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1. INTRODUCTION

One of the main problems facing the field of automated
cartography is the sheer volume of coordinates which have to be stored
to allow an accurate representation of linear features on the final
map. This problem becomes even more acute when the stored data are
used to produce maps at reduced scale. Usually much fewer points are
necessary to represent the curve to within the required accuracy, but
reduction of the number of points inevitably leads to questions which
raise doubts about mathematically rigid methods being able to reproduce,
upon reduction, true cartographic shape and form.

In an attempt to reduce or pack the amount of input coordinate
data of a curve without losing ultimate plotting accuracy, we are pre-—
senting a mathematical packing method which, given a specified tolerance
(e), i.e. the final plotting accuracy, would transform the input
digitised coordinates into some other parameters of the curve. This
would be done in such a way that the linear segments so produced would
always be within a tube of width € surrounding the original curve. The
method results in a considerable reduction of the amount of input data
without loss of accuracy in final plotting. In addition it is able to
perform an automatic form of cartographic generalisation in which a
given curve with many convolutions can, if the appropriate error parameter

€ 1is introduced, be reduced to a simpler curve.



1.1 General Description of the Method

At present the mathematical calculations are performed by
one Fortran IV programme, PACK, with two major subroutines, REDOUT
and UPLOT. Also included are various plotting subroutines (see
section 3) to enable the user to plot both the original and packed
curves on either a 611 oscilloscope or a Calcomp drum plotter.

The input to the calculations is a set of x and y co-
ordinates of the line to be packed, the input and output scales, the

digitiser increment, §, and the required final plotting accuracy e.

+
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are determined. By taking the average direction of the first three

The coefficients of pseudo-hyperbolae y = =

points in the stream of coordinates, further successive points are
selected until they fail to lie within a tube *8 e wide. Using the
beginning and end points for proper direction a rigorous check is
made of points selected so they lie in a tube * € wide. The number
of points selected is altered until this condition is met, at which
time a segment length is computed.

The programme goes on to determine more segment lengths
beyond the first by defining a pseudo-hyperbola with the vertex
coinciding with the end of the last segment, and with axis oriented
in the direction of the last line segment (figure 2.6 ). The next
points in the coordinate stream are examined until one falls outside
the defined pseudo-hyperbola, and then another line segment is
identified whose end point is at the intersection of the stream of

coordinates with the pseudo-hyperbola.
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We choose the hyperbolic form since this is the approximate
locus of the longest formable segments that would represent the
curve with *e accuracy. The longer the segment lengths, the fewer
the segments, and hence the greater the reduction in the amount of
data stored. The details of this choice are given in section 2.k,

A rigorous check is again made to ensure that all points lie within a
tube *e wide around the segment. The segment's length is determined
and signed positive if the line segment points above the axis, and
negative below. This end point together with the preceding one
determine the axis of a new hyperbola of the same family, and the pro-
cess 1is repeated.

Thus the complete data packing consists in the production
of coordinates (2 numbers per point) and interlying segment lengths
(1 signed number only per segment). The points represented by two
coordinates are referred to as corner points and the lengths as
segments. This packed data is then stored. In order to obtain reduced
coordinates from the packed data (which are not in "plottable" form)
it is necessary to reverse the above procedure using the subroutine
UPLOT.

This subroutine decodes into coordinate twotuples the packed
data. The inputs to this routine are the two corner points, signed
segment lengths and the tolerance €. If only one segment is needed
then two corner points alone are given and a line can be plotted. If
more than one segment is needed it becomes necessary to take the signed

segment lengths and compute coordinates. The coefficients of the pseudo
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The initial segment is laid out in an east-west direction and directions

hyperbola y = =* are again calculated using the value €.

of subsequent segments are related to it. The routine determines
coordinates of intersections of line segments with the hyperbola. This
is done in a local set of coordinates where the hyperbola vertex is
related to the terminal point of the previous segment and its axis is
rotated to the direction of the previous segment.

Using the final corner point these local coordinates are
rotated and stretched so that the line segments are in the required
direction and at the required scale. The output coordinates from UPLOT
are then suitable for plotting.

The system documented here contains plotting routines for the
University of New Brunswick's IBM 370 computer plotting system. After
data packing and decoding, the original and packed curves are plotted
out and hardcopy is obtained from the 611 oscilloscope. A "packing
factor" is then calculated, being the ratio of the input number of
points to the packed number of points. This is then printed along with

details of input and output scales, and error values.



