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Abstract

In previous literature effective Hamiltonian equations have been generated capturing
lead order loop quantum gravity effects for the anisotropic vacuum Bianchi I, I, and
IX spaces. Additionally, analytical transition rules have been derived for these spaces
governing their rates of expansion and contraction. In this paper, these systems are
evolved numerically using high-order Runge-Kutta methods and the transition rules
are both tested for these Bianchi spaces and used to categorize loop quantum gravity
bounces in Bianchi IX. It is found that these transition rules can predict how the
Kasner exponents behave in Bianchi II if neither the potential effects and quantum
effects become significant simultaneously. Additionally, the loop quantum gravity
bounces in Bianchi IX were able to be sorted into four separate classifications based

on these transition rules.
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Chapter 1

Introduction

1.1 Incompatibility of General Relativity and Quan-
tum Mechanics

General Relativity (GR) and Quantum Mechanics (QM) are incompatible. This is
because GR is a deterministic theory with a dynamical evolving spacetime and QM
is a probabilistic theory with a fixed spacetime. In general, this is not an issue
since both theories are very effective in their own domains, with GR describing the
physics of the very large and QM describing the physics of the very small. How-
ever, this becomes problematic at large matter densities where the effects from both
are expected to be significant. One possible resolution to this problem is to quan-
tize GR using Loop Quantum Gravity (LQG). Then Loop Quantum Cosmology
(LQC) which contains effects from LQG can be applied onto different spacetimes
and its effects studied. This has been done on the homogeneous isotropic Fried-
mann-Lemaitre-Robertson-Walker (FLRW) spacetime, commonly used in GR to
model the expanding universe. It was found that an LQG bounce replaced the Big

Bang singularity [1].



1.2 QOutline of Project

In this paper LQC effects are going to be applied to the anisotropic vacuum Bianchi
I, Bianchi II, and Bianchi IX spacetimes. These spacetimes become increasingly
complex in the order that they were written. Most of the focus will be on Bianchi
IT and Bianchi IX with LQC effects since their dynamics are the most interesting.
However, Bianchi I, II, and IX without LQC effects and Bianchi I with LQC effects
will be worth examining to better understand Bianchi IT and IX with LQC effects.
Many numerical solutions of Bianchi IT and IX will be found and will be characterized
in as much detail as possible. We will return to all of these spacetimes and study

them in more depth later in the paper.



Chapter 2

Background

2.1 The Metric and the Universe

The metric is a tool used to measure the distances between two points in space/s-
pacetime. All observers will agree with this distance irrespective of their velocity or
position in the space/spacetime in which the metric is being employed. We are ex-
amining models of universes which are increasing or decreasing in scale. The metric

will reflect these changes in scale and hence is useful to examine.

2.1.1 The Euclidean Metric

The Euclidean metric is given below

ds* = dx® + dy* + dz*. (2.1)

This means if point 1 is located at coordinates (1,1, 21) and point 2 is located at

coordinates (z3,ys, 22), then the distance between both points, s, is

s =/ (r2 = 1) + (12 — 11)? + (22 — 21)%. (2:2)



The Euclidean metric is another way of stating the Pythagorean Theorem.

2.1.1.1 The Scaled Isotropic Euclidean Metric

Now, let us introduce an isotropic scale factor dependent on time into our system,

a(7). The Euclidean metric with the scale factor is

ds* = a(7)%dx? + a(7)?dy* + a(7)?dz* = a(7)?(d2?® + dy® + d2?). (2.3)

Likewise, the distance between two points is

s = a(r)V/(x2 = 21)2 + (g2 — 91)? + (22 — 21)%. (2.4)

Notice that if a(7) increases as time increases then the distance between points will
increase, and vice versa. Also, note that scaled Euclidean space is still infinite as
long as a(7) is not equal to zero. If the scale factor decreases one might be tempted
to say the space got smaller, however this is not precise. A better expression is as

the scale factor becomes smaller, the distance between points becomes smaller.

2.1.1.2 The Scaled Anisotropic Euclidean Metric

For the anisotropic scaled Euclidean metric there is a different directional scale factor

corresponding to each spatial direction

ds® = a;(7)%dz? + ao(7)?dy”® + a3(T)*d2>. (2.5)

Likewise, the distance between two points is

s =1/a1(1)?(x2 — 21)? + a2(7)2(y2 — y1)2 + as(7)%(22 — 1) (2.6)

Now, each spatial direction has a measure of scale which can change over time. These



directional scale factors can vary independently. However, there is still a need for
a mean scale factor which corresponds to the isotropic scale factor. To find this we

multiply the individual scale factors together and then take the cube root

a = (ayagas)*’?. (2.7)

This is known as the mean scale factor and will be used throughout this paper.

2.1.2 The Minkowski Metric

The Minkowski metric measures four dimensional spacetimes instead of three di-
mensional space. The additional time component was necessary since the Euclidean
distance between points in space was found to be relative to the velocity of the ob-
server, as found in the discovery of special relativity. The Minkowski metric given

below measures distances through spacetime which are observer independent

ds® = —d7* + d2® + dy* + d*. (2.8)

Note that 7 is referring to the proper time. The distance between two points in

spacetime with coordinates (11, x1, y1, 21) and (72, T2, Ys, z2) is then

s=—(r2—7)>+ (22— 21)> + (12 — 11)* + (22 — 21)% (2.9)

2.1.3 The FLRW Maetric and the LQG Bounce

The FLRW spacetime is used as a model to describe a simple expanding universe in
general relativity. The FLRW metric has a scale factor for its spatial components

and effects from special relativity as is reflected in its metric

ds® = —dr* + a(r)*(d2® + dy® + d2?). (2.10)



In the relevant FLRW models a(7) is increasing as time increases. If the models are
evolved backwards in time eventually the scale factor a(r) — 0. However, it has
been shown that when LQC effects are applied to relevant FLRW models an LQG
bounce can be recovered. This is where a(7) reaches some minimum value instead
of going to zero. This would indicate that instead of the Big Bang there would be a
Big Bounce with an epoch where the universe was contracting before the bounce [1].
A pictorial example of an LQG bounce is shown in Figure 2.1. As will be discussed
later in this paper, a similar Big Bounce will be recovered in the Bianchi spaces when

LQC effects are applied.

Universe Contracting Universe Expanding

Q reaches minimum

¥

Figure 2.1: This is an LQG bounce on an FLRW spacetime where time is increasing
in the right direction. First the universe is contracting, the scale factor a reaches a
minimum value, and then the universe begins expanding.

2.2 Bianchi Spaces

The Bianchi spaces are a group of 4 dimensional spacetimes that are anisotropic and
homogeneous and contain effects from special relativity. They are the simplest gen-
eralizations of the FLRW spacetimes. The early universe may have been anisotropic
and so the Bianchi spaces serve as a useful toy model for the exploration of LQC

effects on an anisotropic spacetime. It will be found when LQC effects are applied



that there will be an LQG bounce where the mean scale factor a(7) given by (2.7)

reaches some minimum value.

2.2.1 Classical Bianchi I

The Bianchi I classical metric is a well known metric in GR

ds® = —d7* 4 a2dx® + aldy® + aidz? (2.11)

where

ap = (1 —1)", ay= (17— 1), and a3 = (1 — 79)*. (2.12)

Here 79 is a constant of integration fixed by initial conditions. The k; values are
constants called the Kasner exponents and govern the rate of change of their cor-
responding a; values. Using the ADM formulation of General Relativity equations
of motion can be found describing this system in vacuum [2|. These equations of
motion are equivalent to Einstein’s equations when the stress energy tensor is equal

to zero.

d
% = ﬂ(p202 + p3cs3)
7 (2.13)
der _ —C—l( ¢ + pscs)
i ~ P2Co + P3C3).

Here t is some coordinate time and v is the Barbero-Immirzi parameter. The p;
terms are area variables and are related to the directional scale factors of the system

Qs by

pi = a;ay (2.14)



Furthermore, the ¢; terms are the connection variables. The remaining equations
of motion for ps, p3, ¢, and c3 can be found by using cyclic permutation. Since

pi = a;a; we can find an expression for (a;/a;)

1 i
Ina; = E(lnpj +Inpp —Inp;) — G _

i

(& PP fi) (2.15)

pb; Pk D

N —

Using (2.13) this simplifies to

a; DiCi
— = ) 2.16
P (2.16)

Each p;¢; term is constant by using the product rule and equation (2.13)

d (pic; L. , 1
E( 5 ) — ;(pici +pz‘Cz‘) = ?(pici(pjcj' —l—pkck) —pici(pjcj +pkzck)) = 0. (2'17)

This means the solution of the differential equation (2.15) is

a4; = A; exp (picit> (2.18)
v

where A; is some constant based on the initial conditions. For this system the lapse

to be equal to the volume [11]
N = aijaoas (219)

which relates the coordinate time t and proper time 7 by Ndt = dr. Hence,

1 2iPiCi
A1 Ay Asexp (tzipici) = Zipici(T - 7'0)7 T= In Pic (7' - To) (2-20)
A1 Ay A,

2ipiCi

Then by use of (2.18)



S\ il
a; = Bi(r —m)", where B, =4, (Aljzilz) and also ki = ’Ygi;ici.
(2.21)

Here k; is the Kasner exponent as per the metric given in (2.11). While the current
form of k; given in (2.21) is acceptable it is only appropriate in the classical case.
We want to write the Kasner exponents in terms of our scale factors in a form such
that they have a usable definition when LQC effects are applied.

First using (2.18) and the mean scale factor (2.7) we find

B 3
a ’Yzipici‘

(2.22)

This can be substituted along with (2.16) into the Kasner expression given in (2.21)
to find

a CLz
3a; ( a ) (223)

With this definition we can calculate the Kasner exponents for both classical and

non-classical Bianchi I, II, and IX spaces. Lastly the constraints are recovered [11]

(i) Zk’z =1,
(ii) ZkQ = 1.

(2.24)

2.3 The General Bianchi Hamiltonian

We have examined the equations of motion for classical Bianchi I in depth. Now we
wish have the ability to examine the equations of motion for Bianchi I, II, and IX

both with classical and with LQC effects. To do this we will need to generate the



Hamiltonian for all of these systems. This has been done in previous literature but
will be summarized here since this will be done repeatedly throughout this paper.
The Hamiltonian for the Bianchi spacetimes can be written both classically and

non-classically in the following form [2, 11].

Cy = (“Kinetic Terms”) + (“Potential Terms”) (2.25)

While not exactly the same the “Kinetic” terms correspond to kinetic terms in a
standard Hamiltonian and the “Potential” terms correspond the the potential terms
in a standard Hamiltonian. From now on we will just refer to “Kinetic” as kinetic

and “Potential” as potential.

2.3.1 Classical Hamiltonian vs. Effective Hamiltonian

The classical Hamiltonian formulation of Bianchi spaces is an exact solution from the
ADM formulation of GR. Here the Kinetic Terms from expression (2.25) are always

represented as

1

Kinetic Terms = _87T—G’72(

P1P2C1C2 + P1P3C1C3 + Pap3Cacs) (2.26)

with p; and ¢; being the previously seen working variables. For this Hamiltonian
formulation the p; variables will serve as our momentum variables and the ¢; variables
will serve as our position coordinates. As given in previous literature, when LQC
effects are applied its leading order effects can be represented with the following

modification to the Kinetic Terms [2, 10]

P1P2p3

—87TG”)/2A [sin fi1¢q sin figce + Sin figce sin fizcs + sin fizcg sin figcq

Kinetic Terms = —

(2.27)

10



where

= P2 (2.28)
P;iPk

Note that A is the smallest non-zero eigenvalue of the area operator in LQG. Also,
by taking the Sine small angle approximation |m;c;| < 1 expression (2.27) turns
into expression (2.26). So, all of the LQC effects come from the Sine expressions.
Additionally, we can force the Sine small angle approximation in expression (2.27) by
taking A — 0. So, another way of thinking of A is as the variable which determines
how strongly LQC effects are felt. This paper is about Bianchi spaces with LQC
effects, however the classical version of the kinetic terms will be seen in multiple
derivations and explanations later in the paper when in regions where LQC effects

are negligible.

2.3.2 Bianchi I, II, and IX Potential

The Bianchi spacetime potentials make up the potential terms in expression (2.25)

Potential Terms = U;. (2.29)

The potentials for Bianchi I, II, and IX respectively are [11]

2.2
Ur=0, UII<pi) = PaPs

o
pi32nG

Urx (ps) = L (paws | pivs | pim) _ 1 0+ 72+ 1) (2:30)

A= 300G\ p? P3 p3 166Gt T2 Y

So by substituting expressions from (2.26), (2.27), and (2.30) into expression (2.25)
we can generate the classical or non-classical effective Hamiltonian for Bianchi I, II,

and IX.

11



2.3.3 Constants and Equations of Motion
2.3.3.1 Constants

In the above expressions (2.26), (2.27), and (2.30), G is the gravitational constant
and as previously stated v is the Barbero-Immirzi Parameter. Also, the A term
which is the smallest non-zero eigenvalue of the area operator is related to v by
A = 4/37y(%, where (p; is the Plank length. For this thesis we scale the units for

G, v, and £p; such that G =1,y =1, {p; = 1, and hence A = 4/37.

2.3.3.2 Generating Equations of Motion

We can substitute any of our Hamiltonians into the Hamiltonian equations shown
below to generate six coupled differential equations which we can evaluate to evolve

the system over time.

Cizi = —SWG'yaaCH,

i (2.31)
@ = 87 0Cn
dt o 7 api .

We can check this by finding the equations of motion for classical Bianchi I. To do
this we substitute the classical Bianchi I Hamiltonian into (2.31). We should recover
the equations of motion given in expression (2.13). Also, note there is a Hamiltonian
constraint C'y = 0 which is constant due to energy conservation. The fact that
Cy is equal to zero specifically is is due to the additional input of diffeomorphism
invariance, which is an important symmetry of general relativity. This Hamiltonian

constraint will be useful when performing error calculations later.

12



2.4 Numerical Methods and Considerations

2.4.1 Runge-Kutta and Languages Used

We used high order Runge-Kutta methods in order to numerically solve the Hamilto-
nian equations (2.31) for Bianchi I, IT and IX spaces with classical and LQC effects.
Unless otherwise specified, the sixth order Runge-Kutta method called Butcher-1

was used with the following tableau as seen in Table 2.1 [8].

0
1/311/3
2/3 10 2/3

1/31/12  1/3  -1/12
1/2 |-1/16  9/8  -3/16 -3/8

1/2]0 9/8 -3/8 -3/4 1/2
1 |9/44  -9/11 63/44 18/11 0 -16/11
11/120 0 27/40 27/40 -4/15 -4/15 11/120

Table 2.1: Butcher-1, Sixth Order Runge-Kutta Method

The language C++ was used to apply the Runge-Kutta method and export the
results to a CSV file and MATLAB was used to import that CSV file and display
the results. We chose C++ since it is a compiled efficient open source language.
Also, for some select calculations in non-classical Bianchi IX Julia was used instead

of C++, since we were doing variable-precision calculations.

2.4.2 Performing Calculations

When applying the Runge-Kutta method you only recover the p; and ¢; values with
a corresponding time, t;. However, we were often displaying other values including
but not limited to the directional scale factors and the Kasner exponents. Instead
of passing in the p;, ¢; and t; values into MATLAB and then calculating these other

values in MATLAB, all displayed values were calculated in our C++4/Julia program

13



and then exported into the CSV file. All MATLAB did was display the final results
which was done to avoid rounding error and keep all the calculations in one language.
This was particularly important when performing the variable-precision calculations

in Julia.

2.4.3 Managing CSV File Size

Since we were doing very high precision calculations the CSV file size quickly became
unmanageable. Each step has several calculated values to be displayed. Numerical
solutions could generate CSV files of 504 gigabytes which was unsustainable since
many calculations were performed. Also, calculations were inefficient since more
time was spent writing the CSV files than actually performing the Runge-Kutta
calculations. Because of this, only the values of 1 out of every 1000 steps were
outputted into the CSV file to be displayed for the high precision calculations. Also,
while it was necessary to calculate the variables p;, ¢;, and t; for each one of those 1000
steps we only had to calculate some displayed values including Kasner exponents for
the one step that was exported. To avoid running out of memory in C++/Julia, the
variables generated from the current step overwrite the variables generated during
the previous step. The only record of the calculation is from the CSV file which is
updated line by line during the calculation. An additional benefit of this method is
if the calculation failed all the information in the CSV file up to the point of failure
is recovered.

Another consideration is that to calculate the Kasner exponents using expression
(2.23) the derivative of a and a; is required. To calculate these values in our
C++/Julia code we used the simplest scheme for a numerical derivative where j

refers to the specific step.

a; ~ (aj —aj_1)/h, and a; =~ (ai; —a;—1)/h (2.32)

14



where h is the step size. So the a and a; values from the previous step are preserved

for the entirety of the current step before being erased.

2.4.4 Examining Classical Bianchi I Numerically

While the Bianchi I classical Hamiltonian can be solved for analytically as mentioned
previously, it is worth doing a numerical run for Bianchi I since we are going to be
doing numerical runs for the remainder of this paper. This will also be an opportunity
to understand how Kasner exponents and scale factors behave without LQC effects
and without potential effects. To generate Figure 2.2 we solved the differential
equations given by (2.13) for ¢; and p; and the corresponding differential equations
for cq, c3, p2, and p3 numerically. Notes, we are using natural units so our coordinate
time, ¢, will be in Planck units.

As we can see the Kasner exponents, k;, are constant and the logarithm of the scale
factors, Ina;, are increasing or decreasing at a constant rate. We can show this is
what we expect analytically. From expression (2.17) we know the p;c; terms will be
constant which we can substitute into the classical expression for Kasner exponents
given by (2.21). Hence the Kasner exponents themselves will be constant. Also, by
equation (2.18) the Ina; terms will increase or decrease linearly and by using (2.7)
we see that the logarithm of the mean scale factor, In a, also will increase or decrease
linearly. In Figure (2.2) the Kasner exponents are k; = —0.23892, ko = 0.91565, and
ks = 0.32327 which satisfy relationships (2.24).

While we are moving away from Bianchi I classical to more complicated spaces,
understanding how Kasner exponents and scale factors act in Bianchi I classical
spacetime is very important. This is because in regions where LQC and potential

effects are negligible, Kasner exponents and scale factors will behave as they do here.
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Figure 2.2: The top subplot shows the direction scale factors plotted against time
which are increasing or decreasing exponentially. The bottom subplot shows the
Kasner exponents plotted against time which are constant. Note that the Kasner
exponents are k; = —0.23892, ky = 0.91565, and k3 = 0.32327 which satisfy the
relationships (2.24). Also, t is in Planck units.

2.5 Previous Literature

In previous literature the cosmologies of Bianchi I, II, and IX with LQC effects have
already been researched numerically [7, 4, 5]. These papers had a large focus on
different parameters including the shear and Hubble rates. They also considered
spaces with stiff matter, radiation, dust in addition to vacuum, with the focus being
on the different types of LQG bounces.

In this paper we will mostly be examining scale factors, a;, and Kasner exponents,
k;, always in vacuum. As seen above, in classic Bianchi I the Kasner exponents

remain constant. However, when LQC effects are applied to the Bianchi spaces the
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Kasner exponents will undergo a shift during an LQG bounce governed by the LQG
bounce rule (3.2), as will be discussed in more detail. This LQG transition rule has
been mentioned in previous literature in numerical studies but was not studied in
much detail [4]. Likewise, the potentials given by (2.30) for Bianchi II or IX become
significant, a Kasner transition occurs where the Kasner exponents again shift to
new values. The shift in these Kasner exponents are governed by explicit transition
rules derived in previous literature for Bianchi II (4.4) and Bianchi IX (5.3) as will
be discussed in more depth. However, while changes in Kasner exponents are briefly
discussed in the Bianchi IT and IX papers, there is no relation to these transition rules
and little focus is put on the these changes [4, 5]. A Kasner transition is discussed
in previous literature, but is referring to what we refer to as the LQG bounce rule
[7]. Also, in this specific paper they did not use the LQG bounce rule (3.2) for their
“Kasner transition”, but instead did analysis on which type of LQG bounces were
possible by examining Kasner exponents and categorizing LQG bounces [7].

This project focuses on characterising Bianchi I, II, and IX by using the explicit LQG
bounce rule in conjunction with the Kasner transition rules to better understand
these spaces. Additionally, there is a greater focus on numerical techniques and a

brief exploration of potential chaos in LQC Bianchi IX.
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Chapter 3

Bianchi 1

3.1 The Effective Hamiltonian

By substituting (2.27) and U; from (2.30) into expression (2.25) we can generate the

effective Hamiltonian for Bianchi I with LQC effects

P1p2p3

Cu = - 8rG2A

[sin fi1¢q Sin figce + Sin figcs sin fizcs + sin fizcg sin figcq). (3.1)

Again, we will substitute this effective Hamiltonian into (2.31) and numerically solve
the resulting coupled differential equations to evolve the system. As we can see since
Ur = 0 the only contribution to the evolution of the system comes from the LQC

kinetic terms, and no contribution comes from the potential terms.

3.2 The LQG Bounce

The LQC effects become most prominent when the mean scale factor, a, which
characterizes the size of our system reaches a minimum. Here gravity becomes mo-

mentarily repulsive and our system undergoes an LQG bounce. While Bianchi spaces
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cannot describe in full the early universe there is a direct physical interpretation of
this phenomenon which has been recreated in other spacetimes. This is The Big
Bounce which is a potential model for early universe. Note that before and after the
LQG bounce the Kasner exponents are constant in the regions resembling classical
epochs just as we would expect. It is only when LQC effects become prominent
that the Kasner exponents begin to noticeably shift. In previous literature Kasner
transition rules have been been found to predict the change in Kasner exponents

during a bounce [2].

k= — k. (3.2)

Here the k; values refer to the initial Kasner exponents before the LQG bounce and
k; refer to the final Kasner exponents after the LQG bounce. In Figure 3.1 seen
below we run a calculation and test this Kasner transition rule on all of the Kasner
exponents. As you can see in Figure 3.1, the transition rule (3.2) is able to predict

the shift in Kasner exponents almost exactly.

3.3 Approximating Error

The Hamiltonian constraint C'y = 0 can be used to approximate the error of a run.

If we define the expression

P1P2P3

i = " grGr2A

[sin(7i;¢;) sin(fircy)] (3.3)

then we can calculate the relative error of for non-classical runs with the expression

|CH]|
VOl + Cy+ Cy + U?

(3.4)

Relative Error =

For all the runs except the variable precision runs done in Julia, double floats are used

19



for all constants and variables. Double floats give between 15-16 digits of precision
in decimal so the minimum relative error we expect to see is between 1.0 x 10~ and

1.0 x 10716, The relative error is displayed in the bottom subplot in Figure 3.1.
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Figure 3.1: Bianchi I with LQC Effects: The top subplot shows the direc-
tion scale factors plotted against time. The middle subplot shows the Kasner
exponents undergoing their transitions. The bottom subplot shows the error
term which should remain close to zero. The relative error term is defined as
Cr/v/Cri(t:)? + Cra(t:)? + Cus(t;)? where Cyy; is specified by (3.3). Numerically
the initial k; values were k; = 0.069733, ko = 0.995437, and k3 = —0.065168. The
predicted final k; values using equation 3.2 were k; = 0.596933, ky = —0.328770, ks =
0.731835 while they were numerically found to be k; = 0.596933, ky = —0.328769,
ks = 0.731834.
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3.4 Canonical Variable Change

There is a hidden variable change during the calculation shown in Figure 3.1. Before
the LQG bounce, the terms ji;c; in the expression (3.1) were approximately equal to
zero and after the LQG bounce fi;c; — —n. However, floating point numbers which
are being used in the calculation can be much more precise around zero than around
—7. As the ji;¢; converges to —m their precision is limited and the whole calculation
eventually fails. So, we implemented the canonical variable transformation from ¢;

to d; just after the bounce

fadi = T + [1;¢;. (3.5)

Here d; becomes the new working variable. Furthermore the Hamiltonian (3.1) is
invariant when substituting ji;d; into the place of ji;¢;. So, to perform the canonical
transformation we only need to calculate each d; component, substitute it into the
place of ¢;, and then continue the calculation. We wish to do this canonical transfor-
mation when the fi;c; values are generally halfway between zero and —m. We decided
perform the canonical transformation at the LQG bounce when «a is at a minimum.

It was necessary to do this numerical procedure in Bianchi II and IX space as well.

