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Abstract 

Gait is a fundamental aspect of legged locomotion, playing a crucial role in enabling 

bipedal robots to navigate diverse and unpredictable environments. However, the ability to 

safely and efficiently terminate gait is equally important, as it ensures the robot's stability 

when transitioning from motion to a standstill. 

This thesis addresses the problem of gait termination in ݊-link, underactuated point-feet 

bipeds that use dynamic notion of stability, known as limit cycle walkers. Using the whole-

body dynamics of the robot, I present a unified gait termination solution applicable across 

all such walkers. This result is achieved by introducing a dynamical system model 

specifically for gait termination, integrated with existing walking models through a stable 

switching control strategy. To stabilize this model, I explore the use of smooth controllers. 

My analysis reveals that while such controllers may achieve local stabilization, the 

presence of nonholonomic contact point constraints limits the size of the region over which 

smooth stabilization is possible. By applying Sontag’s condition, I demonstrate that smooth 

control cannot ensure asymptotic stabilization over sufficiently large Regions of Attraction 

(ROA). However, I show that the system satisfies the Lie Algebra Rank Condition (LARC), 

indicating that it remains controllable. This controllability enables the design of a 

nonsmooth switching control strategy that, unlike computationally demanding 

optimization-based methods such as Model Predictive Control (MPC), primarily uses 

computationally efficient switching controllers and resorts to more intensive methods only 

when necessary to maintain constraints. 

The proposed switching controller comprises two sub-controllers: a balancing controller 

and a Ground Reaction Force (GRF) controller. The GRF controller consists of two 



iii 

 

components: one based on Nagumo’s theorem for analytically enforcing constraints, and a 

numerical component for handling complex cases where analytical methods are 

inadequate. To improve the efficiency of this numerical component, I introduce a novel 

Differential Dynamic Programming (DDP) approach, tailored to handle inequality 

constraints involving both state and control variables. I analytically prove the stability of 

the proposed switching strategy. Simulations confirm that this approach effectively 

manages contact constraints for most of the trajectory, utilizing computationally intensive 

controllers only when required, thereby enhancing real-time performance of the control 

framework. 
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CHAPTER 1  

1 Introduction 

The field of robotic legged locomotion has seen significant advancements over the past few 

decades. Researchers have been driven by the need to create robots capable of navigating 

complex and unpredictable environments, which traditional wheeled robots struggle to 

handle. This introduction highlights the motivation behind the shift towards legged 

locomotion, the challenges that remain, particularly in gait termination, and the aims of this 

thesis. 

1.1 Motivation 

Since its invention around 3500 B.C., the wheel has been the dominant method of 

locomotion in human artifacts. From four-wheeled wagons to advanced motor vehicles, 

this simple mechanism has become ubiquitous, leading many to consider it the only 

effective method of locomotion for human-designed vehicles. However, there are inherent 

limitations to wheeled locomotion. Wheeled vehicles require flat or regular surfaces to 

move and function effectively, but over 50 percent of the Earth's surface does not meet this 

criterion [1], [2]. Additionally, these vehicles are impractical in living environments with 

obstacles like stairs and ladders. Although wheeled vehicles can overcome small obstacles, 

it comes at the cost of high energy consumption [3]. While these challenges may seem 

daunting, nature has already provided elegant solutions, as seen in the adaptability of 

animals and human legs. 
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Limitations associated with wheeled locomotion and the superiority of animal and human 

legs, with their multi-link structures capable of moving over rough and uneven terrains, 

have inspired scientists and engineers to adopt similar mechanisms in robots. Using legs 

enables robots to operate in harsh environments with discontinuous ground support by 

varying their leg configurations and selecting contact points based on the terrain [1]. This 

capability allows robots to navigate living areas with ease. Legged locomotion also 

facilitates movement on soft surfaces like sandy soil with less energy consumption, as 

legged robots deform the terrain less and can escape depressions more easily [3]. 

Furthermore, having multiple degrees of freedom enables legged robots to change direction 

without slipping and adjust their height according to task requirements.  

Building on these advantages, significant progress has been made in the development of 

legged robots. Humanoid bipedal robots such as ASIMO by Honda [4], ATLAS by Boston 

Dynamics [5], MABEL from the University of Michigan [6], and Rabbit based in Grenoble, 

France [7], have garnered significant attention for their ability to mimic human walking. 

Research in legged locomotion has also led to the creation of robots with more legs, such 

as SPOT, a quadruped by Boston Dynamics [8], and the six-legged ASTEIRSK by Arai 

Robotics [9]. These advances highlight the potential of legged robots to perform complex 

tasks and operate in diverse environments, driving ongoing research and development in 

this field. 

1.2 Gap in the Literature 

Despite the considerable progress in robotic legged locomotion, particularly for 

underactuated bipeds that employ dynamic notion of stability, known as limit cycle 
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walkers, there remains a critical gap in the understanding and control of gait termination 

for these systems. Most existing research has concentrated on achieving dynamic walking 

stability through limit cycle behaviors, allowing robots to maintain balance via controlled 

falls between foot contacts. However, this focus on continuous locomotion has left the 

problem of stopping—gait termination—largely underexplored. Current approaches for 

gait termination often rely on simplified models or precomputed trajectories that do not 

adequately address the complexities of underactuated systems. This thesis targets this 

specific gap by developing an analytical control strategy for gait termination in 

underactuated bipeds that use limit cycle walking, aiming to enhance both the safety and 

efficiency of these systems. 

1.3 Aims 

I. Develop a unified gait termination method for point-feet bipeds that employ limit 

cycle walking. 

II. Develop a fast-converging Differential Dynamic Programming (DDP) algorithm to 

handle contact point constraints. 

III. Design a switching control strategy for upright equilibrium stabilization of point-

feet bipeds, modeled as an Acrobot-like system with nonholonomic contact point 

constraints. 

The primary focus of this research is to develop a unified gait termination solution for ݊-

link, underactuated point-feet bipeds that operate based on a periodic notion of stability, 

maintaining balance not continuously, but from one foot strike to the next. This periodic 

stability is fundamentally different from the requirements of gait termination, which aims 
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to bring the robot to a single, stable equilibrium point. Transitioning from continuous 

motion to a static state presents significant challenges, as control structures optimized for 

periodic stability are not well-suited for achieving abrupt stops without risking instability 

or inefficiency. 

To address this discrepancy, I propose a separate dynamical system model specifically for 

gait termination, modeled as an Acrobot-like system. The Acrobot is a simplified robotic 

model consisting of an open kinematic chain in the vertical sagittal plane, with two or more 

rigid links connected by revolute joints. It is an underactuated system, meaning that one of 

its degrees of freedom is not directly controlled by actuators. 

The Acrobot-like model, characterized by its underactuated nature and ability to capture 

the essential dynamics of point-feet bipeds, is particularly suitable for modeling gait 

termination. It provides a simplified yet accurate representation of the robot's dynamics 

during the termination phase, allowing for a more targeted control strategy. By establishing 

a dedicated dynamical system for gait termination, I create a unified solution that applies 

across different types of controllers and walking dynamics, effectively managing the 

transition to a static state. 

While continuous controllers may locally stabilize the separate dynamical model, my 

analysis shows that nonholonomic constraints, being velocity-dependent and 

nonintegrable, limit the extent of the stabilizable region. By applying Sontag’s condition, 

I demonstrate that smooth stabilization is not possible over sufficiently large Regions of 

Attraction (ROA), which are critical in practical applications. However, I show that the 

system remains controllable under the Lie Algebra Rank Condition (LARC). This 
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controllability enables the design of a nonsmooth switching controller that can achieve 

stabilization across a broader and more practically meaningful portion of the state space. 

As a key step toward developing this comprehensive switching controller, I focus on 

creating a fast-converging DDP algorithm to efficiently handle contact point constraints, 

which are crucial for the stability and balance of bipedal robots during gait termination. 

The proposed DDP approach optimizes control inputs to enhance convergence and reduce 

computational demands, ensuring rapid and accurate decision-making in real-time 

applications. 

The final step in developing a comprehensive gait termination solution involves designing 

a switching control strategy to stabilize the upright equilibrium of the Acrobot-like model, 

which is subject to nonholonomic contact point constraints. This strategy combines both 

analytical and numerical methods to effectively manage the robot's dynamics from nonzero 

initial conditions, ensuring a stable upright posture. By utilizing switching controllers, 

which are well-suited for handling nonholonomic systems, I minimize computational 

demands while effectively managing contact point constraints. This approach provides a 

robust and efficient solution for maintaining the robot's stability during gait termination. 

1.4 Thesis Outline 

This thesis is organized to systematically explore and address the gait termination problem 

in ݊-link, underactuated point-feet bipeds that utilize periodic notion of stability. 

Chapter 1: Introduction, offers a comprehensive overview of the motivation behind this 

research, highlighting the specific challenges of gait termination in bipedal robots. It also 



 

6 

 

outlines the research aims, setting the stage for the subsequent chapters and guiding the 

direction of the thesis. 

Chapter 2: Literature Review offers a detailed examination of existing methods and 

strategies for gait termination in point-feet bipedal robots. The chapter covers key stability 

methods, including static stability, ZMP control, and periodic stability, as well as the 

unique challenges of gait termination in limit cycle walkers. It highlights both precomputed 

trajectories and real-time control strategies, evaluating their effectiveness and limitations. 

Additionally, the review explores methods for handling contact point constraints and 

emphasizes the role of switching systems and controllers, which are heavily used to address 

the gait termination problem by managing transitions between different control modes. 

This comprehensive review underscores the need for innovative approaches to address 

stability and contact constraints, setting the stage for the contributions of this thesis. 

In Chapter 3: Unified Gait Termination for Limit Cycle Bipedal Robots, the thesis 

introduces a novel solution for gait termination. This chapter presents a separate dynamical 

system, modeled as an Acrobot-like system, specifically designed for terminating the gait 

of bipedal robots. It details the system's constraints, and the challenges involved in 

transitioning from dynamic walking to a stable standing posture. The discussion includes 

the difficulties of achieving stabilization to an isolated equilibrium while managing 

nonholonomic contact point constraints. 

Chapter 4: Leveraging Control Inputs to Enforce Constraints in Differential Dynamic 

Programming for Nonlinear Optimization, describes the development of a fast-converging 

DDP algorithm. This algorithm is designed to handle both control and state constraints 

efficiently. The chapter explains how these constraints are integrated into the DDP 
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framework, enhancing convergence and computational efficiency. This approach is 

subsequently applied to effectively manage contact point constraints during gait 

termination. The material presented in this chapter has been accepted for presentation and 

publication: 

Z. Dastan and J. Sensinger, “Leveraging Control Inputs to Enforce Constraints in 

Differential Dynamic Programming for Nonlinear Optimization”, in 63rd IEEE 

Conference on Decision and Control, 2024. 

Chapter 5: Switching Control Approach to Achieve Stable Standing in Point-Feet Bipeds, 

focuses on the design of a switching control strategy aimed at stabilizing the upright 

equilibrium of point-feet bipeds, using an Acrobot-like model. The chapter covers both the 

analytical and numerical components of the switching controller and discusses the specific 

conditions under which the strategy ensures stability during gait termination. 

The thesis concludes with Chapter 6: Conclusion, which summarizes the key findings and 

contributions of the research. It discusses the innovative approaches proposed in the thesis 

and the significance of the work in advancing the field of robotic control systems, 

highlighting the practical implications of the proposed solutions. The chapter also identifies 

the limitations of the current methods and suggests directions for future research to further 

enhance gait termination strategies for bipedal robots.  



 

8 

 

CHAPTER 2  

2 Literature Review 

2.1 Introduction 

Gait termination, a critical aspect of bipedal locomotion, presents unique challenges due to 

the complexity of maintaining stability during the transition from walking to a controlled 

stop. This literature review explores the existing research on gait termination strategies for 

bipedal robots, focusing on the key factors of stability methods, point-feet bipeds, contact 

point constraints, and switching controllers. 

By examining the limitations and strengths of previous approaches, this review aims to 

identify gaps in the current state of the art and highlight promising avenues for future 

research. The insights gained from this review will inform the development of more 

advanced and reliable gait termination strategies, ultimately contributing to the realization 

of highly capable bipedal robots. 

2.2 Key Stability Methods in Bipedal Robots 

The field of robotic legged locomotion has advanced rapidly as researchers aim to develop 

intelligent machines capable of seamlessly integrating into human environments. While 

wheeled locomotion is highly efficient on flat and predictable surfaces, it can struggle in 

environments with gaps, obstacles, or uneven terrain. Legged systems, on the other hand, 

can navigate such environments more effectively by adapting their gait and using discrete 

footholds. This adaptability and efficiency, seen in human and animal movement, have 



 

9 

 

inspired the exploration of legged robots as a solution for achieving reliable and efficient 

locomotion in the real world. 

One of the central challenges in achieving effective legged locomotion is maintaining 

stability, especially during movement across uneven or dynamic surfaces. This section 

examines three key methods developed to ensure stability in bipedal robots: static stability, 

Zero Moment Point (ZMP) control, and periodic stability, often termed dynamic stability. 

While these are not the only approaches to achieving stability, they represent foundational 

techniques that have profoundly shaped the evolution of bipedal robots. 

2.2.1 Static Stability Method 

One of the most fundamental approaches to maintaining stability in bipedal robots is static 

stability, which requires that the robot’s Center of Mass (CoM) remains within the convex 

hull of all ground contact points, referred to as the support polygon. The support polygon 

is the smallest convex set containing all the contact points where the robot's feet touch the 

ground [10], as illustrated in Figure 2.1 for a bipedal robot. This approach led to the 

development of early robots like WABOT 1 [11] at Waseda University and the first active 

exoskeletons by Vukobratovic [12]. 

Support polygon

Foot step area

 

Figure 2.1. Support polygon in a bipedal robot [13]. 
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Static stability is a widely used criterion for slow or stationary maneuvers, where dynamic 

forces such as momentum and inertia are minimal. In this mode, the robot can maintain 

stability simply by ensuring that its CoM remains within the support polygon. This criterion 

is simple to implement and computationally efficient, making it well-suited for early 

bipedal robots and robots performing slower, deliberate movements. 

However, static stability has significant limitations in dynamic environments. As robots 

increase their walking speed or face uneven terrain, relying solely on the static position of 

the CoM becomes inadequate. Dynamic forces cause the CoM to shift rapidly, making it 

challenging to maintain stability without more advanced control strategies. Therefore, as 

the need for more agile and faster robots emerged, more advanced stability criteria were 

developed to address the shortcomings of static stability. 

2.2.2 Zero Moment Point Stability 

A major advancement in bipedal robot stability came with the introduction of the time-

dependent ZMP criterion. ZMP was introduced to address the limitations of static stability 

and by far is one of the mostly adopted walking trajectory design algorithms [14]. By 

generating precomputed trajectories that account for dynamic forces, ZMP allows robots 

to maintain balance even during complex, dynamic movements. 

The ZMP is the point on the ground where the sum of all moments acting on the robot is 

zero [14]. In practical terms, the ZMP criterion states that if the ZMP lies within the support 

polygon, the robot will maintain balance. This provides a more comprehensive 

understanding of balance, especially during dynamic maneuvers where the robot is moving 

[14]. Robots such as ASIMO by Honda, HRP series by AIST, TUlip by Dutch universities, 
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and WABIAN by Waseda university have successfully implemented this stability criterion 

[4], [10], [15]. These robots continuously adjust their body movements to ensure that the 

ZMP remains within the support polygon. 

A defining feature of ZMP-controlled robots is their reliance on flat-footed walking to 

maximize the contact area between the foot and the ground. This larger contact patch helps 

distribute forces more effectively, keeping the ZMP within the support polygon to enhance 

stability. However, this approach results in unnatural, stiff gait patterns compared to the 

fluid heel-to-toe motion seen in human walking [16], [17]. 

While ZMP-controlled robots excel at static maneuvers with high robustness, they often 

lack the dynamic agility and energy efficiency found in natural locomotion, where the foot 

rolls and adjusts dynamically with each step. To further improve stability, ZMP-based 

robots tend to have larger feet, but this design also introduces awkwardness in their 

movement. The conservative nature of ZMP control favors stability over agility, limiting 

the robot’s ability to execute fast, dynamic actions like running or turning quickly [18]. 

Despite its limitations, ZMP remains a highly effective stability criterion for many bipedal 

robots, especially those designed for environments that require robustness and balance on 

flat surfaces. ZMP’s strength lies in its ability to handle disturbances and provide a stable 

walking gait in real-time, making it suitable for robots that need to operate in human 

environments, such as ASIMO. ZMP control is also favored in applications where precise 

movement is more important than dynamic agility, such as in industrial or service robots 

that need to carry loads or interact with humans in close proximity. These scenarios benefit 

from the balance and robustness provided by ZMP, as the robot’s center of mass is tightly 

controlled, reducing the risk of falls [19], [20]. 



 

12 

 

2.2.3 Periodic Notion of Stability 

The limitations of early bipedal robots, particularly the unnatural and inefficient flat-footed 

walking patterns, led researchers to seek more dynamic and energy-efficient locomotion 

methods, ultimately giving rise to limit cycle walkers. Flat-footed walking, which focused 

on maximizing ground contact, typically led to awkward and constrained movements, 

falling short of the natural, seamless motion seen in human gait. These drawbacks, along 

with the inefficiencies in trajectory-based approaches like ZMP, spurred significant 

breakthroughs in the 1980s. Researchers began to exploit the natural nonlinear dynamics 

of robotic systems to achieve stable and efficient motion. Pioneering work by Marc Raibert 

at the MIT Leg Laboratory introduced hopping robots that could run and perform flips [21], 

demonstrating dynamic behaviors through models like the Spring-Loaded Inverted 

Pendulum (SLIP) [22]. These developments shifted the focus to a periodic notion of 

stability, where maintaining balance is achieved through stable, repetitive motions rather 

than relying on continuous monitoring or real-time adjustments [17], [23]. Concurrently, 

Tad McGeer’s work on passive dynamic walking showcased that robots could achieve 

stable locomotion without full actuation [24], relying instead on their natural dynamics. 

Although these passive systems had limited ability to respond to disturbances, they 

underscored the potential benefits of underactuation in improving locomotion 

performance. 

Despite significant advancements by the end of the 20th century, a noticeable gap persisted 

between the physical capabilities of robotic systems and the sophistication of controllers 

needed to fully utilize these capabilities. This gap was especially pronounced in the field 

of underactuated walking. The lack of formal methods that effectively harness the 
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inherently nonlinear dynamics of locomotion hindered the ability to maximize the robots' 

actuation potential. A pivotal advancement came in the early 2000s with the work of Jessy 

Grizzle and colleagues, who introduced the concept of virtual constraints [25]. Virtual 

holonomic constraints are dynamically imposed relationships between a robot's 

configuration variables, achieved through feedback control. Their purpose is to 

synchronize the movement of various links according to an internal gait timing variable, 

such as the hip position relative to the stance leg. This timing variable is chosen to be 

monotonically increasing during walking, allowing it to replace time as a parameter for 

commanding trajectories [26]. These constraints create low-dimensional invariant surfaces, 

known as zero dynamics manifold, within the continuous phase of the model [27]. By 

designing these virtual constraints to be hybrid invariant, applicable under both continuous 

and discrete dynamics, they developed the concept of Hybrid Zero Dynamics (HZD) [28].  

The introduction of HZD enabled periodic motions to be generated naturally from the 

robot's interaction with the walking surface, rather than being driven by an external clock, 

similar to the stable periodic motion seen in a van der Pol oscillator and aligning closely 

with Raibert’s pioneering work on the hopper [29]. Successful implementations of HZD 

on the RABBIT platform were demonstrated by Chevallereau et al. [7]. Another notable 

example is MABEL [6], a bipedal robot developed at the University of Michigan, which 

also utilizes HZD to achieve dynamic, efficient walking and running gaits. Building upon 

RABBIT, MABEL incorporates compliant elements to enhance energy efficiency and 

stability, making it a successful limit cycle walker capable of maintaining stability through 

periodic motions [30], [31]. The introduction of HZD marked a significant turning point in 
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formalizing control for underactuated walkers, enabling faster and more efficient 

algorithms for minimizing torque requirements and achieving stable, periodic orbits. 

Grizzle, Plestan, and Abba were the first to establish the asymptotic stability of walking as 

a periodic orbit for an underactuated powered biped using formal analytical methods rather 

than simulations [23], [32]. Their feedback control design imposed virtual holonomic 

constraints during the single support phase, demonstrating stable walking in a three-link 

planar biped and providing crucial insights into achieving periodic stability in more 

complex robotic systems. This work was later extended by Chevallereau and colleagues to 

address both walking and running in underactuated bipeds [33]. 

More recently, the introduction of virtual nonholonomic constraints has enhanced the 

robustness of walking control for underactuated robots [26]. Unlike holonomic constraints, 

which rely solely on configuration variables, nonholonomic constraints incorporate 

velocity, allowing for dynamic posture adjustments. This approach was successfully 

demonstrated on MARLO [34], a 3D bipedal robot, which navigated uneven terrain using 

a single controller. These constraints mark a significant advancement in adaptive 

locomotion, enabling robots to better handle environmental disturbances and extend the 

limits of dynamic stability. 

2.3 The Significance of Point-Feet Bipeds 

The study of point-feet bipeds has garnered significant attention in bipedal robots due to 

their unique control challenges and potential to advance dynamic stability methods. With 

minimal ground contact, traditional stability frameworks like static stability or ZMP, 

commonly used for robots with actuated feet, are less effective for these systems [35]–[37]. 
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Consequently, periodic stability, which relies on maintaining balance through repeated 

cyclical motions, has become the primary approach for point-feet bipeds [23]. This method 

aligns with their natural dynamics, where stability is achieved through controlled 

transitions between foot strikes, emphasizing their underactuated nature [1]. 

A key motivation for studying point-feet bipeds is their ability to mirror human walking 

mechanics. Human locomotion naturally involves phases of underactuation, particularly 

during the toe-off phase when parts of the foot lift off the ground, leveraging passive 

dynamics like gravity and inertia. Point-feet bipeds effectively model this natural 

underactuation, offering insights into more agile, energy-efficient, human-like gait [38]. 

Furthermore, point-feet bipeds simplify many control challenges, particularly in foot-

ground interactions [39]. The absence of articulated feet and the smaller contact area reduce 

the complexities of managing large support polygons, making these robots an ideal 

platform for testing novel control strategies. Their simplicity allows researchers to focus 

on core dynamic stability techniques without the added complexity of multi-joint actuation. 

Once validated in point-feet bipeds, these strategies can be extended to more complex 

systems, such as humanoids with actuated feet [35]. 

Additionally, point-feet bipeds demonstrate their relevance in navigating complex terrains, 

where maintaining full-foot contact is often impossible. In real-world environments, such 

as rocky or uneven surfaces, robots must rely on smaller or intermittent contact points to 

maintain balance. With their focus on periodic stability and underactuated dynamics, point-

feet bipeds are particularly suited to such environments, providing an efficient model for 

maintaining locomotion with minimal ground contact [17]. 
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2.4 Gait Termination in Limit Cycle Walkers 

Gait termination refers to the process of bringing a walking robot to a controlled stop. For 

limit cycle walkers, this is particularly challenging due to their reliance on periodic 

stability, which complicates the transition from motion to a stable halt. In the following 

sections, I will explore why gait termination presents such a significant challenge and 

examine the control strategies developed to address this issue. 