2. THE MATHEMATICAL BASIS OF THE METHOD

2.1 Digitized Curve
Let us consider an open, continuous, smooth curve C extend-

ing between initial and final points T o= (x

1= (xy,yy) with 1,
1 ), r= (xpyy) with

1°%1
denoting the radius vectors. We shall call the digitized image of C,

C*, as a series of points ;§ = (x§ s y? ), i=1,2, ..., N, represent-
ing C in the form of a set of isolated points. These points coincide

with appropriate intersection points of a §-square-grid, whose dimension

§ is given by the last retained binary (decimal) place - see figure 2.1.
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2.2 Representation of a Curve

We shall say that a curve C' represents C with a precision
e (strictly 1/e) if and only if every point ;TEC' lies within the g
environment of at least one point ;%C and C' 1is continuous.

Note that if we regard the digitized curve C¥ as piece-wise

linear curve with the points of discontinuous first derivative coin-
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ciding with r¥*'s, we can say that C¥ represents C with precision .

In the forthcoming development we shall always assume €>§ and shall

refer to the representation of C as actually the representation of C¥,

2.3 Purpose of Coding
—

The number of digitized points r¥, as usually supplied by a
digitizer, is generally unnecessarily large to represent C with the
required precision €. If we intend to store the digitized image C¥
on any kind of medium, we are evidently interested in keeping the amount
of retained information to a minimum. The problem becomes more pressing
whenever we store an excessive number of such curves as is the case with
cartography, pictorial images or many other practical digitized images.

Thus the ultimate aim of an optimum coding will be to replace
C¥ by such a curve C' which:- (i) is continuous; (ii) has minimum
number of representative points ;z expressed by minimum necessary
number of parameters; (iii) represents C¥ with required precision .

Another requirement, particular to cartographic applications,
is that C' representing a smooth curve should "look smooth" to the eye.
Since this requirement does not lend itself to an easy mathematical
formulation, it will be assumed that € can be selected in such a way
that C' "looks smooth" enough when plotted. In other words, we assume
that if € corresponds to the graphical precision of plotting (usually
about .1 mm) it will take care of this aspect automatically.

Our approach will be based on the pilece-wise linear representa-

tion assuming thus availability of a linear plotter only. If a more



flexible plotter,that will plot circular or parabolic arcs as well,is
available further reduction in the necessary number of parameters may
be achieved either by simply increasing the value of € or through
adding some qualifying criteria to the technique. This, however, will

not be the aim of this report but a subject for future development.

2.4 Maximum Allowable Length of Linear Segments

It is obvious that the maximum length of a linear segment, that
is to replace the original curved segment with precision e, is inversely
proportional to the curvature of the original segment. The larger the
curvature, the shorter the linear segment and vice versa. The following
formula can be deduced from figure 2.2 for the relationship of the
linear segment Zé and the linear deviation dR of the linear and

curved segment AS

—

AS = Y(8RAR-4dR?) . (1)

Eere R 1s the local radius of curvature. According to 2.2, we can
allow dR to become as large
as € for the maximum segment

AS . We can hence write:

Emax = /(8Re-Le?) . (2)

iﬁgure 2.2



To illustrate the quantities we are dealing with we can draw

a table showing the relationship of R and ngax for € = .lmm:

R[mm] 0.2 0.3 0.h 0.5 1 5 10 100

Aamax[mm] 0.k0 0.49 0.57 0.63 0.90 2.00 2.83 8.95

Table 2.1

Considering a digitized curve C¥, 100 mm long, consisting of

—
L4000 points r¥ .025 mm apart,we get the minimum number of linear

segments necessary to represent C¥ with precision € =.lmm, 111, 50,

35, 11 corresponding to mean radii of curvature of 1, 5, 10, 100 mm

no. of input points
no. of output points

we get for the packing factor between C¥ and C': 36, 80, 11L, 364

respectively. Hence, defining the packing factor as
respectively.