3.5 Choosing Initial Conditions

While not explicitly shown we needed to choose initial p; and ¢; values for the cal-
culation shown in Figure 3.1. Here we will go over a general procedure for choosing
initial conditions for any Bianchi I LQC calculation. Our initial conditions must
satisfy the C'y = 0 which we can do by setting C'y = 0 in expression (3.1) and rear-
ranging for one of the ¢; terms. We do this in the expression below and arbitrarily

choose to rearrange for ¢,
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-1
c1 = fi; t arcsin <( — sin fiagCy Sin ,a303) (sin fiaC2 + sin ﬂ303> ) : (3.6)

If we already have chosen values for ¢y, ¢3, p1, p2, and p3 this expression can be used to
calculate the required value for ¢; to generate an acceptable solution. Additionally,
we would like to start the calculation in a region away from LQC effects where
|fiic;| < 1. One way to enforce this is to choose ¢y and ¢3 to be very small and the

p; terms to be of the same order of magnitude and such that p; > 1.
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Chapter 4

Bianchi 11

4.1 The Effective Hamiltonian

By substituting (2.27) and Uj; from (2.30) into expression (2.25) we can generate

the effective Hamiltonian for Bianchi IT with LQC effects

b1p2p3 p%p%
Cyg = ———=—"—[sin fi;¢; Sin fiaCco + SIn f19¢s Sin fizcs + sin figcs sin fcy| + .
H 87TG72A[ f41€1 S fiCo H2C2 SN [43C3 fi3C3 sin fiycq] 22327G
(4.1)

As we can see there is now a contribution from the potential terms. By substituting
(2.14) into expression Ujr(p;) from (2.30) we recover an alternate form of Uj; in

terms of scale factors.

aj
327G

U[](Cll) = (42)

As we can see Uy is only dependent on a; and will reach a maximum when a; reaches

a maximum.
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4.1.1 Bianchi IT Classical Kasner Transitions

Since the added Uj; term is present in both the classic Bianchi II Hamiltonian
and the non-classic Bianchi II effective Hamiltonian, it is worth briefly examining
the classic Bianchi II Hamiltonian. This is because since Bianchi II classic is is a
simpler spacetime and we can isolate the effects of the potential U;; term. Then
when we move to Bianchi IT with LQC effects, we will understand how the U;; term
affects the solution in regions away from LQC effects. Below is the classic Bianchi II
Hamiltonian generated from substituting (2.26) and Ur; = a]/327G into expression
(2.25)

1 aj
—— crc cc oxe :
81G? (p1p2c1ca + pipscics + papscacs) + 3970l

O = (4.3)

Let us assume we choose initial conditions such that the scale factor a; is initially
increasing. We can visualize the Bianchi II solution as a ball bouncing off of a wall
where the wall is the Bianchi II potential Urr(a) as seen in Figure 4.1.

ai

327G

Figure 4.1: The Kasner transition can be modelled as our solution/ball bouncing
off of a potential energy wall. In the first stage our solution will look like a classic
Bianchi I solution with a; increasing. This is analogous to the ball travelling towards
the potential wall. In the second stage U;; dominates in the Hamiltonian shown in
(4.3) and a; reaches a maximum. This is analogous to the ball striking the potential
energy wall. In the last stage our solution will look like another classic Bianchi I
solution with a; decreasing. This is analogous to the ball travelling away from the
wall.

First the Bianchi II potential is small but increasing, Ur;(a;) < 1, we recover the

Bianchi I Hamiltonian whose solution has constant k; values and exponentially in-
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creasing and decreasing a; values. Then the Bianchi II potential U;r(a;) potential
grows very large and the dynamics change. Here the a; value reaches a maximum
which is analogous to the ball hitting the wall. Then again the Bianchi II potential
becomes very small, Urj(a;) < 1, and decreases as a; also decreases. Again, we
recover another Bianchi I solution but now the a; values are exponentially increasing
and decreasing at different rates and the k; values are modified. This whole process
is called a Kasner transition and the location of the Kasner transition is taken to be
when a; reaches a maximum. Please see Figure 4.2 for an example of a numerical
solution. From previous literature we can predict how the Kasner exponents will
change during this transition [3, 9].
- —ky - ko + 2k - ks + 2k,

by =— L py—o2rem g 8T AM 4.4
YT a2k TP 112k T 142k, (4.4)

As we can see in Figure 4.2 the transition rules (4.4) predict the final Kasner expo-

nents very accurately.

4.2 Choosing Initial Conditions

Now we are returning to Bianchi II space with LQC effects where we expect solutions
with both an LQG bounce and Kasner transition(s). Assuming that the LQG bounce
and Kasner transition(s) are well separated we can predict changes in the Kasner
exponents using the LQG transition rule (3.2) and the Kasner transition rules (4.4)
which we are going to test numerically.

Since the dynamics of Bianchi II LQC are richer than Bianchi I LQC, we did many
more calculations in Bianchi II LQC. Hence, we are going to discuss the process
and methodology of setting up calculations before examining our numerical results.
When choosing initial conditions for Bianchi II space with LQC effects we must fulfill

the condition Cy = 0 (4.1). Similarly to Bianchi I with LQC effects we can do this
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Figure 4.2: This is output from a classical Bianchi II space examining a Kasner
transition. The top subplot shows scale factors undergoing the Kasner transition and
the bottom subplot shows the same transition in terms of Kasner exponents. Notice
that the Kasner transition happens when a; reaches its maximum value. Numerically
the initial k; values were k; = —0.238919, ks = 0.915652, and k3 = 0.323271.
The predicted final k; values were ki = 0.457557, ko = 0.838463, ks = —0.296015
using (4.4) while they were numerically found to be k; = 0.457560, ky = 0.838459,
ks = —0.296018.
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by fixing all the p; and ¢; and then solving for one of the ¢; values such that Cy = 0.

Without loss of generality, when we do this for ¢; we recover the expression

2A -1
¢, = fi; ' arcsin ((% — sin fiaCy Sin ﬂ363> (Sin flaCo + Sin ,11303) > . (4.5)
P1

Furthermore, just as in Bianchi I we wish to find solutions which begin away from
LQC effects. Additionally, we also want a solution that starts away from Kasner
transitions. By choosing each term |f;c;] < 1 we force the solution to be in a

classical epoch. By using (3.3) we can rewrite expression (4.3) as

Cu =Cwm + Cra+ Crus + Urr(pi). (4.6)

In order to choose initial conditions such that we are away from Kasner transitions,
we want to choose p; and ¢; values such that |Cy;| > Ujr(p;). By examining the form
of the potential Uj; as seen in equation (2.30), we could easily do this by enforcing
p1 > pops. However, it will be helpful to us later to have chosen p; values and the ¢;
values to be the same order of magnitude as each other. To make this more precise

we can choose p; and ¢; values such that

P1~ P2~ Pz~ D (4.7)

and

lc1| ~ |ea] ~ Jes| ~c. (4.8)

Then |Cy;| > Urr(p;) implies that

3 2

p o A p
_r__ J2 . 4.9
8rG2A (C p) > 397G (49)
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Since we set |fi;¢;| < 1 we must choose c\/g < 1 and hence p > ¢®?A. As mentioned
previously, by choice of units we set the Planck length ¢p; = 1, v = 1 and hence
A = 44/37. Now we can apply the small angle approximation to equation (4.9) to

recover

pict > % (4.10)
which implies
1< ek (4.11)

This means one way to recover acceptable initial conditions is to choose initial ¢;
values much greater than 1 and initial p; values much greater than our initial ¢;

values.

4.3 Choosing Initial k; Values

Now we are able to generate valid initial conditions. However, we also want to be able
to choose our initial k; values. From previous literature we know one requirement
of ki is it must be in the range —1/3 < k; < 0 for the system to be before an LQG
bounce and all Kasner transitions [11]. Using expressions (2.24) we can derive the

expressions for initial ko and ks

1=k 142k — 3K
fy = LM V2K Sk (4.12)

2 2

and

2 2

L=k 1+ 2% — 382
by — 1M 2k = 3k (4.13)

The expression (2.24) is only true classically so the initial k; values are only a good
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approximation before the LQC effects become significant. By choosing a value of k;
we are fixing the values of ks and k3. Hence, we only need a method to set k; to have
full control over all initial Kasner exponents. Since we are working in the classical
regime before the LQG bounce we can use the classical form for Kasner exponents

given by expression (2.21) to create an expression for k;. By rearranging for ¢; we

find

ki

= m(m@ + p3cs). (4.14)

&1

Thus, to choose an initial k; value, we input it into equation (4.14) along with the
other previously chosen p; and ¢; values to determine the new c¢; value. However, in
general this will make it so Cy # 0. Then we can use a modified version of equation
(4.5) to set c¢3 such that Cy = 0. Again, this will make it such that the initial k;
is no longer our desired value. We can repeatedly implement equations (4.14) and
(4.5) in sequence such that ¢; and c3 settle to their required values so that both

expressions are satisfied. This can be done manually or with a while/for loop.

4.4 Modifying Location of LQG bounce

We have developed a method for changing initial Kasner values. Now we wish to
develop a method to choose where the LQG bounce occurs. Already, the initial p;

and ¢; values were chosen such that

P1~ D2~ P3~DP (4.15)

and

jea] ~ Jea| ~ fes| ~ e (4.16)
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This allows us to say

s ~ C( é) (4.17)

p
The LQC effects become more prominent as the magnitude of p;c; becomes larger,
in general the LQC effects will be less prominent when the p; values are increased
and the ¢; values are decreased. By choosing larger p; values and smaller ¢; values we
simply postpone the LQG bounce. However, we wish to keep the same initial Kasner
values and and the condition C'y = 0 true. In order to do this we need to keep the
potential Uy in the Cy expression (4.1) constant and each p;c; term constant. To

keep the potential Uy constant we must satisfy the condition

DanPsn (P2 +da)(ps + da) _ Paps

Pin B (p1 +dy) ydi

(4.18)

where the new p values are taken as py,, = p1 + d1, pan = p2 + dao, and p3, = p3 + ds.
Since we want to choose the new p; values to be larger to postpone the LQG bounce
the term d; is chosen to be a positive number and then ds is solved for. Since all the

Pin are now fixed we can then find the new ¢;, values such that p;,c;, = pic; .

4.5 Testing Transition Rules when LQG Bounce
and Kasner Transition(s) are Well Separated

There are two cases which describe all possible well separated Bianchi II solutions
with LQC effects. These cases were found using analytical methods in previous
literature [11]. In both cases it was found that k; must initially be in the range
—1/3 < k; < 0. The first case is when an LQG bounce occurs before any Kasner
transitions. It was found when this occurs there must be one Kasner transition after

the LQG bounce. The second case is when there is one Kasner transition before the
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LQG bounce. In the sub-case where initially —1/3 < ky < —2/7, there will first be a
Kasner transition and then the LQG bounce with no further Kasner transitions. In
the sub-case where initially —2/7 < k; < 0, there will be first be a Kasner transition,
then an LQG bounce, and then one final Kasner transition.

For each case and sub-case, we can take our initial Kasner exponents and use tran-
sition rules (4.4) and (3.2) to predict what the final Kasner exponents should be

compare these to numerical results.

4.5.1 Case 1: Testing Transition Rules when LQG Bounce

occurs before Kasner Transition

Let us first examine the first case in which an LQG bounce occurs before any Kasner
transition. A numerical calculation is shown in Figure 4.3 where initially k; =
—0.320427.

This is just an example of one run. In fact, we performed 15 separate runs with dif-
ferent initial k; values ranging from —1/3 to 0. The final numerical Kasner exponent

values versus the initial £ values are plotted in Figure 4.4.
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Figure 4.3: In the top left subplot the vertical dashed/dotted magenta line in-
dicates the location of the LQG bounce and the vertical blue dashed line indi-
cates the location of the Kasner transition. The relative error term is defined as
C’H/\/CHl(zfi)2 + Cra(ti)? + Crs(t;)? + Upr(t;)? where C; is specified by (3.3). Here
initially k; = —0.320427, ky = 0.773262, k3 = 0.547172. The predicted final Kasner
exponents are k; = —0.331887, ky = 0.627933, k3 = 0.703951. The final numerical
Kasner exponents are k; = —0.331894, ko = 0.627930, k3 = 0.703944. As we can see
there is close agreement between theory and the numerics.
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Figure 4.4: Here we are plotting the final k; values versus the corresponding initial
k1 values for the case where the LQG bounce comes before the Kasner transition.
The horizontal curved lines in the background are the theoretical final k; values. The
bottom dashed cyan line is k;(ts), the middle dotted magenta line is ky(tf), and the
top blue dashed/dotted line is k3(t;). The black circles are numerically calculated
final k; values. Each vertical black line represents a numerical run and connects the
three corresponding black circles for that run. In total 15 runs were completed and
the numerics agreed closely with the theory.

4.5.2 Case 2: Testing Transition Rules when LQG Bounce

occurs after Kasner Transition(s)

Here we are examining the second case in which there is a Kasner transition before
the LQG transition. First we will examine the sub-case where initially —1/3 <
k1 < —2/7. We performed such a calculation which can be seen in Figure 4.5 where
initially k; = —0.320427. As we can see, there is no further Kasner transitions after
the LQG bounce as expected. Note that this calculation shown in Figure 4.5 has the
same initial Kasner exponents as the calculation shown in Figure 4.3. We generated
the plot shown in Figure 4.5 by postponing the LQC effects so they happened after
the Kasner transition.

Now let us examine the sub-case where initially —2/7 < k; < 0. A numerical
calculation is shown in Figure 4.6 where we chose initially k; = —0.120001. Here

we can see that there is a second Kasner transition after the LQG bounce just as
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Figure 4.5: 1In the top left subplot the magenta vertical dashed line indi-
cates the location of the LQG bounce and the blue vertical dashed line indi-
cates the location of the Kasner transition. The Cgx error term is defined as
C’H/\/CHl(zfi)2 + Cra(ti)? + Crs(t;)? + Upr(t;)? where C; is specified by (3.3). Here
initially k; = —0.320427, ky = 0.773262, k3 = 0.547172. The predicted final Kasner
exponents are k; = —0.225527, ky = 0.297992, ks = 0.927517. The final numerical
Kasner exponents are k; = —0.225544, ko = 0.298010, k3 = 0.927533. As we can see
there is close agreement between theory and the numerics.
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expected. We have shown two cases in which there is a Kasner transition before the
LQG bounce. In total we performed 15 separate runs with different initial k; values
ranging from —1/3 to 0. The final theoretical Kasner exponents are plotted against

the initial k; values as can be seen in Figure 4.7.

1040 . : - ; 2 ; ; g1}

: 10° . :
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{ %108 { %106

Figure 4.6: In the top left subplot the magenta vertical dashed line indicates
the location of the LQG bounce and the blue vertical dashed lines indicates
the location of the Kasner transitions. The relative error term is defined as
Cr/\/Cii(t:)? + Ca(ti)? + Cus(t:)? + Upr(t;)? where Cpy; is specified by (3.3). Here
initially k; = —0.119999, ky = 0.983335, k3 = 0.136679. The predicted final Kasner
exponents are k; = —0.252174, ko = 0.350000, k3 = 0.902164. The final numerical
Kasner exponents are k; = —0.252179, ko = 0.350008, k3 = 0.902148. As we can see
there is close agreement between theory and the numerics.
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Figure 4.7: Here we are plotting the final k; values versus the corresponding initial
kq values for the case where the LQG bounce comes after the Kasner transition. The
horizontal curved lines in the background are the theoretical final k; values. The
bottom dashed cyan line is k;(ts), the middle dotted magenta line is ky(tf), and the
top blue dashed/dotted line is k3(t;). The black circles are numerically calculated
final k; values. Each vertical black line represents a numerical run and connects the
three corresponding black circles for that run. In total 15 runs were completed and
the numerics agreed closely with the theory. Note that the initial k; values in this
plot are the same as in Figure 4.4.

4.6 Testing Transition Rules when LQG Bounce
and Kasner Transition(s) are Not Well Sepa-

rated

So far we have been assuming the LQG bounce and Kasner transitions have been
well separated. However, sometimes both the Bianchi II potential and LQC effects
become dominant close to each other or at the same time. In this case we expect
the LQG bounce to overlap with the Kasner transition(s). An numerical example is
shown in Figure 4.8 where the LQG bounce is overlapping both Kasner transitions.
Here we can no longer use the transition rules to predict final k; values since the LQG
bounce and Kasner transitions are no longer well separated. We wish to investigate

how the final theoretical k; values in Figure 4.4 morph into the final theoretical k;
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values in Figure 4.7 as the LQG bounce is moved through the Kasner transition.
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Figure 4.8: In the top left subplot the vertical magenta dashed line indicates
the location of the LQG bounce and the vertical blue dashed/dotted lines indi-
cate the locations of the Kasner transitions. The relative error term is defined as
Cr/\/Cii(t:)? + Cra(ti)? + Cus(t:)? + Upr(t;)? where Cp; is specified by (3.3). This
shows a run where the LQG bounce and Kasner transitions are overlapping. As we
can see, the Kasner transition to the right is dominant as it is taller.

To accomplish this we must first define a term we will call At. We define At to be
the time between the LQG bounce whose position is denoted by the minimum of
the mean scale factor and the dominant Kasner transition denoted by the maximum
of a; in the dominant Kasner transition. If there is only one Kasner transition it
is taken to be the dominant Kasner transition. If there are two Kasner transitions,
the dominant Kasner transition will have a taller spike in potential. When initially

—2/7 < k; < 0, as the LQG bounce is moved through the Kasner transition the
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potential of the dominant Kasner transition will appear to birth a smaller non-
dominant spike in potential when the second Kasner transition is formed. In Figure
4.8, in the subplot “Ujy vs. t”, we can see that the Kasner transition to the right is
the dominant Kasner transition.

We performed a series of runs where the LQG bounce was initially before the Kasner
transition for four different initial k; values. Then we nudged the LQG bounce to
the right using what was developed in section 4.4. For each nudge we recorded the
final k; values and the At value. We then created a figure of subplots of final k;

values versus At which can be seen in Figure 4.9.

, k(t:) 0.320409 , ki (t) 0.278902
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Figure 4.9: Here are four plots of Final k; values versus At. The initial k; values
corresponding to each plot are given in each subplot’s title. For each subplot the
bottom horizontal cyan line is k1 (ts), the middle magenta line is ko(ts), and the top
blue line is k3(t;). Each dot in the lines are an individual k;(tf) value.

The most notable subplot in Figure 4.9 is “ky(¢;) = —0.169990”. Here At remains
positive. This is due to the Kasner bounce to the right instead of the left being
dominant.

It appears that when k; is approximately in the range —1/3 < k; < —1/5, At will

38



be negative for part of the plot. Likewise, when At is approximately in the range
—1/5 < k; < 0, At remains positive. We can find this critical point k; = —1/5
analytically by setting both Bianchi II potential spikes to be equal in height to each
other, so neither are dominant. To accomplish this we fix the slope of Ina; to be
equal an opposite before and after the LQG bounce. In the classical regime the k;
value will control how quickly the scale factor a; increases or decreases exponentially.
This can be seen by substituting the classical expression for k; (2.21) into the classical
expression for a; (2.18). Also, from the updated expression for k; given in (2.23),
since a and a; will both be decreasing before the LQG bounce and increasing after
the LQG bounce we expect k; to have the same sign before and after the bounce.
So to fix the slope of Ina; to be equal an opposite before and after the LQG bounce

we use the expression

where /;1 is the value of k; before the LQG bounce and k; is the value of k; after the
LQG bounce. Then using the LQG bounce rule (3.2) we recover

~ 1

b= (4.20)

Finally since there is a Kasner transition before the LQG bounce we can use the
Kasner transition rule for k; (4.4) to calculate the initial k; value before the first

Kasner transition

k1
1

— ]{?1 = ——.
)
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4.6.1 A Discussion of Time Scale

The numerical values of At in Figure 4.9 are not significant when specifying if an
LQG bounce and a Kasner transition are well separated. However, the shapes of the
k;(t¢) vs. At plots seem to be significant. To show this we chose a completely new set
of p; and ¢; values with varying At values while attempting to set k;(¢;) = —0.320409
to match the top left subplot in Figure 4.9. The results of this exercise can be seen

in Figure 4.10.

Original: kl(i,-) 0.320409 New: kl(t,-) 0.320376
0.8 \ 1 0sf \_ ]
0.6 1 0.6 /"_ 1

0.2t 1 0.2t
0 0
D2t 1 02f
0.4 : : : : : 04— : :
8 5 4 2 0 2 4 -10 5 0 5
At x107™ At %1072

Figure 4.10: In the subplot on the right, completely new p;, and ¢; values were chosen
randomly while attempting to hold k;(¢;) constant. The new k;(¢;) = —0.320376 is
very close to the original value on the left.

Notice that while the time shapes of both plots look similar, the time scale of At is
very different. One possibility of what determines the time scale of the system is the
phase space of the entire system which is drastically different for the original and the
new p;, ¢; values. By rescaling At in the right subplot of Figure 4.10 and overlaying

the graphs it is clear how similar both solutions as seen in Figure 4.11.
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Figure 4.11: Here At in the right subplot of Figure 4.10 was rescaled, and overlaid

on the left subplot of Figure 4.10. The new rescaled calculation was replaced by a
black line.
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4.7 Relative Kasner Transition Location

Finally, when there are two Kasner transitions let us define At; to be the difference
in time between the LQG bounce and the first Kasner transition. Likewise, let us
define Aty to be the difference in time between the LQG bounce and the second
Kasner transition. Now we can plot graphs for any group of runs with k; initially in
the region —2/7 < k; < 0. This was done as can be seen in Figure 4.12 for several
runs with differing initial k; values. As seen when the Kasner transitions are well
separated from the LQG bounce, the relationship between At, and At; is linear
which is expected from two observations. Firstly, the maximum Bianchi II potential
value corresponding to each Kasner transition appears to remains approximately
constant as the LQG bounce is moved to the right. It is the minimum potential
value which becomes smaller as the LQG bounce is delayed. Secondly, by transition
rules the k; values will remain the same before and after the LQG bounce as the
LQG bounce is nudged to the right. Hence, the slope of Ina; will remain the same

before and after the LQG bounce as the LQG bounce is nudged to the right.
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Figure 4.12: These are plots of Aty vs. Aty for several groups of runs. The difference
in time between the LQG bounce and the first Kasner transition is At;. The differ-
ence in time between the LQG bounce and the second Kasner transition is At,. Note
that there is a linear relationship between Aty and At; away from the intercept.
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Chapter 5

Bianchi IX

5.1 The Effective Hamiltonian

By substituting Urx from (2.30) and (2.27) into expression (2.25) we can generate

the effective Hamiltonian for Bianchi IX with LQC effects

_ _Pip2ps
8rGY2A

1 (P} pind  pip3
327G\ p? 3 p3

Cu =

[sin fi1¢q Sin figce + Sin figcs sin figes + sin fizes sin fiq ¢q]

(5.1)

1
) - 167TG(p? + 5 + p3).

We can make the potential term more intuitive by substituting (2.14) into expression

Urx(pi) to recover an alternate form of Uyx in terms of scale factors.

1 1
Urx(a;) = ——(a} + a3 + a3) — (a5a3 + aia; + aja3) (5.2)
327G 167CG

As we can see Urx contains three terms which resemble the Bianchi II potential of

the form @ /327G and three cross terms of the form afa?/327G.
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5.1.1 Kasner Transitions in Classical Bianchi IX

Just as in Bianchi II, it is worth examining the classic Bianchi IX solution since it
will isolate the Bianchi IX potential effects allowing us to examine them in more
detail. These potential effects will also appear in the LQC Bianchi IX solutions and
will act similarly when the LQC effects are negligible. The Bianchi IX potential is
much more complicated than the Bianchi IT potential but there are similarities in
how it affects the dynamics of our solution. Similarly to Figure 4.1 we can model
our solution as a ball bouncing off of potential energy walls as shown in Figure 5.1.

2 92
asag

167G

_ . _
167G 397G 167G

Figure 5.1: The classical Bianchi IX solution can be modelled as a ball bouncing
off of potential energy walls. If one and only one scale factor a; becomes significant
there will be a Kasner transition where the solution/ball will bounce off of the cor-
responding energy wall. The modified Kasner transition rules given by (5.3) can be
used to predict the shift in Kasner exponents. If two scale factors a; and a; become
significant at the same time, the solution/ball will strike a corner and the resulting
shift in Kasner exponents cannot be predicted.

As mentioned previously, we have three terms in the form of the Bianchi II potential
which are of the form a}/327G. If one and only one of our scale factors, a;, become
large U;x will resemble U;; when a; is large and we will have a Kasner transition.

This is analogous to our ball in Figure 5.1 striking one of the potential energy walls.
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We can predict this Kasner transition with the modified transition rules given in
(5.3). In the case that a; becomes large then i=1, j=2, and k=3 in (5.3). The
Kasner transition rules for when ay and a3 becomes large can be generated by cyclic

permutation [11].

S =k o K42k - ket 2k

- M2k,

SR T T s 3

However, if two individual scale factors a; and a; become large simultaneously then
our cross terms of the form a7a?/327G in the Bianchi IX potential (5.2) become
significant. This is analogous to the ball striking the corresponding corner in Figure
5.1. When this happens no simple transition rule can predict how the dynamics in

our system will change.

5.1.2 Recollapses and LQG Bounces

As shown previously (2.7) the definition of the mean scale factor is a = (ajaqasz)'/?.

