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Abstract

The Support Vector Machine algorithms are well known machine learning al-

gorithms focused on classification and regression. The main idea of an SVM

problem is to find a function to separate two data sets with a maximum

margin. In this thesis, we focus on solving the linear SVM problem where

the training sets cannot be separated by a linear function. We follow Cui’s

thesis [6] which converts the problem into a Minkowski Norm Minimization

problem. We first introduce the basic formulation of SVM problem and some

theory. We also briefly introduce Cui’s geometric framework and show how

the SVM problem can be view geometrically. In order to solve the Minkowski

Norm Minimization problem, we propose to algorithms two trim the poly-

tope. The implementation uses lrs [1] for enumeration and cdd [8] for linear

programming; gmplib [7] is used for multi-precision calculation. The results

of the experiments show that our methods have better performance than

brute-force enumeration and that the cutting polytope method has better

performance than cutting planes.
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Chapter 1

Introduction

1.1 Classification Problem

The classification problems are a group of supervised learning tasks. Super-

vised learning is to infer a function based on a given set of supervised training

data, where each training example consists a set of inputs and a desired out-

put. The inputs are represented by a set of attributes and the output value

is known as the class label, especially when the output is discrete.

In machine learning, classification refers to a set of problems that assign new

observations to one of the given set of classes by analyzing a labelled training

dataset. Let x denote a vector of observed attributes for the inputs and y

denote the class label. Then for a given dataset {(xi, yi)}, the classifiers will

create a classification function h to evaluate any new example x∗ and produce

its label y∗ = h(x∗). Some of the widely applied classifiers include Decision

1



Trees, Neural Networks, K-nearest Neighbour and Support Vector Machine

[16].

1.2 Support Vector Machine

The support vector machine algorithms (see Fig. 1.1) are one of the main

pattern classification algorithms. In the case of SVM algorithms, the inputs

are represented as data points, usually in a finite dimensional space. Many

algorithms will also map the original space into a higher dimensional space,

the space is called feature space and the mapping function is called a kernel

function.
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Figure 1.1: Standard support vector machine

Definition 1.2.1 (Inner products). For z, x ∈ Rn, the inner product 〈z, x〉

is the value of the functional z at the point x, and we define it as follows:

〈z, x〉 =
n∑

i=1

zixi

An inner products gives a simple type of similarity measure. Since we need

to measure the similarity of the new data points with the given ones, i.e. the

training data, we will define a function as follows:

K(x, x̃) = 〈φ(x), φ(x̃)〉.
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This function is called kernel function, where x and x̃ are two data points and

the function φ is the map function from the original space X to the feature

space H.

There are two major benefits of this: one is that in the original space the

data set may not be linearly separable, by mapping it to a higher dimensional

space, it might be easier to make the separation; the other benefit is that the

kernel trick [19] can be applied for nonlinear classifiers. The kernel trick is

that for a given algorithm that is constructed with a positive definite kernel

k, by replacing k with another positive definite kernel function k̂ the original

function φ can be mapped into a new function φ′. Normally the kernel

function can be lifted into another space so that the problem can be linearly

separable. We will discuss the details of the SVM in the next chapter.

However, some complicated kernel functions map the training data into a

much higher dimensional space to obtain separability, which makes solving

the problem much harder. For example, image recognition of a 16 × 16

pixel input image with a degree 5 monomial kernel function will yield a

dimension of almost 1010. Many algorithms are proposed to address this

problem to improve the generalization performance. In machine learning, the

generalization performance of an algorithm is its ability to extract valuable

information from former examples. These algorithms can be categorized into

three groups: decomposition methods [17], approximation methods [10, 14,

20], and computational geometry methods [4, 13].

Decomposition methods will break down the optimization problem into smaller

4



ones. In each iteration, they only consider a small subset of variables. These

methods are mainly used to solve the memory sensitive problems but will be

very time consuming for large scale work. In order to speed up the training

process, a variety of approximation variants of standard SVM have been pro-

posed. Therefore the basic problems are able to be transformed into some

linear system of equations with a comparatively moderate number of vari-

ables. An alternative way of solving the SVM problem uses computational

geometry based methods. Instead of treating the SVM as a convex pro-

gramming problem, it is transformed into a problem to compute the nearest

points between two convex polytopes. This method is comparatively faster

than traditional algorithms. However, one drawback of this method is that

when classification violations (see Fig. 1.2) are allowed, the existing algo-

rithms will fail.

5



Figure 1.2: Classification violation

When classification violations are allowed, one approximation method is to

introduce a trade-off parameter C to form a soft margin. Even though the

outliers can be taken care of nicely by these methods, the problem becomes

non-convex, which in turn makes it considerably more difficult to solve. Cui’s

thesis [6] presents a framework to compute the “exact” margin in the non-

separable case, without incorporating any trade off parameters, by applying

a non-Euclidean norm. In this thesis, we will use a similar approach and

present another precise method using a Euclidean norm.

6



1.3 Related Work

As mentioned in section 1.2, the methods of solving SVM problems can be

categorized into three groups:

1.3.1 Decomposition methods

The idea of decomposition methods is to divide the variables αi (which will

be defined in Chapter 2) into two sets: one set of free variables, which will be

updated in the current iteration and a set of fixed variables, which are tem-

porarily fixed and will be updated in later iterations. Depending on different

algorithms, a few extra parameters will be added to the basic formulation to

allow classification violations. One of the most popular decomposition meth-

ods is the Sequential Minimal Optimization (SMO) [17]. In each iteration,

only two variable will be updated.

1.3.2 Approximation methods

The approximation methods are the most studied methods of all three cat-

egories, due to the motivation of speeding up the training process. Slack

variables are added to the basic SVM formulation (will be introduced in

chapter 2 as equation (2.2) (see page 12) in order to apply the approxima-

tion. Some algorithms are strongly convex when forming the dual problem

under KKT conditions [18], such as LSVM [14]. We will discuss the details

of approximation methods in chapter 2.

7



1.3.3 Computational geometry methods

Computational geometry methods will convert the convex programming prob-

lems into the problem of finding the nearest points of two convex polytopes.

