,

for 1 year increase, the estimated odds that the accident type is fatal crash rather

than property damage only crash equals exp(β̂11)=exp(-0.44) = 0.644 times the es-

timated odds at current year. In other words, given the accident falls in categories
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fatal crash and property damage only crash, as time passes, the possibility of getting

fatal crash is lower. Given the accident falls in categories major injury and property

damage only crash, for 1 year increase, the estimated odds that the accident type is

major injury rather than property damage only crash equals exp(β̂21)=exp(-0.18) =

0.84 times the estimated odds at current year. In other words, given the accident

falls in categories major injury and property damage only crash, as time passes, the

possibility of getting major injury is lower. Given the accident falls in categories

moderate injury and property damage only crash, for 1 year increase, the estimated

odds that the accident type is moderate injury rather than property damage only

crash equals exp(β̂31)=exp(-0.15) = 0.86 times the estimated odds at current year.

In other words, given the accident falls in categories moderate injury and property

damage only crash, over time, the possibility of getting moderate injury is lower.

Given the accident falls in categories minor injury and property damage only crash,

for 1 year increase, the estimated odds that the accident type is minor injury rather

than property damage only crash equals exp(β̂41)=exp(-0.14) = 0.87 times the es-

timated odds at current year. In other words, given the accident falls in categories

minor injury and property damage only crash, over time, the possibility of getting

minor injury is lower.

(5) The estimate of the variance of the intersection-specific random effects is σ̂2=0.11,

which implies that there are unknow effects that will impact the number of crashes

in these intersections. Figure 4.4 plots out all these 1001 intersections’ standardized

values of predicted intersection-specific random effects. In this figure, the X-axis is

the index of the intersection, and the Y-axis is (ûi-1)/σ̂. Because the intersections

are in descending order of the total number of the crashes, the predicted values of the

random effects show reduction trend as well. There are two lines shown in this figure.

The points over the red line are the intersections of which the predicted values are

over 3 times the estimated standard deviation above the mean. These intersections
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are number 1, 7, 2, 17, 14, 5, 39, in descending order of the deviation from the mean.

The points over the yellow line are the intersections of which the predicted values

are over 2 times the estimated standard deviation above the mean. There are 27

intersections of this kind. These may suggest that there are other effects which may

dramatically impact the number of accidents. And if the local government wants

to improve the circumstances, they may spend more effort in these intersections to

identify the causes of these effects.

Figure 4.4: Standardized values of predicted intersection-specific random effects

In [25], the top 200 intersections with the highest number of crash occurrences iden-

tified based on crash frequency- and severity-based scenarios are shared. In this

thesis, the intersections are ranked by the predicted intersection-specific random ef-

fects. This ranking gives the risk of the intersections in terms of tendency to have

higher than average crash frequencies in all categories and in all years. Figure 4.5

plots all the 1001 intersections with the top 200 intersections highlighted in red. And

the list of the top 200 intersections is attached to the end of the thesis.
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Figure 4.5: Locations of top 200 intersections with highest tendency to have higher
than average crash frequencies

Following the ranking of the intersections, the time-specific random effects of 5 high

risk intersections (intersection: 1, 7, 2, 17, 14), 5 moderate risk intersections (in-

tersection: 624, 728, 366, 412, 692) and 5 low risk intersections (intersection: 813,

667, 989, 893, 992) are ploted in figure 4.6. The spread of the time-specific random

effects is following the model specification: the high risk intersections have high time-

specific random effects, the moderate risk intersections have moderate time-specific

random effects and the low risk intersections have low time-specific random effects.

And there is no obvious temporal trend showed overall.
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Figure 4.6: Predicted time-specific random effects of 5 high risk intersections, 5
moderate risk intersections and 5 low risk intersections

(6) The estimate of the variance of category-specific random effects for fatal injury

is ω̂2
1=1.30, for major injury is ω̂2

2=0.12, for moderate injury is ω̂2
3=0.08, for minor

injury is ω̂2
4=0.07, and for property damage only crash is ω̂2

5=0.03. This means

that beside intersection-specific and time-specific random effects there are category-

specific random effects which impact the number of crashes. And all the variances

are different with each other, which implies that the variances of accident counts

are different from category. In all of these, the variation of category-specific random

effects decreases as the severity of the category lessens . And the variance for fatal

injury is dramatically bigger than the others, which means that the number of fatal

injury cases varies a lot.
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4.2.2 Continuation-ratio logit model

According to section 3.9, the continuation-ratio logit model is applied on the data

set. The equivalent dual-Poisson models are set up one by one as follows.