Hence, in classical Bianchi IX, if the mean scale factor, a, is increasing then some of
the individual scale factors, a;, must be increasing as well. There will be more and
more Kasner transitions until all scale factors a;, as, and az become significant. Then
the cross terms in the Bianchi IX potential (5.2) will dominate and the dynamics will
change. It is found numerically that the mean scale factor, a, will reach a maximum
value here which we will call recollapse for the remainder of this paper. After the
recollapse the mean scale factor, a, will be decreasing and there will be fewer and
fewer Kasner transitions per unit time. Please see Figure 5.2 to see a numerical
example of a recollapse in classical Bianchi IX.

When we apply LQC effects by solving the LQC Bianchi IX equations of motion
instead of the classical Bianchi IX equations of motion, we can better understand
the dynamics of the system by examining the mean scale factor, a. When a begins

increasing we eventually have a recollapse and a reaches some maximum value. Then
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Figure 5.2: This is an example of a recollapse in classical Bianchi IX. As we can see
in the top subplot the mean scale factor, a, increases, reaches a maximum value, and
then decreases. As can be seen in the bottom subplot there are increasingly many
Kasner transitions leading up to the recollapse. During the recollapse the dynamics
appear tumultuous and are currently impossible to predict analytically. After the
recollapse there are increasingly fewer Kasner transitions per unit time.
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a begins to decrease and LQC effects become significant resulting in an LQG bounce
where a reaches some minimum value. After this a increases once again resulting in
a recollapse. We expect this cycle to continue on forever and is shown pictorially
in Figure 5.3. This same cyclic infinite result of recollapses and bounces was is well

established in previous literature.

LQG Bounces

Classical Recollapses

Figure 5.3: This diagrams shows how in LQC Bianchi IX we expect there to be
infinitely many bounces and recollapses. The lighter shading indicates a reaching a
maximum and the darker shading indicates a reaching a minimum.

5.2 Example of a Run

An example of a Bianchi IX LQC calculation is shown in Figure 5.4. As can be seen
in the a; vs. t subplot, the a continuously reaches a maximum at a recollapse and a
minimum at an LQG bounce. Note that the density of Kasner transitions is at the
lowest when approaching the LQG bounce and at the highest near the recollapses just
as expected. It appears the exact solution would go on forever, however it becomes
very difficult to do long calculations with many recollapses numerically. This is
because from experience in setting up these calculations, the recollapses represent

points of instability in the calculation where the error can grow substantially.
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Figure 5.4: This is an example of an LQC Bianchi IX calculation. As can be seen
in the top left subplot, “a; vs. t”, the mean scale factor oscillates from having a
minimum value at an LQG bounce and a maximum value at a classical recollapse.
As can be seen by the low relative C'y error in the “Cy error vs. t”| plot this is a very
precise calculation. The recollapses are very unstable as can be seen by the jumps in
Cy error around the recollapse points. Note that in the “k; vs. t” subplot, vertical
black lines have been added at each Kasner transition for the reader’s convenience.
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5.3 Analysis Methodology and Initial Conditions

In LQC Bianchi II, there were two distinct cases that needed to be tested which were
the LQG bounce happening before any Kasner transitions and the LQG bounce
happening after a Kasner transition. For both cases, many runs were done with
different initial k; values chosen in the range (-1/3,0). However, as we have seen so
far this is not the case in Bianchi IX. There are many types of Kasner transitions,
many types of LQG bounces, and many types of recollapses in a single run. While
there may be ways to classify different runs, there is no distinct method that is the
most intuitive which rises above the others. Additionally, it is much more common
for a run in LQC Bianchi IX to fail often from an increase in error around the
unstable recollapse points.

Hence, the method of analysis has changed when analyzing LQC Bianchi IX in
comparison to LQC Bianchi II. Instead of carefully choosing our initial conditions to
generate expected results, we are not more concerned with generating many different
solutions to examine individually. As discussed previous, in order for a solution to
be valid the condition Cy = 0 must be met. Using the Hamiltonian (5.1) we can
do this simply by choosing values of py, ps, p3, co2, c3, and then choosing ¢; with the

expression

. 1 1
¢ = ﬂfl arcsin ((72A<_ <p2]393 I p1]3?3 i p1]392) _ _( b1 4 D2 i D3 ))
4\ pi J24 P3 2\p2ps PPz P12
-1
— sin ligcs Sin /?L303) ( sin flaCy + Sin ﬁ303) ) .

(5.4)

Now, while not absolutely necessary it is often preferable to begin a solution away
from LQC effects and Bianchi IX potential effects. The argument works the same

here as it did in Bianchi IT in section 4.2 of this paper. First we choose the initial p;
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and ¢; values to be the same order of magnitude as each other

P1L~ P2~ P3P (5.5)

and

lc1| ~ |ea] ~ Jes| ~ c. (5.6)

Then to enforce our solution beginning away from LQG bounces and Kasner tran-
sitions we enforce |Cy;| > Upr(p;) and |fi;e;] < 1 which again results us choosing
initial p; and ¢; values such that 1 < ¢ < p. So in practice, when generating a run
we choose our initial p; and ¢; values to be of the same order of magnitude of each
other and such that 1 < ¢ < p is satisfied. Then we calculate a new value of ¢;
using expression (5.4) hoping the new ¢; value also satisfies 1 < ¢ < p. Finally, we
apply the Runge-Kutta method to see if the run correctly evolves. If it fails we keep

choosing new initial p; and ¢; values until we find a run that correctly evolves.

5.4 A Series of 12 Runs

In total there were twelve LQC Bianchi IX runs that we examining in greater depth.
Each one of the 12 run solutions along with their corresponding initial conditions
are given in Appendix A. Note that our example given in Figure 5.4 is actually
Figure A.11 in Appendix A. It was attempted to provide a wide range of runs with
different characteristics. However, these were chosen manually so unconscious bias
may have affected the runs chosen to be displayed. Some runs have approximately the
same amount of time between recollapses, some the recollapse time is decreasing, and
others increasing. There is also a wide range of LQG bounces and Kasner transitions
in the sample. Each calculation was ended while the error was still relatively small

and the solution was valid.
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5.4.1 Binning LQG Bounces in the 12 Runs

As previously mentioned, the recollapse points appear to be unstable and impossible
to predict final Kasner exponents given initial Kasner exponents. However, there is
hope in predicting final Kasner exponents after an LQG bounce. For each of these
twelve runs we classified every LQG bounce to be in one of four bins as shown in

Figure 5.5.

Kasner & & Kasner G @
LQG I ' I Time LQG I ' T Time

1) LQG Bounce Rule 2) Combined Transition Rule

Kasner Transitions from

different directional
Kasner Kasner scale factors

v U
LQG I ' I >< Time LQG I I X Time

3) Bianchi Il Recreation 4) Other

Figure 5.5: This is the criteria for what bin the LQG bounce goes into. Bin 1, If the
LQG bounce rule can be used to predict Kasner exponents after the bounce within
1%. Bin 2, if some combined transition rule can be used to predict Kasner exponents
after the bounce within 1%. Bin 3, if the Kasner exponents after a bounce can be
predicted by recreating the system within Bianchi IT numerically within 1%. Bin 4,
any other LQG bounce.

Let us go through these bins in greater depth and give an example of the correspond-
ing type of LQG bounce. Each example of an LQG bounce will be taken from one
of the the twelve runs in Appendix A. The first bin is is called “LQG Bounce Rule”.
This is where we can directly apply the LQG bounce rule (3.2) using the Kasner
exponents directly before the LQG bounce to predict the Kasner exponents directly
after the LQG bounce. An example of an LQG bounce can be taken from the first

LQG bounce in Figure A.1 as shown in Figure 5.6.
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Figure 5.6: This is a section of the numerical solution shown in Figure A.1 showing
the first LQG bounce. Here the Kasner transitions are well separated from the LQG
bounce. This allows the transition rule (3.2) to be used to predict the k; values
directly after the LQG bounce using the k; values directly before the LQG bounce.
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For testing the LQG bounce rule on Figure 5.6 the k; values were taken at time:
8.055000e-34 and the k; values were taken at time: 1.427000e-33. The results of

testing the LQG bounce rule is found in Table 5.1.

k1 ko ks
Numerical 0.477779 0.824875 -0.302652

K ko ks
Predicted 0.188888 -0.158208 | 0.969319
Numerical 0.189073 -0.158208 | 0.969134
Percent Error | 0.097822% | 0.000287% | 0.019109%

Table 5.1: Bin 1 LQG Bounce Rule Results

We define the percent error in Table 5.1 to be

Numerical k; — Predicted k;
Predicted k;

Percent Error = | (5.7)

The largest percent error is lower than 1% for each final k; value when applying
transition rule (3.2), and hence this LQG bounce is put into the first bin. Also
note that the k; values and k; values are taken when the expression > ki is at its
flattest in their corresponding regions since we expect the expressions (2.24) to hold
in regions that can be approximated by classical Bianchi I.

Now let us examine which LQG bounces go into the second bin named “combined
Transition Rule” as shown in Figure 5.5. An LQG bounce is placed into the second
bin when it cannot be placed into the first bin, and some Kasner exponents after the
LQG bounce can be predicted using a combination of the LQG bounce transition
rule (3.2) and the Kasner transition rules (5.3). This often happens when a Kasner
transition is close to an LQG bounce but not completely overlapping it. An example
of this is shown in Figure 5.7. Here both the LQG bounce rules (3.2) and the Kasner
transition rules (5.3) are used in conjunction to predict some k; values after the LQG

bounce.
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Figure 5.7: This is a section of the numerical solution shown in Figure A.1 showing
the fourth LQG bounce. Here there is a Kasner transition right after the LQG bounce
preventing only (3.2) being used to predict Kasner exponents after the bounce. The
only way to predict final Kasner exponents k; within 1% error is to first use the (3.2)
transition rule to get over the LQG bounce, and then use (5.3) to get over the Kasner
transition. Using both transition rules together creates a combined transition rule.
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For this combined transition rule the k; values are taken at time 2.432800e-33 and

k; values are taken at time: 2.515700e-33.

k1 ka ks
Numerical -0.331438 | 0.622267 0.709183

k1 2 ks
Predicted -0.333123 | 0.681064 0.652055
Numerical -0.333129 | 0.681248 0.651846
Percent Error | 0.001814% | 0.027052% | 0.031980%

Table 5.2: Bin 2 Combined Transition Rule Results

Since the percent error is lower that 1% for all the k; values this LQG bounce is
placed into the second bin.

Now, let us examine which LQG bounces go into the third bin which is called
“Bianchi II Recreation” according to Figure 5.5. Here no combination of analyt-
ical transition rules given by (3.2) and (5.3) can be used to predict any Kasner
exponents after the LQG bounce within 1% error. However, the system has one
prominent directional scale factor causing a Kasner transition near the LQG bounce
so it can be recreated numerically in LQC Bianchi II. This numerical recreation can
be used to predict some final Kasner exponents after the LQG bounce within 1%. An
example of LQG bounce in Bianchi IX that fits into the third bin is shown in Figure
5.8. As we can see the direction scale factor a3 becomes very prominent and causes
a Kasner transition which partly overlaps the LQG bounce. We can recreate this
Kasner transition and LQG bounce in Bianchi II by defining the Bianchi I potential

in terms of the a3 scale factor, Ur; = a3/327G.
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Figure 5.8: This is a section of the numerical solution shown in Figure A.4 showing
the second LQG bounce. Here there is a Kasner transition occurs so close to the LQG
bounce it prevents any combination of (3.2) and (5.3) transition rules to predict any
Kasner exponents after the bounce. The only way to predict final Kasner exponents
k; within 1% error without using the LQC Bianchi IX numerical solution is to recreate
the the Kasner transition and LQG bounce in LQC Bianchi II. This is possible since
the potential of only one directional scale factor, as, is prominent.
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Here are the results from applying a combined transition rules in Figure 5.8 where
the initial k; values were taken at time 2.436000e-39 and the final k; values taken at

time: 3.133000e-39.

ky ks ks
Numerical 0.443669 | 0.847569 | -0.291216

ka1 ks ks
Predicted 0.998978 | 0.031710 | -0.030743

Numerical 0.998671 0.036800 -0.035481
Percent Error | 0.030643% | 16.052690% | 15.414408%

Table 5.3: Bin 3 Combined Transition Rule Results

As seen in the results, the percent error is above 1% for ko and ks so this LQG
bounce cannot be put into the second bin.

The LQC Bianchi recreation can be seen in Figure 5.9. The initial conditions were
chosen by taking the p; and ¢; values where ZZ k; was the flattest in between 2.4 x
1073 and 2.6 x 1073? in Figure 5.8. Then the LQC Bianchi IT Hamiltonian equations
were solved where the Bianchi II potential was defined as U;; = aé /32w G. Note that
the Cy error is much higher in 5.9 as opposed to 5.8. This is because U;; and Urx
while similar when a3 is prominent, are not exactly the same. This larger C'y error
in the Bianchi IT recreation is acceptable though since it was only constructed to

calculate the final k; values which it does quite well.
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Figure 5.9: This an LQC Bianchi II recreation of the Kasner transition and LQG
bounce shown in Figure 5.8. Here the value of ¢; was modified slightly using a version
of (4.5) with an updated potential to set Cy = 0. This recreation was only possible
since only one directional scale factor, as, is prominent. The final k; values are almost
identical as those in Figure 5.8. Note the Cy error is mach larger here than in Figure
5.8 due to small differences between U;; and U;x when ag is prominant.
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Here are the results from applying a combined transition rules in Figure 5.8 where

the initial k; values were taken at time 2.000000e-42 the final k; values taken at time:

6.970000e-40.

ky ko ks
Numerical 0.443669 0.847569 -0.291216

ks ko ks
Predicted 0.998978 0.031710 -0.030743
Numerical 0.998671 0.036800 -0.035481
Percent Error | 0.030637% | 16.052594% | 15.414496%

Table 5.4: Bin 3 Combined Transition Rule on Bianchi II Recreation Results

As we can see, the results are almost identical for the LQC Bianchi II recreation as
was for the original LQC Bianchi IX solution. Most importantly, the final numerical
k; values are essentially identical for both, allowing the Bianchi II recreation to
predict the final k; values in the original Bianchi IX run to a percent error much
lower than 1%.

Lastly, we have the fourth bin where none of the above techniques predict final
Kasner exponents after an LQG bounce. Generally this happens when two separate
scale factors become prominent. An example of this is shown in Figure 5.10. In this
case both the scale factor a; and a3 are large and there is no moment after the LQG
bounce where the scale factors settle to constant values. the only way to predict final
Kasner exponents after the LQG bounce here is to run our numerical LQC Bianchi
IX solution that we generated for this paper.

The results for all the LQG bounces in all of the 12 runs displayed in Appendix A is
shown in Table 5.11. It is noteworthy that only just over half of the LQG bounces
can be examined using analytical methods. Additionally, note that approximately

a quarter of the LQG bounces fell into the other category where the final k; values

can only be found using the numerical LQC Bianchi IX solutions.
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Figure 5.10: This is a section of the numerical solution shown in Figure A.4 showing
the fourth LQG bounce. Both a; and a3 are prominent after the LQG bounce causing
the Kasner exponents to never settle to constant values. Neither combinations of

transition rules or a Bianchi II recreation can be used to predict any final Kasner
exponents after the LQG bounce.
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Run |1) LQG Bounce Rule |2) Combined Transition Rule |3) Bianchi Il Recreation |4) Other
1 1 1 0 3
2 3 2 0 0
3 1 2 0 0
4 1 0 1 2
5 1 2 0 0
6 (0} 1 1 1
7 1 0 0 2
8 2 1 0 1
9 2 1 0 1
10 (0} 1 1 1
11 (0} 1 2 1
12 2 0 3 0
Sum 14 12 8 12
% ) )
T Analytical Predictions

Predictions without using Bianchi IX Numerical Solution

Figure 5.11: Here all the types of LQG bounces are shown for all 12 runs displayed
in Appendix A.

5.4.2 Chaos

It has been shown analytically in previous literature that classic Bianchi IX is chaotic
[11]. Using our numerical tools developed for this paper we can begin preliminary
explorations of understanding whether LQC Bianchi IX is chaotic. To accomplish
this, calculations were set up in which two of the initial p; or ¢; values from a
previous original run were modified slightly such that C'y = 0 was still true. Then
these systems were evolved and and calculations ended when while the C'y error was
still small and the run was valid. These altered solutions were then compared to
their original Bianchi IX runs to see if the difference grew over time. An example
of such a comparison plot is shown in Figure (5.12) where the initial conditions for
the calculation in Figure A.3 were slightly modified to create an altered Bianchi IX

solution.

62



ki Diff vs. ¢

10710 H £ T T
10‘15_- ................................... i
f : Initial ||
I e Altered|;
1[]—ZCI IS I L
0.4 0.6 0.8 1 1.2
{ <1078

Figure 5.12: This is the LQC Bianchi IX- 3 comparison plot. The top subplot
displays the difference in k; values for the original and altered solution vs. time.
The bottom subplot displays |2(a; — a;)/(a; + @;)| vs time. Here a refers to the scale
factors from the slightly altered solutions. Vertical solid lines are shown when there
is a recollapse in either the original and altered solution. Vertical dotted lines are
shown when there is an LQG bounce in either the original or altered solution.
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This process was done for all of the 12 LQC Bianchi IX runs and are displayed in
Appendix B. As can be seen by the plots, the error tends to grow during recollapses
instead of LQG bounces as expected. Each one of the altered solutions eventually
looked nothing like the original solution while the error was still acceptably small.

This suggests that LQC Bianchi IX is chaotic just like classic Bianchi IX [6].

5.5 High Precision Calculation

During the LQC Bianchi IX calculations it was found after going through three
recollapses solutions would diverge no matter how close their initial conditions were.
This was true for any step size no matter how small it was made. Since lowering
the step size did not seem to improve calculations instead we set up a calculation
with more precise variables. To explore chaos we wanted two solutions with similar
initial conditions to make it through more than three recollapses before diverging.
Additionally, we wanted to have a very high precision run with a very low relative
C'yg error to test its Kasner transitions.

Previously, C++ was used for all of the Runge-Kutta calculations. The data types
chosen for the p;, ¢;, and t values have been double floats which are comprised of 64
bits each. We wrote a program in the language Julia that relies on variable precision
for these values which we set to 128 bits. Julia was selected since its variable precision
library did not require a plug-in and was found to be significantly faster than both
Matlab and Python. Even still, from testing the Julia code was found to be 49 times
slower than comparable non-variable precision C++ code.

Since Julia was so much slower the classic fourth order Runge-Kutta method which
required fewer calculations per step was used with the Butcher tableau shown below

in Table 5.5.

Additionally, the step size was decreased manually by trial and error around recol-
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1/2 | 1/2

1210  1/2

1 o o0 1

1/6 1/3 1/3 1/6

Table 5.5: Classic Fourth Order Runge-Kutta Method

lapse points. We would find a numerically solution, see where the Cy error grew
around the recollapse point, and decrease the step size in that region. This was done
repeatedly until we had a very precise solution where the relative C'y error remained
very low. Other variable step size procedures were tested but doing it manually had
the best results. The manually chosen variable step size is shown in Figure 5.13

corresponding to a high precision calculation is shown in Figure 5.14.
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Figure 5.13: This is the variable step size vs. time plot corresponding to the calcula-
tion shown in Figure 5.14. The step size is the smallest around the recollapse points
to prevent error growing and the calculation failing.
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Figure 5.14: Here is a high precision run done in Julia. The same initial conditions
were used here as in Figure A.11, except they were chosen earlier. Since this was a
high precision run the relative C'y error in the top right subplot was able to be kept
around 1 x 1071° which is 4-5 orders of magnitude better than what can theoretically
be achieved in C++ with double float variables. This entire calculation took just
less than 5 days.
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5.5.1 Chaos

Again, just as in Section 5.4.2 chaos is explored by comparing the calculation shown
in Figure 5.14 to another calculation with slightly altered initial conditions. The
benefit of doing this with a higher precision calculation calculation is the initial
conditions from the altered solution can be made even closer to the original solution.
In the previous lower precision calculations, the ¢; or p; were double floats and hence
in decimal its sixteenth digit was its last potential significant digit. For this high
precision calculation we will modify a ¢; value past the sixteenth digit. The initial

conditions can be used to generate Figure 5.14 are shown below.

pl_0 = 1.575492898195566000571713545075455532678e+40
p2_0 = 3.321666186572971938560302903292803622666e+23
p3_0 = 8.804110917471726064438439106220854427276e+22
cl_0 = 8.78999171391004219378777089180295758196

c2_0 = -8.180246479730455945860042032255378982412e+17
c3_0 = -3.276182670125798252054743285389641902262e+18

For the slightly altered run the initial conditions were kept the same, except for c;
which was slightly modified in values including and past its twentieth digit as seen

below.

cl_0 = 8.7899917139100421933986470579607916462

Note that unlike previous altered solutions, only one ¢; value was altered. This was
possible since ¢; was altered so slightly that any error introduced to the statement
Cy = 0 was negligible. The altered solution is shown in Figure 5.15. As can be seen
by comparing with the original solution shown in Figure 5.14, the altered solution
makes it through 4 recollapses before diverging from the original solution. This

would suggest that LQC Bianchi IX is chaotic, however much more work needs to
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be done in this area. To determine whether LQC Bianchi IX is chaotic, Lyapunov
exponents cannot be used in GR since they are coordinate dependent. Any chaotic
test has to be be coordinate independent such as the Painlevé test, but this was not
conclusive for classic Bianchi IX [6]. A coordinate independent fractal method was
used to show classic Bianchi IX was chaotic [6]. Some similar method may need to be
employed to show whether LQC Bianchi IX is also chaotic. However, the numerical
work done in this paper is a good starting point to examine the potential chaos in
LQC Bianchi IX.

The step size profile is similar to that shown in Figure 5.13, but it had to be modified
after the fourth recollapse when the solution diverged. The comparison plot com-
paring the original calculation shown in Figure 5.14 to the altered solution shown in
Figure 5.15 is given in Figure 5.16. Here is another a very clear example of the error

growing during the recollapse points as oppose to the LQG bounces.
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Figure 5.15: Here is the altered high precision run done in Julia. The same initial
conditions were used here as in Figure A.11, except they were chosen earlier. Since
this was a high precision run the relative C'y error in the top right subplot was able
to be kept around 1 x 1071? which is 4-5 orders of magnitude better than what can
theoretically be achieved in C++ with double float variables. This entire calculation
took just less than 6 days.
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Figure 5.16: This is the High Precision LQC Bianchi IX comparison plot comparing
calculations Figure 5.14 and Figure 5.15. The top subplot displays the difference in
k; values for the original and altered solution vs. time. The middle subplot displays
12(a; — a;)/(a; + a;)| vs time. Here a refers to the scale factors from the slightly
altered solutions. Vertical solid lines are shown when there is a recollapse in either
the original and altered solution. Vertical dotted lines are shown when there is an
LQG bounce in either the original or altered solution.

70



5.5.2 Examining Kasner Transitions

In addition to chaos, we can use this high precision calculation shown in Figure 5.14
to examine the effectiveness of the Bianchi IX transition rules given by (5.3). There
are five recollapse points total in the calculation shown in Figure 5.14 and hence
four time periods sandwiched between two recollapse points. We calculated the the
predicted k; values and compared them to the numerical k; values for every Kasner
transition in these four time periods. Additionally, since calculations in LQC Bianchi
IX are reversible we applied the transition rules in reverse to calculate predicted k;
values and compare them to the numerical k; values. The modified transition rules

we used to do this are given below

—k; o k; + 2k; ket 2k

ki: 7 I — 1 o1 - 7
1+2k" 77 142k T 142k

(5.8)

So each Kasner was tested regularly with rules (5.3) and labelled “Kasner Transition”
and backwards with rules (5.8) and labelled “Backwards Kasner Transition”. Below
is an example of the testing the five Kasner transitions between the first recollapse
point and the LQG bounce sandwiched between the first two recollapse points. All
57 Kasner transitions between the first and fourth recollapse points were tested in

the same fashion and the results can be found in Appendix C.
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1.

Maximum as: k; values taken at time: 1.268779e-40 and k; values taken at time:

1.273328e-40

Kasner Transition:

ki ks ks
Numerical 0.816016 -0.469332 0.653316

k1 ko ks
Predicted -1.999594 7.651797 -4.652203
Numerical -0.198277 0.992546 0.205732
Percent Error | 90.084113% | 87.028594% | 104.422247%

Table 5.6: Testing Forward Kasner Transition Rules- 1

Backwards Kasner Transition:

2.

