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Abstract

"Direct" pattern recognition algorithms in metric spaces, i.e., those that do not use
auxiliary vector space, are inferior to the pattern recognition algorithms that rely on the
vector approximation of the original, metric, recognition problem. The critical issues
associated with the role of the auxiliary vector space representation for the metric pattern

recognition problem are considered.
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[Newton] rightly considered that all computations in analysis are more convenient
to perform not with the help of repeated differentiations but by computing first
members of the [Taylor] series.

V.I. Amold. Ordinary differential equations (1984)



1. INTRODUCTION

In this short note I would like to address an important question that, on the one
hand, was critical in motivating a new analytical framework for pattern recognition
proposed in (1)-(3), and, on the other hand, has not been fully appreciated by the pattern
recognition community. The question is: Do we need the auxiliary vector representation
for the pattern recognition problem in which the patterns are represented in a metric or
pseudometric space? The relevance and even urgency of the question can easily be
ascertained by observing the large number of papers dealing with diverse pattern
recognition problems formulated in various metric or pseudometric spaces. It is enough
to point to (a relatively small sample of) such papers and monographs: speech
recognition (4)-(8), robot navigation (9), 2-D and 3-D shape recognition (10)-(15),
character recognition (16)'(13), waveform recognition (19)'(20), structural pattern
recognition (21)-(24),  Indeed, since the above question should have arisen quite often,
the very fact that it has not been fully addressed is quite conspicucus. The larger issues
related to the dominant role of the metric formulation of the pattern learning problems
are considered in a companion paper (25) (see also (26)),

I propose that the answer to the above question is yes, and I will argue for this
answer by presenting what I believe to be decisive reasons why the auxiliary vector
representation is necessary. In fact, I have already presented some arguments to that
extent in monograph (2). There are reasons to believe, however, that this issue, perhaps
one of the most important issues in pattern recognition today, deserves a separate
consideration.

By auxiliary vector representation I mean a vector representation of patterns that
metrically approximates the original pattern recognition problem with any desired
accuracy. The possibility of an efficient construction of such vector representations was

addressed in (2), (All other vector representation algorithms that have appeared over the



last 25 years are based on inadequate heuristics and cannot compete with the latter
systematic approach.) Since the metric information is essentially preserved under the
vector representation, in considering the above question it is enough to rephrase it as
follows: What are the advantages (for the recognition algorithms) of the vector space
representation over the representation in the more abstract , metric or pseudometric ,
space? One should note immediately, that this simplified question in no way implies the
superiority of the direct vector space pattern representation. On the contrary, the sheer
number of applications using various non-vector metric spaces for pattern representation
testifies to the overriding superiority and flexibility of the metric space model (see aiso
reference 2, Forward and Chapter 1). In fact, if it were otherwise, the original question
should not have arisen in the first place. Of course, the class of vector spaces with
distances defined on themn form a subclass of metric space.

In considering the simplified but equivalent question, we shall address three
critical and related to each other issues: advantages associated with 1) the possibility to
modify the original metric of the representation space to reflect the discriminatory
information, 2) the relative efficiency of the on-line recognition (classification)

algorithms, and 3) the relative quality of the corresponding recognition algorithms.

2, ADVANTAGES ASSOCIATED WITH THE POSSIBILITY TO MODIFY THE

ORIGINAL METRIC TO REFLECT THE DISCRIMINATORY INFORMATION

To make the basic point of this section absolutely clear, let us consider a simple
metric two class pattern recognition problem with class distribution sketched in Figure 1.
Insert Fig. 1 about here

Although the figure shows two-dimensional training set, it is useful to keep in

mind that in the corresponding metric space we cannot directly observe this



configuration, since the only information available in the metric space about the training
set 1s the corresponding symmetric interdistance matrix.

When the above problem is formulated in the vector space, there is a simple
transformation of the space that can fundamentally change the quality (reliability) and the
efficiency of the resulting problem solution. This transformation may, for example,
project the space onto one of the principal axis. The resulting one-dimensional pattern
representation has a “simpler” metric structure which leads to a qualitatively better and
more efficient recognition algorithm. There are a number of techniques to obtain the
desired transformation (27), (28), but the main point is that all such techniques depend on
the presence of the vector space structure and cannot be transferred directly to the metric
space.

To summarize this section, we can say that the ability to modify the original
metric of the pattern space to reflect more specific, discriminatory, information about the
pattern classes, allows one to induce the new metric class configuration for which there

are both more reliable and more efficient recognition algorithms.

3. ADVANTAGES ASSOCIATED WITH THE RELATIVE EFFICIENCY OF THE

ON-LINE RECOGNITION

It appears that in the most successful biological systems most of the critical functions
are subordinated to the efficient function of various "on-line recognition mechanisms".
And it is not difficult to understand why: the relative speed of these mechanisms to a
large extent determines the outcome of "the struggle for survival". To rephrase it in the
engineering terms, one can say that in all on-line recognition systems the efficiency of the
on-line (recognition) stage should dominate the design of the corresponding recognition

systems, simply because by definition the on-line is the predominant mode of operation



of such systems. Most of the current (and future) pattern recognition systems are (and
will be) on-line systems.