2.4.1 Gait Termination as a Key Challenge for Limit Cycle Walkers 

While significant progress has been made in developing control methods for dynamic 

walking, gait termination remains a major challenge. Successfully bringing a bipedal robot 

to a safe and controlled stop is essential for its overall functionality, allowing it to halt its 

walking or running gait smoothly and without instability [40]. This ability is important in 

various applications, including human-robot interaction, industrial manufacturing, and 

rescue operations [41], [42]. Robots that are unable to stop walking in a controlled way can 

pose a safety hazard to themselves and humans in their environment, potentially causing 

damage or injury [43]. In addition, the ability to terminate gait is crucial for optimizing the 

efficiency of bipedal robots as it allows them to conserve energy and perform tasks more 

efficiently by starting and stopping walking or movement as required [44]. Despite its 

importance, gait termination has received less attention. In part, this challenge is related to 

the fact that many bipedal robots have a narrow support polygon [17], [45], which renders 

robot stopping designs a challenging task. 

A robot can stably stand on its legs when the projection of the CoM lies within the support 

polygon, the area formed by its contact points with the ground [46]. In static walking, 
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maintaining balance is relatively simple because the CoM is consistently kept within the 

support polygon, ensuring stability without requiring complex dynamic adjustments [11]. 

Additionally, stability methods that directly control the CoM, such as those used in ZMP 

control, allow for easier gait termination. In these methods, the primary goal is to design a 

CoM trajectory such that the ZMP remains inside the support polygon [47]. This controlled 

trajectory enables the robot to decelerate smoothly, reducing its walking speed until it stops 

with the CoM fully stabilized within the support polygon. By planning the CoM 

deceleration, the ZMP method ensures that the robot can halt in a controlled and stable 

manner, making gait termination more straightforward compared to more dynamic control 

methods. 

In contrast, limit cycle walkers, which primarily involve underactuated robots [48], focus 

on maintaining periodic stability, where balance is achieved through stable, repetitive 

motions between foot strikes. During walking, the robot undergoes a controlled fall 

between each foot strike, relying on its momentum and transient stability to maintain 

balance [49]. This periodic approach is especially useful for agile, point-feet bipeds, where 

ZMP-based control methods are unsuitable due to their underactuated dynamics [17], [44]. 

For these robots, traditional ZMP control oversimplifies the system, failing to account for 

the nonlinear dynamics inherent in their walking patterns [17]. While periodic stability 

allows for efficient and adaptive walking, it also introduces significant complexity when 

attempting to bring the robot to a controlled stop.  

It is important to recognize that the methods used to ensure stability in limit cycle walkers, 

such as the Poincaré map [23], are specifically designed to verify stability of a periodic 

solution. These methods differ fundamentally from those required to achieve static stability 
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during standing, where the system stabilizes at a single equilibrium point, and the 

projection of the CoM lies within the support polygon, as illustrated in Figure 2.2.  

This distinction helps explain the relative scarcity of studies directly addressing gait 

termination in limit cycle walkers. Among them, some studies have explicitly focused on 

gait termination, while others have indirectly tackled this issue by exploring control 

strategies for reducing or walking at zero speeds, which are closely related to the problem 

of stopping. Although these solutions come with certain limitations, they represent 

significant progress toward achieving controlled and stable gait termination. The following 

section will review these existing approaches, evaluating their effectiveness in managing 

the complexities of gait termination in dynamic walkers, and identifying areas where 

further improvements are needed. 

2.4.2 Control Approaches for Gait Termination in Limit Cycle Walkers 

To address the challenges of gait termination in limit cycle walkers, various control 

strategies have been developed, each aiming to improve the stopping performance of these 

robots. These approaches range from enforcing precomputed trajectories to employing 

Support polygon

Foot step area

Projection of CoM

 

Figure 2.2. Projection of CoM within the support polygon to maintain static stability during 
standing. 
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adaptive control methods that eliminate the need for offline planning. In the following 

sections, I explore these methods, beginning with precomputed trajectory enforcement. 

2.4.2.1 Precomputed Trajectory Enforcement 

One common method for improving the stopping performance of dynamic walkers 

involves enforcing precomputed trajectories, where the robot follows a set of paths 

generated offline. This approach has become central to several speed regulation and gait 

termination methods [50]–[52]. Kajita et al. [53] used a simple biped model with a rigid 

mass and two massless legs to generate trajectories for different phases of walking: gait 

initiation, move forward, and termination, based on the conservation of the potential energy 

of the body.  

Another offline trajectory-based approach that has gained traction is stepping in place, 

which has been explored as a way to bring limit cycle walkers to a controlled stop. In recent 

work, Xingye et al. [54] considered an underactuated biped model and formulated a set of 

trajectories using Beziér polynomials to achieve varying walking speed from 0 m/s (i.e., 

stepping in place) to the top walking speed of 0.8 m/s and then return to stepping in place. 

In work by Gong et al. [38], a full dynamic model of the Cassie bipedal robot in the form 

of Lagrange was used to create a continuum of gaits for various walking speeds ranging 

from -0.5 m/s to +1 m/s. This library of gaits then was imposed via the virtual constraints 

technique which enabled Cassie to initiate walking followed by a standing phase, though 

with stepping in place action [55]. In addition, they developed a distinct standing mode for 

Cassie, but it was not integrated into the walking motion and had to be initiated separately. 

While these methods effectively reduce walking speed and transition to stepping in place, 
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they do not constitute true gait termination. The robot continues making corrective 

movements to maintain balance rather than executing a sudden, commanded stop. 

Westervelt et al. [51] introduced a hybrid control strategy for managing speed transitions 

in planar bipeds that does not rely on stepping in place. Their approach combines event-

based PI control with switching between a continuum of gaits, each associated with specific 

regions of attraction. The PI controller adjusts key parameters during discrete events (such 

as foot strikes) to regulate speed, while the switching mechanism ensures that the robot 

remains stable as it transitions between different gaits. This method enables continuous, 

real-time adjustments to the robot’s gait, allowing for smooth transitions across a range of 

walking speeds, including the ability to achieve zero walking speed. As the robot’s speed 

decreases, it gradually loses forward momentum and eventually enters a rocking back-and-

forth phase before coming to a complete stop. However, like the stepping in place methods, 

this approach does not provide true gait termination, where the robot halts immediately in 

response to a command. Instead, it relies on natural deceleration, which, while effective for 

speed control, falls short of the human-like ability to command an immediate and 

controlled stop. Bhounsule et al. [50] proposed a solution aimed specifically at speed 

regulation for running limit cycles, using exponentially stabilizing discrete control 

Lyapunov functions to manage smooth transitions between running speeds. Their system 

successfully transitioned between speeds from 2 m/s to 5 m/s through region-of-attraction-

based switching. However, this approach does not address stopping or achieving zero 

walking speed. 
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2.4.2.2 Adaptive Control Strategies Eliminating Offline Trajectory Planning 

While precomputed trajectories have been effective in managing speed reduction and 

transitions in bipedal robots, none of these methods fully achieve gait termination in the 

traditional sense. Moreover, they lack the adaptability to handle changing environments 

and often fail to account for unexpected events. To address these shortcomings, more 

adaptive control strategies have emerged, eliminating the reliance on offline trajectory 

planning. For instance, a successful approach to the speed control of the bipeds with the 

ability to create a zero forward speed has been initiated by Raibert [21] for the hopping 

machine, namely, foot placement. This method estimates a position for the foot in the next 

step based on the current CoM speed. However, since a closed-form expression relating 

the forward foot placement to the net forward acceleration is not available, this method 

relies on the approximations of the exact solutions. An extension of Raibert’s method to 

bipeds has been proposed in [56], [57] where a simplified SLIP model was used to design 

a controller for the ATRIAS robot with the ability to vary walking speed down to 0 m/s, 

though, walking in place. 

Another approach to speed regulation in bipedal robots focuses on harnessing inherent 

mechanical properties rather than relying heavily on computational methods. As a 

prominent example, Hobbelen and Wisse [58] achieved speed regulation by modifying 

parameters such as ankle push-off, step length, and upper body pitch, leveraging the robot’s 

natural dynamics to efficiently control speeds between 0.24 m/s and 0.68 m/s. While their 

approach enabled smoother speed adjustments, it did not involve walking at zero speed. 

Geng [48] introduced the first application of MPC to regulate walking speed in a limit cycle 

walker. His method used a two-level control architecture, where MPC at the higher-level 
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adjusted parameters of a lower-level state machine-based controller responsible for 

generating the walking gait. By predicting future gait dynamics and optimizing control 

inputs in real time, his system successfully managed walking speeds between 40 cm/s and 

85 cm/s while maintaining stability. However, the computational demands of MPC-based 

methods, due to the need for continuous real-time optimization, make them less practical 

for scenarios where rapid response times or limited computational resources are critical.  

Although this research focuses on limit cycle walkers with point feet, it is important to 

consider Boston Dynamics' Atlas [59], as it is widely regarded as a benchmark for dynamic 

legged locomotion. While the company is not forthcoming in sharing detailed information 

about Atlas's control strategies, insights from their webinar [60] provide valuable glimpses 

into its operation. Building upon the early approaches to MPC, Boston Dynamics has 

significantly advanced the application of MPC and whole-body dynamic control in legged 

locomotion. To mitigate the computational heaviness of solving optimization problems 

online in MPC, Atlas utilizes a combination of precomputed optimized trajectories and 

real-time adjustments to perform high-speed, dynamic tasks such as running, jumping, and 

executing complex parkour movements.  

The MPC in Atlas works by taking these precomputed trajectories and adjusting them in 

real time to respond to environmental changes and maintain balance. It predicts future 

states over a short time horizon and optimizes control inputs to minimize discrepancies 

between the desired and actual motions. This approach allows Atlas to adapt its movements 

on the fly, handling external disturbances and adjusting foot placement and timing to ensure 

stability during complex maneuvers, without the full computational burden of solving 

complex optimization problems entirely online. However, it is important to note that 
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generating these precomputed trajectories requires substantial computational effort offline, 

and the effectiveness of Atlas's MPC heavily relies on this extensive offline computation. 

2.5 Handling Contact Point Constraints in Bipedal Robots 

One of the key challenges in gait termination and overall bipedal robots’ control is handling 

contact point inequality constraints. This problem has been widely addressed, in particular, 

in the case of optimization-based techniques that are widely used in robotics applications 

such as DDP [61], each with its unique approach to embedding these constraints into the 

optimization process [62], [63]. Penalty methods [64], for example, add significant costs 

for deviating from constraints to the objective function, effectively deterring solutions that 

violate these limits. This approach simplifies the computational process by treating a 

constrained optimization problem as an unconstrained one. However, this method faces 

challenges such as potential numerical instability (ill-conditioning) [61] and the difficulty 

of selecting appropriate penalty parameters.  

On the other hand, barrier functions [65]–[69] are employed to create nearly 

insurmountable 'barriers' at the edges of feasible regions, ensuring that the optimization 

process remains within the bounds of constraint adherence. A notable instance of this 

methodology is found in [70], where control barrier functions are employed to enforce the 

nonnegative normal component of the Ground Reaction Force (GRF) within the framework 

of an optimization-based controller [39]. This approach involves the derivative of the 

normal GRF, which becomes increasingly complex when utilizing the full Lagrangian 

model of the robot [35], as opposed to [70], which employs a simpler SLIP model. 
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While barrier functions are adept at guiding the solution to stay within the feasible space, 

they also require meticulous parameter tuning to avoid ineffective constraint enforcement 

or excessively slow convergence [71]. Interior point methods [65] offer another technique 

for handling constraints, maintaining the search within the feasible region by utilizing 

barrier functions. These methods progress from the interior towards the boundary of the 

feasible region and require a mechanism to effectively vary the perturbation parameter 

during the optimization process. Additionally, they typically do not benefit from warm 

starts, which can be a limitation depending on the application. 

Active set methods [15] present a different approach by embedding the constraints directly 

into the optimization process, allowing for the exploitation of warm starts and potentially 

reducing the number of iterations required. These methods necessitate that the constraints 

be explicitly dependent on the control variables, which may limit their application in 

scenarios where constraints are dependent on state variables [72]–[74]. 

A similar approach involves using barrier functions to modify an existing controller for a 

system so that it satisfies certain conditions, commonly known as safety conditions [75], 

[76]. This method also relies on optimization techniques, but there is no guarantee that the 

resulting controller will be stable [77]. A well-known and widely adopted application of 

barrier functions is within the structure of MPC, which generates control actions that do 

not violate dynamic and contact point constraints [78], [79]. However, this method comes 

with the cost of heavy computations, making it unsuitable when energy efficiency and 

space limitations are critical. To manage these heavy computations, researchers often use 

simpler robot models like Linear Inverted Pendulum (LIP) [80], [81], or employ techniques 

such as using a fast low-level controller in conjunction with a slower MPC update to 
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compensate for the slower update rates with MPC [82]. Despite these efforts, implementing 

whole-body MPC that utilizes full-body dynamics remains a significant challenge, and 

researchers continue to work on making it faster and more practical for real-world 

applications [83]. 

As precomputed trajectories can be used for gait termination, they are also utilized to 

handle contact point constraints. These trajectories, designed offline, ensure that the robot 

never violates the constraints if followed precisely [23], [50], [51]. However, these methods 

assume certain initial conditions and environmental parameters. Once these trajectories are 

set, they cannot adapt to unforeseen changes or disturbances in the environment in real 

time. Additionally, they heavily rely on the accuracy of the robot's model and the 

environment. Any discrepancies between the model used for trajectory generation and the 

actual system can lead to significant performance degradation. 

2.6 Switching Systems 

Switching systems, a class of hybrid dynamical systems, have become a versatile tool for 

addressing complex control problems, particularly in applications that require handling 

abrupt changes in dynamics or tasks [84]–[86]. The key feature of these systems is that 

they switch between different subsystems depending on certain conditions, which can be 

based on time, the system's state, or external factors. This switching actions introduces a 

hybrid nature to the system, where the continuous evolution of the system's state is 

interrupted by discrete events that cause the system to jump between different subsystems 

[84]. In simpler terms, think of a switched system as a machine with multiple operating 

settings (or modes), like a car that can switch between different gears. In each gear, the car 
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behaves differently, and the control system needs to manage when to switch gears to 

optimize performance. In a similar way, a switched system decides when to switch from 

one set of dynamics (rules governing its behavior) to another, with the goal of maintaining 

stability, performance, or achieving some specific tasks [87].  

To illustrate this concept, consider a simple switching linear system with (ݐ)ݔ ∈ ℝ௡ 

representing the state of the system at time ݐ, and two different subsystems, each 

represented by its own linear system: 

I) The subsystem 1 is described by the equation ̇(ݐ)ݔ = ଵܣ where ,(ݐ)ݔଵܣ ∈ ℝ௡×௡ is 

a matrix that defines the behavior of this subsystem. 

II) The subsystem 2 is governed by ̇(ݐ)ݔ = ଶܣ where ,(ݐ)ݔଶܣ ∈ ℝ௡×௡ represents a 

different dynamic behavior. 

The switching between these two subsystems is controlled by a signal (ݐ)ߪ, which specifies 

which subsystem is active at any given time 

(ݐ)ݔ̇ =  (1) .(ݐ)ݔఙ(௧)ܣ

Here, (ݐ)ߪ ∈ {1,2} determines whether the system follows the dynamics of subsystem 1 or 

2 at time ݐ.  

The study of switching systems spans multiple disciplines, with different communities 

approaching the subject from distinct perspectives. In computer science, the focus is often 

on the discrete aspects of the system, simplifying the continuous dynamics [88]. Key 

concerns in this area include ensuring well-posedness, performing simulations, and 

verifying system behavior. In contrast, researchers in systems and control theory typically 

view switching systems as continuous systems with switching dynamics, placing more 
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emphasis on analyzing the continuous state. For these researchers, the primary challenges 

lie in stability analysis and control design. This latter perspective is the one emphasized 

and utilized in this thesis [89]. 

2.6.1 Classification of Switching Systems 

One way to categorize switching systems is by the conditions that trigger transitions 

between subsystems. These transitions can be either state-dependent, where they are 

triggered by the system's current state, or time-dependent, where they occur based on 

predefined time intervals.  

In state-dependent switching systems, the transitions between subsystems are governed by 

the system’s current state. The switching occurs when the state variables cross certain 

thresholds or reach predefined regions in the state space. This type of switching is often 

employed in scenarios where the system's dynamics need to adapt to changing conditions, 

such as in control systems that adjust behavior based on real-time feedback from sensors 

[90]. 

For instance, in the simple switched linear system described earlier, if the switching is 

based on the system's state (ݐ)ݔ, I might define a state-dependent switching rule such that 

(ݐ)ߪ = ൜1 (ݐ)ݔ ݂݅ ∈ ܴଵ
2 (ݐ)ݔ ݂݅ ∈ ܴଶ

 (2) 

where ܴଵ, ܴଶ represent different regions of the state space. The system switches between 

subsystems 1 and 2 depending on whether the state (ݐ)ݔ is within region ܴଵ or ܴଶ. This 

approach is useful when the dynamics need to react to the internal state of the system, such 
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as in adaptive controllers that adjust their actions based on the current operating conditions 

[91]. 

In contrast, time-dependent switching systems rely on a predefined schedule or external 

timer to trigger transitions between subsystems. The switching signal (ݐ)ߪ is determined 

by the passage of time, often following a periodic or aperiodic pattern, without direct 

influence from the system's state. 

For the same switched linear system, if the switching occurs at regular time intervals, the 

time-dependent switching rule could be expressed as 

(ݐ)ߪ = ൜1 ݐ ݂݅ ∈ [0, ଵܶ) ∪ [ ଶܶ, ଷܶ) ∪ ⋯
2 ݐ ݂݅ ∈ [ ଵܶ, ଶܶ) ∪ [ ଷܶ, ସܶ) ∪ ⋯ (3) 

Here, the system alternates between subsystems 1 and 2 according to specific time intervals 

ଵܶ, ଶܶ, … regardless of the system’s state. 

Switching systems can be categorized not only by the conditions that trigger switching 

action, such as state-dependent or time-dependent switching, but also by the nature of 

control over the switching process, which can be either autonomous (uncontrolled) or 

controlled. While state- and time-dependent switching describe when the system transitions 

based on internal states or predefined time intervals, autonomous vs. controlled switching 

refers to who or what triggers the switch. In autonomous switching, the transitions happen 

automatically, often in response to external disturbances or system failures, without direct 

intervention from a controller or designer. This contrasts with controlled switching, where 

the system designer or controller deliberately manages when and how switching occurs, 

often optimizing performance or maintain stability. For example, a state-dependent system 

can switch autonomously when the state crosses a certain threshold, or it can switch under 
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controlled conditions where the system monitors state variables and switches based on set 

criteria. Similarly, time-dependent switching can be autonomously pre-programmed to 

occur at regular intervals or controlled to adapt the timing based on evolving system 

dynamics [89], [92]. 

2.6.2 Switching Controllers  

Switching controllers are a class of control strategies employed to address situations where 

a single continuous controller is either inadequate or impractical. These controllers select 

from a set of control laws, switching between them based on predefined conditions. This 

approach is often crucial in systems where a single continuous control law cannot manage 

all operating conditions, or where optimal performance can only be achieved by employing 

a combination of controllers. Figure 2.3 illustrates the structure of a typical switching 

controller, where the decision mechanism governs the transition between different 

controllers. The act of switching between control laws alters the dynamics of the closed-

loop system, classifying systems with switching controller as a subset of switching 

systems. Consequently, their performance and stability can be analyzed using well-

established techniques from switching system theory [93], [94]. 

One of the most well-known examples of switching controllers is sliding mode control, 

which has been widely adopted by control practitioners, often without recognizing that it 

falls under the category of switching systems. This method has been successfully 

implemented in various applications, primarily due to its ability to effectively handle 

uncertainties and disturbances across a wide range of systems [95]–[97]. For instance, [98] 

demonstrates the effectiveness of sliding mode control in robotic manipulators. By using a 
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fast terminal sliding mode surface and integrating the super-twisting method, the authors 

address the challenge of trajectory tracking in the presence of parameter perturbations and 

external disturbances. Similarly, [99] presents a multi-input multi-output sliding mode 

control strategy for a gait rehabilitation exoskeleton, ensuring both accurate joint trajectory 

and compliance control. This application highlights the robustness of sliding mode control 

in nonlinear, multi-variable environments, particularly in systems with highly nonlinear 

actuators like pneumatic muscles. 

Another well known switching controller is gain scheduling. This method involves 

switching between different linear controllers, so the system meets specific predetermined 

performance criteria [100]. [101] applies gain scheduling to standing balance of humanoid 

robots, dynamically adjusting feedback gains based on perturbation characteristics, 

demonstrating improved efficiency and stability. [102] uses a nonlinear gain-scheduled 

approach for a 10-DOF bipedal robot, adapting control gains between single and double 

support phases, resulting in accurate tracking and improved computational efficiency. 
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Figure 2.3. Block diagram of a switching controller. 
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More general forms of switching controllers have also been applied in various applications 

[91]. In power systems, [103] proposes adaptive switching control strategies that 

dynamically adjust control modes to handle disturbances like voltage and frequency 

fluctuations in large-scale grids. [104] introduces a novel switching strategy for Si/SiC 

hybrid switches, which optimizes both efficiency and reliability. The proposed method 

dynamically adjusts driving voltage and switching sequences based on the current load to 

minimize power loss and electrical stress. In three-phase voltage source converters, [105] 

presents a switching predictive control method that stabilizes switching frequencies and 

manages system delays, further improving robustness and performance. 

In robotics, more advanced forms of switching controllers have been employed to address 

varying operational conditions, system uncertainties and disturbances. [106] discusses 

adaptive PID switched control to ensure precise tracking under varying loads in robotic 

manipulators. To manage unknown constraints in robotic systems, [107] introduces an 

enhanced decentralized robust adaptive control method that combines decentralized control 

with sliding mode techniques to handle unknown constraints while ensuring stability.  

For bipedal robots, [108] presents a switching control design for accommodating large 

step-down disturbances, ensuring the robot transitions smoothly between walking and 

shock-absorbing modes to maintain stability. Further improving the adaptability of 

humanoid robots on uneven surfaces, [109] proposes a position-based impedance control 

and force control in a switched framework. Initially, the impedance control softens the 

impact when the robot’s foot touches the ground, absorbing disturbances caused by 

irregular surfaces. If necessary, the control switches to force control to ensure the foot 

applies the correct supporting force before taking the next step. The control system is 
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implemented on the Nao robot, a commercial humanoid with a closed control architecture. 

The experimental results demonstrate improved walking stability on gravel, showcasing 

the benefits of integrating both control strategies. 