Maximum a;: k; values taken at time: 1.273328e-40 and k; values taken at time:

1.288318e-40

kq ko ks
Numerical -0.198277 0.992546 0.205732

kq ko ks
Predicted 0.598579 -0.332501 0.733922
Numerical 0.816016 -0.469332 0.653316
Percent Error | 36.325533% | 41.152059% | 10.982932%

Table 5.7: Testing Backward Kasner Transition Rules- 1

Kasner Transition:
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Backwards Kasner Transition:

kq ko ks
Numerical -0.198277 0.992546 0.205732

Ky ks k3
Predicted 0.328576 0.987647 -0.316223
Numerical 0.584474 0.743083 -0.327557
Percent Error | 77.881042% | 24.762305% | 3.584234%

Table 5.8: Testing Forward Kasner Transition Rules- 2

ky ko ks
Numerical 0.584474 0.743083 -0.327557

k1 ko ks
Predicted -0.269473 0.881548 0.387926
Numerical -0.198277 0.992546 0.205732
Percent Error | 26.420429% | 12.591274% | 46.966197%

3.

Maximum as: k; values taken

1.342532e-40

Kasner Transition:

Table 5.9: Testing Backward Kasner Transition Rules- 2

at time: 1.288318e-40 and k; values taken at time:

ky ) ks
Numerical 0.584474 0.743083 -0.327557

ky ko ks
Predicted -0.204820 | 0.255067 0.949753
Numerical -0.224059 | 0.295298 0.928762
Percent Error | 9.393258% | 15.772590% | 2.210156%

Table 5.10: Testing Forward Kasner Transition Rules- 3

Backwards Kasner Transition:
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Ky ks ks
Numerical -0.224059 | 0.295298 0.928762

ky ko ks
Predicted 0.571636 0.753387 -0.325023
Numerical 0.584474 0.743083 -0.327557
Percent Error | 2.245772% | 1.367732% | 0.779480%

Table 5.11: Testing Backward Kasner Transition Rules- 3

4.
Maximum a;: k; values taken at time: 1.342532e-40 and k; values taken at time:
1.744989e-40

Kasner Transition:

k1 ko ks
Numerical -0.224059 | 0.295298 0.928762

K ko ks
Predicted 0.405991 -0.276907 | 0.870917
Numerical 0.407005 -0.277316 | 0.870314
Percent Error | 0.249771% | 0.147511% | 0.069281%

Table 5.12: Testing Forward Kasner Transition Rules- 4

Backwards Kasner Transition:

ky ko ks
Numerical 0.407005 -0.277316 | 0.870314

ky ko ks
Predicted -0.224368 | 0.295861 0.928509
Numerical -0.224059 | 0.295298 0.928762
Percent Error | 0.137501% | 0.190189% | 0.027245%
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Maximum as: k; values taken at time: 1.744989¢-40 and k; values taken at time:
2.284489¢-40

Kasner Transition:

Ky ko ks
Numerical 0.407005 -0.277316 | 0.870314

ky ks ks
Predicted -0.331471 | 0.622666 0.708812
Numerical -0.333699 | 0.619812 0.713888
Percent Error | 0.672234% | 0.458301% | 0.716134%

Table 5.14: Testing Forward Kasner Transition Rules- 5

Backwards Kasner Transition:

k1 ko ks
Numerical -0.333699 | 0.619812 0.713888

ky ko ks
Predicted 0.404499 -0.276748 | 0.872250
Numerical 0.407005 -0.277316 | 0.870314
Percent Error | 0.619554% | 0.205052% | 0.221953%

Table 5.15: Testing Backward Kasner Transition Rules- 5

There are two significant things we wish to highlight in the above data. Firstly, the
percent error for each Kasner transition tends to go down as as we move from the
first recollapse to the LQG bounce between the first and second recollapse points.
This is logical since the cross terms in the U;x potential tend to be less significant
the lower the mean scale factor, a, is. Hence, Bianchi IX resembles Bianchi II more
closely which is where the Kasner transition rules were derived.

Secondly, the percent error where we test the Kasner transition rules in reverse tend
to be lower than when we test them forwards. We hypothesize this this is because

the Bianchi IX universe is in a state of contraction in the above calculations. In fact,
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when the universe is in a state of expansion the forward Kasner transition rules tend
to have lower percent error than the backwards Kasner Transition rules. This can
be confirmed from examining the percent errors in the Kasner transitions between
the LQG bounce sandwiched between the first two recollapse points and the second
recollapse point as shown in Appendix C. To see this algebraically for the Kasner
exponent corresponding to the scale factor associated with the Kasner transition,
let us say that a Kasner transition occurs corresponding to a maximum of the scale
factor a;. Then the scale factor a; must be increasing before the Kasner transition.
As shown in previous literature, if a; is increasing in an contracting universe then
k; < 0. Likewise, if a; is increasing in an expanding universe then k; > 0 [11]. Let

us define the error in both directions

|Predicted k; — Numerical k;| =€ and  |Predicted k; — Numerical k;| = . (5.9)

Now, let us make the approximation that the Kasner transition rules are exact and
it is the initial k; and k; values that are inputted with some error labelled e,. By
doing this we can implement the error propagation formula. Then, by taking the
derivatives of the k; and k; expressions from the rules (5.3) and (5.8) respectively,
we can find the sensitivity relating e. individually to € and e as shown below
€ €e

and Backward: € =

F d:e=—"° S
orward: ¢ (1 + 2k;)? (14 2k;)?

(5.10)

Hence, in a contracting universe in general we expect € > € and in an expanding
universe € < €, which is reflected in the results. We can extend this logic to k; and
k. Since the transition rules for k; and kj are identical, without loss of generality

we can just examine k;. Let us define
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|Predicted k; — Numerical k;| =€, and  |Predicted k; — Numerical k;| = e;.
(5.11)
We again assume that the transition rules from (5.3) and (5.8) for k; and k; are
exact and the initial k; and k; values have an error of ¢,;. we implement the error
propagation formula by taking partial derivatives of the expressions to find the cor-
responding sensitivities and using addition in quadrature. The corresponding error

propagation formulas both forward and backward respectively are

2 2 IR
Forward: gj = (m) Eg + (1 I 2k2> Egj and

2 2 1 2
Backward: ¢; = <m) €2+ (1 n 27@) sz

In both expressions above, assuming e.; ~ €. the sensitivity corresponding to €. is

(5.12)

dominant due to the extra square term in the denominator. This also indicates that
in a contracting universe we expect €; > ¢; and in an expanding universe €; < ¢; to
be generally true. Exceptions do arise in some calculations where errors cancel.
Finally, we wanted to characterize the accuracy of all 57 Kasner transitions shown
in Appendix C. The first method was to only look at forward Kasner transitions
and no backward Kasner transitions. For each Kasner transition, we took the largest
percent error and put it into one of the corresponding bins dependent on its value,
0%, 1%], (1%, 5%], (5%, 15%)], (156%, 35%], (35%, co). The result of this binning is
shown in Figure 5.17.

Additionally, we tried using the backwards Kasner transition rules for when the
Bianchi IX universe was contracting and the forwards Kasner transition rules for

when the universe was expanding. The same binning procedure was applied and
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FORWARD KASNER RUNS

(15,35]
28%

Figure 5.17: Here is the accuracy of the Kasner transitions when only the forward
Kasner transition rules are used.
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the results are shown in Figure 5.18 which shows the Kasner transitions being more

accurate than Figure 5.17 as expected.

FORWARD AND BACKWARD
KASNER RUNS

Figure 5.18: Here is the accuracy of the Kasner transitions when both the forward
Kasner transition rules and backward Kasner transition rules are used depending on
whether the Bianchi IX universe is expanding or contracting respectively. Here the
Kasner transition rules seem more accurate than in Figure 5.17 just as expected.

Something to note is how frequent highly inaccurate Kasner transitions were. This
tended to happen near the recollapse points where two scale factors would become

prominent /intertwined and continuously reach many maximums right after another.
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Chapter 6

Conclusion

6.1 LQC Bianchi II Conclusion

Methods were developed to find initial conditions resulting in valid solutions where
Cy = 0 and where the initial k; values were chosen. Additionally, a method to move
the LQG bounce while holding C'y = 0 and the initial k; values was found. As shown
in Figures 4.4 and 4.7, the LQG bounce rule (3.2) and Kasner transition rules (4.4)
can be used in conjunction to predict final Kasner exponents when the LQG bounce
and Kasner transition(s) are well separated. Unfortunately, as shown in Figure 4.10
the actual time between an LQG bounce and a Kasner transition required for it to
be well separated is ambiguous. Although, we can check whether a system is well
separated by using our LQC Bianchi II numerical model. Additionally, we can probe

systems that are not well separated with our numerical model.

6.1.1 LQC Bianchi IX Conclusion

In LQC Bianchi IX, there were no two simple cases test as was the case in LQC
Bianchi II. Instead twelve random numerical solutions were found and analyzed in-

dividually. As shown in Figures 5.5 and 5.11, the LQG bounces in each of these
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runs was able to be placed into 4 unique bins characterized by the transition rules
and the predictive ability of reconstructing the relevant Kasner transition(s) and
LQG bounce in LQC Bianchi II. For approximately a quarter of all LQG bounces
in the 12 runs, any Kasner exponents after the LQG bounce could not be predicted
without using the LQC Bianchi IX numerical solver developed for this paper. Ad-
ditionally, the numerical calculations suggests that LQC Bianchi IX is chaotic just
like classic Bianchi IX. A few high precision calculations were also carried out using
multi-variable precision and manually set variable step size in the language Julia.
The results from analyzing the high precision runs suggest that LQC Bianchi IX is
chaotic. Much more work would have to be done to reach a firm conclusion for this
question. Additionally, the Kasner transitions between two recollapses were tested
using the Kasner transition rules. The rules were found to be accurate away from
both the recollapse points and the LQG bounce, and when only one scale factor, a;,

was dominant.
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Appendix A

The 12 Bianchi IX Runs with LQC
Effects

A.1 Initial Conditions

Here are the initial conditions for the 12 Bianchi IX runs.

LQC Bianchi IX- 1 Initial Conditions

pl_0 = 8.039999999999999e+25;

p2_0 = 9e23;

p3_0 = 1e30;

c1_0 = 30000000.000000008134767904279735241544,
c2_0 = 3.72232352997251587e+10;

c3_0 = -2.24994857268156738e+03;

h = 1e-40;

t = 2.5455e-33;

LQC Bianchi IX- 2 Initial Conditions

pl_0 = 1e33;

p2_0 = 1e31;

p3_0 = 1e32;

c1_0 = -19999.999999999870318327594218369483237;
c2_0 = -3et4;

c3_0 = 2.95565295692105883e+03;

h = 1e-43;

t = 3.3468e-36;

LQC Bianchi IX- 3 Initial Conditions

pl_0 = 7e32;

p2_0 = 9e34;

p3_0 = 2e33;

c1_0 = -30000.000000000007168053088236869104398;
c2_0 = -4de+2;

c3_0 = 6.63146731201925195e+03;

h = 0.5e-42;
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t = 1.2016e-35;

LQC Bianchi IX- 4 Initial Conditions

pl_0 = 7e33;

p2_0 = 9e32;

p3_0 = 9e37;

c1_0 = -3000000.0000000052770523111120424567381;
c2_0 = -4det4;

c3_0 = 3.36733074272204946e-01;

h = 1e-45;

t = 5.787e-39;

LQC Bianchi IX- 5 Initial Conditions

pl_0 = 1le36;

p2_0 = 2e31;

p3_0 = 3e39;

cl_0 = -79999.999999999980520960678603493077868;
c2_0 = 3e+08;

c3_0 = -2.53378399797385857e+07;

h = 1le-52;

t = 1.2282e-45;

LQC Bianchi IX- 6 Initial Conditions

pl_0 = 4e33;

p2_0 = 7e36;

p3_0 = 3e37;

c1_0 = -3000.0000000001974011184537770881261618;
c2_0 = 3e+03;

c3_0 = 1.09477483244404061e+03;

h = 5e-47;

t = 2.1676e-39;

LQC Bianchi IX- 7 Initial Conditions

pl_0 = 3.644407087693920e+23;

p2_0 = 4.619481809923470e+22;

p3_0 = 6.508819947785010e+34;

cl1_0 = -113303291295624.171780987804676656471287 ;
c2_0 = 3.726944157209900e+13;

c3_0 = -45.773504837509698;

h = 2e-41;

t = 1.457e-34;

LQC Bianchi IX- 8 Initial Conditions

pl_0 = 9e35;

p2_0 = 8e36;

p3_0 = 5e36;

c1_0 = -8000.0000000000007137893756905661626527 ;
c2_0 = 9e+03;

c3_0 = 1.60000138740636453e+03;

h = 4e-47;

t = 3.2676e-40;

LQC Bianchi IX- 9 Initial Conditions
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pl_0 = 3e36;

p2_0 = 2e37;

p3_0 = 3e38;

cl1_0 = -699.99999999999984492023117094145720316;
c2_0 = 8e+03;

c3_0 = 7.11326370614312697e+00;

h = 2e-46;

t = 1.4134e-39;

LQC Bianchi IX- 10 Initial Conditions

pl_0 = 2.026722231822400e+28;

p2_0 = 4.854478714956990e+33;

p3_0 = 5.944594117494380e+22;

cl_0 = 6.704487157259680e+13;

c2_0 = -34788654.73710376586372433405326620517;
c3_0 = 1.765985877358840e+19;

h = 5e-48;

t = 3.0715e-41;

LQC Bianchi IX- 11 Initial Conditions

pl_0 = 6e37;

p2_0 = 2e+37;

p3_0 = 4e37;

c1_0 = 7000.0000000000283542152859385827854244,
c2_0 = bet+02;

c3_0 = -2.44185984334625346e+02;

h = be-47;

t = 5.482e-40;

LQC Bianchi IX- 12 Initial Conditions

pl_0 = 4.769976610040370e+29;

p2_0 = 4.454851282085210e+22;

p3_0 = 7.486142946432510e+33;

cl_0 = -1258176952189.760341218777705746478313;
c2_0 = 7.277017823366510e+18;

c3_0 = -9.653259994732720e+07;

h = 5e-47;

t = 7.378e-40;
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A.2 Numerical Solutions

Here we have the corresponding numerical plots for the Bianchi IX runs.
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Figure A.1: This is the LQC Bianchi IX- 1 plot.
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Cy error vs. ¢ (Step size: le-43)
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Figure A.2: This is the LQC Bianchi IX- 2 plot.
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Cy error vs. ¢ (Step size: 5e-43)
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Figure A.3: This is the LQC Bianchi IX- 3 plot.
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Cy error vs. ¢ (Step size: le-45)
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Figure A.4: This is the LQC Bianchi IX- 4 plot.
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a; vs. t Cy error vs. t (Step size: 5e-47)
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Figure A.6: This is the LQC Bianchi IX- 6 plot.
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Figure A.7: This is the LQC Bianchi IX- 7 plot.
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a; vs. t Cy error vs. t (Step size: 4e-47)
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Figure A.8: This is the LQC Bianchi IX- 8 plot
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Figure A.9: This is the LQC Bianchi IX- 9 plot
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Cy error vs. ¢ (Step size: 5e-48)
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Figure A.10: This is the LQC Bianchi IX- 10 plot
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Cy error vs. ¢ (Step size: 5e-47)
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Figure A.11: This is the LQC Bianchi IX- 11 plot
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Appendix B

The 12 Altered Bianchi IX Runs
with LQC Effects

B.1 Initial Conditions

Here are the initial conditions for the 12 Bianchi IX runs with slightly altered initial

conditions.

LQC Bianchi IX Altered- 1 Initial Conditions

//1

pl_0 = 8.039999996999999e+25;

p2_0 = 9e23;

p3_0 = 1e30;

c1_0 = 30000000.011193445415417708766479674721;
c2_0 = 3.72232352997251587e+10;

c3_0 = -2.24994857268156738e+03;

h = 1e-40;

t = 2.2749e-33;

LQC Bianchi IX Altered- 2 Initial Conditions

pl1_0 = 1.000000003e33;

p2_0 = 1le31;

p3_0 = 1e32;

cl_0 = -19999.99994003302152443310081046569722;
c2_0 = -3et4;

c3_0 = 2.95565295692105883e+03;

h = 1e-43;

t = 3.1879e-36;

LQC Bianchi IX Altered- 3 Initial Conditions

pl_0 = 7e32;

p2_0 = 9e34;

p3_0 = 2e33;

c1_0 = -30000.000042975775654501635333811220213;
c2_0 = -4et2;

c3_0 = 6.63146731801925195e+03;

h = 0.5e-42;

t = 1.0773e-35;
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LQC Bianchi IX Altered- 4 Initial Conditions

7e33;

9e32;

9e37;
-3000000.0332496060609663269215558360952;
-4e+4;

3.36733074972204946e-01;

LQC Bianchi IX Altered- 5 Initial Conditions

LQC

pl_0
p2_0
p3_0
cl_0
c2_0
c3_0

=
i

LQC

pl_0
p2_0
p3_0
cl_0
c2_0
c3_0
h
t

LQC
pl_0

p2_0

le-

1e36;

2e31;

3e39;
-80000.001752320012201069612167185132725;
3e+08;

-2.53378393797385857e+07 ;

52;

1.1923e-45;

Bianchi IX Altered- 6 Initial Conditions

be-

4e33;

Te36;

3e37;
-2998.5382563410781852574813949250274783;
3e+03;

1.09477433244404061e+03;

47,

2.1676e-39;

Bi

1 O | N T

2e-

anchi IX Altered- 7 Initial Conditions

3.644407081693920e+23;
4.619481809923470e+22;
6.508819947785010e+34;
-11330329147704.516078945501911527089792;
3.726944157209900e+13;
-45.773504837509698;

41;

1.457e-34;

Bianchi IX Altered- 8 Initial Conditions

de-

9e35;

8e36;

5e36;
-7999.9999100000084054495197124882111941;
9e+03;

1.60000136740636453e+03;

47 ;

3.0092e-40;

Bianchi IX Altered- 9 Initial Conditions

3e36;
2e37;
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p3_0 = 3e38;

cl1_0 = -700.00000194777169211870672137296759554 ;
c2_0 = 8e+03;

c3_0 = 7.11326372614312697e+00;

h = 2e-46;

t = 1.4134e-39;

LQC Bianchi IX Altered- 10 Initial Conditions
pl_0 = 2.026722231822400e+28;

p2_0 = 4.854478714956990e+33;

p3_0 = 5.944594117494380e+22;

cl1_0 = 6.704487157259680e+13;

c2_0 = -34788654.665121574744595413760539662295;
c3_0 = 1.765985887358840e+19;

h = 5e-48;

t = 3.0105e-41;

LQC Bianchi IX Altered- 11 Initial Conditions

pl_0 = 6e37;

p2_0 = 2e+37;

p3_0 = 4e37;

cl_0 = 6999.9987673467562458394937488881964772;
c2_0 = bet+02;

c3_0 = -2.44185983334625346e+02;

h = 5e-47;

t = 3.28e-40;

LQC Bianchi IX Altered- 12 Initial Conditions
pl_0 = 4.769976610040370e+29;

p2_0 = 4.454851282085210e+22;

p3_0 = 7.486142946432510e+33;

cl_0 = -1258176951757.8825400462033822896855687 ;
c2_0 = 7.277017823366510e+18;

c3_0 = -9.653259998732720e+07;

h = 5e-47;

t = 6.835e-40;
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B.2 Numerical Solutions

Here we have the corresponding numerical comparing the original and slightly altered

Bianchi IX runs.
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Figure B.1: This is the LQC Bianchi IX- 1 comparison plot. The top subplot displays
the difference in k; values for the original and altered solution vs. time. The middle
subplot displays |2(a; — @;)/(a; + a;)| vs time. Here a refers to the scale factors
from the slightly altered solutions. Vertical solid lines are shown when there is a
recollapse in either the original and altered solution. Vertical dotted lines are shown
when there is an LQG bounce in either the original or altered solution.
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Figure B.2: This is the LQC Bianchi IX- 2 comparison plot. The top subplot displays
the difference in k; values for the original and altered solution vs. time. The middle
subplot displays |2(a; — @;)/(a; + a;)| vs time. Here a refers to the scale factors
from the slightly altered solutions. Vertical solid lines are shown when there is a
recollapse in either the original and altered solution. Vertical dotted lines are shown
when there is an LQG bounce in either the original or altered solution.
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Figure B.3: This is the LQC Bianchi IX- 3 comparison plot. The top subplot displays
the difference in k; values for the original and altered solution vs. time. The middle
subplot displays |2(a; — @;)/(a; + a;)| vs time. Here a refers to the scale factors
from the slightly altered solutions. Vertical solid lines are shown when there is a
recollapse in either the original and altered solution. Vertical dotted lines are shown
when there is an LQG bounce in either the original or altered solution.
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Figure B.4: This is the LQC Bianchi IX- 4 comparison plot. The top subplot displays
the difference in k; values for the original and altered solution vs. time. The middle
subplot displays |2(a; — @;)/(a; + a;)| vs time. Here a refers to the scale factors
from the slightly altered solutions. Vertical solid lines are shown when there is a
recollapse in either the original and altered solution. Vertical dotted lines are shown
when there is an LQG bounce in either the original or altered solution.
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Figure B.5: This is the LQC Bianchi IX- 5 comparison plot. The top subplot displays
the difference in k; values for the original and altered solution vs. time. The middle
subplot displays |2(a; — @;)/(a; + a;)| vs time. Here a refers to the scale factors
from the slightly altered solutions. Vertical solid lines are shown when there is a
recollapse in either the original and altered solution. Vertical dotted lines are shown

when there is an LQG bounce in either the original or altered solution.
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Figure B.6: This is the LQC Bianchi IX- 6 comparison plot. The top subplot displays
the difference in k; values for the original and altered solution vs. time. The middle
subplot displays |2(a; — @;)/(a; + a;)| vs time. Here a refers to the scale factors
from the slightly altered solutions. Vertical solid lines are shown when there is a
recollapse in either the original and altered solution. Vertical dotted lines are shown
when there is an LQG bounce in either the original or altered solution.
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Figure B.7: This is the LQC Bianchi IX- 7 comparison plot. The top subplot displays
the difference in k; values for the original and altered solution vs. time. The middle
subplot displays |2(a; — @;)/(a; + a;)| vs time. Here a refers to the scale factors
from the slightly altered solutions. Vertical solid lines are shown when there is a
recollapse in either the original and altered solution. Vertical dotted lines are shown
when there is an LQG bounce in either the original or altered solution.
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Figure B.8: This is the LQC Bianchi IX- 8 comparison plot. The top subplot displays
the difference in k; values for the original and altered solution vs. time. The middle
subplot displays |2(a; — @;)/(a; + a;)| vs time. Here a refers to the scale factors
from the slightly altered solutions. Vertical solid lines are shown when there is a
recollapse in either the original and altered solution. Vertical dotted lines are shown
when there is an LQG bounce in either the original or altered solution.
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Figure B.9: This is the LQC Bianchi IX- 9 comparison plot. The top subplot displays
the difference in k; values for the original and altered solution vs. time. The middle
subplot displays |2(a; — @;)/(a; + a;)| vs time. Here a refers to the scale factors
from the slightly altered solutions. Vertical solid lines are shown when there is a
recollapse in either the original and altered solution. Vertical dotted lines are shown
when there is an LQG bounce in either the original or altered solution.
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Figure B.10: This is the LQC Bianchi IX- 10 comparison plot. The top subplot
displays the difference in k; values for the original and altered solution vs. time.
The middle subplot displays |2(a; — @;)/(a; + @;)| vs time. Here a refers to the scale
factors from the slightly altered solutions. Vertical solid lines are shown when there
is a recollapse in either the original and altered solution. Vertical dotted lines are
shown when there is an LQG bounce in either the original or altered solution.
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Figure B.11: This is the LQC Bianchi IX- 11 comparison plot. The top subplot
displays the difference in k; values for the original and altered solution vs. time.
The middle subplot displays |2(a; — @;)/(a; + @;)| vs time. Here a refers to the scale
factors from the slightly altered solutions. Vertical solid lines are shown when there
is a recollapse in either the original and altered solution. Vertical dotted lines are
shown when there is an LQG bounce in either the original or altered solution.
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Figure B.12: This is the LQC Bianchi IX- 12 comparison plot. The top subplot
displays the difference in k; values for the original and altered solution vs. time.
The middle subplot displays |2(a; — @;)/(a; + @;)| vs time. Here a refers to the scale
factors from the slightly altered solutions. Vertical solid lines are shown when there
is a recollapse in either the original and altered solution. Vertical dotted lines are
shown when there is an LQG bounce in either the original or altered solution.
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Appendix C

Kasner Transitions for High
Precision Run

Here, all 57 Kasner transitions between the first and last recollapse in Figure 5.14
are tested. Note that both the forward and backward transition rule are tested for

each Kasner transition.
C.1 First Recollapse to Recollapse

1.
Maximum as: k; values taken at time: 1.268779e-40 and k; values taken at time:
1.273328e-40

Kasner Transition:

k1 ko ks
Numerical 0.816016 -0.469332 0.653316

iy s ks
Predicted -1.999594 7.651797 -4.652203
Numerical -0.198277 0.992546 0.205732
Percent Error | 90.084113% | 87.028594% | 104.422247%

Backwards Kasner Transition:
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Table C.2: First Recollapse to Recollapse- Backward Transition Rules- 1

2.