Because of the geometric nature of the algorithms, some data points can be

purged to increase the speed of the training. The algorithm proposed by

Keerthi [13] revised and combined several nearest point problem and mini-

mal norm problem algorithms due to Gilbert [11, 12] and Wolfe [22]. These

methods, despite their improved performance, do not generally deal with

classification violations.

1.4 Improvement

In this thesis, we will describe two algorithms: cutting-plane method and

cutting-polytope method. Both methods are computational geometry meth-

ods. Compared to typical geometric methods, the cutting-plane method

provides an intuitive way to deal with classification violations; the cutting-

polytope method makes a further improvement and solves some of the draw-

backs found with the cutting-plane method.

Both the cutting-plane method and the cutting-polytope method will not

have as good performance as approximation methods. But we do not intro-

duce slack variables into these methods. The result is more accurate than

approximation methods, since the only uncertainty is caused by unavoidable

rounding of numbers instead of by newly introduced slack variables.

8



There is little basis for comparison with the decompositional methods, since

their benefits are with problems involving limited memories. In general, both

the cutting-plane method and the cutting polytope method will consume

more memory but less time, as they will not split the variables into two sets.

This reduces a large number of iterations. The cutting-plane method does

have many iterations due to the fact that each cutting-plane requires a sepa-

rate iteration to calculation all the intersection points; the cutting-polytope

method, however, solves this drawback and eliminates the requirement of

multiple iterations.
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Chapter 2

Background

2.1 Support Vector Machine

The support vector machine algorithms are important pattern classification

algorithms. The inputs of SVM problems are represented as data points,

usually in a finite dimensional space. The space will usually be mapped into

a much higher dimensional space using a kernel function; this space is called

a feature space.

Definition 2.1.1 (Hyperplane). A hyperplane of an n-dimensional vector

space V is a “flat” subset of dimension n− 1, sometimes called an (n− 1)-

flat of V . If not otherwise noted, any hyperplane in this thesis is an affine

hyperplane, namely a subset of V , which can be described with a single

linear equation:

w1z1 + w2z2 + · · ·+ wnzn = b. (2.1)

10



(where at least one of the wi 6= 0).

A hyperplane is thus a generalization of a two-dimensional plane in ordinary

space.

Definition 2.1.2 (Linearly separability). Given a hyperplane H ∈ Rn de-

fined by (2.1), we say that two sets of points P and Q are linearly sepa-

rable, if ∀p ∈ P and ∀q ∈ Q, we have a1p1 + a2p2 + · · · + anpn < b and

a1q1 + a2q2 + · · · + anqn > b. If this fails for all hyperplanes H, then P and

Q are linearly inseparable.

2.2 Basic formulation

Since multi-class problems can be reformulated into multiple binary classifi-

cations, and since nonlinear SVMs can be transformed into linear SVMs via

the kernel trick, in this chapter we can focus on the binary linear support

vector machine, i.e. the basic SVM.

The basic SVM formulation does not allow classification violations, i.e. the

training set is linearly separable. In the simplest situation, the SVM algo-

rithm tries to find a hyperplane H = {z | w · z + b = 0} which separates two

sets.

Let d+ and d− be the shortest distance from H to the closest positive and

negative examples. We define the margin (see Fig. 2.1) of H be d+ +d−. The

goal for the basic SVM is to find an H with the largest margin.

11



Figure 2.1: Margin of SVM

In general, the SVM training problem can be formulated as follows:

min
1

2
‖w‖2

such that w · zi + b ≥ 1 ∀i ∈ I (2.2)

w · zj + b ≤ −1 ∀j ∈ J

Here the vector w is the normal vector of the separating hyperplane H, and

the zi are the data points from one class and zj are those from the other class.

The value of margin equals to 2
‖w‖ . We also define H+ = {z | w · z + b = 1}

12



and H− = {z | w · z + b = −1} as the bounding hyperplanes that separate

two classes.

2.3 The KKT condition and Lagrangian for-

mulation

Even though we don’t directly use the KKT condition and Lagrangian for-

mulation in our thesis, the concepts are briefly introduced in this section to

derive several functions which will be applied in the next section.

Let us define a convex program [18] as follows:

min f0(x)

such that fi(x) ≤ 0 ∀i ∈ {1, 2, · · · , r} (2.3)

fj(x) = 0 ∀j ∈ r + 1, r + 2, · · · ,m

where each fi is a convex function from Rn to R. A Kuhn-Tucker vector is a

vector of Kuhn-Tucker coefficients (λ1, λ2, · · · , λm) ∈ Rm for program (2.3),

if the following conditions hold:

• λi ≥ 0,∀i ∈ 1, 2, · · · ,m,

• for f = f0 + λ1f1 + λ2f2 + · · ·+ λmfm, inf(f) is finite,

• inf(f) is equal to the optimal value of program (2.3).

13



We will give the general definition of the Lagrangian that will be used in the

Lagrangian formulation. Let C be the feasible region of a convex program

(2.3) and define a vector Er:

Er = {u∗ = (λ1, λ2, · · · , λm) ∈ Rm | λi ≥ 0, i = 1, 2, · · · ,m}

where λi are called Lagrange multipliers, then the Lagrangian of (2.3) is a

function L on Rm × Rn, where m is the number of constraints and n is the

dimension of C, we define:

L(u∗, x) =


f0 + λ1f1 + λ2f2 + · · ·+ λmfm if u∗ ∈ Er, x ∈ C,

−∞ if u∗ /∈ Er, x ∈ C

+∞ if x /∈ C

In order to convert the basic SVM to the Lagrangian formulation, we will

need to add Lagrange Multipliers for each constraint in (2.2).

First combine two sets of constraints into one set of inequalities as follows:

yi(w · zi) ≥ 1 ∀i ∈ {1, 2, · · · ,m} (2.4)

Here yi is the result label of the training example, where yi = 1 when the

example is positive and yi = −1 when the example is negative. Notice that

the ordinary linear constraints are now replaced by non-linear constraints.

