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Abstract

Understanding electronic correlations in biomolecules is critical for advancing quan-

tum chemistry, drug design, and molecular biology. This thesis presents a quantum

information theory approach to analyzing electronic correlations in biomolecular sys-

tems using Mutual Information (MI), a measure derived from Reduced Density Matri-

ces (RDMs) and orbital entropies. We introduce Atomic Mutual Information (AMI)

as a novel metric that quantifies total correlation between atoms by summing MI con-

tributions from all orbital pairs connecting them, enabling detailed characterization

of both intra- and inter-molecular interactions.

The methodology is first applied to small systems, including dipeptides. To en-

sure accuracy, density matrix renormalization group (DMRG) calculations serve as a

high-level benchmark against which less computationally demanding methods such as

Density Functional Theory (DFT) and restricted Hartree-Fock (RHF) are evaluated.

We then extend our approach to larger peptides by introducing Fragment-wise Mu-

tual Information (FMI), a coarse-grained version of AMI that enables inter-fragment

correlation analysis. To study dynamic behavior, we analyze the evolution of FMI

by extracting snapshots from molecular dynamics (MD) trajectories. The results

demonstrate that increases in FMI correlate with folding and stabilization of peptide

structures, offering a quantum-informed descriptor of conformational changes that

complements classical metrics. Finally, the method is scaled up to small proteins

through a cut-wise reconstruction strategy. By stitching together results from over-
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lapping fragments, we approximate full-system FMI with reasonable accuracy. Vali-

dation on the insulin protein confirms the method’s ability to capture key features,

including hydrogen bonding, secondary structures, and disulfide bridges.

This work introduces scalable and interpretable tools for mapping electronic correla-

tions in biomolecular systems, bridging quantum chemistry and molecular modeling,

with broad applications in drug discovery, protein engineering, and force field devel-

opment.
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Chapter 1

Introduction

1.1 Significance of Biomolecular Structures

Biological systems rely on a wide variety of macromolecules to perform essential

functions. Among these, proteins play a particularly critical role as the primary

molecular machinery of life. Understanding the structure and function of proteins

is fundamental to uncovering the mechanisms that govern biological processes and

addressing diseases caused by their dysfunction.

1.1.1 Proteins: The Building Blocks of Life

Proteins are composed of amino acids, which are organic molecules serving as the

building blocks of these essential macromolecules. Each amino acid consists of a cen-

tral carbon atom (called the α−carbon) bonded to four distinct groups: a hydrogen

atom, a carboxyl group (–COOH), an amino group (–NH2), and a variable side chain

(R-group), refer to Figure 1.2. The unique properties of the R-group determine the

chemical nature of each amino acid, such as being hydrophobic, hydrophilic, acidic,

or basic. Amino acids exhibit chirality, meaning they exist in two mirror-image forms

known as enantiomers: the L- and D-forms. In biological systems, proteins are exclu-
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Figure 1.1: Structures of amino acids showing their common backbone, variable side
chains, and corresponding three-letter and one-letter codes.

sively composed of L-amino acids [1]. There are 20 naturally occurring amino acids,

and their specific sequence in a polypeptide chain dictates the protein’s structure

and function, Figure 1.1. Amino acids are linked together through peptide bonds,

where the carboxyl group of one amino acid reacts with the amino group of another,

releasing a molecule of water in a condensation reaction, Figure 1.2. The resulting

bond links the amino acids into a linear chain called a polypeptide. This process is

catalyzed by ribosomes in living cells during protein synthesis [2]. The sequence

of amino acids in the polypeptide determines its primary structure and ultimately

influences the folding and function of the protein. The folded structure determines

the specific function of the protein, enabling it to act as an enzyme, structural com-

ponents, signaling molecules, transporters, or antibodies within biological systems.

The structure of a protein can be organized into hierarchical levels [3]:

• Primary Structure: The linear sequence of amino acids in a polypeptide

chain, linked by peptide bonds. This sequence determines the subsequent fold-

2



Figure 1.2: peptide bond formation between two amino acids, illustrating the con-
densation reaction that results in a polypeptide chain

ing and overall structure of the protein, see Figure 1.3.

• Secondary Structure: Localized folding patterns stabilized by hydrogen

bonds between the backbone atoms of the polypeptide chain. Common sec-

ondary structures include α-helices and β-sheets.

• Tertiary Structure: The overall three-dimensional arrangement of a single

polypeptide chain is determined by interactions between side chains and the

surrounding environment.

• Quaternary Structure (if applicable): The assembly of multiple polypep-

tide chains into a functional protein complex stabilized by non-covalent inter-

actions or disulfide bonds.

These levels of organization are stabilized by noncovalent interactions, including hy-

drogen bonds, van der Waals forces, and hydrophobic interactions, see Figure 1.3.

The precise folding of a protein enables it to form functional domains, active sites,

and binding pockets critical for its role in biological systems. Any disruption to this

structure, whether due to environmental changes or genetic mutations, can affect

protein function and may result in a process known as denaturation. During de-

naturation, the protein unfolds or loses its organized structure. Unlike degradation,
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Figure 1.3: Cartoon representation of the hierarchical levels of protein structure, illus-
trating (a) primary (amino acid sequence), secondary (b) α-helices and (c) β-sheets,
(d) tertiary (three-dimensional folding), and (e) quaternary (assembly of multiple
polypeptide chains) structures.
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which breaks the peptide bonds, denaturation affects non-covalent interactions and

the folding of the polypeptide chain. While denaturation is often irreversible, in some

cases, proteins can refold into their native conformation under favorable conditions

[3].

1.1.2 Experimental Techniques for Protein Structure Deter-

mination

Understanding protein structures at an atomic level is essential for deciphering their

functions and interactions within biological systems. Several experimental techniques

have been developed to determine protein structures with high precision. The three

most widely used methods are X-ray crystallography, nuclear magnetic resonance

(NMR) spectroscopy, and cryo-electron microscopy (cryo-EM).

Each of these methods has unique strengths and limitations, and researchers often use

complementary approaches to gain a comprehensive understanding of protein struc-

tures and dynamics. These experimental techniques, combined with computational

modeling, continue to expand our knowledge of biomolecular structures and their

roles in biological processes.

1.1.2.1 X-ray Crystallography

X-ray crystallography has historically been the most common method for determining

protein structures at atomic resolution. This technique involves crystallizing the

protein of interest and exposing it to a beam of X-rays. The X-rays scatter upon

interacting with the electron clouds of the atoms in the crystal, which produces a

diffraction pattern that is recorded and analyzed to reconstruct the three-dimensional

structure of the protein [4]. The success of X-ray crystallography depends on the

ability to obtain high-quality crystals, a challenge for certain proteins, particularly

membrane proteins and intrinsically disordered proteins. Despite this limitation, X-
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ray crystallography has provided the majority of high-resolution protein structures

available in the Protein Data Bank (PDB).

1.1.2.2 Nuclear Magnetic Resonance Spectroscopy

NMR spectroscopy is a powerful alternative to X-ray crystallography for studying

proteins in solution, allowing structural characterization without the need for crys-

tallization. NMR relies on the magnetic properties of atomic nuclei, particularly

hydrogen (1H), carbon (13C), and nitrogen (15N), to probe the local chemical environ-

ment of atoms within the protein [5]. By analyzing the interactions between nuclear

spins, NMR spectroscopy provides information on protein structure, dynamics, and

interactions in physiological conditions. However, NMR is limited to relatively small

proteins (typically less than 40 kDa) due to the complexity of spectral analysis.

1.1.2.3 Cryo-Electron Microscopy

Cryo-electron microscopy has revolutionized structural biology by enabling the deter-

mination of protein structures at near-atomic resolution without the need for crys-

tallization. In cryo-EM, proteins are rapidly frozen in a thin layer of vitreous ice

and imaged using an electron microscope. Computational methods then reconstruct

a three-dimensional model from thousands of individual images [6]. Cryo-EM is par-

ticularly advantageous for studying large protein complexes and membrane proteins,

which are challenging to crystallize or analyze using NMR. The technique has seen

remarkable advances in recent years, making it a crucial tool in modern structural

biology.

1.1.3 Challenges in Protein Folding

The folding of proteins into their functional conformations is a complex process. After

synthesis, the linear polypeptide chain must navigate a vast conformational landscape
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to achieve its native three-dimensional structure. This process is governed by the

amino acid sequence, as described by Anfinsen’s dogma [7]. Anfinsen demonstrated

that the native structure, a state of lowest free energy, of a protein is determined solely

by its primary sequence of amino acids. This principle underscores the deterministic

relationship between sequence and structure [8]. The complexity of protein folding

arises from the immense number of possible conformations a polypeptide chain can

adopt. Levinthal’s paradox illustrates this challenge [9]: if a protein sampled every

possible conformation randomly, the time required to fold would exceed the age of the

universe. Yet, proteins typically fold within milliseconds to seconds. This apparent

paradox is resolved by the concept of a folding funnel, which describes the energy

landscape of folding. In this model, proteins progress through a series of intermedi-

ate states, guided by a decreasing free energy gradient, until they reach their native

conformation. Understanding protein folding is essential not only for elucidating fun-

damental biological processes but also for addressing diseases caused by misfolding,

where the failure to attain the correct structure results in loss of function or toxic

aggregation. In Alzheimer’s disease, misfolding of the amyloid-β protein leads to the

formation of plaques in the brain, which are associated with cognitive decline [10].

Similarly, in Parkinson’s disease, aggregation of α-synuclein forms Lewy bodies, which

disrupt neuronal function [11]. The cellular stress, inflammation, and apoptosis trig-

gered by misfolded proteins exacerbate these conditions, emphasizing the importance

of understanding the folding process [12]. To predict the three-dimensional structure

of proteins and better understand their folding mechanisms, researchers have devel-

oped a variety of computational and theoretical models. One such model is the Go

model, a coarse-grained approach that assumes the native state of a protein is its

most thermodynamically stable conformation [13]. By focusing on native contacts

defined in experimentally determined structures, the Go model provides valuable in-

sights into folding pathways and kinetics. However, it relies on prior knowledge of
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the native structure, limiting its applicability to unknown systems [14].

Molecular dynamics (MD) simulations using coarse-grained force fields, such as MAR-

TINI [15] or AWSEM [16], have also been employed to study protein folding. These

models simplify the representation of proteins by grouping atoms into larger beads, re-

ducing computational cost while maintaining key structural features. Coarse-grained

MD simulations enable the study of larger systems and longer timescales, capturing

aspects such as secondary structure formation and global dynamics that are challeng-

ing to model with all-atom approaches.

A groundbreaking advancement in protein structure prediction has come from Al-

phaFold, developed by DeepMind [17, 18]. AlphaFold utilizes deep learning tech-

niques to predict protein structures with remarkable accuracy by analyzing large-scale

sequence and structural data. Its neural networks integrate information from mul-

tiple sequence alignments and structural databases, achieving atomic-level precision

in predicting protein conformations. In 2021, AlphaFold successfully predicted the

structures of nearly all human proteins, a milestone that has revolutionized the field

of structural biology [19]. This achievement has profound implications for biomedical

research, accelerating drug discovery, enabling the study of previously uncharacter-

ized proteins, and providing insights into diseases caused by structural defects. The

significance of AlphaFold’s contribution was recognized with the Nobel Prize in 2024

[20].

These approaches, ranging from physics-based models like the Go model and coarse-

grained simulations to data-driven methods like AlphaFold, demonstrate the diverse

strategies employed to understand protein folding. Each method contributes uniquely

to unraveling the complexities of the folding process, and their integration with exper-

imental data provides a comprehensive framework for investigating the relationship

between protein structure, function, and disease.
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1.2 Theoretical Framework for Biomolecular Model-

ing

Understanding biomolecular systems requires a combination of theoretical ap-

proaches, each suited to different scales of complexity and computational cost. These

approaches can be broadly categorized into three levels of theory: classical mechan-

ics, semi-empirical methods, and quantum mechanics. This section introduces these

levels, starting with classical mechanics and progressing to the advanced precision of

quantum mechanics.

1.2.1 Classical Mechanics

Classical mechanics is the fundamental framework that describes the motion of objects

using Newton’s laws. It provides a deterministic approach where the trajectory of

a system can be predicted if its initial conditions and the forces acting on it are

known. In this framework, atomic and molecular systems are treated as collections

of classical particles, where interactions between them arise from potential energy

functions. These energy functions dictate how forces influence the motion of the

particles in a chemical system.

One important application of classical mechanics is MD, a computational technique

used to simulate the motion of atoms and molecules over time. MD solves Newton’s

equations of motion.

F⃗i = mi
d2r⃗i
dt2

(1.1)

where F⃗i is the force on atom i, mi is its mass, and r⃗i is its position. By tracking

the positions and velocities of particles, MD allows us to study molecular behavior,

conformational changes, and dynamic interactions in biological and chemical systems.
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This approach is particularly useful in fields like drug discovery, protein folding, and

biophysics, where understanding atomic-level processes is essential [21].

The accuracy and efficiency of MD simulations depend on the force fields, which

define the potential energy of a system based on a set of mathematical functions

and parameters. They approximate the interactions between atoms and molecules

by considering bonded interactions, such as covalent bonds modeled with harmonic

potentials, and non-bonded interactions, including van der Waals forces and electro-

static interactions [22, 23]. The total energy Etotal of a molecular system is expressed

as:

Etotal = Ebonded + Enon-bonded (1.2)

where Ebonded includes bond stretching, angle bending, and torsional terms, while

Enon-bonded accounts for van der Waals and electrostatic interactions.

for the bonded term we have:

Ebonded =
∑
bonds

kb(r − r0)
2 +

∑
angles

kθ(θ − θ0)
2 +

∑
dihedrals

kϕ[1 + cos(nϕ− ϕ0)] (1.3)

where kb, kθ, kϕ are force constants for bonds, angles, and torsions, respectively. These

force constants are typically derived from quantum mechanical calculations, experi-

mental data (such as vibrational spectra), or empirical fitting to reproduce observed

molecular properties. r, θ, ϕ represent bond lengths, bond angles, and dihedral angles,

while r0, θ0, ϕ0 are their corresponding equilibrium values, obtained from high-quality

quantum chemistry calculations or experimental crystallographic data.

The non-bonded interactions consist of van der Waals forces and electrostatic in-

teractions. The van der Waals forces are often modeled using the Lennard-Jones

(LJ) potential, which describes the interaction between two non-bonded atoms or
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molecules. The LJ potential is expressed as:

ELJ(r) = 4ϵ

[(σ
r

)12
−
(σ
r

)6]
(1.4)

Here ϵ is the depth of the potential well, representing the strength of the interaction.

σ is the distance at which the potential is zero, related to the size of the particles,

and r is the distance between the two interacting particles.

The LJ potential balances two competing forces [24]. The −1
r6

term represents the

attractive van der Waals interaction, also known as London dispersion forces. The

1
r12

term represents the repulsive interaction and serves as an empirical approximation

of the Pauli exclusion principle.

LJ has proven to be an excellent approximation for modeling nonbonded interactions

in many systems, particularly in molecular simulations. Including the electrostatic

term, the full expression for nonbonded interactions is:

Enonbonded =
∑
i<j

[
4ϵij

((
σij
rij

)12

−
(
σij
rij

)6
)

+
qiqj

4πϵ0rij

]
(1.5)

Where qi, qj are partial charges of atoms i and j and ϵ0 is permittivity of free space.

Force fields such as CHARMM [25], and OPLS-AA [26] rely on the LJ potential for

van der Waals interactions and Coulomb’s law for electrostatics. These parameters are

tuned to reproduce experimental observations and quantum mechanical calculations,

making force fields a versatile tool for molecular modeling.

1.2.2 Semi-Empirical Methods

Semi-empirical methods combine principles of quantum mechanics with parameter-

ization from experimental or high-level theoretical data. These methods simplify

quantum mechanical calculations by neglecting certain integrals and approximating
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others, reducing the computational cost. Some commonly used semi-empirical meth-

ods include the Austin Model 1 (AM1) [27] and Parametric Method 3 (PM3) [28].

Semi-empirical approaches are particularly useful for studying systems where elec-

tronic interactions play a significant role but full quantum mechanical treatment is

computationally prohibitive. They are often used for exploring reaction mechanisms,

charge transfer processes, and modeling active sites in an enzyme. Despite their

advantages, semi-empirical methods are not without limitations. Their reliance on

parameterization restricts their applicability to systems similar to those used during

the parameterization process [29].

1.2.3 Quantum Mechanics

Quantum mechanics provides the most detailed framework for studying molecular

systems by explicitly considering the electronic structure. It is governed by the time-

independent Schrödinger equation [30, 31]:

Ĥψ = Eψ (1.6)

where Ĥ is the Hamiltonian operator, ψ is the wavefunction of the system, and E

represents the total energy of the system. The Hamiltonian operator, Ĥ, encapsulates

all energy components of the molecular system and is expressed as:

Ĥ = T̂n + T̂e + V̂nn + V̂ne + V̂ee (1.7)

Each term represents a distinct physical contribution to the total energy:

T̂n term accounts for the kinetic energy of the nuclei, which are treated as massive

particles compared to electrons. It is expressed mathematically as:

T̂n = −
∑
I

ℏ2

2MI

∇2
I (1.8)
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where MI is mass of the I-th nucleus. ∇2
I is Laplacian operator acting on the nuclear

coordinates, ℏ is reduced Planck’s constant.

T̂e term accounts for the kinetic energy of all electrons in the system. It is expressed

as:

T̂e = −
∑
i

ℏ2

2me

∇2
i (1.9)

where me is the mass of the electron. ∇2
i is Laplacian operator acting on the position

of the i-th electron.

V̂nn term describes the repulsive Coulombic interactions between positively charged

nuclei in the system. It is expressed as:

V̂nn =
∑
I<J

ZIZJe
2

RIJ

(1.10)

where ZI and ZJ are atomic numbers of nuclei I and J , e is elementary charge. RIJ

is the distance between nuclei I and J .

V̂ne term represents the attractive Coulombic interactions between the positively

charged nuclei and negatively charged electrons. It is given by:

V̂ne = −
∑
i

∑
I

ZIe
2

riI
(1.11)

where riI is the distance between the i-th electron and the I-th nucleus.

V̂ee term accounts for the repulsive interactions between pairs of electrons due to their

negative charge. It is expressed as:

V̂ee =
∑
i<j

e2

rij
(1.12)

where rij is distance between electrons i and j.
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1.2.3.1 Born-Oppenheimer Approximation

The Born-Oppenheimer approximation simplifies the molecular Schrödinger equation

by decoupling the motions of nuclei and electrons. Since nuclei are significantly

heavier and move much more slowly than electrons, their dynamics can be treated

separately [32]. This approximation leads to the factorization of the total molecular

wavefunction into electronic and nuclear components:

ψ(R, r) ≈ ψe(r;R)χn(R) (1.13)

where ψe(r;R) is the electronic wavefunction, dependent on the positions of electrons

(r) and parametrically on the nuclear positions (R).χn(R) is the nuclear wavefunction,

which describes the motion of the nuclei.

The Born-Oppenheimer approximation allows the electronic Schrödinger equation to

be solved for fixed nuclear positions, significantly reducing the computational com-

plexity of molecular systems. The resulting electronic energy Eel(R) defines the po-

tential energy surface (PES), which in turn governs the nuclear motion.

After applying the Born-Oppenheimer approximation, the total molecular Hamilto-

nian can be separated into two main components: the electronic Hamiltonian and the

nuclear Hamiltonian. This separation simplifies the description of molecular systems

by treating electronic and nuclear motions independently to a good approximation:

Ĥ = T̂n + Eel(R) (1.14)

where T̂n is the nuclear Hamiltonian, which governs the motion of the nuclei on the

potential energy surface. Eel(R) is the electronic energy, obtained by solving the

electronic Hamiltonian for fixed nuclear positions.

It is important to note that the term Eel(R) in the total Hamiltonian represents the
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eigenvalue of the electronic Hamiltonian Ĥel, not the Hamiltonian operator itself. The

electronic Schrödinger equation:

Ĥelψe(r;R) = Eel(R)ψe(r;R), (1.15)

Where ψe(r;R) encodes the spatial distribution of electrons for fixed nuclear positions

is solved for each fixed nuclear configuration R, and the resulting eigenvalue Eel(R)

acts as a scalar potential energy term. The electronic Hamiltonian is given by:

Ĥel = T̂e + V̂ne + V̂ee + V̂nn (1.16)

From this point onward, we will focus on the electronic Hamiltonian Ĥel and its

role in describing the electronic structure of molecular systems. The simplifications

provided by the Born-Oppenheimer approximation allow us to isolate the electronic

contributions, which form the foundation of modern quantum chemistry methods.

1.2.3.2 The Many-Body Problem

The many-body problem in quantum mechanics refers to the challenge of solving the

Schrödinger equation for systems with multiple interacting particles, such as electrons

in atoms and molecules. The time-independent Schrödinger equation is expressed as:

ĤΨ(r1, r2, . . . , rN) = EΨ(r1, r2, . . . , rN), (1.17)

where Ĥ is the Hamiltonian operator, Ψ is the wavefunction of the system, E is the

total energy, and N is the number of particles.

The Hamiltonian for a many-body system can be written as:

Ĥ =
N∑
i=1

T̂i +
N∑
i<j

V̂ij + Eo, (1.18)

15



where T̂i represents the kinetic energy of the i-th particle and V̂ij describes the inter-

actions between particles i and j, Eo is a constant, e.g. Vnn for Ĥel.

One of the primary challenges in the many-body problem is the exponential growth

of degrees of freedom with the number of particles. The wavefunction depends on

the spatial coordinates of all N particles, making direct computation a combinatorial

problem. This complexity arises because the motion of one particle is influenced by

the presence of others, particularly due to mutual Coulomb repulsion. This interde-

pendence of particle motions is referred to as electron correlation, a critical aspect of

the many-body problem.

Electron correlation can be broadly classified into two types: dynamic and static.

Dynamic correlation accounts for the short-range interactions between electrons as

they avoid each other to minimize repulsion, capturing instantaneous fluctuations in

their positions. In contrast, static correlation becomes significant in systems where

multiple electronic configurations are nearly degenerate, such as during bond-breaking

processes or in transition states, and is essential for describing the correct ground

state.

Despite significant advancements, the many-body problem and its associated corre-

lation effects remain fundamental challenges in theoretical and computational chem-

istry and physics. In quantum chemistry, they are indispensable for understanding

molecular interactions, electronic structures, and reaction mechanisms. In condensed

matter physics, they provide insights into phenomena such as (super)conductivity,

magnetism, and others. Efforts to address these challenges have led to the develop-

ment of numerous computational and theoretical methods, which will be explored in

detail in the section on electronic structure methods.
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1.2.3.3 Electronic Structure Methods

Electronic structure methods are the cornerstone of computational chemistry, devel-

oped to approximate solutions to the Schrödinger equation 1.15 for molecular systems.

These methods provide insights into the behavior of electrons within molecules, re-

vealing critical information about molecular properties such as total energy, molec-

ular orbitals (MOs), bond strengths, dipole moments, and chemical reactivity. By

describing how electrons interact with nuclei and with each other, electronic struc-

ture methods bridge the gap between quantum theory and practical applications in

chemistry, biology, and materials science.

Due to the inherently complex nature of the many-body problem, solving the

Schrödinger equation accurately is only feasible for very small systems, typically con-

taining fewer than ten particles. This limitation arises from the exponential growth

in the number of electronic interactions as the system size increases. For larger and

more complex systems, approximations and numerical techniques are essential. These

methods aim to balance computational efficiency with accuracy, enabling researchers

to study realistic molecular systems.

1.2.3.4 Hartree-Fock Theory

Hartree-Fock (HF) theory is a foundational method in quantum chemistry, developed

to approximate solutions to the electronic Schrödinger equation for many-electron

systems. HF theory forms the foundation for many advanced quantum chemical

methods and is essential for understanding the behavior of electrons in molecules. HF

theory addresses the many-electron problem by assuming that each electron moves

independently in an average field created by all other electrons. This independent

particle approximation reduces the complexity of the problem significantly.

The foundation of HF theory lies in the variational principle, which ensures that the

approximate wavefunction minimizes the total electronic energy. In HF theory, the
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wavefunction is represented as a single Slater determinant:

Ψ(r1, s1, r2, s2, . . . , rN , sN) =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ1(r1, s1) ψ2(r1, s1) . . . ψN(r1, s1)

ψ1(r2, s2) ψ2(r2, s2) . . . ψN(r2, s2)

...
... . . . ...