One of the main applications of switching controllers, which will be extensively discussed 

and utilized in Chapter 3 and Chapter 5, is controlling nonholonomic systems, systems that 

cannot be managed effectively with conventional continuous controllers [110]. Perhaps the 

most well-known example is the control of car-like robots, which has been extensively 

explored in several studies [111]–[113]. For instance, [114] proposes a fuzzy gain 

scheduling strategy combined with a time-varying fuzzy sliding mode controller to tackle 

the challenges of nonholonomic constraints and input saturation. This approach reduces 

the complexity of traditional gain scheduling by integrating fuzzy logic to manage local 

path tracking, achieving precise and robust parallel parking performance. Similarly, [115] 

presents a state-dependent switching control strategy for a car-like mobile robot, where the 

system is divided into several second-order subsystems, each stabilized sequentially using 

finite-time controllers. This method ensures smooth transitions between phases such as 

stopping, moving towards a target, and adjusting orientation, demonstrating its 

effectiveness in managing nonholonomic constraints with robustness and practical 

stability.  

Another well-known application of switching controllers in nonholonomic systems is the 

control of a knife edge, which can slide only in the heading direction, and has important 

applications in robotic surgery [116], [117]. Other notable examples include the control of 

a vertical wheel rolling without slipping on a plane surface [118], [119], and underwater 

vehicles moving on a horizontal plane [115]. Controlling underwater vehicles, especially 
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underactuated ones, presents a unique challenge due to the second order nonholonomic 

constraints imposed by their unactuated dynamics. These vehicles often operate with 

limited actuator capabilities, making direct control over certain movements, such as lateral 

drift, unattainable. Switching controllers effectively manage these complexities by 

coordinating different phases of motion, such as stabilizing orientation and regulating 

velocities, enabling precise navigation in the challenging conditions of underwater 

environments. 

In summary, switching controllers offer a powerful solution for managing complex systems 

that are difficult or impossible to control with traditional continuous control methods. Their 

ability to switch between different control laws based on system conditions allows for 

enhanced flexibility and performance across a wide range of applications, including 

nonholonomic systems, robotic manipulators, and autonomous vehicles. These controllers 

effectively handle the dynamic challenges of underactuated systems, nonholonomic 

constraints, and external disturbances, enabling precise control where continuous 

controllers would fail. 
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CHAPTER 3  

3 Unified Gait Termination for Limit Cycle Bipedal Robots 

3.1 Introduction 

In the context of limit cycle walkers, controllers are typically designed to maintain a 

periodic concept of stability, aligning with the cyclic nature of the robot's gait. This periodic 

stability is fundamentally different from the requirements of gait termination, which aims 

to bring the robot to a single, stable equilibrium point. The transition from a state of 

continuous motion to a static state poses substantial challenges, as the underlying control 

structures optimized for periodic stability are not well-suited for achieving abrupt stops 

without risking instability or inefficiency.  

It is important to clarify that gait termination can be viewed as a two-step process: the first 

step involves transitioning the biped from dynamic walking into a double support phase, 

while the second step focuses on stabilizing it to an upright equilibrium. This thesis 

specifically addresses the second step. I assume that the robot has already come to a double 

support phase and aim to design control strategies that stabilize it from this configuration. 

To address the challenges specific to the second phase of gait termination, this chapter 

proposes the development of a separate dynamical system model specifically for gait 

termination. The employed model is an ݊-link, one degree of underactuation planar biped 

[23] described by ordinary differential equations obtained by applying Lagrangian 

mechanics [49], which leverages all available degrees of freedom and actuators with fewer 

simplification assumptions compared to models like LIP and SLIP, enabling a more 
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accurate representation of the robot's dynamics. The rationale behind this approach is 

twofold: firstly, it acknowledges that the existing controller structures, being inherently 

designed for maintaining periodic motion, are ill-equipped to handle the transition to a 

static state. This is due to their inability to adapt to the sudden absence of dynamic motion 

without extensive modification or complete redesign. Secondly, by establishing a separate 

dynamical system dedicated solely to gait termination, I can create a unified solution that 

is applicable across different types of controllers and walking dynamics. This dedicated 

system allows for the design of control strategies that are specifically tailored to manage 

the complexities of stopping from various walking patterns [120], [121]. This separation 

not only simplifies the control design process by isolating the termination phase but also 

enhances the overall effectiveness of the robot's operational capabilities. 

Furthermore, to seamlessly integrate this separate dynamical system with the existing 

walking system, I employ a switching control strategy [89]. This strategy effectively 'glues' 

the termination system to the walking part, enabling a smooth and controlled transition 

between dynamic walking and stationary standing. By using switching control, the system 

can instantaneously switch between the control strategies optimized for walking and those 

designed for termination, depending on the robot's immediate needs. 

Building upon this integration, I explore the extent to which stability can be guaranteed for 

this separate dynamical model using analytical controllers, which are favored for their 

reduced computational demands compared to conventional numerical methods [61], [78]. 

These controllers leverage explicit mathematical expressions to facilitate control actions, 

significantly easing the computational load, which is crucial for real-time applications in 

robotics. 
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While continuous controllers theoretically exist that could stabilize the separate dynamic 

model developed for gait termination, my analysis demonstrates that, due to the system's 

constraints, these controllers are inadequate if stabilization over a sufficiently large ROA 

is desired. The contact point constraints, which are applicable not only during the walking 

phase but also throughout the gait termination and balancing phases, manifest as velocity-

dependent nonintegrable nonholonomic inequality constraints, thus forming a 

nonholonomic system [122], [123]. Extensive research has been devoted to the control of 

nonholonomic systems and the formulation of nonholonomic dynamics [124]–[128]. 

However, this type of constraint is distinctly different from those encountered in scenarios 

such as controlling a knife edge moving in point contact on a plane surface [119] or 

defining nonholonomic virtual constraints for robot control [26], [129]. In my system, the 

nonholonomic behavior presented in the form of inequalities precludes the incorporation 

into the system dynamics to obtain a reduced-order differential equation [110]. While 

continuous controllers may achieve local stabilization near the equilibrium, using Sontag’s 

condition, I show that smooth stabilization is not possible in sufficiently large ROA. This 

is a critical insight, as large ROAs are necessary in practical applications like gait 

termination, where the system must recover from a broad range of initial conditions. 

Despite the challenges posed by nonholonomic constraints that limit the effectiveness of 

continuous controllers, my analysis provides a crucial contribution by demonstrating an 

alternative path to stability. Through rigorous analysis, I have formally established the 

system's controllability using the LARC [130], showing that the system remains 

controllable wherever the constraints do not fully block available control inputs. This 

finding is significant as it indicates that, although smooth feedback stabilization is 
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infeasible over large ROA, other methodologies such as switching or time-varying 

controllers offer viable solutions [89]. My extensive work in establishing this 

controllability lays the foundation for developing these alternative control strategies in the 

next chapter. 

3.2 Robot Model and Constraints 

This section introduces the robot model and the required constraints that will be used for 

the gait termination control development in this chapter. This class models a point-feet 

biped during the standing phase. The model is called "point feet" because it has two pointed 

feet that are used to support the weight of the model and provide stability during movement. 

This is in contrast to some other bipedal models that may have more rounded or flat feet. 

Additionally, I am using a full-dimensional dynamic model that captures the complete 

dynamics of the robot. This approach provides a more detailed and accurate representation 

of the biped’s behavior, compared to simplified models such as LIP, inverted pendulum on 

a flywheel, or the SLIP [35]. By employing the full dynamic model, I can better account 

for the complexities of gait termination and contact point constraints. 

3.2.1 Standing Biped Model 

The point-feet biped model considered is similar to the walking model introduced in [23] 

except it is assumed that two legs are in contact with the surface in an identical 

configuration. This assumption allows me to view the biped as an Acrobot-like robot [120], 

[121] but with the distinction that it is not attached to the standing surface. To maintain 

name brevity, I will refer to this Acrobot-like robot as simply Acrobot throughout the 

chapter. The model is an open kinematic chain in a vertical sagittal ݕݔ plane and is 
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composed of ݊ ≥ 2 articulated planar weighted rigid bodies with revolute joints. Figure 

3.1 illustrates such a configuration for ݊ = 3. The robot has identical legs connected at a 

common point called the hip. It is supposed that the connection of two links is 

independently actuated except at the pivot, thus the system has one degree of 

underactuation. It is assumed that actuators cannot generate impulsive torques and their 

output remains continuous during the entire motion. 

To derive the dynamic equations of the biped, I employ the Lagrangian method. I define 

the generalized coordinates as (ݍ଴ , ,ଵݍ … ,  ଴  is measured from theݍ ௡ିଵ)், whereݍ

horizontal, and (ݍଵ , … ,  ௡ିଵ)்represent the relative angles between two adjacent links asݍ

shown in Figure 3.1 for ݊ = 3. Let ܭ෡ = ଵ
ଶ

 be the quadratic kinetic energy in the ݍ̇(ݍ)ܦ்ݍ̇

Lagrangian where (ݍ)ܦ is the Positive Definite (PD) inertia matrix containing 

, ଵݍ) … ,  ௡ିଵ) only. It is supposed that gravity is the only existing force field. Thisݍ

assumption gives rise to a potential energy ෠ܸ  that depends only on the configuration 

variables [23]. 

The Lagrangian is defined as ܮ෠ = ෡ܭ − ෠ܸ , and Lagrange equations are employed to derive 

the dynamic equation of the biped 

ݍ̈(ݍ)ܦ + ,ݍ)ܪ (ݍ̇ + (ݍ)ܩ =  (4) ,ݑܤ

where ݍ = , ଴ݍ) , ଵݍ … , ,ݍ)ܪ ,்(௡ିଵݍ (ݍ̇ ∈ ℝ௡ is the matrix containing Coriolis and 

centrifugal terms, (ݍ)ܩ ∈ ℝ௡ contains gravitational terms, ܤ = ൤ 0
௡ିଵܫ

൨ ∈ ℝ௡×௡ିଵ and ݑ ∈

ℝ௡ିଵ is the input torque vector generated by the actuators at the active joints. Note that 
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ݍ ⊆  ௡ corresponds to the physically reasonable configuration of the biped (i.e., all(ߨ0,2]

links remain above the surface).  

The dynamic equation (4) is written in the state space form as  

ݔ̇ = (ݔ)݂ +  (5) ,ݑ(ݔ)݃

where ݔ ≔ ,ݍ) ,்(ݍ̇ (ݔ)݂ = ൤
ݍ̇

ܪ)ଵିܦ− + (ݔ)݃ ൨, and(ܩ = ቂ 0
 ቃ . The domain ofܤଵିܦ

definition of ݔ is the manifold given by 

ࣲ ≔ ݔ} ≔ ,ݍ) ݍ|்(ݍ̇ ⊆ ,௡(ߨ0,2] ݍ̇ ∈ ℝ௡ }. (6) 

In what follows, I will discuss the constraints and assumptions of the introduced biped 

model. 

3.2.2 Biped Model Constraints and Assumptions 

According to Newton’s first law of motion, objects continue to be in a state of rest or 

uniform motion unless some external forces act upon them [131]. In the case of a biped, 

Newton’s first law means that the sole action of joint actuators internal to the system cannot 

influence the global position and orientation unless some part of the robot comes into 

contact with the environment [132]. Figure 3.1 shows that a biped interacts with the 

environment through the end of its leg where it experiences limited tangential ்ܨ and 

normal ܨே elements of the Ground Reaction Forces (GRF) [133]. The set of allowable 

GRF known as friction cone or contact point constraints is given by 

ܳ = ,்ܨ)} (ேܨ ∈ ℝଶ|ܨே ≥ 0, | ேܨ/்ܨ| ≤  (7) ,{ߤ
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where ߤ ∈ ℝା denotes the coefficient of static friction. The corresponding set of 

permissible states and control inputs, which ensures that the physical constraints of static 

friction are met at the interaction points between the robot and the ground, is given by 

෨ܳ = ,ݍ)} ,ݍ̇ ்(ݑ ∈ ℝଷ௡ିଵ|(்ܨ, (ேܨ ∈ ܳ}. (8) 

Note that ்ܨ and ܨே are functions of generalized coordinates ݍ, their derivatives ̇ݍ, and 

control input [39] ݑ, i.e., ݍ)்ܨ, ,ݍ̇ ,(ݑ ,ݍ)ேܨ ,ݍ̇  However, for brevity, these dependencies .(ݑ

have been omitted here. 

Having established the interaction of the biped with the environment and delineated the 

constraints dictated by the GRF, I now introduce the following assumption, which focuses 

on the dynamics of the actuators. 

Assumption 1. The actuators are subject to the following characteristics: 

TF

NF

2q

1q

0q

 

Figure 3.1. 3-link Acrobot-like model representing a standing biped with two legs held 
together. 



 

41 

 

I. Actuators cannot generate impulses and, therefore, can be ignored during the impact 

phase [23]. 

II. They exhibit low-pass behavior, filtering out high-frequency components from the 

input signals. 

3.3 Transitioning to Stable Standing 

The process of gait termination [40] begins by positioning the walking robot in a 

configuration that aligns with a natural standing posture, modeled as the Acrobot 

represented in Figure 3.1. This transition involves two critical actions: first, moving the 

robot to a double support phase by placing the swing leg next to the stance leg; and second, 

activating a standing controller to bring the body to an upright equilibrium point and 

capture any residual momentum. Preserving the biped’s stability during these actions is 

crucial. The following sections will provide a detailed explanation of each of these actions. 

3.3.1 Driving the Robot to a Double Support Phase 

In this subsection, I begin the process of transitioning from walking to standing at which 

both legs achieve the same configuration in double support at ݐ =  ௚. See the Chapter Notesݐ

at the end of this chapter for details regarding walking nomenclature prior to this point. At 

time ݐ =  ௚, the biped experiences impulsive forces resulting from the impact with theݐ

ground, and it is assumed that neither slip nor rebound occurs at the end of the swing leg 

due to these forces [23]. Note that at ݐ = ௚ݐ + ߳௚, ߳௚ → 0, when the walking biped is at 

double support phase, GRF distribution between the two legs is an indeterminate problem 

[39]. However, I further assume that the feedback controller maintains the swing and stance 

legs in identical configurations for ݐ >  ௚ and GRF are equitably distributed between theݐ
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two legs. Consequently, the walking biped for ݐ >  ௚ in Figure 3.4 can be modeled by theݐ

Acrobot shown in Figure 3.1. This assumption simplifies the model, facilitating the 

demonstration of key concepts presented herein. 

Now let ܨఢ೒
் ఢ೒ܨ ,

ே represent GRF immediately after the impact, i.e., at ݐ = ௚ݐ + ߳௚, then 

based on the no-slip no-rebound assumption mentioned in [23], I have 

ቀܨఢ೒
் , ఢ೒ܨ

ேቁ ∈ ܳ, (9) 

which ensures that transitioning from walking to the double support occurs without the loss 

of stability. For later developments, I further assume that 

ݐݏ݅݀ ൬ቀܨఢ೒
் , ఢ೒ܨ

ேቁ , ߲ܳ൰ > ߳ொ, (10) 

where ߳ொ > 0, and ݀݅ݐݏ(. ) is the point to set distance given by 

,z)ݐݏ݅݀ ߲ܳ) = inf
୵∈డொ

‖z − w‖, (11)

where z is a vector of appropriate dimension. Condition (10) implies that ቀܨఢ೒
் , ఢ೒ܨ

ேቁ is 

strictly inside the set ܳ. After achieving stable double support and subsequently modeling 

the biped as the Acrobot, it is necessary to switch to the standing controller that drives the 

system trajectories to the single equilibrium point. In what follows, I show that this switch 

also maintains stability.  

3.3.2 Changing the Walking Controller to the Standing Controller 

After positioning the walking biped in a configuration that can be modeled as the 

Acrobot, I am ready to switch to the standing controller. Before delving into the specifics 
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of this transition through Lemma 2, I reference a foundational Lemma that underpins 

sufficient condition for the continuity of solutions of an ordinary differential equation. 

Lemma 1 [134]: Assume an initial value problem defined by 

ݔ̇ = ݃̅൫ݐ, ,ݔ (଴ݐ)ݔ   ,௚ത൯ߤ =  ଴, (12)ݕ

where ݃̅: ℝ௡ → ℝ௡, ߤ௚ത ∈ ℝ௠ and ݕ଴ denotes the initial condition. If ݃̅ is continuous in 

,ݐ ,ݔ  ௚ത, thenߤ and ݐ with Lipschitz constant independent of ݔ ௚ത, and Lipschitz inߤ

,ݐ൫ݔ ,௚തߤ ,ݐ଴൯ is continuous in ൫ݕ ,௚തߤ  .଴൯ jointlyݕ

With this Lemma in place, I can more confidently analyze the dynamics of switching to 

the standing controller, as elucidated in the following lemma.  

Lemma 2. Let ݑௗ(ݐ) denote the controller responsible for bringing the biped into the 

double support configuration and let ݑ௦(ݐ) be the standing controller. Suppose that the 

switch from ݑௗ(ݐ) to ݑ௦(ݐ) occurs immediately after impact with the ground, i.e., at ݐ =

௚ݐ + 2߳௚, then  

ቀܨଶఢ೒
் , ଶఢ೒ܨ

ே ቁ ∈ ܳ, (13) 

where ܨଶఢ೒
் , ଶఢ೒ܨ

ே  represent GRF immediately after the transition to the standing controller. 

Proof:  

To prove this lemma, I need to show that ቀܨଶఢ೒
் , ଶఢ೒ܨ

ே ቁ can get arbitrarily close to ቀܨఢ೒
் , ఢ೒ܨ

ேቁ 

by selecting a sufficiently small ߳௚. Note that ்ܨ, ,ݍ ே are continuous functions ofܨ  and ,ݍ̇

Therefore, if I show that for every 0 .ݑ < ,௤ߜ ,௤̇ߜ ௨ߜ ≪ 1, there exists ߳௚ > 0 so that 
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หݍ൫ݐ௚ + ߳௚൯ − ௚ݐ൫ݍ + 2߳௚൯ห <  ,௤ߜ

ห̇ݍ൫ݐ௚ + ߳௚൯ − ௚ݐ൫ݍ̇ + 2߳௚൯ห <  ,௤̇ߜ
(14) 

and 

หݑ൫ݐ௚ + ߳௚൯ − ௚ݐ൫ݑ + 2߳௚൯ห <  ௨, (15)ߜ

then ቀܨଶఢ೒
் , ଶఢ೒ܨ

ே ቁ will be sufficiently close to ቀܨఢ೒
் , ఢ೒ܨ

ேቁ for ߳௚ → 0, and (13) holds true. 

The continuity of ݑ immediately establishes (15). To establish (14), I must show that 

solutions (ݐ)ݍ and ̇(ݐ)ݍ of the differential equation (4) remain continuous over the interval 

௚ݐൣ + ߳௚, ௚ݐ +  2߳௚൧. 

Drawing upon the conclusions reached in Lemma 1, I aim to apply its results to establish 

certain properties of the right side of (5) denoted by ܨ ≔ ݂ +  crucial for my proof ,ݑ݃

here. First, I need to show that ܨ is continuous and second, it satisfies the Lipschitz 

condition with the Lipschitz constant independent of ݑ. To begin, I will establish the 

continuity of ܨ by examining its individual components. Recall that the vector-valued 

function ܨ has the following structure 

ܨ = ൤
ݍ̇

,ݍ)ܲ(ݍ)ଵିܦ− (ݍ̇ +  ൨, (16)ݑܤ(ݍ)ଵିܦ

where ܲ(ݍ, (ݍ̇ ≔ ܪ + ଵିܦ Note that .ܩ = ଵ
ୢୣ୲(஽)

,(ܦ)݆݀ܽ det(ܦ) ≠ 0 can be written in the 

general form of 
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ଵିܦ =
1

ܣ̅ + (ݍΓ்)݊݅ݏതܤ cos(Δ்ݍ) ቎
ଵ,ଵߦ … ଵ,௡ߦ

⋮ ⋱ ⋮
௡,ଵߦ … ௡,௡ߦ

቏, (17) 

where ߦ௜,௝ = ௜,௝ߙ + ௜,௝ߚ sin൫̅ߛ௜,௝
் ൯ݍ cos൫ߜ௜,௝

் ൯ݍ , ,௜௝ߙ ,௜௝ߚ ,ܣ̅ തܤ ∈ ℝ, and ̅ߛ௜௝, ,௜௝ߜ Γ, Δ ∈

ℝ௡×ଵ, ݅, ݆ = 1, … , ݊. Furthermore, ܲ(ݍ,  can be expressed in general form as (ݍ̇

,ݍ)ܲ (ݍ̇ = ቎
ଵ,ଵߴ + ℎതଵ,ଵ(ݍ, (ݍ̇ sin൫̅ߟଵ,ଵ

் ൯ݍ cos൫̅ߣଵ,ଵ
் ൯ݍ

⋮
௡,ଵߴ + ℎത௡,ଵ(ݍ, (ݍ̇ sin൫̅ߟ௡,ଵ

் ൯ݍ cos൫̅ߣ௡,ଵ
் ൯ݍ

቏, (18) 

where ߴ௜,ଵ ∈ ℝ, ℎത௜,ଵ(. ): ℝଶ௡ → ℝ is continuous, ̅ߟ௜,ଵ, ௜,ଵߣ̅ ∈ ℝ௡×ଵ, ݅ = 1, … , ݊. 

Each element of (17) and (18) is a continuous function of ݍ,  .in its domain of definition ݍ̇

Therefore, in light of the fact that the product and quotient of continuous functions are also 

continuous ((ݍ)ܦ is symmetric PD and nonsingular), I can conclude that (16) consists of 

continuous functions thus defining a continuous vector-valued function of ݍ,  .ݍ̇

Additionally, based on Assumption 1, ݑ remains continuous even if ݑௗ൫ݐ௚ + ߳௚൯ ≠

௚ݐ௦൫ݑ + 2߳௚൯, therefore ܨ is a continuous function of the control input. 

At this point, I have established the continuity of ܨ, and it remains to show that it satisfies 

the Lipschitz condition with the Lipschitz constant independent of ݑ. To proceed, I assume 

that ݑ, ,ݍ  are bounded variables, and express the Lipschitz condition as ݍ̇

,ݔ) ܨ| (ݑ − ,ݖ) ܨ |(ݑ ≤ ݔ|ܮ −  (19) ,|ݖ

where ܮ is a constant which will be determined shortly.  