(1) Given the accident falls in categories fatal crash and less severe categories, the

the continuation-ratio logit model is:


Yit1|(U (1), V (1),W (1)) ∼ Poisson{W (1)

it1 exp[α1 + xTitβ1 + δ1 + xTitγ1]},

Yit2 + ...+ Yit5|(U (1), V (1),W (1)) ∼ Poisson{W (1)
it2 exp[δ1 + xTitγ1]}.

(2) Given the accident falls in categories major injury and less severe categories, the

the continuation-ratio logit model is:


Yit2|(U (2), V (2),W (2)) ∼ Poisson{W (2)

it1 exp[α2 + xTitβ2 + δ2 + xTitγ2]},

Yit3 + ...+ Yit5|(U (2), V (2),W (2)) ∼ Poisson{W (2)
it2 exp[δ2 + xTitγ2]}.

(3) Given the accident falls in categories moderate injury and less severe categories,

the the continuation-ratio logit model is:


Yit3|(U (3), V (3),W (3)) ∼ Poisson{W (3)

it1 exp[α3 + xTitβ3 + δ3 + xTitγ3]},

Yit4 + ...+ Yit5|(U (3), V (3),W (3)) ∼ Poisson{W (3)
it2 exp[δ3 + xTitγ3]}.

(4) Given the accident falls in categories minor injury and property damage only

crash, the the continuation-ratio logit model is:


Yit4|(U (4), V (4),W (4)) ∼ Poisson{W (4)

it1 exp[α4 + xTitβ4 + δ4 + xTitγ4]},

Yit5|(U (4), V (4),W (4)) ∼ Poisson{W (4)
it2 exp[δ3 + xTitγ3]}.
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where

xit=( ”YEAR”, LOWESS(Total))T ;

Yitj is the crash count of category j;

βj=(βj1, βj2)T ;

γj=(γj1, γj2)T ;

and j=1, 2, 3, 4, 5 which represent FAT, IA, IB IC and PDO.

As mentioned in section 3.9, these dual-Poisson models are estimated separately. The

estimates of the variance of the random effects are generated from each estimation.

So there are four sets of estimates for the variance of the random effects. The results

are shown in table 4.5.

All of the regression parameters are statistically significant. And the result can be

interpreted as follows:

(1). The coefficients of LOWESS surface are statistically significant. The significance

suggests that we should not ignore the nonlinear association between the accident

count in different types and the spatial location.

(2). Given the accident falls in categories fatal crash and less severe categories, for

1 year increase, the estimated odds that the accident type is fatal crash rather than

less severe categories equals exp(β̂11)=exp(-0.40) = 0.67 times the estimated odds

at current year. In another word, given the accident falls in categories fatal crash

and less severe categories, as time goes, the possibility of getting fatal crash is lower.

Given the accident falls in categories major injury and less severe categories, for 1

year increase, the estimated odds that the accident type is major injury rather than

less severe categories equals exp(β̂21)=exp(-0.15) = 0.86 times the estimated odds

at current year. In other words, given the accident falls in categories major injury

and less severe categories, over time, the possibility of getting major injury is lower.