ψ1(rN , sN) ψ2(rN , sN) . . . ψN(rN , sN)

∣∣∣∣∣∣∣∣∣∣∣∣∣
(1.19)

where ψi(r, s) are the spin-orbitals, each containing a spatial molecular orbital (MO)

component and a spin function. Here, r represents the spatial coordinates of an

electron, while s denotes its spin variable. The Slater determinant ensures compliance

with the Pauli exclusion principle and accounts for exchange interactions.

1.2.3.5 The Linear Combination of Atomic Orbitals

Since molecular orbitals are not known a priori, they are constructed using the Linear

Combination of Atomic Orbitals (LCAO) approximation:

ψi(r, s) =
∑
µ

cµiϕµ(r)χ(s), (1.20)

where ψi(r, s) is the i-th spin-orbital, ϕµ(r) are atomic orbitals (AOs), which include

a spatial component and a spin component, χ(s), which can be either α(s) (spin-up)

or β(s) (spin-down), cµi are the molecular orbital coefficients. The coefficients cµi are

determined by solving the HF equations.

1.2.3.6 Fock Operator

Minimizing the total electronic energy leads to the HF equations:

F̂ψi = εiψi, (1.21)
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where F̂ is the Fock operator, defined as:

F̂ = ĥ+ Ĵ − K̂, (1.22)

Here ĥ is the core Hamiltonian includes the one-electron terms, representing the

kinetic energy of the electron (Eq. 1.9) and its attraction to the nuclei (Eq. 1.11).

The Ĵ is the Coulomb operator that accounts for the average coulomb repulsion

between an electron and the total electron density:

Ĵjψi(r1, s1) =

[∫
|ψj(r2, s2)|2

r12
dr2ds2

]
ψi(r1, s1), (1.23)

where r12 is the distance between electrons 1 and 2. The exchange operator K̂ arises

due to the antisymmetry of the wavefunction, ensuring compliance with the Pauli

exclusion principle:

K̂jψi(r1, s1) =

[∫
ψ∗
j (r2, s2)ψi(r2, s2)

r12
dr2ds2

]
ψj(r1, s1). (1.24)

1.2.3.7 Variational Principle

The HF method leverages the variational principle to approximate the electronic

wavefunction. According to the variational principle, the ground-state energy E0 of

a quantum system satisfies:

E0 ≤
⟨Ψ|Ĥ|Ψ⟩
⟨Ψ|Ψ⟩

. (1.25)

The goal is to find the wavefunction Ψ that minimizes the total energy:

EHF = min
ψ1,ψ2,...,ψN

(
N∑
i=1

⟨ψi|ĥ|ψi⟩+
1

2

N∑
i,j=1

(
⟨ψiψj|Ĵ |ψiψj⟩ − ⟨ψiψj|K̂|ψiψj⟩

))
+ Vnn.

(1.26)

19



1.2.3.8 Basis Functions

Atomic orbitals were initially approximated using Slater-Type Orbitals (STOs) [33],

which resemble the solutions of the hydrogen-like Schrödinger equation

ϕSTO(r) = e−αr, (1.27)

where α is a constant related to the effective charge of the nucleus and r is the

radial distance from the nucleus. STOs correctly capture the nuclear cusp behavior of

atomic wavefunctions at the nuclear center and decay exponentially at large distances,

making them physically accurate. However, the calculation of electron repulsion

integrals using STOs is computationally demanding, limiting their practical use.

To overcome this problem, Gaussian-type orbitals (GTOs) were introduced [34]

ϕGTO(r) = e−βr
2

, (1.28)

where β determines the shape and width of the Gaussian. Although Gaussians do not

exhibit the correct cusp behavior near the nucleus, their integrals can be evaluated

analytically in a much simpler and faster manner. Early basis sets, such as STO-

nG, approximated each atomic orbital with n Gaussians, collectively referred to as

contracted Gaussian-type orbitals (CGTOs) [35]

ϕGTOn(r) =
n∑
i=1

Die
−βir2 , (1.29)

where Di refers to the contraction coefficient for GTOi. In this approach, multiple

primitive Gaussians with different exponents and coefficients are linearly combined

to approximate a single STO. This method retains the computational advantages of

Gaussians while mimicking the shape of STOs more closely. Figure 1.4 illustrates the

differences between a single STO function, a single Gaussian function, and three prim-
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itive Gaussians whose sum forms a contracted Gaussian function that more closely

resembles the STO shape [36]. As computational resources improved, researchers

introduced split-valence basis sets like 3-21G and 6-31G, allowing for better flexibil-

ity in valence orbitals [37]. The need for accurate descriptions of chemical bonding

and molecular interactions led to the introduction of polarization functions, which

enable orbitals to distort under molecular interactions, and diffuse functions, which

are crucial for describing weakly bound electrons in anions and for excited states [38].

More sophisticated basis sets, such as the correlation-consistent series (cc-pVDZ, cc-

pVTZ, etc.), systematically improve accuracy by incorporating correlation effects.

These basis sets allow chemists to balance computational efficiency and accuracy,

making them indispensable tools in quantum chemistry [39].

The choice of basis function depends on a trade-off between computational cost and

accuracy. Minimal basis sets like STO-3G are fast but not very accurate while split-

valence basis sets 6-31G have reasonable accuracy with moderate computational cost.

Polarized basis sets 6-31G(d) are good for chemical bonding and reaction studies

and correlation-consistent basis sets like cc-pVTZ or cc-pVQZ are required for high-

precision correlated calculations.
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Figure 1.4: Comparison of basis functions used in quantum chemistry. The black
curve shows an STO. The green dotted curve represents a single GTO. The red
curves show three primitive Gaussians with different widths, and their sum (dashed
red line) forms a CGTO that approximates the shape of the STO more closely.

1.2.3.9 Second Quantization

As discussed, the wavefunction of a system of N electrons can be expressed as Eq.

1.19. This formulation quickly becomes cumbersome as the number of particles in-

creases. Second quantization simplifies this by describing quantum states in terms

of occupation numbers in a predefined set of basis orbitals [40]. Instead of explicitly

tracking individual electron coordinates, we use Fock space, where each basis orbital

is either occupied or unoccupied. Second quantization is a reformulation of quantum

mechanics in terms of creation and annihilation operators, providing a systematic

way to describe many-electron states and interactions [41]. The central objects in the

second quantization are the creation operator â†p which adds an electron to orbital p
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and annihilation operator âp which removes an electron from orbital p [30].

These operators obey fermionic anticommutation relations:

{âp, â†q} = âpâ
†
q + â†qâp = δpq, (1.30)

{âp, âq} = {â†p, â†q} = 0. (1.31)

The many-electron wavefunction is represented as a Fock state, which specifies the

occupation number of each orbital:

|n1, n2, . . . , nM⟩, (1.32)

where np = 0 or 1 for fermions. The vacuum state, representing an empty system, is:

|0⟩. (1.33)

Applying the creation operator populates an orbital:

â†p|0⟩ = |0, 0, . . . , 1p, . . . , 0⟩. (1.34)

Similarly, applying the annihilation operator removes an electron:

âp| . . . , 1p, . . . ⟩ = | . . . , 0p, . . . ⟩ (1.35)

or annihilate the state if the electron is not present

âp| . . . , 0p, . . . ⟩ = 0 (1.36)
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The electronic Hamiltonian in second quantization is written as:

Ĥ =
∑
pq

hpqâ
†
pâq +

1

2

∑
pqrs

gpqrsâ
†
pâ

†
qâsâr, (1.37)

where hpq are one-electron integrals:

hpq =

∫
ψ∗
p(r)

(
− ℏ2

2m
∇2 −

∑
I

ZIe
2

|r−RI |

)
ψq(r)dr. (1.38)

and gpqrs are two-electron integrals:

gpqrs =

∫ ∫
ψ∗
p(r1)ψ

∗
q (r2)

e2

|r1 − r2|
ψr(r2)ψs(r1)dr1dr2. (1.39)

The second quantization formalism provides a convenient framework for describing

quantum states in complex many-electron systems.

1.2.3.10 Wick’s Theorem

Wick’s theorem reduces the complexity of computing multi-operator products by

breaking down a complex product into a sum over pairwise contractions [42]. In the

context of mean field theory, certain contractions vanish because of the properties

of the underlying state. For HF states, this means that all higher-order correlation

functions like

Γγδαβ = ⟨HF|a†αa
†
βaδaγ|HF⟩ (1.40)

can be expressed directly in terms of the one-particle contractions, without the need

to consider explicit many-body correlations.

Γγδαβ = ⟨HF|a†αaγ|HF⟩⟨HF|a†βaδ|HF⟩ − ⟨HF|a†αaδ|HF⟩⟨HF|a†βaγ|HF⟩ (1.41)

This represents all the unique pairings between one creation and one annihilation
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operator that preserve fermion number and respect anticommutation rules. In terms

of the one-particle density matrix ρ, this reads:

Γγδαβ = ργαρ
δ
β − (ρδαρ

γ
β) (1.42)

An important feature of Wick’s theorem is that certain contractions vanish identically

due to the nature of the reference state. For example, contractions involving two

creation operators or two annihilation operators are zero in the HF vacuum. This

is because the HF state conserves particle number and is constructed such that only

pairings between a creation and an annihilation operator yield non-zero expectation

values. Thus, when we expand the four-operator product using Wick’s theorem,

only the nonvanishing contractions contribute to the final result, which simplifies the

calculation considerably.

1.2.3.11 Density Functional Theory

Density Functional Theory (DFT) is one of the most widely used electronic structure

methods in quantum chemistry. Unlike the HF method, which is a many-electron

wavefunction theory, DFT reformulates the problem in terms of the electron density

ρ(r). This provides an efficient and computationally feasible framework for studying

molecular properties, chemical reactivity, and solid-state materials [43].

The foundation of DFT is based on two theorems established by Hohenberg and

Kohn. First, the ground-state electron density ρ(r) uniquely determines the external

potential Vext(r), and consequently, all properties of the system. Second, a universal

functional for the energy, E[ρ], exists, and the true ground-state density minimizes

this functional [44].

These theorems imply that solving the electronic Schrödinger equation can be re-

formulated as a minimization problem over the electron density. Since the exact

functional E[ρ] is unknown, Kohn and Sham introduced a practical approach by map-
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ping the interacting many-electron system onto a system of non-interacting electrons

moving in an effective potential. The total energy functional is written as:

E[ρ] = Ts[ρ] + Eext[ρ] + EH[ρ] + EXC[ρ], (1.43)

where Ts[ρ] is the kinetic energy of non-interacting electrons, Eext[ρ] is the external

potential energy due to nuclei, EH[ρ] is the classical Coulomb energy (Hartree term),

EXC[ρ] is the exchange-correlation energy, which includes all quantum many-body

effects [45].

The Kohn-Sham equations for the single-particle orbitals ψi(r) take the form:

[
− ℏ2

2m
∇2 + Veff(r)

]
ψi(r) = εiψi(r), (1.44)

where the effective potential is given by:

Veff(r) = Vext(r) + VH(r) + VXC(r). (1.45)

These equations are solved self-consistently in an iterative process similar to Hartree-

Fock.

The KS orbitals ψi(r) are single-electron wavefunctions used to construct the total

electron density:

ρ(r) =
∑
i

fi|ψi(r)|2, (1.46)

where fi represents the occupation numbers. The KS wavefunction is a Slater deter-

minant:

ΨKS(r1, r2, . . . , rN) =
1√
N !

∣∣∣∣∣∣∣∣∣∣∣∣∣

ψ1(r1) ψ2(r1) . . . ψN(r1)

ψ1(r2) ψ2(r2) . . . ψN(r2)

...
... . . . ...

ψ1(rN) ψ2(rN) . . . ψN(rN)

∣∣∣∣∣∣∣∣∣∣∣∣∣
. (1.47)
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Although this wavefunction formally resembles the Hartree-Fock determinant, it does

not include explicit electron-electron interactions beyond the exchange-correlation

potential.

The accuracy of DFT depends on the approximation used for the exchange-correlation

functional EXC[ρ]. Several approximations exist:

• Local Density Approximation (LDA): Assumes EXC[ρ] depends only on

the local electron density. This is generally a good assumption for solids.

• Generalized Gradient Approximation (GGA): Incorporates the density

gradient ∇ρ(r) to improve accuracy, like PBE and BLYP functionals.

• Meta-GGA Functionals: Extend GGA by including the kinetic energy den-

sity τ(r) for further flexibility, e.g., M06-L.

• Range-Separated and Dispersion-Corrected Functionals: Improve long-

range interactions and van der Waals effects. Examples include ωB97M-V and

DFT-D corrections.

1.2.3.12 Quantum Theory of Atoms in Molecules

The Quantum Theory of Atoms in Molecules (QTAIM) provides a framework for an-

alyzing electronic structure by partitioning molecular space based on the topology of

the electron density [46, 47, 48]. The spatial distribution of density, ρ(r), is domi-

nated by the nuclei, which act as strong attractors of electron density. The regions

associated with individual atoms in a molecule is defined by a zero-flux surface, which

is determined by the condition

∇ρ(r) · n(r) = 0, (1.48)
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where ∇ρ(r) is the gradient of the electron density ρ(r), and n(r) is the unit normal

vector to the zero-flux surface that separates atomic basins. This condition ensures

that electrons within an atomic basin are primarily influenced by their respective

nucleus, forming a quantum mechanical definition of an atom in a molecule (AIM).

QTAIM characterizes molecular structure using bond critical points (BPCs) in the

electron density, where the first derivative of ρ(r) vanishes:

∇ρ(r) = 0. (1.49)

and a set of bond paths is an indicator of bond strength, characterized by the Lapla-

cian of the electron density (∇2ρBCP):

• ∇2ρBCP < 0: Covalent bonding (charge accumulation).

• ∇2ρBCP > 0: Ionic, hydrogen bonding, or van der Waals interactions, etc.

(close-shell interactions)

This framework enables the construction of larger systems from smaller fragments,

as demonstrated by Chang and Bader [49], who showed that polypeptides can be as-

sembled from transferable functional groups with minimal loss of accuracy. QTAIM

correlation matrices can also serve as predictive descriptors of molecular properties,

supporting the idea that matrix representations of electronic structure capture chem-

ically meaningful information [50, 51, 52].

1.2.3.13 Transferable Atom Equivalent

The Transferable Atom Equivalent (TAE) method is grounded in Bader’s AIM the-

ory. Within this framework, molecular properties are reconstructed using libraries

of precomputed atomic fragments obtained from reference quantum chemical calcu-

lations [53, 54]. Each atomic fragment is characterized by its chemical environment,

enabling its transferability across different molecular systems.
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Molecular reconstruction is carried out using the RECON algorithm, which selects

and positions appropriate atomic equivalents based on chemical descriptors such as

connectivity, hybridization, and local topology. The selected atomic densities are

then aligned within the global molecular framework using quaternion-based fitting

procedures, ensuring proper orientation and spatial consistency with the target struc-

ture. Following assembly, the electron density may be refined iteratively to account

for environment-specific effects, thereby improving the accuracy of the reconstructed

molecular properties while maintaining computational efficiency. TAE-based descrip-

tors have been successfully applied in QSPR and QSRR studies for large biomolecules,

where they provide efficient approximations of electronic properties for predictive

modeling tasks [55].

1.2.3.14 Fragment Molecular Orbital

The Fragment Molecular Orbital (FMO) method is an approximate quantum mechan-

ical approach designed to enable electronic structure calculations for large molecu-

lar systems, such as proteins, by partitioning them into smaller, computationally

tractable fragments [56, 57]. Within the FMO framework, a molecular system is par-

titioned into N fragments. The electronic structure of each fragment is computed

using a fragment Hamiltonian (HI), which includes both internal contributions and

the electrostatic potential arising from all other fragments in the system. The frag-

ment Hamiltonian is expressed as

HI =

nI∑
i

(
−1

2
∇2
i −

all atoms∑
s

Zs
rsi

+
N∑
J ̸=I

∫
ρJ(r

′)

|ri − r′|
dr′

)
+

nI∑
i>j

1

rij
, (1.50)
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where nI is the number of electrons in fragment I, Zs is the nuclear charge of atom

s, and ρJ(r′) denotes the electron density of fragment J . The total energy is given by

E =
N∑
I<J

EIJ − (N − 2)
N∑
I=1

EI +
all atoms∑
s<t

ZsZt
rst

, (1.51)

where EI and EIJ represent the electronic energies of individual fragments and frag-

ment pairs, respectively, and the final term accounts for nuclear repulsion.

1.2.3.15 Kernel Energy Method

The Kernel Energy Method (KEM) is a fragmentation-based quantum mechanical

approach that enables efficient calculation of electronic properties in large molecular

systems by decomposing them into smaller units, referred to as kernels [58, 59, 60,

61, 62, 63, 64]. Based on a many-body expansion, KEM replaces a full-system ab

initio calculation with a series of calculations on reduced subsystems, significantly

lowering computational cost while maintaining reasonable accuracy. This makes it

particularly useful for studying biomolecules and extended systems.

In KEM, a molecular property P , such as the total energy, is approximated using an

inclusion–exclusion scheme. In the second-order approximation (KEM2) [65, 66], the

property is expressed as

PKEM2 =
m−1∑
a=1

m∑
b=a+1

Pab − (m− 2)
m∑
c=1

Pc (1.52)

where m is the total number of kernels, Pab is the property calculated for the double

kernel (the union of kernels a and b) and Pc is the property for the single kernel c.

If only chemically bonded double kernels are considered for a linear chain, the ap-

proximation simplifies to summing adjacent pairs and subtracting the internal single

kernels. The system is partitioned so that each atom belongs to a single kernel, and

covalent bonds between kernels are capped with hydrogen atoms to preserve chemical
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structure.

1.2.3.16 Energy Decomposition Analysis

Energy Decomposition Analysis (EDA) is a computational technique used to analyze

and interpret intermolecular interactions in computational chemistry [67, 68]. Given

that electronic structure methods such as HF or DFT provide total interaction ener-

gies without direct insight into their components, EDA offers a way to break down

these interactions into physically meaningful terms.

The total interaction energy ∆Etot between two fragments (molecules, ligands, or

functional groups) is computed as:

∆Etot = Ecomplex − (Efragment 1 + Efragment 2), (1.53)

where Ecomplex is the energy of the bound system, Efragment 1 and Efragment 2 are the

energies of the individual fragments.

1.2.3.17 Natural Bond Orbital Analysis

Natural Bond Orbital (NBO) analysis is an insightful method for interpreting molec-

ular electronic structure by transforming delocalized molecular orbitals into a set of

localized orbitals that provide a chemically intuitive picture of bonding [69]. The

transformation from delocalized MOs ψi to localized NBOs ϕNBO,i is given by:

ϕNBO,i =
∑
j

Cijψj, (1.54)

where Cij are transformation coefficients that maximize electron localization.
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1.2.3.18 Size Extensiveness

The HF method is size-extensive but lacks electron correlation [70]. Size extensivity

is an essential property for correctly modeling quantum chemical systems [71]. This

property ensures the total energy of a system scales correctly with the number of

particles. A method is size-consistent if the computed energy of a system consisting

of two non-interacting subsystems (A and B) satisfies:

E(A+B) = E(A) + E(B). (1.55)

1.2.3.19 Post-Hartree-Fock Methods

The post-Hartree-Fock (post-HF) methods are methods that improve upon HF theory

by incorporating electron correlation [30, 32]. These methods provide more accurate

solutions to the electronic Schrödinger equation and are essential for predicting molec-

ular properties with high precision. They fall into several categories.

1.2.3.20 Configuration Interaction

Configuration Interaction (CI) improves upon HF by expressing the wavefunction as

a linear combination of Slater determinants [30], accounting for electronic excitations:

ΨCI = c0ΨHF +
∑
ia

caiΨ
a
i +

∑
ijab

cabijΨ
ab
ij + . . . (1.56)

where ΨHF is the reference Hartree-Fock determinant, Ψa
i represents a single excita-

tion, where an electron is promoted from occupied orbital i to virtual orbital a, Ψab
ij

represents a double excitation, and so on. Different levels of CI approximations exist,

such as CIS (CI Singles), which only includes single excitations, CISD (CI Singles

and Doubles), and so on. The exact solution for the electronic Schrödinger equation

within a given basis set can be obtained by Full CI (FCI), which includes all possible
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excitations but is computationally intractable for all but the smallest systems.

1.2.3.21 Møller-Plesset Perturbation Theory

Møller-Plesset Perturbation Theory (MPn) treats electron correlation as a perturba-

tion to the HF wavefunction [72]. The total energy is expressed as a series expansion:

EMP = EHF + E(2) + E(3) + E(4) + . . . (1.57)

where E(n) represents the correction at the n-th order. A common MPn method

is MP2 (second-order perturbation theory) which is widely used due to its balance

between accuracy and computational cost.

1.2.3.22 Multi Reference Methods

For describing systems where a single reference HF wavefunction is insufficient, such as

bond breaking in any chemical system or transition metal complexes, multireference

methods are essential [73]. These methods explicitly account for strong electron

correlation. One of the most widely used multireference methods is the Complete

Active Space Self Consistent Field (CASSCF), where an active space of important

orbitals is selected, and full electron correlation is included within this space [74]. The

wavefunction is expressed as a linear combination of multiple Slater determinants:

|ΨCASSCF⟩ =
∑
i

Ci|Φi⟩

where Φi are different configurations (Slater determinants) formed within the active

space.

While CASSCF captures static correlation, it lacks dynamic correlation, which can be

introduced using post-CASSCF methods like Complete Active Space Second-Order

Perturbation Theory (CASPT2 [75]).
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1.2.3.23 Coupled Cluster Theory

Coupled Cluster (CC) theory is one of the most accurate post-HF methods [76].

Instead of a linear expansion like CI, CC uses an exponential ansatz:

ΨCC = eT̂ΨHF, (1.58)

where T̂ is the cluster operator:

T̂ = T̂1 + T̂2 + T̂3 + . . . (1.59)

Here T̂1 is a single excitation, T̂2 is a double excitation, T̂3, T̂4, etc. are higher

excitation operators. One of the popular CC methods is CCSD (Coupled-Cluster

Singles and Doubles), which accounts for single and double excitations. CCSD with

a perturbative treatment of triple excitations is called CCSD(T), which is considered

the "gold standard" in quantum chemistry [77].

Despite its accuracy, canonical CCSD(T) scales as O(N7), making it computationally

expensive for large systems. To address this limitation, the Domain-Based Local Pair

Natural Orbital Coupled Cluster (DLPNO-CCSD(T)) method was developed [78]. It

constructs an efficient representation of the virtual orbital space using Pair Natural

Orbitals (PNOs) [79], where only the most important virtual orbitals contributing

to electron correlation are retained. The key idea in PNO-based methods is that

the virtual orbital space can be efficiently compressed using natural orbitals derived

from the correlation of electron pairs. For a given pair of localized occupied orbitals

(i, j), the corresponding PNOs {ψijn } are obtained by diagonalizing the MP2-based

pair density matrix:

Dij
ab =

∑
c

tacij (t
bc
ij )

∗, (1.60)

where a, b, c are indices over virtual orbitals in the pair domain, and tabij are the MP2
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amplitudes for exciting electrons from i, j to virtual orbitals a, b. Diagonalizing Dij

yields eigenvalues nijn , which serve as occupation numbers indicating the contribution

of each pair natural orbital to the correlation energy.

Orbitals with small occupation numbers nijn are truncated based on a threshold

TCutPNO, retaining only the most significant contributions:

nijn > TCutPNO. (1.61)

This truncation ensures that only the most important virtual orbitals for each pair are

retained, dramatically reducing the computational cost of CCSD(T) while maintain-

ing accuracy. The result is a sparse and localized representation of the wavefunction.

1.2.3.24 Density Matrix Renormalization Group

The Density Matrix Renormalization Group (DMRG) is a highly efficient numerical

method for solving strongly correlated quantum systems [80]. DMRG was originally

developed in the context of condensed matter physics and has since been adapted for

quantum chemistry. DMRG overcomes an exponential growth in computational cost

by using a more compact representation of the wavefunction, which captures only the

most relevant quantum correlations [81].