Let ܭ෩ be the maximum value of all partial derivatives ฬడி೔
డ௫ೕ

ฬ, or ฬడி೔
డ௫ೕ

ฬ ≤ ,෩ܭ ,݅ ݎ݋݂ ݆ =

1, … ,2݊. Note that ܭ෩ always exists due to the continuity of partial derivatives of ܨ and 
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boundness of ݑ, ,ݍ ,ݔ signals in the domain of interest. Then for fixed values of ݍ̇ ,ݖ  and ,ݑ

for variable ࣽ 

݀
݀ࣽ

ݔ)௜ܨ] + ,ݖࣽ [(ݑ = ෍
௜ܨ߲

௝ݔ߲
ݔ) + ,ݖࣽ ௝ݖ(ݑ

ଶ௡

௝ୀଵ

. (20) 

Therefore, using the mean-value theorem applied to the function ܨ௜(ݔ + ,ݖࣽ  of the (ݑ

variable ࣽ ∈ [0,1], I have 

ݔ)௜ܨ + ,ݖ (ݑ − ,ݔ)௜ܨ (ݑ = ෍
௜ܨ߲

௝ݔ߲
ݔ) + ഥ߱ݖ, ௝ݖ(ݑ

ଶ௡

௝ୀଵ

, (21) 

for some ഥ߱ ∈ [0,1]. Squaring and using the Schwarz inequality to the right side, I get 

ݔ)௜ܨ| + ,ݖ (ݑ − ,ݔ)௜ܨ ଶ|(ݑ ≤  ෍ ቤ
௜ܨ߲

௝ݔ߲
ቤ

ଶଶ௡

௝ୀଵ

෍หݖ௝หଶ
ଶ௡

௝ୀଵ

≤  ଶ. (22)|ݖ|෩ଶܭ2݊

Summing and taking square roots over all components yield 

ݔ) ܨ| + ,ݖ (ݑ − ,ݔ) ܨ |(ݑ ≤  (23) ,|ݖ|෩ܭ2݊

which gives the Lipschitz condition with ܮ =  and completes the ,ݑ ෩ independent ofܭ2݊

proof of continuity of solutions∎ 

To illustrate the key phases of the transition from limit cycle walking to stable standing, 

Figure 3.2 shows the sequence of events. The system begins in the walking phase until the 

stopping command is issued at ݐ =  ௖, the robot places its swing leg next to theݐ ௖. Afterݐ

stance leg in preparation for the double support phase. At ݐ =  ௚, the swing leg impacts theݐ

ground, initiating a double support phase with impulsive GRF, causing the states to be 
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discontinuous. However, due to the no-slip, no-rebound condition, (9) is satisfied. By ݐ௚ +

߳௚, the GRF become fully distributed across both legs. During the interval (ݐ௚ + ߳௚, ௚ݐ +

2߳௚), since ߳௚ tends to zero and the GRF are strictly inside the set ܳ, they remain within 

the stable region. The final transition occurs at ݐ௚ + 2߳௚ when the standing controller ݑ௦(ݐ) 

is activated to stabilize the system at the upright equilibrium point.  

ct gt

g

g

Robot Phase

Limit cycle 
walking

Walkingu  du u su u

Transition 
to double 
support

Standing 
controller in 

double support

Time
 

Figure 3.2. Time series representation of the transition from limit cycle walking to stable 
standing. The line shows how the continuity of states changes across each phase of the 
process. 

Remark 1. It is imperative to highlight that the impulse effect manifests solely at ݐ =  .௚ݐ

According to Lemma 2, the transition from ݑௗ(ݐ) to ݑ௦(ݐ) only begins after ݐ =  .௚ݐ

Consequently, no additional impulsive phenomena are encountered during this transition. 

In what follows, I will delve into the assessment of the standing controller ݑ௦ characteristics 

required in the presence of contact point constraints. The next section will explore the 

necessary attributes and design considerations that ݑ௦ must embody to effectively manage 

these constraints, ensuring the controller is tailored to maintain stability while adhering to 

the dynamic and physical limits imposed by the robot's interaction with its environment. 
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3.4 Stabilization to an Isolated Equilibrium with Contact Point Constraints 

By following the procedure outlined in section 3.3, I successfully transformed the biped 

from walking to a standing configuration. The resulting model of the biped while 

considering the contact point constraints is given by 

ݔ̇ = (ݔ)݂ +  (24) ,ݑ(ݔ)݃

,ݔ) (ݑ ∈ ෨ܳ . (25) 

I now define the stabilization problem as follows: given the nonlinear control affine system 

(24)-(25), find the analytic feedback control law ݑ௦ that can asymptotically drive system 

trajectories to the upright equilibrium ݔ௘ = ߨ) 2,0⁄ , … ,0) from the initial condition ݔ଴, 

without the biped falling over. The class of controllers to stabilize the Acrobot to an upright 

equilibrium point is abundant [120], [121], [135]. However, my focus here extends to 

evaluating whether these continuous smooth analytical controllers are sufficiently effective 

in the presence of the constraints outlined in (25).  

To effectively tackle this challenge, I analyze two core aspects: First, I examine the nature 

of the contact point constraints (25) to determine if they are nonholonomic and 

nonintegrable, affecting the fundamental approach to control design. Second, I assess the 

feasibility of achieving smooth stabilization given these constraints, focusing on whether 

stabilization over a sufficiently large ROA is possible. Using Sontag’s condition, I show 

that the presence of these constraints introduces holes in the state space that prevent the 

ROA from being contractible, thereby precluding smooth stabilization in practically 

relevant regions. 
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3.4.1 Nonholonomic Nonintegrable Characteristic of the Contact Point Constraints 

At this point, it is important to realize the nature of constraint (25) as it fundamentally 

distinguishes the type of control problem encountered here [110]. First, observe that (25) 

describes an inequality constraint, in contrast to an equality constraint [136], which has 

been widely addressed in the literature [137]–[139]. Second, I need to determine if it is 

reduceable (integrable) to a holonomic constraint or not (nonholonomic). 

A constraint is holonomic if it can be expressed solely as a function of configuration 

variables (e.g., positions) and time, meaning the motion is confined to a lower-dimensional 

submanifold of ℝ௡. In contrast, nonholonomic constraints cannot be reduced to such a 

form; they typically depend on velocities and introduce nonintegrable conditions. A 

constraint is considered integrable if it can be rewritten as an equality involving only the 

configuration variables and time, independent of the system’s velocities. Conversely, 

nonintegrable constraints inherently depend on the velocities, making them more complex 

to handle. A detailed discussion regarding the peculiar properties of systems with 

nonholonomic constraints is provided in [136]. 

To check the integrability of (25), let ݉௜ be the mass and (ݔ௜,  ௜) denote the position of theݕ

CoM of link ݅ in the Cartesian coordinates, then ܨே is written as  

ேܨ = ෍ ݉௜
݀ଶ൫ݕ௜(ݍ)൯

ଶݐ݀

௡

௜ୀଵ

+ ݃௔ ෍ ݉௜

௡

௜ୀଵ

 (26) 

where ݃௔ is the gravitational acceleration. Let ܻ̈௖(ݍ) ≔ ∑ ݉௜
ௗమ൫௬೔(௤)൯

ௗ௧మ
௡
௜ୀଵ , and ݉ ≔

∑ ݉௜
௡
௜ୀଵ , then substitute (26) into ܨே ≥ 0 and integrate twice to get 
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௖ܻ(ݍ) ≥ −
1
2

݃௔݉ݐଶ + ݐመଵܥ +  መ଴, (27)ܥ

where ܥመ଴,  መଵ are some constants in ℝ. Although it may be argued that (26) is integrable toܥ

holonomic constraints, however, note that (26) cannot be derived from (27) because 

inequalities do not necessarily hold true under differentiation. Therefore, (25) describes a 

set of nonholonomic constraints that depend on velocity terms. This set of nonholonomic 

constraints alters the nature of controllers suitable for addressing the gait termination 

problem. 

3.4.2 Checking the Necessary Condition for Smooth Stabilization in a Sufficiently 

Large Neighborhood of the Equilibrium 

While local stability of (24)-(25) may be achievable using existing smooth controllers for 

the Acrobot [140], [141], this type of stability does not specify the extent of the region from 

which convergence to the equilibrium point is guaranteed. However, for practical 

applications, it is crucial that the system exhibits stability across a sufficiently large 

neighborhood. In this section, I will demonstrate that in the presence of contact point 

constraints (25), smooth controllers are only effective in a limited neighborhood of the 

equilibrium point ݔ௘. To lay the groundwork for this discussion, consider the following 

definition. 

Definition 1 (Region of attraction of an equilibrium point). Consider the system ̇ݔ =

ሚ݂(ݔ, ,ݐ)߶ ௘. Letݔ with equilibrium point (ݑ  ଴) denote the solution of this system startingݔ

from ݔ଴ under the feedback law ݑ =  ௘ is defined asݔ Then the region of attraction of .(ݔ)߷
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Ω = ቄݔ଴ ∈ ࣲ| lim
௧→ஶ

,ݐ)߶ (଴ݔ =  ௘ቅ. (28)ݔ

The ROA exhibits specific topological properties when only the continuous class of the 

feedback law ݑ =  .is considered. The following theorem elucidates these properties (ݔ)߷

Theorem 1 (Sontag’s condition) [142]. Let ݔ௘ be a locally asymptotically stable 

equilibrium point of ̇ݔ = ሚ݂(ݔ, ݑ under the continuous feedback law (ݑ =  Then the .(ݔ)߷

set Ω given by (28) is open and contractible to ݔ௘. 

This theorem clarifies that the ROA of any smoothly stabilized equilibrium point must 

necessarily be free of any topological complexities. Specifically, the ROA should not 

contain any holes, gaps, or other discontinuities that could obstruct a smooth and 

continuous reduction of the region to the equilibrium. However, this crucial requirement is 

not met in the presence of nonholonomic contact point constraints (25), which introduce 

such disruptive complexities. Application of Theorem 1 to the bipedal model described by 

(24)-(25) leads to the following proposition: 

Proposition 1. The nonlinear bipedal model described by (24) cannot be stabilized to a 

single equilibrium point using a smooth feedback control law in any ROA containing 

obstructions introduced by nonholonomic contact point constraints (25).  

In order to demonstrate the relevance of this proposition to the model I am exploring, it is 

sufficient to demonstrate that there are specific regions within the neighborhood of ݔ௘ 

where no control input ݑ can simultaneously satisfy both ܨே ≥ 0, |ேܨ/்ܨ| ≤  in (7) ߤ

simultaneously. To illustrate this point, I provide a numerical example that clearly shows 

the existence of such regions within the state space. 
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Consider (24)-(25) with the parameters enumerated in Table 3.1, where the acceleration of 

gravity is 9.8 ݉/ݏଶ and ߤ = 0.3. This 5-link model is commonly utilized to represent a 

simplified version of a walking human or humanoid robot in the sagittal plane. 

Table 3.1. Mass and length parameters for three link standing biped 

Figure 3.3 demonstrates the identified "blocked" regions within the velocity space 

,଴ݍ̇) ,ଵݍ̇ ଴ݍ ଶ) forݍ̇ = −0.69, ଵݍ = 0.87, ଶݍ = −0.69, which is a neighborhood of the 

upright equilibrium (ݍ଴, ,ଵݍ (ଶݍ =  It is evident that any ROA encompassing .(2,0,0/ߨ)

these blocked regions inherently lacks the property of contractibility required for smooth 

stabilization, as stipulated by Theorem 1. 

The analysis and numerical example presented in this section clearly demonstrate the 

inherent limitations of smooth feedback control laws in stabilizing (24)-(25) with a large 

ROA. Throughout this thesis, unless otherwise stated, stability refers to stabilization over 

a large ROA, one that extends beyond a small neighborhood of the equilibrium and holds 

practical value. This limitation necessitates a shift towards exploring and implementing 

nonsmooth control strategies to ensure stability across broader regions of the state space. 

 Link 1 Link 2 Link 3 
Length (m) 0.4 0.4 0.3 
Mass (Kg) 6.4 13.6 12.0 
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Figure 3.3. Visualization of blocked regions in velocity space (̇ݍ଴, ,ଵݍ̇ ଴ݍ ଶ) forݍ̇ =
−0.69, ଵݍ = 0.87, ଶݍ = −0.69. 

3.5 Controllability Condition  

In the previous section, I demonstrated that constraint (25) is nonintegrable, meaning that 

it does not confine the motion of the system to any proper submanifold of ℝ௡. I also showed 

that any ROA containing blocked regions introduced by these constraints cannot be 

smoothly stabilized. 

This section delves deeper into the dynamics of the system to reassess its controllability in 

any desired neighborhood of the equilibrium point. I will show that the system's state space, 

under the influence of this nonholonomic constraint, remains sufficiently expansive and 

satisfies the LARC [130]. Control systems of the form (24)-(25) satisfying the LARC are 

classified as completely nonholonomic [89]. 
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3.5.1 Lie Algebraic Approach to Controllability of Nonlinear Systems 

In contrast to linear systems, where in almost all cases controllability is equivalent to the 

Kalman rank condition, in nonlinear systems, controllability is a multifaceted concept with 

various interpretations depending on the context of the control system in question. While 

global controllability is often too stringent a requirement to handle, particularly for 

nonlinear systems, working with local concepts allows for an achievable analysis of control 

capabilities. It is important to note that my work primarily addresses the system's behavior 

in a local context, and unless specified otherwise, all terms and conditions discussed should 

be understood as pertaining to local controllability. 

Central to my exploration of controllability is the concept of accessibility, a cornerstone 

principle within control theory. Broadly, a state ݔᇱ is said to be accessible from ݔ if there 

exist piecewise controls that enable the system to move from ݔ to ݔᇱ over a finite time 

[143]. Accessibility by nature is not necessarily symmetric, a formal symmetric definition 

is defined as weak accessibility: 

Definition 2. A state ݔᇱ is defined as weakly accessible from ݔ if, and only if, there exists 

a finite set of control inputs that can steer the system from ݔ to ݔᇱ and another, possibly 

distinct, set of control inputs that can steer the system from ݔᇱ back to ݔ. The set of points 

weakly accessible from ݔ is denoted by ℧(ݔ). 

Weak accessibility implies the existence of a bidirectional path between the two states, 

although the paths for each direction may be different. 

Definition 3. A system is weakly controllable at ݔ if ℧(ݔ) is a neighbourhood of ݔ. 

Given a state space endowed with a topological structure, if a system is weakly controllable 

in each of a sequence of overlapping open subsets that cover a larger open subset, then by 
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synthesizing the control strategies valid within these overlapping neighborhoods, one can 

establish weak controllability across the entire larger open subset. 

An effective method to tackle the controllability of nonlinear systems involves treating the 

control system as a set of vector fields, characterized by control input. Specifically, the 

vector field associated with (24) is given by 

ࣰ = (ݔ)݂} + ݑ|ݑ(ݔ)݃ ∈ ℝ௡ିଵ}. (29) 

Given an initial state ݔ and the vector field ܺ in ࣰ, the state evolution following the path 

of ܺ for duration ݐߜ is often represented using the Lie group exponential map 

ᇱݔ = exp(ܺݐߜ)  (30) .ݔ

If ܻ is another vector field in ࣰ, the state evolution following ܺ and then ܻ for duration ݐߜ 

is 

ᇳݔ = exp(ܻݐߜ) exp(ܺݐߜ)  (31) .ݔ

Note that if I reverse the order of following the vector fields ܺ, ܻ, I might end up at a 

different configuration 

ොᇳݔ = exp(ܺݐߜ) exp(ܻݐߜ)  (32) ,ݔ

where generally, ݔᇳ ≠ ,ܺ ොᇳ, and it highlights that the vector fieldsݔ ܻ do not commute. It 

is straightforward to check that for small ݔ ,ݐߜᇳ −  ොᇳ is approximated byݔ

ᇳݔ − ොᇳݔ ≈ ,ܺ]ଶݐߜ ܻ], (33) 

where [ܺ, ܻ] is the Lie bracket of two nonlinear vector fields [89]. The term ݐߜଶ[ܺ, ܻ] 

suggests that secondary motions can be induced in the direction of the Lie bracket [ܺ, ܻ], 
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which are not directly achievable through the actions of ܺ or ܻ alone. Additionally, 

exploring higher-order iterated Lie brackets such as ൣܺ, [ܺ, ܻ]൧ yields even more complex 

motions. The study of higher order Lie brackets is critical as it lays the foundational 

framework for the control Lie Algebra associated with ࣰ, which is essential for 

understanding the system’s controllability properties [27]. 

Definition 4. The control Lie Algebra associated with ࣰ and denoted by ग़(ࣰ) is the 

smallest subalgebra that contains ࣰ, generated by all the linear combinations of vector 

fields in ࣰ and all their Lie brackets. 

Focusing now on a particular state ݔ ∈ ࣲ, ग़(ࣰ)(ݔ) denotes the subspace of tangent vectors 

spanned by the vector fields of ग़(ࣰ) at ݔ. If ग़(ࣰ)(ݔ) is full rank at ݔ, it is said that (24) 

satisfies the LARC at ݔ. When this condition holds true for all ݔ ∈ ࣲ, the system is 

considered to satisfy the LARC.  

Lemma 3 [143]. The system (24) is weakly controllable at ݔ, if it satisfies the LARC at ݔ. 

Furthermore, it is weakly controllable if this is true for all ݔ ∈ ࣲ. 

Note that for driftless systems, where ݂(ݔ) = 0 in (24), satisfying the LARC ensures full 

controllability of the system. However, for systems with drift, meeting the LARC only 

implies weak controllability, not necessarily full controllability [130].  

3.5.2 Controllability with Nonholonomic Contact Point Constraints 

Building on my previous analysis of the LARC and its implications for nonlinear systems, 

this subsection delves into how the contact point constraints, as specified in (25), influence 

the system's weak controllability. Note that (25) can be interpreted as imposing a constraint 
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solely on the control input ݑ, for each state ݔ ∈ ࣲ. Specifically, it defines the set of 

admissible controls at ݔ 

(ݔ)ܷ ≔ ൛ݑ ∈ ℝ௡ିଵห(ݔ, (ݑ ∈ ෨ܳൟ. (34) 

Theorem 2. Assume that the system dynamics given by (24) satisfies the LARC at ݔ, and 

(ݔ)ܷ ≠ ∅. Then (24) with constraint (25) is weakly controllable at ݔ.  

Proof: 

Consider two vector fields ଵܺ(ݔ, ,ݔ)଴) and ܺଶݑ  ଵ) associated with two distinct controlݑ

inputs ݑ଴ and ݑଵ in ࣰ. Using the bilinearity of the Lie bracket, I obtain 

[ ଵܺ, ܺଶ] = [݂, ݂] + ෍ൣ݂, ݃௜ݑଵ
௜ ൧

௡ିଵ

௜ୀଵ

+ ෍ൣ݃௜ݑ଴
௜ , ݂൧

௡ିଵ

௜ୀଵ

+ ෍ ෍ൣ݃௜ݑ଴
௜ , ݃௝ݑଵ

௝൧,
௡ିଵ

௝ୀଵ

௡ିଵ

௜ୀଵ

 (35) 

where ݃௜ denotes the ݅th column of ݃. Now with the fact that the Lie bracket of a vector 

field with itself is zero, (35) simplifies to 

[ ଵܺ, ܺଶ] = ෍൫ݑଵ
௜ − ଴ݑ

௜ ൯ൣ݂, ݃௜൧
௡ିଵ

௜ୀଵ

+ ෍ ෍ ଴ݑ
௜ ଵݑ

௝ൣ݃௜, ݃௝൧
௡ିଵ

௝ୀଵ

௡ିଵ

௜ୀଵ

. (36) 

Given that ܷ (ݔ) ≠ ∅ and continuity of contact point constraints, I can select ݑ଴, ଵݑ ∈  (ݔ)ܷ

such that ݑଵ
௜ − ଴ݑ

௜  and ݑ଴
௜ ଵݑ

௝ are nonzero for ݅, ݆ = 1, … , ݊ − 1. This condition ensures that 

the Lie bracket [ ଵܺ, ܺଶ] is nontrivial, contributing constructively to the span of the control 

Lie algebra.  

Since the scalar coefficients ݑ଴
௜  and ݑଵ

௜  merely scale the resulting vector fields (this is also 

the case for any higher order Lie brackets) without changing the span of the control Lie 
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algebra, the system continues to satisfy the LARC at ݔ. Therefore, according to Lemma 3, 

it is weakly controllable at ݔ∎ 

Theorem 2 posits that the system dynamics specified in (24) satisfy the LARC at ݔ. To 

show this analytically, it is required to compute high order Lie brackets and determinants. 

However, these calculations are notably complex, and so far, a general recurrence formula 

for the determinants remains elusive. Therefore, I present a numerical example using the 

actual values of the RABBIT robot [7] to demonstrate this case. By examining several 

specific points and patching the resulting open sets, I can infer broader conclusions about 

the system's controllability within a larger region [143]. Despite these efforts, it is crucial 

to recognize the inherent limitations of such numerical examples—they illustrate possible 

scenarios rather than providing comprehensive proof applicable in all cases. 

Example: I analyze a 5-link model, commonly utilized to represent a simplified version of 

a walking human or humanoid robot in the sagittal plane. Following the methodology 

outlined in section 3.3, the biped has been configured into the double support phase, 

modeled akin to an Acrobot-like robot. The parameters defining this configuration, listed 

in Table 3.1, are selected to reflect the characteristics of the RABBIT robot with legs held 

together [120]. In this setup, ݃(ݔ) ∈ ℝ଺×ଶ, and ݂(ݔ) ∈ ℝ଺×ଵ.  

To determine if the system satisfies the LARC, I analyze the rank of the distribution 

Δ௅(ݔ) = ݊ܽ݌ݏ ቄቂ݃௜భ, ൣ݃௜మ, … , ൣ݃௜ೖషభ, ݃௜ೖ൧ … ൧ቃቅ, (37) 

where ݇ ≥ 1, represents the order of the iterated Lie bracket and 0 ≤ ݅ଵ, ݅ଶ, … , ݅௞ ≤ 2 with 

݃଴ = ݂. Due to computational complexity, iterated Lie brackets for ݇ ≥ 3 are impractically 

large; therefore, I restrict my analysis to ݇ ≤ 2. Calculations are performed using the 
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Python SymPy library, which offers a significant speed advantage in symbolic 

computations compared to MATLAB.  

My results show that, except for the condition where ̇ݍ = 0, Δ௅(ݔ) is full rank within a 

sufficiently large neighborhood around the equilibrium point ݔ௘, confirming that the 

bipedal robot satisfies the LARC. Thus, based on Theorem 2, as long as ܷ(ݔ) ≠ ∅ in this 

neighborhood, the system remains weakly controllable. Therefore, alternative control 

strategies such as switching control or time-varying feedback are viable for successfully 

driving the system states towards the equilibrium point [89]. 

3.6 Conclusion 

I introduced a unified gait termination solution for limit cycle walkers that are only 

periodically stable. To address the challenges of gait termination, I utilized a separate 

dynamical system model specifically for this task, integrating it with existing walking 

models through a stable switching control strategy. Given that numerical methods like 

MPC are computationally heavy, I investigated the use of analytical controllers. This 

chapter highlights a crucial difference in achieving stability through analytical controllers 

during gait termination, where contact point constraints make it impossible to use a 

continuous controller to stabilize an equilibrium point. 

The study revealed that the true nature of gait termination is to stabilize a single equilibrium 

point, fundamentally distinct from generating periodic solutions. This observation is 

significant as it suggests that in the presence of nonholonomic contact point constraints, a 

general solution to the gait termination problem, without requiring offline trajectory 

generation, is to use a separate controller for standing. This represents a paradigm shift 
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from existing robot stopping approaches that achieve gait termination without changing the 

walking controller structure. 

My findings indicate that although the system’s constraints prevent smooth stabilization 

over sufficiently large regions, the system remains controllable. This suggests that 

alternative solutions such as switching or time-varying controllers can effectively manage 

gait termination. 

I recognize the inherent limitations of my assumption that the feedback controller maintains 

both swing and stance legs in identical configurations for ݐ >  ௚ and ensures an evenݐ

distribution of the GRFs between the two legs. While this assumption might seem an 

oversimplification and not entirely representative of real-world complexities, it provides a 

useful approximation that facilitates the computation of GRFs based on joint angles, 

velocities, and accelerations, which is instrumental in the development of my results. 