2.5 Reduction in the Necessary Number of Parameters

Having established the maximum spacing of the representative
points ;ﬁec' (as related to the local radius of curvature) we can show
that it is not necessary to identify each of those points by a pair
of coordinates. For this purpose, let us transform the original

—

coordinates x., y. of a point =r', into the local coordinates AS, ,
i 1 i+l i

oy (see figure 2.3).
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67
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?}%ure 2.3

It Zgi is made a function of oy

88, = £o;), o, = £ (I5,) (3)

1 1

we do not have to retain both Zgi and oy since the knowledge of one of
these is sufficient to furnish us with the other coordinate. Thus,
providing the relationship AS = f(a) 1is established, a curve can be
represented by a stream of single parameters, rather than a stream of
pairs of coordinates, which may lead to a considerable saving of storage
medium.

The question remains as how to select the function f to
satisfy the other requirements. We are going to show that the selection
can be done in such a way that f is the approximate locus L of all
the Kgmax'

Providing the curve C has approximately the same curvature

-—>
in the vicinity of ri , We can, according to figure 2.4 write:
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R cos %-+ dR = R. (4)

Substituting again € for AR and (Zééax+ Le2)/(8e) for

R (from eq. 2) we get:

A (5)

AS2 4+ Le2
max

cos

ol

. . . . 2 o _ l-cos(a/2)
and after some development,using trig. identity tan by —_—l+cosCoc/2))

we obtain

o = 4 arctg 2__8_ . (6)

AS
max

“F\"? ure 2.4
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The derivation of eq. (6) is based on the assumption of almost uniform
curvature in the vicinity of -;z which may or may not be fully
satisfied. In any case, it can be regarded as an approximate formula
and no considerable damage will be done if we replace it by another yet
approximate relationship more convenient for numerical treatment. The
only result of such approximation will be that the AS's will not be
the absolute allowable maximum and therefore the reduction will not be
the absolute maximum. This should not be unduly worrying since we
shall, in practice, be dealing with C¥ instead of C and have there-
fore to expect some irregularities due to the limited precision in
digitizing that will "spoil" the smoothness of C.

To make the development of an approximate equation of the locus
easier, let us introduce a local right-handed coordinate system &, n -

see figure 2.5.

Figure 2.5
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Transforming a, zgﬁax to £,n1 we get the equation of the locus (6)

as follows:

a = arctg n/f = 4 arctg R . (7)
/(g2+4n2)

Eq. (7) can be rewritten as

. 2,02

arccotg &/n = L arccotg ££§§§2~l
Considering the trig. identity

arccotg x = arccos ——

Y (1+x2)
we obtain
. 2,02
arccos —2—— £ )i arccos v ——D (8)
/(£2+n2) g2+n%+he?
2402 2412

and £/V(£2+n2)= cos(harccos v & =1, (v ——é——IL——-—) (9)

£24n2+he? b £24n2+Le2

Here 1) is the Tchebyshev's polynomial of L-th order (see, for

instance, Ralston, 1965). After rewriting T), in the form of power

£2472

series (polynomial of 4th order in V ) we obtain the final

E2+n2+h52
expression as a mixed algebraic polynomial of 20th order in & and n.
Such a polynomial would not obviously be convenient for numerical

computation either and has therefore to be approximated by simpler

formula.
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It can be shown, using numerical evaluation of eq. (6)

that each branch of L may be approximated by a hyperbola:

c. & + ¢
- _ 2
L' (g) En = v, (10)

The coefficients Cys Cos c3 can be determined, for instance, by using
the least-squares technique for the whole curve or more simply (and
less precisely) on the basis of three common points.

In our case, the three points were selected in such a way as

to provide an easy computation. Using formula (6) one gets

— a
S =2e/tg T .
On the other hand: Eémax = £24n2, Hence for o = %- we get £ =0 and
— _— . —
n=AS .= 2e/tg g = 4.828e. For a = T Vve have £ =n = Aamax//g =

26/(/2 tg %8-) = T.110e. The third point was selected for £=1000¢.
Developing formula (7) into power series in 2¢//(£2+n?)= g one gets

n/g=Lkq + terms of Uth and higher order in gq. Thus, for large &:

2

8
€ 8e =8e(1-%—2—[+...)

J(£24n2)  /(14n2/£2)

=

n =g

which tends to 8¢ for growing &. Hence, we shall not make any serious
mistake taking n=8e for £=1000e.