A general many-body wavefunction for a system with L orbitals can be written in the

basis |n1, n2, . . . , nL⟩ as:

|Ψ⟩ =
∑

n1,n2,...,nL

Cn1,n2,...,nL
|n1, n2, . . . , nL⟩. (1.62)

The tensor C contains exponentially many coefficients. This exponential growth

makes it impractical to perform exact electronic structure calculations for systems

with large L. DMRG avoids this issue by factorizing C into a product of smaller
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tensors using the Matrix Product State (MPS) formalism:

Cn1,...,nL
=
∑
{α}

An1
α0α1

An2
α1α2

. . . AnL
αL−1αL

, (1.63)

where each Ani is a three-index tensor. The indices αi are called bond indices or

auxiliary indices and its dimension, called the m, determine the accuracy of the

approximation.

The power of MPS lies in its ability to exploit the entanglement in quantum systems

by using the Schmidt decomposition [82]. Given a bipartition of a quantum system

into two subsystems A and B, any wavefunction can be written as:

|Ψ⟩ =
n∑
i=1

λi|ψAi ⟩ ⊗ |ψBi ⟩, (1.64)

where |ψAi ⟩ and |ψBi ⟩ are orthonormal states in each subsystem, and λi are the Schmidt

coefficients. The number of significant Schmidt coefficients determines the minimal

number of terms needed to accurately represent the entanglement across the bipar-

tition. In the MPS representation, this number corresponds to the bond dimension

m, which sets the size of the auxiliary (virtual) indices αi connecting neighboring

tensors. A larger m enables the MPS to capture more entanglement, while a smaller

m reduces computational cost at the expense of accuracy.

The Schmidt decomposition can be calculated through the singular value decompo-

sition (SVD) [82]. The full wavefunction tensor is first reshaped into a matrix M by

grouping the indices associated with a chosen bipartition of the system. This matrix

is then factorized using SVD:

M = UΣV †, (1.65)

where U and V are unitary matrices containing the orthonormal basis vectors for

subsystems A and B, respectively, and Σ is a diagonal matrix whose entries are the
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singular values corresponding to the Schmidt coefficients λi.

Figure 1.5 illustrates the construction of the MPS through successive tensor decom-

positions of the full wavefunction coefficient tensor. Starting from the original tensor

Cn1n2...nL
, the wavefunction is systematically factorized using the SVD. At each step,

a local site tensor Ai is extracted while the remaining part is passed on as a con-

tracted core tensor. This iterative process continues until the entire wavefunction

is represented as a chain of low-rank tensors. Each tensor corresponds to a single

orbital and contains one physical leg, pairing upward, representing the local orbital

occupation, and two virtual or bond legs that connect to neighboring tensors.
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Figure 1.5: Graphical representation of an MPS tensor network with physical indices
ni and bond indices αi. (a) The original wavefunction coefficient tensor Cn1n2...nL

,
which encodes all coefficients of the many-body wavefunction. (b) Factorization be-
gins by reshaping and decomposing the tensor into a smaller tensor A1 and a con-
tracted core C ′ via SVD. (c) This process continues iteratively, decomposing the
updated core into successive tensors A2, A3, . . ., with new auxiliary indices αi in-
troduced at each step. (d) The final MPS structure emerges as a chain of tensors
A1, A2, . . . , AL, each linked by shared auxiliary indices. (e) Full MPS representation
of the wavefunction as a tensor network: each node corresponds to a local site tensor,
and the virtual bonds encode entanglement between neighboring sites.

For the MPS, efficient computation of physical observables relies on bringing the

wavefunction into a canonical form. This involves orthonormalizing the tensors in

the MPS with respect to a specific site, known as the orthogonality center. The

figure 1.6 illustrates this concept by showing an MPS structure centered at site L.

On the left side of the orthogonality center, tensors A1, A2, . . . , AL−1 are left-

orthonormal. This means that the contraction over the physical and left bond indices
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satisfies the isometry condition:

∑
ni

(Ani
i )

†Ani
i = I. (1.66)

On the right-hand side of the MPS, tensors are either unnormalized or prepared for

right-orthonormalization in the reverse sweep. The central tensor AL, often referred

to as the mixed-canonical tensor, is the only one not constrained by orthonormality

and acts as the optimization target during DMRG sweeps. This structure is crucial for

reducing the cost of evaluating expectation values such as ⟨Ψ|Ĥ|Ψ⟩, since it eliminates

redundant tensor contractions and focuses optimization on a local environment.

𝐴1 𝐴2 𝐴3
𝛼1 𝛼2 𝛼3

𝑛1 𝑛2 𝑛3

𝐴𝐿
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𝑛𝐿
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𝐴𝐿

𝑛'𝐿

𝑛𝐿

𝐴𝐿

𝑛z
𝐿==

Figure 1.6: Canonical form of a MPS centered at site L. Tensors to the left of L
are left-orthonormal, ensuring identity contractions over bond indices α′

i. The central
tensor AL is the orthogonality center and is not constrained by normalization. This
structure is essential for efficient DMRG optimizations and operator evaluations.

DMRG optimizes the MPS wavefunction iteratively using a procedure known as the

sweep algorithm:

1. Initialization: Start with a reference wavefunction, often from HF calculation.

2. Left-to-right sweep: Optimize tensors site-by-site while keeping other tensors

fixed.

3. Right-to-left sweep: Reverse the optimization direction.

4. Convergence: Repeat the sweeps until the energy converges to the desired pre-

cision.
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The electronic Hamiltonian within the MPS formalism will be expressed as a Matrix

Product Operator (MPO)[83, 84, 85]. MPOs decompose the total Hamiltonian into a

chain of local operator-valued tensors. The MPO format is particularly advantageous

when dealing with local Hamiltonians acting on one-dimensional chains, which obey

the area law of entanglement.

1.2.3.25 Locality in Electronic Structure

A fundamental concept underpinning the efficiency of modern electronic structure

methods is the locality of quantum correlations in many-body systems. This idea is

closely connected to the area law of entanglement entropy, originally developed in

condensed matter physics in the study of geometric entropy in quantum field theory,

motivated by black hole physics. The area law states that the entanglement between

two spatial regions scales with the size of their boundary rather than their volume

[86, 87], implying that quantum correlations are predominantly short-ranged and

localized in space [88, 89].

Closely related to this is the nearsightedness principle introduced by Kohn, which

states that local electronic properties are only weakly influenced by distant perturba-

tions [90, 91, 92]. As a consequence, the one-particle density matrix exhibits spatial

decay, allowing the electronic structure of large systems to be accurately described

using local information.

Together, these principles establish the theoretical basis for fragmentation approaches

and reduced representations of the electronic structure to describe electronic struc-

ture. By exploiting the locality of electronic interactions, such methods enable scal-

able treatments of large molecular systems.
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1.2.3.26 Density Matrix Formalism

The density matrix formalism provides an alternative framework to describe quantum

systems, particularly useful for systems with many interacting particles. Instead of

using a wavefunction, the state of the system is represented by the density operator

ρ̂. A pure state is

ρ̂ = |ψ⟩⟨ψ|, (1.67)

The density operator ρ̂ is a Hermitian, positive semi-definite and normalized Tr(ρ̂) =

1.

1.2.3.27 Reduced Density Matrices

In many-body quantum systems, we are often interested in a subset of degrees of

freedom while ignoring the rest. For example, we might be interested in a subsystem

A, embedded in an environment B, which we prefer to ignore. The state of such

a subsystem can be described using a reduced density matrix (RDM), obtained by

performing a partial trace over the remaining degrees of freedom (the environment)

[93, 94, 95, 96, 97].

Suppose the full system is described by a pure state |Ψ⟩ in a Hilbert space H =

HA ⊗HB, where HA and HB represent the subsystems of interest and environment,

respectively. The reduced density matrix of subsystem A is:

ρ̂A = TrB(|Ψ⟩⟨Ψ|), (1.68)

where TrB denotes the partial trace over the degrees of freedom in B. The ρ̂A contains

all the information necessary to compute physical observables within A.
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1.2.3.28 Quantum Entanglement

The RDM allows us to characterize entanglement. A standard measure of entangle-

ment is the von Neumann entropy. For a pure state of a bipartite system, the von

Neumann entropy can be stated as [98]:

S(ρA) = −Tr(ρA log ρA), (1.69)

where ρA = TrB(ρAB) is the RDM obtained by tracing out subsystem B.

1.2.3.29 One-Orbital Reduced Density Matrix

The One-Orbital Reduced Density Matrix (1-RDM), ρi, describes the quantum state

of a single spatial orbital i when all other orbitals are traced out from the full many-

body wavefunction. Each spatial orbital has a four-dimensional Hilbert space:

Hi = { | ⟩, | ⟩, | ⟩, | ⟩ }, (1.70)

representing the empty state, spin-up, spin-down, and doubly-occupied states, respec-

tively. These four configurations form the local basis Hi of orbital i, so any operator

acting locally on orbital i can be represented as a 4× 4 matrix.

This means there are 16 linearly independent operators that span the space of

all local operators on orbital i. Each operator O(m) = |k⟩⟨l| with |k⟩⟨l| ∈

{ | ⟩, | ⟩, | ⟩, | ⟩ }is a sparse matrix with a single non-zero entry of value 1 and

corresponds to a specific transition between these four states.

O(1) =



1 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0


,O(2) =



0 1 0 0

0 0 0 0

0 0 0 0

0 0 0 0


, etc. (1.71)

42



The complete set of these operators is summarized in Table 1.1.

Table 1.1: Complete set of single-orbital transition operators O(m) = |k⟩⟨l|, where the
row and column labels represent the final state |k⟩ and initial state |l⟩, respectively.
Each operator acts as a projector or transition matrix in the four-dimensional local
Hilbert space of a single spatial orbital, with a single non-zero element at position
(k, l).

O(m)

O(1) O(2) O(3) O(4)

O(5) O(6) O(7) O(8)

O(9) O(10) O(11) O(12)

O(13) O(14) O(15) O(16)

The ρi is therefore a diagonal 4 × 4 Hermitian, positive semidefinite matrix. In

systems that conserve particle number and spin projection, the off-diagonal elements

of ρi vanish, and the matrix becomes diagonal in the occupation number basis. Its

structure is therefore simplified to:

ρi =



⟨O(1)
i ⟩ 0 0 0

0 ⟨O(6)
i ⟩ 0 0

0 0 ⟨O(11)
i ⟩ 0

0 0 0 ⟨O(16)
i ⟩


, (1.72)

The eigenvalues of ρi satisfy:

4∑
α=1

wα,i = 1, wα,i ≥ 0. (1.73)

The mapping between these diagonal elements and their corresponding projectors is

summarized in Table 1.2.
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Table 1.2: Mapping of the diagonal entries of the ρi to the corresponding local projec-
tor operators O(m)

i . Each numbered entry indicates the operator index m projecting
onto the respective occupation basis state.

ρi

1

6

11

16

The operators O(m)
i are defined in Table 1.3 in terms of fermionic creation and an-

nihilation operators c†σ, cσ, and number operators nσ = c†σcσ, where σ ∈ {↑, ↓}. The

operator set is based on the formalism introduced in Ref. [99], with corrections applied

to O(8) and O(14).
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Table 1.3: Sixteen single-orbital operators. obtained from [99], operators O(8) and
O(14) are corrected.

O(1) 1− n↑ − n↓ + n↑n↓

O(2) c↓ − n↑c ↓

O(3) c↑ − n↓c↑

O(4) c↓c↑

O(5) c†↓ − n ↑ c†↓

O(6) n↓ − n ↑ n↓

O(7) c†↓c↑

O(8) n↓c↑

O(9) c†↑ − n ↓ c†↑

O(10) c↓c
†
↑

O(11) n↑ − n↑n↓

O(12) n↑c↓

O(13) c†↓c
†
↑

O(14) n↓c
†
↑

O(15) n↑c
†
↓

O(16) n↑n↓

1.2.3.30 Two-Orbital Reduced Density Matrix

The two-orbital reduced density matrix (2-RDM), ρij, contains all quantum mechan-

ical information about the joint state of orbitals i and j. Each orbital contributes a

four-dimensional Hilbert space, so the joint Hilbert space for the pair is the tensor

product:

Hij = Hi ⊗Hj, (1.74)

which is 16-dimensional. Consequently, ρij is a 16×16 Hermitian, positive semidefinite

matrix. A particularly important quantity derived from the 2-RDM is the two-orbital
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entropy s(2)ij, defined as:

s(2)ij = −
16∑
α=1

wα,ij lnwα,ij, (1.75)

which measures how entangled the pair {i, j} is with the rest of the system. A

higher entropy indicates greater entanglement between the selected orbitals and the

environment.

The structure of the 2-RDM in this basis is provided in Table 1.4. Each matrix

element represents a quantum transition between an initial and a final occupation

configuration of the orbital pair (i, j). The notation m/n is used to label each matrix

element according to the corresponding local operators acting on orbitals i and j,

respectively.

Table 1.4: 2-RDM in the occupation number basis. The row and column labels indi-
cate the final and initial states, respectively. Each entry corresponds to a transition
matrix element between two configurations of orbitals i and j, labeled by symbols for
empty ( ), spin-up ( ), spin-down ( ), and doubly occupied ( ) states.

ρij

1/1

1/6 2/5

5/2 6/1

1/11 3/9

9/3 11/1

6/6

1/16 2/15 3/14 4/13

5/12 6/ 11 7/10 8/9

9/8 10/7 11/6 12/5

13/4 14/3 15/2 16/1

11/11

6/16 8/14

14/8 16/6

11/16 12/15

15/12 16/11

16/16
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1.2.3.31 Mutual Information

Mutual information (MI) is a central concept from information theory that captures

both classical and quantum correlations, making it a powerful diagnostic tool for

analyzing electronic structure in correlated wavefunctions. In classical information

theory, MI between two random variables X and Y is defined as:

I(X;Y ) =
∑
x,y

P (x, y) log

(
P (x, y)

P (x)P (y)

)
, (1.76)

where P (x, y) is the joint probability distribution. This expression quantifies the

amount of information shared between X and Y . The classical MI reflects only

statistical (classical) correlations and does not account for quantum entanglement.

In contrast, quantum MI arises due to entanglement, meaning the state of one orbital

cannot be described independently of another.

The total correlation between two orbitals i and j can be captured by

Iij = [s(2)ij − s(1)i − s(1)j] (1− δij). (1.77)

This includes both classical correlations (due to probabilistic mixtures) and quantum

correlations (due to entanglement).

Unlike s(2)ij, which measures the entanglement between orbitals i, j and the environ-

ment, Iij removes environmental effects, isolating direct correlations between i and

j. This allows for a refined analysis of orbital-pair interactions. Figure 2.1 shows

schematic representation of 1-, 2-orbital RDMs and MI in Glycine-Glycine dipeptide.

1.2.3.32 Atomic Mutual Information

Recent developments in quantum information theory (QTI) have underscored the

importance of spatially localized entanglement in molecular systems. Ding et al.

[100] emphasized that, to make entanglement operationally meaningful and chemically
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interpretable, orbitals must be constructed to be localized on as few atomic centers

as possible. This spatial localization ensures that entanglement can be harnessed

through local operations and reflects physical separability within a molecule.

Building on this perspective, we transition from the orbital to the atomic level by

introducing Atomic Mutual Information (AMI). To achieve this, we employ orthogo-

nalized atomic orbitals (section 1.2.3.35) that are strictly localized on single atomic

centers. For atoms A and B, the AMI is approximated by summing over mutual

information between all orbitals i ∈ A and j ∈ B:

IAB ≈
LA∑
i=1

LB∑
j=1

Iij, (1.78)

where LA and LB are the number of orbitals associated with atoms A and B, re-

spectively. This coarse-grained measure is computationally more feasible and aligns

better with chemical intuition.

While this approximation is practical and useful, it does not capture the full many-

body correlations between atoms. The exact definition of AMI involves computing

the von Neumann entropies of the RDMs for whole atoms A, B, and its pair AB:

IAB = S(ρA) + S(ρB)− S(ρAB), (1.79)

where ρA and ρB are the RDMs of atoms A and B, and ρAB is the joint RDM.

However, the exact AMI is computationally demanding because constructing atomic

RDMs requires tracing out the rest of the system while retaining all degrees of freedom

on atoms A and B, which becomes prohibitively expensive in large systems. A cartoon

representation of AMI is illustrated in Figure 2.2, where atom A is connected to atom

B through AMI.
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1.2.3.33 Fragment Mutual Information

While the AMI provides a chemically intuitive view of correlation at the atomic level,

it can be generalized to larger chemically or spatially defined regions. This leads

to the concept of Fragment Mutual Information (FMI), which quantifies the total

correlation between arbitrary fragments of the system, such as functional groups,

ligands, or residues in a biomolecule.

For two fragments F and G, consisting of sets of orbitals {i ∈ F} and {j ∈ G},

respectively, the FMI is defined analogously to AMI by summing over all pairwise

orbital mutual information terms:

IFG ≈
LF∑
i=1

LG∑
j=1

Iij. (1.80)

This quantity captures the overall strength of correlation between two fragments,

making it a valuable tool in analyzing chemical interactions. Like AMI, FMI provides

a more coarse-grained view of the correlation network, and it is especially useful for

identifying dominant interacting fragments in large-scale systems. This has applica-

tions in:

• Local correlation methods and active space selection,

• Fragmentation schemes for quantum embedding,

• Analyzing protein-ligand interactions,

• Analyzing protein folding.

FMI bridges the gap between microscopic orbital-level correlations and mesoscopic

chemically meaningful interactions, thus enriching the interpretability of quantum

information analyses in complex systems.
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1.2.3.34 Localized Molecular Orbitals

Canonical MOs are typically delocalized across the molecule. While suitable for en-

ergy calculations, these delocalized orbitals often obscure chemical insight, such as

the identification of bonds, lone pairs, and functional groups. To overcome this limi-

tation, localized molecular orbitals (LMOs) are introduced. LMOs provide a spatially

compact representation of electronic structure, enabling more intuitive chemical in-

terpretation and facilitating methods that rely on locality, such as fragment-based

electron correlation.

Orbital localization is achieved by applying a unitary transformation to the occupied

canonical MOs:

ψ′
i =

∑
j

Ujiψj, (1.81)

where ψ′
i are the localized orbitals and U is a unitary matrix chosen to optimize

a localization criterion. The general form of the localization functional is often an

expectation value of a two-electron operator Ω , written as:

⟨Ω⟩ =
Nocc∑
i=1

⟨ψ′
iψ

′
i|Ω|ψ′

iψ
′
i⟩. (1.82)

Different localization schemes define Ω differently, depending on whether spatial com-

pactness or atomic character is being optimized.

The Foster–Boys (FB) [101] method seeks to minimize the spatial extent of each

orbital. It does so by minimizing the variance of the electron density around its

centroid. The functional to minimize is:

⟨Ω⟩FB =
∑
i

⟨ψ′
i|(r− ⟨ψ′

i|r|ψ′
i⟩)2|ψ′

i⟩. (1.83)

This expression quantifies how far the orbital density extends from its centroid, and

minimizing it leads to orbitals that are maximally localized in space. Optimization
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is carried out via iterative methods such as Jacobi rotations or gradient descent,

preserving orthonormality.

The Høyvik and Jørgensen [102] extended the FB localization functional to include

higher-order central moments (i.e., the spread of each orbital around its centroid) of

the orbital density.

⟨Ω′⟩HJ =

Norb∑
i=1

〈
ϕ′
i

∣∣(r− ⟨ϕ′
i|r|ϕ′

i⟩)
n∣∣ϕ′

i

〉m (1.84)

For n = 2 and m = 1, the original Foster–Boys criterion is recovered. Larger values

of n increasingly penalize the tails of the orbital distributions, and m reduces the

spread of the least compact LMO, resulting in LMOs that are more compact and

tightly centered around their respective centroids.

The Edmiston–Ruedenberg (ER) [103] method maximizes the self-repulsion energy

by using the inverse interelectronic distance:

⟨Ω⟩ER =

Norb∑
i=1

〈
ϕ′
iϕ

′
i

∣∣∣∣ 1

|r1 − r2|

∣∣∣∣ϕ′
iϕ

′
i

〉
(1.85)

Equivalently, it minimizes inter-orbital Coulomb repulsion:

⟨Ω′⟩ER =

Norb∑
i,j=1i ̸=j

〈
ϕ′
iϕ

′
j

∣∣∣∣ 1

|r1 − r2|

∣∣∣∣ϕ′
iϕ

′
j

〉
(1.86)

The Pipek–Mezey (PM) [104] method localizes orbitals by maximizing their atomic

character, quantified through Mulliken population analysis. The partial charge QA

on atom A due to orbital ψ′
i is calculated using:

QA = ZA −
Nocc∑
i=1

Mbasis∑
α∈A

Mbasis∑
β=1

cαicβiSαβ, (1.87)

where cαi are MO coefficients, and Sαβ are elements of the AO overlap matrix. The

PM functional to be maximized is the sum of squared orbital contributions to atomic
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charges:

⟨Ω⟩PM =
∑
A

∑
i

(qAi )
2, (1.88)

where qAi is the Mulliken population of orbital i on atom A. Maximizing this quantity

leads to orbitals that are localized on individual atoms or atom pairs. Unlike Fos-

ter–Boys, PM localization does not require calculation of position operators, making

it suitable for both molecular and periodic systems.

Both methods yield chemically interpretable orbitals and serve as crucial tools in

wavefunction analysis and post-Hartree–Fock computations.

1.2.3.35 Canonical Orthogonalization

Despite the spatial compactness of LMOs, they are not strictly centered on a single

atom, even for the most localized occupied orbitals. Moreover, LMO construction

involves arbitrary choices, such as the specific localization criterion (e.g., FB, ER,

PM, etc.), which can result in different localized orbital sets for the same molecular

system. This inherent arbitrariness complicates their use in analyses requiring atomic

resolution.

To overcome these limitations, we adopt the AO basis as a more suitable alternative

for atom-centered analysis. AOs are naturally defined on individual nuclei and provide

a consistent reference frame for atom-specific analysis. This choice is particularly well-

motivated for AMI measures which depend on the ability to assign orbitals to atomic

subspaces.

One practical issue with the AO basis is its nonorthogonality due to their spatial over-

lap, and this nonorthogonality introduces complications in constructing RDMs such

as the trace of the 1-RDM, which should equal the number of electrons, is not well-

defined unless corrected by the overlap matrix. Similar issues arise when projecting

wavefunctions or performing entropic analyses, as these rely on an orthonormal basis.
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To address this, we employed a straightforward and robust approach called canoni-

cal orthogonalization. Canonical orthogonalization allows for projecting MOs, which

are typically expressed in a delocalized orthonormal basis, into the AO basis. This

transformation facilitates the assignment of MOs to atoms by allowing the analysis

of MO contributions in terms of atomic-centered functions. This scheme transforms

a set of nonorthogonal AOs {a†iσ} into an orthonormal set {c†jσ} through the relation:

c†jσ =
L∑
i=1

S
−1/2
ij a†iσ, (1.89)

where S is the AO overlap matrix, and S−1/2 denotes its inverse square root obtained

via eigenvalue decomposition. This transformation ensures that the resulting basis

functions satisfy orthonormality by construction, while remaining sufficiently close in

shape and locality to the original AOs.

This orthogonalization step is particularly crucial for evaluating AMI and FMI, where

accurate partitioning of the wavefunction into atomic subspaces depends on the or-

thonormality of the basis. Other localization procedures can be explored as alterna-

tives, provided they also yield orthonormal orbitals; however, canonical orthogonal-

ization offers a simple and general solution that is well-suited for our analysis.

1.3 Outline of the Thesis

The theoretical concepts and methodological tools introduced in this chapter estab-

lish the foundation for the developments presented in the remainder of this thesis. In

particular, the formulation of mutual information within a quantum information the-

ory and the construction of atom-centered orthonormal bases provide the necessary

ingredients for defining and evaluating electronic correlations at atomic and fragment

levels in molecular systems.

Chapter 2 builds directly on this framework by introducing the development of AMI
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as a novel tool for quantifying electronic correlations in molecular systems. This chap-

ter focuses on the formal definition of AMI, its computational implementation, and

its application to dipeptide systems. The results of this work have been published as

a preprint on ChemRxiv and submitted to the Journal of Theoretical and Computa-

tional Chemistry under Manuscript ID ct-2024-016809.R1. I served as the principal

author of this study, with primary responsibility for method development, algorithm

design, software implementation, generation and analysis of results, and preparation

of the manuscript.