In the Lagrangian reformulation, one non-negative Lagrange multiplier, αi

will be associated with each inequality constraint. Thus the Lagrangian is:

14



OL =
1

2
‖w‖2 −

m∑
i=1

αiyi(w · zi + b) +
m∑
i=1

αi (2.5)

The primal problem is to minimize the objective function OL with respect

to the variables w and b subject to the constraints αi ≥ 0, and meanwhile

require that the derivative of OL with respect to all the Lagrange multipliers

αi vanish. Apply this to the KKT conditions [18], we find the objective

function of the dual problem by using Wolfe duality theory [23]:

OLD
=

m∑
i=1

αi −
1

2

m∑
i=1

αiαjyiyj〈zi, zj〉 ∀i, j ∈ {1, 2, · · · ,m} (2.6)

Thus the Lagrangian formulation of formula (2.2) is:

max
m∑
i=1

αi −
1

2

m∑
i,j=1

αiαjyiyj〈zi · zj〉

such that
m∑
i=1

αiyi = 0 (2.7)

αi ≥ 0 ∀i, j ∈ {1, 2, · · · ,m}

2.4 Classification violation formulation

The function (2.7) only applies to linearly separable cases. In this thesis we

mainly deal with the situation when the training data is linearly inseparable

in the feature space; hence classification violations will be allowed. To include

15



a penalty for the violations in the objective function, we reformulate the

problem as follows:

min
1

2
‖w‖2 + C

m∑
i=1

ξi

such that w · zi + b ≥ 1− ξi ∀i ∈ I (2.8)

w · zj + b ≤ −1 + ξi ∀j ∈ J

ξi ≥ 0 ∀i = 1, 2, · · · ,m (2.9)

Here a non-negative slack variable ξi is introduced for each constraint, and

a trade-off parameter C is chosen by the user. The larger C is, the higher

penalty errors, and when an error occurs, a corresponding positive value must

be assigned to ξi in order to exceed 1.

In this case, the objective function of (2.7) is reformulated as follows:

OLvl
=

1

2
‖w‖2 + C

m∑
i=1

ξi −
m∑
i=1

αi(yi(w · zi + b)− 1 + ξ1)−
m∑
i=1

γiξi (2.10)

Here the γi are the Lagrange multipliers introduced for non-negativity con-

straint. By applying this to the KKT conditions we get:

OLV D
=

m∑
i=1

αi −
1

2

m∑
i=1

αiαjyiyj〈zi · zj〉 ∀i, j ∈ {1, 2, · · · ,m} (2.11)

16



So the dual problem of (2.8) is:

max
m∑
i=1

αi −
1

2

m∑
i,j=1

αiαjyiyj〈zi · zj〉

such that
m∑
i=1

αiyi = 0 (2.12)

0 ≤ αi ≤ C ∀i, j ∈ {1, 2, · · · ,m}

However, after this transformation, the problem is no longer convex, thus

making it much more difficult to find a global solution.

17



Chapter 3

Geometric Background

3.1 Convex polytopes

Definition 3.1.1 (Convex set). A set C ⊆ Rd said to be convex if, ∀x and

y ∈ C, and ∀t ∈ [0, 1], the point (1− t)x+ ty ∈ C.

Definition 3.1.2 (Convex Hull). Convex hull of a set X ⊆ Rd is the smallest

convex set that contains X. It is easy to see that this is the intersection of

all convex subsets of Rd which do contain X.

Definition 3.1.3 (Convex Combination). Given a finite set of points x1, x2,

. . . , xn ∈ Rd, a convex combination of these points is any point of the form

α1x1 + α2x2 + · · ·+ αnxn, where αi ≥ 0 and α1 + α2 + · · ·+ αn = 1.

Definition 3.1.4 (Bounded Set). A set S ⊆ Rd is called bounded if it is

contained in a ball of finite radius.

18



A set S of real numbers is called bounded from above if there is a number k

such that k ≥ s for all s ∈ S. The number k is called an upper bound of

S. Similarly a lower bound can be defined. If S has both an upper bound

and a lower bound, then S is bounded.

Intuitively, a polytope is a geometric object with flat sides called faces.

Definition 3.1.5 (Convex Polytope). A convex polytope in Rd (see Fig.

3.1) is the convex hull of a finite set of points. If this finite set is minimal

the points are called vertices.

Figure 3.1: Convex polytope

An n-dimensional convex polytope C, briefly n-polytope, is bounded by (n-

1)-polytopes, which in turn are bounded by (n-2)-polytopes, and so forth.

These polytopes are all faces of the n-polytope. Specially, a 0-face is called

a vertex; a 1-face is called an edge, and an (n-1)-face is called a facet.

19



3.1.1 Mathematical representation

A convex polytope is usually an infinite set of points. In order to computa-

tionally deal with a convex polytope, we need to have a finite representation.

Typically a convex polytope has two different types of representations: vertex

representation and half-space representation.

Definition 3.1.6 (Vertex representation). A convex polytope C can be rep-

resented as a convex hull of a finite set of points, where the finite set must

contain the set of extreme points (or vertices) of the polytope. Such a defi-

nition is called a vertex representation or V-representation of C. We denote

the set of vertices of the polytope C by V (C).

Definition 3.1.7 (Half-space representation). A convex polytope C is the

feasible region of a series of linear inequalities. Each inequality represents a

certain half-space in Rd. The minimal set of inequalities is called half-space

representation or H-representation.

There is a fundamental theorem [24] that these representations of C are

equivalent.

3.2 Linearly inseparable SVM

Linearly inseparable SVM problems are a set of SVM classification problems

where the two datasets are linearly inseparable. While the goal of the linearly

20



separable SVM problem is to find a margin or largest “gap”, the goal of the

linearly inseparable SVM is to find an overlap of smallest “intersection”.

O

X1

X2

P

Q

overlap

û

Figure 3.2: Datasets represented as polytopes

As in Fig. 3.2, polytopes P and Q are convex hulls of two data sets, û is a

unit vector which is orthogonal to the separation hyperplane, and p and q are

arbitrary points of P and Q. Thus in the linear separable case, the margin

is defined as:

margin = sup
∀û

inf
p∈P,q∈Q

〈p− q, û〉 (3.1)

here û is any unit vector in the given space.
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This is called a Nearest Point Problem [22, 12, 11, 13].