The present experience suggests that the computationally dominant type of
operation in the on-line metric recognition system is the distance computation. In view
of that, to reduce the on-line recognition time, one is often prepared to use in such
systems a reasonable number of special purpose hardware devices for computing the
corresponding distances. The number of such devices, however, would still be the
critical factor.

It remains to mention that the model proposed in (1)-(3) allows one to use the
auxiliary low-dimensional vector space representation for computing the vector
representation of the incoming pattern during on-line recognition stage. This vector
representation, projection, is constructed as a linear combination of the basis vectors
corresponding to some chosen training patterns, reference patterns. The projection is
computed simply as a product Meb, where M is a square matrix whose columns are the
corresponding training coordinate vectors, and b is a vector whose components are
directly computed using the distances from the incoming pattern to the chosen training
patterns (see, for example, reference 2, section 7.2). Since all the latter distances can be
and, if possible at all, should be computed in parallel, we, obviously, obtain the optimal
solution to the metric recognition problem.,

Without an auxiliary vector space such optimal solution is possible only for a
restricted class of recognition problems, when the pattern classes are "well separated”,
e.g., the diameter of each class is less than the distance to the closest class. The reason
for this is simple: in a general case, before the incoming pattern can be classified, a
sequence of distances from that pattern to some of the training patterns must be
computed, and the order in which the distances are to be computed is decided based on
the previously computed distances in the sequence. Moreover, the number of such

sequential distance computations is greater than or equal to the number of the above



parallel distance computations. This is because the number of the sequential distance
computations is greater than or equal to the reduced "global dimension” of the pattern
classes, and this dimension cannot be determined without the use of the auxiliary vector
representation.

It is also very important to note that with the help of the auxiliary vecior space
not only the recognition of new patterns but their recollection can be accomplished in the
most economical and uniform manner, that can be viewed as a generalization of the
Fourier representation: for each new pattern it is enough to store only its "projection
coefficients” with respect to the chosen "reference” training patterns. Thus, any new

pattern belonging to one of the learned classes can be represented by a very small set of

its coefficients.

4. ADVANTAGES ASSOCIATED WITH THE RELATIVE QUALITY OF THE

RECOGNITION ALGORITHMS

In this section the quality of the recognition algorithms is interpreted to include both
the quality, as estimated by the value of the (probalistic) average risk, and the reliability,
as estimated by the probability of achieving given average risk (Reference 27, pp. 38-39;
see also reference 28, section 1.6).

Thus, the capability to learn is characterized by two concepts:

1) by the quality of the obtained decision rule (by the probability of the wrong
answers; the lower this probability, the higher the quality);

2) by the reliability of obtaining the decision rule with the given quality (by the
probability of obtaining the given quality; the higher this probability, the
higher the reliability of the successful learning).

The problem reduces to the creation of the learning device that from the learning
sequence would construct the decision rule whose quality with the given reliability
would be not lower than the required [i.e., the required reliability is fixed - L.G.]

So, the designer of the learning devices is faced with two problems:

With which set of the decision rules the learning device is to be supplied;

How to choose the required rule from the set of decision rules.



The main point that I would like to make in this section relates to the absence of
any a priori classes of global and efficient non-heuristic decision rules (such as linear,
quadratic, etc.) in the sufficiently large metric space without the vector space structure.
In fact, this is not surprising, since the tremendous growths of all branches of
mathematics has been associated with the introduction of “"coordinate spaces” by R.
Descart and P. Fermat in the 17th century.

The absence of any useful global decision rules is easy to understand if we
remember that in a metric space we do not have direct access to the global information:
the only information directly available to us is the pairwise distances, and there is no
convenient analytical language for specifying non-local decision rules. Thus, there are
no statistically useful global decision classes in a metric space, the fact that has the

decisive effect on the statistical quality of the recognition algorithms.

5. CONCLUSION

The metric model clearly appears to be the unifying framework for all
applications of pattern recognition: speech recognition, shape recognition, character
recognition, waveform recognition, machine vision, etc. On the other hand, almost all
papers dealing with the metric formulation of various pattern recognition problems do
not go beyond the introduction of the metric and the inefficient metric nearest neighbor
recognition algorithms. This may have contributed to the slow appreciation of the metric
model as the superior pattern learning framework.

In this paper T have summarized several important arguments in favour of
proceeding to the solution of the metric recognition problems via the systematic use of
the auxiliary vector space representation proposed in (1)-(3). The latter analytical model

can be viewed as a further elaboration of the leading theme in mathematics -



approximation. Specifically, the distributions in the metric space are efficiently and
accurately approximated by the distributions in the low-dimensional vector space.

All the arguments presented in this paper follow from purely analytical
considerations. The same considerations should make it quite clear that no heuristic
solutions to the metric recognition problem, that are beginning to appear, can compete

with the systematic solutions via the auxiliary vector approximation.

Acknowledgement - 1 would like to thank Bill Knight for a useful discussion.
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Figure 1. Example of the recognition problem where modification of the
metric structure (by means of projection) improves the reliability

and efficiency of the transformed problem.