Maximum a;: k; values taken at time: 1.273328¢-40 and k; values taken at time:

1.288318e-40

k1 ko ks
Numerical -0.198277 0.992546 0.205732

kq ko ks
Predicted 0.598579 -0.332501 0.733922
Numerical 0.816016 -0.469332 0.653316
Percent Error | 36.325533% | 41.152059% | 10.982932%

Kasner Transition:

Table C.3: First Recollapse to Recollapse- Forward Transition Rules- 2

ky ko ks
Numerical -0.198277 0.992546 0.205732

Ky ks ks
Predicted 0.328576 0.987647 -0.316223
Numerical 0.584474 0.743083 -0.327557
Percent Error | 77.881042% | 24.762305% | 3.584234%

Backwards Kasner Transition:

Table C.4: First Recollapse to Recollapse- Backward Transition Rules- 2

ky ks ks
Numerical 0.584474 0.743083 -0.327557

k1 ko ks
Predicted -0.269473 0.881548 0.387926
Numerical -0.198277 0.992546 0.205732
Percent Error | 26.420429% | 12.591274% | 46.966197%
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Maximum as: k; values taken at time: 1.288318e-40 and k; values taken at time:
1.342532e-40

Kasner Transition:

k1 ko ks
Numerical 0.584474 0.743083 -0.327557

K ko ks
Predicted -0.204820 | 0.255067 0.949753
Numerical -0.224059 | 0.295298 0.928762
Percent Error | 9.393258% | 15.772590% | 2.210156%

Table C.5: First Recollapse to Recollapse- Forward Transition Rules- 3

Backwards Kasner Transition:

k1 ko ks
Numerical -0.224059 | 0.295298 0.928762

ky ko ks
Predicted 0.571636 0.753387 | -0.325023

Numerical 0.584474 0.743083 -0.327557
Percent Error | 2.245772% | 1.367732% | 0.779480%

Table C.6: First Recollapse to Recollapse- Backward Transition Rules- 3

4.
Maximum a;: k; values taken at time: 1.342532e-40 and k; values taken at time:
1.744989e-40

Kasner Transition:

ky ko ks
Numerical -0.224059 | 0.295298 0.928762

ky ks ks
Predicted 0.405991 -0.276907 | 0.870917

Numerical 0.407005 -0.277316 | 0.870314
Percent Error | 0.249771% | 0.147511% | 0.069281%

Table C.7: First Recollapse to Recollapse- Forward Transition Rules- 4
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Backwards Kasner Transition:

Table C.8: First Recollapse to Recollapse- Backward Transition Rules- 4

d.

Maximum ao: k; values taken

2.284489e-40

ky ks ks
Numerical 0.407005 -0.277316 | 0.870314

k1 ) ks
Predicted -0.224368 | 0.295861 0.928509
Numerical -0.224059 | 0.295298 0.928762
Percent Error | 0.137501% | 0.190189% | 0.027245%

Kasner Transition:

Table C.9: First Recollapse to Recollapse- Forward Transition Rules- 5

Backwards Kasner Transition:

Table C.10: First Recollapse to Recollapse- Backward Transition Rules- 5

at time: 1.744989e-40 and k; values taken at time:

ky ko ks
Numerical 0.407005 -0.277316 | 0.870314

k1 ko ks
Predicted -0.331471 | 0.622666 0.708812
Numerical -0.333699 | 0.619812 0.713888
Percent Error | 0.672234% | 0.458301% | 0.716134%

k ko ks
Numerical -0.333699 | 0.619812 0.713888

k1 ko ks
Predicted 0.404499 -0.276748 | 0.872250
Numerical 0.407005 -0.277316 | 0.870314
Percent Error | 0.619554% | 0.205052% | 0.221953%
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Here is where the LQG bounce occurs

6.
Maximum a;: k; values taken at time: 3.011989¢-40 and k; values taken at time:
3.316474e-40

Kasner Transition:

k1 ko ks
Numerical 0.998181 0.043317 -0.041499

ky ks ks
Predicted -0.333131 | 0.680718 0.652412
Numerical -0.331879 | 0.704059 0.627819
Percent Error | 0.375922% | 3.428829% | 3.769536%

Table C.11: First Recollapse to Recollapse- Forward Transition Rules- 6

Backwards Kasner Transition:

ki ks ks
Numerical -0.331879 | 0.704059 0.627819

ki ks ks
Predicted 0.987021 0.119859 -0.106882
Numerical 0.998181 0.043317 -0.041499
Percent Error | 1.130650% | 63.860284% | 61.172671%

Table C.12: First Recollapse to Recollapse- Backward Transition Rules- 6

7.
Maximum as: k; values taken at time: 3.316474e-40 and k; values taken at time:
3.374420e-40

Kasner Transition:
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Table C.13: First Recollapse to Recollapse- Forward Transition Rules- 7

Backwards Kasner Transition:

Table C.14: First Recollapse to Recollapse- Backward Transition Rules- 7

8.

Maximum aq: k; values taken

3.405551e-40

k1 ko ks
Numerical -0.331879 0.704059 0.627819

k1 ko ks
Predicted 0.446921 -0.292369 | 0.845447
Numerical 0.493575 -0.307212 | 0.813636
Percent Error | 10.438937% | 5.076747% | 3.762633%

k1 ks ks
Numerical 0.493575 -0.307212 0.813636

k1 ko ks
Predicted -0.313423 | 0.796760 0.516662
Numerical -0.331879 | 0.704059 0.627819
Percent Error | 5.888479% | 11.634740% | 21.514452%

Kasner Transition:

at time: 3.374420e-40 and k; values taken at time:

k1 ko ks
Numerical 0.493575 -0.307212 0.813636

ky ks ks
Predicted -0.248383 | 0.342168 0.906216
Numerical -0.269374 | 0.387926 0.881448
Percent Error | 8.450982% | 13.373085% | 2.733073%

Table C.15: First Recollapse to Recollapse- Forward Transition Rules- 8

Backwards Kasner Transition:
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Table C.16: First Recollapse to Recollapse- Backward Transition Rules- 8

9.

Maximum ao: k; values taken

3.426396e-40

ky ko ks
Numerical -0.269374 0.387926 0.881448

k1 ko ks
Predicted 0.584007 -0.326985 | 0.742978
Numerical 0.493575 -0.307212 | 0.813636
Percent Error | 15.484759% | 6.047225% | 9.510194%

Kasner Transition:

Table C.17: First Recollapse to Recollapse- Forward Transition Rules- 9

Backwards Kasner Transition:

Table C.18: First Recollapse to Recollapse- Backward Transition Rules- 9

10.

at time: 3.405551e-40 and k; values taken at time:

ky ko ks
Numerical -0.269374 0.387926 0.881448

ki ko ks
Predicted 0.285203 -0.218445 | 0.933242
Numerical 0.325639 -0.240131 | 0.914492
Percent Error | 14.178008% | 9.927538% | 2.009120%

ky ko ks
Numerical 0.325639 -0.240131 0.914492

k1 ko ks
Predicted -0.297503 | 0.462024 0.835479
Numerical -0.269374 | 0.387926 0.881448
Percent Error | 9.455070% | 16.037692% | 5.502118%
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Maximum a;: k; values taken at time: 3.426396e-40 and k; values taken at time:
3.441928e-40

Kasner Transition:

k1 ko ks
Numerical 0.325639 -0.240131 0.914492

ky ks ks
Predicted -0.197204 0.248987 0.948217
Numerical -0.217964 0.284349 0.933615
Percent Error | 10.527255% | 14.202536% | 1.539982%

Backwards Kasner Transition:

Table C.19: First Recollapse to Recollapse- Forward Transition Rules- 10

ky ks ks
Numerical -0.217964 0.284349 0.933615

kq ko ks
Predicted 0.386413 -0.268724 0.882311
Numerical 0.325639 -0.240131 0.914492
Percent Error | 15.727723% | 10.640141% | 3.647417%

Table C.20: First Recollapse to Recollapse- Backward Transition Rules- 10

11.
Maximum as: k; values taken at time: 3.441928e-40 and k; values taken at time:
3.454251e-40

Kasner Transition:

k1 ko k3
Numerical -0.217964 0.284349 0.933615

ky ks ks
Predicted 0.223583 -0.181264 0.957681
Numerical 0.254746 -0.200698 0.945952
Percent Error | 13.937897% | 10.720910% | 1.224781%
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Backwards Kasner Transition:

Table C.22: First Recollapse to Recollapse- Backward Transition Rules- 11

12.

Maximum a;: k; values taken at time: 3.454251e-40 and k; values taken at time:

3.464438e-40

K ko ks
Numerical 0.254746 -0.200698 0.945952

k1 ko ks
Predicted -0.244986 0.335276 0.909710
Numerical -0.217964 0.284349 0.933615
Percent Error | 11.029778% | 15.189430% | 2.627761%

Kasner Transition:

Table C.23: First Recollapse to Recollapse- Forward Transition Rules- 12

Backwards Kasner Transition:

Table C.24: First Recollapse to Recollapse- Backward Transition Rules- 12

13.

k1 ko ks
Numerical 0.254746 -0.200698 0.945952

ky ks ks
Predicted -0.168763 0.204568 0.964194
Numerical -0.186849 0.232328 0.954521
Percent Error | 10.717153% | 13.569852% | 1.003229%

Ky ks ks
Numerical -0.186849 0.232328 0.954521

k1 ko ks
Predicted 0.298337 -0.225723 0.927385
Numerical 0.254746 -0.200698 0.945952
Percent Error | 14.611511% | 11.086716% | 2.002015%

122




Maximum as: k; values taken at time: 3.464438¢-40 and k; values taken at time:
3.473108e-40

Kasner Transition:

k1 ko ks
Numerical -0.186849 0.232328 0.954521

ky ks ks
Predicted 0.189673 -0.158623 0.968949
Numerical 0.214660 -0.175459 0.960799
Percent Error | 13.173633% | 10.614284% | 0.841144%

Backwards Kasner Transition:

Table C.25: First Recollapse to Recollapse- Forward Transition Rules- 13

ky ks ks
Numerical 0.214660 -0.175459 0.960799

k1 ko ks
Predicted -0.209925 0.270320 0.939605
Numerical -0.186849 0.232328 0.954521
Percent Error | 10.992554% | 14.054484% | 1.587471%

Table C.26: First Recollapse to Recollapse- Backward Transition Rules- 13

14.
Maximum a;: k; values taken at time: 3.473108e-40 and k; values taken at time:
3.480647e-40

Kasner Transition:

ky ko ks
Numerical 0.214660 -0.175459 0.960799

ky ks ks
Predicted -0.150183 0.177610 0.972574
Numerical -0.165895 0.200310 0.965585
Percent Error | 10.461564% | 12.780862% | 0.718563%
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Backwards Kasner Transition:

Table C.28: First Recollapse to Recollapse- Backward Transition Rules- 14

15.

Maximum as: k; values taken at time: 3.480647e-40 and k; values taken at time:

3.487310e-40

K ko ks
Numerical -0.165895 0.200310 0.965585

k1 ko ks
Predicted 0.248268 -0.196765 0.948497
Numerical 0.214660 -0.175459 0.960799
Percent Error | 13.536770% | 10.827863% | 1.297008%

Kasner Transition:

Table C.29: First Recollapse to Recollapse- Forward Transition Rules- 15

Backwards Kasner Transition:

Table C.30: First Recollapse to Recollapse- Backward Transition Rules- 15

16.

kq ko ks
Numerical -0.165895 0.200310 0.965585

k1 ks ks
Predicted 0.167586 -0.143015 0.975429
Numerical 0.188373 -0.157727 0.969354
Percent Error | 12.403641% | 10.286829% | 0.622815%

k1 ko ks
Numerical 0.188373 -0.157727 0.969354

k1 ko ks
Predicted -0.185642 0.230411 0.955231
Numerical -0.165895 0.200310 0.965585
Percent Error | 10.637221% | 13.064055% | 1.083915%
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Maximum aq: k; values taken

3.493590e-40

Kasner Transition:

Table C.31: First Recollapse to Recollapse- Forward Transition Rules- 16

Backwards Kasner Transition:

Table C.32: First Recollapse to Recollapse- Backward Transition Rules- 16

at time: 3.487310e-40 and k; values taken at time:

k1 ko ks
Numerical 0.188373 -0.157727 | 0.969354

k1 ko ks
Predicted -0.136825 0.159085 0.977740
Numerical -0.153831 0.172787 0.981044
Percent Error | 12.429512% | 8.613215% | 0.337952%

ky ks ks
Numerical -0.153831 0.172787 0.981044

k1 ko ks
Predicted 0.222191 -0.194813 0.972621
Numerical 0.188373 -0.157727 0.969354
Percent Error | 15.220451% | 19.036615% | 0.335903%

C.2 Second Recollapse to Recollapse

1.

Maximum as: k; values taken at time: 3.501152e-40 and k; values taken at time:

3.504082¢-40

Kasner Transition:
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k1 ks ks

Numerical 0.896488 0.691085 -0.587573
k ko ks

Predicted 1.591003 2.763751 -3.354755

Numerical -0.110778 0.062843 1.047935

Percent Error | 106.962767% | 97.726184% | 131.237316%

Table C.33: Second Recollapse to Recollapse- Forward Transition Rules- 1

Backwards Kasner Transition:

k1 ko ks
Numerical -0.110778 0.062843 1.047935

ki ks ks
Predicted 0.641207 0.697288 -0.338495

Numerical 0.896488 0.691085 -0.587573
Percent Error | 39.812638% | 0.889530% | 73.584241%

Table C.34: Second Recollapse to Recollapse- Backward Transition Rules- 1

2.
Maximum a;: k; values taken at time: 3.504082e-40 and k; values taken at time:
3.512088e-40

Kasner Transition:

ks ks ks
Numerical | -0.110778 [ 0.062843 | 1.047935

ki ks ks
Predicted 0.142307 | -0.203885 | 1.061578

Numerical 0.281600 -0.216529 | 0.934930
Percent Error | 97.882247% | 6.201703% | 11.930205%

Table C.35: Second Recollapse to Recollapse- Forward Transition Rules- 2

Backwards Kasner Transition:
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k1 ks ks
Numerical 0.281600 -0.216529 0.934930

kq ko ks
Predicted -0.180143 0.221770 0.958374
Numerical -0.110778 0.062843 1.047935
Percent Error | 38.505667% | 71.663109% | 9.345161%

Table C.36: Second Recollapse to Recollapse- Backward Transition Rules- 2

3.

Maximum ay: k; values taken

3.527577e-40

Kasner Transition:

at time: 3.512088¢-40 and k; values taken at time:

k1 ko ks
Numerical 0.281600 -0.216529 0.934930

ky ko ks
Predicted -0.267151 | 0.381925 0.885226
Numerical -0.248312 | 0.342022 0.906291
Percent Error | 7.051743% | 10.447955% | 2.379586%

Table C.37: Second Recollapse to Recollapse- Forward Transition Rules- 3

Backwards Kasner Transition:

Table C.38: Second Recollapse to Recollapse- Backward Transition Rules- 3

4.

Maximum ay:

ki ko ks
Numerical -0.248312 | 0.342022 0.906291

k1 ko ks
Predicted 0.258741 -0.203096 | 0.944355
Numerical 0.281600 -0.216529 | 0.934930
Percent Error | 8.834429% | 6.614454% | 0.998009%
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k; values taken at time: 3.527577e-40 and k; values taken at time:

Kasner Transition:

Ky ko ks
Numerical -0.248312 | 0.342022 0.906291

ki ko ks
Predicted 0.493293 -0.307131 | 0.813839
Numerical 0.447632 -0.292617 | 0.844986
Percent Error | 9.256425% | 4.725537% | 3.827268%

3.551206e-40

Table C.39: Second Recollapse to Recollapse- Forward Transition Rules- 4

Backwards Kasner Transition:

k1 ko ks
Numerical 0.447632 -0.292617 | 0.844986

k1 ko ks
Predicted -0.236185 | 0.317975 0.918210
Numerical -0.248312 | 0.342022 0.906291
Percent Error | 5.134756% | 7.562425% | 1.298090%

Table C.40: Second Recollapse to Recollapse- Backward Transition Rules- 4

d.

Maximum as: k; values taken

3.596381e-40

Kasner Transition:

at time: 3.551206e-40 and k; values taken at time:

Ky ko ks
Numerical 0.447632 -0.292617 | 0.844986

ki ko ks
Predicted -0.331758 | 0.705499 0.626263
Numerical -0.333326 | 0.663996 0.669330
Percent Error | 0.472647% | 5.882748% | 6.876961%

Table C.41: Second Recollapse to Recollapse- Forward Transition Rules- 5
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Backwards Kasner Transition:

Table C.42: Second Recollapse to Recollapse- Backward Transition Rules- 5

6.

Maximum a;: k; values taken at time: 3.596381e-40 and k; values taken at time:

4.373888e-40

ky ks ks
Numerical -0.333326 | 0.663996 0.669330

k1 ko ks
Predicted 0.427264 -0.285223 | 0.857959
Numerical 0.447632 -0.292617 | 0.844986
Percent Error | 4.767185% | 2.592472% | 1.512067%

Kasner Transition:

ky ko ks
Numerical -0.333326 | 0.663996 0.669330

ks koo ks
Predicted 0.999934 -0.007967 0.008035
Numerical 0.999303 -0.026303 0.027025
Percent Error | 0.063089% | 230.170672% | 236.339401%

Table C.43: Second Recollapse to Recollapse- Forward Transition Rules- 6

Backwards Kasner Transition:

Table C.44: Second Recollapse to Recollapse- Backward Transition Rules- 6

ky ks ks
Numerical 0.999303 -0.026303 | 0.027025

k1 ko ks
Predicted -0.333256 | 0.657740 0.675524
Numerical -0.333326 | 0.663996 0.669330
Percent Error | 0.021044% | 0.951207% | 0.916871%
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Here is where the LQG bounce occurs

7.
Maximum as: k; values taken at time: 4.820134e-40 and k; values taken at time:
5.108540e-40

Kasner Transition:

Ky ko k3
Numerical -0.341678 | 0.682435 0.659241

ki ko ks
Predicted 0.432663 -0.288572 | 0.855908
Numerical 0.439835 -0.289853 | 0.850017
Percent Error | 1.657626% | 0.444116% | 0.688282%

Table C.45: Second Recollapse to Recollapse- Forward Transition Rules- 7

Backwards Kasner Transition:

k1 ko ks
Numerical 0.439835 -0.289853 | 0.850017

ki ks ks
Predicted -0.332796 | 0.689646 0.643146
Numerical -0.341678 | 0.682435 0.659241
Percent Error | 2.668848% | 1.045632% | 2.502494%

Table C.46: Second Recollapse to Recollapse- Backward Transition Rules- 7

8.
Maximum as: k; values taken at time: 5.108540e-40 and k; values taken at time:
5.240205e-40

Kasner Transition:
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Table C.47: Second Recollapse to Recollapse- Forward Transition Rules- 8

Backwards Kasner Transition:

Table C.48: Second Recollapse to Recollapse- Backward Transition Rules- 8

9.

Maximum ay: k; values taken

2.288251e-40

k1 ko ks
Numerical 0.439835 -0.289853 | 0.850017

k1 ko ks
Predicted 0.792534 0.522282 -0.314817
Numerical 0.792505 0.522320 -0.314827
Percent Error | 0.003627% | 0.007188% | 0.003083%

k1 ko ks
Numerical 0.792505 0.522320 -0.314827

k1 ko ks
Predicted 0.439728 -0.289820 | 0.850087
Numerical 0.439835 -0.289853 | 0.850017
Percent Error | 0.024327% | 0.011650% | 0.008323%

Kasner Transition:

at time: 5.240205e-40 and k; values taken at time:

k1 ko ks
Numerical 0.792505 0.522320 -0.314827

k1 ks ks
Predicted 0.898518 -0.255458 | 0.356940
Numerical 0.898864 -0.255987 | 0.357122
Percent Error | 0.038570% | 0.207136% | 0.051099%

Table C.49: Second Recollapse to Recollapse- Forward Transition Rules- 9

Backwards Kasner Transition:
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Table C.50: Second Recollapse to Recollapse- Backward Transition Rules- 9

10.

Maximum a;: k; values taken at time: 5.288251e-40 and k; values taken at time:

5.296075e-40

ky ks ks
Numerical 0.898864 -0.255987 | 0.357122

k1 ko k3
Predicted 0.792765 0.524537 -0.317304
Numerical 0.792505 0.522320 -0.314827
Percent Error | 0.032819% | 0.422643% | 0.780793%

Kasner Transition:

Table C.51: Second Recollapse to Recollapse- Forward Transition Rules- 10

ky ko ks
Numerical 0.898864 -0.255987 0.357122

k1 ko ks
Predicted -0.321284 0.551069 0.770214
Numerical -0.288069 0.414446 0.873622
Percent Error | 10.338164% | 24.792321% | 13.425885%

Backwards Kasner Transition:

Table C.52: Second Recollapse to Recollapse- Backward Transition Rules- 10

11.

k1 ko ks
Numerical -0.288069 0.414446 0.873622

k1 ko ks
Predicted 0.679628 -0.381471 0.701843
Numerical 0.898864 -0.255987 0.357122
Percent Error | 32.258292% | 32.894750% | 49.116527%
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taken at time: 5.298077e-40

Maximum as: Kasner Transition: k; values taken at time:

5.296075e-40 and k; values

k1 ko ks
Numerical -0.288069 0.414446 0.873622

ky ko ks
Predicted 0.531142 0.786858 -0.317999
Numerical 0.671070 0.734799 -0.405869
Percent Error | 26.344851% | 6.616014% | 27.632088%

Backwards Kasner Transition:

Table C.53: Second Recollapse to Recollapse- Forward Transition Rules- 11

ki ks ks
Numerical 0.671070 0.734799 -0.405869

ky ko ks
Predicted -0.747199 -0.408685 2.155884
Numerical -0.288069 0.414446 0.873622
Percent Error | 61.446856% | 201.409643% | 59.477293%

Table C.54: Second Recollapse to Recollapse- Backward Transition Rules- 11

C.3 Third Recollapse to Recollapse

1.
Maximum a;: k; values taken at time: 5.300682¢-40 and k; values taken at time:
5.302995e-40

Kasner Transition:
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ki ks ks

Numerical -0.506744 0.047335 1.459409
k1 ks ks

Predicted -37.569320 71.629285 -33.059969

Numerical 0.189567 -0.159622 0.970055

Percent Error | 100.504578% | 100.222844% | 102.934229%

Table C.55: Third Recollapse to Recollapse- Forward Transition Rules- 1

Backwards Kasner Transition:

ky ks ks
Numerical 0.189567 -0.159622 0.970055

k1 ko ks
Predicted -0.137453 0.159166 0.978287
Numerical -0.506744 0.047335 1.459409
Percent Error | 268.666049% | 70.260649% | 49.180033%

Table C.56: Third Recollapse to Recollapse- Backward Transition Rules- 1

2.
Maximum as: k; values taken at time: 5.302995e-40 and k; values taken at time:
5.304999¢-40

Kasner Transition:

k1 ko ks
Numerical 0.189567 -0.159622 0.970055

K ko ks
Predicted -0.190489 0.234477 0.956012
Numerical -0.164746 0.198603 0.966143
Percent Error | 13.514213% | 15.299306% | 1.059649%

Table C.57: Third Recollapse to Recollapse- Forward Transition Rules- 2

Backwards Kasner Transition:
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Table C.58: Third Recollapse to Recollapse- Backward Transition Rules- 2

3.

Maximum a;: k; values taken at time: 5.304999¢-40 and k; values taken at time:

5.307163e-40

ky ko ks
Numerical -0.164746 0.198603 0.966143

k1 ko ks
Predicted 0.166375 -0.142143 0.975768
Numerical 0.189567 -0.159622 0.970055
Percent Error | 13.939021% | 12.296365% | 0.585465%

Kasner Transition:

Table C.59: Third Recollapse to Recollapse- Forward Transition Rules- 3

Backwards Kasner Transition:

Table C.60: Third Recollapse to Recollapse- Backward Transition Rules- 3

k1 ko ks
Numerical -0.164746 0.198603 0.966143

ky ko ks
Predicted 0.245703 -0.195208 0.949505
Numerical 0.208247 -0.171220 0.962974
Percent Error | 15.244410% | 12.288329% | 1.418497%

ky ks ks
Numerical 0.208247 -0.171220 0.962974

ky ko ks
Predicted -0.147016 0.173156 0.973861
Numerical -0.164746 0.198603 0.966143
Percent Error | 12.059975% | 14.696378% | 0.792508%
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Maximum as: k; values taken at time: 5.307163e-40 and k; values taken at time:
5.309543e-40

Kasner Transition:

k1 ko ks
Numerical 0.208247 -0.171220 0.962974

ky ks ks
Predicted -0.204077 0.260387 0.943692
Numerical -0.178530 0.219360 0.959171
Percent Error | 12.518069% | 15.756065% | 1.640326%

Backwards Kasner Transition:

Table C.61: Third Recollapse to Recollapse- Forward Transition Rules- 4

ky ks ks
Numerical -0.178530 0.219360 0.959171

k1 ko ks
Predicted 0.180848 -0.152469 0.971621
Numerical 0.208247 -0.171220 0.962974
Percent Error | 15.150313% | 12.298289% | 0.890019%

Table C.62: Third Recollapse to Recollapse- Backward Transition Rules- 4

5.
Maximum a;: k; values taken at time: 5.309543e-40 and k; values taken at time:
5.312185e-40

Kasner Transition:

k1 ) ks
Numerical -0.178530 0.219360 0.959171

k1 ks ks
Predicted 0.277678 -0.214173 0.936497
Numerical 0.232351 -0.186864 0.954513
Percent Error | 16.323639% | 12.751274% | 1.923845%
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Backwards Kasner Transition:

Table C.64: Third Recollapse to Recollapse- Backward Transition Rules- 5

6.