Similarly in linearly inseparable cases,

overlap = inf
∀û

sup
p∈P,q∈Q

〈p− q, û〉 (3.2)

3.3 Minkowski polytope

In order to solve equation (3.2), Cui [6] applied a method of creating a

Minkowski polytope [21, 9].

Definition 3.3.1 (Minkowski Sum). Given two convex polytopes P and Q,

define the Minkowski Sum of P and Q as P +Q = {p+q | p ∈ P and q ∈ Q}.

Correspondingly, we can define the Minkowski Difference as

P −Q = {p− q | p ∈ P and q ∈ Q} (3.3)

Since both P and Q are convex polytopes, we can describe P − Q as the

convex hull of {p− q | p ∈ V (P ), q ∈ V (Q)} (see Fig. 3.3).
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Figure 3.3: Minkowski difference

P −Q is itself a polytope, thus formula (3.2) can be rewritten as:

min ‖r‖ (3.4)

such that r ∈ bd(P −Q).

Here the boundary bd(C) of a polytope C is the union of all facets of C.
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The proof of this transformation can be found in Cui [6], (3.2) is called a

Norm Minimization problem [15].

3.4 Brute-force approach

If the origin O locates outside of P −Q, the “bd” part of (3.4) can be elim-

inated, making it a convex program. However, in the linearly inseparable

case, O always lies inside P − Q. We then are dealing with the boundary

itself, thus making the constraints of (3.4) become a disjunction of equalities

in addition to inequalities.

Since P − Q is generated from the two data sets of the SVM problem, it is

obvious to be represented as a convex combination of its vertices. In order

to get the H-representation of P − Q, we need to enumerate the facets of

P −Q

However, there is no obvious relationship between the number of vertices (v)

and facets (f) for an arbitrary convex polytope. For example we know that

for a cross polytope f = 2v/2 and for a hypercube f = 2 log2 v, but for P −Q

generated from two unknown polytopes P and Q, it might take a long time

to enumerate all facets of P −Q. The facet numbers are unpredictable.
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3.5 Main approach

Since the problem we are dealing with is specifically derived from SVM prob-

lems, we can infer that the volume of P ∩ Q is typically much smaller than

both the volumes of P and Q, which means that the centroid of P − Q is

highly shifted from O. In other words, most parts of the boundary of P −Q

are farther away than other parts. With this property, it wastes a lot of time

doing the calculation of the vertices and facets which are far away from O.

And after trimming P−Q into a much smaller set of vertices, it will be faster

to enumerate the remaining facets. In the following chapters, two different

approaches will be introduced.
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Chapter 4

Cutting-plane Method

4.1 Basic Idea

The very basic idea is to find a cutting sphere S of a polytope P where P is

the previously discussed Minkowski Polytope. In order to make S a cutting

sphere, it should meet the following requirement: neither S ⊂ P nor P ⊂ S

should apply. By applying a cutting sphere with a carefully selected radius,

the vertices and facets which are relatively far away from the origin O will

be eliminated. However, in order to construct a new model, the remaining

vertices are not necessarily enough. In order to form a new polytope, we

must introduce the intersection points of S and P.

Although we ultimately apply this method to P −Q, for noting convenience,

we simply describe the method as applied to the polytope P .

Since S is non-linear, there is no fast way to find the intersection of P and
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S. In order to simplify the question, the cutting-plane method is introduced.

The basic idea of cutting-plane method (see Fig. 4.1) is to construct a sup-

porting hyperplane H of the sphere S and use H to cut off the suboptimal

region of P. The new model will be represented by two sets of vertices:

• vertices of P which are in the feasible region of P (V1);

• points intersected by P’s edges and H (V2).

Figure 4.1: Applying a cutting plane
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This step can be applied for several iterations until further iteration would

not provide any further optimization. However, before actually implementing

this method, the following issues have to be considered:

• the radius of the cutting sphere should be well selected;

• the direction of the cutting plane tangent to the sphere should be well

selected as well;

• in each iteration, the optimal solution of the new model should be the

same as the previous optional solution.

4.2 Detailed description

4.2.1 Choose a radius

We need to choose a suitable radius of the cutting sphere as the first step of

each iteration. The ideal radius is the smallest distance from the boundary

of P (bd(P )) and O , which is actually just one more step to the final result,

but is not so easy to get from a V-representation.

A simple workaround is to sample a random set of facets and find the smallest

distance from that sample. In most cases this will generate a small enough

sphere compared to the size of P.

In practice, the lrs library has already provided a method to generate the

H-representation from the V-representation of P . That takes a relatively
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long time to perform the whole conversion, but we can stop the process after

say the first hundred facets and use these facets as the sample set.

4.2.2 Choose a direction

Compared to the previous issue, choosing a good direction is rather easy.

Since our model is in V-representation, it takes almost no time to enumerate

all vertices and calculate the distance of each from O .

Figure 4.2: A “best” direction

In most cases, the direction of the farthest vertex (see Fig. 4.2) will be a

good choice to eliminate more vertices than other directions. The direction

is hardly likely to be the optimal, but since both the optimal direction and the
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chosen one are pointing towards the “far” side of the polytope, this should

not be a key issue.

4.2.3 Applying the cutting plane

A cutting-plane H will divide the space into two half spaces: H+ and H−.

In our model, H+ contains O and will be the feasible region, while vertices

in H− will be eliminated (see Fig. 4.3).

Figure 4.3: After applying the cutting plane
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Definition 4.2.1. Given a polytope P and hyperplane H, let V be the set of

vertices of P ; define H+ as the half space with O ∈ H+ and H− as the half

space such that O /∈ H−; define P ∩H+ as P+, P ∩H− as P−, and P ∩H

as P 0; define V ∩H+ as V +, V ∩H− as V −.

Definition 4.2.2. Given a convex polytope P with O inside P , and choose

any facet F of P . Create a sphere S centred at the origin and tangent to the

affine hull of F ; then S is called a cutting sphere of P .