Using the selected three points one obtains:

c, = 8.00895¢, c = 13.615¢2, cy= 2.82¢ . (11)



1k

These values provide us with L' good enough for all practical

purposes. The shape of L' can be seen on figure 2.6.

.

?ﬁgure 2.6.

2.6 Determination of the "next" Representative Point
Once we have decided to adopt a certain L', the determination
of the "next" point becomes easy. Having two consecutive representative
points ES j;' described by their pairs of coordinates (x ¥y )
i-1° 71 i-1? Ji-1"?

(Xi’ yi), we can transform all the subsequent points belonging to C¥

— -—
into the local £,n system of the point r{. If r*=(x,y) is a running

point from C¥ we have for its local coordinates:

o
1

= T (x-x;) - T,(y-y,) (12)

=3
1]

Tg(x-xi) + Tl(y_yi)
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where 7= Cegmx, /TG =x, )%+ (y-y; )]

(13)

o= =(yyyy )Gy )% gy )20

— —p

Thus, we can take the sequence of all r¥'s following ri , compute their

£ and n coordinates and decide whether each of them lies either

within or outside the area bound by + L'(g). If the inequality
[n] < |L'(g)] (1h)

for a point (£,n) is satisfied, the point lies in the area and vice versa.
—

Hence, we eventually find a pair of running points, rﬁ and
—

r§+l say, of which the first lies within and the second outside the

area. If the whole "rest of C*" lies within the area, then the end point

-
is taken instead of ri+l, its coordinatessare retained and the segment is not

—
computed because it is not needed. The point ri is declared a "corner

point" (see later) and retained by coordinates. Otherwise the "next"

representative point r! . is the point, where L'(g) intersects the

— —
straight line connecting ri with r§+l (see figure 2.7).

-~
¥ k-3
/ i r\“,\
a ;'
o 5
!
| 13
] — = —

Figure 2.7
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——
To establish ri

+1 with the required precision, any numerical method

may be used. In our approach we have opted for the "chord method"
which is likely to converge fast since L' is ever-increasing and

-
relatively flat. Because + L' is concave, the approximation of r{

+1°
= = T =
. . % '
T.pq S5 will always lie between s i and r..q can be thus taken
-
instead of r§ for the next iteration. The chord method, therefore, will
P ——
. . . % ' . '
furnish a succession of points on ris ri+1 converging to ri+l the faster

—
the further away we are from ri.

—
Providing the point r{+l, selected on the basis of the last

iteration, is made to lie on i‘L'(E) in a relatively narrow environment

P
T . . . .
of rig which can be achieved by taking Nis1 L (Ei+l) for Ei+1

—

belonging to the last iteration~;; - 1t can be as much away from r¥,

+1
—

r§+l as + 6§/2. C* represents C with precision 6/2 so that it would

not make sense to insist on the representative points to perform any
better fit to C¥ than + 6/2.

Once Ei are obtained, we can compute the quasi-

+1° i+l
—

maximum segment Zg;’ determining the position of r{+l uniquely with

R —
respect to ri_l, r{, from following formula:

v — . 2 2
A8} = sign (”i+1)/(£i+1+ni+l)‘ (15)

—

* 1
The coordinates Xi+l’ Yis1 of Tii
—

representative point r{

, necessary for locating the next

+po are obtained by applying the transformation

inverse to (12):
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+ +
Xipp = % PT84 TN

(16)

Vo1 = V41~ Tobisrt T1Mian -

Note that from the point of view of error propagation, the
segments Zg' can be considered as errorless, i.e. if we do not commit
any error in the decoding process we would end up with the curve C'
representing C¥ in the manner described above. More will be said

about this subject later.

2.7 Initiation of the Process

The process described in the previous paragraph is able to
determine only the position of a "next" point with the assumption that
the two immediately preceding points from C' are already known. Thus,
it cannot obviously be applied at the beginning and we have to establish
the first segment by using an altogether different approach, i.e. we
have to initiate the process somehow.