Given the accident falls in categories moderate injury and less severe categories, for

1 year increase, the estimated odds that the accident type is moderate injury rather
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Table 4.5: The results of the continuation-ratio logit model

j=1 j=2 j=3 j=4
Est. SE Est. SE Est. SE Est. SE

α1 -3.8717 0.9092
β11 -0.4041 0.0976
β12 -0.1628 0.0637
δ1 0.9469 0.0607
γ11 0.0699 0.0029
γ12 0.07 0.0041
α2 -2.6712 0.1275
β21 -0.1481 0.0127
β22 -0.0214 0.008
δ2 0.893 0.0608
γ21 0.074 0.0029
γ22 0.0705 0.0041
α3 -1.0837 0.0647
β31 -0.1318 0.0064
β32 -0.0177 0.004
δ3 0.6423 0.0615
γ31 0.0915 0.0031
γ32 0.0727 0.0042
α4 -1.3562 0.0768
β41 -0.1446 0.0076
β42 -0.0157 0.0047
δ4 0.4449 0.0621
γ41 0.1061 0.0032
γ42 0.0745 0.0042
σ2 0.1103 0.1104 0.111 0.1087
τ 2 0.0649 0.0649 0.0622 0.0713
ω2
1 1.4249 0.4197 0.1403 0.1805
ω2
2 0.0264 0.0271 0.0351 0.0331
ρ 0.5465 0.5443 0.5401 0.5236

than less severe categories equals exp(β̂31)=exp(-0.13) = 0.88 times the estimated

odds at current year. In other words, given the accident falls in categories moderate

injury and less severe categories, as time goes by, the possibility of getting moderate

injury is lower. Given the accident falls in categories minor injury and property

damage only crash, for 1 year increase, the estimated odds that the accident type is

minor injury rather than property damage only crash equals exp(β̂41)=exp(-0.14) =

0.87 times the estimated odds at current year. In other words, given the accident falls

in categories minor injury and property damage only crash, over time, the possibility
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of getting minor injury is lower. Overall, as time goes, the possibility getting severe

accident is lower. This result is same as what we get using baseline-category logit

models.

(3). The estimates of the variances of the intersection-specific and the time-specific

random effects (σ̂2 and τ̂ 2) for these four separate logits are more or less the same.

This follows common sense: the intersections and the years of taking the observations

are not changed, so the random effects caused by them should have no change.

(4). The estimates of the variances of the category-specific random effects (ω̂2
1 and

ω̂2
2) for these four separate logits are different. This implies that besides intersection-

specific and time-specific random effects there are category-specific random effects

which impact the number of crashes. And all the variances are different with each

other, which implies that the variances of accident counts are different by category.

In all of these, the variance for fatal injury is dramatically bigger than the others,

which means that the number of fatal injury cases varied a lot. This result is the

same as the baseline-category logit model results.

4.3 Simulation

In this section, the performance of the proposed models and the estimation mothods

are evaluated by simulation studies. Because, in most scenarioes, the category-

specific variations are different, the full model is evaluated.

4.3.1 Simulation study for the full model

To evaluate the performance, 500 independent runs are deployed. For each run, a

simulation data with 100 subjects, 4 time points and 3 categories is generated. And

the run stops when the sum of all parameters’ differences is less than 0.00001. Then,

the parameters average versus set value (true value) are compared. The simulation
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data is generated as below:

(1). Construct covariance matrix[4x4] following: entry[ij]=σ2+τ 2ρ|i−j|;

(2). Generate 4 random numbers following log-normal distrubution with mean 1 and

covariance matrix got from (1). And repeat this prcess 100 times to get 100 sets of

4 correlated data. These data are V.

(3). Generate 3 random numbers following Gamma distribution with mean equals

Vit and variances equal ω2
1Vit, ω2

2Vit and ω2
3Vit respectively. And repeat this process

for each Vit with i =1,...,100 and t=1, 2, 3, 4. These data are W.

(4). Generate 1 random number following Poisson distribution with mean and vari-

ance Witjµitj. And get 1200 random numbers for i=1,...100, t=1,2,3,4 and j=1,2,3.

These data are Y.

Note: if following common sense, (1) and (2) should be generating U following

Gamma distribution with mean 1 and variance σ2 and then generate V following

Log-normal distribution with mean U and variance τ 2. However, this process (math-

ematically) generates too many extreme numbers which lead to bigger variance than

the true value.