Definition 4.2.3. Given a convex polytope P with O inside P , define the

minimal norm of P as the smallest distance from bd(P ) to O, denoted

mnorm(P ) = minp∈bd(P ) ‖p‖.

Theorem 4.2.1. Suppose we are given a convex polytope P and a cutting

sphere S; create a hyperplane H which supports S. Then mnorm(P+) =

mnorm(P ).

Proof. First, because P is a closed subset of Rd, there exists a point p0 ∈

bd(P ) such that ‖p0‖ = mnorm(P ), which means that ∀p ∈ bd(P ), ‖p‖ ≥

‖p0‖. After applying H, bd(P ) is the union of three types of facets: F+, F 0

and F−, where:

F+: ∀p ∈ F+, p ∈ H+;

F−: ∀p ∈ F−, p ∈ H−;

F 0: ∃p1 and p2 ∈ F 0, such that p1 ∈ H+ and p2 ∈ H−.

Meanwhile, bd(P+) also consists of three types of facets: F+
H , F 0

H and H0
H ,

where:

31



F+
H = F+;

F 0
H = F 0 ∩H+;

H0
H = H ∩ P .

Depending on the choice of H, facets of certain types might not exist.

We know that ∀p ∈ F+
H , ‖p‖ ≥ ‖p0‖, and ∀p ∈ F 0, ‖p‖ ≥ ‖p0‖, since

F+
H ⊂ bd(P ) and F 0

H ⊂ bd(P ).

And for H0
H , since H supports S at the minimum norm point p of H0

H , say

we have ‖p‖ = r where r is the radius of S. From the definition of S,

∃p′ ∈ bd(P ), such that ‖p′‖ = r, hence r ≥ ‖p0‖, therefore p0 is not cut off

by H since it is inside S.

As a conclusion, ∀p ∈ bd(P+), ‖p‖ ≥ ‖p0‖. Since p0 ∈ S, we conclude that

mnorm(P+) = mnorm(P ).

4.3 Algorithm and Implementation

The algorithm is as follows:

Algorithm 1 Cutting-plane method

repeat
Determine a reference facet F of polytope P
Determine a reference direction ~d
Create a cutting sphere S such that S supports F
Create a cutting plane H such that H ⊥ ~d and H supports S
Calculate intersection points of H and P as V ′0

Use V ′ = V ′0 ∪ V + to form a new polytope P ′ = P ∩H+

until There is no obvious improvement from P to P ′
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4.3.1 Determine a reference facet

An optimal facet should be a facet which is closest to O, unfortunately this

optimal facet is just the solution we are trying to get. Instead an alternative

approach is to choose a closest facet from a subset of all facets.

A straightforward method is to “randomly” sample a set of facets and choose

a smallest distance from them to O. In the following algorithm, we are using

the lrs library [1] to enumerate the facets of P using its internal reverse

search method [2, 5, 3]. We will not describe the details of the reverse

search, however it is generally faster than plain enumeration because the

reverse search method goes through only one iteration of samples instead of

the backtracking with redundancy.

Algorithm 2 Find a reference facet

Ensure: the best facet of the first 100 samples
Get first basis of lrs data
repeat

for i = 0 to sizeof lrs dict do
if Sample size has reached 100 then

break to the outer loop
end if
if Get the next solution F then

Add 1 to sample size
Calculate the mnorm(F )
if mnorm(F ) < current smallest distance then

Store mnorm(F ) and F
end if

end if
end for

until not Get the next basis of lrs data
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After sampling first 100 facets, the stored facet F is the reference facet.

4.3.2 Determine a reference direction

In contrast to the reference facet, there is no “optimal” direction. But in

most cases, the “longest axis” should be good enough. Here “longest axis”

means the direction from a point p in the border of polytope P to O which

has the longest distance from O than any other points of bd(P ). Here we

claim that this point must be some vertex of P . In order to prove this, we

need to introduce the concept of “relative interior”.

Definition 4.3.1. The relative interior of a convex set is a refinement of the

concept of interior. The relatively interior of a convex set contains all points

of the set which are not on the relative boundary of the set. For any non-

empty convex set C ⊆ Rn, the relative interior relint(C) = {x ∈ C | ∀y ∈ C

∃λ > 1, λx+ (1− λ)y ∈ C}.

Lemma 4.3.1. Given polytope P , define V (P ) as the set of vertices of P ; if

∃p ∈ bd(P ) and ∀p′ ∈ bd(P ), ‖p‖ ≥ ‖p′‖, then p ∈ V (P ).

Now we can prove this lemma by contradiction.

Proof. If p 6∈ V (P ), say there exists face f0 ⊂ P , where p ∈ relint(f0), draw

a sphere S with its center of O and S touches p. Since f0 itself is a polytope,

there must exist some vertex p′ ∈ f0, such that ‖p′‖ > ‖p‖, which leads to

conflict.
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Since the P itself is represented as a convex hull of vertices, the reference

direction can be calculated in O(n) time, where n is the number of vertices

of P .

Algorithm 3 Find a reference direction

Ensure: The farthest vertex from O
for i = 0 to number of vertices of P do

Calculate the distance of V [i] to O , ‖V [i]‖
if |V [i]| > d then
d = |P [i]|, ~v = P [i]

end if
end for

After this simple algorithm, ~v will be the reference direction.

4.3.3 Generate new polytopes

The cutting sphere S itself does not appear in the code, since we only need

its radius. Using this radius r and the reference direction ~v, a cutting plane

H can be generated.

The new polytope P ′ is also represented as the convex hull of vertices V ′.

Note that V ′ = V +∪V 0, where V + can be solved by intersecting V and H+,

and V 0 is the intersection of H with the edges of P .

The cdd library provide a function to calculate the edges of a V-polytope P

but it is too expensive in time. Here the only edges that we need are those

that are intersected with H. The following is another method to get these

edges.