The initiation should provide us with as long a segment as
can be achieved for the actual C¥ and €. The first reason is that we
try to represent C¥ by as few points as possible. The second, more
important reason,is that the technique using the locus L' is based on
the idea that both segments Zéi—l and Zgi are about the same, since C
is assumed to have in the vicinity of ri an approximately uniform
curvature. If we chose the first segment too short, the second shall
be too long and vice versa. The following segments would be influenced

accordingly.
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An iterative approach was hence devised that selects for

—> > — —
ré (ri remaining equal to ri) such a point rﬁ which

—n
(i) is furthest away from ri;

—_—
(ii) yet still all the points r§, j<k, lie no further than

>, > _
+ ¢ away from r?rf = pp-
- K

The equation of the line p, can be written as

P = A t A X Anyy = 0 (17)
where Ay = yl/(yk—yl) - Xl/(xk—xl)
Apy = 1/ (x=x]) (18)

A2k = “l/(yk—yl) .

—
The distance d of a running point r¥ = (x,y) from p, is given by (see,

for instance Bush and Obreanu, 1965):

|A + A
_ "o

X + A y|
q = 2

1
/(Ai+A§ )

= |B, + Bjx + By, (19)

T

r
J

Thus, after some development we may write following inequality to be

This distance must, for all » J<k, be smaller than e.

—
satisfied for all the r¥:

(A, (73=7y) + By (g% ))? & (88e)? (20)

ra? o v )2 v )2
where AS (xk Xl) + (yk yl) . (e1)



19

We can notice that evaluation of (20) does require adding, subtracting
and multiplication only and is, therefore, quite fast for computation.
The index k can be iterated for so long until (20) becomes satisfied
for k=n and fails for k=n+1l. Then ;% = ?i . If (20) is satisfied

even for the end point of the curve then only the first and the end

points are retained.

2.8 e Test
There is one more point within the process based on locus;
—
that must not escape our attention. It is evident that finding r£+l

as the intersection of L' and C¥ does not sutomatically ensure that all

— —> —
the points r¥eC¥* between r{ and r£+l lie within the distance of e from
— —
C' (represented here by the straight line joining r! and ri+l). It is

conceivable that if the curvature of C 1in the area changes rapidly
the assumption for the method does not hold any more and the locus L'
looses its fundamental meaning. In such a case, we have to declare ;?
the "corner" point and start again with initiating the process in
exactly the same manner as described in section 2.7.

To check whether the +e belt around C' contains all the points

O
r*e(ri . r£+l) the inequality (20) can be used. When substituting
(0,0) for (xl, yl), (g,n) for (Xk, yk) and (gj, nj) for (Xj, yj) the

inequality simplifies considerably and we get:

IHEJ—Enj| < |£§;|e . (22)
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2.9 Decoding of the Curve C'

The described method supplies us with a coded version of C'.
The C' is presented as a stream of pairs of coordinates (x, y),
belonging to the corner points, with varying number of sections Zg'
sandwiched in between any two adjacent coordinate pairs. The decoding
will be necessary to apply always on the succession of segment between
two adjacent corner points. Its goal will be to attach a pair of
coordinates (in the x,y system) to the end of each segment, i.e. to each

of the representative points.

Let us consider such a '"smooth" piece Ci of C', coded as

o

cl = (x5 ASi,AS' AS

1 ,yn} cc', (23)

]
o e X
2° > n-1°"n

It is not difficult to see that each AS{ can be split into the two

coordinate increments Ei related, as in section 2.5, to the

+1° Mi+1
— —
local right-handed coordinate system originating in ri with Ei—l = —lASiI.

To split it, we can use the formula (10) in conjunction with the

Pythagoras law:

2 2 _ raa?
8341 T M3y T 8557 (2k)

In (24) express Eéiz—g?

~' —' 3
T4 28 (IASi|—€i+l)(iASi[ + gi+l) and substitute

for n,,, from eq. (10). It then follows that

1

2
(i€, q%c,)

€., = |88!] - = |a8!] - @ (25)
i+l 1 = 2 i
(£i+l+|ASi|)(€i+l+c3)
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with Q ©being a function of |AS£[ and gi+l only.
This equation can be regarded as a recurrence formula for

Ei+1’ and £i+l can be determined by an iterative process using (25).

The convergence of such a process 1s ensured and is the faster the
larger is |AS{|.