In Chapter 3, the AMI framework is extended to FMI. This chapter investigates the

relationship between MI correlation measures and conventional energetic descriptors,

including atomic energy contributions and bonding energies. In addition, the evolu-

tion of AMI and FMI during MD simulations is examined. The results of this work

have been published as a preprint on ChemRxiv and submitted to ACS Omega under

Manuscript ID JP-2025-05628N. I was the principal author and led the method de-

velopment, algorithm formulation, coding, numerical analysis, and manuscript prepa-

ration.

Chapter 4 introduces an innovative cut-wise reconstruction strategy for investigating

AMI in full protein systems. In this approach, a full protein is divided into smaller

overlapping fragments, analyzed individually, and subsequently stitched together to

reconstruct electronic correlation patterns at the full protein scale. This methodology

enables quantum information analysis of systems that are otherwise computationally

prohibitive. The results of this work have been published in Chemical Communica-

tions. I served as the principal author and was responsible for method development,

generation and analysis of results, and preparation of the manuscript.

Finally, Chapter 5 provides a comprehensive discussion of the results presented in this

thesis. The findings are placed in the broader context of related studies from other

academic institutes, highlighting both conceptual connections and methodological
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distinctions. The chapter concludes with a summary of the main contributions of

this work and an outlook on future directions for applying quantum information

theory to electronic structure analysis of biomolecular systems.
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Abstract

Understanding the electronic structure of amino acids is crucial for understanding

protein structure and function. We interfaced quantum information indices and ab

initio quantum chemistry methods to quantify the locality correlation between neigh-

boring amino acids. Quantum chemical information from the 1-, 2-, and multi-orbital

Reduced Density Matrices (RDMs) was employed to extract the mutual information

(MI) and reveal local correlation patterns among constituent atoms. Notably, the

MI framework is formulated in the atomic orbital (AO) representation, eliminating

dependence on specific MO choices and ensuring invariance under unitary transfor-

mations, thereby providing a robust measure of electronic correlation.

2.1 Introduction

Proteins are polypeptides consisting of twenty naturally occurring amino acids that

are made to perform a variety of tasks in biological systems, including signaling,

substance transport, structural support, mobility, defense, etc [1]. The functionality

of proteins heavily depends on their three-dimensional structure, known as tertiary

structure, which itself is determined largely by the linear sequence of amino acids,

known as primary structure. As described by Anfinsen’s dogma, the primary struc-

ture of a protein contains the necessary information to fold into its functional three-

dimensional form [2]. However, predicting the tertiary structure of proteins from

microscopic principles remains a challenge to date [3]. On the one hand, proteins

are sufficiently small to feel the imprint of each particular individual amino acid on

its tertiary structure. On the other hand, they are also large enough such that an

exact ab initio characterization from fundamental quantum mechanical principles is

computationally intractable. For this reason, the protein folding problem requires

physical modeling across multiple length scales.
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To a large extent, popular physical models can be divided into three different length

scales that coincide roughly with proteins’ primary, secondary, and tertiary structures.

The first and smallest level considers proteins (or parts of proteins) at the microscopic

atomic and subatomic level, which requires ab initio modeling at the fundamental

quantum mechanical level. At this level, the Born-Oppenheimer approximation [4] is

involved in describing the molecule as a collection of nuclei that are bonded together

through the quantum mechanical electron distributions [5]. The use of these models

is crucial for the understanding of fine-grained interatomic interactions such as bond

formation or docking processes [6, 7].

The second length scale makes abstraction of the microscopic electronic degrees of

freedom and considers proteins as a collection of atoms that are held together by

means of classically derivable forces. Although these models are mostly grounded in

Newtonian physics, the forces that enter as input are physically informed either on

a qualitative level by means of chemical intuition or on a quantitative level from ab

initio first quantum mechanical principles [8, 9].

There has also been remarkable progress recently in machine-learning models trained

on available experimental data [10, 11]. These models are mostly employed to model

protein folding processes that involve global dynamics of medium-sized proteins that

are beyond the capabilities of ab initio methods. We reach the realm of the coarse-

grained models at the highest length scale. Here, several atoms are compounded

together to form beads that act as individual entities. The coarse-graining of protein

models becomes a necessity at the macromolecular level when the system exceeds the

100 kDa level [12, 13, 14].

At each of the three levels, it is important to incorporate correlations between the

substituent degrees of freedom at the lower level. For instance, in order to accurately

describe tertiary structures, it is important to understand the correlations between

the constituent amino acids, for which in turn, an understanding of the electronic
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properties is key [3]. The twenty naturally occurring L-amino acids are distinguished

by their different side chain structures and chemical composition. Covalent bonds,

hydrogen bonds, salt bridges, and disulfide bonds all contribute to the stability of

the 3D structure along with hydrophobic interactions, which are pivotal in the pro-

tein’s core formation [15]. Given the pivotal role of these interactions, employing a

method that accurately describes the electronic structure of amino acids at a reason-

able computational cost becomes imperative. Such methods provide a more realistic

depiction of side-chain interactions compared to conventional force field methods,

thereby enhancing our understanding of protein structure and function [16].

A variety of computational approaches have been developed to analyze molecular

interactions and chemical bonding, including Energy Decomposition Analysis (EDA)

[17, 18], Quantum Theory of Atoms in Molecules (QTAIM) [19], and Natural Bond

Orbital (NBO) [20] methods. Each of these methods provides different insights into

the nature of interatomic interactions and their contributions to molecular stability.

EDA is a valuable technique for quantitatively analyzing interaction energies between

molecular fragments, making it particularly useful for comparing different molecular

systems or conformations. However, EDA methods often rely on predefined fragmen-

tations, which can introduce biases and limit their applicability. The interpretation

of results can be difficult, as the division of energy components is not always clear-cut

and may vary based on the chosen method and basis set. Moreover, EDA requires mul-

tiple separate calculations, one for each fragment and the entire system. This makes

EDA time-consuming and computationally expensive, especially for large molecular

systems [21, 22].

QTAIM theory, developed by Bader, is based on the topological analysis of electron

density, which is a rigorous mathematical approach. It identifies critical points in the

electron density, e.g., bond critical point, to analyze bonding and molecular structure.

Matta et al. have applied QTAIM to amino acids, demonstrating how electron den-
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sity topology can be used to analyze bonding patterns, hydrogen bonding interactions,

and electronic delocalization in biologically relevant systems [19, 23, 24, 25, 26]. One

of the main strengths of AIM is its basis-set independence. Within this framework,

the transferability of atomic and group properties has also been examined, showing

that apparent deviations in group energy transferability often arise from approximate

treatments that violate the virial theorem, rather than from fundamental physical

limitations. This highlights the importance of defining physically consistent quan-

tities directly from the electron density [27]. In another work, Hernández-Trujillo

and Bader demonstrated that molecular electron densities and associated properties

can be reconstructed from transferable functional group densities defined within the

QTAIM framework [28, 29].

NBO analysis provides another powerful framework for studying electronic interac-

tions by transforming molecular wavefunctions into localized orbitals that closely re-

semble traditional chemical bonding concepts [30]. The advantage of NBO methods

lies in their intuitive and chemically meaningful description of bonding interactions.

However, NBO methods rely on predefined orbital localization schemes, which may

not fully capture complex delocalization effects or non-covalent interactions. Addi-

tionally, the qualitative nature of NBO can sometimes lead to complex visual repre-

sentations of bonding, particularly in large or highly delocalized systems [20].

High-performant ab initio methods have been employed to determine the interac-

tions and correlations between amino acids and their side chains, such as CCSD-F12,

CCSD(T)-F12, MP2-F12, SAPT, etc. with a relatively good level of accuracy [31, 32].

The significance of studying the quantum correlation energy of amino acids lies in

its ability to provide chemical insight into the energy landscapes in which proteins

exist and the mechanisms underlying their stabilization and, to some extent, their

folding process. These insights arise from quantum chemical correlations between

the substituent electronic degrees of freedom. These correlations can be quantified
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either from an energetic, electron correlation captured by post-HF methods, or an

information-theoretic theoretic, captured by the MI, perspective.

From an energetic point of view, the concept of correlation energy is defined as the

difference between the exact ab initio ground-state energy and the ground-state en-

ergy from Hartree-Fock (HF) theory. In other words, it results from electron-electron

interactions that cannot be captured by the mean field approximation. Correlation

energy can be qualitatively divided into two different types: dynamic and static

[33, 34, 35, 36]. Dynamic correlation relates to how electrons repel one another and

can be addressed by incorporating higher-order excited-state contributions. Static

correlation, on the other hand, accounts for the equivalence of configurations that

are nearly degenerate with respect to the reference state. While correlation energy

provides valuable insights in light of energy decomposition schemes [37], it does not

allow for a deeper analysis of how different parts of the system are interconnected

and how information is shared.

To address this limitation, more insightful approaches incorporate quantum informa-

tion or entanglement measures [38, 39, 36, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49,

50, 51, 52, 53, 54, 55, 56, 57, 58]. These have proven particularly insightful for the

quantum mechanical characterization of chemical concepts, such as bond formation

[59, 60, 45], or provide the physical foundation for powerful numerical approaches. A

notable example is the Density Matrix Renormalization Group (DMRG) algorithm, of

which the underlying tensor network representation is physically motivated through

the notion of locality of quantum correlations [61, 62, 63, 64, 65, 66, 50].

Although the Coulomb interaction is a fundamentally non-local interaction, DMRG

has found notable applications in quantum chemistry as well, mostly for multi-

reference molecular systems that go significantly beyond the single-particle reference

picture, e.g. in transition metal compounds [39, 67, 68, 69, 39, 70]. Here, quantum

information theory can be efficiently employed as a post-analysis tool to elucidate the
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electronic structure and correlations in molecular systems [36, 44, 46]. For instance,

the MI index is a measure of the quantum correlations between any two individual

subsystems within the molecule. [38] A natural and popular choice of subsystem is

the single-electron spin-orbital, given its foundational role within chemistry. Indeed,

the MI between individual molecular or natural spin-orbitals provides a good measure

for the multi-reference character of the molecular system.

In one study it was shown that the nature of correlation energy, whether it is dynamic

or static, can be reflected in the entanglement patterns of orbitals [36].

In another work, some of us assessed the amount of entanglement between molecular

orbitals (MOs) in diatomic systems to elucidate bond formation and dissociation

processes [59, 60, 45, 49, 47].

Furthermore, MI indices are also informative as optimization tools for practical elec-

tronic structure computations with increasing levels of sophistication. For instance,

they can significantly help simplify the underlying tensor network wavefunction in

DMRG by optimizing the ordering of the spin-orbitals such that quantum correla-

tions are strongest in adjacent orbitals [66, 71, 72, 73, 74, 75]. However, through the

optimization and reordering of MOs, a large portion of the intuitive spatial correla-

tions within a molecule get obfuscated in the process, leading to a loss of the notion

of locality. As such, one can argue that DMRG has not been applied to its potential

in molecular systems: 1D extensive molecules with local quantum correlations. Ex-

amples of such systems that come naturally to mind are polymers and polypeptides

or proteins.

With this paper, we embark on a research project to capture the electronic struc-

ture of extensive effective 1D molecular systems within a tensor network formalism.

Therefore, two major developments need to take place. First, the establishment of

the local character of quantum correlations, derived from MI, in polypeptides and

polymers, and second the identification of the optimal tensor network architecture.
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In the present paper, we focus on the former aspect, evaluating and confirming the lo-

cality of quantum correlations in peptide systems using MI indices. More specifically,

we compute the MI between local AOs, rather than canonical MOs or localized or-

bitals (obtained by localizing MOs), as was done in previous works (see, for instance,

[76, 77, 51, 52, 57]), and compound them to fully interatomic MI indices. The choice

of AOs over localized molecular orbitals (LMOs) enables a systematic, atom-centered

analysis of quantum correlations, derived from MI. LMOs introduce arbitrariness in

localization methods (e.g., choice of the Foster-Boys [78] or Pipek-Mezey [79] method),

potentially emphasizing bonding regions while downplaying weaker interactions.

A potential concern is that orthogonalization tails in AOs may affect MI; however,

these effects arise systematically from basis set construction. Using correlation-

consistent basis sets (cc-pVXZ) and increasing the resolution of the basis in a grid,

we ensured consistency across systems. The observed MI trends, higher for dou-

ble bonds than single bonds, align with chemical expectations, suggesting minimal

artificial influence.

Our results confirm the locality of quantum correlations, derived from MI, in these

systems. This is in line with recent work by Pekker et. al. which showed that the

matrix elements of 1- and 2-RDMs decrease rapidly as a function of the distance and

changes in local conformation only impact density matrices locally [80].

Furthermore, our findings align with the observation that LMOs can effectively cap-

ture the essential electronic structure of these systems, reinforcing the idea that

quantum correlations remain predominantly local despite extended conjugation ef-

fects [81, 82]. Additionally, the presence of long-distance entanglement in molecular

systems, particularly at low and high electron densities, suggests that the locality of

quantum correlations, derived from MI, can be influenced by electronic structure and

interorbital interactions, as observed in tight-binding and hydrogen ring models [57].

Computations were performed at the DMRG, HF, and Density Functional Theory
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(DFT) levels, from which density matrices are obtained from the Matrix Product

State (MPS), HF and Kohn-Sham Slater determinant respectively.

Interestingly, we observe a large degree of correlation and consistency between the

results of these three vastly distinct methods. This consistency across computational

approaches highlights that the observed locality of quantum correlations is a funda-

mental property of electronic structure rather than an artifact of a specific method,

further validating the robustness of our findings.

The paper is organized as follows. In the Methods section (Section 2.2), we review

the concept and necessary ingredients of MI in quantum chemistry and provide com-

putational details on the test pool of peptides. The use of MI as a locality measure

is then discussed in the proceeding Results section (Section 2.3). We present our

conclusions in the final section (Section 2.4.)

2.2 Methods

2.2.1 Mutual information

Our approach is largely adopted from [38, 39, 59], differing only in that we evaluate

orbital entanglement and correlation between AOs rather than MOs. Specifically, our

methodology includes an assessment of the correlation between any two AOs and the

entanglement of a single orbital with every other orbital. Entanglement between two

subsystems of a bi-partite system being in a pure state

|Ψ⟩ =
∑
n,e

Ψn,e|n⟩ ⊗ |e⟩, (2.1)

can be quantified by the von Neumann entropy, obtained from the RDM of the sub-

system. Here, n represents a chosen AO (the subsystem), while e corresponds to the

remaining orbitals in the system (the environment). The RDM of the subsystem is
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given by

ρ = Tr|e⟩|Ψ⟩⟨Ψ| (2.2)

in which ρ is a Hermitian positive semidefinite operator with the dimension of the

Hilbert space of the subspace. All eigenvalues ωα of ρ are positive so the entanglement

entropy is well defined

sn = −
∑
α

ωα ln ωα. (2.3)

All entropies will be measured in natural units (nat). In our analysis of entangle-

ment three entropic and correlation measures are investigated: (i) The single-orbital

entropy [66],

s(1)i = −
4∑

α=1

wα,i lnwα,i, (2.4)

which quantifies the amount of entanglement between a specific spin-orbital i and

the other orbitals (Figure 2.1a). Here, the one-orbital RDM ρi is a four-dimensional

density matrix with Hi = span{ | ⟩, | ⟩, | ⟩, | ⟩ }, that can be obtained by tracing

out all other orbital contributions from the many particles RDM except those of

orbital i. The diagonal matrix elements of the one-orbital RDM for (spatial) orbital i

can be calculated from the expectation values of generalized correlation functions [38,

48] which can also be expressed via proper combinations of the expectation value of

standard occupation number operators [59].

The second (ii) entropy measure s(2)ij represents the entropy of two orbitals i and j,

and can be determined by

s(2)ij = −
16∑
α=1

wα,ij lnwα,ij. (2.5)

The wα,ij are the eigenvalues of the two-orbital RDM ρij and can be obtained by trac-

ing out all other orbitals contribution from the many-particle density matrix except

orbitals i and j. As the pair of spatial orbitals {i, j} can be occupied by zero to four
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electrons, the ρi,j has a dimension of 16, Hi,j = {| , ⟩, | , ⟩, | , ⟩, · · · , | , ⟩}.

The non-zero elements of ρij can again be calculated from generalized correlation

functions leading to a block sparse structure. The underlying algebra can also be

expressed in terms of standard particle creation and annihilation operators. For more

details we guide readers to Refs. [38, 59, 48, 55]

Third, the MI between two orbitals (iii) [38]

Iij = s(2)ij − s(1)i − s(1)j, (2.6)

quantifies the degree of correlation (that has both quantum and classical origins)

between the orbitals i and j as they are embedded in the whole system. In the

conventional MO picture, both single-orbital entropy (s(1)) and two-orbital entropy

(s(2)) are zero for a single Slater determinant wavefunction, as each MO is either

fully occupied or unoccupied, with no intrinsic uncertainty or correlation in the post-

HF sense. In multi-determinant wavefunctions, these entropies become nonzero; we

refer the readers to Refs [44, 83, 84] for further details. By working in the AO

picture, however, these entropy measures remain meaningful even for single Slater

determinants, allowing us to quantify orbital correlations within HF or DFT. In this

framework single-orbital entropy (s(1)) reflects how much an AO is entangled to

the AO bath, whereas s(2) quantifies how much an orbital pair is entangled with

the orbital bath. The MI (Iij) quantifies the correlation between two AOs (both

classical and quantum).This AO-based approach enables the assessment of MI and

entropy values even in HF and DFT, providing a valuable (information theoretical)

perspective on electronic correlations where traditional electron correlation measures

(such as in post-HF approaches) are absent.

Here, it is noteworthy to emphasize the key distinction between s(2)ij and Iij. s(2)ij

computes the entanglement between the orbital pair i and j with all other active-space
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orbitals (the environment) while Iij quantifies only the specific correlation between

orbitals i and j, within the environment. This allows for a more targeted analysis of

the direct correlation between these two orbitals, see Figure 2.1b. It is good to keep

in mind that the definition of MI can be conceptually extended beyond the single

spin-orbital level. For instance, we will discuss the MI between blocks of several spin-

orbitals, typically associated with atoms, which we will refer to as I(b)AB, or the MI

between block-A and block-B.

Environment

Orbital i

(a)

Environment

Orbital j

Orbital i

Ii,j

(b)

Figure 2.1: Schematic graphical representation of 1- and 2-orbitals RDMs in the
Glycine-Glycine (GlyGly) dipeptide system. The MI, Iij, between i and j is the
difference between the sum of the entropies of the individual orbitals i, j and the pair
orbital entropy.

The computation of the MI index Iij involves the expectation value of a variety of

n-body operators O(k)
i listed in Refs. [38, 59, 48, 55] from which the orbital-RDMs can

be determined. These orbital-RDMs can be further resolved using up to 4-particle

RDMs [44, 83]. Whereas high-quality RDMs or, eventually, orbital-RDMs can be con-

structed from sophisticated electronic structure theories, such as DMRG, this is not

practical when going towards extensive systems. For this reason, we will investigate

the effectiveness of lower-quality wavefunctions based on single-particle assumptions,

i.e., mean-field solutions, like HF theory or Kohn-Sham Density Functional Theory

(KS-DFT), and validate the results against expensive DMRG results for smaller pep-

tide systems. The benefit of employing Slater determinant wavefunctions is the exis-

tence and applicability of Wick’s theorem [85], significantly reducing the computation
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cost of n-body operator expectation values. An example of Wick’s theorem at work

is provided in Appendix 2.6.1. The obvious price to pay for this simplification is that

it does not apply to multi-reference systems with strong quantum correlations, such

as transition metal compounds. However, our ultimate focus is to verify the locality

of quantum correlations in extensive organic systems, for which self-consistent field

methods have proven to provide sufficiently accurate results for different purposes

[86, 87, 88].

An important aspect of the MI indices is that the theory of quantum entanglement and

correlation measures is built on the premises of mutually orthogonal Hilbert spaces.

This is not satisfied by construction when working with traditional AOs, because of

the non-zero overlaps between different AOs. For our purposes, it is essential to work

with orbitals that are both localized and orthogonal. Many localization schemes exist

in the literature for organic chemistry purposes [81], however, we will work here with

the straightforward so-called symmetric orthogonalization, defined by [89]

c†jσ =
L∑
i=1

S
− 1

2
ij a†iσ (2.7)

in which S is the overlap matrix of the non-orthogonal AO basis, as they are suffi-

ciently close to the original AO basis. Other localization procedures can be explored

as well, as long as they fulfill the condition of orthonormality. MI indices between

AOs will provide a measure for locality of quantum correlations, however, it is overly

fine-grained from a molecular perspective, for which full atoms are better suited as

building blocks. Therefore, it is important to extend the MI index Iij from the orbital

to the atomic picture. For this, one can define the full set of AOs associated with one

particular atom as the subsystem, or block, of interest. Obviously, this is strongly

dependent on the choice of basis set and can become prohibitively expensive for a

large basis set, as the RDM of the 2-atom subsystem requires a computation that
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scales as a diatomic full Configuration Interaction for each individual charge- or par-

ticle number sector. To overcome this limitation we employed an intuitively effective

approximation, which involves approximating the existing MI between atoms IAB by

summing over all MI that exists between the constituent orbitals of those atoms. This

can be expressed as

IAB ≈ I
(a)
AB =

LA∑
i=1

LB∑
j=1

Iij, (2.8)

where LA and LB represent the total number of spatial orbitals in atoms A and B,

respectively, and Iij is the MI between orbital i and j. A graphical depiction of this

approximation is given in Figure 2.2, where the total amount of information between

atom A and B is represented by summing over all orbital-wise information that exists

between these two atoms (blue lines in Figure 2.2). From now on we refer to the I(a)AB as

the (approximate) AMI which was used to measure the amount of correlation between

constituent atoms of molecules. The validity of the approximation is investigated in

Section 2.3.

Atom BAtom A

IA,B

Figure 2.2: Cartoon representation of the summation wise I(a)AB between atom A and
B as a sum over all MI that exists between the spatial orbitals of atom A and of atom
B. Each A and B atom consists of 5 spatial orbitals. The thickness of the lines shows
the magnitude of MI. Blue lines show the MI between atoms A and B, green lines
indicate the MI between spatial orbitals within the atoms, and red lines indicate the
correlation between the atoms and the remaining system.

The practical utility of this approach is demonstrated on the set of all 400 possible
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dipeptides consisting of two of the twenty natural amino acids. This choice of test set

is motivated by two reasons. First, dipeptides are regarded as the smallest polypeptide

chains, allowing for a more manageable computational load. Second, the use of all

possible combinations of the twenty naturally occurring amino acids allowed for the

creation of a large and sufficiently diverse library of 400 dipeptides. The results of our

work not only allow for the validation of locality in organic peptide systems but also

shed light on the bonding patterns and the strength of connections between atoms

in dipeptides, offering a blueprint to extend such connections to larger polypeptides

and even proteins.

To put our work in a broader perspective, traditional approaches in quantum chem-

istry have long relied on qualitative representations of MOs [19]. These representa-

tions are valuable for conceptualizing the qualitative concept of bonding and anti-

bonding orbitals, as well as the general distribution of electrons within a molecule.

In contrast, the MI provides a quantitative measure that indicates the degree of

correlation between orbitals, offering a more detailed understanding of the electronic

interactions within molecules. Expressed in natural logarithmic units (nat), MI quan-

tifies the correlation strength between orbital pairs. Previous studies have leveraged

orbital correlation measures to analyze electron correlation effects, chemical reactions,

and bonding patterns [44, 39, 36, 59, 43, 41, 45, 49, 47, 56, 90, 82, 58]. While these

studies are valuable for understanding strong correlations, derived from MI, they do

not provide an atom-centric perspective. In contrast, the analysis becomes more

spatially resolved by focusing on AOs, providing insight into how correlation is dis-

tributed spatially throughout extensive systems. This can be particularly beneficial

when investigating local bonding patterns or the influence of specific atoms on the

overall electronic structure. Moreover, MI calculated between AOs can be more useful

where one is interested in the strength and nature of correlations between individual

atoms rather than a global assessment of the entire molecule. This finer resolution
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can be crucial when studying complex molecular systems where electron interactions

are highly localized.