In this algorithm we claim that if the middle point of vv′ is not strictly inside
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Algorithm 4 Find intersection points

for all v ∈ V + do
for all v′ ∈ V − do

Get middle point v′′ of v and v′

if not v′′ strictly inside P then
Insert H ∩ ~vv′ into V 0

end if
end for

end for

P, then vv′ is a candidate edge. However this is not always a true edge because

vv′ could also be a diagonal of a facet. This does improve performance since

many of the pairs could be determined from a linear program instead of an

intersection calculation. This however will introduce dummy points to the

generated polytope, which does not affect the V-representation, but causes

the waste of time in the next iteration.

4.4 Discussion

By applying a cutting hyperplane to the polytope, useless facets and vertices

are eliminated from the polytope. After several iterations, the remaining

polytope is simpler than the original one, which will reduce the time of

enumerating the facets.
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4.4.1 Drawbacks

The first drawback of this method is that the reference facet is calculated

from a uncontrollable sample, which means that the facet might not be close

enough to O, in another words, it might be a bad reference. However we

cannot really determine this on the fly.

Another drawback is that during different iterations, many of the “good” ver-

tices and facets remains the same, as well as the dummy points, which means

that these vertices will be calculated several times without any changes.

The third drawback is that after several iterations, the remaining polytope

will not have an eccentricity as high as the original P −Q, thus there won’t

be much improvement after only a few iterations.

In the next chapter, another method will be introduced to address these

drawbacks.
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Chapter 5

Cutting-polytope Method

5.1 Basic Idea

The basic idea of the cutting-polytope method (see Fig. 5.1) is to use a

polytope to prune P−Q instead of the cutting plane in the previous method.

In order to avoid the previously discussed drawbacks of the cutting-plane

method, some details must be discussed.
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Figure 5.1: Cutting-polytope method

5.1.1 Radius of the cutting sphere

In order to trim off a maximal part of P −Q, the goal of choosing the cutting

sphere is to make its radius as small as possible; on the other hand it should

not be smaller than ‖r‖ in equation (3.4).

In this method, the radius (see Fig. 5.2) is defined as:

min ‖v‖ (5.1)

such that v ∈ V,
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where V is the set of vertices of P −Q.

Figure 5.2: Radius of cutting sphere

In some rare cases, this new radius might not prove as useful as the “reference

facet”, but other than those rare cases, it is likely to be a good choice.

5.1.2 Non-iterative approach

Assuming that the number of facets of the cutting polytope is f , one it-

eration of the cutting-polytope method can be regarded as “equivalent” to

f iterations of cutting-plane method. But since there’s only one iteration,

much of the duplicated calculation in the former method is avoided.
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5.1.3 Aspects of the cutting-polytope

After generating the cutting-polytope R, it will be intersected with P − Q.

The intersection is also a convex polytope, which is what we need. The

intersection’s V-representation is a union of three subsets, i.e. V ((P −Q) ∩

R) = V1 ∪ V2 ∪ V ′, where V1 = {v | v ∈ V (P −Q) and v ∈ R}, V2 = {v | v ∈

V (R) and v ∈ P −Q}, and V ′ = {v | v ∈ bd(P −Q)∩ bd(R) and v is extreme

point of the intersection}. Here V ′ can still be represented as V ′ = V3 ∪ V4,

where V3 = {v | v ∈ E(P −Q) and v ∈ bd(R)}, and V4 = {v | v ∈ E(R) and

v ∈ bd(P −Q)}. Here E(C) denotes the set of all edges of polytope C.

Even though a hypercube is a common choice for a cutting polytope, it is

not a good choice for our method. And to choose an appropriate cutting-

polytope, two aspect of the polytope should be considered: “shape” and

“type”. The following sub sections will explain the reason a hypercube is not

a good choice and find a better choice than the a hypercube.

5.1.3.1 “Shape”

Intuitively, from the above discussion we can infer that to simplify calcula-

tions, we need to reduce the cardinality of V (R), E(R), and the facet set

F (R). Thus the number of vertices, edges and facets of R should be as small

as possible. Since ‖E(R)‖ ≤ ‖V (R)‖2, only the number of vertices and

facets of R will be considered.

Definition 5.1.1 (orthotope). An orthotope (or a hyperrectangle) (see Fig.
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5.3) is a cartesian product of intervals. It is the generalization of a rectangle

to higher dimensions. The special case in which all intervals have equal

length, is called the n-hypercube. Clearly orthotopes exist in all dimensions.

Each facet of an orthotope is an orthotope of one less dimension.

Figure 5.3: Orthotopes

Definition 5.1.2 (orthoplex). An orthoplex (cross-polytope or hyperoctahe-

dron) (see Fig. 5.4) is a regular convex polytope in of dimension n. Its vertices

are all the permutations of (±1, 0, 0, . . . , 0), so the orthoplex is the convex hull

of its vertices. It is the generalization of the square and octahedron to higher

dimensions. Its facets are simplices of dimension n− 1.

Figure 5.4: Orthoplices
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Definition 5.1.3 (simplex). Suppose n+1 points p0, . . . , pn ∈ Rn are affinely

independent. The n-simplex (see Fig. 5.5) the convex hull of these points:

C = {θ0p0 + · · · + θnpn | θi ≥ 0, 0 ≤ i ≤ n,
∑n

i=0 θi = 1}. A simplex is a

generalization of the triangle and tetrahedron to higher dimensions. It has

the property that any two vertices define an edge of the simplex. Each of the

n− 1 facets is itself a simplex of dimension n− 1. A regular simplex is one

whose edges have identical lengths.

Figure 5.5: Simplices

In n dimensions, an orthotope has 2n facets and 2n vertices; an orthoplex

has 2n facets and 2n vertices; while a simplex has only n+ 1 facets and n+ 1

vertices. Thus a simplex is a good choice for the cutting polytope.

5.1.3.2 “Type”

Besides randomly generated simplices, two types of simplices can be imple-

mented easily, regular simplices and corner-of-cube.

In its mathematical representation, a corner-of-cube is better because the

coordinate values for the vertices have simple formulae. However since the
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cutting-polytope is a non-iterative approach, the goal after cutting is to make

the center of (P −Q) ∩ R as close to O as possible. Therefore, we choose a

regular simplex as the cutting-polytope.