Once £i+ is established with sufficient precision, n.,q can be

1
computed from eq. (24) taking into account the sign of Zgi. We have

1

Ny, = sien(as]) V(as? - €2, ). (26)

i+l i+l

The coordinate increments gi can then be transformed into the

+1° Mi+1

reference coordinate system x', y' for which we can take the local

—

system of ri, i.e. we define
(- v = v = |Ag v =
x} =0,y =0,x=[881], 5y} =0. (27)
Thus, we get
' = <! ' _m
X141 T %0 T T Bien m T Ny
(28)
] — ! ' '
Viep = ¥1 T T2 E5up v T N
' = [ AQt
where ] (xi xi_l)/|ASi_l|
(29)

Ty = (- vig sl

Continuing in the described way, we eventually end up
with the coordinates of the last point, xﬁ, yé. The final coordinates

(Xi’ yi), i=1, 2, ..., n, can be obtained by another transformation yet:
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- + U ot ot
X =X v I - 15y

(30)
Vi =yt Ty xg Iy
where
T = (v (v =yy) + x)(x =x.))/D
Ty = (x) (v -vy) - v (x -x,))/D (31)

D=/(xr'l+yr'1"

Three things should be noted here:

(i) For the transformation (30, 31) to work, C' must be an open
curve - as required in section 2.1.
(ii) Should the need arise to transform the coded C' into a new
coordinate system by a conformal transformation, only the corner points
have to be transformed. The linear segments may be regarded as 'shape
parameters' which are not liable to change under any conformal
transformation.
(iii) 'The value of e, used for determining the coefficients ¢y Cpoo

c3 when coding the curve, must be used for computing the coefficients

C1s Cps Cg in eqns. (25, 26) necessary for decoding the C'.
2.10 Propagation of errors and required precision

We require the maximum error in the position of any point of C'
to be smaller than €. Due to the conformal transformation represented

by eq. (30), the error in the end point as well as the error in the
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first point will vanish and we can expect the maximum error to

-—>

occur for r'/ We shall therefore investigate what precision is

n/2°

required in iterating the &'s from eq. (25) to obtain the position

—
error of r'/ smaller than €.

n/2
Denoting the errors in coordinates, X5 ¥y by éxi, Gyi we

define the position error Gi as

=/ 2 2
|6i| (dxi + 8y§ ) (32)
and the requirement is that

’Gn/2|<£ . (33)

Assuming the transformation coefficients TE’ T; in eq. (30) to
be smaller or equal to 1, i.e. assuming that the segments are expressed

in equal or larger scale than the coordinates x, y, we get the most

pessimistic estimate of 6x, S8y from following formulae:
l6x| < Vols']  foy| < v2|s"| (34)

where §' is the error in either x' or y'. Hence, we may write:

12 12) = '
|65 ] < V(28)2+ 2612) 2le1]. (35)
On the other hand, xﬁ, yﬁ can be expressed as
k k
x! =L Ax!, y!' =1 Ay!
k ooy i koo i (36)

where Ax!, Ay! are given by eq. (28).
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Thus, denoting by GAi the error in either Ax% or Ayi we get

. k
R YY
i=1  *

providing the individual GAi are distributed more or less at random.

Taking all the GAi equal to §A we end up with the expression

KN

ol =V k |ss] (38)

and

|s. | < 2vk|6a]| . (39)

il <

The transformation coefficients in eq. (28) are again smaller or equal
to 1. Hence the combined influence of the errors ¢£, én, in & and n,

is at most 2-times larger than that of the individual error &§&:

lsa| < velsg] (ko)

and substitution of (L0) into (39) yeilds:

[s. | < 2/(2x)|sg] . (L1)

Kl €

The criterion for 8¢ can thus be set up using eq. (33):

[ [

lsg| < = . (42)
o/ (2n/2)  2/n




25

In order to achieve the required precision in position, each &,
iterated from eq. (25), must be determined with a precision better
than e/(2vn).

How do we recognize that the required precision has been
reached during the process of iteration? For this purpose, let us

introduce a magnitude &s given by:

§s = [25'] - /(£2+n2(£)) (13)

where n(£) is prescribed by eq. (10). Obviously |6s|>|6£| and 6 in
eq. (42) can be replaced by 6s. From the computing point of view it

is convenient thoughtoevaluate 6s from an approximate equation:

c.&+c, 2

A 2y

e, - 245'2)/(288") (k1)

§s = (&2+(

and the final criterion which must be satisfied for the last iteration

of £ reads:

(L5)

.

c E+c, 2 —
62 +( 22 _ 2y o Les]e
€+c3

n
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3. PROGRAMMES AND PARAMETERS