The average of the regression and dispersion estimates over 500 simulations are

showed as follows. The regression parameters are very similar as the true value and

Table 4.6: The simulation results

Estimated Value True Value Bias Simulated SE Mean SE
β10 -3.6267 -3.5000 0.1267 0.5916 0.5865
β11 -0.1832 -0.1800 0.0032 0.1438 0.1441
β12 0.0114 0.0100 -0.0014 0.0063 0.0066
β20 -3.5118 -3.5000 0.0118 0.5202 0.5205
β21 -0.1814 -0.1800 0.0014 0.1472 0.1478
β22 0.0100 0.0100 0.0000 0.0058 0.0055
α0 0.5148 0.5000 -0.0148 0.1111 0.1108
α1 0.0939 0.1000 0.0061 0.0256 0.0254
α2 0.0099 0.0100 0.0001 0.0015 0.0015
σ2 0.0783 0.1000 0.0217 0.0255
τ 2 0.0851 0.0700 -0.0151 0.0246
ω2
1 1.2151 1.3000 0.0849 0.0998
ω2
2 0.1155 0.1000 -0.0155 0.0385
ω2
3 0.0316 0.0300 -0.0016 0.0186
ρ 0.4262 0.5000 0.0738 0.0456

58



the random effects parameters are reasonably estimated through the model. And,

the random effects parameter σ2 is underestimated and τ 2 is overestimated, which

makes the sum of the estimated values the same as the sum of the true values.

The simulated SE in the simulation result is the standard error of these 500 esti-

mated values for each parameter. The Mean SE is the mean of 500 standard errors

generated from these 500 simulation runs. They are quite similar as well.

All of these results prove that the proposed model and the estimation procedure are

capable of handling the traffic data set used in this Chapter.
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Chapter 5

Discussion

5.1 Conclusion

In this thesis, the baseline-category logit model and continuation-ratio logit model,

which are constructed by the Poisson mixed models, are proposed to handle the

data set of the crash counts over one thousand major signalized intersections in the

city of Chicago from 2004 to 2010, which shows both longitudinal and categorical

properties. And 3 levels of random effects including subject-specific, time-specific

and category-specific random effects are introduced to account for the intersection,

the year of taking the observation and the categories impacts to the crash counts.

These models fit the vehicular crashes data set well in terms of the fitted values.

In these models, the correlation is handled by the 3 levels of random effects. The

random effects are predicted using the best linear unbiased predictor (BLUP). The

BLUP depends only on the first two moments of random effects, which gives the

proposed model the flexibility to handle the data set with unknown random effect

distribution and the advantage of computational efficiency[19]. Moreover, these 3

levels of random effects can be reorganized by eliminating either the intersection-

specific random effects or category-specific random effects to fit different date set or

60



research interests.

For the crash data set itself, the results of the analysis tell us that, over time, the

number of property damage only crashs will be increased while other categories

will be reduced and the possibility of getting the severer accident is lower. And

by analyzing the intersection-specific random effects, certain intersections, which

could have other effects that may dramatically impact the number of accidents, are

identified.

5.2 Discussion

During the results analysis, we observe that across all the crash categories, the vari-

ance of fatal crash is the biggest. And by detailed exam of the raw data set, we

find only 1 and 0 are present in this category’s count for each intersection in each

year. This makes it difficult for our model to fit this category’s data. This pro-

poses that model check may be another scope to this model. In this thesis, all the

evaluations are done by comparing the fitted value. Other evaluation methods like

cross-validation and residual analysis could give us some other understandings of the

model.

In section 4.2.1.1, the models with different levels of random effects are used to an-

alyze the crash data set. The variances for the random effects of each model are

estimated. We can see that the sums of the variances for each model show certain

pattens:

(1). the sum of the intersection-specific random effects variance and the time-specific

random effects variance are more or less the same: for the full model σ2+τ 2=0.18,

for model 1 σ2+τ 2=0.20, and for model 2 which has only time-specific random effects

τ 2=0.16;

(2). whether or not including the category-specific random effects will not impact
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the variances of the intersection-specific random effects variance and the time-specific

random effects variance. For model 1 which do not have the category-specific ran-

dom effects, the sum of σ2+τ 2 is the same as for the other two models which include

the category-specific random effects.