5.2 Algorithm and Implementation

The algorithm of the cutting-polytope method is as follows:

Algorithm 5 Cutting-polytope method

Determine a reference vertex v∗

Create a cutting sphere S with its radius from O to v∗

Create a regular simplex R with S circumscribed inside
Calculate V1, V2, V3 and V4.
Calculate V =

⋃4
i=1 Vi

5.2.1 Determine a reference vertex

As discussed in section 5.1.1, the reference should be the vertex of P − Q

which is the closest to O.

Algorithm 6 Determine a reference vertex

Require: V is the set of vertices of P −Q
Require: v∗ ∈ V
Ensure: ‖v∗‖ = mnorm(V )

for all v ∈ V do
record ‖v‖ as d
if d < ‖v∗‖ then

replace v∗ with v
end if

end for
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5.2.2 Create cutting sphere

This is virtually a dummy step. The only required information about the

sphere is its radius, which is ‖v∗‖.

5.2.3 Create cutting simplex

Since R is a regular simplex with O as its centroid, it has two properties:

∀v ∈ V (R), ‖v‖ = |V (R)− 1|‖v∗‖ (5.2)

and

|V (R)|∑
i=1

vi = ~0 (5.3)

With these two properties we can generate a regular simplex in some fixed

rotation. In this implementation, v1 is always located on the first axis.

Take a 4-simplex supporting an r = 1 sphere for example. Here d = 4, n = 5,

and l = 4. The vertices of the simplex are defined by the rows of:

S0 =



x1 y1 z1 w1

x2 y2 z2 w2

x3 y3 z3 w3

x4 y4 z4 w4

x5 y5 z5 w5


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Algorithm 7 Generate a regular simplex

Require: dimension d
Require: r = ‖v∗‖
Ensure: R is some regular simplex

get number of vertices n = d+ 1
get the value of l as l = C = (n− 1)r
set coordinate of v1 as [l, 0, 0, . . . , 0]
for i = 1 to d do

for all v from vi+1 to vn do
set ith coordinate of v as k = −l/(n− i)

end for
if i 6= d then

let C be the square sum of known coordinates of vi+1

let l′ =
√
l2 − C

set (i+ 1)th coordinate of vi+1 as l′

update l for the next iteration as l′

set remaining coordinate of vi+1 as 0s
end if

end for

First, set the coordinates of v1:

S1 =



4 0 0 0

x2 y2 z2 w2

x3 y3 z3 w3

x4 y4 z4 w4

x5 y5 z5 w5


During the first iteration, set the coordinates of each xk = −4/(5 − i), k =
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2, 3, 4, 5, i = 1:

S ′1 =



4 0 0 0

−1 y2 z2 w2

−1 y3 z3 w3

−1 y4 z4 w4

−1 y5 z5 w5


and set y2 =

√
42 − x22, leaving the other coordinates of v2 be 0:

S2 =



4 0 0 0

−1
√

15 0 0

−1 y3 z3 w3

−1 y4 z4 w4

−1 y5 z5 w5


Repeat the same iteration as follows:

S3 =



4 0 0 0

−1
√

15 0 0

−1 −
√
15
3

2
√
30
3

0

−1 −
√
15
3

z4 w4

−1 −
√
15
3

z5 w5


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S4 =



4 0 0 0

−1
√

15 0 0

−1 −
√
15
3

2
√
30
3

0

−1 −
√
15
3
−
√
30
3

√
10

−1 −
√
15
3
−
√
30
3

w5



S5 =



4 0 0 0

−1
√

15 0 0

−1 −
√
15
3

2
√
30
3

0

−1 −
√
15
3
−
√
30
3

√
10

−1 −
√
15
3
−
√
30
3
−
√

10


Now S5 describes the desired regular simplex.

5.2.4 Intersection points

Here we have V3 and V4 represented as V3 = {v | v ∈ E(P − Q) and v ∈

bd(R)}, and V4 = {v | v ∈ E(R) and v ∈ bd(P −Q)}. For V3, we can use the

simplex R’s facets to represent bd(R), however we cannot use this method to

get V4. Thus we need a more general method to get the intersection points

of two polytopes.

The solution is a mathematical program. For a directional line segment ~vv′,

the following program is applied:
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min t

such that λ1x1 + λ2x2 + · · ·+ λnxn = (1− t)v + tv′

λ1 + λ2 + · · ·+ λn = 1 (5.4)

λi ≥ 0

0 ≤ t ≤ 1

We can see this is a linear program by rewriting it in a more standard form:

min t

such that x1λ1 + x2λ2 + · · ·+ xnλn + (v − v′)t = 1

λ1 + λ2 + · · ·+ λn = 1 (5.5)

λi ≥ 0

0 ≤ t ≤ 1

In this LP xi are the vertices of a given polytope Pany, and λi and t are free

variables. If this LP has a solution, then either v ∈ Pany (if and only if t = 0),

or (1− t)v + tv′ is one of the intersection points of the line segment vv′ and

Pany. If there exist two intersection points, then the other one can be found

via applying the LP (5.5) to ~v′v.

In theory, the line segment vv′ could be an edge of one polytope, however as
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described in section 4.3.3, it is not necessarily a real edge. Besides, compared

to the cutting-plane method, the cutting-polytope method is a non-iterative

approach, which means that the dummy points of the remaining polytope

have less side effect on performance.

5.3 Discussion

Let us compare the current method with that of chapter 4, the facets of the

generated simplex serve the same function as the hyperplanes of the cutting-

plane method. However, since those hyperplanes are well defined from the

start, unnecessary calculation of the infeasible points and facets is avoided.

The three drawbacks of the cutting plane method are also mitigated. A

detailed experimental comparison of the two methods will be discussed in the

next chapter (since this chapter already discusses the theoretical differences)

.
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Chapter 6

Experimental Results

6.1 Experimental dataset

The datasets generated for our experiments was prepared in order to make

comparisons in three different aspects. In order to reduce the statistical

error, we will not use raw data as the input of different algorithms. The

preprocessed Minkowski polytopes will be used as the input datasets.

This polytope is the Minkowski Difference of two randomly generated poly-

tope P and Q via equation (3.4); both P and Q are translated with a random

vector ~p and ~q. We will not describe the process in detail because it is not

part of the comparison.