Maximum as: k; values taken at time: 5.312185e-40 and k; values taken at time:

5.315153e-40

ky ks ks
Numerical 0.232351 -0.186864 0.954513

k1 ko ks
Predicted -0.158634 0.189689 0.968945
Numerical -0.178530 0.219360 0.959171
Percent Error | 12.542506% | 15.641680% | 1.008687%

Kasner Transition:

Table C.65: Third Recollapse to Recollapse- Forward Transition Rules- 6

Backwards Kasner Transition:

Table C.66: Third Recollapse to Recollapse- Backward Transition Rules- 6

kq ko ks
Numerical 0.232351 -0.186864 0.954513

k1 ko ks
Predicted -0.225742 0.298374 0.927369
Numerical -0.196477 0.247798 0.948680
Percent Error | 12.963955% | 16.950642% | 2.297967%

Ky ks ks
Numerical -0.196477 0.247798 0.948680

k1 ko ks
Predicted 0.200000 -0.165685 0.965686
Numerical 0.232351 -0.186864 0.954513
Percent Error | 16.175738% | 12.782428% | 1.156950%
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Maximum a;: k; values taken at time: 5.315153e-40 and k; values taken at time:
5.318538e-40

Kasner Transition:

k1 ko ks
Numerical -0.196477 0.247798 0.948680

ky ks ks
Predicted 0.323662 -0.239120 0.915460
Numerical 0.266553 -0.207723 0.941170
Percent Error | 17.644515% | 13.130309% | 2.808512%

Backwards Kasner Transition:

Table C.67: Third Recollapse to Recollapse- Forward Transition Rules- 7

ky ko ks
Numerical 0.266553 -0.207723 0.941170

k1 ko ks
Predicted -0.173865 0.212238 0.961627
Numerical -0.196477 0.247798 0.948680
Percent Error | 13.005839% | 16.754731% | 1.346368%

Table C.68: Third Recollapse to Recollapse- Backward Transition Rules- 7

8.
Maximum as: k; values taken at time: 5.318538e-40 and k; values taken at time:
5.322476e-40

Kasner Transition:

k1 ko ks
Numerical 0.266553 -0.207723 0.941170

ky ks ks
Predicted -0.254711 0.355352 0.899360
Numerical -0.221091 0.289934 0.931158
Percent Error | 13.199413% | 18.409425% | 3.535679%
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Table C.69: Third Recollapse to Recollapse- Forward Transition Rules- 8




Backwards Kasner Transition:

Table C.70: Third Recollapse to Recollapse- Backward Transition Rules- 8

9.

Maximum a;: k; values taken at time: 5.322476e-40 and k; values taken at time:

5.327164e-40

K ko ks
Numerical -0.221091 0.289934 0.931158

k1 ko ks
Predicted 0.227093 -0.183518 0.956426
Numerical 0.266553 -0.207723 0.941170
Percent Error | 17.376060% | 13.189402% | 1.595035%

Kasner Transition:

Table C.71: Third Recollapse to Recollapse- Forward Transition Rules- 9

Backwards Kasner Transition:

Table C.72: Third Recollapse to Recollapse- Backward Transition Rules- 9

10.

k1 ) ks
Numerical -0.221091 0.289934 0.931158

ky ko ks
Predicted 0.396349 -0.272934 0.876588
Numerical 0.320119 -0.237296 0.917178
Percent Error | 19.233137% | 13.057371% | 4.630558%

Ky ks ks
Numerical 0.320119 -0.237296 0.917178

k1 ko ks
Predicted -0.195166 0.245661 0.949506
Numerical -0.221091 0.289934 0.931158
Percent Error | 13.283413% | 18.022258% | 1.932382%
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Maximum as: k; values taken at time: 5.327164e-40 and k; values taken at time:
5.332969¢-40

Kasner Transition:

k1 ko k3
Numerical 0.320119 -0.237296 0.917178

ky ks ks
Predicted -0.294006 0.451641 0.842367
Numerical -0.257320 0.360930 0.896391
Percent Error | 12.478024% | 20.084849% | 6.413345%

Backwards Kasner Transition:

Table C.73: Third Recollapse to Recollapse- Forward Transition Rules- 10

ky ko ks
Numerical -0.257320 0.360930 0.896391

k1 ) ks
Predicted 0.269790 -0.209616 0.939827
Numerical 0.320119 -0.237296 0.917178
Percent Error | 18.655001% | 13.204932% | 2.409897%

Table C.74: Third Recollapse to Recollapse- Backward Transition Rules- 10

11.
Maximum a;: k; values taken at time: 5.332969e-40 and k; values taken at time:
5.340536e-40

Kasner Transition:

ki ks ks
Numerical -0.257320 0.360930 0.896391

ky ks ks
Predicted 0.530163 -0.316692 0.786532
Numerical 0.419858 -0.282396 0.862538
Percent Error | 20.805764% | 10.829654% | 9.663479%
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Table C.75: Third Recollapse to Recollapse- Forward Transition Rules- 11




Backwards Kasner Transition: k; values taken at time:

k1 ko ks
Numerical 0.419858 -0.282396 0.862538

k1 ko ks
Predicted -0.228219 0.302938 0.925281
Numerical -0.257320 0.360930 0.896391
Percent Error | 12.751296% | 19.142976% | 3.122288%

Table C.76: Third Recollapse to Recollapse- Backward Transition Rules- 11

12.
Maximum as: k; values taken at time: 5.340536e-40 and k; values taken at time:
5.351321e-40

Kasner Transition:

ki ks ks
Numerical 0.419858 -0.282396 0.862538

ky ko ks
Predicted -0.333020 | 0.648874 0.684147
Numerical -0.312637 | 0.513579 0.799059
Percent Error | 6.120560% | 20.850741% | 16.796251%

Backwards Kasner Transition:

Table C.77: Third Recollapse to Recollapse- Forward Transition Rules- 12

ky ko ks
Numerical -0.312637 0.513579 0.799059

k1 ko ks
Predicted 0.352474 -0.253349 0.900875
Numerical 0.419858 -0.282396 0.862538
Percent Error | 19.117416% | 11.464951% | 4.255537%

Table C.78: Third Recollapse to Recollapse- Backward Transition Rules- 12

13.
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Maximum a;: k; values taken at time: 5.351321e-40 and k; values taken at time:
5.369606¢e-40

Kasner Transition:

k1 ko ks
Numerical -0.312637 0.513579 0.799059

k ko ks
Predicted 0.834309 -0.298071 0.463764
Numerical 0.684948 -0.332993 0.648045
Percent Error | 17.902353% | 11.715765% | 39.735940%

Table C.79: Third Recollapse to Recollapse- Forward Transition Rules- 13

Backwards Kasner Transition:

ky ko ks
Numerical 0.684948 -0.332993 0.648045

k1 ko ks
Predicted -0.289020 | 0.437531 0.851489
Numerical -0.312637 | 0.513579 0.799059
Percent Error | 8.171337% | 17.381172% | 6.157540%

Table C.80: Third Recollapse to Recollapse- Backward Transition Rules- 13

14.
Maximum as: k; values taken at time: 5.369606e-40 and k; values taken at time:
5.420869¢-40

Kasner Transition:

k1 ko k3
Numerical 0.684948 -0.332993 | 0.648045

k1 ks ks
Predicted 0.056771 0.996940 -0.053710
Numerical -0.121055 0.983002 0.138057
Percent Error | 313.233843% | 1.398095% | 357.039763%

Table C.81: Third Recollapse to Recollapse- Forward Transition Rules- 14
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Backwards Kasner Transition:

ky ko ks
Numerical -0.121055 0.983002 0.138057

k1 ko ks
Predicted 0.622032 -0.331423 | 0.709393
Numerical 0.684948 -0.332993 | 0.648045
Percent Error | 10.114557% | 0.473606% | 8.647854%

Table C.82: Third Recollapse to Recollapse- Backward Transition Rules- 14

15. Maximum aq: k; values taken at time: 5.420869e-40 and k; values taken at time:
5.657869e-40

Kasner Transition:

ki ks ks
Numerical -0.121055 | 0.983002 0.138057

Ky ks ks
Predicted 0.159726 0.977572 -0.137293
Numerical 0.159429 0.973313 -0.132739
Percent Error | 0.186021% | 0.435662% | 3.316750%

Table C.83: Third Recollapse to Recollapse- Forward Transition Rules- 15

Backwards Kasner Transition:

Ky ks ks
Numerical 0.159429 0.973313 -0.132739

k1 ks ks
Predicted -0.120884 | 0.979765 0.141121
Numerical -0.121055 | 0.983002 0.138057
Percent Error | 0.141246% | 0.330375% | 2.171434%

Table C.84: Third Recollapse to Recollapse- Backward Transition Rules- 15

Here is where the LQG bounce occurs

16.
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Maximum a;: k; values taken at time: 5.877619e-40 and k; values taken at time:
6.252619e-40

Kasner Transition:

k1 ko ks
Numerical 0.448740 -0.280109 | 0.831366

ky ks ks
Predicted -0.236493 | 0.325364 0.911127
Numerical -0.246166 | 0.337653 0.908507
Percent Error | 4.090280% | 3.777040% | 0.287607%

Backwards Kasner Transition:

Table C.85: Third Recollapse to Recollapse- Forward Transition Rules- 16

k ko ks
Numerical -0.246166 | 0.337653 0.908507

k1 ) ks
Predicted 0.484895 -0.304685 | 0.819778
Numerical 0.448740 -0.280109 | 0.831366
Percent Error | 7.456244% | 8.066010% | 1.413570%

Table C.86: Third Recollapse to Recollapse- Backward Transition Rules- 16

17.
Maximum as: k; values taken at time: 6.252619e-40 and k; values taken at time:

6.391412¢-40

Kasner Transition:

k1 ko k3
Numerical -0.246166 | 0.337653 0.908507

ky ks ks
Predicted 0.557629 0.764876 -0.322507
Numerical 0.556762 0.765579 -0.322343
Percent Error | 0.155420% | 0.091890% | 0.050936%
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Table C.87: Third Recollapse to Recollapse- Forward Transition Rules- 17




Backwards Kasner Transition:

ky ks ks
Numerical 0.556762 0.765579 -0.322343

ky ko ks
Predicted -0.247453 | 0.340243 0.907205
Numerical -0.246166 | 0.337653 0.908507
Percent Error | 0.520053% | 0.761378% | 0.143559%

Table C.88: Third Recollapse to Recollapse- Backward Transition Rules- 17

18.

Maximum as: k; values taken at time: 6.391412e-40 and k; values taken at time:

6.414112e-40

Kasner Transition:

k1 ) ks
Numerical 0.556762 0.765579 -0.322343

K ko ks
Predicted 0.824887 -0.302462 | 0.477574
Numerical 0.830986 -0.319134 | 0.488148
Percent Error | 0.739282% | 5.511976% | 2.214095%

Table C.89: Third Recollapse to Recollapse- Forward Transition Rules- 18

Backwards Kasner Transition:

Table C.90: Third Recollapse to Recollapse- Backward Transition Rules- 18

19.

ky ks ks
Numerical 0.830986 -0.319134 0.488148

k1 ko ks
Predicted 0.532764 0.882236 -0.415000
Numerical 0.556762 0.765579 -0.322343
Percent Error | 4.504374% | 13.222843% | 22.327104%
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Maximum a;: k; values taken at time: 6.414112e-40 and k; values taken at time:
6.417392e-40

Kasner Transition:

k1 ko ks
Numerical 0.830986 -0.319134 0.488148

k ko ks
Predicted -0.312169 0.504452 0.807717
Numerical 0.006400 -0.059481 1.053081
Percent Error | 102.050262% | 111.791220% | 30.377463%

Backwards Kasner Transition:

Table C.91: Third Recollapse to Recollapse- Forward Transition Rules- 19

k1 ko ks
Numerical 0.006400 -0.059481 1.053081

ky ko ks
Predicted -0.006319 -0.046091 1.052410
Numerical 0.830986 -0.319134 0.488148
Percent Error | 13249.760952% | 592.406085% | 53.616181%

Table C.92: Third Recollapse to Recollapse- Backward Transition Rules- 19

C.4 Fourth Recollapse to Recollapse

1.
Maximum a;: k; values taken at time: 6.423785e-40 and k; values taken at time:
6.428928e-40

Kasner Transition:
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Table C.93: Fourth Recollapse to Recollapse- Forward Transition Rules- 1

Backwards Kasner Transition:

Table C.94: Fourth Recollapse to Recollapse- Backward Transition Rules- 1

2.

Maximum as: k; values taken

6.437223e-40

k1 ko ks
Numerical -0.152014 | 1.024991 0.127024

k1 ks ks
Predicted 0.218420 1.035908 -0.254328
Numerical 0.240052 0.951655 -0.191705
Percent Error | 9.903704% | 8.133202% | 24.622893%

ky ks ks
Numerical 0.240052 0.951655 -0.191705

k1 ko ks
Predicted -0.162186 | 0.967337 0.194851
Numerical -0.152014 | 1.024991 0.127024
Percent Error | 6.271577% | 5.960056% | 34.809661%

Kasner Transition:

at time: 6.428928¢-40 and k; values taken at time:

k1 ko ks
Numerical 0.240052 0.951655 -0.191705

K ko ks
Predicted -0.232501 | 0.921593 0.310911
Numerical -0.216491 | 0.934748 0.281744
Percent Error | 6.886006% | 1.427432% | 9.381156%

Table C.95: Fourth Recollapse to Recollapse- Forward Transition Rules- 2

Backwards Kasner Transition:
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Table C.96: Fourth Recollapse to Recollapse- Backward Transition Rules- 2

3.

Maximum aq: k; values taken

6.448777e-40

ky ks ks
Numerical -0.216491 0.934748 0.281744

k1 ko ks
Predicted 0.221938 0.958265 -0.180202
Numerical 0.240052 0.951655 -0.191705
Percent Error | 8.161699% | 0.689809% | 6.383143%

Kasner Transition:

Table C.97: Fourth Recollapse to Recollapse- Forward Transition Rules- 3

Backwards Kasner Transition:

Table C.98: Fourth Recollapse to Recollapse- Backward Transition Rules- 3

at time: 6.437223e-40 and k; values taken at time:

ky ko ks
Numerical -0.216491 | 0.934748 0.281744

Ky ks ks
Predicted 0.381805 0.884921 -0.266724
Numerical 0.347916 0.903257 -0.251169
Percent Error | 8.875932% | 2.071967% | 5.831606%

ky ks ks
Numerical 0.347916 0.903257 -0.251169

k1 ko ks
Predicted -0.205160 | 0.942952 0.262209
Numerical -0.216491 | 0.934748 0.281744
Percent Error | 5.523041% | 0.870037% | 7.449982%
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Maximum as: k; values taken at time: 6.448777e-40 and k; values taken at time:
6.467102e-40

Kasner Transition:

k1 ko ks
Numerical 0.347916 0.903257 -0.251169

ky ks ks
Predicted -0.310296 | 0.805604 0.504699
Numerical -0.299292 | 0.831779 0.467514
Percent Error | 3.546436% | 3.249147% | 7.367739%

Backwards Kasner Transition:

Table C.99: Fourth Recollapse to Recollapse- Forward Transition Rules- 4

k ko ks
Numerical -0.299292 | 0.831779 0.467514

k1 ko ks
Predicted 0.328541 0.913066 -0.241606
Numerical 0.347916 0.903257 -0.251169
Percent Error | 5.897235% | 1.074280% | 3.958274%

Table C.100: Fourth Recollapse to Recollapse- Backward Transition Rules- 4

5.
Maximum a;: k; values taken at time: 6.467102e-40 and k; values taken at time:
6.504807e-40

Kasner Transition:

k1 ) ks
Numerical -0.299292 | 0.831779 0.467514

k1 ks ks
Predicted 0.745588 0.580933 -0.326515
Numerical 0.717841 0.612726 -0.330564
Percent Error | 3.721384% | 5.472749% | 1.240155%
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Table C.101: Fourth Recollapse to Recollapse- Forward Transition Rules- 5




Backwards Kasner Transition:

Table C.102: Fourth Recollapse to Recollapse- Backward Transition Rules- 5

6.

Maximum as: k; values taken

6.714771e-40

k ko ks
Numerical 0.717841 0.612726 -0.330564

k1 ko ks
Predicted -0.294719 | 0.841000 0.453720
Numerical -0.299292 | 0.831779 0.467514
Percent Error | 1.551566% | 1.096364% | 3.040232%

Kasner Transition:

Table C.103: Fourth Recollapse to Recollapse- Forward Transition Rules- 6

Backwards Kasner Transition:

Table C.104: Fourth Recollapse to Recollapse- Backward Transition Rules- 6

at time: 6.504807e-40 and k; values taken at time:

ky ko ks
Numerical 0.717841 0.612726 -0.330564

Ky ks ks
Predicted 0.167358 -0.142836 | 0.975486
Numerical 0.159303 -0.136983 | 0.977683
Percent Error | 4.812884% | 4.097906% | 0.225169%

k ko ks
Numerical 0.159303 -0.136983 | 0.977683

k1 ) ks
Predicted 0.715535 0.615282 -0.330816
Numerical 0.717841 0.612726 -0.330564
Percent Error | 0.322283% | 0.415456% | 0.076132%
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Here is where the LQG bounce occurs

7.
Maximum a;: k; values taken at time: 7.274271e-40 and k; values taken at time:
7.621456¢e-40

Kasner Transition:

Ky ko ks
Numerical 0.507362 0.803649 -0.311014

ky ks ks
Predicted -0.251827 | 0.902542 0.349284
Numerical -0.251826 | 0.902543 0.349281
Percent Error | 0.000559% | 0.000173% | 0.000945%

Table C.105: Fourth Recollapse to Recollapse- Forward Transition Rules- 7

Backwards Kasner Transition:

Ky ks ks
Numerical -0.251826 | 0.902543 0.349281

ki ks ks
Predicted 0.507357 0.803653 -0.311013
Numerical 0.507362 0.803649 -0.311014
Percent Error | 0.001127% | 0.000529% | 0.000254%

Table C.106: Fourth Recollapse to Recollapse- Backward Transition Rules- 7

8.
Maximum as: k; values taken at time: 7.621456e-40 and k; values taken at time:
7.700943e-40

Kasner Transition:
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Table C.107: Fourth Recollapse to Recollapse- Forward Transition Rules- 8

Backwards Kasner Transition:

Table C.108: Fourth Recollapse to Recollapse- Backward Transition Rules- 8

9.

Maximum aq: k; values taken

7.729208e-40

k1 ko ks
Numerical -0.251826 | 0.902543 0.349281

ky ks ks
Predicted 0.553730 -0.321752 | 0.768022
Numerical 0.554889 -0.321979 | 0.767090
Percent Error | 0.209250% | 0.070566% | 0.121284%

ky ks ks
Numerical 0.554889 -0.321979 | 0.767090

k1 ko ks
Predicted -0.250168 | 0.904332 0.345834
Numerical -0.251826 | 0.902543 0.349281
Percent Error | 0.662654% | 0.197805% | 0.996477%

Kasner Transition:

at time: 7.700943e-40 and k; values taken at time:

k1 ko ks
Numerical 0.554889 -0.321979 | 0.767090

K ko ks
Predicted -0.263008 | 0.373403 0.889605
Numerical -0.265337 | 0.378638 0.886699
Percent Error | 0.885483% | 1.401757% | 0.326597%

Table C.109: Fourth Recollapse to Recollapse- Forward Transition Rules- 9

Backwards Kasner Transition:
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Table C.110: Fourth Recollapse to Recollapse- Backward Transition Rules- 9

10.

Maximum as: k; values taken at time: 7.729208¢-40 and k; values taken at time:

7.740229e-40

ky ks ks
Numerical -0.265337 | 0.378638 0.886699

k1 ko ks
Predicted 0.565358 -0.323947 | 0.758588
Numerical 0.554889 -0.321979 | 0.767090
Percent Error | 1.851775% | 0.607281% | 1.120784%

Kasner Transition:

Table C.111: Fourth Recollapse to Recollapse- Forward Transition Rules- 10

Backwards Kasner Transition:

Table C.112: Fourth Recollapse to Recollapse- Backward Transition Rules- 10

11.

ky ko ks
Numerical -0.265337 0.378638 0.886699

Ky ks ks
Predicted 0.279944 -0.215469 0.935525
Numerical 0.149965 -0.137520 0.987554
Percent Error | 46.430171% | 36.176319% | 5.561562%

k1 ks ks
Numerical 0.149965 -0.137520 0.987554

kq ko ks
Predicted -0.172526 0.189693 0.982833
Numerical -0.265337 0.378638 0.886699
Percent Error | 53.795235% | 99.605269% | 9.781286%
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Maximum as: k; values taken at time: 7.740229¢-40 and k; values taken at time:
7.742723e-40

Kasner Transition:

ki ks ks
Numerical 0.149965 -0.137520 0.987554

k1 ko k3
Predicted 0.714285 0.617654 -0.331939

Numerical 0.569901 0.791770 -0.361671
Percent Error | 20.213768% | 28.189804% | 8.957002%

Table C.113: Fourth Recollapse to Recollapse- Forward Transition Rules- 11

Backwards Kasner Transition:

ky ks ks
Numerical 0.569901 0.791770 -0.361671

k1 ko ks
Predicted -0.554621 0.247339 1.307282
Numerical 0.149965 -0.137520 0.987554
Percent Error | 127.039247% | 155.599781% | 24.457407%

Table C.114: Fourth Recollapse to Recollapse- Backward Transition Rules- 11

154



Appendix D
Code for Project

D.1 LQC Bianchi IX Code

This is the code to generate LQC Bianchi IX solutions in C++. Note that this code
can be modified to generate solutions for both Classical and LQC Bianchi I, II, and

IX.