The programmes and subroutines presently form an integrated
packing and plotting package, and are dimensioned to accept 5000 points
per curve. They are written in Fortran IV language and have been
tested on the University of New Brunswick's IBM 370/155 computer,
and the Univac 1108 and PDP-10 computer of the Department of Energy,
Mines and Resources, Ottawa. All times and storage refer to the 370
system using the level G compiler. To pack one line with 375 points in
it (the example shown in Appendix A) required 0.2 seconds. The plotting
routines on the 611 oscilloscope required a further 5 seconds. The
storage necessary depends on the number of points per curve, and is
presently 1129,26& bytes. These requirements include
the university's system generated plotting routines. The results and
restrictions of the package in its present form are listed in section L.
This section deals only with the programming requirements of each

routine.

3.1 Main Programme PACK
Storage: 126032 bytes in single precision
Subroutines called: REDOUT, UPLOT, AREA, GRID, SETPLT, NOWPLT,
ENDPLT, PRNTCH
Input Parameters: Input parameters are given as though the data were

on punched cards.
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Card 1: Format 2F4.0. The allowable plotting error at reduced
scale in micrometres, ERR. This is followed by the least
count of the digitiser in micrometres, DELTA.

Card 2: Format IL. The number of points in the line whose
coordinates follow, N. This can, with a minor change, be
left open for on-line work.

Card 3: Format 2I10. The denominator of the scale of the input
data, ISD. This is followed by the denominator of the
scale of the output data, I0SD.

It should be pointed out at this point that it is
perfectly possible to stop the technique after the packing
process. The programme subroutine UPLOT, which reduces
the packed data to the scale required for output can be
called at a later date. In this way only packed parameters
are stored, thus cutting down on storage space. At the
same time the option exists, just before final plotting, to
change the scale of the output. The present version is set
up for simultaneous packing and plotting.

Rest of cards: Format 5 (F7.0, 1X, F7.0, 1X). The x and y
coordinates of the points on the line, 5 points per card,
as shown in figure 3.1. It follows that these should be

N/5 data cards with coordinates.
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Output: The coordinates of the corner points, the segment lengths
and the packed coordinates are printed out. Then follow
the packing factor, the allowable plotting error, and the
input and output scale denominators. The present version,
with simultaneous packing and plotting, plots a copy of
the original and packed curves on the 611 oscilloscope.
The packed coordinates are stored in arrays XXD and YYD.

After packing, the programme at present loops
back and repeats the packing procedure with double the

tolerance request.

3.2 Subroutine REDOUT

Storage: 1220 bytes in single precision.
Subroutines called: None
Calling parameters: J - the number of segment lengths. An
arbitrary maximum of 20 has been set.
X1, Y1 - the coordinates of the initial point

in this set.



30

SEG - the array of segment lengths in this
set, J in number

XP, YP - the coordinates of the final point
in this set.

EPS - the specified tolerance.

Output: REDOUT is the routine which prints out the coordinates of

the corner points and the segment lengths.

3.3 Subroutine UPLOT

Storage: 2012 bytes in single precision

Subroutines called:

Calling parameters:

None

M - the number of segment lengths

XI, YI - the coordinate of the initial corner
points.

S - the array of segment lengths

XN, YN - the coordinates of the next coordinate
point.

E - the specified tolerance.
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Output: This routine outputs the packed coordinates, and also stores

these in arrays XXD and YYD.

3.4 Subroutines AREA, GRID, SETPLT, NOWPLT, ENDPLT, PRNTCH

These subroutines are university generated routines for

plotting. They are detailed in Gujar (1972).

L, TESTS AND COMMENTS

L,1 Tests and results

The present version of the programme has been tested in the
Department of Surveying Engineering using digitised contour data
obtained from the Analytical Plotter AP-2/C. This data is an exact
replica of that which would be obtained from an automatically digitis-
ing line follower. That is, the action of an automatic digitiser has
been simulated in all respects. A sample of the packing factor obtained

with the corresponding error tolerances is shown in table 4.1.