In advancing this work, the focus will shift to the design of a switching controller that can 

effectively handle the complexities introduced by the contact point constraints. This will 

be crucial for fully realizing the potential of the proposed approach to gait termination, 

ensuring stability and control under various conditions. 

3.7 Chapter Notes 

3.7.1 Walking Biped Model 

The point-feet biped model considered is an open kinematic chain that walks in a vertical 

sagittal ݕݔ plane and is composed of ݊ᇱ ≥ 2 articulated planar weighted rigid bodies with 

revolute joints. It is supposed that the connection of two links is independently actuated 

except at the pivot thus the system has one degree of underactuation. Figure 3.4 illustrates 
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this model for ݊ᇱ = 5. The walking motion consists of successive phases of single and 

double support [49]. The single support describes the motion of the robot with only one leg 

on the walking surface whereas, during the double support phase, both legs are in contact 

with the surface. In this model, the double support takes place in an infinitesimal length of 

time as an impact between two rigid bodies. This impact causes a discontinuity in the 

velocity component of the state and leaves the configuration unaffected [144]. A complete 

list of assumptions for the walking biped model that is considered here can be found in 

[23]. 

3.7.2 Walking to Standing Transition 

To characterize the walking to standing transition, Cartesian coordinates are added to the 

end of the stance and swing legs as demonstrated in Figure 3.4.  
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Figure 3.4. 5-link point-feet walking robot model. 
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Let ቀ݁௫(ݍ௪), ݁௬(ݍ௪)ቁ
்
 and ቀ݁̅௫(ݍ௪), ݁̅௬(ݍ௪)ቁ

்
 represent the coordinates of the end of the 

stance and swing legs, respectively. Once the stop order is commanded at ݐ =  ௖, the bipedݐ

places the swing leg next to the stance leg at ݐ =   ௚ described byݐ

቎
݁௫ ቀݍ௪൫ݐ௚൯ቁ

݁௬ ቀݍ௪൫ݐ௚൯ቁ
቏ = ቎

݁̅௫ ቀݍ௪൫ݐ௚൯ቁ

݁̅௬ ቀݍ௪൫ݐ௚൯ቁ
቏. (38) 

It is assumed that ݐ ∈ ൫ݐ௖, ݐ ௚൧ contains only one impact with the ground occurring atݐ =

 ௚. Note that for the scope of this thesis, I have not designed the controller necessary toݐ

make the transition from walking to double support. Developing such a controller presents 

a compelling avenue for future research and would further enhance the comprehensiveness 

and applicability of the walking biped model. 
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CHAPTER 4  

4 Leveraging Control Inputs to Enforce Constraints in Differential 

Dynamic Programming for Nonlinear Optimization 

4.1 Introduction 

The challenge of achieving stable gait termination in bipedal robots, particularly when 

dealing with nonholonomic contact point constraints, necessitates the development of 

innovative control strategies. In Chapter 3, I highlighted the limitations of conventional 

continuous controllers in this context, demonstrating the need for a new approach, 

specifically, a switching control strategy proposed in this thesis. 

As a key step toward developing this comprehensive switching controller, this chapter 

introduces a novel DDP algorithm specifically designed to effectively handle both state 

and control constraints, with a unique capability to manage state constraints indirectly 

through the control inputs. By ensuring fast convergence and effectively managing these 

critical constraints, the proposed DDP serves as a foundational element for the control 

framework that will be developed in the subsequent chapter. 

DDP has become a cornerstone in nonlinear system optimization, particularly in robotics 

where precise motion control is paramount [74], [145]. DDP distinguishes itself through 

an iterative approach based on Bellman's principle, optimizing input trajectories without 

direct parameterization of state trajectories [146]. Its algorithmic efficiency and ability to 

handle complex dynamics with high accuracy make DDP particularly suitable for real-time 

applications and scenarios requiring rapid decision-making. Additionally, the adaptability 
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of DDP to various control and dynamics models extends its applicability beyond traditional 

robotics, into areas such as autonomous vehicles [147], [148], aerospace [149], and energy 

systems [150], demonstrating its broad utility in tackling a wide range of optimization 

problems. However, incorporating inequality constraints directly into the DDP framework 

poses a significant challenge, particularly when dealing with complex scenarios that 

require stringent adherence to safety and operational limits. This limitation necessitates 

approaches to modify or extend DDP to extend its effectiveness and applicability across a 

diverse range of constrained optimization problems [151]. 

The foundational work in [74] advances DDP by incorporating box inequality constraints 

on control inputs through active set methods. This methodology integrates control 

constraints into the optimization framework without compromising the original DDP 

algorithm's convergence properties, critical for real-time applications demanding prompt 

decision-making. Its efficiency is evident in handling multiple smaller Quadratic 

Programming (QP) problems rather than a singular, larger one, markedly lowering 

computational complexity. Additionally, its capability to reach the solution in a single 

iteration when the initial point and the optimum share the same active set underscores its 

computational effectiveness. 

Although the work in [74] can efficiently handle inequality control constraints, it does not 

extend the method to constraints involving state, instead relying on the fact that due to the 

feasibility property of indirect methods, inequality constraints on the state can be handled 

when enforcing regularity conditions. More recent studies, however, have cited the lack of 

box-bounded constraints of states as a limitation [72]. My work accordingly introduces two 
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novel extensions to the framework established in [74] to extend box-bounded constraints 

to state: 

I. I propose a formulation that incorporates inequality constraints involving both 

control and state variables. 

II. I devise a variant specifically for inequality constraints that are functions of state 

variables alone. 

By employing these extensions, I use the robust features of the method outlined in [74], 

broadening the applicability to a wider spectrum of constrained optimization scenarios. I 

showcase the efficacy of the proposed methods through several simulations, demonstrating 

their practical utility and advantages in a variety of settings. 

4.2 Overview of Differential Dynamic Programming 

In this section, I briefly recall the derivation and implementation of unconstrained DDP. 

More details can be found in [145].  

Consider a system characterized by its continuous-time behavior 

ݔ̇ = ௖݂(ݔ,  (39) ,(ݑ

where ݔ ∈ ℝ௡ denotes the state of the system, ݑ ∈ ℝ௠ is the control input and 

௖݂: ℝ௡ × ℝ௠ → ℝ௡ represents the system dynamics. For analytical and computational 

tractability in control applications, this continuous-time system can be approximated by its 

discrete-time equivalent 

௜ାଵݔ = ,௜ݔ)݂  ௜) (40)ݑ
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where ݔ௜ ∈ ℝ௡ represents the state of the system at the discrete time step ݅, and ݑ௜ ∈ ℝ௠ 

denotes the corresponding control input.  

The optimal control problem is defined by the cost functional  

,ܺ)ܬ ܷ) = (ேݔ)ߔ + ෍ ,௜ݔ)ܮ (௜ݑ
ேିଵ

௜ୀ଴

, (41) 

where ܷ ≔ ଴ݑ}
், … , ேିଵݑ

் }, ܺ ≔ ଴ݔ}
், … ேݔ

் ,௜ݔ)ܮ ,{  ௜) represents the running cost at eachݑ

time step ݅ for the state ݔ௜ and control ݑ௜, and ߔ(ݔே) is the terminal cost at the final state 

 ே. The objective is to determine the optimal control sequence ܷ that minimizes the costݔ

functional ܬ subject to the system dynamics given by (40) with a given initial state ݔ଴. 

The Value function, ܸ(ݔ) quantifies the minimal cost-to-go from any given state ݔ௜ to the 

final state under an optimal control policy. Formally, the Value function at time step ݅ in a 

finite-horizon optimization framework is defined as 

௜ܸ(ݔ௜) = ݉݅݊
௨೔

൛ݔ)ܮ௜, (௜ݑ + ௜ܸାଵ൫݂(ݔ௜,  ௜)൯ൟ, (42)ݑ

with the terminal condition given by ேܸ(ݔே) =  The objective of DDP is to find .(ேݔ)ߔ

local optimal solution for (41) by expanding both sides of (42) about a nominal trajectory 

തܺ, ഥܷ.  

Let ܳ௜(ݔߜ௜,  ௜) denote the change in the argument of the right-hand side of (42)ݑߜ

ܳ௜(ݔߜ௜, (௜ݑߜ = ௜ݔ)ܮ + ,௜ݔߜ ௜ݑ + (௜ݑߜ + ௜ܸାଵ൫݂(ݔ௜ + ,௜ݔߜ ௜ݑ +  ௜)൯. (43)ݑߜ

Note that ܳ encapsulates the immediate cost associated with small deviations, ݔߜ and ݑߜ, 

in the state and control vectors, respectively. The second-order expansion of ܳ is 
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ܳ௜(ݔߜ௜, (௜ݑߜ ≈ ܳ௜ + ܳ௫,௜
் ௜ݔߜ + ܳ௨,௜

் ௜ݑߜ + ଵ
ଶ

௜ݔߜ
்ܳ௫௫,௜ݔߜ௜ + ௜ݔߜ

்ܳ௫௨,௜ݑߜ௜ +

ଵ
ଶ

௜ݑߜ
்ܳ௨௨,௜ݑߜ௜, 

(44) 

with 

ܳ௫௫,௜ = ௫௫,௜ܮ + ௫݂
்

௫ܸ௫,௜ାଵ ௫݂ + ௫ܸ,௜ାଵ ∙ ௫݂௫,
ܳ௫௨,௜ = ௫௨,௜ܮ + ௫݂

்
௫ܸ௫,௜ାଵ ௨݂ + ௫ܸ,௜ାଵ ∙ ௫݂௨,

ܳ௨௨,௜ = ௨௨,௜ܮ + ௨݂
்

௫ܸ௫,௜ାଵ ௨݂ + ௫ܸ,௜ାଵ ∙ ௨݂௨,
ܳ௨,௜ = ௨,௜ܮ + ௨݂

்
௫ܸ,௜ାଵ,

ܳ௫,௜ = ௫,௜ܮ + ௫݂
்

௫ܸ,௜ାଵ.

 (45) 

Now the optimal control perturbation ݑߜ௜
∗ for some ݔߜ௜ is obtained by minimizing (44) 

௜ݑߜ
∗ = ݇௜ +  ௜, (46)ݔߜ௜ܭ

where ݇௜ = −ܳ௨௨,௜
ିଵ ܳ௨,௜ and ܭ௜ = −ܳ௨௨,௜

ିଵ ܳ௨௫,௜. By substituting (46) back into the quadratic 

model of the Value function ௜ܸ, I get 

௫ܸ,௜ = ܳ௫,௜ − ܳ௫௨,௜ܳ௨௨,௜
ିଵ ܳ௨,௜,

௫ܸ௫,௜ = ܳ௫௫,௜ − ܳ௫௨,௜ܳ௨௨,௜
ିଵ ܳ௨௫,௜.

 (47) 

The backward pass in DDP starts by setting the Value function to the terminal cost 

(ேݔ)ܸ =  and proceeds to calculate its derivatives [74]. It then iteratively computes ,(ேݔ)ߔ

the optimal control perturbations and the corresponding updates to the Value function, as 

encapsulated in equations (46) and (47). Upon completion of the backward pass, the 

forward pass applies the derived control sequence to update the system states. The iterative 

process continues until convergence criteria—such as a sufficiently small change in the 

control sequence or the cost-to-go—are met, indicating that an optimal or near-optimal 

control policy has been found. 
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4.3 Integrating Constraints Into DDP 

This section delineates the theoretical underpinnings of the proposed extensions to DDP 

for handling inequality constraints. My methodology is divided into two primary 

extensions, each designed to address specific types of inequality constraints and broaden 

the applicability of DDP in constrained optimization scenarios. 

4.3.1 Integrating Inequality Constraints Involving Control and State Variables 

My first extension is motivated by integrating inequality constraints of the form  

ℎ(ݔ, (ݑ ≥ 0, (48) 

where ℎ ∈ ℝ௉, into the DDP framework. These constraints are commonly encountered 

across a variety of applications such as robotics [152], and vehicle control [153], to name 

a few. 

In contrast to [74], who assumes a fixed boundary of ݑ along the entire trajectory, my 

method introduces an iterative adjustment of control input boundaries, a process that is 

confined to the backward pass phase of DDP. This adjustment is based on the current 

nominal trajectory, ݔ௜, for ݅ = 0, … , ܰ, succinctly formulated as 

ℎ(ݔ௜, (ݑ ≥ ݅ ݎ݋݂ 0 = 0, … , ܰ. (49) 

Such constraints inform the dynamic establishment of control input boundaries 

௜ݑ ∈ ௜ݑൣ
 ௠௜௡(ݔ௜), ௜ݑ

௠௔௫(ݔ௜)൧,   ݅ = 0, … , ܰ. (50) 
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where ݑ௜
 ௠௜௡ = ቎

௜ݑ
ଵ,௠௜௡

⋮
௜ݑ

௠,௠௜௡
቏ , ௜ݑ

 ௠௔௫ = ቎
௜ݑ

ଵ,௠௔௫

⋮
௜ݑ

௠,௠௔௫
቏. Given these dynamically adjusted 

boundaries, I then articulate the optimization problem at each timestep as follows 

݉݅݊
ఋ௨೔

ܳ ,௜ݔߜ)  (௜ݑߜ

subject to ݑ௜
௠௜௡(ݔ௜) ≤ ௜ݑ + ௜ݑߜ ≤ ௜ݑ

௠௔௫(ݔ௜). 
(51) 

For the sake of compactness and clarity in later discussions, I will omit the explicit 

dependence on ݔ from ݑ௜
௠௜௡(ݔ) and ݑ௜

௠௔௫(ݔ). 

I can then address this optimization problem by employing the method proposed in [74] 

with the extension of having a state-informed varying box constraint of ݑ rather than the 

conventional non-state informed constant boundary of ݑ. This approach modifies the 

traditional DDP algorithm to directly incorporate control input constraints into the 

optimization procedure. Utilizing Tassa et al. method offers distinct advantages. Notably, 

one of its key features is the capability to converge to the optimal solution within a single 

iteration if the initial point shares the same active constraint set with the optimum. This 

efficiency is a direct consequence of employing the Projected-Newton class of algorithms, 

which are adept at handling simple constraints through the projection operator. These 

algorithms facilitate a dynamic adjustment process where the search point is continuously 

clamped to respect multiple constraints, thereby enabling a highly efficient and targeted 

approach to constraint management within the DDP framework. 

Note that my approach streamlines the process of incorporating inequality constraints by 

specifically satisfying the constraints through the control inputs. The constraint (49) is used 

to determine the bounds for the control input ݑ, rather than simultaneously considering the 
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state and control spaces. This approach significantly reduces complexity as it circumvents 

the need to resolve the constraints in the higher-dimensional joint space of (ݔ,  In .[72] (ݑ

formal terms, assuming that the system's dynamics are given by (40), which can be thought 

of as a vector field in the state space ݔ parametrized by ݑ, my approach involves selecting 

control directions so that the resulting trajectory inherently satisfies (49).  

To visualize the practical implementation of this methodology, consider the following 

process. Assume that from some initial condition ݔ଴, and initial control input ݑ଴, a 

reference trajectory has been generated during the forward pass, depicted by dashed line in 

Figure 4.1. During the backward pass, starting from ݔே, for each point ݔ௜ along this 

trajectory, I compute ݑ௜
௠௜௡ and ݑ௜

௠௔௫, resulting in a set of vectors given by ݂(ݔ௜, ,(௜ݑ ௜ݑ ∈

௜ݑൣ
௠௜௡, ௜ݑ

௠௔௫൧. The algorithm then selects the optimal ݑߜ௜ to minimize ܳ, ensuring 

compliance with the constraints. In the subsequent forward pass, the reference trajectory is 

updated according to these optimized control inputs, reflected in Figure 4.2 with a solid 

line.  

0x Reference Trajectory
ix

min( , )i if x u

max( , )i if x u

Nx

 

Figure 4.1. Calculating ݑ௜
௠௜௡ and ݑ௜

௠௔௫ during backward pass at each point ݔ௜ of the 
reference trajectory, which yields range of vectors ݂(ݔ௜, ,(௜ݑ ௜ݑ ∈ ௜ݑൣ

௠௜௡, ௜ݑ
௠௔௫൧. Modest 

adjustments along these vectors ensure (49) is still satisfied.  
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It is worth mentioning that as long as the adjustments to ݑ are modest and ℎ(ݔ,  is (ݑ

smooth, the updated trajectory will continue to fulfill the inequality constraint 

ℎ(ݔ௜ + ,௜ݔߜ ௜ݑ + (௜ݑߜ ≥ ݅ ݎ݋݂ 0 = 0, … , ܰ. (52) 

By focusing on adjusting ݑ within its allowable range to ensure compliance with the 

constraints, I bypass the intricacies that arise from the interdependencies between ݔ and ݑ. 

This targeted strategy not only simplifies the computational procedure but also aligns with 

the intuitive understanding that control inputs are often the direct levers for ensuring 

constraint satisfaction. 

0x Reference Trajectory
ix

( , )i i if x u u

Nx

i ix x

Updated Trajectory

 

Figure 4.2. Updating the reference trajectory during the forward pass. 

4.3.2 Constraints Without Explicit Control Input 

In this subsection, I broaden the scope of my method to accommodate constraint solely 

dependent on the state, denoted as 

ℎ(ݔ) ≥ 0, (53) 

which does not explicitly involve the control input ݑ. To integrate such constraints within 

my framework, I turn to the concept of relative degree from nonlinear control theory. 
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Assume (53) exhibits a relative degree one with respect to one control input. This 

assumption implies that the time derivative of ℎ(ݔ) denoted as ℎ̇(ݔ) and given by 

ℎ̇(ݔ) =
߲ℎ
ݔ߲

 (54) ,ݔ̇

transforms with the system dynamics (4), into 

ℎ̇(ݔ) =
߲ℎ
ݔ߲

,ݔ)݂  (55) ,(ݑ

which explicitly depends on ݑ. Now to enforce (53) within the context of my DDP 

framework, I construct the differential equation 

ℎ̇(ݔ) + (ݔ)ℎߙ ≥ 0, (56) 

where α >  0 is a constant that can be determined through iterations, ensuring that the 

constraint is not violated. Substituting ℎ̇(ݔ) from (55) yields 

߲ℎ
ݔ߲

,ݔ)݂ (ݑ + (ݔ)ℎߙ ≥ 0. (57) 

This formulation introduces a condition that dynamically adjusts the system's behavior to 

maintain compliance with the constraint. Specifically, if ℎ(ݔ) were at risk of becoming 

negative, the positive contribution from ߙℎ(ݔ) encourages a corrective increase in ℎ̇(ݔ), 

directing ℎ(ݔ) back towards positive values. This approach ensures the system's states 

remain within the permissible region by dynamically enforcing the constraints without the 

need for explicit control input in the constraint equation. 

With the reformulated constraint now implicitly involving the control input ݑ, I can directly 

apply the methodology developed in the previous subsection to my current problem. By 
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translating the state-dependent constraints into a form that includes the control input ݑ 

indirectly, I extend the DDP framework to handle a broader range of constraints. 

4.4 Simulation Results 

In this section, to assess the performance of my proposed DDP algorithm, I conducted a 

series of simulations across two distinct scenarios: inverted pendulum [65], and a 

nonholonomic 2D car [74]. My objective was to benchmark the proposed DDP algorithm 

against two well-established methods: the Constrained DDP (CDDP) [72] and the primal–

dual interior-point DDP (IPDDP) [65]. For all simulations, the initial control input ݑ଴ is 

selected by generating small random values, providing a diverse starting point for the 

optimization process. These simulations are designed to test the algorithm's capability in 

handling different dynamic systems and control challenges. To effectively evaluate and 

compare these algorithms, while recognizing the importance of iteration time, I selected 

the number of iterations as my primary performance metric [65]. This choice is rooted in 

providing a hardware-independent assessment of each algorithm. 

4.4.1 Inverted Pendulum 

In my first simulation, I evaluate the effectiveness of my proposed DDP method in 

controlling an inverted pendulum model, in comparison with the CDDP and the IPDDP 

methods. The system is characterized by the states ܺ = [߶, ߱]், and following discrete-

time dynamic equations 

߶௜ାଵ = ߶௜ + ℎ߱௜,
߱௜ାଵ = ߱௜ + ℎ݊݅ݏ(߶௜) + ℎݑ௜, (58) 



 

74 

 

where ߶ is the angle, ߱ is the angular velocity, and ݑ denotes the control input. The task 

is to drive the pendulum from an initial state ܺ଴ = ,ߨ−] 0]் to ௙ܺ௜௡௔௟ = [0,0]், over a 

control horizon of ܰ = 500, and ℎ = 0.05. I incorporate a state-dependent constraint to 

maintain the angular velocity below a certain threshold 

߱ < 1. (59) 

Given that (59) has a relative degree of one, I employ (57) with ߙ = 0.1 for my proposed 

DDP algorithm. The running cost and the terminal cost used for the simulations across all 

three algorithms are defined as 

,ܺ)ܮ (ݑ = 0.025(߶ଶ + ߱ଶ + ଶ), (60)ݑ

(ܺ)ߔ = 5(߶ଶ + ߱ଶ). (61)

Figure 4.3a illustrates the trajectories of the angular velocity, ߱ , as a function of the control 

horizon ܰ. It is observed that while all three algorithms successfully drive ߱ close to 0, the 

CDDP algorithm's trajectory shows fluctuations near the constraint boundary, which is not 

desirable. Figure 4.3b presents the evolution of the cost function ܬ with respect to the 

number of iterations. Here, the proposed algorithm and CDDP demonstrate rapid 

convergence within fewer than 20 iterations, specifically 8 for CDDP and 16 for the 

proposed method. In contrast, IPDDP requires nearly 60 iterations to stabilize.  

Notably, my proposed algorithm achieves a final cost of 10.11 with an approximate ߱௙௜௡௔௟ 

of 0, outperforming CDDP, which concludes with a final cost of 10.92 and an ߱௙௜௡௔௟ of 

approximately 0.02. The IPDDP method attains the best final cost of 9.72, albeit with a 

higher iteration count, yet still arriving at an ௙߱௜௡௔௟ close to 0. These results affirm the 
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robustness of my proposed method in efficiently reaching the target state while also 

adhering to the state-dependent constraint imposed on the system. 

4.4.2 2D Car 

In the subsequent example, I turn my attention to the application of the proposed DDP 

algorithm on a 2D car navigation scenario. The car is modeled with a state vector ܺ =

,ݔ] ,ݕ ,ߠ ,ݔ) delineating the car's planar position ,்[ݒ  and front wheel velocity ,ߠ angle ,(ݕ

ݑ The control inputs are represented by .ݒ = [߱, ܽ]், which consist of the steering angle 

߱ and acceleration ܽ. The dynamics of the car are given by 

௜ାଵݔ = ௜ݔ + ܾ ݏ݋ܿ ௜ߠ ,
௜ାଵݕ = ௜ݕ + ܾ ݊݅ݏ ,௜ߠ

௜ାଵߠ = ௜ߠ + ଵି݊݅ݏ ൬
ℎ
݀

൰(௜߱)݊݅ݏ ,

௜ାଵݒ = ௜ݒ + ℎܽ௜,

 (62)

where ܾ = ݀ + ℎݒ cos(߱) − ඥ݀ଶ − ℎଶݒଶ sinଶ(߱). The constants are set as ݀ =  2.0, 

representing the distance between the rear and front axles, and ℎ =  0.03, which represents 

the time step. 