These pattens suggest that the model could separate the category-specific random

effects from the intersection-specific random effects and the time-specific random

effects which are the same for the different categories. The sum of the intersection-

specific random effects variance and the time-specific random effects variance could

account for these two levels of random effects. However, there are mix-ups between

the intersection-specific random effects variance and the time-specific random effects

variance. This is also shown by the simulation results in section 4.3. However,

our estimation algorithm only gives point estimates for the variances without any

significance analysis. This may lead to two further study areas: to modify the vari-

ances estimation process to seperate these two random effect variances and to give

interval estimates for these variances as in the bootstrap method[27] and Bayesian

method[28].

For the regression part, we select year and the fitted value of the LOWESS curve

of total crash counts over latitude and longitude as the covariates based on the

basic statistics analysis of the data set in section 4.1. However there are other or-

ganizations of the covariates like adding year2 as another covariate. This suggests

that model-selection criteria might be helpful, like the Akaike Information Criterion

(AIC) for GEE models.
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Appendix A

Top 200 high risk intersections in

terms of tendency to have higher

than average crash frequencies in

all categories and in all years

Ranking X_CORD Y_CORD LONG LAT Intersection No. Ûi

1 1188267.86 1852925.67 -87.59 41.75 1 2.61
2 1160996.80 1878757.02 -87.68 41.82 7 2.51
3 1154467.53 1921103.21 -87.71 41.94 2 2.50
4 1161159.94 1873448.62 -87.68 41.81 17 2.13
5 1165388.02 1912729.61 -87.67 41.92 14 2.12
6 1162614.71 1915951.05 -87.68 41.93 5 2.03
7 1180003.37 1863326.72 -87.62 41.78 39 2.01
8 1149011.14 1926281.36 -87.73 41.95 10 1.89
9 1143506.63 1931483.81 -87.75 41.97 4 1.88

10 1177343.93 1863238.77 -87.63 41.78 54 1.87
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Ranking X_CORD Y_CORD LONG LAT Intersection No. Ûi

11 1177456.38 1847282.85 -87.63 41.74 16 1.82
12 1159963.77 1915885.23 -87.69 41.92 9 1.81
13 1168605.77 1938053.88 -87.66 41.99 15 1.81
14 1159231.62 1939785.71 -87.69 41.99 8 1.79
15 1127522.01 1920435.75 -87.81 41.94 44 1.78
16 1188504.43 1842299.32 -87.59 41.72 3 1.77
17 1132569.60 1934189.98 -87.79 41.98 38 1.76
18 1173912.27 1901257.20 -87.64 41.88 52 1.76
19 1156418.25 1852064.73 -87.70 41.75 21 1.76
20 1150639.44 1867824.70 -87.72 41.79 34 1.75
21 1144002.10 1915529.45 -87.75 41.92 11 1.74
22 1167128.07 1942648.56 -87.66 42.00 56 1.72
23 1157229.59 1918486.82 -87.70 41.93 24 1.72
24 1144390.08 1899592.07 -87.75 41.88 69 1.71
25 1189598.28 1867846.95 -87.58 41.79 85 1.70
26 1170542.91 1916168.88 -87.65 41.93 23 1.69
27 1155522.21 1883904.49 -87.70 41.84 124 1.68
28 1177657.48 1852637.49 -87.62 41.75 112 1.66
29 1175037.39 1904162.64 -87.63 41.89 136 1.61
30 1177324.39 1899960.95 -87.62 41.88 70 1.61
31 1164793.26 1931948.16 -87.67 41.97 121 1.59
32 1161234.86 1870796.40 -87.68 41.80 113 1.59
33 1166869.28 1858961.70 -87.66 41.77 172 1.59
34 1151093.58 1851927.29 -87.72 41.75 27 1.58
35 1133351.74 1915254.45 -87.79 41.92 116 1.56
36 1167189.62 1847025.33 -87.66 41.74 72 1.56
37 1172649.70 1841845.60 -87.64 41.72 37 1.56
38 1146770.72 1910270.46 -87.74 41.91 30 1.55
39 1172337.90 1852478.52 -87.64 41.75 171 1.55
40 1172072.46 1847159.25 -87.65 41.74 35 1.53
41 1166613.61 1868242.31 -87.66 41.79 177 1.53
42 1162740.52 1910648.44 -87.68 41.91 22 1.53
43 1144209.65 1904877.11 -87.75 41.90 63 1.53
44 1154413.17 1939711.75 -87.71 41.99 48 1.53
45 1174919.27 1911704.95 -87.63 41.91 92 1.53
46 1167046.71 1852332.72 -87.66 41.75 100 1.52
47 1150543.51 1871144.92 -87.72 41.80 107 1.52
48 1171214.40 1894928.46 -87.65 41.87 104 1.52
49 1178296.95 1902192.92 -87.62 41.89 83 1.52
50 1182784.75 1858113.20 -87.61 41.77 155 1.51
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Ranking X_CORD Y_CORD LONG LAT Intersection No. Ûi