//C++ program to implement Runge Kutta method in LQC Bianchi IX
#define _USE_MATH_DEFINES

#include<stdio.h>

#include<iostream>

#include<fstream>

#include<string>

#include <cmath>

#include <iomanip>

using namespace std;

//Defining constants

long double 1_pl = 1.0;

long double gamma = 1.0;

long double Delta = 4*sqrt(3)*M_PI*gamma*l_plx1l_pil;

long double G = 1.0;//This is the gravitational constant
long double placeholder = 1.0;

long double dP1dt(long double P1, long double P2, long double P3,
long double cl, long double c2, long double c3)

{

return(Pl*sqrt (P1xP2+P3) /(sqrt(::Delta)*: :gammax::1_pl))*
cos(sqrt((abs(P1)*::Deltax*::1_plx::1_pl)/(abs(P2%P3)))*cl)*
(sin(sqrt((abs(P2)*::Delta*::1_pl*::1_pl)/(abs(P1*P3)))*c2) +
sin(sqrt((abs(P3)*::Delta*::1_pl*::1_pl)/(abs(P1*P2)))*c3));

long double dP2dt(long double P1, long double P2, long double P3,
long double cl1, long double c2, long double c3)

{

return (P2*sqrt (P1*P2xP3) /(sqrt (: :Delta)*: :gammax*::1_pl))*

cos(sqrt((abs(P2)*::Deltax*::1_plx::1_pl)/(abs(P1%P3)))*c2)*
(sin(sqrt((abs(P3)*::Deltax::1_pl*::1_pl)/(abs(P1*P2)))*c3) +
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3

sin(sqrt((abs(P1)*::Delta*::1_plx*::1_p1)/(abs(P2*P3)))*cl));

long double dP3dt(long double P1, long double P2, long double P3,

long double cl1, long double c2, long double c3)

{
return(P3*sqrt (P1xP2+P3) / (sqrt (: :Delta)*: :gamma*::1_pl))*

}

cos(sqrt((abs(P3)*::Deltax*::1_plx::1_pl)/(abs(P1xP2)))*c3)*
(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2*P3)))*cl) +
sin(sqrt((abs(P2)*::Delta*::1_plx*::1_pl)/(abs(P1*P3)))*c2));

long double dcldt(long double P1, long double P2, long double P3,

long double cl, long double c2, long double c3)

{
return- ((P2*P3)/(::Delta*::gamma*::1_pl*::1_pl))*

3

(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2*P3)))*cl)*
sin(sqrt((abs(P2)*::Delta*::1_plx*::1_pl)/(abs(P1%P3)))*c2)+
sin(sqrt((abs(P1)*::Delta*::1_plx*::1_pl)/(abs(P2%P3)))*cl)*
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1*P2)))*c3)+
sin(sqrt((abs(P2)*::Deltax::1_pl*::1_p1)/(abs(P1*P3)))*c2)*
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1*P2)))*c3)

+((sqrt((abs(P1)*::Delta*::1_pl*::1_pl)/(abs(P2*P3)))*cl1)/2.0)*
cos(sqrt((abs(P1)*::Delta*::1_plx*::1_pl)/(abs(P2xP3)))*cl)*
(sin(sqrt((abs(P2)*::Deltax*::1_pix::1_pl)/(abs(P1*P3)))*c2)+
sin(sqrt((abs(P3)*::Deltax::1_plx::1_pl)/(abs(P1*P2)))*c3))

-((sqrt((abs(P2)*: :Delta*::1_plx*::1_pl)/(abs(P1xP3)))*c2)/2.0)*
cos(sqrt((abs(P2)*::Delta*::1_plx::1_pl)/(abs(P1%P3)))*c2)*
(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2xP3)))*cl)+
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1%P2)))*c3))

-((sqrt((abs(P3)*::Deltax*::1_pl*::1_pl)/(abs(P1*P2)))*c3)/2.0)x*
cos(sqrt((abs(P3)*::Deltax*::1_plx::1_pl)/(abs(P1xP2)))*c3)x*
(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2*P3)))*cl)+
sin(sqrt((abs(P2)*::Delta*::1_pl*::1_p1)/(abs(P1*P3)))*c2)))

- (P2xP2*P3*P3) /(2.0% (P1*xP1%P1)) + (P1xP3*P3)/(2.0%(P2*P2))
+(P2*P2xP1) /(2.0%(P3%P3)) - P1;

long double dc2dt(long double P1, long double P2, long double P3,

long double cl1, long double c2, long double c3)

{
return- ((P1*P3)/(: :Delta*: :gammax*::1_pl*::1_pl))x*

(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2*P3)))*cl)*
sin(sqrt((abs(P2)*::Delta*::1_plx*::1_pl)/(abs(P1*P3)))*c2)+
sin(sqrt ((abs(P1)*::Delta*::1_plx*::1_pl)/(abs(P2*P3)))*cl)*
sin(sqrt((abs(P3)*::Delta*::1_pl*::1_p1)/(abs(P1*P2)))*c3)+
sin(sqrt ((abs(P2)*::Delta*::1_pl*::1_p1l)/(abs(P1*P3)))*c2)*
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1*P2)))*c3)

-((sqrt((abs(P1)*::Delta*::1_pl*::1_pl)/(abs(P2xP3)))*c1)/2.0)*

cos(sqrt((abs(P1)*::Deltax*::1_plx::1_pl)/(abs(P2%P3)))*cl)*
(sin(sqrt((abs(P2)*::Deltax::1_pl*::1_pl)/(abs(P1xP3)))*c2)+
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sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1%P2)))*c3))

+((sqrt ((abs(P2)*::Deltax::1_pl*::1_pl)/(abs(P1*P3)))*c2)/2.0)*
cos(sqrt((abs(P2)*::Deltax::1_plx*::1_p1)/(abs(P1*P3)))*c2)*
(sin(sqrt((abs(P1)*::Delta*::1_pl*::1_p1)/(abs(P2*P3)))*cl)+
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1%P2)))*c3))

-((sqrt((abs(P3)*::Deltax::1_plx*::1_pl)/(abs(P1*P2)))*c3)/2.0)*
cos(sqrt((abs(P3)*: :Delta*::1_pl*::1_pl)/(abs(P1xP2)))*c3)*
(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2xP3)))*cl)+
sin(sqrt((abs(P2)*::Delta*::1_plx*::1_pl)/(abs(P1*P3)))*c2)))

- (P3*P3*P1xP1)/(2.0% (P2xP2%P2)) + (P2xP1xP1)/(2.0%(P3*P3))
+ (P3*%P3%P2)/(2.0%x(P1*P1)) - P2;

long double dc3dt(long double P1, long double P2, long double P3,
long double cl, long double c2, long double c3)
{

return- ((P1xP2)/(::Delta*::gamma*::1_pl*::1_pl))*
(sin(sqrt((abs(P1)*::Delta*::1_pl*::1_p1)/(abs(P2*P3)))*c1)*
sin(sqrt((abs(P2)*::Delta*::1_plx*::1_pl)/(abs(P1*P3)))*c2)+
sin(sqrt((abs(P1)*::Deltax*::1_plx*::1_pl)/(abs(P2%P3)))*cl)*
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1*P2)))*c3)+
sin(sqrt((abs(P2)*::Delta*::1_pl*::1_p1)/(abs(P1*P3)))*c2)*
sin(sqrt((abs(P3)*::Deltax::1_plx::1_pl)/(abs(P1*P2)))*c3)

-((sqrt((abs(P1)*::Delta*::1_plx*::1_p1)/(abs(P2*P3)))*c1)/2.0)*
cos(sqrt((abs(P1)*::Deltax::1_plx*::1_pl)/(abs(P2*P3)))*cl)*
(sin(sqrt((abs(P2)*::Deltax::1_pl*::1_pl)/(abs(P1xP3)))*c2)+
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1%P2)))*c3))

-((sqrt((abs(P2)*::Delta*::1_pl*::1_p1)/(abs(P1*P3)))*c2)/2.0)*
cos(sqrt((abs(P2)*::Deltax*::1_plx::1_pl)/(abs(P1xP3)))*c2)*
(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2xP3)))*cl)+
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1%P2)))*c3))

+((sqrt((abs(P3)*::Deltax::1_pl*::1_pl)/(abs(P1xP2)))*c3)/2.0)*
cos(sqrt((abs(P3)*: :Deltax*::1_plx::1_pl)/(abs(P1%P2)))*c3)*
(sin(sqrt((abs(P1)*::Deltax*::1_plx*::1_pl)/(abs(P2*P3)))*cl)+
sin(sqrt((abs(P2)*::Delta*::1_pl*::1_p1)/(abs(P1*P3)))*c2)))

- (P1*P1xP2xP2) /(2.0% (P3*P3*P3)) + (P3*P2*P2)/(2.0%(P1*P1))
+ (P1*P1xP3)/(2.0%(P2%xP2)) - P3;

long double rungeKutta(long double tO, long double t,
long double P1_0, long double P2_0,
long double P3_0, long double c1_0,
long double c2_0, long double c3_0,
long double h)

{

//Calculating total numer of iterations, n
long long int n = ((t - t0)/h);

//Initializing variables for Runge-Kutta method
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long double k1_P1, k2_P1, k3_P1, k4_P1, k56_P1, k6_P1, k7_P1;
long double k1_P2, k2_P2, k3_P2, k4_P2, k5_P2, k6_P2, k7_P2;
long double k1_P3, k2_P3, k3_P3, k4_P3, k5_P3, k6_P3, k7_P3;
long double kil_cl1, k2_cl, k3_cl, k4_cl, kb_cl, k6_cl, k7_c1i;

long double k1_c2, k2_c2, k3_c2, k4_c2, kb_c2, k6_c2, k7_c2;
long double k1_c3, k2_c3, k3_c3, k4_c3, kb_c3, k6_c3, k7_c3;
long double k1_d1, k2_d1, k3_d1, k4_d1l, k5_d1l, k6_d1, k7_d1;
long double k1_d2, k2_d2, k3_d2, k4_d2, k5_d2, k6_d2, k7_d2;

long double k1_d3, k2_d3, k3_d3, k4_d3, k5_d3, k6_d3, k7_d3;

long double P1 = P1_0;
long double P2 = P2_0;
long double P3 = P3_0;
long double cl = c1_0;
long double c2 = c2_0;
long double c3 = c3_0;

//Here I calculate the relative error of the Hamiltonian

long double C = -((P1*P2*P3)/(8*M_PI*: :G*::gamma*: :gammax*: :Delta))x*
(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2*P3)))*cl)*
sin(sqrt((abs(P2)*: :Delta*::1_plx*::1_pl)/(abs(P1%P3)))*c2)+
sin(sqrt((abs(P1)*::Delta*::1_plx*::1_p1)/(abs(P2*P3)))*c1)*
sin(sqrt((abs(P3)*::Delta*::1_pl*::1_pl)/(abs(P1%P2)))*c3)+
sin(sqrt((abs(P2)*: :Delta*::1_plx*::1_pl)/(abs(P1%P3)))*c2)*
sin(sqrt((abs(P3)*::Deltax*::1_plx::1_pl)/(abs(P1%P2)))*c3))

+ (1/(32+M_PIx*::G))* ((P2xP2*P3xP3)/(P1xP1) + (P1xP1%P3*P3)/(P2*P2) +
(P1*P1%P2+P2) / (P3+P3)) -(1/(16%M_PI*::G))*(P1xP1 + P2*P2 + P3%P3);

long double C10 = - ((P1xP2*P3)/(8*M_PI*: :G*::gamma*: :gammax: :Delta))*
(sin(sqrt((abs(P2)*::Deltax::1_pl*::1_pl)/(abs(P1%P3)))*c2)*
sin(sqrt((abs(P3)*::Deltax*::1_plx*::1_pl)/(abs(P1%P2)))*c3));

long double C20 = -((P1*P2xP3)/(8*M_PIx*::G*::gamma*: :gammax::Delta))*
(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2*P3)))*cl)*
sin(sqrt((abs(P3)*: :Delta*::1_plx*::1_pl)/(abs(P1%P2)))*c3));

long double C30 = -((P1*P2xP3)/(8*M_PIx*::G*::gamma*::gammax::Delta))*
(sin(sqrt((abs(P1)*::Deltax::1_plx*::1_pl)/(abs(P2*P3)))*cl)*
sin(sqrt((abs(P2)*::Delta*::1_pl*::1_pl)/(abs(P1*P3)))*c2));

long double UO = (1/(32%M_PIx*::G))*((P2xP2*P3%P3)/(P1xP1)
+ (P1xP1xP3*P3)/(P2*P2) +(P1xP1xP2*P2)/(P3%*P3))
-(1/(16%M_PI*::G))*(P1%xP1 + P2*P2 + P3%P3);

long double Ul

(1/(32*%M_PIx*::G))*((P2%¥P2xP3%P3)/(P1*P1));

long double U2 = (1/(32*M_PI*::G))*((P1xP1xP3*P3)/(P2*P2));

long double U3 (1/(32*M_PIx*::G))*x((P1xP1xP2xP2)/(P3*P3));

long double U23

-(1/(16%M_PI*::G))*P1%P1;
long double U13

-(1/(16%M_PI*::G))*P2*P2;
-(1/(16%M_PIx*: :G))*P3xP3;

long double U12
long double C_den = sqrt(C10%C10 + C20%C20 + C30%C30 + UO*UO);
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long double C_rel = C/C_den;

//Here I create the file I am going to output data to
ofstream outputFile;
outputFile.open("Test_For_Paper.csv");

outputFile << std::setprecision(20);

//This point counter will output to our csv file when it equals

int Point_Counter =

2;

//This point counter will output to our command window when it

//equals 1

int Point_Counter_2 = 1;

int Points_Per_Output
int Points_Per_Output_

2

10

00;
100000;

//Initializing directional scale factors and kasner exponents
long double a_new, al_new, a2_new, a3_new, a_older;
long double al_older, a2_older, a3_older, ki1, k2, k3;

//Calculating initial scale factors

long double
long double
long double
long double

al_old = sqrt((P2*P3)/P1);
a2_old = sqrt((P1xP3)/P2);
a3_old = sqrt((P1%P2)/P3);

a_old = pow(P1*P2*P3, 1.0/6.0);

//Here initial data is outputted to csv file
outputFile << t0 << "," << P1 << ", " <K P2 << " " K< P3 << ",

<< ¢l <K "MK 2 <K "M 3 "M K C_rel

<< "," << al_old << "," <<
<L a_old <<ll’|l <L h <L Il,ll
::placeholder << "," << U0
<< U3 << n n << U23 << H,H

b

a2_old << "," << a3_old << ", "

<< Points_Per_QOutput << "," <<

n << U1 << H’H << U2 << H,H
<< U13 << ", " << U12 << std::endl;

<L "

b

for (long long int i=0; i<=n; i++){

// Apply 6th order Runge Kutta Formulas to

//of P
k1_P1
k1_P2
k1_P3
kl_c1
kl_c2
kl_c3

k2_P1 =

k2_P2 =

k2_P3 =

h*xdP1dt (P1,
h*dP2dt (P1,
h*dP3dt (P1,
h*dcidt (P1,
h*dc2dt (P1,
h*xdc3dt (P1,

h*dP1dt (P1
P3
c2
h*dP2dt (P1
P3
c2
h*dP3dt (P1
P3

+ 4+ + 4+ ++++

1, P_2, P_3, c_1,
P2,
P2,
P2,
P2,
P2,
P2,

P3,
P3,
P3,
P3,
P3,
P3,

.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.

c_2,

c_3
cl, c2, c3);
cl, c2, c3);
cl, c2, c3);
cl, c2, c3);
cl, c2, c3);
cl, c2, c3);
0)xk1_P1, P2
0)xk1_P3, ci
0)*kl_c2, c3
0)xk1_P1, P2
0)*k1_P3, cl
0)*xkl_c2, c3
0)xk1_P1, P2
0)*xk1_P3, ci
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++++++++

find next values

.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.

0)*k1_P2,
0)*k1_c1,
0)*k1_c3);
0)*k1_P2,
0)*k1_c1,
0)xk1l_c3);
0)xk1_P2,
0)*k1_c1,



k2_c1

k2_c2

k2_c3

k3_P1

k3_P2

k3_P3

k3_c1

k3_c2

k3_c3

k4_P1

k4_P2 =

k4d_P3 =

c2 + (1.0/3.0)*kl1_c2,
h*dc1dt (P1 + (1.0/3.0)*k1_P1,
P3 + (1.0/3.0)*k1_P3,
c2 + (1.0/3.0)xk1_c2,
h*dc2dt(P1 + (1.0/3.0)*k1_P1,
P3 + (1.0/3.0)*k1_P3,
c2 + (1.0/3.0)*kl1_c2,
h*dc3dt(P1 + (1.0/3.0)xk1_P1,
P3 + (1.0/3.0)*k1_P3,
c2 + (1.0/3.0)xkl1_c2,
h*xdP1dt (P1 + (2.0/3.0)*k2_P1,
P3 + (2.0/3.0)*k2_P3,
c2 + (2.0/3.0)*k2_c2,
h*dP2dt(P1 + (2.0/3.0)*k2_P1,
P3 + (2.0/3.0)*k2_P3,
c2 + (2.0/3.0)*k2_c2,
h*dP3dt(P1 + (2.0/3.0)*k2_P1,
P3 + (2.0/3.0)*k2_P3,
c2 + (2.0/3.0)*k2_c2,
hxdc1dt(P1 + (2.0/3.0)*k2_P1,
P3 + (2.0/3.0)*k2_P3,
c2 + (2.0/3.0)*k2_c2,
h*dc2dt(P1 + (2.0/3.0)*k2_P1,
P3 + (2.0/3.0)*k2_P3,
c2 + (2.0/3.0)*k2_c2,
h*xdc3dt(P1 + (2.0/3.0)*k2_P1,
P3 + (2.0/3.0)*k2_P3,
c2 + (2.0/3.0)*k2_c2,

h*dP1dt(P1 + (1.0/12.0)*k1_P1
-(1.0/12.0)*k3_P1,
P2 + (1.0/12.0)*k1_P2
-(1.0/12.0)*k3_P2,
P3 + (1.0/12.0)*k1_P3
-(1.0/12.0)*k3_P3,
cl + (1.0/12.0)*k1_c1
-(1.0/12.0)*k3_c1,
c2 + (1.0/12.0)*k1_c2
-(1.0/12.0)*k3_c2,
c3 + (1.0/12.0)*k1_c3
-(1.0/12.0)*k3_c3);
h*dP2dt(P1 + (1.0/12.0)*k1_P1
-(1.0/12.0)*k3_P1,
P2 + (1.0/12.0)*k1_P2
-(1.0/12.0)*k3_P2,
P3 + (1.0/12.0)*k1_P3
-(1.0/12.0)*k3_P3,
cl + (1.0/12.0)*k1_c1
-(1.0/12.0)*k3_c1,
c2 + (1.0/12.0)*k1l_c2
-(1.0/12.0)*k3_c2,
c3 + (1.0/12.0)*k1_c3
-(1.0/12.0)*k3_c3);
h*dP3dt(P1 + (1.0/12.0)*k1_P1
-(1.0/12.0)*k3_P1,
P2 + (1.0/12.0)*k1_P2
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c3
P2
cl
c3
P2
cl
c3
P2
cl
c3

P2
cl
c3
P2
cl
c3
P2
cl
c3
P2
cl
c3
P2
cl
c3
P2
cl
c3

++++++++++

+t++++++ A+

(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1
(1

.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.
.0/3.

.0)*k1_c3);
.0)*k1_P2,
.0)*kl_c1,
.0)*k1_c3);
.0)xk1_P2,
.0)*xk1_c1,
.0)*xk1_c3);
.0)*k1_P2,
.0)*kl_c1,
.0)*k1_c3);

.0)*k2_P2,
.0)*k2_c1,
.0)*k2_c3);
.0)*k2_P2,
.0)*k2_c1,
.0)*k2_c3);
.0)*xk2_P2,
.0)*xk2_c1,
.0)*k2_c3);
.0)*k2_P2,
.0)*k2_c1,
.0)*k2_c3);
.0)*k2_P2,
.0)*k2_c1,
.0)*k2_c3);
.0)*xk2_P2,
. .0)*k2_c1,
.0/3.

0)*k2_c3);

0)*k2_P1
0)*k2_P2
0) *k2_P3
0)*k2_cl
0)*k2_c2
0)*k2_c3
0)*k2_P1
0)*k2_P2
0)*k2_P3
0)*k2_c1
0)*k2_c2
0)*k2_c3
0)*k2_P1
0)*k2_P2



-(1.0/12.0)*k3_P2,
P3 + (1.0/12.0)*k1_P3 + (1.0/3.0)*k2_P3
-(1.0/12.0)*k3_P3,
cl + (1.0/12.0)*k1_c1 + (1.0/3.0)*k2_c1
-(1.0/12.0)*k3_c1,
c2 + (1.0/12.0)*k1_c2 + (1.0/3.0)*k2_c2
-(1.0/12.0)*k3_c2,
c3 + (1.0/12.0)*k1_c3 + (1.0/3.0)*k2_c3
-(1.0/12.0)*k3_c3);

k4_c1l = h*dc1ldt(P1 + (1.0/12.0)*k1_P1 + (1.0/3.0)*k2_P1
-(1.0/12.0)*k3_P1,
P2 + (1.0/12.0)*k1_P2 + (1.0/3.0)*k2_P2
-(1.0/12.0)*k3_P2,
P3 + (1.0/12.0)*k1_P3 + (1.0/3.0)*k2_P3
-(1.0/12.0)*k3_P3,
cl + (1.0/12.0)*k1_c1 + (1.0/3.0)*k2_c1
-(1.0/12.0)*k3_cl1,
c2 + (1.0/12.0)*k1_c2 + (1.0/3.0)*k2_c2
-(1.0/12.0)*k3_c2,
c3 + (1.0/12.0)*k1_c3 + (1.0/3.0)*k2_c3
-(1.0/12.0)%*k3_c3);

k4_c2 = h*dc2dt(P1 + (1.0/12.0)*k1_P1 + (1.0/3.0)*k2_P1
-(1.0/12.0)*k3_P1,
P2 + (1.0/12.0)*k1_P2 + (1.0/3.0)*k2_P2
-(1.0/12.0)*k3_P2,
P3 + (1.0/12.0)*k1_P3 + (1.0/3.0)*k2_P3
-(1.0/12.0)*k3_P3,
cl + (1.0/12.0)*k1_c1 + (1.0/3.0)*k2_c1
-(1.0/12.0)*k3_c1,
c2 + (1.0/12.0)*k1_c2 + (1.0/3.0)*k2_c2
-(1.0/12.0)*k3_c2,
c3 + (1.0/12.0)*k1_c3 + (1.0/3.0)*k2_c3
-(1.0/12.0)*k3_c3);

k4_c3 = h*dc3dt(P1 + (1.0/12.0)*k1_P1 + (1.0/3.0)*k2_P1
-(1.0/12.0)*k3_P1,
P2 + (1.0/12.0)*k1_P2 + (1.0/3.0)*k2_P2
-(1.0/12.0)*k3_P2,
P3 + (1.0/12.0)*k1_P3 + (1.0/3.0)*k2_P3
-(1.0/12.0)*k3_P3,
cl + (1.0/12.0)*k1_c1 + (1.0/3.0)*k2_c1
-(1.0/12.0)*k3_cl1,
c2 + (1.0/12.0)*k1_c2 + (1.0/3.0)*k2_c2
-(1.0/12.0)*k3_c2,
c3 + (1.0/12.0)*k1_c3 + (1.0/3.0)*k2_c3
-(1.0/12.0)*k3_c3);

k5_P1 = h*dP1dt(P1 - (1.0/16.0)*k1_P1 +(9.0/8.0)*k2_P1
-(3.0/16.0)*k3_P1 - (3.0/8.0)*k4_P1,
P2 - (1.0/16.0)*k1_P2 +(9.0/8.0)*k2_P2
-(3.0/16.0)*k3_P2 - (3.0/8.0)*k4_P2,
P3 - (1.0/16.0)*k1_P3 +(9.0/8.0)*k2_P3
-(3.0/16.0)*k3_P3 - (3.0/8.0)*k4_P3,
cl - (1.0/16.0)*k1_c1 +(9.0/8.0)*k2_c1
-(3.0/16.0)*k3_c1 - (3.0/8.0)*k4_c1,
c2 - (1.0/16.0)*k1_c2 +(9.0/8.0)*k2_c2
-(3.0/16.0)*k3_c2 - (3.0/8.0)*k4_c2,
c3 - (1.0/16.0)*k1_c3 +(9.0/8.0)*k2_c3
-(3.0/16.0)*k3_c3 - (3.0/8.0)%*k4_c3);
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k5_P2 = h*xdP2dt(P1 - (1.0/16.0)*k1_P1 +(9.0/8.0)*k2_P1
-(3.0/16.0)*k3_P1 - (3.0/8.0)*k4_P1,
P2 - (1.0/16.0)*k1_P2 +(9.0/8.0)*k2_P2
-(3.0/16.0)*k3_P2 - (3.0/8.0)*k4_P2,
P3 - (1.0/16.0)*k1_P3 +(9.0/8.0)*k2_P3
-(3.0/16.0)*k3_P3 - (3.0/8.0)*k4_P3,
cl - (1.0/16.0)*k1_c1 +(9.0/8.0)*k2_c1
-(3.0/16.0)*k3_c1 - (3.0/8.0)*k4_c1,
c2 - (1.0/16.0)*k1_c2 +(9.0/8.0)*k2_c2
-(3.0/16.0)*k3_c2 - (3.0/8.0)*k4_c2,
c3 - (1.0/16.0)*k1_c3 +(9.0/8.0)*k2_c3
-(3.0/16.0)*k3_c3 - (3.0/8.0)*k4_c3);
k5_P3 = h*dP3dt(P1 - (1.0/16.0)*k1_P1 +(9.0/8.0)*k2_P1
-(3.0/16.0)*k3_P1 - (3.0/8.0)*k4_P1,
P2 - (1.0/16.0)*k1_P2 +(9.0/8.0)*k2_P2
-(3.0/16.0)*k3_P2 - (3.0/8.0)*k4_P2,
P3 - (1.0/16.0)*k1_P3 +(9.0/8.0)*k2_P3
-(3.0/16.0)*k3_P3 - (3.0/8.0)*k4_P3,
cl - (1.0/16.0)*k1_c1l +(9.0/8.0)*k2_c1
-(3.0/16.0)*k3_c1 - (3.0/8.0)*k4_c1,
c2 - (1.0/16.0)*k1_c2 +(9.0/8.0)*k2_c2
-(3.0/16.0)*k3_c2 - (3.0/8.0)*k4_c2,
c3 - (1.0/16.0)*k1_c3 +(9.0/8.0)*k2_c3
-(3.0/16.0)*k3_c3 - (3.0/8.0)*k4_c3);
k5_c1l = h*dc1ldt(P1 - (1.0/16.0)*k1_P1 +(9.0/8.0)*k2_P1
-(3.0/16.0)*k3_P1 - (3.0/8.0)*k4_P1,
P2 - (1.0/16.0)*k1_P2 +(9.0/8.0)*k2_P2
-(3.0/16.0)*k3_P2 - (3.0/8.0)*k4_P2,
P3 - (1.0/16.0)*k1_P3 +(9.0/8.0)*k2_P3
-(3.0/16.0)*k3_P3 - (3.0/8.0)*k4_P3,
cl - (1.0/16.0)*k1_c1 +(9.0/8.0)*k2_c1
-(3.0/16.0)*k3_c1 - (3.0/8.0)*k4_c1,
c2 - (1.0/16.0)*k1_c2 +(9.0/8.0)*k2_c2
-(3.0/16.0)*k3_c2 - (3.0/8.0)*k4_c2,
c3 - (1.0/16.0)*k1_c3 +(9.0/8.0)*k2_c3
-(3.0/16.0)*k3_c3 - (3.0/8.0)*k4_c3);
k5_c2 = hxdc2dt(P1 - (1.0/16.0)*k1_P1 +(9.0/8.0)*k2_P1
-(3.0/16.0)*k3_P1 - (3.0/8.0)*k4_P1,
P2 - (1.0/16.0)*k1_P2 +(9.0/8.0)*k2_P2
-(3.0/16.0)*k3_P2 - (3.0/8.0)*k4_P2,
P3 - (1.0/16.0)*k1_P3 +(9.0/8.0)*k2_P3
-(3.0/16.0)*k3_P3 - (3.0/8.0)*k4_P3,
cl - (1.0/16.0)*k1_c1 +(9.0/8.0)*k2_c1
-(3.0/16.0)*k3_cl1 - (3.0/8.0)*k4_c1,
c2 - (1.0/16.0)*k1_c2 +(9.0/8.0)*k2_c2
-(3.0/16.0)*k3_c2 - (3.0/8.0)*k4_c2,
c3 - (1.0/16.0)*k1_c3 +(9.0/8.0)*k2_c3
-(3.0/16.0)*k3_c3 - (3.0/8.0)*k4_c3);
k5_c3 = h*dc3dt(P1 - (1.0/16.0)*k1_P1 +(9.0/8.0)*k2_P1
-(3.0/16.0)*k3_P1 - (3.0/8.0)*k4_P1,
P2 - (1.0/16.0)*k1_P2 +(9.0/8.0)*k2_P2
-(3.0/16.0)*k3_P2 - (3.0/8.0)*k4_P2,
P3 - (1.0/16.0)*k1_P3 +(9.0/8.0)*k2_P3
-(3.0/16.0)*k3_P3 - (3.0/8.0)*k4_P3,
cl - (1.0/16.0)*k1_c1l +(9.0/8.0)*k2_c1
-(3.0/16.0)*k3_c1 - (3.0/8.0)*k4_c1,
c2 - (1.0/16.0)*k1_c2 +(9.0/8.0)*k2_c2
-(3.0/16.0)*k3_c2 - (3.0/8.0)*k4_c2,
c3 - (1.0/16.0)*k1_c3 +(9.0/8.0)*k2_c3
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-(3.0/16.0)*k3_c3 - (3.0/8.0)*k4_c3);

k6_P1 = hxdP1dt(P1 + (9.
-(3.0/4.
P2 + (9.
-(3.0/4.
P3 + (9.
-(3.0/4.
cl + (9.
-(3.0/4.
c2 + (9.
-(3.0/4.
c3 + (9.
-(3.0/4.