 

(a) 

 

(b) 

Figure 4.3. Comparative analysis of DDP algorithms on the inverted pendulum model. (a) 
Angular velocity (߱) trajectories. (b) Cost function (ܬ) convergence.  
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4.4.2.1 Comparison with CDDP 

The navigation task involves maneuvering the car from the initial state ܺ଴ =

[1,1, ߨ3 2⁄ , 0]் to the destination ௙ܺ௜௡௔௟  = [0,0,0,0]், circumventing a circular obstacle 

centered at [−2, −3] with a radius of 1 defined by 

ݔ) + 2)ଶ + ݕ) + 3)ଶ ≥ 1. (63)

Note that (63) has a relative degree of one; therefore, I utilize (57) with ߙ =  0.1 for the 

proposed DDP. The horizon is set to ܰ =  500, with steering angle constraint of − ߨ 2⁄ ≤

߱ ≤ ߨ 2⁄  and acceleration constraint of −8 ≤ ܽ ≤ 8 for both algorithms. The cost function 

employed for both CDDP and the proposed DDP is composed of a running cost  

,ܺ)ܮ (ݑ = 10ିଷݔ)ݎ, 0.1) + 10ିଷݕ)ݎ, 0.1) + 10ିଶ(߱ଶ + 0.01ܽଶ), (64)

and the terminal cost 

(ܺ)ߔ = ,ݔ)ݎ0.1 0.01) + ,ݕ)ݎ0.1 0.01) + ,ߠ)ݎ 0.01) + ,ݒ)ݎ0.3 1), (65)

where ݔ)ݎ, (݌ = ඥݔଶ + ଶ݌ −  .represents the Huber-type loss function [74] ݌

Figure 4.4a illustrates the trajectories generated by both the proposed DDP and the CDDP 

algorithms as they navigate towards the destination while avoiding the circular obstacle. 

The effectiveness of both methods is demonstrated by their successful avoidance of the 

obstacle and their convergence towards the final desired state. Specifically, the final state 

achieved by the CDDP algorithm is ܺ = [0.007,0.003,0.002, −0.228]், while the 

proposed DDP method reaches a final state of ܺ = [0,0.006,0.002,0]். Furthermore, the 

cost function ܬ for both proposed and CDDP algorithms are depicted in Figure 4.4b, 

offering a quantitative measure of their performance. Notably, the proposed DDP algorithm 
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exhibits a faster convergence, requiring only 25 iterations to reach a steady value, as 

opposed to the 45 iterations needed by the CDDP method. Despite this, the CDDP 

algorithm demonstrates a slight advantage in minimizing the total cost, achieving an 

optimal cost of 1.086 compared to 1.067 for the proposed DDP method. 

4.4.2.2 Comparison with IPDDP 

In this subsection, I present a comparative analysis of my proposed DDP algorithm with 

the IPDDP method. The evaluation is carried out in a scenario involving navigation through 

a field with three circular obstacles. The navigation task commences from the initial state 

ܺ଴ = [0,0,0,0]் and aims to reach the destination ௙ܺ௜௡௔௟ = [3,3, ߨ 2⁄ , 0]். The 

environment comprises three circular obstacles located at [1, 1], [2.5, 2.5], [1, 2.5], each 

with a radius of 0.5. Due to the relative degree of one presented by the obstacles, I apply 

(57) with distinct ߙ parameters— ଵߙ = 0.2, ଶߙ = 0.01, and ߙଷ = 0.02—for each 

corresponding constraint. The horizon is set at ܰ =  200, with the steering angle ߱ 

constrained within − ߨ 2⁄ ≤ ߱ ≤ ߨ 2⁄ . 

 

(a) 

 

(b) 

Figure 4.4. Performance comparison in 2D car navigation for the proposed and CDDP 
algorithms. (a) Trajectory paths of the proposed and CDDP algorithms. (b) Cost function 
 .convergence (ܬ)
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The running cost for both the proposed DDP and IPDDP algorithms is defined as follows 

,ܺ)ܮ (ݑ = 10ିସݔ)ݎ, 0.1) + 10ିଷݕ)ݎ, 0.1) + 10ିସ(߱ଶ + 0.01ܽଶ). (66)

The terminal cost is given by 

(ܺ)ߔ = 0.06൫0.1ݔ)ݎ, 0.01) + ,ݕ)ݎ0.1 0.01) + ,ߠ)ݎ 0.01) + ,ݒ)ݎ0.3 1)൯. (67)

This cost function has been selected to accommodate the changed obstacle structure, 

ensuring that both the proposed DDP and IPDDP algorithms converge efficiently. 

Figure 4.5a displays the paths computed by the proposed DDP and IPDDP algorithms. 

While both methods adeptly navigate around the obstacles and converge towards the target, 

it is noteworthy that the proposed DDP algorithm yields a more direct path compared to 

the circuitous route taken by the IPDDP. The final state reached by the IPDDP is ܺ =

[3,3.01,1.57, −0.03]், while the proposed method achieves ܺ = [3.25,3.15,1.57,0.41]். 

These results suggest that the IPDDP algorithm has a slight edge in reaching the precise 

௙ܺ௜௡௔௟.  

Nonetheless, when examining the cost function ܬ, depicted in Figure 4.5b, it is observed 

that the proposed algorithm converges significantly faster, in only 22 iterations, compared 

to 160 iterations for the IPDDP. Though the IPDDP achieves a slightly lower final total 

cost of 0.0615 compared to the 0.0761 of the proposed method. 
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4.5 Conclusion 

This chapter contributes to the field of nonlinear system optimization by exploring the use 

of control inputs to directly enforce inequality constraints within DDP. I have introduced 

two variants of this extended DDP framework, targeting constraints associated with both 

state and control variables, and those specific to state variables alone. Through simulations 

on an inverted pendulum and a nonholonomic 2D car, my method was compared against 

established techniques such as CDDP and IPDDP, demonstrating its feasibility and 

potential advantages in certain aspects of convergence rate and trajectory efficiency. 

 

(a) 

 

(b) 

Figure 4.5. Performance comparison in 2D car navigation for the proposed and IPDDP 
algorithms. (a) Trajectory paths of the proposed and IPDDP algorithms. (b) Cost function 
 .convergence (ܬ)
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CHAPTER 5  

5 Switching Control Approach to Achieve Stable Standing in Point-Feet 

Bipeds 

5.1 Introduction 

In Chapter 3, it was demonstrated that gait termination in underactuated point-feet bipeds 

that use dynamic notion of stability, known as limit-cycle walkers, can be reduced to the 

problem of stabilizing an Acrobot-like system subject to contact point constraints. Using 

Acrobot, an ݊ -link planar robot with one passive joint, renders the control problem tractable 

and serves as an idealized model for analyzing the stability challenges in bipedal gait 

termination. However, it was shown that existing controllers for the Acrobot [120], [154], 

which typically rely on smooth, continuous control inputs, cannot stabilize the system in a 

sufficiently large ROA due to the presence of nonholonomic constraints. Despite this 

limitation, it was demonstrated that the system remains controllable as it satisfies the LARC 

[155]. This means that, while smooth stabilization in sufficiently large ROA is not possible, 

other control strategies, such as switching, and time-varying controllers can be employed 

to overcome this limitation [156] 

In this chapter, I focus on designing an effective switching controller, which has proven 

successful in addressing stability challenges in various nonholonomic systems [89], [119], 

[157]. By applying a switching controller, I aim to extend this approach to the Acrobot-

like model, addressing the gait termination problem in point-feet bipeds previously tackled 

in Chapter 3. Unlike computationally intensive optimization-based methods for enforcing 
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nonholonomic contact point constraints, my theoretical approach employs a switching 

method to stabilize the upright equilibrium point of the Acrobot-like model while utilizing 

the full Lagrangian model of the robot. 

I use Nagumo’s theorem in conjunction with an existing analytical controller for the 

Acrobot [120] to enforce constraints and achieve asymptotic stability for the overall 

system. While my approach primarily focuses on computational efficiency, it strategically 

resorts to more computationally intensive methods only when necessary to maintain 

stability. One of the primary advantages of employing switching controllers is their ability 

to facilitate analytical proofs of stability for the closed-loop system. By leveraging the well-

established stability properties of a feedback linearization-based controller for the Acrobot, 

I will analytically demonstrate the stability of the resulting switching controller. My 

simulation results further illustrate that this approach effectively satisfies contact point 

constraints while reducing computational demands, thereby ensuring robust and efficient 

performance. 

As demonstrated in Chapter 3, the challenge of stabilizing a unique equilibrium solution of 

(24) in the presence of contact point constraints (25) in a sufficiently large ROA remains 

elusive when relying solely on time-invariant smooth feedback. Given this constraint and 

the fact that (24)- (25) is controllable, I now transition to the core of this chapter: the design 

of the switching control strategy to effectively stabilize the upright equilibrium ݔ௘ [156]. 

My methodology involves the development of a hybrid control system that combines 

continuous and discrete control actions through a switching mechanism. This controller is 

designed to switch between different sub controllers—each tailored to specific operational 

conditions of the robot. By leveraging the existing controllers developed for the Acrobot, 
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I can use this well-established knowledge to stabilize the upright equilibrium point 

effectively, avoiding the need for parameter tuning or issues related to the ill conditioning 

often associated with numerical solutions [65]. This approach ensures that I capitalize on 

proven control strategies while addressing the unique challenges posed by the 

nonholonomic constraints in my system [120], [121]. 

My approach involves systematically switching between two control systems: 

I. Balancing controller: Directs the robot trajectories towards the equilibrium 

point. 

II. GRF controller: Two distinct GRF controllers are used to ensure the 

nonholonomic constraint (25) is not violated, one based on Nagumo's theorem 

and the other on DDP. 

To illustrate how the balancing and GRF controllers operate in coordination, assume we 

have a simplified two-dimensional system with state variables (ݔଵ,  ଶ), where theݔ

equilibrium is located at the origin. Suppose this system is subject to contact point 

constraints, and the goal is to steer the system from an initial state ݔ௜௡௜௧ to the equilibrium 

while strictly respecting these constraints. 

Starting from an initial state ݔ௜௡௜௧௜௔௟, the system is first driven by the balancing controller, 

represented by the green dashed line in Figure 5.1. This controller reduces a Lyapunov 

function and drives the state toward equilibrium, as long as the constraints remain satisfied. 

When the trajectory approaches a region where contact constraints are close to being 

violated, control switches to the Nagumo-based GRF controller, which analytically 

enforces admissible directions of motion. In Figure 5.1, one such direction is shown by the 

blue arrow; however, these directions are recalculated dynamically at every state. 
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If the system enters a region where analytical constraint enforcement is no longer possible, 

typically due to stronger nonlinearities or tighter constraints, the strategy switches to the 

DDP-based GRF controller, shown by the red dashed line. This controller uses DDP 

algorithm to numerically compute an optimal trajectory that advances the states closer to 

the equilibrium point while respecting contact point constraints. To ensure computational 

efficiency, the terminal state of the DDP algorithm is determined by the balancing 

controller. 

Once the system returns to a constraint-satisfying region, the balancing controller resumes 

control and continues driving the system toward the equilibrium. A key result established 

in this work is that the zero dynamics manifold, shaded region in Figure 5.1, lies entirely 

within the constraint-satisfying set. Once the system reaches this manifold, contact point 

constraints are inherently satisfied, and no further switching is required. The balancing 

controller can remain active indefinitely and complete the convergence to the upright 

equilibrium. 

5.2 Asymptotic Stabilization of the Equilibrium with State-Dependent Switching 

Feedback 

This section presents the design of the balancing controller and the Nagumo-based GRF 

controller, with a focus on how they contribute to system stability and constraint 

enforcement. The design of the DDP-based GRF controller will be detailed separately in 

Section 5.3. 
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Figure 5.1. Illustration of how the two sub-controllers operate on a system with two states.
Green dashed line, blue arrow, and red dashed line represent the balancing controller, 
Nagumo-based GRF controller, and DDP-based GRF controller, respectively. The shaded 
region denotes the zero dynamics manifold of the balancing controller. 

5.2.1 Analysis of the Balancing Controller 

For the challenge of stabilizing (24) without the contact point constraint (25) at the upright 

position, the scientific community has put forth a multitude of approaches, reflecting the 

breadth and depth of control theory's potential solutions. These range from pseudo-

linearization techniques [140], [141], to methods of quadratic stabilization discussed in 

[154]. In light of this variety, my analysis will focus particularly on the methodology 

proposed in [120], which has garnered attention for its robustness in achieving stabilization 

at the upright position. This choice is motivated by the proven effectiveness of the partial 

feedback linearization approach, which offers a compelling balance between complexity 

and performance [156].  

This methodology is grounded on the formulation of a set of outputs defined as  
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(ݔ)ݕ = ൥
ℎଵ(ݔ)

⋮
ℎ௡ିଵ(ݔ)

൩, (68)

with a vector relative degree of (3,3, … ,3). These outputs are judiciously chosen so that by 

driving them to zero, the system exhibits the desired behavior. In applying the input-output 

linearization method, I differentiate the output (ݔ)ݕ three times, allowing the control input 

to explicitly appear as follows 

ݕ⃛ = ௙ܮ
ଷ(ݔ)ݕ + ௙ܮ௚ܮ

ଶ(69) ,ݑ(ݔ)ݕ

where ܮ௚ܮ௙
ଶ(ݔ)ݕ is the invertible decoupling matrix. The application of the control input 

of the form 

஻ܭ = − ቀܮ௚ܮ௙
ଶ(ݔ)ݕቁ

ିଵ
ቀܮ௙

ଷ(ݔ)ݕ + (ݔ)ݕ଴ܭ + (ݔ)ݕଵ̇ܭ + ቁ , (70)(ݔ)ݕଶ̈ܭ

results in a linear system on the outputs 

(ݔ)ݕ଴ܭ + (ݔ)ݕଵ̇ܭ + (ݔ)ݕଶ̈ܭ + (ݔ)ݕ⃛ = 0. (71)

Here, constant matrices ܭ଴,   .converges to zero [28] (ݔ)ݕ ଶ are chosen so thatܭ ଵ andܭ

For later developments, a PD quadratic Lyapunov function for (24) with the control signal 

(70) is defined as 

ܸ = (72) ,(ݔ)ߟܲ(ݔ)்ߟ
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where (ݔ)ߟ = ቎
(ݔ)ݕ
(ݔ)ݕ̇
(ݔ)ݕ̈

቏, and ܲ is a PD matrix. It is noted that the specific definition of 

outputs gives rise to a one-dimensional zero dynamics manifold, which can be described 

as  

ܼ = ݔ} ∈ (ݔ)ݕ|ࣲ = 0, (ݔ)ݕ̇ = 0, (ݔ)ݕ̈ = 0}. (73) 

It is important to note that ܸ = 0 indicates that the system's states reside on the zero 

dynamics manifold ܼ. I encourage readers seeking a profound understanding of this 

strategy to refer to the detailed discourse presented in [120]. 

5.2.2 Development and Analysis of the Nagumo-Based GRF Controller 

A key aspect of my contribution to the current research is the development of Nagumo’s 

based GRF controller, an essential component in my devised switching control strategy. 

This tool has been designed to uphold the nonholonomic constraint detailed in (25). Crafted 

as a novel element, this GRF controller operates synergistically with the balancing 

controller, presenting a solution capable of addressing the intricate challenge of steering 

the bipedal robot to an upright equilibrium in the presence of contact point constraints. In 

what follows, I provide an examination of the GRF controller starting with an overview of 

some preliminary results. 

Let ߶(ݐ,  ଴ and a feedback controller ofݔ ଴) be the solution of (24) for the initial conditionݔ

the form ݑ =  Define the set ܵ as .(ݔ)ߦ

ܵ ≔ ൛ݔ ∈ ࣲ|൫ݔ, ൯(ݔ)ߦ ∈ ෨ܳൟ. (74)

I then present the following definition: 
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Definition 5. (Positive Invariance) The set ܵ is said to be positively invariant if  

଴ݔ ∈ ܵ → ,ݐ)߶ (଴ݔ ∈ ݐ∀ ܵ > 0. (75)

Note that for the contact point constraint (25) to be satisfied during the entire motion, it 

suffices to render ܵ positively invariant. This problem is addressed by defining the tangent 

cone and applying Nagumo's theorem, both of which I now describe. 

Definition 6. (Tangent Cone) Given the set ܵ, the tangent cone at each point ݔ in ܵ is 

defined as 

ௌܶ(ݔ) = ቊݖ: lim
ఛ→଴

inf
ݔ)ݐݏ݅݀ + ,ݖ߬ ܵ)

߬
= 0ቋ. (76)

Using (76) to calculate ௌܶ(ݔ) is not straightforward. Hence, a more tractable approach is 

presented as follows. 

Remark 2. Given two vectors ݒଵ,  ଶ, the inner product of these two vectors isݒ

,ଵݒ〉 〈ଶݒ = (77) ,ߠݏ݋ܿ‖ଶݒ‖‖ଵݒ‖

where ߠ is the angle between two vectors. For vectors whose ߠ is between −90 and 90, 

the inner product will be a positive value. This fact can be used to determine ௌܶ(ݔ) at each 

point ݔ ∈ ࣲ 

ௌܶ(ݔ) ≔ ቄߞ ∈ ℝଶ௡|〈∇ܵ, 〈ߞ > 0, ‖ߞ‖ ∈ ቂ0, max
௛

൫ܵ(ݔ + ℎߞ) ∈ ෨ܳ൯ ቃ ቅ, (78)

where ∇ denotes the gradient operator. Notice that for ݔ ∈ ܶ ,{ܵ}ݐ݊݅ ௌ(ݔ) = ℝଶ௡. Therefore, 

ௌܶ(ݔ) is meaningful only for ݔ ∈ ߲ܵ, where ߲ܵ denotes the boundary of ܵ..  
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Theorem 3. (Nagumo’s theorem) [158]: Consider the system given by (24) with the desired 

control action ݑ =  Then ܵ is positively invariant for (24) if the following condition .(ݔ)ீܭ

holds 

(ݔ)݂ + (ݔ)ீܭ(ݔ)݃ ∈ ௌܶ(ݔ), ݔ∀ ∈ ߲ܵ. (79)

In what follows, I will demonstrate how ܭୋ (ݔ) from (79) can work in conjunction with 

the balancing controller ܭ஻ to stabilize the upright equilibrium ݔ௘ without violating the 

contact point constraints specified in (25). 

5.2.3 Stabilization of the Acrobot Using the Switching Controller 

To establish the conditions for switching between the GRF and balancing controllers that 

lead to the asymptotic stability of (24)-(25), I need to analyze the stability of the system, 

as not every switch between two controllers guarantees stability. In fact, as illustrated in 

example 2 of [87], even switching between subsystems that are individually asymptotically 

stable does not necessarily result in overall system stability. Consequently, the stability 

analysis of switching systems remains a complex and challenging problem that has been 

the subject of several research [89], [159]. One common approach is the dwell time method, 

where stability is ensured by defining a minimum amount of time that the system must 

remain in a particular subsystem before switching to another [160]. However, this method 

can be overly restrictive when the purpose of switching is to choose the subsystem that best 

meets certain performance criteria. In my case, I aim to use switching to prevent the system 

from violating contact point constraints, making the dwell time approach less applicable. 

An alternative strategy to ensure system stability involves identifying a single Common 

Lyapunov Function (CLF) that meets stability conditions across various subsystems. A 
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more nuanced approach is the Multiple Lyapunov Function (MLF) method, where a 

distinct Lyapunov function is constructed for each subsystem [92]. This method guarantees 

stability as long as the set of these functions satisfies a certain condition [161]. However, 

these strategies require each subsystem to have a stable and well-defined Lyapunov 

function, a requirement not met by the GRF controller. 

To implement the switching control strategy, it is essential to understand the dynamics of 

the underlying system. Before delving into the main theorem on the asymptotic stability of 

(24)-(25), which employs the principles of the CLF and MLF methods via the Lyapunov 

function from the balancing controller, I must address a foundational aspect of the system 

dynamics. Specifically, it is essential to analyze the effects of nonholonomic contact point 

constraints on the zero dynamics manifold, ܼ. This analysis is pivotal as it demonstrates 

that when the Lyapunov function ܸ equals zero—indicative of states residing on the zero 

dynamics manifold—the contact point constraints are inherently satisfied. This fact 

establishes a crucial premise that underpins the conditions for asymptotic stability in 

Theorem 4.  

To confirm that contact point constraints are inherently satisfied, I verify that the projection 

of ܼ onto (்ܨ,  ே) plane does not intersect the boundaries of (25) given byܨ

ቆ
்ܨ

ேቇܨ
ଶ

≤ ଶ . (80)ߤ

I further adopt the realistic assumption that ܨே ≤ ௠௔௫ܨ
ே , acknowledging the physical 

limitation that actuators cannot generate infinite force. Figure 5.2 illustrates the triangle 

specified by (80) in the (்ܨ, ேܨ ே) plane withܨ ≤ ௠௔௫ܨ
ே  and ܨே ≥ 0. Note that 
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൫்ܨ(ݔ௘), ൯(௘ݔ)ேܨ = (0, ݉݃), (81)

where ݉ represents the total mass of the robot, defined as the sum of the masses of all ݊ 

links. This corresponds to the upright equilibrium point, where the tangential force ்ܨ is 

zero, and the normal force ܨே is equal to the gravitational force acting on the total mass of 

the robot. 
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Figure 5.2. Triangle specified by (80) with ܨே ≤ ௠௔௫ܨ
ே  and ܨே ≥ 0 (solid line), ܥଵ circle 

inside the triangle (dashed line). 

Lemma 4. Let the map of ܼ in (்ܨ,  ே) plane given by the setܨ

Π ≔ ൛൫(ݔ)்ܨ, ݔ|൯(ݔ)ேܨ ∈ ܼ ൟ. (82)

Furthermore, define ܥଵ as the circle centered at (0, ݉݃) with radius ෠ܴ, constructed such 

that it does not intersect with the triangle, and denote the set of all points inside ܥଵ by 

ሚଵܥ ≔ ൛(்ܨ, ଶ(்ܨ)|(ேܨ + ேܨ) − ݉݃)ଶ ≤ ෠ܴଶൟ. (83)

Assuming the minimum value of ܸ denoted by ߰ on ܥଵ is nonzero, the following conditions 

are satisfied: 

Π ∩ ሚଵܥ߲ = ∅, (84)
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Π ⊂ ሚଵ. (85)ܥ

Proof: 

To establish (84) by contradiction, suppose that Π ∩ ሚଵܥ߲ = ൫(∗ݔ)்ܨ,  ൯. This(∗ݔ)ேܨ

scenario is illustrated in Figure 5.3. Given that ݔ∗ is on the circle, by definition, ܸ(ݔ∗) ≠

0. However, since ݔ∗ ∈ Π, this implies ܸ(ݔ∗) = 0, leading to contradiction and thereby 

concluding that Π ∩ ሚଵܥ߲ = ∅. 