51 1166170.82 1884149.15 -87.67 41.84 175 1.51
52 1119351.99 1925509.22 -87.84 41.95 145 1.51
53 1166052.33 1889485.94 -87.67 41.85 95 1.51
54 1160118.43 1910573.20 -87.69 41.91 71 1.51
55 1165087.15 1921316.33 -87.67 41.94 42 1.50
56 1132979.85 1925907.07 -87.79 41.95 40 1.50
57 1173045.88 1828593.19 -87.64 41.69 123 1.50
58 1191171.55 1842370.02 -87.58 41.72 57 1.49
59 1182646.42 1863411.24 -87.61 41.78 143 1.49
60 1144505.07 1896598.69 -87.74 41.87 139 1.48
61 1188077.68 1860882.96 -87.59 41.77 146 1.47
62 1177360.28 1898101.72 -87.62 41.88 41 1.47
63 1139963.92 1931404.66 -87.76 41.97 103 1.46
64 1138644.67 1915399.33 -87.77 41.92 79 1.45
65 1151357.34 1897096.50 -87.72 41.87 164 1.45
66 1159878.28 1918537.02 -87.69 41.93 13 1.45
67 1177384.29 1897167.88 -87.62 41.87 36 1.45
68 1173817.53 1904421.57 -87.64 41.89 64 1.44
69 1171909.65 1868385.22 -87.65 41.79 275 1.44
70 1177137.29 1855257.25 -87.63 41.76 271 1.44
71 1173973.55 1898933.73 -87.64 41.88 157 1.44
72 1161750.96 1852199.44 -87.68 41.75 87 1.44
73 1173311.53 1894981.33 -87.64 41.87 96 1.43
74 1160981.69 1879828.98 -87.68 41.83 90 1.43
75 1149579.53 1905046.96 -87.73 41.90 120 1.43
76 1173005.19 1921539.95 -87.64 41.94 115 1.42
77 1165339.24 1913386.89 -87.67 41.92 53 1.42
78 1155831.00 1873295.88 -87.70 41.81 114 1.42
79 1155303.50 1891462.62 -87.71 41.86 277 1.42
80 1161882.03 1846888.94 -87.68 41.74 131 1.42
81 1173948.59 1899859.52 -87.64 41.88 86 1.41
82 1143810.23 1920843.67 -87.75 41.94 46 1.41
83 1145506.22 1867725.63 -87.74 41.79 19 1.41
84 1154636.74 1915778.55 -87.71 41.92 147 1.41
85 1185523.48 1855582.53 -87.60 41.76 28 1.41
86 1165583.38 1905422.99 -87.67 41.90 188 1.40
87 1172701.26 1901238.64 -87.64 41.88 99 1.40
88 1141514.74 1931436.52 -87.76 41.97 78 1.40
89 1161454.67 1862806.40 -87.68 41.78 102 1.40
90 1175899.23 1868512.77 -87.63 41.79 174 1.40
91 1149317.16 1915655.63 -87.73 41.92 67 1.40
92 1167994.26 1908147.09 -87.66 41.90 185 1.39
93 1143904.21 1918186.79 -87.75 41.93 29 1.39
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94 1176354.74 1900824.22 -87.63 41.88 243 1.39
95 1160578.90 1893985.05 -87.69 41.86 163 1.39
96 1176004.76 1898054.72 -87.63 41.88 76 1.38
97 1172728.42 1839206.74 -87.64 41.71 61 1.38
98 1158494.12 1873375.83 -87.69 41.81 173 1.38
99 1141323.42 1915463.13 -87.76 41.92 101 1.38