k6_P2 = h*xdP2dt(P1 + (9.
-(3.0/4.
P2 + (9.
-(3.0/4.
P3 + (9.
-(3.0/4.
cl + (9.
-(3.0/4.
c2 + (9.
-(3.0/4.
c3 + (9.
-(3.0/4.

k6_P3 = hxdP3dt(P1 + (9.
-(3.0/4.
P2 + (9.
-(3.0/4.
P3 + (9.
-(3.0/4.
cl + (9.
-(3.0/4.
c2 + (9.
-(3.0/4.
c3 + (9.
-(3.0/4.

k6_cl1 = hxdc1dt(P1 + (9.
-(3.0/4.
P2 + (9.
-(3.0/4.
P3 + (9.
-(3.0/4.
cl + (9.
-(3.0/4.
c2 + (9.
-(3.0/4.
c3 + (9.
-(3.0/4.

k6_c2 = hxdc2dt(P1 + (9.
-(3.0/4.
P2 + (9.
-(3.0/4.
P3 + (9.
-(3.0/4.
cl + (9.
-(3.0/4.
c2 + (9.

0/8.0)*k2_P1 -(3.0/8.0)*k3_P1
0)*k4_P1 + (1.0/2.0)*k5_P1,
0/8.0)*k2_P2 -(3.0/8.0)*k3_P2
0)*k4_P2 + (1.0/2.0)*k5_P2,
0/8.0)*k2_P3 -(3.0/8.0)*k3_P3
0)*k4_P3 + (1.0/2.0)*k5_P3,
0/8.0)*k2_cl -(3.0/8.0)*k3_c1
0)*k4_cl + (1.0/2.0)*k5_c1,
0/8.0)*k2_c2 -(3.0/8.0)*k3_c2
0)*k4_c2 + (1.0/2.0)*k5_c2,
0/8.0)*k2_c3 -(3.0/8.0)*k3_c3
0)*k4_c3 + (1.0/2.0)*k5_c3);
0/8.0)*k2_P1 -(3.0/8.0)*k3_P1
0)*k4_P1 + (1.0/2.0)*k5_P1,
0/8.0)*k2_P2 -(3.0/8.0)*k3_P2
0)*k4_P2 + (1.0/2.0)*k5_P2,
0/8.0)*k2_P3 -(3.0/8.0)*k3_P3
0)*k4_P3 + (1.0/2.0)*k5_P3,
0/8.0)*k2_cl -(3.0/8.0)*k3_cl
0)*k4_cl + (1.0/2.0)*k5_c1,
0/8.0)*k2_c2 -(3.0/8.0)*k3_c2
0)*k4_c2 + (1.0/2.0)*k5_c2,
0/8.0)*k2_c3 -(3.0/8.0)*k3_c3
0)*k4_c3 + (1.0/2.0)*k5_c3);
0/8.0)*k2_P1 -(3.0/8.0)*k3_P1
0)*k4_P1 + (1.0/2.0)*k5_P1,
0/8.0)*k2_P2 -(3.0/8.0)*k3_P2
0)*k4_P2 + (1.0/2.0)*k5_P2,
0/8.0)*k2_P3 -(3.0/8.0)*k3_P3
0)*k4_P3 + (1.0/2.0)*k5_P3,
0/8.0)*k2_cl -(3.0/8.0)*k3_cl
0)*k4_cl + (1.0/2.0)*k5_c1,
0/8.0)*k2_c2 -(3.0/8.0)*k3_c2
0)*k4_c2 + (1.0/2.0)*k5_c2,
0/8.0)*k2_c3 -(3.0/8.0)*k3_c3
0)*k4_c3 + (1.0/2.0)*k5_c3);
0/8.0)*k2_P1 -(3.0/8.0)*k3_P1
0)*k4_P1 + (1.0/2.0)*k5_P1,
0/8.0)*k2_P2 -(3.0/8.0)*k3_P2
0)*k4_P2 + (1.0/2.0)*k5_P2,
0/8.0)*k2_P3 -(3.0/8.0)*k3_P3
0)*k4_P3 + (1.0/2.0)*k5_P3,
0/8.0)*k2_c1 -(3.0/8.0)*k3_c1
0)*k4_cl + (1.0/2.0)*k5_c1,
0/8.0)*k2_c2 -(3.0/8.0)*k3_c2
0)*k4_c2 + (1.0/2.0)*k5_c2,
0/8.0)*k2_c3 -(3.0/8.0)*k3_c3
0)*k4_c3 + (1.0/2.0)*k5_c3);
0/8.0)*k2_P1 -(3.0/8.0)*k3_P1
0)*k4_P1 + (1.0/2.0)*k5_P1,
0/8.0)*k2_P2 -(3.0/8.0)*k3_P2
0)*k4_P2 + (1.0/2.0)*k5_P2,
0/8.0)*k2_P3 -(3.0/8.0)*k3_P3
0)*k4_P3 + (1.0/2.0)x*k5_P3,
0/8.0)*k2_cl -(3.0/8.0)*k3_c1
0)*k4_cl + (1.0/2.0)*k5_c1,
0/8.0)*k2_c2 -(3.0/8.0)*k3_c2
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-(3.0/4.0)*k4_c2 + (1.0/2.0)*k5_c2,

c3 +

(9.0/8.0)*k2_c3 -(3.0/8.0)*k3_c3

-(3.0/4.0)*k4_c3 + (1.0/2.0)*k5_c3);

k6_c3 = h*dc3dt(P1 +

(9.0/8.0)*k2_P1 -(3.0/8.0)*k3_P1

-(3.0/4.0)*k4_P1 + (1.0/2.0)*k5_P1,

P2 +

(9.0/8.0)*k2_P2 -(3.0/8.0)*k3_P2

-(3.0/4.0)*k4_P2 + (1.0/2.0)*k5_P2,

P3 +

(9.0/8.0)*k2_P3 -(3.0/8.0)*k3_P3

-(3.0/4.0)*k4_P3 + (1.0/2.0)*k5_P3,

cl +

(9.0/8.0)*k2_c1 -(3.0/8.0)*k3_c1

-(3.0/4.0)*k4_c1 + (1.0/2.0)*k5_c1,

c2 +

(9.0/8.0)*k2_c2 -(3.0/8.0)*k3_c2

-(3.0/4.0)*k4_c2 + (1.0/2.0)*k5_c2,

c3 +

(9.0/8.0)*k2_c3 -(3.0/8.0)*k3_c3

-(3.0/4.0)*k4_c3 + (1.0/2.0)*k5_c3);

k7_P1 = hxdP1dt(P1 +
+(63.
-(16.
P2 +
+(63.
-(16.
P3 +
+(63.
-(16.
cl +
+(63.
-(16.
c2 +
+(63.
-(16.
c3 +

k7_P2 = hxdP2dt(P1 +
+(63.
-(16.
P2 +
+(63.
-(16.
P3 +
+(63.
-(16.
cl +
+(63.
-(16.
c2 +
+(63.
-(16.
c3 +
+(63.
-(16.

k7_P3 = hxdP3dt(P1 +
+(63.
-(16.
P2 +
+(63.

(9.0/44.0)*k1_P1 -(9.0/11.0)*k2_P1
0/44.0)*k3_P1 + (18.0/11.0)*k4_P1

0/11.0)*k6_P1,

(9.0/44.0)*k1_P2 -(9.0/11.0)*k2_P2
0/44.0)*k3_P2 + (18.0/11.0)*k4_P2

0/11.0)*k6_P2,

(9.0/44.0)*k1_P3 -(9.0/11.0)*k2_P3
0/44.0)*k3_P3 + (18.0/11.0)*k4_P3

0/11.0)*k6_P3,

(9.0/44.0)*k1_c1 -(9.0/11.0)*k2_c1
0/44.0)*k3_cl + (18.0/11.0)*k4_c1

0/11.0)*k6_c1,

(9.0/44.0)*k1_c2 -(9.0/11.0)*k2_c2
0/44.0)*k3_c2 + (18.0/11.0)*k4_c2

0/11.0)*k6_c2,

(9.0/44.0)*%k1_c3 -(9.0/11.0)*k2_c3

.0/44.0)*k3_c3 + (18.0/11.0)*k4_c3
.0/11.0)*k6_c3) ;

(9.0/44.0)*k1_P1 -(9.0/11.0)*k2_P1
0/44.0)*k3_P1 + (18.0/11.0)*k4_P1

0/11.0)*k6_P1,

(9.0/44.0)*k1_P2 -(9.0/11.0)*k2_P2
0/44.0)*k3_P2 + (18.0/11.0)*k4_P2

0/11.0)*k6_P2,

(9.0/44.0)*k1_P3 -(9.0/11.0)*k2_P3
0/44.0)*k3_P3 + (18.0/11.0)*k4_P3

0/11.0)*k6_P3,

(9.0/44.0)*k1_c1 -(9.0/11.0)*k2_c1
0/44.0)*k3_c1 + (18.0/11.0)*k4_c1

0/11.0)*k6_c1,

(9.0/44.0)*k1_c2 -(9.0/11.0)*k2_c2
0/44.0)*k3_c2 + (18.0/11.0)*k4_c2

0/11.0)*k6_c2,

(9.0/44.0)*k1_c3 -(9.0/11.0)*k2_c3
0/44.0)*k3_c3 + (18.0/11.0)*k4_c3

0/11.0)*k6_c3);

(9.0/44.0)*k1_P1 -(9.0/11.0)*k2_P1
0/44.0)*k3_P1 + (18.0/11.0)*k4_P1

0/11.0)*k6_P1,

(9.0/44.0)*k1_P2 -(9.0/11.0)*k2_P2
0/44.0)*k3_P2 + (18.0/11.0)*k4_P2
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-(16.

P3 +

+(63.
-(16.

cl +

+(63.
-(16.

c2 +

+(63.
-(16.

c3 +

+(63.
-(16.

k7_cl = h*xdcldt(P1 +

+(63.
-(16.

P2 +

+(63.
-(16.

P3 +

+(63.
-(16.

cl +

+(63.
-(16.

c2 +

+(63.
-(16.

c3 +

+(63.
-(16.

k7_c2 = h*dc2dt(P1 +

+(63.
-(16.

P2 +

+(63.
-(16.

P3 +

+(63.
-(16.

cl +

+(63.
-(16.

c2 +

+(63.
-(16.

c3 +

+(63.
-(16.

k7_c3 = h*xdc3dt(P1 +

+(63.
-(16.

P2 +

+(63.
-(16.

P3 +

+(63.
-(16.

cl +

0/11.0)*k6_P2,

(9.0/44.0)*k1_P3 -(9.0/11.0)*k2_P3
0/44.0)*k3_P3 + (18.0/11.0)*k4_P3

0/11.0)*k6_P3,

(9.0/44.0)*k1_c1 -(9.0/11.0)*k2_c1
0/44.0)*k3_c1 + (18.0/11.0)*k4_c1

0/11.0)*k6_c1,

(9.0/44.0)*k1_c2 -(9.0/11.0)*k2_c2
0/44.0)*k3_c2 + (18.0/11.0)*k4_c2

0/11.0)*k6_c2,

(9.0/44.0)*k1_c3 -(9.0/11.0)*k2_c3
0/44.0)*k3_c3 + (18.0/11.0)*k4_c3

0/11.0)*k6_c3);

(9.0/44.0)*k1_P1 -(9.0/11.0)*k2_P1
0/44.0)*k3_P1 + (18.0/11.0)*k4_P1

0/11.0)*k6_P1,

(9.0/44.0)*k1_P2 -(9.0/11.0)*k2_P2
0/44.0)*k3_P2 + (18.0/11.0)*k4_P2

0/11.0)*k6_P2,

(9.0/44.0)*k1_P3 -(9.0/11.0)*k2_P3
0/44.0)*k3_P3 + (18.0/11.0)*k4_P3

0/11.0)*k6_P3,

(9.0/44.0)*k1_cl -(9.0/11.0)*k2_c1
0/44.0)*k3_c1 + (18.0/11.0)*k4_c1

0/11.0)*k6_c1,

(9.0/44.0)*%k1_c2 -(9.0/11.0)*k2_c2
0/44.0)*k3_c2 + (18.0/11.0)*k4_c2

0/11.0)*k6_c2,

(9.0/44.0)*k1_c3 -(9.0/11.0)*k2_c3
0/44.0)*k3_c3 + (18.0/11.0)*k4_c3

0/11.0)*k6_c3);

(9.0/44.0)*k1_P1 -(9.0/11.0)*k2_P1
0/44.0)*k3_P1 + (18.0/11.0)*k4_P1

0/11.0)*k6_P1,

(9.0/44.0)*k1_P2 -(9.0/11.0)*k2_P2
0/44.0)*k3_P2 + (18.0/11.0)*k4_P2

0/11.0)*k6_P2,

(9.0/44.0)*k1_P3 -(9.0/11.0)*k2_P3
0/44.0)*k3_P3 + (18.0/11.0)*k4_P3

0/11.0)*k6_P3,

(9.0/44.0)*k1_c1 -(9.0/11.0)*k2_c1
0/44.0)*k3_cl + (18.0/11.0)*k4_c1

0/11.0)*k6_c1,

(9.0/44.0)*k1_c2 -(9.0/11.0)*k2_c2
0/44.0)*k3_c2 + (18.0/11.0)*k4_c2

0/11.0)*k6_c2,

(9.0/44.0)*k1_c3 -(9.0/11.0)*k2_c3
0/44.0)*k3_c3 + (18.0/11.0)*k4_c3

0/11.0)*k6_c3);

(9.0/44.0)*k1_P1 -(9.0/11.0)*k2_P1
0/44.0)*k3_P1 + (18.0/11.0)*k4_P1

0/11.0)*k6_P1,

(9.0/44.0)*%k1_P2 -(9.0/11.0)*k2_P2
0/44.0)*k3_P2 + (18.0/11.0)*k4_P2

0/11.0)*k6_P2,

(9.0/44.0)*k1_P3 -(9.0/11.0)*k2_P3
0/44.0)*k3_P3 + (18.0/11.0)*k4_P3

0/11.0)*k6_P3,

(9.0/44.0)*k1_c1 -(9.0/11.0)*k2_c1
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+(63.0/44.0)*k3_cl + (18.0/11.0)*k4_c1

-(16.0/11.0)*k6_c1,

c2 + (9.0/44.0)*k1_c2 -(9.0/11.0)*k2_c2
+(63.0/44.0)*k3_c2 + (18.0/11.0)*k4_c2

-(16.0/11.0)*k6_c2,

c3 + (9.0/44.0)*k1_c3 -(9.0/11.0)*k2_c3
+(63.0/44.0)*k3_c3 + (18.0/11.0)*k4_c3

-(16.0/11.0)*k6_c3) ;

P1 = P1 + ((11.0/120.0)*k1_P1 + (27.0/40.0)*k3_P1
+(27.0/40.0)*k4_P1 -(4.0/15.0)*k5_P1
-(4.0/15.0)*k6_P1 + (11.0/120.0)*k7_P1);

P2 = P2 + ((11.0/120.0)*k1_P2 + (27.0/40.0)*k3_P2
+(27.0/40.0)*k4_P2 -(4.0/15.0)*k5_P2
-(4.0/15.0)*k6_P2 + (11.0/120.0)*k7_P2);

P3 = P3 + ((11.0/120.0)*k1_P3 + (27.0/40.0)*k3_P3
+(27.0/40.0)*k4_P3 -(4.0/15.0)*k5_P3
-(4.0/15.0)*k6_P3 + (11.0/120.0)*k7_P3);

cl =cl + ((11.0/120.0)*k1_cl + (27.0/40.0)*k3_cl
+ (27.0/40.0)*k4_c1 -(4.0/15.0)*k5_c1
-(4.0/15.0)*k6_cl + (11.0/120.0)*k7_c1);

c2 = c2 + ((11.0/120.0)*k1_c2 + (27.0/40.0)*k3_c2 +
(27.0/40.0)*k4_c2 -(4.0/15.0)*k5_c2
-(4.0/15.0)*k6_c2 + (11.0/120.0)*k7_c2);

c3 = c3 + ((11.0/120.0)*k1_c3 + (27.0/40.0)*k3_c3

+ (27.0/40.0)*k4_c3 -(4.0/15.0)*k5_c3
-(4.0/15.0)*k6_c3 + (11.0/120.0)*k7_c3);

//Updating the time with the stepsize
t0 = t0 + h;

//Calculating new directional scale factors
a_new = pow(P1*P2*P3, 1.0/6.0);

al_new = sqrt((P2xP3)/P1);
a2_new = sqrt((P1*P3)/P2);
a3_new = sqrt((P1*P2)/P3);

//Calculating and outputting data to csv file if
//Point_Counter ==

if (Point_Counter == 1){

//Calculating Relative Error

C = —((P1*%P2xP3) /(8*M_PI*: :G*: :gamma*: :gamma*: :Delta))x*
(sin(sqrt((abs(P1)*::Deltax::1_pl*::1_pl)/(abs(P2*P3)))*cl)*
sin(sqrt((abs(P2)*::Delta*::1_plx*::1_pl)/(abs(P1*P3)))*c2)+
sin(sqrt((abs(P1)*::Deltax*::1_plx*::1_pl)/(abs(P2%P3)))*cl)*
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1*P2)))*c3)+
sin(sqrt((abs(P2)*::Delta*::1_pl*::1_p1)/(abs(P1*P3)))*c2)*
sin(sqrt((abs(P3)*::Delta*::1_plx*::1_pl)/(abs(P1%P2)))*c3))
+ (1/(32*%M_PI*::G))* ((P2+P2*P3%P3)/(P1xP1) +
(P1%P1xP3%P3) / (P2*%P2) + (P1xP1xP2%P2)/(P3*P3))
-(1/(16*M_PI*::G))*(P1*P1 + P2*P2 + P3%P3);

C_rel = C/C_den;
//Calculating Kasner Exponents

k1 = (a_new/(3*al_new))*((al_new-al_old)/(a_new-a_old));
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k2
k3

(a_new/(3*a2_new))*((a2_new-a2_old)/(a_new-a_old));
(a_new/(3*a3_new))*((a3_new-a3_old)/(a_new-a_old));

//Calculating Potentials

U0 = (1/(32*M_PIx*::G))*x((P2xP2*xP3*xP3)/(P1*P1) +
(P1*¥P1*P3%xP3) / (P2*P2) + (P1*P1xP2xP2)/(P3*P3))
-(1/(16*%M_PI*::G))*(P1*P1 + P2%P2 + P3%P3);

Ul = (1/(32*%M_PI*::G))*((P2+P2*P3%P3)/(P1xP1));

U2 = (1/(32*M_PI*::G))*((P1xP1*xP3*P3)/(P2*P2));

U3 = (1/(32*M_PI*::G))*((P1xP1xP2*P2)/(P3*P3));

U23 = -(1/(16*M_PI*::G))*P1*P1;

U13 = -(1/(16*M_PI*::G))*P2*P2;

U12 = =(1/(16*M_PI*::G))*P3*P3;

//0utputting data

outputFile << t0 << "," << P1 << " " << P2 << " " << P3 << ")
<< C1 << |l’|| << C2 << II,II << C3 << I|’ll << C_rel<< |l’|l
<< al_new << "," << a2_new << "," << a3_new << " "

<< a_neW <<|I’II << kl << II’II << k2 << ll,ll << k3<< Il’ll
<< UO << |I’II << Ul << II’II << U2 << II’II << U3 << ll’ll
<< U23 << "," << U13 << "," << U12 << std::endl;

}

Point_Counter++;

//Resetting Point_Counter if it reaches Points_Per_QOutput
if (Point_Counter > Points_Per_QOutput){

Point_Counter = 1;
}

//Canonical variable transformation if LQG bounce occurs
if (i!'=0 && a_older > a_old && a_new > a_old){
cl = (M_PI + sqrt((abs(P1)*::Delta*::1_plx*::1_pl)/
(abs (P2*P3)))*c1) /sqrt ((abs(P1)*
::Delta*::1_plx*::1_p1)/(abs(P2*P3)));

c2 = (M_PI + sqrt((abs(P2)*::Delta*::1_plx*::1_pl)/
(abs (P1*P3)))*c2)/sqrt ((abs (P2) *
::Deltax::1_plx*::1_p1)/(abs(P1%P3)));
c3 = (M_PI + sqrt((abs(P3)*::Delta*::1_plx::1_pl)/
(abs (P1*P2)))*c3)/sqrt ((abs (P3) *
::Delta*::1_plx*::1_pl1)/(abs(P1*P2)));
}

//This is a block of code that will end the calculation if
//all variables are Nan ie. the calculation fails
if (isnan(P1) && isnan(P2) && isnan(P3) && isnan(cl)
&% isnan(c2) && ismnan(c3)){
break;

3

// This block of code outputs progress to the command window
if (Point_Counter_2 == 1){

cout << t0/t;

printf ("\n");

}
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Point_Counter_2++;

//Resetting_2 Point_Counter if it reaches Points_Per_Output_2
if (Point_Counter_2 > Points_Per_Qutput_2){
Point_Counter_2 1;

//Updating directional scale factor values

al_older = al_old;
a2_older = a2_old;
a3_older = a3_old;
a_older = a_old;
al_old = al_new;
a2_old = a2_new;
a3_old = a3_new;
a_old = a_new;

}

return cl;

}

int main(int argc, char**x argv)
{

long double tO, t, p1_0, p2_0, p3_0, c1_0, c2_0, c3_0, h;

//Test For Paper

pl_0 = 8.039999999999999e+25;
p2_0 = 9e23;
p3_0 1e30;

3.72232352997251587e+10;

cl1_0 = 30000000.000000008134767904279735241544;
= -2.24994857268156738e+03;

printf ("\nThe value of y at d is : %f",
rungeKutta(t0, t, p1_0, p2_0, p3_0, cl1_0,
c2_0, ¢3_0, h));
return O;
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