2.2.2 Dipeptides preparation and computational details

We curated a comprehensive set of electronic structure calculations on 400 dipeptides

at different levels of theory. The neutral termini were selected for each dipeptide and

they were subjected to initial geometry optimization using semi-empirical methods,

specifically AM1 and PM3 methods. Subsequently, a deeper level of geometry op-

timization was applied utilizing the hybrid density functional B3LYP [91] with the

6-31G(d) basis set. To study the dipeptides’ I(a)AB the range-separated hybrid den-

sity functional ωB97M-V [92] was employed, chosen for its reliability in capturing

diverse interaction types based on a comprehensive study of 200 different functionals

by Mardirossian et al [93]. All DMRG calculations, including the calculation of the MI

and single orbital entropies, have been performed with the Budapest DMRG program

[94]. The 6-31G(d) basis set was used and the full active space calculations, including

all spatial orbitals, were employed. All DMRG calculations have been converged until

chemical accuracy (∆E < 1.5 mHa) has been reached within consecutive sweeps. We

should stress that we are primarily interested in generating reference MI distributions,

which typically converge much faster than the corresponding (total) energies. Though

the total DMRG energies might not be fully converged, the corresponding MI patterns

are not expected to change significantly. See also Appendix 2.6.2 for a comparison

of the MI patterns for a different number of renormalized states. We employed the

dynamic block state selection (DBSS) protocol [66] to dynamically choose the number

of renormalized active-system states D according to a predefined threshold value for

the quantum information loss. Specifically, the minimum value for D was set to 1024,

the maximum value was set to 2048, while the threshold for the quantum information

loss was set to 10−5 in all DBSS-based DMRG calculations. All DFT calculations
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were performed by the Orca program package version 5.0.4 [95] on Digital Research

Alliance of Canada.

2.3 Results and discussions

Visualizations are a major asset of MI indices, facilitating intuition and interpretation

of chemical structure at a glance. The majority of previous investigations into MI [96,

39, 59, 97], represented MI in circular plots, allowing for the elucidation of complex

cases of strong correlation, derived from MI, in chemical systems. In the present study,

however, the use of localized AOs instead of MOs facilitates quick visual inspection

of the entanglement and correlation patterns between constituent atoms, in similar

ways as presented earlier between individual orbitals [51] or lattice sites [98].

Figure 2.3 compares the MI, plotted in a circle, versus I
(a)
AB, plotted based on

the atoms’ spatial position, calculated by a DBSS-based DMRG algorithm [66] on

Glycine. Similar to before [59], we use the thickness of the lines to visualize the I(a)AB

between atoms. In these SPatial Atom-Wise Network (SPAWN) plots, the thick lines

are strongly correlated atoms whereas the thin lines denote weakly correlated atoms.

Already on a high qualitative level, we note that covalently bonded atoms have high

I
(a)
AB with a further visual classification between double and single bonds, differentiat-

ing for instance between carbonyl and hydroxy bonds. This allows for a quick visual

inspection of chemically significant structures.

It should be kept in mind at all times that the thickness of the lines between the

atoms in the SPAWN plots are dictated by the I(a)AB, and are not informed by any

prior chemical input about bonding structures, etc. from the user, as in standard

chemical drawings. To enhance clarity, the layout prioritizes the representation of

AMI values and correlations, occasionally at the expense of geometric accuracy.
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Figure 2.3: Circular (a) and spatial atom-wise (b) representations of (a) MI and
(b) I(a)AB between AOs in Glycine amino acids obtained from a DBSS-based DMRG
calculation. Each AO in (a) is labeled according to its associated atom, with nitrogen,
carbon, and oxygen possessing 14 AOs each, while hydrogen atoms have 2 AOs in
the 6-31G(d) basis set. The line thickness and color gradient indicate the degree
of correlation. The circular graph (a) was generated by the Orbital Entanglement
module of the PyBEST software package [99, 100] and then labeled accordingly to
reflect the atom-wise composition of the MI. AOs are combined and grouped under
their respective atoms in (b), with oxygen represented by red nodes, carbon by dark
gray, nitrogen by blue, and hydrogen by light gray. The thickness and shade of the
lines reflect the degree of MI.

By implementing this approach we explore the entanglement in 400 dipeptides and

visualize the atomic correlations using SPAWN plots. Since displaying all 400 dipep-

tides would be overwhelming, we present a diverse and meaningful selection of twelve

SPAWN graphs in Figure 2.4, chosen to capture key trends across all 20 amino acids.

While BA and AB dipeptides share the same amino acid composition, their electronic

structure, and quantum correlations, derived from MI, differ due to the termini, where

one end has a carboxyl group and the other an amino group, influencing their bonding

environment.
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Figure 2.4: SPAWN plots for 12 selected dipeptides. Geometries were optimized at the
B3LYP level, and then ωB97M-V was used to compute AMI. Oxygen is represented
by red nodes, carbon by dark gray, nitrogen by blue, sulfur by yellow, and hydrogen
by light gray. The thickness and color gradient of the lines reflect the degree of
correlation.

A complete dataset including SPAWN plots for the 400 dipeptides can be found

at https://github.com/QuNB-Repo/Dipeptides. A quick visual inspection of the
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twelve SPAWN plots shows that I(a)AB is generally consistent with chemical rules in-

volving covalent and non-covalent interatomic correlations. To ensure clarity in the

presentation, all subsequent computational results are obtained at the DFT level

unless explicitly stated otherwise.

Figure 2.5: SPAWN plot for the Glycine-Glycine dipeptide. Carbon, Nitrogen, Oxy-
gen and Hydrogen atoms are represented by dark gray, blue, red and light gray dots
respectively. The connecting lines show the degree of correlation among atoms. The
distance of the peptide bond is optimized to be 1.36 Å. The MI of 14 AOs is illus-
trated only for one carbon atom to avoid visual cluttering. The thickness and color
gradient of the lines reflects the degree of AMI∈ [10−3, 5].

We break down the analysis for the particular case of the Glycine-Glycine dipeptide

(top left dipeptide in Figure 2.4) in Figures 2.5 and 2.6. Figure 2.5 shows the I(a)AB

obtained from a DFT calculation for 70 electrons in full active space of 142 spatial

orbitals. The connections between atoms represent I(a)AB indices and the thickness of

the lines depicts the magnitude of the correlation between connected atoms. To avoid
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visual cluttering, the intra-atomic MIs are illustrated only for one atom.

The stretch of the dipeptide bond in Gly-Gly provides a first test to validate the

locality of the I(a)AB index. The I(a)AB between the nitrogen and carbon atom in the

peptide bond is plotted in Figure 2.6c as the distance between the atoms is increased

while maintaining the geometries of the individual amino acids (see Figure 2.6a).

The computed AMI between the atoms forming the peptide bond in Gly-Gly was

3.52 nat at an equilibrium distance of 1.36 Å. As the bond length increases, the I(a)AB

between the nitrogen and carbon atoms in the peptide bond decreases, reflecting

weakened electronic correlation between these two atoms (see blue circles in Figure

2.6c). However, the rate of this reduction slowed down at 2.4 Å, where the total

energy of the system, shown in Figure 2.6d, indicates the presence of a transition into

a dissociated state of two unsaturated radicals.

Notably, we found that AMI remains nonzero for radical fragments even at large bond

distances, suggesting a persistent dependence on electronic structure correlation, re-

gardless of the distance between the atoms. In contrast, when the peptide bond is

indeed saturated with a water molecule (see Figure 2.6b) the rate of I(a)AB reduction

increases significantly around 2.0 Å, indicating the onset of rapid electronic destabi-

lization. Beyond 2.4 Å, as the bond length stretches further, the separated saturated

amino acids exhibit weak van der Waals interactions, which are reflected in small but

non-zero I(a)AB values ranging between 10−1 nat and 10−5 nat.
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Figure 2.6: SPAWN plots for a stretched Gly-Gly dipeptide system with (a) unsatu-
rated peptide bond at 2.2 Å and (b) saturated peptide bond with a water molecule.
The changes in I

(a)
AB (AMI) between the nitrogen and carbon atoms in the peptide

bond (c) and total energy of the system (d) as a function of intermolecular distance.

The reduction in I
(a)
AB observed in a stretched peptide bond highlights the locality of

electron correlation. This phenomenon is further corroborated by analyzing I(a)AB based

on the distances between various pairs of atoms in dipeptides. Figure 2.7 displays

the log(I
(a)
AB) between all possible atom pairs for the same twelve selected dipeptides

as Figure 2.4.
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Figure 2.7: Pairwise I(a)AB between all atoms of 12 different dipeptides derived from
ωB97M-V after geometry optimization using B3LYP. Blue dots represent pairwise
atomic I(a)AB (AMI) when both atoms are heavy (carbon, nitrogen, oxygen, and sulfur),
while gray dots represent pairwise atomic I(a)AB involving at least one hydrogen atom.

From this Figure, the correlation between I(a)AB and interatomic distance is clear, which

can be understood from a chemical point of view. At the top left corner of each of the

twelve figures, we find the atom pairs at short interatomic (bond) distances with high

I
(a)
AB, which are easily identified as the covalently bonded atom pairs. At larger dis-
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tances, we find atom pairs that interact predominantly via non-covalent interactions,

which are characterized by a decreased level of correlation, derived from MI. More

importantly, we observe a consistent linear correlation in the semi-log plot, pointing

towards an exponential decay of I(a)AB or quantum correlations as a function of distance,

underscoring the nearsightedness or locality of interatomic interactions. The R2 lin-

ear regression score provides a measure of the validity of the exponential decay, which

is around R2 ∼ 0.80 for all presented systems, providing a reasonable confirmation

of the exponential decay relation. This exponential decay behavior closely resembles

trends observed in QTAIM delocalization indices and localization-delocalization ma-

trices (LDMs), which measure electron sharing between atomic basins. However, in

our approach correlation network among AOs emerges directly from the wavefunction

without relying on predefined atomic basins, offering a more flexible and generalizable

framework [101, 102].

An important aspect to consider is whether the exponential relation is unique to

dipeptide systems or would fail to emerge for more extensive systems. For this reason,

the Alanine tetra-peptide (Ala-Ala-Ala-Ala) was studied as well, see Figure 2.8. The

choice for this particular tetra-peptide is deliberate as the Alanine amino acid, with

its small methyl side chain, has a compact geometry where the backbone length and

side chain width are comparable, making it less polymeric compared to bulkier amino

acids like Lysine. However, in a tetra-peptide, the system becomes more elongated,

better resembling an extended polypeptide chain. We retrieve a similar R2 score for

the tetra-peptide as the dipeptide, pointing out that I(a)AB indices should be safely

transferable to larger systems. These patterns confirm that quantum correlations,

derived from MI, weaken exponentially as atomic distance increases. These findings

are crucial for understanding the behavior of larger polypeptides, demonstrating that

electronic interactions weaken predictably with increasing atomic distances, thereby

reinforcing the concept of electronic nearsightedness in complex molecular structures.
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Figure 2.8: The atomic pairwise I(a)AB (AMI), derived from ωB97M-V, as a function of
distance in Alanine tetra-peptide. Blue dots represent pairwise atomic I(a)AB when both
atoms are heavy (carbon, nitrogen, and oxygen), while gray dots represent pairwise
atomic I(a)AB involving at least one hydrogen atom.

At this particular point, it is fair to note that all computational results have been

obtained at the DFT level of theory. The choice of a computationally inexpensive

method has been deliberate for twofold reasons. First, DFT remains the most popular

ab initio approach for biomolecular systems, regardless of CCSD(T) recently emerging

as a valid competitor for extensive bio-molecular systems [103, 104, 105, 106].

Second, despite the computational scaling, it allowed for the generation of the com-

plete dataset of dipeptide systems that is large enough to capture statistical trends.

However, it is crucial to dissect some of the conclusions at a higher level of theory.

Because of the readily available reliable RDMs within its formalism, the choice fell on

DMRG. Two specific dipeptides, Gly-Gly and Ala-Gly, were selected for comparison

with the more precise and computationally demanding DMRG calculations. These

dipeptides were chosen because they are the smallest, making it feasible to perform

DMRG calculations using a full Complete Active Space (CAS) approach based on

AOs. We have illustrated only the Gly-Gly result, as the result is closely comparable

to that of the Ala-Gly dipeptide, however, the Ala-Gly result is presented in Figure

2.14 in Appendix 2.6.2 for the interested reader.

Figure 2.9 compares the SPAWN graphs of Gly-Gly dipeptides obtained from DMRG
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and DFT calculations, including ωB97M-V, B3LYP, and HF methods. Despite the

lower-quality wavefunctions in DFT and HF compared to DMRG, the I(a)AB patterns

from DMRG show remarkable similarity to those from DFT and HF.

Figure 2.10 provides a more quantitative comparison of the I(a)AB indices derived from

DMRG with those from HF, B3LYP, and ωB97M-V for the Gly-Gly dipeptide. The

plots reveal a high degree of alignment between the lower-quality wave functions

(DFT and HF) and the high-quality DMRG results.

Figure 2.9: SPAWN plots for Gly-Gly dipeptide at the B3LYP, HF, ωB97M-V, and
DMRG(D = 2048) level of theory.
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Figure 2.10: Comparison of AMI I(a)AB for the Gly-Gly dipeptide at different levels
of theory. Upper panels compare DMRG against HF and B3LYP, and lower panels
confront ωB97M-V against HF and B3LYP (lower panel). Double and single bonds
are denoted by red (upper right) and green dots (center middle), respectively, whereas
non-covalently bonded atom pairs (lower right) are pictured with gray dots.

We observe a striking correlation between the self-consistent field approaches and the

DMRG, in which the I(a)AB of the latter is approximately 1.16 times larger than the

former across atom pairs. We do observe that Slater determinant wave functions

(DFT and HF, upper row) exaggerate differences between single-bond atom pairs

with respect to DMRG. The differentiation is between atom pairs involving an H

atom (left cluster) and those that do not (right cluster). So, as can be expected, the

high-quality DMRG wavefunction consistently identifies a higher correlation, derived

from MI, between atoms, however, the self-consistent field approaches catch the same

trends. This observation opens interesting perspectives from a practitioner’s point of

view when correlations, derived from MI, in peptide systems need to be characterized

93



at a high quantitative level.

A further point of scrutiny is reserved for the effectiveness of the pragmatic summation

IAB ≈ I
(a)
AB in eq. (2.8). For this purpose, we compared I(a)AB with exact block-wise MI

measures (I(b)AB) between full blocks of AOs associated to certain atoms in the context

of DMRG. These blocks represent larger subsystems (e.g., atoms) of the molecule,

allowing for MI between constituent atoms to be captured. As dipeptide systems are

out of computational reach for this study, we focused on the HCN cyanide molecule,

which serves as a small yet informative model for testing I(a)AB against I(b)AB.

DMRG calculations were performed with a bond dimension of 4096 and a modified

6-31G basis set. In a first run, we ordered the orbitals such that the entanglement

entropy could be computed between carbon’s orbitals (left block) and the remaining

NH orbitals (right block). In the subsequent DMRG run, the orbitals were reordered

to place nitrogen in the left block to measure MI between nitrogen and the remaining

system (CH block). After several reordering, I(b)AB was computed for all atomic con-

nections. Here, we remark that the same information could technically be extracted

from a single DMRG run by forming proper traces of subsystems using the obtained

MPS wave function, however this becomes computational more demanding for large

DMRG bond dimension values (see Ref. [51]).

Figure 2.11 presents a detailed comparison between I
(b)
AB (using DMRG) and I

(a)
AB

(using DMRG, DFT, and RHF). The figure illustrates the evolution of MI as the

hydrogen atom dissociates from the cyanide molecule. By comparing the highly ac-

curate block-wise MI with the more computationally efficient summation method, it

is possible to evaluate the effectiveness of summation-based approach of 2.8 during

hydrogen dissociation.

The results demonstrate that the summation method captures key trends in MI be-

havior with a reasonable degree of accuracy. This shows that I(a)AB derived from the

summation approach reliably approximates the qualitative MI between atoms for
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such weakly correlated systems, making it a practical solution for larger molecular

systems where full DMRG calculations are computationally prohibitive. For a more

rigorous and computationally demanding theory on multi-orbital correlations based

on concepts of k-partitionability and k-produciblity, we guide interested readers to

Ref. [51].

Figure 2.11: Evolution of block-wise (BW, squares) I(b)AB and summation-wise (Sum,
dots) I(a)AB AMI for all atom pairwise interactions C-H (blue), C-N (green), and N-H
(red) during the hydrogen dissociation in a cyanide system at the DMRG level.

We extended the analysis to compare I(b)AB and I(a)AB in the formaldehyde system. Figure

2.12 displays SPAWN plots for both cyanide and formaldehyde systems, illustrating

the MI between atoms, calculated at the DMRG level of theory. Figure 2.12(a)

and (c) represent block-wise MI I(b)AB, whereas (b) and (d) highlight the difference

between the block-wise I(b)AB and summation based I
(a)
AB. The relative small errors in

(b) and (d) underline the effectiveness of the summation approach to capture the key

atomic interactions and quantum correlations, derived from MI, at a strongly reduced

computational cost.
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Figure 2.12: SPAWN plots for the cyanide (a) and formaldehyde (c) systems, based
on block-wise I(b)AB from DMRG calculations. Panels (b) and (d) display the difference
between MI calculated using the block-wise and summation-based approach. The line
thickness indicates the strength of the MI between atoms; Carbon, Nitrogen, Oxygen
and Hydrogen atoms are represented by black, blue, red and gray dots respectively.

A final note concerns the basis dependence and absolute scale of the presented AMI.

As it is challenging to associate a direct experimental observable to AMI, it is dif-

ficult to assign meaning to their absolute values. Nevertheless, it can be intuitively

understood that entanglement and MI measures will be proportional to the size of the

Hilbert space. For this reason, we investigate the impact of basis set size on I(a)AB, by

analyzing the CysGly dipeptide system using the correlation-consistent polarized va-

lence X-Zeta (cc-pVXZ) basis set series. The cc-pVXZ basis sets were chosen for their

systematic and consistent expansion of basis functions, which allowed us to observe

how I
(a)
AB scales with basis set size for different types of interactions, including double

bonds, single bonds, and non-bonded interactions. As the number of basis functions
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increases, the electronic structure is described with higher spatial resolution, leading

to a proportional increase in information content and therefore MI values. The size

of the basis set for pairwise interatomic I(a)AB has been chosen as LA + LB, with LA

and LB the respective basis set sizes both atom involved in the AMI. As shown in

Figure 2.13, I(a)AB values consistently grow linearly with basis set size, pointing out

that relative I(a)AB measures of correlation are robust against differing sizes of basis

sets.

(a) (b)

Figure 2.13: Effect of increasing basis set size on I
(a)
AB for the CysGly dipeptide sys-

tem, using the cc-pVXZ basis set series. The I(a)AB values are plotted for selected (a)
covalently bonded and (b) non-bonded atom pairs. While I(a)AB initially increases with
basis set size, the growth progressively slows. This nonlinear behavior suggests that
AMI captures genuine physical correlation and does not scale indefinitely with basis
set size and addresses concerns about potential artifacts due to basis set expansion.

2.4 Conclusion

We investigated the locality of electron correlation, derived from MI, in organic sys-

tems through MI indices between AOs and full atomic systems. While many well-

established quantum chemical methods exist for large molecules, our approach lever-

ages AMI data as a means to quantify and analyze electronic correlations at the

atomic level, providing a complementary perspective that does not rely on predefined

bonding models and can be systematically scaled to larger polypeptide systems. More

in particular, it can provide a quantitative means for an unbiased partitioning of ex-
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tensive systems into smaller fragments in embedding approaches [43, 90, 107]. On the

one hand, we confirmed and quantified the expected notion of locality in dipeptide

systems through the observation that quantum information correlations decay expo-

nentially with the interatomic distance between atom pairs in dipeptides. On the

other hand, we also observed that I(a)AB indices respect chemical notions of bonding,

with a hierarchy in I(a)AB, highest in double bonds, followed by single bonds, and low-

est in non-bonded interactions, highlighting the varying strengths of these chemical

interactions. We also demonstrated that self-consistent DFT and HF methods effec-

tively capture electronic correlation trends, in an information theoretic perspective,

compared to high-quality and computationally expensive DMRG results, reconfirm-

ing the applicability of these methods in the description of weakly correlated and

near-equilibrium geometries like dipeptides. Although DFT and HF methods sys-

tematically undervalue DMRG results with a factor of 1.16, the general and relative

trends are robustly reproduced by these computationally inexpensive methods.

For future work, we envision applying our approach to investigate spatial informa-

tion theory-based correlations in extensive organic systems, such as proteins, nucleic

acids, and other biomolecules. By integrating AMI with conventional chemical anal-

ysis methods such as NBO analysis, QTAIM, and EDA, we aim to achieve a more

comprehensive understanding of electronic structure and bonding.

The ability to use coarse-grained MI to understand the structure of biomolecules un-

derscores its utility in revealing how chemical groups interact and the strength of

these interactions. As research in this area progresses, further refinements and ap-

plications of MI are expected to advance our understanding of molecular interactions

and facilitate breakthroughs in various scientific fields.
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2.6 Appendix

2.6.1 Mutual Information from Slater determinant wavefunc-

tions

The major benefit of employing Slater determinant (SD) wavefunctions when comput-

ing entanglement and correlation measures in extensive systems is that all n-RDMs
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reduce to combinations of 1-RDMs. Although it is straightforward to derive this

reduction for each RDM involved in the computation of the MI indices [59], it is de-

sirable to have a systematic approach. This approach is provided by Wick’s theorem,

which allows for the rewriting of each operator into a normal ordering of the involved

single-particle operators with respect to the defined vacuum state, corrected by all

possible operator contractions, which are equivalent to the 1-RDMs [85, 108].

Wick’s theorem reduces the complexity of multi-operator products by breaking down

a complex product into a sum over pairwise contractions. In the context of mean field

theory, certain contractions vanish because of the properties of the underlying state.

Thus, when expanding the four-operator product using Wick’s theorem, only the non-

vanishing contractions contribute to the final result, which simplifies the calculation

considerably. We refer to refs [85, 109] for an in-depth discussion.

To illustrate the procedure, we present the computation of the following matrix ele-

ment using proper fermionic tensor algebra [110, 59]

⟨ni↑ci↓(1− nj↑)c
†
j↓⟩ = ⟨c†i↑ci↑ci↓c

†
j↓⟩ − ⟨c†i↑ci↑ci↓c

†
j↑cj↑c

†
j↓⟩, (2.9)

= −⟨c†i↑ci↑⟩⟨c
†
j↓ci↓⟩+ ⟨c†i↑ci↑⟩⟨c

†
j↑cj↑⟩⟨c

†
j↓ci↓⟩ − ⟨c†i↑cj↑⟩⟨c

†
j↑ci↑⟩⟨c

†
j↓ci↓⟩,

(2.10)

in which only non-vanishing 1-RDMs due to particle-number and spin-symmetry

conservation are retained in the result. The 1-RDMS ⟨c†iσcjσ⟩ depend on the choice of

orthonormal orbitals. Here, we chose to work with symmetric orthogonalized orbitals

(2.7), leading to the convenient expressions

⟨c†iσcjσ⟩ =
∑
α∈occ

(S
1
2A)iα(A

TS
1
2 )αj, (2.11)

in which A is the matrix expressing the canonical orbitals of the SD in the basis of

the AOs, and the summation over α runs only over the occupied (occ) orbitals in the
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SD.

2.6.2 DMRG Calculations

To further validate the use of single-slater determinant methods (DFT and HF) for

capturing MI, we performed a set of DMRG calculations for the second dipeptide,

AlaGly. Figure 2.14 shows the SPAWN plot for AlaGly derived from DMRG calcu-

lations with bond dimension D = 2560.

Figure 2.14: The I(a)AB plot for Ala-Gly dipeptide obtained from DMRG (D = 2560)

It is important to investigate the convergence of the DMRG computations. For this,

computations for different bond dimensions D were performed for GlyGly (D =

1024, 2048) and AlaGly (D = 1024, 2048, 2560). The near-perfect linear fit in Figure

2.15 suggests that increasing the accuracy of calculations by raising the value of D

does not lead to significant changes in the MI, implying that the calculations of the

MI distribution are converged.
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Figure 2.15: MI derived from DMRG calculations with different levels of accuracy for
(a) GlyGly (D = 1024, 2048) and (b) AlaGly (D = 1024, 2048, 2560) align with each
other.