100 1145458.81 1862404.25 -87.74 41.78 138 1.38
101 1147235.24 1894340.43 -87.73 41.87 261 1.37
102 1176150.65 1898057.34 -87.63 41.88 50 1.37
103 1159154.62 1942419.86 -87.69 42.00 45 1.36
104 1139056.96 1899464.30 -87.76 41.88 214 1.36
105 1166750.43 1862937.59 -87.66 41.78 183 1.36
106 1177323.64 1899497.03 -87.62 41.88 144 1.36
107 1164586.40 1939534.45 -87.67 41.99 94 1.36
108 1157447.33 1910515.50 -87.70 41.91 224 1.35
109 1149728.99 1899712.71 -87.73 41.88 227 1.35
110 1167449.41 1932022.95 -87.66 41.97 182 1.35
111 1150785.84 1862524.96 -87.72 41.78 109 1.34
112 1171051.50 1900256.37 -87.65 41.88 245 1.34
113 1166907.58 1857634.56 -87.66 41.76 294 1.34
114 1173133.65 1825945.56 -87.64 41.68 196 1.34
115 1165268.62 1916017.22 -87.67 41.93 55 1.34
116 1164940.59 1926633.56 -87.67 41.95 75 1.34
117 1173309.48 1820637.69 -87.64 41.66 204 1.34
118 1144089.53 1910204.65 -87.75 41.91 26 1.33
119 1176445.90 1898062.65 -87.63 41.88 58 1.33
120 1159413.52 1934463.38 -87.69 41.98 33 1.32
121 1150052.64 1889081.19 -87.72 41.85 150 1.32
122 1143739.86 1923502.98 -87.75 41.95 81 1.32
123 1156198.73 1905179.24 -87.70 41.90 390 1.32
124 1175555.05 1868498.89 -87.63 41.79 229 1.32
125 1177806.57 1847296.14 -87.62 41.74 89 1.32
126 1174801.03 1898031.78 -87.63 41.88 225 1.32
127 1132520.28 1942097.10 -87.79 42.00 73 1.31
128 1175069.16 1902989.36 -87.63 41.89 276 1.31
129 1152683.12 1890237.15 -87.72 41.85 258 1.31
130 1172498.06 1847169.50 -87.64 41.74 66 1.31
131 1160781.33 1886715.12 -87.69 41.84 251 1.31
132 1165823.62 1897809.75 -87.67 41.88 111 1.31
133 1161382.37 1865470.71 -87.68 41.79 206 1.30
134 1173935.99 1900330.14 -87.64 41.88 149 1.30
135 1177329.78 1904235.63 -87.62 41.89 32 1.30
136 1136064.68 1910015.45 -87.78 41.91 159 1.30
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137 1134648.92 1867404.94 -87.78 41.79 153 1.29
138 1160377.43 1901214.65 -87.69 41.88 395 1.29
139 1178436.26 1895117.95 -87.62 41.87 12 1.29
140 1172795.83 1836548.09 -87.64 41.71 137 1.29
141 1182931.38 1852800.34 -87.61 41.75 207 1.29
142 1176339.78 1901287.90 -87.63 41.88 350 1.29
143 1165433.29 1910726.60 -87.67 41.91 51 1.28
144 1148639.00 1939575.65 -87.73 41.99 84 1.28
145 1149902.67 1894409.91 -87.73 41.87 180 1.28
146 1177577.85 1855268.45 -87.62 41.76 341 1.28
147 1148787.20 1934254.87 -87.73 41.98 106 1.28
148 1143656.43 1926160.53 -87.75 41.95 31 1.28
149 1158120.12 1886641.82 -87.70 41.84 264 1.28
150 1149473.97 1910337.22 -87.73 41.91 128 1.27
151 1183083.43 1847467.75 -87.60 41.74 117 1.27
152 1162530.29 1918595.60 -87.68 41.93 59 1.27
153 1160933.88 1881411.44 -87.69 41.83 215 1.27