Error Tolerance (Micrometres) Packing Factor
1 1

50 L.21

100 7.35

200 11.36

%00 19.7h

800 37.50
1600 75.00
3200 93.75
6400 125.00

Table L.1
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For example, for this particular line, if we wanted to plot
it at the original scale, but allowed a plotting error of 50 micro-
metres, we would reduce the necessary storage to about one quarter.
What this means in terms of reduction of scale is that if we wanted
to reproduce the original line at 1/50 scale, we would only require
one quarter of the storage to plot it accurate to one micrometre.

There is, of course, no direct relationship between packing
factor and error tolerance. Obviously the greater the allowable error,
the greater will be the packing factor obtained from the process. The
original and packed curves corresponding to table 4.1 are shown in
Appendix A. The ultimate reduction and generalisation is shown by
figure A-9 in which the curve becomes a straight line. It should be
noted that nowhere is a packed curve further away from the original
than the error tolerance, while the stages of cartographic generalisa-
tion from exact to approximate are represented by figures A-1 to A-9.
With respect to generalisation it should also be noted that the
generalisations still retain the basic characteristics of the original
curve. Graph A-9, for example, shows what the curve would look like
if reduced by 1/6L400 and plotted to micrometre accuracy. (It has,

of course, been enlarged in the Appendix)
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L.2 Restrictions and Comments

The following points about the present procedure should

be noted:

a)

the procedure will not work for closed loops due to the
characteristics of the scaling process mentiocned in section 2.9.
The loop must be split into two arc segments.

The programme will pack coordinates for curves which are to be
reproduced at the same scale. It may be that there are more than
enough digitised points on a curve to reproduce it with a given
accuracy without reduction. The programme will reduce the number
of points to the minimum number required for any given accuracy.
The packing factors in table 4.1 are seen to refer to different
error tolerances. These can also be thought of as reductions to
different scales with the same plotting error. The packing factor
is also a function of the smoothness of the curve. The smoother

a curve, the greater will be the packing factor, since fewer
hyperbolae and segments are needed, that is, the necessary number
of parameters are fewer.

At present the programme input unit is the 2501 card reader. This
is not, of course, mandatory. Generally, digitised data will be
on magnetic tape, disk, or paper tape, and appropriate corrections
can be made. Ideally the input will be directly on-line, through

some device such as the 1827 Data Control Unit.
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The doubling of the error tolerance in the programmes' present
form is purely for testing purposes. Normally the input and
output scales, and the error tolerance will be known, and only
one packing will be required.

The Jjoining together of the packed points should be done by
straight lines. The use of curvilinear plotting methods may
generate points outside the error tube.

Other tests with this programme package were carried out by the
Surveys and Mapping Branch, Department of Energy, Mines and
Resources in Ottawa using the Branch's automated cartography
PDP-10 system, and also the Departments' Univac 1108, and the
packing obtained was satisfactory. Modification of the technique

to fit such systems is left up to the prospective user.



APPENDIX A

611 OSCILLOSCOPE PLOTS OF A SAMPLE CURVE
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FIGURE A-1

ORIGINAL CURVE
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FIGURE A-3
PACKED CURVE, PACKING FACTOR = L. 21
EARGR: @ 50) M CROMETRES
GRLR. = 1000 MICROMETRES
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FIGURE: A-3

PACKED CURVE, PACKING FACTOR = 7.35
ERROR = 50 MICROMETRES

GRID = 1000 MICROMETRES
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FIGURE A-L4
PACKED CURVE, PACKING FACTOR = 11.36
ERROR = 200 MICROMETRES

GRID = FOO0 MICROMETRES

39



FIGURE A-5
PACKED CURVE, PACKING FACTOR = 19.74

ERROR = 400 MICROMETRES
GRID = IOOOVMICROMETRES
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FIGURE A-6
PACKED CURVE, PACKING FACTOR = 37.5

ERROR = 800 MICROMETRES

GRID = 1000 MICROMETRES
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FIGURE A-7
PACKED CURVE, PACKING FACTOR = 75.00
ERROR = 1600 MICROMETRES

GRID = 1000 micrometres
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FIGURE A-8
PACKED CURVE, PACKING FACTOR = 93.75

ERROR = 3200 MICROMETRES
GRID = 1000 MICROMETRES
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FIGURE A-9
PACKED CURVE, PACKING FACTOR = 125.00
ERROR = 6400 MICROMETRES

GRID = 1000 MICROMETRES
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COMPUTER PROGRAMME LISTINGS
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