The DMRG computation for AlaGly (D = 2560) required 9078 CPU hours and 400

GB memory, whereas GlyGly (D = 2048) needed 7977 CPU hours with 150 GB

memory. The DFT and HF computations are generally completed within minutes on

a 10-core node.

To further examine the basis dependence of AMI, we constructed a small one-

dimensional model system: two electrons confined in a double-well potential. By

systematically increasing the number of grid points from 2 to 90, we effectively refined

the resolution of the Hilbert space. As shown in Figure 2.16, MI increases initially

with grid resolution, reflecting the growing capacity of the basis to describe electronic

correlation. However, beyond approximately 70 grid points, the MI curve begins to

plateau, indicating convergence to a finite value as the basis becomes sufficiently com-

plete. This saturation behavior supports the physical interpretability of MI when a

complete basis is used. These findings are consistent with the framework proposed by

Aliverti-Piuri et al. [111], who distinguish between two types of correlation, particle

correlation (basis-invariant) and orbital correlation (basis-dependent).
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Figure 2.16: Evolution of MI (blue circles, left axis) and total electronic energy (red
squares, right axis) as a function of grid resolution in a one-dimensional system with
two potential wells and two electrons. As grid resolution increases, the total en-
ergy rapidly converges, while MI initially increases before plateauing beyond 70 grid
points.

To assess the impact of orbital representation on AMI, we computed AMI using

two types of orbital bases: Pipek–Mezey LMOs and orbitals obtained from orbital-

optimized [112, 113] pair coupled cluster doubles (OO-pCCD) for the GlyGly dipep-

tide.

To enable a consistent atom-wise mapping across different orbital sets, we employed

a projection-based orbital assignment scheme. Each MO ψj was assigned to the atom

whose AO basis functions contributed the largest portion of its norm. Specifically,

the weight W (j)
A of atom A in orbital ψj is defined as:

W
(j)
A =

∑
µ∈A

|Cµj|2, (2.12)

where Cµj denotes the coefficient of AO µ in the expansion of MO ψj, and the sum

is taken over all AOs centered on atom A. Each MO was then assigned to the atom

with the highest weight:

A∗ = argmax
A

(
W

(j)
A

)
. (2.13)
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The comparison between AO, Pipek–Mezey, and OO-pCCD-based AMI is presented

in Figure 2.17, where we show both circular (top row) and SPAWN plot (bottom

row) visualizations. The MI values in the MO-based frameworks (Pipek–Mezey and

OO-pCCD) are computed by the PyBEST program. [99, 100] This highlights a key

difference: AO-based MI values are similar to those obtained from MO bases. All

three representations consistently identify strong correlations within covalent bonds

with a notion of double and single bonds.
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Figure 2.17: (a) Pipek–Mezey localized orbitals circular MI plot, (b) OO-pCCD or-
bitals circular MI plot, (c) AO circular MI plot for Glycine-Glycine dipeptide. (d–f)
Corresponding SPAWN plots for each orbital basis. The color bar in circular plots
shows the magnitude of MI on a log scale; the SPAWN plots use edge thickness and
grayscale to indicate MI magnitude.
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Abstract

Understanding the electronic structure of amino acids is crucial for understanding

protein stability, folding mechanisms, and molecular interactions. In this study, we

introduce Fragment-wise Mutual Information (FMI) as a quantum information-based

tool to quantify inter-fragment correlations in peptides. By extending mutual in-

formation (MI) analysis to amino acid fragments, FMI provides a detailed map of

electronic interactions beyond classical descriptors such as van der Waals forces. We

first validate FMI on 400 dipeptides, demonstrating a correlation with atomization

and bonding energies. Expanding this approach to the 10-mer Neh2 peptide, we an-

alyze molecular dynamics (MD) simulations and reveal how electronic correlations

evolve during folding. Our results show that FMI distinguishes stabilizing interac-

tions such as salt bridges and variable hydrogen bond strengths, providing deeper

insight into peptide stability. These findings suggest that FMI could enhance molec-

ular modeling and force field development by incorporating quantum electronic effects

into biomolecular analysis.

3.1 Introduction

Electronic interactions govern the structural stability and reactivity of biomolecules.

Accurately capturing these interactions is essential for understanding complex biologi-

cal processes such as protein folding, ligand binding, and enzymatic activity. However,

the complexity of electronic correlations makes it challenging to model these effects

accurately.

High-quality quantum mechanical methods such as the density matrix renormalization

group (DMRG) algorithm [1, 2, 3, 4, 5, 6], coupled cluster (CC) [7, 8, 9] and density

functional theory (DFT) [10, 11] provide accurate descriptions of electronic struc-

tures. While DMRG and CC offer systematically improvable treatments of electron
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correlation, their high computational cost limits their applicability to large biomolec-

ular systems. While DFT is not systematically improvable like DMRG and CC, it

offers more computationally traceable results with reasonable accuracy. However, as

biomolecular systems grow in size and complexity, the computational demands of

these methods quickly become prohibitive.

To address these limitations, empirical and semi-empirical methods have been devel-

oped as computationally efficient alternatives [12]. While these approaches offer sig-

nificant speed advantages, they often rely on parametrization and classical approxima-

tions, which can overlook the intricate electronic correlations governing biomolecular

stability and interactions. As a result, there remains a pressing need for approaches

that strike a balance between accuracy and computational efficiency, enabling the

study of large biomolecular systems while preserving key electronic effects [13, 14].

Several quantum-based frameworks have been introduced to analyze molecular inter-

actions and chemical bonding to bridge this gap. The Quantum Theory of Atoms

in Molecules (QTAIM), developed by Bader [15], applies topological analysis of the

electron density to reveal bonding patterns and delocalization effects. However, its

interpretations may be sensitive to user-defined thresholds. Similarly, Natural Bond

Orbital (NBO) [14] analysis offers chemically intuitive representations by localizing

molecular wavefunctions into classical bonding motifs but may miss complex delo-

calization and non-covalent effects. These limitations underscore the ongoing need

for complementary approaches that capture electron correlation more generally and

quantitatively and highlight the need for complementary tools that provide a more

general and quantitative measure of electronic interactions.

MI, originally formulated in information theory, quantifies the degree of correlation

between two subsystems. In the context of quantum chemistry, MI has been em-

ployed to analyze electronic structures, particularly in molecular orbital theory and

DMRG studies. This approach has provided valuable insights into the role of electron
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correlation in chemical bonding [16, 17, 18, 19, 20, 21, 22, 23, 24].

We recently introduced atomic mutual information (AMI) [25], a novel framework

for examining electronic correlations at the atomic level offering a high-resolution

perspective on intra and intermolecular interactions. By quantifying the shared elec-

tronic information between atomic fragments, AMI allows for a refined understanding

of molecular systems beyond conventional energy-based descriptors.

Unlike traditional pairwise interaction descriptors such as hydrogen bonding, van der

Waals interactions, and electrostatic forces, AMI captures higher-order dependencies

that influence molecular behavior. Leveraging AMI allows for a more resolute insight

into the fundamental electronic factors driving molecular interactions, where classical

force fields and empirical functions often fail to account for these effects, resulting in

limitations in their accuracy.

To explore how electronic correlations contribute to peptide stability and folding, we

applied our methodology first to a dataset of 400 dipeptides. Dipeptides were cho-

sen as model systems due to their small size and computational efficiency, while still

preserving essential characteristics of peptide bonding and molecular stability. We

demonstrated the utility of AMI to explore various electronic correlation patterns and

extract statistical trends in our previous work [25]. In the present study, we extend

our analysis using a fragmentwise approach, aggregating atomic level correlations

into amino acid fragments to calculate FMI. Here, we investigated the application of

FMI in characterizing molecular properties of dipeptides and beyond. To examine

the relationship between electronic correlation and molecular stability, FMI values

were compared with atomization energies, and bonding energies from Energy De-

composition Analysis (EDA) [26, 27], and non-bonded interactions computed using

Lennard-Jones potentials [28] with force field parameters from CHARMM [29] and

OPLS-AA [30]. These findings served as a foundation for extending our analysis to

larger and more complex biomolecular systems.
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Beyond dipeptides, we sought to extend our study to larger peptides. In particular,

we explored how electronic correlations contribute to the stability and folding of the

10-mer Neh2 peptide. Neh2 is a well-characterized intrinsically disordered protein

(IDP) [31, 32, 33], involved in regulating the Nrf2 transcription factor [34, 35]. Nrf2

is a critical component of cellular responses to oxidative stress and Neh2 is a key

domain within the Nrf2 protein. Neh2’s main function is to mediate the interaction

between Nrf2 and Keap1, a regulatory protein that acts as the primary inhibitor of

Nrf2 by targeting it for ubiquitination, a process of modifying a protein to regulate

its degradation. Unlike structured proteins, IDPs lack a stable tertiary conformation,

leading to dynamic and complex electronic interactions. We investigated electronic

correlation dynamics in both the native folded structure, Beta-turn, and unfolded

states of 10-mer Neh2 using MD simulations followed by DFT calculations at the

ωB97M-V/6-31G(d) [36, 37]level. This research aims to provide a new perspective on

how electronic correlations evolve and can be resolved during folding and binding.

3.2 Methodology

Our methodology builds upon our prior work [38, 39, 40, 17, 41, 42, 43, 44, 25] in

exploring electronic correlations in dipeptide systems. In the present work, we study

MI and its coarse-grained analogs to analyze interactions in peptide systems.

3.2.1 Calculation of Mutual Information

Entanglement in a bi-partite quantum system is characterized by the von Neumann

entropy derived from the reduced density matrix (RDM). Given a pure state defined

over subsystem quantum states |i⟩ ⊗ |e⟩

|Ψ⟩ =
∑
i,e

Ψi,e|i⟩ ⊗ |e⟩, (3.1)
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the corresponding RDM is obtained by tracing out the degrees of freedom associated

with one of the subsystems:

ρ = Tr|e⟩|Ψ⟩⟨Ψ| (3.2)

If we restrict |i⟩ to be the one-orbital Fock space of the (spatial) orbital i, the above

equation defines the orbital-reduced density matrix (ORDM). From the eigenvalues

ωα of ρ, the single-orbital entropy [38] for orbital i is defined as:

s(1)i = −
4∑

α=1

wα,i lnwα,i, (3.3)

which quantifies the entanglement of a single orbital with the rest of the system.

Since for spatial orbitals, the one-orbital Fock space is spanned by four possible states

(unoccupied, singly occupied, doubly occupied), each ORDM ρ has four eigenvalues.

The two-orbital entropy extends this to orbital pairs (i, j) [38]:

s(2)ij = −
16∑
α=1

wα,ij lnwα,ij. (3.4)

where we have 16 different occupations in the two-orbital Fock space (see also [38, 41]).

MI is then computed as:

Iij = s(2)ij − s(1)i − s(1)j, (3.5)

which quantifies both quantum and classical correlations between orbitals i and j.

This measure enables the identification of key interactions within the molecular frame-

work.

As before, we utilized atomic orbitals (AOs) and applied symmetric orthogonalization

to account for nonzero overlaps:
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c†jσ =
L∑
i=1

S
− 1

2
ij a†iσ (3.6)

where S is the AO overlap matrix and a† is the fermionic creation operator for spin

orbital iσ. This transformation ensures an orthonormal basis while preserving the

locality of orbitals.

To derive chemically meaningful descriptors at the atom-pair level, we coarse-grained

MI from the orbital level to the atomic level. This is achieved by summing all pairwise

MI contributions within a given atom

IAB ≈ I
(a)
AB =

LA∑
i=1

LB∑
j=1

Iij, (3.7)

where A and B denote atoms in the system and LA and LB represent the total

number of spatial orbitals in atoms A and B, respectively. We refer to the I(a)AB as the

(approximate) AMI. To extend this framework further, FMI is introduced by treating

amino acid residues as fundamental units:

IXY ≈
∑
A∈X

∑
B∈Y

I
(a)
AB, (3.8)

where X and Y represent amino acid residues, enabling an assessment of electronic

correlations at a biologically relevant scale.

3.2.2 Computational Workflow of the dipeptides

A dataset of 400 dipeptides was subjected to geometry optimization using semi-

empirical methods (AM1 [45], PM3 [46]), followed by refinement at the B3LYP/6-

31G(d) [47] level. MI indices were computed using Kohn-Sham wavefunctions ex-

tracted from DFT calculations with the ωB97M-V functional. In analogy to our

previous work, SPatial Atom Wise Network (SPAWN) plots were generated for each
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dipeptide system to visually interpret these correlations.

To assess the relationship between electronic correlation and molecular stability, AMI

values were compared with atomization energies derived from DFT calculations with

the ωB97M-V functional.

In the next step, we assessed its correlation with interaction energies using the EDA as

provided in Amsterdam Density Functional (ADF) [48] to validate FMI (IXY ). This

involved splitting dipeptides into two single amino acids by cleaving the peptide bond.

Additionally, non-bonded interactions were analyzed using the 1/R6 component of the

Lennard-Jones potential, with σ and ϵ parameters derived from the OPLS-AA and

CHARMM27 force fields.

VLJ(r) = 4ϵ

[(σ
r

)12
−
(σ
r

)6]
(3.9)

3.2.3 Computational Workflow of the polypeptide

The AMI measurement was further examined on a more biologically significant sys-

tem, the 10-mer Neh2 domain sequence (QLDEETGEFL). For studying this polypep-

tide, MD simulations of the Neh2 domain were conducted using GROMACS 2024.4

[49, 50] in explicit water (TIP3P model) with OPLS-AA [51, 30, 52] and CHARMM27

[53, 54, 55] force fields.

Simulations were performed at 310 K and 1 bar pressure and maintained with

the v-rescale thermostat [56] with a 0.1 ps coupling time constant, and the Par-

rinello–Rahman barostat [57] with a 3.22 ps coupling constant. The periodic bound-

ary conditions were applied in all directions. Sodium (Na+) and chloride (Cl– ) ions

were added to neutralize the system and bring the salt concentration to 0.1 M. Energy

minimization was achieved through 1000 steepest descent steps, followed by produc-

tion runs with a timestep of 2 fs. Bond constraints were handled via the LINCS

[58] algorithm and long-range electrostatics were computed using the Particle-Mesh
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Ewald (PME) [59] method.

The native Beta-turn structure of the Neh2 peptide was obtained from the Protein

Data Bank (PDB ID: 2FLU) [60], and its primary (linear) structure was modeled

using PyMOL [61]. To capture the folding dynamics, ten independent MD simulations

were initiated, each 10 ns in duration. The replicas that exhibited the lowest root

mean square deviation (RMSD) from the native Beta-turn structure were extended

to 100 ns. Despite extending some simulations up to 500 ns, the native Beta-turn

conformation was not achieved, suggesting the complexity of the folding landscape

and potential kinetic barriers [62, 63, 64].

Snapshots from the most promising simulation trajectories were extracted at intervals

of every 10 ps during the first nanosecond and every 1 ns thereafter, up to 100 ns.

Each snapshot was subjected to DFT calculations at the ωB97M-V/6-31G(d) level

to compute FMI indices. This measurement provided insight into how electronic

correlation evolves throughout the MD simulation.

To further explore the peptide structural conformations during the simulations, clus-

tering analysis was performed using the GROMACS clustering tool. This analysis

groups similar structures, identifying representative conformations that capture the

diversity of the peptide’s structural ensemble. Representative structures from each

cluster were selected for DFT computations, where FMI was evaluated using ωB97M-

V/ and 6-31G(d). Subsequently, DLPNO-CCSD(T) [65] calculations, known for its

efficiency and precision in handling large molecular systems, were performed as a

benchmark for energy estimations. The cc-pVDZ basis set and the corresponding cc-

pVDZ/C auxiliary basis were used, with default NormalPNO thresholds (TCutPairs

= 10−4, TCutPNO = 10−7, TCutMKN = 10−3), along with TightSCF convergence.

All ab initio quantum calculations were performed using the ORCA 6.0.1 software

package [66].

To visualize the complex network of electronic interactions, SPAWN plots were
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adapted to represent interactions at the amino acid residue level, treating each residue

as a coarse-grained unit. This approach allowed for a comprehensive visualization of

inter-residue electronic correlations, highlighting key interactions that may play a role

in the peptide’s folding and function.

3.3 Results and discussions

The analysis of 400 dipeptides using AMI revealed distinct electronic correlation

patterns in both bonded and non-bonded interactions and confirmed the locality

of electronic correlations, reinforcing the nearsightedness of quantum interactions

in peptide systems [25]. These findings laid the foundation for further exploring the

relationship between AMI and molecular properties in this study. We also extended its

application to a larger biomolecular system, the 10-mer Neh2, exploring its potential

in understanding protein folding mechanisms and molecular stability.

To establish a quantitative relationship between electronic correlation and molecu-

lar stability, the total AMI, obtained by summing all AMI contributions within a

dipeptide,

AMItot =
N−1∑
A=1

N∑
B>A

IAB, (3.10)

where N is the total number of atoms, was compared against the total atomization

energy derived from DFT calculations. The analysis demonstrated a strong linear

correlation between total AMI and atomization energy (R2 = 0.99). This correlation

is depicted in Figure 3.1.
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Figure 3.1: Total atomization energy versus compounded AMI for all 400 dipeptide
systems

To further investigate inter-amino acid correlations, a coarse-grained extension of

AMI, IXY referred to as FMI, was computed using eq. 3.8. Figure 3.2a illustrates

the FMI measured for each dipeptide, where dark blue indicates lower correlation

and yellow signifies higher correlation. Asymmetry arises because the two ends of the

dipeptides (N-termini and C-termini) have different structural configurations, even

though the dipeptides consist of the same amino acids.

To understand whether FMI correlates with bonding energy, we examined the bonding

interactions between the amino acids within each dipeptide using EDA. Figure 3.2b

displays the bonding energy for each dipeptide, where dark blue represents higher

bonding energy and yellow indicates lower bonding energy.

The comparison between bonding energy and FMI is further explored in Figure 3.3a,

which shows that dipeptides with Coulombic attractions in their side chains (where
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one side chain is positively charged and the other negatively charged) cluster in the

upper right corner, indicating a higher level of bonding energy and FMI. In contrast,

dipeptides with Coulombic repulsions are located in the lower left corner, showing

a lower level of bonding energy and FMI. This observation is also evident in Figure

3.2, where dipeptides clustered in the bottom right corner show varying Coulombic

interactions. Those with stronger attractions appear more yellow, indicating higher

magnitudes of both FMI and bonding energy, while those with repulsive interactions

appear dark blue, reflecting lower values of these quantities.

The correlation between bonding energy and FMI significantly improved when dipep-

tides with Coulombic interactions are excluded, as seen in Figure 3.3. Furthermore,

excluding proline from the data set increased the correlation further. This can be

due to the unique structure of proline where its side chain forms a bond with its

N-terminus. This can also be observed in Figures 3.2, where the proline column has

a distinct shade of blue. Proline’s bonding energy is weaker when located at the

C-termini, where its nitrogen is engaged in both the peptide bond and its side chain.

This was not observed when proline was located at the N-termini, where it forms a

peptide bond through its carbon. This distinctive behavior of proline highlights its

impact on the overall correlation and bonding interactions within dipeptides.
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(a) (b)

Figure 3.2: Visualization of dipeptides’ FMI (a) bonding energy (b). Dark blue
indicates a lower level of correlation or bonding energy, while yellow signifies a higher
degree of correlation or bonding energy.
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Figure 3.3: Correlation between bonding energy and FMI for all 400 dipeptides
(a) and after excluding dipeptides with Coulombic attraction/repulsion and proline
residues (b), which shows an improvement in correlation.

In the next step, we explored the potential of MI indices to inform the design of

classical force fields, which remains a significant challenge to date, even in the pres-

ence of emerging machine learning potential. Classical force fields are mathematical

models that include various potential energy functions that describe interactions be-

tween atoms. One of the core components of classical force fields is the Lennard-Jones

potential, which specifically describes the pairwise interactions between non-bonded

atoms. Each force field uses specific parameters to describe the Lennard-Jones poten-
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tial. The parameters within these force fields need to be carefully tuned to accurately

reproduce the behavior of real molecules. However, this tuning process can be in-

tricate due to the complex nature of molecular interactions and the limitations of

empirical data. This study explores MI as a potential tool for developing and tuning

classical force fields. The hypothesis is that MI could serve as an additional metric for

fine-tuning classical force fields, akin to how energy values are used as fitting param-

eters to adjust the parameters in force field models. The OPLSA [67] and CHARMM

[53] are two widely used force fields in molecular simulations. The relationship be-

tween AMI and the attractive 1/R6 component of the Lennard-Jones potential was

analyzed. Only the part of the interaction beyond 4 Å was considered. A notable

correlation was observed with the OPLSA force field, while the CHARMM force field

exhibits a lesser degree of correlation. Figures 3.4a and 3.4c provide specific examples

of this correlation. Further analysis unveils a structural dependency in the correla-

tion between AMI and the Lennard-Jones potential. Dipeptides with more polymeric

structures exhibit higher levels of correlation, indicating the locality of AMI.

The Lys-Lys dipeptide 3.4a, which has a more polymeric structure, demonstrates the

highest level of correlation with an R2 value of 0.89. In contrast, the less polymeric

Serine-Glycine dipeptide 3.4c shows the lowest level of correlation with an R2 value

of 0.39. Blue dots represent pairwise atomic interaction when both atoms are heavy

(carbon, nitrogen, oxygen, and sulfur), while grey dots represent pairwise atomic

interaction involving at least one hydrogen atom.
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Figure 3.4: Correlation plots between Lennard-Jones energies, derived from OPLS-
AA force field, and AMI for Lys-Lys (a) and Ser-Gly (c). Corresponding SPAWN
plots are given respectively in (b) and (d).

To systematically compare these correlations, we constructed heatmaps of the R2

values obtained from the regression analysis between AMI and Lennard-Jones energy

for both force fields. Figure 3.5 presents the distribution of R2 values for CHARMM

and OPLS-AA, highlighting the differences in how each force field captures atomic

correlations. The results indicate that the OPLS-AA force field exhibits a stronger

correlation between AMI and Lennard-Jones energy, with a mean R2 value of 0.8,

whereas CHARMM shows a weaker correlation with a mean R2 just below 0.6.

This finding suggests that OPLS-AA better reproduces electronic correlation effects

as captured by AMI. These results highlight the potential of AMI as a quantum-

information metric for evaluating and refining classical force fields, offering a comple-

mentary perspective beyond traditional energy-based parameter tuning.
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(a) (b)

Figure 3.5: Comparison of R2 value distributions for AMI and Lennard-Jones energy
correlations in two force fields: CHARMM (a) and OPLS-AA (b). The heatmaps
illustrate the degree of correlation between AMI and the attractive 1/r6 component
of the Lennard-Jones potential, with higher R2 values indicating stronger agreement.

Next, we turned our investigation to the evolution of electronic correlations during

peptide folding, and conducted MD simulations of the Neh2 peptide using two differ-

ent force fields, CHARMM and OPLS-AA. The MD started from an unfolded primary

structure, and as the simulation progressed, the peptide explored different conforma-

tions. At regular intervals, snapshots of these evolving conformations were extracted

to track structural changes over time. The energy of each snapshot was then com-

puted using DFT calculations at the ωB97M-V/ and 6-31G(d) level. To establish a

baseline for comparison, the reference energy was obtained from the native Beta-turn

conformation.

Figure 3.6 presents the energy deviations of these snapshots from the reference Beta-

turn structure and correlates them with FMI values for non-bonded interactions, that

is, the FMI values between amino acid residues that are not directly connected by co-

valent bonds. Orange markers represent snapshots extracted every 10 ps within the

first nanosecond, capturing the peptide’s rapid conformational exploration, which
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corresponds to higher energy fluctuations in the early stages. As the simulation

progresses, the peptide gradually adopts lower-energy conformations, indicating in-

creased structural stability. Blue markers represent snapshots extracted every 1 ns,

extending from 1 to 100 ns, showing a gradual stabilization over time.

The overall trend reveals that as the peptide approaches its folded structure, FMI

values for non-bonded interactions increase while energy decreases, reinforcing the

role of electronic correlation in stabilizing peptide conformations. This effect is more

pronounced in the OPLS-AA force field (Figure 3.6b), which exhibits better con-

vergence toward the reference energy compared to CHARMM (Figure 3.6a). These

results suggest that inter-atomic correlations, as quantified by FMI, could serve as a

robust descriptor for evaluating force field accuracy in biomolecular simulations.