154 1139035.19 1900192.32 -87.76 41.88 472 1.27
155 1182383.45 1874021.89 -87.61 41.81 588 1.26
156 1151439.63 1894448.32 -87.72 41.87 270 1.26
157 1151343.16 1897437.27 -87.72 41.87 282 1.26
158 1156543.34 1894561.23 -87.70 41.87 444 1.26
159 1141543.95 1904834.20 -87.76 41.89 320 1.26
160 1161308.86 1867985.32 -87.68 41.79 186 1.26
161 1150484.87 1873172.89 -87.72 41.81 168 1.26
162 1179417.33 1884525.34 -87.62 41.84 110 1.26
163 1164725.16 1934606.18 -87.67 41.98 265 1.25
164 1135998.51 1915325.66 -87.78 41.92 199 1.25
165 1172962.78 1831243.24 -87.64 41.69 236 1.25
166 1151766.85 1828025.68 -87.72 41.68 367 1.25
167 1175107.78 1901271.26 -87.63 41.88 340 1.25
168 1165913.31 1894780.04 -87.67 41.87 91 1.25
169 1162300.99 1926564.62 -87.68 41.95 80 1.25
170 1169402.41 1910834.12 -87.65 41.91 134 1.25
171 1162206.36 1836268.50 -87.68 41.71 314 1.24
172 1165809.84 1898237.41 -87.67 41.88 194 1.24
173 1177301.76 1905757.54 -87.62 41.90 166 1.24
174 1161527.82 1860169.19 -87.68 41.77 246 1.23
175 1153163.41 1921074.95 -87.71 41.94 20 1.23
176 1144435.14 1898247.68 -87.75 41.88 256 1.23
177 1137842.81 1934235.07 -87.77 41.98 218 1.23
178 1166682.40 1865590.83 -87.66 41.79 336 1.23
179 1150712.09 1865176.75 -87.72 41.79 211 1.23
180 1163413.88 1888082.56 -87.68 41.85 262 1.23
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181 1180435.02 1847392.14 -87.61 41.74 238 1.23
182 1144369.63 1900072.34 -87.75 41.88 222 1.22
183 1165507.34 1908072.73 -87.67 41.90 93 1.22
184 1174958.35 1898032.85 -87.63 41.88 234 1.22
185 1160708.92 1889336.01 -87.69 41.85 316 1.22
186 1188149.79 1858262.04 -87.59 41.77 161 1.22
187 1147438.60 1887659.85 -87.73 41.85 129 1.22
188 1165833.87 1897453.88 -87.67 41.87 141 1.22
189 1177281.74 1901288.61 -87.62 41.88 151 1.22
190 1146787.71 1910373.18 -87.74 41.91 105 1.22
191 1144484.47 1896911.54 -87.74 41.87 325 1.22
192 1146327.99 1901671.41 -87.74 41.89 492 1.21
193 1138557.48 1918057.60 -87.77 41.93 132 1.21
194 1171760.48 1873690.67 -87.65 41.81 490 1.21
195 1159015.89 1947721.31 -87.69 42.01 167 1.21
196 1175527.72 1900814.76 -87.63 41.88 329 1.21
197 1156137.35 1862678.38 -87.70 41.78 376 1.20
198 1171694.33 1894941.24 -87.65 41.87 248 1.20
199 1154745.89 1910458.44 -87.71 41.91 219 1.20
200 1190840.11 1855634.65 -87.58 41.76 324 1.20

71



Vita

Candidate’s full name: Zheng Fu

University attended :

Bachelor of Science, 1999, Northwestern Polytechnical University, Xi’an China

Master of Science, 2003, Northwestern Polytechnical University, Xi’an China

Master of Science, 2020, University of New Brunswick, Fredericton, NB, Canada

Publications: None

Conference Presentations: None