To prove (85), note that (ݔ)்ܨ and ܨே(ݔ) are continuous functions, and Π is a connected 

set. Therefore, from the fact that (0, ݉݃) ∈ Π, it follows that Π ⊂  ∎ሚଵܥ

Having established in Lemma 4 that states on the zero dynamics manifold inherently satisfy 

the contact point constraints, I am now ready to introduce the main stability theorem. 

(0, )mg
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Figure 5.3. Set Π intersects ߲ܥሚଵ at ൫(∗ݔ)்ܨ,  .൯(∗ݔ)ேܨ

Theorem 4. Let ܸ in (72) serve as the Lyapunov function for the balancing controller ܭ஻. 

Consider ݐଶ௜, and ݐଶ௜ାଵ, ݅ = 0,1, … as the activation instances for the balancing and GRF 

controllers respectively. Assume 

I. The duration that the GRF controller remains active does not exceed a 

sufficiently small ܶ߂, specifically 
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ଶ௜ݐ − ଶ௜ିଵݐ ≤ Δܶ,   ݅ = 1,2, … (86)

II. The Lyapunov function ܸ decreases for ݐ ∈ ,ଶ௜ݐ] ,(ଶ௜ାଵݐ ݅ = 0,1, …, and may 

increase or decrease for ݐ ∈ ,ଶ௜ିଵݐ] ,(ଶ௜ݐ ݅ = 1,2, …. 

Under these conditions, the control law is given by 

ݑ = ൜ܭ஻ ݂݅ ݔ ∈ ,{ܵ}ݐ݊݅
ீܭ ݂݅ ݔ ∈ ߲ܵ,  (87)

renders (24)-(25) asymptotically stable, provided that 

(ଶ௜ାଶݐ)ܸ − (ଶ௜ݐ)ܸ < 0, ݅ = 0,1, … (88)

Proof: 

I initiate the proof by visually illustrating the condition of the theorem through the 

evolution of the Lyapunov function ܸ as depicted in Figure 5.4. To establish stability in 

the sense of Lyapunov, it is noted that while ܸ is continuous, it is only piecewise 

differentiable due to switching events. The system dynamics ݂(ݔ) in (24) is Lipschitz 

continuous. As a result, the switching sequence depicted in Figure 5.4 satisfies the global 

Lipschitz condition 

max
௧ஹ଴

൛ܸ̇(ݐ)ൟ ≤ ߮, (89)

where ߮ = max {߶௜}, and ߶௜ represents the maximum absolute value of ܸ̇(ݐ) within 

differentiable intervals [ݐଶ௜ିଵ,  ଶ௜). It then follows thatݐ

(ݐ)ܸ ≤ (ଶ௜ିଵݐ)ܸ + (90) ,ܶ߂߮
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for ݐ ∈ ,ଶ௜ିଵݐ] ݅ (ଶ௜ݐ = 1,2, …. Furthermore, it is observed that ܸ is decreasing for ݐ ∈

,ଶ௜ݐ] ,(ଶ௜ାଵݐ ݅ = 0,1, …., and 

(ଵݐ)ܸ ≥ (ଷݐ)ܸ ≥ ⋯ ≥ ,(ଶ௜ିଵݐ)ܸ ݅ = 1,2, … (91)

This observation supports the conclusion that (ݐ)ݔ consistently remains within the bounded 

level curves of ܸ given by ܸ(ݐଶ௜ିଵ) + ߮Δܶ, ݅ = 1,2, …, over the time interval ݐ ∈ [0, ∞). 

Thus, I assert that the system is stable in the sense of Lyapunov.  

To demonstrate asymptotic stability, it is noted that since ܸ is decreasing for ݐ ∈

,ଶ௜ݐ] ,(ଶ௜ାଵݐ ݅ = 0,1, …, it follows that 

(ଶ௜ାଵݐ)ܸ ≤ ݅   ,(ଶ௜ݐ)ܸ = 0,1, … (92)

Considering that (88) and (92) are decreasing positive sequences, for sufficiently large ݅, 

they converge to some limit ߷ ≥ 0 

݈݅݉
௜→ஶ

(ଶ௜ݐ)ܸ = ݈݅݉
௜→ஶ

(ଶ௜ାଵݐ)ܸ = ߷. (93)

This condition, in turn, implies that for sufficiently large ݅, ܸ̇ approaches zero. However, 

the condition ܸ̇ = 0 holds true only if ܸ = 0. Therefore, the only possible value for ߷ as ݅ 

goes to infinity is zero. As ܸ approaches zero for large ݅, system states converge to the zero 

dynamics manifold ܼ. According to Lemma 4, contact point constraints are inherently 

satisfied on ܼ , thus eliminating the need for switching actions. Consequently, the balancing 

controller remains continuously active, guiding the system states toward the equilibrium 

point∎ 
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Figure 5.4. Evolution of the Lyapunov function ܸ when ܭ஻ (solid line) and ீܭ  (dashed 
line) are active to satisfy condition (88). 

Remark 3. It is crucial to understand that the smoothness of the vector fields ݂(ݔ) and 

contact point constraints ensures that the switching actions terminate even before the 

system reaches the zero dynamics manifold, i.e., when ܸ > 0.  

5.3 Designing the Switching Strategy in the Case of Quadratic Lyapunov Functions 

In the previous section, I introduced the balancing and GRF controllers and, through 

Theorem 4, specified the condition necessary to ensure the asymptotic stability of (24)-(25) 

by strategically switching between these controllers. As a critical component of Theorem 

4, achieving asymptotic stability requires satisfying the condition outlined in (88). This 

section focuses on meeting this requirement for the quadratic Lyapunov function described 

in (72) by carefully selecting the control gain ீܭ in (79). I will develop a strategy that 

considers Δܶ, the maximum duration the system can remain under the control of the GRF 

controller, as a general case to cover all scenarios up to this worst-case scenario.  
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To begin my development, let me consider the derivative of the Lyapunov function ܸ to be 

of the form 

ܸ̇ = (94) ,(ݐ)ߟ்ܳ(ݐ)ߟ−

where ܳ is a PD matrix, presumably calculated from the Lyapunov equation [162]. From 

the Rayleigh-Ritz inequality, it follows that 

ଶ‖(ଶ௜ݐ)ߟ‖(ܲ)௠௜௡ߣ ≤ (ଶ௜ݐ)ܸ ≤ ଶ, (95)‖(ଶ௜ݐ)ߟ‖(ܲ)௠௔௫ߣ

where, ݅ = 0,1,  ௠௔௫(ܲ) represent the minimum and maximumߣ ௠௜௡(ܲ) andߣ  ,…

eigenvalues of ܲ, respectively. Also, from Grönwall's inequality 

(ݐ)ܸ̇ ≤ −
(ܳ)௠௜௡ߣ
(ܲ)௠௔௫ߣ (96) ,(ݐ)ܸ

which leads to 

݁
ఒ೘೔೙(ொ)
ఒ೘ೌೣ(௉)(௧మ೔శభି௧మ೔)

(ଶ௜ାଵݐ)ܸ ≤ (97) .(ଶ௜ݐ)ܸ

By assuming ߱ = ݁
ഊ೘೔೙(ೂ)
ഊ೘ೌೣ(ು)(௧మ೔శభି௧మ೔) and employing the Rayleigh-Ritz inequality again, I 

find that 

ଶ‖(ଶ௜ାଵݐ)ߟ‖(ܲ)௠௜௡ߣ߱ ≤ (ଶ௜ାଵݐ)ܸ߱ ≤ ଶ, (98)‖(ଶ௜ାଵݐ)ߟ‖(ܲ)௠௔௫ߣ߱

ଶ௜ାଵݐ)ߟ‖(ܲ)௠௜௡ߣ + ଶ‖(ܶ߂ ≤ ଶ௜ାଵݐ)ܸ + (ܶ߂ ≤ ଶ௜ାଵݐ)ߟ‖(ܲ)௠௔௫ߣ + ଶ, (99)‖(ܶ߂

where ݐଶ௜ାଶ = ଶ௜ାଵݐ +  Then, if I have .ܶ߂

ଶ௜ାଵݐ)ߟ‖(ܲ)௠௔௫ߣ + ଶ‖(ܶ߂ ≤ ଶ, (100)‖(ଶ௜ାଵݐ)ߟ‖(ܲ)௠௜௡ߣ߱

or 
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ብ
ଶ௜ାଵݐ)ߟ + (ܶ߂

(ଶ௜ାଵݐ)ߟ ብ ≤ ඨ
(ܲ)୫୧୬ߣ߱
(ܲ)୫ୟ୶ߣ , (101)

based on equation (96), it follows that 

ଶ௜ାଵݐ)ܸ + (ܶ߂ ≤ (ଶ௜ାଵݐ)ܸ߱ ≤ (102)  ,(ଶ௜ݐ)ܸ

which is (88). I then examine which ߞ vectors in (78) satisfy inequality (101). To simplify 

the analysis, I assume that for small ݔ̇ ,ܶ߂ remains constant 

ݔ̇ = ߞ ∈ ௌܶ(ݔ)   ∀ݐ ∈ ,ଶ௜ାଵݐ] ଶ௜ାଵݐ + (103) .(ܶ߂

Assuming a small ܶ߂ allows me to estimate ݐ)ߟଶ௜ାଵ +  as (ܶ߂

ଶ௜ାଵݐ)ߟ + (ܶ߂ ≈ (ଶ௜ାଵݐ)ߟ + (104) ,ܶ߂ߟ̇

which can be substituted into (101) to obtain 

(ଶ௜ାଵݐ)ߟ‖ + ‖ܶ߂ߟ̇ ≤ ඨ
(ܲ)୫୧୬ߣ߱
(ܲ)୫ୟ୶ߣ

(105) .‖(ଶ௜ାଵݐ)ߟ‖

Given that ̇ߟ = డఎ
డ௫

ݔ̇ ,ݔ̇ =  ߞ the above inequality can be used to calculate ,ߞ

ฯߟ(ݐଶ௜ାଵ) +
ߟ߲
ݔ߲

ฯܶ߂ߞ ≤ ඨ
(ܲ)୫୧୬ߣ߱
(ܲ)୫ୟ୶ߣ

(106) .‖(ଶ௜ାଵݐ)ߟ‖

However, to further simplify the calculations, consider the following inequality  

(ଶ௜ାଵݐ)ߟ‖ + ‖ܶ߂ߟ̇ ≤ ‖(ଶ௜ାଵݐ)ߟ‖ + (107) ,ܶ߂‖ߟ̇‖

which simply states that the change in ߟ over a small time Δܶ is bounded by its initial value 

plus its rate of change over Δܶ. If I now impose the condition 
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‖(ଶ௜ାଵݐ)ߟ‖ + ܶ߂‖ߟ̇‖ ≤ (108) ,‖(ଶ௜ାଵݐ)ߟ‖ߛ

where ߛ = ටఠఒౣ౟౤(௉)
ఒౣ౗౮(௉)

, then (105) holds true. From (108), it directly follows that 

‖ߟ̇‖ ≤ ൬
ߛ − 1

ܶ߂
൰ (109) .‖(ଶ௜ାଵݐ)ߟ‖

Similarly, use ̇ߟ = డఎ
డ௫

ݔ̇ ,ݔ̇ =  to arrive at ߞ

ฯ
ߟ߲
 ݔ߲

ฯߞ ≤ ൬
ߛ − 1

ܶ߂
൰ (110) ,‖(ଶ௜ାଵݐ)ߟ‖

which provides the criterion for selecting ߞ vectors from ௌܶ(ݔ) such that (101) is satisfied.  

To complete the calculation, I need to determine ீܭ  from (110). Given the smoothness of 

the functions ݂(ݔ), ݃(ݔ) and (ݐ)ߟ in their respective regions of definition, and the 

assumption that they can be approximated by constants over sufficiently small intervals, a 

constant ீܭ can be chosen such that  

ฯ
ߟ߲
ݔ߲

(݂ + ฯ(ீܭ݃ ≤ ൬
ߛ − 1

ܶ߂
൰ (111) .‖ߟ‖

Note that as long as the ߞ vector, determined from (110), resides within the tangent cone 

௦ܶ, (111) ensures that condition (88) is consistently satisfied at each switching event. This 

compliance is essential for maintaining the closed-loop system asymptotic stability. 

Control strategy when ߞ lies outside the tangent cone ௌܶ: In some cases, the vector ߞ 

determined from (110) may not lie within the tangent cone ௦ܶ(ݔ), meaning there is no 

guarantee that at all switching times, ௦ܶ(ݔ) will contain the direction in which the 

Lyapunov function decreases. This condition prevents me from using (111) to determine 
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control input at certain times. To address this challenge, I propose an effective approach 

that maintains a low computational burden. 

Although it is not possible to decrease Lyapunov function at certain switching times, I can 

still leverage the information provided by the balancing controller. Assume that the vector 

ݐ does not lie within the tangent cone at time ߞ = ݐ஽, then for some Δݐ ≪ 1, the state given 

by 

௙ݔ ≈ (஽ݐ)ݔ (஽ݐ)݂ ] + + (112)  ,ݐΔ[(஽ݐ)஻ܭ(஽ݐ)݃ 

indeed, corresponds to a state where the Lyapunov function ܸ has a smaller value. 

Therefore, it is only necessary to steer system states to this point using methods that can 

incorporate contact point constraints. In this work, I use the DDP algorithm, which is 

particularly well-suited for nonlinear systems due to its iterative nature and its capability 

to handle complex dynamics with both state and control constraints [145]. Given that (24)-

(25) is controllable, DDP can consistently provide a solution. This is because controllability 

guarantees the existence of a path between any two points in the state space, even though 

this path may not always be smooth [130]. 

In this method, first, the continuous dynamic equation (24) is discretized as follows 

௞ାଵݔ = ௗ݂(ݔ௞, ௞), (113)ݑ

where ݔ௞ ∈ ℝଶ௡ represents the state of the system at the discrete time step ݇, and ݑ௞ ∈

ℝ௡ିଵ is the corresponding control input. Then a cost function is defined 

ܬ = Φ(ݔே) + ෍ ,௞ݔ)ܮ (௞ݑ
ேିଵ

௞ୀ଴

, (114)
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where ܰ is the control horizon, Φ(ݔே) is the terminal cost, and ݔ)ܮ௞,  ௞) is the runningݑ

cost. DDP minimizes ܬ by performing a series of forward and backward passes until it 

reaches a locally optimal control policy [65]. This algorithm has been extended in the 

literature to handle inequality constraints both on control and state variables [62], [64], 

[71]. To apply DDP to my problem, I interpret contact point constraints as a constraint 

solely on the control input ݑ, for each state ݔ ∈ ܺ 

(ݔ)ܷ ≔ ൛ݑ ∈ ℝ௡ିଵห(ݔ, (ݑ ∈ ෨ܳൟ. (115)

Within this framework, the control signal ܭ஽ generated by the DDP must belong to ܷ, i.e., 

஽ܭ ∈ ܷ. Consequently, the DDP variant I employ is designed to efficiently manage these 

control input constraints. To this end, I employ the DDP algorithm introduced in Chapter 

4. This new DDP method dynamically adjusts the control input boundaries during the 

optimization process, ensuring rapid convergence and effective constraint management. 

This method ensures that the system transitions smoothly to the desired state ݔ௙, and if 

necessary, temporarily allows an increase in the Lyapunov function ܸ. By leveraging the 

fast convergence properties of DDP, my approach provides a local and efficient numerical 

solution, reducing the need for extensive fine-tuning of parameters.  

I define Δݐ஽ as the duration for which the DDP is active. After this interval, it is ensured 

that 

஽ݐ)ܸ + Δݐ஽) < (116) .(஽ݐ)ܸ

The switching strategy proposed in this chapter, which dynamically selects between ܭ஻, 

 ஽ is detailed in Algorithm 1. Figure 5.5 illustrates the evolution of the Lyapunovܭ and ,ீܭ
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function ܸ through this switching strategy until it converges to zero. The combination of 

these three controllers not only ensures the asymptotic stability of (24)-(25), but also 

minimizes the use of numerical methods and employs an efficient numerical method to 

reduce the computational burden. In practice, the execution of Algorithm 1—including 

constraint checks, gain selection, and potential DDP computation—can introduce delays in 

real-time applications. During this period, a low-level PID controller that directly controls 

the actuators is used to control joints. Although this low-level control layer is not explicitly 

modeled in this thesis, it represents an important practical consideration for deploying this 

strategy on real robotic hardware. 

It is worth mentioning that the use of DDP in my method offers several advantages. Given 

that at each step, the target state ݔே is in close proximity to the initial point, the convergence 

of the DDP algorithm is consistently fast. This proximity allows the system to reach a stable 

state without needing to solve all the way to the equilibrium point ݔ௘. 

Algorithm 1. The proposed switching method to stabilize (24)-(25). 
1: while ݔ ≠  ௘ doݔ
2: set ݑ =  ஻ܭ
3:  if (25) is not satisfied 
4:   find ௦ܶ from (78) 
5:   find ீܭ from (111) 
6:   if ீܭ satisfies (79) 
7:    set ݑ =  ீܭ
8:   else  
9:    find ݔ௙ from (112)  
10:    set ݔே =  ௙ in (114)ݔ
11:    use the proposed DDP with ܬ from (114) and find ܭ஽ considering (115) 
12:    set ݑ =  ஽ܭ
13:   end if 
14:  end if 
15: end while 
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Additionally, the robustness of the proposed DDP in handling contact point constraints 

means that extensive fine-tuning of parameters may not be necessary, further simplifying 

the implementation process. I will demonstrate these advantages with detailed simulations 

in the following section, showcasing the practical effectiveness of my proposed method. 

0t 1t

V

tDt D Dt t  2it
 

Figure 5.5. Evolution of the Lyapunov function ܸ when ܭ஻ (solid line), ீܭ  (dashed line), 
and ܭ஽ (dash-dot line) are active, including scenarios where ߞ does not reside within the 
tangent cone ௌܶ. 

5.4 Simulation Results 

In this section, I apply the proposed switching strategy outlined in Algorithm 1, providing 

an overview of its implementation. I then present and analyze the simulation results, 

offering a detailed discussion of the system's performance. 

I focus on the 5-link model, which is commonly used to represent a simplified version of a 

walking human or humanoid robot in the sagittal plane. It is assumed that the framework 

outlined in Chapter 3 has been applied to bring the biped into the double support phase, 

allowing me to model it as an Acrobot-like robot with nonzero initial conditions, illustrated 

in Figure 3.1. The parameters defining this robot are enumerated in Table 3.1, chosen to 
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mirror the characteristics of RABBIT [7] with legs held together [120]. The acceleration 

of gravity is taken as 9.8 ݉ ⁄ଶݏ  and ߤ = 0.3. The simulations were conducted on a system 

equipped with an Intel i9-14900K CPU. 

The objective is to navigate the robot to the designated upright equilibrium point, 

represented by (ݍ଴, ,ଵݍ (ଶݍ =  starting from the initial configuration(2,0,0/ߨ)

଴ݍ)
଴, ଵݍ

଴, ଶݍ
଴) = (1.39,0.52, −0.69), and initial angular velocities (̇ݍ଴

଴, ଵݍ̇
଴, ଵݍ̇

଴) =

(0.5, −0.8, −1.2), with all measurements in radians. To account for actuator physical 

constraints, I model them using a first-order transfer function, given by 

௙௜௟௧௘௥௘ௗݑ =
30

ݏ + 30
(117) ,ݑ

which indicates that the actuators exhibit a low-pass behavior. I use ݑ௙௜௟௧௘௥௘ௗ in my 

simulations to accurately reflect these dynamics. 

For the balancing controller ܭ஻(ݔ) in (70), parameters ܭ଴ = ቂ120 0
0 120ቃ , ଵܭ =

ቂ74 0
0 74ቃ , ଶܭ = ቂ15 0

0 15ቃ, and ܭ = 6, defined in example C of [120], are considered. To 

specify a PD matrix ܲ for the Lyapunov function (72), consider the PD matrix ܳ =  ,଺ܫ

where ܫ଺ denotes the identity matrix, and solve the Lyapunov equation to obtain 

ܲ =

⎣
⎢
⎢
⎢
⎢
⎡

0.43 0 −0.5 0 −1.06 0
0 0.43 0 −0.5 0 −1.06

−0.5 0 1.06 0 −0.5 0
0 −0.5 0 1.06 0 −0.5

−1.06 0 −0.5 0 10.98 0
0 −1.06 0 −0.5 0 10.98⎦

⎥
⎥
⎥
⎥
⎤

. (118)

Note that the existence of a solution to the Lyapunov equation is guaranteed due to the 

stability of the system.  
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To check the condition of Lemma 4, the ܥଵ circle with ෠ܴ = 84.67 centered at (0,313.6) in 

,்ܨ)  ே) plane is chosen such that it does not intersect the triangle specified by (80), andܨ

௠௔௫ܨ
ே = 700 ܰ. The minimum value of ܸ on the ܥଵ, ߰, can be determined by solving the 

Lagrangian equation 

തܮ = ܸ + ଶ(்ܨ)ൣߣ + ேܨ) − ݉݃)ଶ − ෠ܴଶ൧, (119)

where ߣ is the Lagrange multiplier. I calculate ߰ = 0.57, thereby confirming that on the 

resulting zero dynamics manifold ܼ , the contact point constraint (25) is satisfied. Therefore, 

Algorithm 1 can be successfully applied to stabilize the system.  

For the DDP algorithm, I let ܰ = 30 and choose Φ(ݔே) and ݔ)ܮ௞,  ௞) in (114) as followsݑ

Φ൫ݔ௙൯ = ෍ ௙ܿ
௜ ቆට൫ݔே

௜ − ௙ݔ
௜ ൯ଶ + ௙݌

௜ ଶ − ௙݌
௜ ቇ

଺

௜ୀଵ

, (120)

where,  

௙ܿ = [0.5,1,1.25,1.5,0.75,2.5], 

௙݌ = 0.01 × [1,1,1,1,1,1], 
(121)

and  

(௞ݔ)ܮ = ෍ ෍ ܿ௫
௜ ቆට൫ݔ௞

௜ − ௙ݔ
௜ ൯ଶ + ௫݌

௜ ଶ − ௫݌
௜ ቇ

଺

௜ୀଵ

ேିଵ

௞ୀ଴

, (122)

where  

ܿ௫ = 0.1 × [0.5,0.1,0.2,0.3,0.1,0.4], (123)
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௫݌ = 0.1 × [1,1,1,1,1,1]. 

Note that ݅ superscript shows the ݅th element of the vector. I did not specify any constraint 

on ݑ. I keep ܬ the same for the entire motion.  

Figure 5.6 shows a stick animation of the biped reaching the upright equilibrium; a video 

demonstration is also provided at [163]. This figure was included to better represent the 

motion of the robot until the equilibrium point, which appears to be natural. Figure 5.7 

demonstrates the convergence of joint angles and velocities during the stabilization 

process. The figure shows that the joints converge to their desired values and all signals 

remain smooth and bounded. 

 

Figure 5.6. Stick animation of the biped reaching the upright equilibrium. The final and 
initial configurations are represented by solid and dashed lines, respectively. 