(a) (b)

Figure 3.6: Energy deviations of Neh2 peptide snapshots relative to the reference
Beta-turn structure, correlated with FMI values for non-bonded interactions. The
plots compare the energy evolution during MD simulations under two different force
fields: CHARMM (a) and OPLS-AA (b). Orange circles represent snapshots ex-
tracted at 10 ps intervals within the first nanosecond, capturing initial fluctuations
as the peptide explores its conformational space. Blue squares indicate snapshots ex-
tracted at 1 ns intervals from 1 to 100 ns, showing a gradual stabilization over time.
The simultaneous decrease in energy and increase in FMI values suggest the progres-
sive formation of stable electronic correlations, with the CHARMM force field exhibit-
ing stronger convergence toward lower-energy conformations compared to OPLS-AA.

To identify the metastable conformations, we performed a clustering analysis of MD

trajectories, grouping similar structures and selecting representative conformations
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from the main clusters. These selected conformations were further analyzed using

DLPNO-CCSD(T) and DFT calculations to determine their energies, providing in-

sight into their energetic stability. Then, the FMI values for non-bonded interactions

were computed to investigate how inter-atomic correlations evolve with folding and

how it correlates with the total energy for each conformation.

Figure 3.7 presents the relative energy of these representative conformations, cal-

culated using DLPNO-CCSD(T) (orange) and DFT (blue), referenced against the

native Beta-turn structure. The green line represents the evolution of FMI values

for non-bonded interactions as a function of the peptide’s end-to-end distance, which

serves as a measure of folding compactness.

The results indicate a strong relationship between peptide stability and inter-atomic

correlations encoded by our FMI measure. Lower-energy conformations, which are

structurally closer to the Beta-turn, as indicated by end-to-end distance as a measure

of folding, exhibit higher FMI values, suggesting that stronger inter-atomic correla-

tions contribute to greater structural stability. The progressive increase in FMI values

as the peptide transitions from an extended to a folded state reinforces the idea that

electronic correlations play a key role in stabilizing the folded structure.
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Figure 3.7: DLPNO-CCSD(T) (orange) and DFT (blue) energies for representative
peptide conformations identified through clustering analysis of MD trajectories, ref-
erenced against the native Beta-turn structure. From left to right, the conformations
are beta-turn, cluster 3, cluster 1, cluster 2, and unfolded primary structures. The
green line illustrates the evolution of FMI values for non-bonded interactions as a
function of the peptide’s end-to-end distance, providing insight into its folding be-
havior. The observed increase in FMI values as energy decreases highlights the role
of inter-atomic correlations in stabilizing peptide conformations, with stronger corre-
lations emerging as the peptide approaches its folded state.

Figure 3.9 compares the three-dimensional (3D) structures of the native Beta-turn

(a), three metastable clusters (b-d), and the unfolded structure (e), alongside their

corresponding SPAWN plots. The 3D structures, visualized using ChimeraX, de-

pict hydrogen bonds as blue dashed lines, providing a conventional representation

of stabilizing interactions. However, the SPAWN plots not only mirror these bonds

but also offer a more detailed perspective by quantifying their electronic correlation

strength through FMI. Unlike traditional hydrogen bond representations that con-

sider all interactions equally, FMI distinguishes between different stabilizing forces
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based on their electronic correlation values, approximated by interatomic correla-

tions. For instance, the interaction between Leu 84 and Gln 75 appears as a regular

hydrogen bond in the ChimeraX 3D structure, but FMI analysis reveals it as a strong

salt bridge with an FMI value of 1.33 nat, highlighting its significant stabilizing role.

This enhanced correlation is attributed to the electrostatic attraction between the

oppositely charged groups of Gln 75 (NH3
+) and Leu 84 (COO– ), which would not

be evident from a classical hydrogen bond representation alone. Figure 3.8 shows how

FMI provides a coarse-grained view of inter-residue correlations, while AMI offers a

more fine-grained perspective by resolving the atomic contributions.

Figure 3.8: Illustration of how FMI emerges as a coarse-grained measure of AMI, cap-
turing inter-residue correlations derived from underlying inter-atomic correlations. In
the focused AMI view (red circle), dashed lines represent peptide bonds connecting
Gln75 and Leu84 to their neighboring residues. The strong inter-residue FMI between
Gln75 and Leu84 is resolved into its dominant AMI components. Green arrows high-
light the atomic pairs responsible for the salt bridge interaction between the NH3

+

group of Gln75 and the COO– group of Leu84.

Further differentiation is observed in the hydrogen bonds involving Asp 77. The con-

ventional visualization shows that Asp 77 forms four hydrogen bonds, with Thr 80,
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Glu 79, Gly 81, and Glu 82, but FMI analysis reveals that not all of these contribute

equally to structural stabilization. The interactions with Thr 80 and Glu 82 exhibit

higher FMI values (0.6 nat), indicating stronger electronic correlations, whereas the

interactions with Glu 79 and Gly 81 are weaker (0.3 nat). The SPAWN plots provide

a clearer picture of these variations, where thicker non-covalent connections corre-

spond to stronger FMI values, offering a level of detail beyond classical structural

representations.

Table 3.1: Summary of key hydrogen bond interactions and corresponding FMI values
for metastable clusters.

Conformations H-Bond Residue Pair Distance ≈ (Å) FMI ≈(nat)

Cluster 1 (Fig. 3.9b) Gln75–Glu79 2.89 0.80

Leu76–Glu79 2.95 0.39

Glu79–Leu76 2.78 0.41

Thr80–Leu76 3.04 0.25

Thr80–Glu82 2.81 0.79

Gly81–Asp77 3.00 0.21

Glu82–Asp77 2.72 0.80

Cluster 2 (Fig. 3.9c) Glu78–Gly81 3.12 0.17

Cluster 3 (Fig. 3.9d) Gln75–Glu79 2.58 1.14

Gln75–Glu78 2.79 0.48

Gln75–Leu84 2.78 0.70

The metastable clusters sampled from MD simulations further demonstrate the role of

FMI in tracking structural transitions. Table 3.1 presents the donor–acceptor residue

pairs involved in hydrogen bonding for the three main metastable clusters. Cluster 1

displays a helix-like structure stabilized by seven hydrogen bonds. Cluster 2 has only

one weak hydrogen bond. Cluster 3 shows a strong salt bridge with Glu79 (FMI ≈

1.14 nat), indicating a highly correlated electrostatic interaction.

Although Cluster 1 features some of the highest individual FMI values, Cluster 3 ap-
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pears to be more energetically favorable overall, as shown in Figure 3.7. This obser-

vation reinforces the complementary role of FMI in assessing molecular interactions,

capturing stabilizing electronic correlations that may not always directly translate

into lower total energy.

(a)

(b) (c)

(d) (e)

Figure 3.9: Comparison of peptide metastable conformations and their corresponding
FMI SPAWN plots. (a) Native Beta-turn, (b) Cluster 1, (c) Cluster 2, (d) Cluster
3, and (e) Unfolded structure. The 3D structures, visualized using ChimeraX, de-
pict backbone atoms as ribbons, with only side chains explicitly shown for clarity.
Hydrogen bonds are highlighted with blue dashed lines. The SPAWN plots provide
a quantitative view of electronic correlations, where each bead represents an amino
acid. The thickest lines correspond to covalent peptide bonds ∼6 nat in the grayscale
gradient), while thinner gray lines indicate non-covalent interactions.

Instead, FMI provides a deeper understanding of the interaction landscape by iden-

tifying key stabilizing interactions with their associated strengths. The agreement
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between FMI values and classical interaction descriptors, such as salt bridges and

hydrogen bonds, suggests that integrating FMI into molecular modeling could en-

hance force field accuracy by offering a more refined perspective on stabilizing factors

beyond classical descriptors.

The unfolded structure (e) lacks defined hydrogen bonds, and its SPAWN plot shows

weak FMI connectivity, reinforcing the loss of electronic coherence as structural dis-

order increases. Unlike the structured Beta-turn and metastable clusters, the FMI

values in this conformation are low, indicating that electronic interactions weaken

as the peptide adopts a disordered, flexible state. The gradual increase in FMI val-

ues as the peptide transitions from an unfolded to a folded state highlights the role

of electronic correlations in guiding folding pathways. The agreement between FMI

and key stabilizing forces, such as salt bridges and varying hydrogen bond strengths,

demonstrates its potential for improving force field accuracy in molecular simulations.

We also explored a simplified classical model in which all atom pairs were categorized

according to their atom types (C–C, C–N, C–O, C–S, C–H, O–N, ...,H–H). Build-

ing on the trends observed in Figure 2.7, where the relationship between log(AMI)

and interatomic distance was analyzed for all dipeptides, we repeated this analy-

sis separately for each atom-type pair using the same dataset. This enabled us to

characterize the distance dependence of log(AMI) for each pair type, leading to the

construction of pair-specific parametric models of the form

AMI(R) = eβ · eαR, (3.11)

where α and β are fitted parameters corresponding to the slope and intercept of the

linear model for each atom-type pair, and R denotes the interatomic distance. These

parameters were compiled into lookup tables and subsequently used to estimate AMI

values directly from interatomic distances. In this way, the model replaces expensive

quantum mechanical calculations with a simple distance-based evaluation, enabling
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efficient reconstruction of AMI and FMI values for larger molecular systems.

Figure 3.10 compares FMI values obtained from the classical model with those com-

puted at the DFT ωB97M-V level. The classical model captures the overall structure

of the interaction SPAWN plot, including the dominant covalent bonds and main

non-covalent interactions.

Discrepancies are more noticeable for weaker interactions, where the distance-based

model does not fully account for the influence of the chemical environment and many-

body effects. These differences highlight the limitations of a purely pairwise represen-

tation. Despite these limitations, the results demonstrate that the classical model pro-

vides a computationally efficient approximation that retains the essential FMI values

represented in SPAWN plots, supporting its potential use in large-scale biomolecular

applications.

(a) (b)

Figure 3.10: Comparison of FMI SPAWN networks for the Neh2 native conformation
obtained from the classical distance-based model (a) and DFT ωB97M-V calculations
(b).

3.4 Conclusion

This study highlights the capability of AMI and FMI as a powerful tool for analyzing

inter-atomic interactions in biomolecules. By extending AMI concepts from atomic-
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level correlations to amino acid fragments, we demonstrated that FMI provides a

quantitative measure of the role of inter-atomic correlations in stabilizing peptide

structures. Our findings reinforce the nearsightedness of quantum interactions in

peptide structures and establish a clear correlation between FMI and molecular sta-

bility.

Through an extensive analysis of 400 dipeptides, we identified that FMI correlates

well with conventional energy descriptors such as atomization energy and bonding

energy from EDA, capturing electronic interactions beyond classical descriptors such

as hydrogen bonding and van der Waals interactions. Our comparison of CHARMM

and OPLS-AA force fields highlights FMI’s utility in evaluating force field accuracy,

suggesting that FMI could serve as a complementary parameter in force field refine-

ment.

This relationship was further validated in a more complex biomolecular system, the

10-mer Neh2 peptide, where FMI provided insight into the electronic correlation

dynamics during peptide folding. Our results showed that FMI can differentiate

between folded and unfolded peptide states. By tracking MI changes over time, we

demonstrated that electronic interactions play a crucial role in stabilizing the folded

structure, with FMI values increasing as the peptide transitions toward a stable Beta-

turn conformation.

Future research will focus on integrating FMI with machine learning models to de-

velop predictive tools for protein-ligand interactions, further enhancing its applica-

tions in computational drug design and biomolecular engineering. AMI and FMI

also hold promise for quantum embedding methods. By identifying electronically

correlated atoms or fragments, these measures can guide the definition of chemi-

cally meaningful active spaces or embedding regions, thereby enhancing both the

accuracy and efficiency of multiscale approaches. These findings pave the way for

a quantum-information approach to studying biomolecular interactions, providing a
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more accurate and detailed understanding of inter-atomic correlations in biological

systems.
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Abstract

This study quantifies electronic correlations in the insulin protein using mutual in-

formation (MI) to evaluate interatomic and inter-residue interaction strength. More

specifically, we introduced and analyzed a cut-wise approach rooted in the principle of

quantum locality, assuming that electronic correlations decay rapidly with distance.

Through localized DFT calculations on 49 overlapping spherical cuts, we reconstruct

global MI matrices at both the atomic and residue levels. This method captures

biochemically meaningful features while closely matching results from full-protein

DFT calculations, demonstrating the scalability of quantum correlation analysis for

large biomolecular systems. The framework sets the stage for future applications

in protein–ligand interaction modeling, pharmacophore development, and quantum-

enhanced drug discovery.

4.1 Introduction

Understanding the role of electronic interactions in biomolecular systems is fundamen-

tal to uncovering the physical principles behind protein folding, enzymatic activity,

and molecular recognition [1]. These interactions shape the structural stability and

functional specificity of biological macromolecules, driving a wide range of cellular

processes [2, 3]. However, the inherently quantum mechanical nature of electron cor-

relation poses a significant challenge for computational modeling, especially when

extending these insights to large systems such as proteins [4].

Traditional modeling approaches, including classical force fields and semi-empirical

methods, provide scalable solutions but often neglect key quantum effects that are

critical for describing subtle intra- and intermolecular interactions [5]. This limits

their reliability in applications such as drug design and protein modeling, where the

accuracy of interaction profiles can determine the success of lead optimization [6, 7, 8].
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In contrast, ab initio quantum chemistry methods offer a first-principles framework

for resolving electronic interactions with high accuracy [9]. Yet, their exponential

computational scaling constrains their use to small molecules or molecular fragments

[10]. Bridging this gap between accuracy and scalability is an ongoing pursuit in

theoretical chemistry.

To address this limitation, we adopt a strategy inspired by quantum information

theory, MI, which has been adopted in quantum chemistry to quantify electronic

correlations between orbitals and molecular fragments [11]. MI has been used exten-

sively in the context of molecular orbital theory and tensor network approaches like

the density matrix renormalization group (DMRG) [12, 13, 14] to reveal nontrivial

entanglement patterns that govern molecular reactivity and bonding.

Expanding on this concept, we recently introduced atomic mutual information (AMI)

[15], a framework that quantifies the shared electronic information between atoms

without assuming any specific type of chemical interaction. AMI quantifies electronic

correlations between atoms and offers a high-resolution perspective on the connectiv-

ity and interaction strength between atoms across a molecular system.

As a proof of principle, in this work, we apply the AMI framework to insulin, a

biologically vital peptide hormone composed of 51 amino acids [16]. Insulin plays a

central role in regulating blood glucose levels and is a well-characterized benchmark

in structural biology [17]. Importantly, its relatively small size makes it an ideal

candidate for testing our fragment-based reconstruction approach. It is large enough

to exhibit complex tertiary structure and a diverse set of chemical interactions, yet

still tractable for density functional theory (DFT) calculations [18, 19].

Despite the limitations of applying DFT directly to full proteins, we leverage the prin-

ciple of locality in quantum correlations, supported by the area law of entanglement

entropy, to decompose the insulin molecule into overlapping fragments. This strategy

is conceptually related to methods such as the divide-and-conquer approach, where
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the total electron density is reconstructed from subsystem contributions [20, 21, 22].

Using the same concept, DFT calculations are performed on each fragment, and the

results are assembled to reconstruct a global AMI-based correlation map of the full

protein.

This study demonstrates the feasibility of applying AMI to realistic biomolecular

systems and highlights its potential as a quantum-informed tool for analyzing pro-

tein structure, interaction networks, and chemical environments with unprecedented

detail. The insights gained here lay the foundation for future applications in pro-

tein–ligand analysis and rational drug design.

4.2 Methodology

Our approach builds upon a series of prior studies exploring quantum entanglement

and electronic correlations in small biomolecular systems such as dipeptides [23, 24,

25, 15]. In this work, we scale the framework to a full protein, employing MI and its

coarse-grained form to quantify the correlation landscape within insulin.

4.2.1 Mutual Information from Reduced Density Matrices

At the core of our method is the quantification of electronic correlations using von

Neumann entropy. For a bipartite quantum system described by a pure state with

the Hilbert space of the subsystem and environment spanned by the states |n⟩ and

|e⟩ respectively,

|Ψ⟩ =
∑
n,e

Ψn,e|n⟩ ⊗ |e⟩, (4.1)

we obtain the reduced density matrix (RDM) of the subsystem by tracing out the

environment:
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ρ = Tr|e⟩ (|Ψ⟩⟨Ψ|) . (4.2)

From the eigenvalues ωα of this RDM, the entanglement entropy of a single orbital is

calculated as:

s(1)i = −
4∑

α=1

ωα,i lnωα,i, (4.3)

while the joint entropy of a pair of orbitals with 4 possible electron configurations

{ | ⟩, | ⟩, | ⟩, | ⟩ } is defined as:

s(2)ij = −
16∑
α=1

ωα,ij lnωα,ij. (4.4)

These entropies are then used to compute the MI:

Iij = s
(2)
ij − s

(1)
i − s

(1)
j , (4.5)

which captures both quantum and classical correlations between orbitals i and j.

This provides a resolution-independent means of identifying electronically significant

interactions in the molecular system.

4.2.2 From Orbital to Atomic and Residue-Level Correlations

To interpret MI in a chemically and biologically meaningful way, we coarse-grain the

orbital-based values to the atomic and residue levels. The AMI is defined as the sum

over all orbital pairs belonging to atoms A and B:

IAB ≈
∑
i∈A

∑
j∈B

Iij. (4.6)

Further coarse-graining yields fragment-wise mutual information (FMI), which aggre-

gates atomic contributions over residues X and Y :
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IXY ≈
∑
A∈X

∑
B∈Y

IAB. (4.7)

This hierarchy, from orbital to atomic to residue scale, enables the analysis of elec-

tronic structure across multiple levels of resolution, from covalent bonds to long-range

intra-protein interactions.

4.2.3 System Preparation and Fragmentation

The 3D structure of insulin (PDB ID: 3I40) [16] was obtained from the Protein Data

Bank. The structure was protonated and energy minimized using the steepest descent

algorithm implemented in GROMACS [26, 27] with the OPLS-AA force field [28, 29]

and TIP3P water model. To manage the system’s size (782 atoms), we divided the

protein into 49 overlapping spherical fragments, each centered on an α-carbon and

extending to a radius of 5.0 Å. This ensured both locality and overlap, enabling

recombination of quantum information across the full protein.

Each fragment was subjected to DFT calculations using ORCA 6.0.1 [30] with the

ωB97M-V functional [31] and 6-31G(d) basis set [32]. AMIs were computed for each

fragment, which were then stitched together to construct AMI and FMI matrices for

the full system. Overlapping contributions from overlapping regions were averaged

to ensure consistency.

To validate the accuracy of our fragment-based reconstruction approach, we con-

ducted a full DFT calculation on the entire insulin protein without fragmenting the

structure. Using the same functional and basis set, we extracted the complete wave-

function and computed the MI matrix from the full-system RDMs. This full-protein

MI map served as a benchmark to evaluate the consistency and fidelity of the stitched

correlation data assembled from the overlapping structural cuts.
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4.3 Results and discussions

The three-dimensional structure of insulin, along with the defined structural cuts, pro-

vides the foundation for the cut-wise quantum mechanical analysis used to evaluate

electronic correlations across the whole protein. Figure 4.1 shows a ribbon representa-

tion of the insulin structure, highlighting its two-chain (A and B) and overall tertiary

fold. The figure illustrates how the protein was segmented into overlapping spherical

fragments centered on α-carbon atoms, with two representative cuts marked. A mag-

nified view of Cut 1 shows the neighboring residue environment captured within a 5.0

Å radius. Each cut encapsulates a chemically meaningful region while maintaining

sufficient overlap to reconstruct global electronic correlations. As each individual cut

represents the 5.0 Å cut-off distance from its central α-carbon, it may result in frag-

ments or residues that are not connected through peptide bonds in that individual

cut. For instance, AlaB30 is disconnected from the Chain A residues in Cut 1 (Figure

4.1). Although counterintuitive, including disconnected fragments helps stabilize the

overlapping contributions. The corresponding sequence in Figure 4.1 (b) maps Chain

A (21 residues) and Chain B (30 residues), providing a direct reference for fragment

positioning.
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(a)

(b)

Figure 4.1: (a) Ribbon representation of the insulin protein structure, colored by
residue index using a rainbow gradient. Two structural fragments (cuts) used in
quantum calculations are highlighted as blue and red spheres, each with a 5.0 Å
radius. The magnified inset depicts Cut 1, centered on the α-carbon of the first
residue in Chain A (glycine), showing neighboring residues within the defined radius.
Chain A is shown prominently in the foreground, while Chain B is rendered with fog
in the background. The structure was visualized using ChimeraX [33]. (b) Primary
amino acid sequences of Chain A (top, 21 residues) and Chain B (bottom, 30 residues),
aligned with the color scheme used in panel (a).

To quantify electronic correlations in insulin, we first constructed a full MI matrix by

stitching together the results from all overlapping spherical cuts. From this, we assem-

bled the complete AMI matrix for the entire protein. This matrix was then visualized

using a SPAWN (SPatial Atom-Wise Network) representation. Figure 4.2 compares

the resulting cut-wise scheme 4.2a with a benchmark obtained from a direct full-

protein DFT calculation 4.2b. In both networks, nodes represent atoms, and edges

reflect non-zero AMI values. The edge thickness is scaled proportionally to the magni-
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tude of AMI and measured in natural units (nats). As observed in our previous work

[15], the network highlights strong electronic correlations along covalent bonds, with

double bonds showing the greatest connectivity, followed by aromatic systems and

then single bonds. Weaker non-covalent interactions are captured as thinner edges,

highlighting the sensitivity of AMI to the underlying electronic structure. Both plots

capture key electronic interactions, with the reference system exhibiting slightly more

extensive non-covalent correlation. Nevertheless, the close correspondence between

the two plots affirms the validity of the cut-wise reconstruction scheme.

(a) (b)

Figure 4.2: SPAWN plots of AMI across the insulin protein derived from (a) the cut-
wise reconstruction of the full matrix and (b) a reference full-system DFT calculation.
Nodes represent atoms and are color-coded by element: carbon (dark gray), hydrogen
(light gray), oxygen (red), nitrogen (blue), sulfur (yellow). Edge thickness and gray
gradient reflect pairwise AMI magnitude.

To extend the atomic-level insights to a more interpretable analysis of interactions

between amino acid residues, we used a coarse-grained view of electronic correlations

in insulin using FMI. Figure 4.3 compares SPAWN plots generated from the stitched

AMI matrix obtained through fragment-wise DFT calculations with the one derived

from the full-protein DFT calculation. These plots reveal strong correlations between

cysteine pairs involved in disulfide bonds, Cys6–Cys11 (Chain A), Cys7A–Cys7B, and
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Cys20A–Cys19B. While the cut-wise plot captures key local features, the reference

plot exhibits additional long-range interactions absent in the stitched matrix due to

fragment overlap limitations. Given that the same fragments will never co-occur in

a single cut, this is to be expected. The comparison highlights the trade-off between

locality and completeness in fragment-based correlation reconstructions.

Figure 4.3: Coarse-grained visualization of electronic correlations in insulin using
FMI. (a) Front and (d) side views of the insulin protein structure, with residues
colored by sequence index using the rainbow gradient. Disulfide bonds are depicted
as yellow sticks. (b) and (e) show SPAWN plots reconstructed from 49 overlapping
structural fragments, while (c) and (f) present reference plots from a full-system DFT
calculation. In all SPAWN plots, edges represent FMI values between residues, and
edge thickness corresponds to correlation strength.

To evaluate the accuracy and completeness of the fragment-based FMI reconstruc-

tion, we compared heat maps derived from stitched and full-protein DFT calculations

(Figure 4.4). Panel (a) shows the FMI matrix reconstructed from 49 overlapping

fragments, while panel (b) displays the reference matrix computed from a full-system

wavefunction. Chains A and B are enclosed in blue and green frames, respectively,
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enabling intuitive separation of intra- and inter-chain interactions. Along the first off-

diagonal, both matrices display strong FMI values corresponding to peptide bonds

within the primary sequence.

More off-diagonal elements encode tertiary structure contacts. Among these, disulfide

bridges between cysteine residues emerge as distinct violet patches, validating FMI’s

capacity to detect chemically significant covalent interactions.