In this chapter, we will make three different comparisons: per method, per

dimension, and per number of vertices. To make this comparison feasible,

we have generated four datasets of different scales in each dimension from 5
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dimension vertices
5 548 1362 2203 3928
6 575 1278 2133 4257
7 621 1242 2267 4028
8 593 1303 2267 3814
9 594 1426 2137 3680
10 572 1337 2125 3983

Table 6.1: Size of datasets

to 10.

Each dataset will be represented as vertices, i.e. V-representation. As is

shown in the table (6.1), each column of datasets has similar numbers of

vertices, in order to make fair comparisons. The number of vertices are not

exactly identical, since we have to remove redundant points after generating

the Minkowski polytope; during this process, we cannot control the exact

number of vertices, but we managed to get similar number of vertices after

some trial.

6.2 Experimental method

To regulate the experiment, we compare three different aspects: dimension,

method and number of vertices.

6.2.1 Comparison across different dimensions

In the first comparison, we have calculated the average running time in each

dimension and illustrated the result as the following chart. As the dimension

52



goes up, the running time also goes up, and the time increment from one

dimension to the next becomes larger: it took over twice the time in 10

dimensions compared to 9 dimensions.

Figure 6.1: Average running time for each dimension

Another result shown on the chart is that in smaller dimensions, the curves

are mixed together, but when the dimension goes up, the curves spread

out and the cutting polytope method is below both brute-force method and

cutting-plane method.

6.2.2 Comparison across different methods

In order to make a more detailed comparison between different methods, we

have also illustrated a single chart for each dimension.
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Figure 6.2: Running time for 5 dimensions

Figure 6.3: Running time for 6 dimensions
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Figure 6.4: Running time for 7 dimensions

Figure 6.5: Running time for 8 dimensions
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Figure 6.6: Running time for 9 dimensions

Figure 6.7: Running time for 10 dimensions
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From the charts we can see that on large datasets, the brute-force method

always took the most time and the cutting polytope method always took the

least time. Not all of them have large improvements but in some cases like

in 9 dimensions, nearly one third of time is saved from the cutting-polytope

method compared to the brute-force method.

6.2.3 Comparison across different vertex numbers

The last experiment is to make a comparison between different vertex num-

bers. In contrast to the other two experiments, this experiment is only a

rough comparison, because it is not easy to make datasets in different dimen-

sions have the same number of vertices. But we managed to make similar

number of vertices as shown in each column in table (6.1). We have plot-

ted the following charts for both cutting plane method and cutting polytope

method:
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Figure 6.8: Running time for cutting plane method

Figure 6.9: Running time for cutting polytope method
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Note that the time axis of both charts is in logarithmic scale. From both

charts we can see that the six curves are separated clearly. The sub-linear

curves show that running time increases more rapidly when the number of

vertices becomes larger.

6.3 Results

From the charts shown above we can get the following results:

• The running time increases when either the dimension or number of

vertices increases;

• The rate of growth of the running time grows more quickly when either

the dimension or vertex numbers increases;

• The brute-force method developed in Cui’s [6] thesis takes the most

time, the cutting plane method has some improvements, the cutting

polytope method is consistently the fastest method;

• All three methods have similar growth curves, meaning they have sim-

ilar complexity.
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Chapter 7

Conclusion and Future Work

7.1 Summary and Conclusion

In this thesis we have discussed how a SVM problem with dataset interference

is converted into a geometric problem by converting it into a single polytope

via the Minkowski difference and finding the minimum norm point on the

boundary of that polytope. We also introduced two different methods for

solving the polytope problem: the cutting plane method and the cutting

polytope method. Both methods find the facet of the polytope closest to

the origin, the difference between the methods is the trimming method. In

Chapter 6, we have compared both methods with the brute-force method.

From the comparison, we can see that even though the shape of the size-time

curve does not change too much, the cutting plane method is faster than

brute-force method, and the cutting polytope method is even faster. All
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three methods have the same accuracy since the results of all three methods

are the same – the closest facet of the polytope to the origin.

As with other computational geometry methods, the algorithms in this the-

sis share some common advantages and disadvantages. Compared to de-

composition methods, they consume more memory, but are relatively faster.

This is particularly true for the cutting-polytope method, which does not

have the time consuming iterations in both decompositional methods and

cutting-plane methods. These algorithms do not have competitive perfor-

mance compared to those of the approximation methods which are used in

most commercial products; but they do have better accuracy, which is a com-

mon benefit of all non-approximation methods. Moreover, both the cutting-

plane method and cutting-polytope method generally address the drawback

of typical geometrical methods, which fail when classification violations are

allowed.

7.2 Open Questions and Future Work

In the cutting polytope method, we have applied the simplex as the “cutting

model”, as it has the least vertices and facets among all polytopes of a given

dimension. This simplifies the calculations. However there is another aspect

which will affect the calculation time: the simplex has “sharp” angles which

will tend to increase the calculation time, since more vertices are left uncut-

off in these angles. So one question is to find a polytope or a family of
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polytopes which somehow achieve a better balance between size, shape and

volume.

In this thesis, both methods do not change the shape of the size-time curve

compared to the brute-force method. As a result, if the dimension or the size

of vertex numbers is large, it will still take a lot of time in calculation. The

reason is that after trimming down enough vertices, the remaining parts will

become a polytope whose center is near to the origin. No matter how many

more trimming iterations are invoked, there will not be much improvement

in the complexity of P − Q. Thus we are forced to apply the brute-force

enumeration on the remaining parts. If there is an approach which does not

rely on facet enumeration, one can expect faster calculations.

Last but not least, the datasets in this thesis are artificially generated. The

SVM method, however, is generally a practical method of classification prob-

lems. Considering how the datasets are generated in section 6.1, the raw

data before calculating the Minkowski Difference are naturally divided into

two categories by which polytope they belong to. This is the same char-

acteristic which holds for most practical SVM datasets. Thus the methods

introduced in this thesis will have their potential usage in real world appli-

cations. However, the algorithms might need some tweaks in order to have

better performance and accuracy.
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