Figure 5.8 compares the contact point forces with and without the proposed switching 

controller and with the only use of ܭ஻, showing that the proposed switching strategy 

successfully maintains stable contact between the robot and the ground by keeping the 

contact point forces inside the triangle and satisfying the constraint (25). Finally, Figure 

5.9 illustrates the joint torque profiles during the stabilization process. The plot shows that 

the joint torques are bounded and converge to zero after reaching the equilibrium point. 
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During the interval [0.1, 0.3] seconds, the GRF controllers were activated 11 times, with 

the ீܭ controller engaged 6 times and the ܭ஽ controller engaged 5 times. Table 5.1 presents 

the number of iterations required and the corresponding computation time (in seconds) for 

each activation of the ܭ஽ controller. Notably, the DDP algorithm consistently converged 

in fewer than 20 iterations, underscoring the effectiveness of selecting ݔ௙ from equation 

(112). 

  

  

  

Figure 5.7. Stabilization to the upright equilibrium. The figure demonstrates the 
convergence of joint angles and velocities.  
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While the contact point constraint (25) was at risk of being violated early in the trajectory, 

the numerical method was employed only when necessary, ensuring minimal 

computational overhead. Beyond 0.3 seconds, the system has maintained stability without 

further switching, allowing the balancing controller ܭ஻ to govern the trajectory up to 10 

seconds without additional computational intervention. It is worth noting that the majority 

of the running time in my DDP implementation is attributed to dynamically calculating the 

boundary of ݑ at each step. This overhead could be significantly reduced with more 

efficient algorithms, further enhancing the method’s overall performance. 

  

Figure 5.8. Comparison of contact point forces with (left) and without (right) the 
application of the switching method outlined in Algorithm 1. The plot illustrates that the 
proposed switching strategy effectively ensures that the contact point forces remain inside 
the triangle and satisfy the constraint (25). 

To further assess the effectiveness of my proposed switching controller, I conducted a 

comparative analysis using only the DDP algorithm without the switching mechanism. In 

this scenario, the terminal state was set to ݔே =  ௘, and the algorithm's performance wasݔ

evaluated. Notably, the DDP algorithm did not converge when the horizon was initially set 

to ܰ  =  30, which was previously effective when using my switching controller with ݔே =

= ܰ ௙. To achieve convergence, it was necessary to extend the horizon significantly toݔ

 800. This adjustment resulted in a substantial increase in simulation time, extending to 72 

-500 0 500

200

400

600
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seconds for a single iteration. This is considerably longer than the time required with my 

switching controller, underscoring the computational efficiency of my approach.  

Table 5.1. Number of iterations and computation time for each activation of the ܭ஽ 
controller 

Activation 1 2 3 4 5 
Iteration 14 15 18 10 9 
Time (s) 0.65 0.32 0.59 0.31 0.25 

 

While I acknowledge that faster DDP algorithms can be achieved, as demonstrated in [82], 

where an MPC for whole-body dynamics using DDP was implemented on the TALOS 

robot at 60 Hz, it is important to note that their approach utilizes the Pinocchio software 

library for fast computations of dynamics and derivatives.  

In contrast, my goal here is to provide a fair comparison between the two methods under 

similar conditions, without the additional optimizations that Pinocchio offers. This 

approach allows me to more directly compare the differences in computational efficiency 

and performance between the DDP algorithm alone and my proposed switching controller. 

  

Figure 5.9. Joint torque (N.m) profiles during the stabilization. 

5.5 Conclusion 

It has been demonstrated that the gait termination problem in point-feet limit cycle walkers 

can be reduced to stabilizing an Acrobot-like model with contact point constraints at the 
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upright equilibrium. Building on this foundation, the current chapter addresses the 

challenge of achieving stable standing by introducing a novel switching control approach. 

My methodology combines switching controllers with Nagumo’s theorem and existing 

analytical controllers for the Acrobot, ensuring the asymptotic stability of the closed-loop 

system, even in the presence of nonholonomic constraints. While I utilized the controller 

proposed by [120], it is important to note that other existing controllers could also be 

employed [135], [164], [165]. 

By employing switching controllers, I can leverage the inherent stability of existing 

controllers without the need for modification. This approach also reduces computational 

demands by activating more complex control algorithms only when necessary, optimizing 

resource usage. My strategy significantly lowers the computational burden compared to 

traditional optimization-based methods by adopting an "intervene when necessary" 

approach. This not only simplifies the control process but also allows me to analytically 

verify the stability of the system. 

The findings from this study offer new possibilities for managing nonholonomic 

constraints in walking problems. My approach effectively handles the complex dynamics 

and constraints of bipedal locomotion, providing a robust and efficient framework that can 

be extended to other robotic systems. This work highlights the potential of using switching 

controllers to manage the intricate dynamics of bipedal robots, paving the way for further 

research and innovation in this field. 
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CHAPTER 6  

6 Conclusion 

6.1 Summary 

The primary goal of this research was to address the gait termination problem in ݊-link, 

underactuated point-feet bipeds that utilize dynamic notion of stability, known as limit 

cycle walkers. Traditional control strategies designed for maintaining periodic stability are 

not suitable for gait termination, which requires transitioning the robot to a single, stable 

equilibrium point. To bridge this gap, I developed a unified gait termination solution by 

introducing a separate dynamic model, based on an Acrobot-like system, specifically 

designed for this purpose and distinct from models used for maintaining periodic stability. 

My findings indicate that continuous controllers are inadequate for stabilizing this 

dynamical model over sufficiently large ROA, as the nonholonomic contact point 

constraints violate the topological conditions required for smooth stabilization, as 

formalized by Sontag’s theorem. However, the Acrobot-like model satisfies the LARC, 

demonstrating its controllability in all regions not fully blocked by constraints. Building 

on this foundation, I designed a switching control strategy to stabilize the upright 

equilibrium of point-feet bipeds, effectively managing the transition from dynamic walking 

to stationary standing while accommodating the challenges imposed by nonholonomic 

constraints. 

The proposed switching strategy consists of a balancing controller to stabilize the upright 

equilibrium point of the Acrobot-like model and a GRF controller to enforce contact point 
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constraints. My GRF controller, developed using Nagumo’s theorem and a fast-converging 

DDP algorithm, ensures that the computationally intensive algorithm is employed only 

when necessary, thereby minimizing the heavy computational demands typically 

associated with numerical methods such as MPC. This approach enhances the control 

strategy's effectiveness for real-time applications. Furthermore, I analytically proved the 

stability of the switching strategy under certain assumptions, which is crucial for ensuring 

reliable and predictable robot behavior during gait termination, especially in real-world 

scenarios where maintaining stability is critical. 

Overall, this research presents a comprehensive framework that integrates both analytical 

and numerical methods, ensuring stable and efficient gait termination strategies for bipedal 

robots. It provides valuable insights and contributions to robotic control systems, 

advancing current methodologies and setting the stage for future innovations. 

6.2 Innovation 

 Unified gait termination solution for point-feet bipeds utilizing limit cycle 

walking: 

The major innovation of this work is the development of a unified gait termination 

framework for ݊-link underactuated point-feet bipeds, applicable regardless of the 

method used to generate periodic motions. This flexibility significantly improves 

the generalizability of the proposed gait termination strategy, making it suitable for 

a wide range of robotic platforms and systems. 

 Full-dimensional dynamic modeling: 
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This research utilizes a full-dimensional dynamic model, which captures the 

complete dynamics of the robot, including all degrees of freedom and contact point 

constraints. This approach contrasts with simplified models such as LIP or SLIP. 

By employing the full dynamic model, I provide a more accurate and realistic 

representation of the robot’s behavior, capturing the complexities of its interactions 

and constraints. As a result, the controller developed in this work is closer to real-

world applications, offering more reliable performance in practical scenarios where 

simplified models may fail to account for the intricate dynamics of the system. 

 Demonstrating the limitations of continuous controllers for point-feet bipeds: 

Another key contribution of this work is the demonstration that continuous 

controllers are insufficient for stabilizing a point-feet biped in the double-support 

phase due to nonholonomic contact point constraints. Using Sontag’s condition, I 

show that these constraints introduce topological obstructions—such as non-

contractible regions in the state space—that prevent smooth stabilization over 

sufficiently large ROA. This finding highlights a fundamental limitation of 

traditional continuous control methods and underscores the need for alternative 

approaches, such as switching controllers. 

 Lie algebra rank condition for controllability: 

I have analytically demonstrated that point-feet biped in double support satisfies 

the LARC, proving that despite the presence of nonholonomic constraints, the 

system remains controllable. This contribution establishes a solid theoretical 

foundation for employing a switching controller to stabilize the system. 

 Switching controllers to enforce contact point constraints: 
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To address the limitations of continuous controllers, I introduced the use of 

switching controllers to enforce contact point constraints. This method reduces the 

need for computationally expensive numerical controllers, while ensuring stability. 

I have also analytically proven the stability of the system under this switching 

control strategy, further demonstrating its effectiveness in handling the robot’s 

complex dynamics. 

 Development of a fast-converging DDP algorithm: 

A key innovation of this research is the development of a fast-converging DDP 

algorithm, specifically designed to efficiently handle inequality constraints. This 

algorithm utilizes control inputs to ensure a faster convergence, making real-time 

control more feasible. I have successfully applied this algorithm in managing 

contact point constraints during gait termination, ensuring stability and efficient 

performance. 

6.3 Significance 

This research significantly enhances the adaptability of bipedal robots by offering a unified 

solution for gait termination, applicable across different walking algorithms and robotic 

platforms. The use of a separate dynamical system for gait termination simplifies the 

control design process and extends the operational capabilities of robots, allowing them to 

perform complex maneuvers more safely. Moreover, the development of a novel DDP 

algorithm and switching control strategy improves the real-time performance and stability 

of bipedal robots, contributing valuable insights to robotics and control systems. 
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A key innovation of this work is the approach to enforcing contact point constraints using 

switching controllers, which not only ensures stability during gait termination but can also 

be employed in other critical areas such as push recovery in robots. This versatility 

highlights the broader applicability of my method beyond gait termination, offering a 

robust framework for enhancing robot resilience in various dynamic scenarios. 

Additionally, this research addresses a critical gap in the literature by focusing on 

nonholonomic constraints in the context of gait termination, an area that has been largely 

underexplored. By advancing my understanding and control strategies for these constraints, 

this work lays the groundwork for future innovations in robotic mobility and stability. 

6.4 Limitations 

The current research is based on certain assumptions that simplify the control model. 

Specifically, I assumed that the employed controller maintains both swing and stance legs 

in identical configurations for ݐ >  ௚ and ensures an even distribution of the GRFs betweenݐ

the legs. While this assumption facilitates the computation of GRFs based on joint angles, 

velocities, and accelerations, it does not fully represent the complexities of real-world 

scenarios. Future work will focus on relaxing this assumption and designing stabilizing 

controllers for the standing model that respect contact point constraints while driving the 

robot to its equilibrium point. 

Additionally, the use of the DDP algorithm introduces some computational overhead, 

which may limit its practicality for real-time applications. To address this, I plan to explore 

alternative methods rooted in sub-Riemannian geometry, potentially reducing reliance on 

DDP. By leveraging sub-Riemannian distance—defined as the shortest path along curves 
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tangent to horizontal subspaces defined by nonholonomic constraints—I aim to develop 

analytical controllers that naturally respect these constraints, minimizing or eliminating the 

need for computationally intensive optimization methods. 

Another limitation of the current work is that computation time has not been explicitly 

accounted for in the controller design. Although the use of primarily analytic methods 

keeps computation time relatively short, the robot may still move beyond safe boundaries 

during the brief delay between state measurement and control application. In the current 

framework, this issue is mitigated using local control laws to regulate the system during 

these short intervals. However, a more comprehensive treatment, either through 

experimental validation on a physical bipedal robot or through formal robustness analysis, 

is needed to fully address this concern. 

6.5 Next Steps 

Future research will focus on several key areas to overcome the limitations identified. 

Firstly, I will relax the current assumptions about leg configurations and GRF distribution 

to develop more realistic stabilizing controllers that fully respect contact point constraints. 

Secondly, I will investigate the feasibility of using sub-Riemannian distance to guide the 

design of control strategies, aiming to simplify and optimize the control process for bipedal 

robots. This approach could enable me to maintain stability with lower computational costs, 

making the strategy more efficient for real-time implementation. Additionally, I will 

explore multistep stabilization strategies, where the robot takes steps to manage its 

momentum, and analyze the range of initial conditions corresponding to different walking 

speeds where my algorithm is effective. This exploration will provide greater insight into 
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the robustness and adaptability of my approach, further enhancing its applicability in 

various real-world scenarios. In real applications, the system must be robust to parameter 

variations as accurate measurements of these parameters may not always be feasible. This 

aspect of robustness, while not fully explored in this research, will be a significant focus 

of future work. 
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Appendix 

A. Algorithm 1 MATLAB Code 

tic 
clc 
close all 
clear all 
warning off 
  
syms q0 q1 q2 q0dt q1dt q2dt x v2 sig time w1 w2 
assume([q0 q1 q2 q0dt q1dt q2dt w2 x v2 sig],'real'); 
fprintf('\n\n***Gait Termination With Continuous + iLQG 
Method in Original Coordinates***\n\n'); 
  
% Initialization 
T_sim = 10; 
Cnt = cnt_GRF = cnt_FN = ti1 = 0; 
dTA = 0.1; % Actuators demanded torque time 
Actuator_Out = [0 0; 0 0]; 
a_Filter = b_Filter = 30; 
fprintf('Actuator Response Time: %.2fs\n\n', 4/b_Filter); 
dti = t_Switch = Disable = 0; 
epsilon = 2.2; 
Controller_Continuous = 1; 
u_lim = [-200 200; -200 200]; 
res = 200; % u limits search resolution 
T = 30; 
full_DDP = false; 
My_Method = 1; 
  
iLQR_Cnt = iLQR_Check = iLQR_Horizon = 0; 
  
% Constants 
g0 = 9.8; 
m0 = 6.4; m1 = 13.6; m2 = 12; 
L0 = 0.4; L1 = 0.4; L2 = 0.3; 
mu = 0.3; 
B = [0 0; 1 0; 0 1]; 
  
% Dynamics and simulation 
[D, H, G, X, Y, V_potential, ~, c0, c1, Right1_Hand, 
Right2_Hand] = Lagrange_Model_Constraints(m, L, lc, I, g0, 
mu, B); 
q0ddt = q0ddt_Change(D, V_potential); 
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D_Function = matlabFunction(D); 
H_Function = matlabFunction(H); 
G_Function = matlabFunction(G); 
c0_Function = matlabFunction(c0); 
c1_Function = matlabFunction(c1); 
Right1_Hand_Function = matlabFunction(Right1_Hand); 
Right2_Hand_Function = matlabFunction(Right2_Hand); 
  
% Initial Conditions 
q0_star = deg2rad(90); 
q1_star = q2_star = deg2rad(0); 
q_star = [q0_star q1_star q2_star]; 
q0_Initial = deg2rad(80); 
q1_Initial = deg2rad(30); 
q2_Initial = deg2rad(-40); 
q_Start = q0_Initial + q1_Initial + q2_Initial; 
q0dt_Initial = 0.5; 
q1dt_Initial = -0.8; 
q2dt_Initial = -1.2; 
v2_initial = 0; 
  
% Controller parameters 
K = 6; 
C1 = poly([-6 -5 -4]); 
C2 = poly([-6 -5 -4]); 
K2 = [C1(2) 0; 0 C2(2)]; 
K1 = [C1(3) 0; 0 C2(3)]; 
K0 = [C1(4) 0; 0 C2(4)]; 
  
% Plot and simulation 
PlotData = Posture_Plot(q0_Initial, q1_Initial, q2_Initial, 
L, Same); 
title('Posture') 
pause(0.5) 
t1 = 0; 
cnt = 1; 
omega = 2 * pi * 0.2; 
y_ref = matlabFunction(0.4 * sin(omega * time)); 
ydt_ref = matlabFunction(diff(y_ref, time)); 
yddt_ref = matlabFunction(diff(ydt_ref, time)); 
ydddt_ref = matlabFunction(diff(yddt_ref, time)); 
  
% ODE simulation 
[t, Q] = ode45(@f, [0 T_sim], [q0_Initial q1_Initial 
q2_Initial q0dt_Initial q1dt_Initial q2dt_Initial 
v2_initial]); 
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toc 
  
% Animation and Posture Plot 
if Disable == 0 
    run('Animate1.m') 
else 
    run('Animate1.m') 
end 
function [x, u] = Bipedal_OriginalCor_Fun(x_des_Op, 
x_desired, full_DDP, My_Method, u0, lims, x0, B, mu, 
D_Function, H_Function, G_Function, c0_Function, c1_Function, 
Right1_Hand_Function, Right2_Hand_Function, FT_Fun, FN_Fun, 
eqns_Fun, res) 
% x = [q0 q1 q2 q0dt q1dt q2dt]' 
  
% Determine operational mode for the desired state 
if x_des_Op == 0 
    x_desired = Biped_dynamics(x0, u0(:,1)); 
end 
  
% Define the cost and dynamic model for optimization 
DYNCST  = @(x, u, i) Biped_dyn_cst(x, u, full_DDP); 
% Setup options for iLQG 
Op.lims  = lims;  % Control limits 
Op.plot = -1;  % plot the derivatives as well 
  
% Run the iLQG optimization 
[x, u] = iLQG_OriginalCor(DYNCST, x0, u0, Op, c0_Function, 
c1_Function, Right1_Hand_Function, Right2_Hand_Function, 
res, eqns_Fun, My_Method); 
  
    function y = Biped_dynamics(x, u) 
        % Integration step using Runge-Kutta 4th order 
        dt = 2^-10;  % time step for integration 
        y = zeros(size(x)); 
        k1 = dynamics_rate_of_change(x, u); 
        k2 = dynamics_rate_of_change(x + 0.5*dt*k1, u); 
        k3 = dynamics_rate_of_change(x + 0.5*dt*k2, u); 
        k4 = dynamics_rate_of_change(x + dt*k3, u); 
        y = x + (1/6)*dt*(k1 + 2*k2 + 2*k3 + k4); 
  
        function dy = dynamics_rate_of_change(x, u) 
            % Compute the rate of change using provided 
dynamics functions 
            q0 = double(x(1,:)); q1 = double(x(2,:)); q2 = 
double(x(3,:)); 
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            q0dt = double(x(4,:)); q1dt = double(x(5,:)); 
q2dt = double(x(6,:)); 
            dy = zeros(size(x)); 
            for i = 1:size(u,2) 
                D = D_Function(q1(i), q2(i)); 
                H = H_Function(q1(i), q2(i), q0dt(i), 
q1dt(i), q2dt(i)); 
                G = G_Function(q0(i), q1(i), q2(i)); 
                f_system = [q0dt(i); q1dt(i); q2dt(i); -D^-
1*(H+G)]; 
                g_system = [zeros(3,2); D^-1*B]; 
                dy(:, i) = f_system + g_system*u(:, i); 
            end 
        end 
    end 
end 
function [D, H, G, X, Y, V, K, c0, c1, Right1_Hand, 
Right2_Hand] = Lagrange_Model_Constraints(m, L, lc, I, g0, 
mu, B) 
    % Find Dynamic Equations of a 3-link series robot using 
Lagrange method 
    % Calculate D, H and G matrices in D*qddt + H(q,qdt) + G 
= B*tau 
    % m = Mass of each link vector 
    % L = Link length vector 
    % lc = Distance to the Center of Mass vector 
    % I = Moment of Inertia for each link vector 
    % g0 = Gravity constant 
    % By Zahed Dastan 2022 
  
    syms t q0ddt q1ddt q2ddt q0dt q1dt q2dt q0(t) q1(t) q2(t) 
d00 d01 d02 d11 d12 d22 x0 x1 x2 
  
    % Assign given parameters to individual variables 
    m0 = m(1); m1 = m(2); m2 = m(3); 
    L0 = L(1); L1 = L(2); L2 = L(3); 
    lc0 = lc(1); lc1 = lc(2); lc2 = lc(3); 
    I0 = I(1); I1 = I(2); I2 = I(3); 
  
    % (X,Y) position of Center of Mass (COM) 
    Xc0 = lc0 * cos(q0); Yc0 = lc0 * sin(q0); 
    Xc1 = L0 * cos(q0) + lc1 * cos(q0 + q1); Yc1 = L0 * 
sin(q0) + lc1 * sin(q0 + q1); 
    Xc2 = Xc1 + lc2 * cos(q0 + q1 + q2); Yc2 = Yc1 + lc2 * 
sin(q0 + q1 + q2); 
    X = [Xc0; Xc1; Xc2]; 
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    Y = [Yc0; Yc1; Yc2]; 
  
    % Linear Velocities 
    V0 = sqrt(diff(Xc0, t)^2 + diff(Yc0, t)^2); 
    V1 = sqrt(diff(Xc1, t)^2 + diff(Yc1, t)^2); 
    V2 = sqrt(diff(Xc2, t)^2 + diff(Yc2, t)^2); 
  
    % Kinetic and Potential energies 
    K = 0.5 * I0 * diff(q0, t)^2 + 0.5 * I1 * (diff(q0, t)^2 
+ diff(q1, t)^2) + 0.5 * I2 * (diff(q0, t)^2 + diff(q1, t)^2 
+ diff(q2, t)^2) + 0.5 * (m0 * V0^2 + m1 * V1^2 + m2 * V2^2); 
    V = g0 * (m0 * Yc0 + m1 * Yc1 + m2 * Yc2); 
  
    % Lagrangian 
    L = K - V;  
  
    % Lagrange Equations 
    E0 = diff(diff(L, diff(q0, t)), t) - diff(L, q0); 
    E1 = diff(diff(L, diff(q1, t)), t) - diff(L, q1); 
    E2 = diff(diff(L, diff(q2, t)), t) - diff(L, q2); 
    HG = [E0; E1; E2]; 
  
    % Substitutions for simplification 
    HG = subs(HG, [q0 q1 q2 diff(q0, t) diff(q1, t) diff(q2, 
t) diff(q0, t, t) diff(q1, t, t) diff(q2, t, t)], [x0 x1 x2 
q0dt q1dt q2dt q0ddt q1ddt q2ddt]); 
  
    % Separate D matrix (mass matrix) and combined G+H matrix 
    [D, HG] = equationsToMatrix(HG, [q0ddt q1ddt q2ddt]); 
  
    % Decompose HG into H and G 
    [G, H] = equationsToMatrix(HG, [q0dt q1dt q2dt]); 
  
    % Constraint coefficients for control inputs 
    q = [q0; q1; q2]; qdt = [q0dt; q1dt; q2dt]; 
    Temp_Y = mu * m * Y; Temp_X = m * X; 
    Temp = Temp_Y - Temp_X; 
    T_B = jacobian(Temp, q); 
    S_B = hessian(Temp, q); 
    T_B_Tilda = jacobian(m * Y, q); 
    S_B_Tilda = hessian(m * Y, q); 
  
    % Inequality equations 
    D_inv = inv(D); 
    c0 = T_B * D_inv * B; 



 

133 

 

    Right1_Hand = T_B * D_inv * (H + G) - mu * sum(m) * g0 - 
transpose(qdt) * S_B * qdt; 
    c1 = T_B_Tilda * D_inv * B; 
    Right2_Hand = T_B_Tilda * D_inv * (H + G) - sum(m) * g0 
- transpose(qdt) * S_B_Tilda * qdt; 
end 
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