The heat maps also resolve secondary structure segments. α-Helical regions are evi-

dent from periodic off-diagonal bands, reflecting canonical i→ i+ 4 hydrogen bond-

ing of α-helices. These features, highlighted with purple frames, appear as regularly

spaced darkening patterns along the diagonal. Their locations correspond closely with

the hydrogen bonds listed in Table 4.1, which were identified using ChimeraX [33].

While classical tools like ChimeraX reliably detect standard hydrogen bonds, the

FMI framework captures a broader range of electronic interactions—including subtle,

non-classical, or transient correlations—that may not meet geometric criteria alone.

As a result, the heat maps reveal additional interaction patterns not present in the

table, underscoring the enhanced sensitivity and resolution of MI-based analysis.

These patterns align with the interactions reported in Table 4.1. The table lists 31

hydrogen bonds, with donor–acceptor distances between 2.7–3.3 Å, validating the

signals observed in the heat map.

Despite the overall similarity between stitched and full DFT matrices, some inter-

actions, such as the Glu17–Arg22 salt bridge, are absent from the stitched version

due to their position outside overlapping fragments. This highlights a limitation of

the fragment-based reconstruction strategy, which may be addressed by increasing

the fragment radius or adapting alternative region selection. As the size of the cuts

increases, similarity with the full DFT will improve at a computational cost.
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(a) (b)

Figure 4.4: Heat maps of FMI across the insulin protein. (a) Reconstructed FMI
matrix based on stitched DFT calculations from 49 overlapping structural fragments.
(b) Reference FMI matrix computed from a full-protein DFT wavefunction. Blue and
green frames delineate Chains A and B, respectively. Purple frames indicate α-helical
regions exhibiting canonical i→ i+ 4 hydrogen bonding.
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No. Donor Acceptor Dist. (Å) No. Donor Acceptor Dist. (Å)

1 GLN 5 (A) GLY 1 (A) 3.168 17 LEU 6 (B) CYS 6 (A) 2.723

2 CYS 6 (A) ILE 2 (A) 2.828 18 HIS 10 (B) CYS 7 (B) 3.150

3 CYS 7 (A) VAL 3 (A) 2.824 19 LEU 11 (B) GLY 8 (B) 3.132

4 THR 8 (A) VAL 3 (A) 2.937 20 VAL 12 (B) GLY 8 (B) 3.149

5 CYS 11 (A) GLN 4 (B) 2.935 21 GLU 13 (B) SER 9 (B) 2.887

6 GLN 15 (A) SER 12 (A) 3.164 22 ALA 14 (B) HIS 10 (B) 3.159

7 LEU 16 (A) SER 12 (A) 2.998 23 LEU 15 (B) LEU 11 (B) 2.977

8 GLU 17 (A) LEU 13 (A) 3.003 24 TYR 16 (B) VAL 12 (B) 2.923

9 ASN 18 (A) GLN 15 (A) 3.215 25 LEU 17 (B) GLU 13 (B) 2.974

10 TYR 19 (A) LEU 16 (A) 3.001 26 VAL 18 (B) ALA 14 (B) 2.897

11 CYS 20 (A) GLU 17 (A) 3.234 27 CYS 19 (B) LEU 15 (B) 2.915

12 ASN 21 (A) GLY 23 (B) 2.968 28 GLY 20 (B) TYR 16 (B) 3.222

13 GLN 4 (B) PHE 1 (B) 2.889 29 ARG 22 (B) CYS 19 (B) 3.256

14 HIS 5 (B) CYS 7 (A) 3.112 30 ARG 22 (B) CYS 19 (B) 3.319

15 ARG 22 (B) GLU 17 (A) 3.183 31 GLY 23 (B) GLY 20 (B) 3.122

16 PHE 25 (B) TYR 19 (A) 2.998

Table 4.1: List of 31 hydrogen bonds in insulin protein structure. Each entry includes
donor and acceptor residues and their interatomic distances in (Å).

The AMI values obtained from the stitched matrix were compared against those from

a full-protein DFT calculation (Figure 4.5). Each point in the scatter plot represents

the AMI value between a pair of atoms. The data cluster closely along the identity

line, indicating that the stitched matrix accurately reproduces electronic correlations

derived from the full-system calculation. Gray points correspond to interactions ab-

sent from the stitched matrix; all of these have reference AMI values below 0.1 nat,

suggesting that only electronically insignificant correlations are omitted. The overall

distribution aligns with chemically meaningful AMI ranges: (i) non-bonded interac-
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tions typically fall below 1 nat; (ii) single bonds between a heavy atom (C, O, N,

or S) and hydrogen range from 2.0–2.5 nats; (iii) single bonds between heavy atoms

span 2.7–4.7 nats; and (iv) double bonds exceed 4.8 nats. The presence of these ex-

pected clusters in both datasets confirms that the divide-and-correlate strategy not

only preserves absolute correlation magnitudes but also maintains their underlying

chemical hierarchy.

Figure 4.5: Scatter plot comparing AMI values from the stitched matrix with those
from a full-protein DFT calculation for the insulin protein. Each point in the scatter
plot represents the AMI value between a pair of atoms. Color-coded points corre-
spond to distinct interaction types: gray points indicate interactions missing from the
stitched matrix, purple for non-bonded interactions, blue for single bonds between a
heavy atom and hydrogen, green for single bonds between heavy atoms, and red for
double bonds. The black dashed line represents the identity line.

4.4 Conclusion

We have shown that AMI and FMI provide a meaningful framework for quantify-

ing electronic correlations in proteins at multiple spatial resolutions. By adopting a

fragment-based reconstruction strategy grounded in the principle of quantum locality,

we mapped both interatomic and inter-residue correlations in insulin with accuracy
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comparable to full-system DFT calculations, but at significantly reduced computa-

tional cost.

FMI captures a range of interactions, including covalent bonds, disulfide bridges, and

hydrogen bonds, and highlights secondary structure elements like α-helices through

distinct correlation patterns. Its agreement with classical hydrogen bonding data af-

firms its chemical validity, while its ability to uncover subtle, non-classical correlations

underscores its broader utility.

The observed alignment between FMI and fragment overlap maps reinforces the near-

sightedness of electronic interactions in proteins, validating the underlying assumption

that spatial locality governs electronic correlation strength.

This work extends AMI beyond model peptides to realistic biomolecules, paving the

way for quantum-informed exploration of protein–ligand interactions, pharmacophore

modeling, and machine learning–driven drug discovery pipelines.
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Chapter 5

Discussion

In recent years, quantum information theory has gained increasing traction in quan-

tum chemistry as a powerful framework for quantifying electronic correlations. A

particularly insightful avenue has been the use of MI derived from reduced density

matrices, which allows the assessment of entanglement between pairs of orbitals. This

thesis introduces a novel application of this concept by extending MI to the atomic

and fragment levels, namely AMI and FMI, thereby providing spatially localized in-

sight into electronic correlations in biomolecular systems.

5.1 From Orbitals to Atoms

Pioneering studies by Rissler et al. [1] and Legeza et al. [2] utilized orbital-based MI,

derived from two-orbital reduced density matrices, to analyze correlation patterns in

strongly correlated systems and conjugated molecules. These works established the

utility of MI for mapping electronic interactions but relied primarily on canonical

or localized MOs, which often obscure spatial locality. Szalay and co-workers [3]

advanced this framework by introducing entanglement measures for chemical bonding,

providing deeper insight into static and dynamic correlations.

Canonical molecular orbitals, being inherently delocalized, obscure chemically intu-
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itive patterns of electron correlation in terms of local entities. Localized orbitals

like Pipek-Mezey [4] or Foster-Boys [5] improve interpretability but still retain some

molecular character, making it difficult to assign them to individual spatial centers.

Our approach distinguishes itself by operating directly on the AO basis, providing a

spatially confined and more transparent framework. AMI patterns in this way align

closely with atomic identities and preserve locality across diverse systems. These

findings are consistent with the recent analysis by Ding et al. [6], noting that entan-

glement should be distributed across separated local regions and accessed via orbitals

localized to as few atomic centers as possible.

While prior studies [7, 8] utilized circular diagrams to depict MI, our SPAWN plots

extend this concept to an atom-centered framework that preserves the real-space ge-

ometry of the molecule. The SPAWN visualizations introduced in this study serve as a

powerful tool for analyzing the spatial structure of electronic correlations. By encod-

ing AMI values into the thickness of edges connecting atomic centers, these spatially

resolved plots highlight both primary bonding regions and subtle interactions.

To validate our summation-based AMI approximation, we explicitly compared it

against full block-wise MI values obtained from high-accuracy DMRG calculations on

small molecular systems such as hydrogen cyanide (HCN) and formaldehyde (CH2O).

The strong agreement observed in these comparisons demonstrates that our approx-

imations capture the essential interatomic correlation patterns while avoiding the

computational cost of full subsystem tracing. The main difference to block-wise MI,

which requires repeated orbital reordering and expensive tensor contractions, is that

our summation-based AMI is computationally lighter, easier to interpret, and scalable

to larger biomolecular systems. This design reflects the broader motivation expressed

by Aliverti-Piuri et al. [9], emphasizing the importance of scalable and operationally

meaningful correlation measures for integrating QIT into practical quantum chemical

applications.
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By extending the analysis to 400 dipeptides, we evaluated how the side-chains of

amino acids influence electronic correlation. The goal of this exhaustive sampling

was to construct a representative library of all possible pairwise interactions between

neighboring amino acids, which can later serve as training data for machine learn-

ing models aimed at predicting entanglement patterns in larger proteins. The results

revealed that covalent bonds exhibited the highest AMI, followed by weaker hydrogen-

involving interactions, with non-bonded interactions showing the lowest values. This

result reinforces the foundational principle that valence electrons dominate entangle-

ment in molecular systems, a concept emphasized by Ding and coworkers [10] where

they demonstrated that entanglement patterns derived from Maximally Entangled

Atomic Orbitals (MEAOs) effectively recover both traditional Lewis (two-center) and

more complex multicenter bonding structures. This indicates that the entanglement

captured by MEAOs corresponds closely with chemically active regions, which are

predominantly associated with valence electrons.

Bond stretching in the Gly-Gly dipeptide was employed to probe the sensitivity of

AMI. As the peptide bond was progressively elongated, a clear decrease in AMI was

observed, reflecting the weakening of electronic correlation across the bond. This

decay trend is consistent with findings in the literature. For instance, Ding et al. [11]

introduced a rigorous framework for orbital entanglement, identifying similar decay

behaviors between entangled orbitals based on the spatial and symmetry properties

of molecular systems. Likewise, Zhao et al. [7] employed DMRG-based MI to monitor

changes in electronic structure during bond formation and cleavage in metal–ethene

complexes. Their study demonstrated that MI serves as a reliable descriptor for the

evolving correlation between metal centers and ligands. These studies reinforce the

broader applicability of MI in tracking bond reorganization and correlation decay

across a range of chemical systems.

One limitation of our approach stems from its reliance on the single Slater deter-
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minant wavefunction. This simplification was necessitated by the computational

challenges associated with constructing higher-order RDMs required for multirefer-

ence treatments. In systems described by multireference wavefunctions, the applica-

tion of Wick’s theorem 1.41 is no longer valid, complicating the direct evaluation of

MI. While our benchmark comparisons with DMRG demonstrate that HF and DFT

methods can reproduce the qualitative features of AMI with reasonable fidelity, the

single-determinant approaches inherently fail to capture dynamic excitation effects

and static (nondynamic) correlation. As a result, in strongly correlated systems or

those exhibiting near-degeneracies, this limitation may lead to a systematic underes-

timation of interatomic correlations and entanglement strength.

Computational comparisons across RHF, DFT (B3LYP and ωB97M-V), and DMRG

demonstrated that while MI magnitudes vary due to methodological differences, the

correlation topologies remain qualitatively similar. This supports the findings of

Stein and Reiher [12], who noted that even with modest computational settings en-

tanglement remains sufficiently accurate, even when the total energy is not fully

converged. Therefore, even a single-reference wavefunctions can still yield meaningful

MI maps that reflect the dominant orbital interactions. These MI patterns can be

effectively used to determine the optimal ordering of orbitals in MPS representations

for DMRG calculations, thereby accelerating convergence and enhancing numerical

stability. Legeza and Sólyom [13] demonstrated that the ordering of orbitals according

to their entropic content significantly influences the convergence and interpretability

of DMRG. By placing orbitals with high von Neumann entropy near the center of the

chain, quantum information exchange between blocks is maximized, leading to more

entangled and efficiently represented wavefunctions.

Building on this idea, Barcza et al. [14] introduced a graph-theoretical orbital ordering

scheme using the Fiedler vector, derived from the Laplacian of an MI graph. In this

graph, each node corresponds to an orbital, and edges are weighted by the two-orbital
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MI, Iij. The Fiedler vector, which is the eigenvector corresponding to the second

smallest eigenvalue of the graph Laplacian, provides a one-dimensional embedding of

the orbital network. By sorting orbitals according to their Fiedler vector components,

strongly correlated orbitals are placed adjacently in the DMRG chain, minimizing the

entanglement distance and enhancing the efficiency of the wavefunction representa-

tion. This approach has since been widely adopted for entanglement-aware orbital

ordering in tensor network methods.

Another important consideration is the basis set dependence of AMI calculations.

This dependence was evaluated in the Cys-Gly system through a basis set conver-

gence study using the cc-pVXZ series. Although the AMI initially increases with

basis sets size, it began to plateau gradually. This behavior indicates that AMI con-

verges if the basis set becomes complete. According to the framework proposed by

Aliverti-Piuri et al. [9], QIT differentiates between particle correlation which is basis

independent and orbital correlation, which is basis dependent. The observed growth

in AMI with increasing basis set size is therefore expected, as it corresponds to the re-

finement of orbital resolution within an expanding Hilbert space. While methods like

QTAIM [15] offers a basis-set independent framework grounded in electron density

topology, its conclusions can depend on arbitrary threshold values and may diverge

from conventional bonding concepts. By comparison, AMI is rooted in quantum in-

formation theory, offering a systematic, mathematically grounded, and chemically

intuitive approach to understanding electronic interactions.

The importance of entropic measures in chemistry is increasingly recognized. As

emphasized by Aliverti-Piuri et al. [9], entanglement at the orbital level provides

a nuanced view of correlation complexity, complementing traditional energy-based

descriptors and enabling a more complete characterization of electronic structure.

Our work builds on this by extending entanglement diagnostics to the atomic level,

integrating chemical granularity into quantum correlation metrics.
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A key advantage of the AMI framework lies in its foundation on RDMs, which en-

ables a rigorous, unbiased analysis of electronic structure. Unlike EDA [16, 16],

which requires user-defined molecular fragments, AMI quantifies the total (quantum

and classical) correlation directly from the wavefunction. However, AMI quantifies

information-based correlations without direct energetic interpretation. While we ob-

served that AMI trends often correlate well with EDA values, AMI does not substitute

for energetic analyses. This distinction may limit AMI interpretability in applications

where energetic driving forces are of primary interest.

AMI does not rely on assumptions about what constitutes a bond or on predefined

donor–acceptor roles. In contrast, NBO [17] analysis depends on orbital localization

schemes that are inherently non-unique and sensitive to the chosen method, poten-

tially leading to varying interpretations.

5.2 From Atoms to Residues

By transitioning from atomic-level MI to a coarse-grained level we introduced the

FMI 3.8. This approach enables the study of electronic correlations not just between

atoms, but between chemically meaningful subunits like amino acid residues. By

aggregating AMI contributions across amino acids subunits, we constructed a residue-

level representation of electronic interaction. This abstraction is particularly well-

suited for biomolecules, where structure and function are often organized at the level

of residues or domains rather than individual atoms.

The FMI was compared with EDA across various dipeptides. While the EDA in a

study by Levine and Head-Gordon [18] offers a detailed partitioning of chemical bond

energies into components like spin-coupling and charge transfer, our approach using

AMI/FMI provides a complementary perspective by quantifying the total electronic

correlation between atoms or fragments, encompassing both classical and quantum
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contributions. This allows us to capture nuances of electronic interactions, such as

coherence and entanglement, that are not directly addressed by traditional EDA

methods.

We observed conformations with similar energies can have different FMI values. This

underscores the fact that FMI is a measure of correlation strength, not necessarily

energetic favorability. Elevated FMI between two residues may reflect transient or

constrained geometries that are electronically entangled, even if energetically unfavor-

able. Thus, FMI should not be viewed as a surrogate for EDA or the Lennard-Jones

component of the force fields. Instead, it offers a distinct layer of information which

can guide interpretations of interaction networks and folding pathways with a different

lens.

SPAWN visualizations of FMI revealed spatially resolved patterns of inter-residue

correlation. These maps provided immediate visual insight into which regions of a

peptide or protein are most electronically correlated, complementing classical repre-

sentations based on hydrogen bonding or proximity. Unlike traditional metrics that

rely solely on geometry or electrostatics, FMI integrates quantum entanglement into

the interpretation of molecular structure. This gives rise to a chemically rich and

topologically grounded view of interaction networks.

The concept of coarse-grained MI parallels the block entropy approach of Legeza

and Sólyom [13], which quantifies subsystem entanglement in DMRG. However, our

FMI method is significantly more scalable and avoids the costly subsystem optimiza-

tion and tensor contractions required by block entropy, enabling efficient application

to large biomolecular systems where DMRG is otherwise impractical. FMI reveals

inter-residue correlation patterns that highlight electronically coupled regions across

biomolecules. These patterns go beyond classical metrics such as hydrogen bonding,

partial charge interactions, or hydrophobic contacts, offering a fundamentally differ-

ent layer of insight grounded in wavefunction correlations. The use of dynamic FMI
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in MD simulations of the Neh2 peptide (Chapter 3) underscored how electronic in-

teractions evolve during folding. FMI captures residue-residue entanglement patterns

that correlate with stabilizing interactions. It not only identifies chemically relevant

interactions—such as hydrogen bonds, salt bridges, and even non-polar contacts but

also quantifies their relative strength via the magnitude of MI. This level of resolution

enables a more nuanced evaluation of stabilizing interactions, distinguishing, for ex-

ample, between weak and transient hydrogen bonds versus more persistent, stronger

ones. Such differentiation is essential in contexts like protein folding, allosteric regu-

lation, and drug binding, where the strength and persistence of specific contacts often

dictate biological function.

One promising avenue for FMI lies in its integration with ML. Existing ML-based

methods such as ANI, AIMNet, and PhysNet have demonstrated impressive accuracy

by learning from quantum chemical data. ANI (Accurate NeurAl networK engINe)

uses atom-centered symmetry functions to encode local geometric environments and

predict molecular energies with near-DFT accuracy at low cost [19]. AIMNet (Atoms-

in-Molecules Neural Network) extends this by incorporating both local and global

context using message-passing and attention-like mechanisms, enabling multitask pre-

diction of energies, charges, and spins [20]. PhysNet is another physics-inspired archi-

tecture that predicts not only energies and forces but also dipole moments and partial

charges, incorporating physical constraints such as energy conservation and rotational

equivariance [21]. However, all these models primarily rely on geometric or energy-

based descriptors and do not explicitly account for quantum correlations or entangle-

ment. Incorporating FMI as a feature would introduce an entropic, correlation-based

descriptor that captures nonlocal quantum mechanical interactions, offering comple-

mentary information and potentially enhancing predictive accuracy, especially for

complex biomolecular systems.
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5.3 Toward Larger Scales

A central objective of this study was to make quantum correlation analysis feasible

for large biomolecular systems. While MI has been effectively employed in small

molecules to reveal electronic correlations and bonding patterns, its application to

full proteins remains computationally intractable due to the computational cost for

the full-system wavefunction.

To address this limitation, we developed a cut-wise reconstruction strategy that cir-

cumvents the need for a full-system wavefunction. By calculating RDMs on over-

lapping spatial fragments and stitching their contributions together, we were able to

approximate the full-system FMI matrix with high accuracy. This approach not only

offers linear computational scaling with system size but also maintains key features

of the global correlation structure. This approach, derived from DFT is, in principle,

still exponential in cost, but becomes practically tractable when confined to small

overlapping fragments. This enables the method to be applied to large biomolecules

with hundreds of atoms, vastly extending the reach of quantum correlation analysis

in structural biology and computational chemistry. It opens possibilities for studying

systems that are far beyond the capabilities of DMRG or other wavefunction-based

techniques.

The success of our approach hinges on the locality of electronic correlation. This near-

sightedness behavior justifies the use of spatially localized fragments to approximate

global correlation structure without incurring substantial information loss.

We demonstrated the feasibility and robustness of this methodology using the insulin

protein in chapter 4, which contains a variety of structural motifs including α-helices,

disulfide bridges, and inter-residue hydrogen bonds. The stitched FMI matrix re-

constructed from spatial fragments closely mirrored the full-system FMI calculated

directly from a global DFT wavefunction. Importantly, chemically meaningful fea-

tures such as characteristic α-helical regions with i → i + 3 hydrogen bond patterns
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emerged clearly in the reconstructed map.

In a few cases, some interactions were missed in the reconstructed FMI matrix. The

primary reason for these missing terms is that they are not sampled in any single

spatial cut. In this context, fragmentation boundaries remain the primary source

of information loss. Nevertheless, increasing the fragment radius beyond 5 Å, or

dynamically adapting fragment boundaries based on interaction density, could re-

duce information loss. However, doing so also increases the computational cost per

fragment, resulting in a trade-off between accuracy and efficiency. This challenge is

analogous to known limitations in fragmentation-based energy methods, where in-

teractions between distant fragments must be carefully reconstructed to maintain

accuracy [22, 23, 24, 25].

In conclusion, FMI expands the toolkit of quantum chemical descriptors, providing an

interpretable, scalable, and classical and quantum correlation measure. It bridges the

orbital and atomistic representations developed in chapter 2 with biologically relevant

scales, enabling the application of QTI to large biomolecular systems.

5.4 Future works

A promising extension of this framework would involve replacing orthogonalized AOs

with domain-localized orbitals (DLOs) such as those employed in DLPNO method-

ologies [26, 27, 28]. Incorporating AMI into the DLO framework could significantly

enhance the spatial resolution and chemical specificity of correlation maps. It would

enable a more refined dissection of electronic interactions within catalytically active

sites, enzyme pockets, or protein–ligand interfaces—regions where traditional orbital

partitions often fail to provide adequate granularity. Moreover, using DLOs could

help mitigate some of the basis set dependence observed with AO-based AMI, as the

localization criteria used in DLO generation are more robust across basis set hierar-
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chies. This could improve the transferability and comparability of AMI results across

different chemical systems and computational protocols.

This technique complements QM/MM schemes by offering a pre-screening tool for

identifying regions requiring quantum treatment. It could inform adaptive QM/MM

partitions based on correlation density rather than classical descriptors. Beyond pep-

tides, FMI could be extended to nucleic acids, capturing base pairing and stacking

interactions. The method could also map protein-ligand or protein–nucleic acid in-

teractions, offering a QIT-based fingerprint of binding interfaces. For example, π− π

stacking between DNA bases or aromatic drug residues could be detected and quan-

tified through FMI.

In addition, integrating FMI with structural or sequence-based descriptors can further

enhance its utility in machine learning applications. Unlike classical features such as

bond lengths or angles, the FMI matrix also captures inherently quantum mechanical

aspects of inter-residue interactions. This matrix provides unique information about

electronic correlations that can be directly incorporated into ML workflows. For

instance, in graph neural networks (GNNs), residues or atoms can be represented as

nodes, with edge weights informed by FMI values. This allows the model to encode

correlation-driven chemical environments, potentially improving performance in tasks

such as protein structure prediction, ligand binding affinity estimation, and residue

interaction mapping.

A further extension would be the integration of dynamic FMI analysis with ab initio

MD. This approach could provide a uniquely quantum mechanical perspective on

how electronic correlations evolve over time during processes such as conformational

transitions, or ligand binding. By capturing the temporal dynamics of entanglement,

this method would offer deeper insight into the electronic underpinnings of biologically

relevant structural changes.

Another promising direction lies in training a ML model to predict FMI matrices
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from fragment-level data. By compiling a sufficiently large dataset of proteins with

full and stitched FMI matrices across diverse fragment sizes and structures, one could

train a model to obtain a predicted FMI matrix with almost no cost.

It is also worth investigating the sensitivity of FMI to the choice of density func-

tional and basis set. While ωB97M-V performed well in the present work, systematic

benchmarking across different methods and basis sets should inform best practices for

FMI-based analysis. This is particularly important if the approach is to be applied

to a wide range of protein classes or unusual chemical environments.
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