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Abstract

Mathematical modelling plays a pivotal role in informing public health strategies for
infectious disease control. Although numerous studies have investigated multi-strain
epidemic dynamics, key aspects such as asymptomatic transmission and waning im-
munity are often excluded. This thesis develops and analyzes two compartmental

models to address these limitations.

The first model, an STARS framework, examines multi-strain transmission in a homo-
geneous population without interventions. Strain-specific basic reproduction num-
bers are derived, and analytical conditions for the existence and stability of equilibria

are established. Numerical simulations further illustrate the analytical results.

The second model, an SVIARS framework, incorporates mask usage and vaccina-
tion in a non-homogeneous population. Despite the model’s high dimensionality,
strain-specific reproduction numbers are identified, enabling an explicit expression
for the overall basic reproduction number. Numerical analyses quantify the impact

of intervention parameters and determine critical efficacy thresholds.

The results offer practical insights for mitigating multi-strain outbreaks under real-

istic public health scenarios.
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Chapter 1

Introduction

In the recent past the world encountered a deadly virus known as Severe Acute
Respiratory Syndrome Coronavirus 2 (SARS-CoV-2), more commonly known by the
disease COVID-19, which left the world devastated by the influence it has on humans,
economy and other social factors. According to the latest count by the World Health
Organization (WHO) [37], the estimated reported cases have surpassed 777 million

worldwide with over 7 million deaths.

The Centers for Disease Control and Prevention (CDC) [6] states when the first
outbreak of COVID-19 happened on the 12th of December 2019, it was localized to
only a minor cluster of patients in the city of Wuhan, Hubei Province, China. How-
ever, by the 13th of January 2020, the virus was detected by the Ministry of Health
in Thailand and within a month it had spread to many countries and eventually

classified as a pandemic on the 11th of March 2020, by WHO [11].

This is a great example of how volatile infectious diseases are and the scale to which
they can develop. To avoid catastrophic end-results, preventive measures must be

developed in time to effectively control the spread.

In this thesis we will only consider human to human transmission of a given infectious



disease; therefore, the implications that surround virus origins and crossing of the
barrier from other species to humans are excluded. According to a review article by
Zhou et al. [39], the transmission of diseases between humans occur primarily via
air-dispersal of respiratory droplets. Other modes stated in the same article include
aerosol transmission, fomite transmission and through body fluids; thus, we assume
an averaged behaviour for the mentioned transmission methods in the models that

will be developed in Chapter 2 and Chapter 3.

Disease transmission can be controlled by incorporating various non-pharmaceutical
and pharmaceutical health interventions. A few examples of non-pharmaceutical
methods include masks, gloves, social distancing, isolation, etc. Vaccines are gener-
ally considered the most prominent pharmaceutical intervention for controlling viral
disease outbreaks; however, other methods include anti-inflammatory drugs, antico-

agulants, etc.

In general, mathematical modelling has played a vital role in understanding the
spread and control of infectious diseases. The analysis of mathematical models de-
veloped for predicting disease behaviours has enabled researchers and policymakers
to gain insights into key epidemiological parameters (e.g., transmission rates, re-
covery rates, various thresholds above which there are disease outbreaks, etc.), and
aids in evaluating strategies for disease control. Provided that all models have their
unique characteristics, they have been evolved from the early works of Kermack and
McKendrick [20] where a epidemic model of type-SIR was introduced that compart-
mentalizes the total population to three subpopulations namely Susceptible, Infected

and Recovered.

Over the past few decades, there have been various use-cases for the standard SIR
model by Kermack and McKendrick [20]. A review article by Lazebnik [21] details

how the SIR model has been extended to various special cases that are distinguished



based on temporal and spatial extensions. Spatial extensions involve approaches that
track disease spread across different geographic regions, and graph-based approaches
model interactions represented through networks, such as infection graphs or location
graphs. On the other hand, temporal extensions enrich the model by incorporating
biological factors (e.g., Latency or Exposed stages as seen in SLIR/SEIR models),
clinical distinctions (e.g., separating symptomatic and asymptomatic infections), so-
ciological dynamics (e.g., mask-wearing behavior), and economic considerations (e.g.,

working vs. non-working states).

Some examples for diseases that have been studied using mathematical models are
inclusive of COVID-19, Dengue, Malaria, etc. For the purposes of the literature
review for this thesis, we focus on more recent studies published within the past
five years. The case study of COVID-19 motivated the research conducted in this
thesis; however, in addition to key papers that inspired the work in Chapter 2 and
Chapter 3, we consider papers concerning other diseases to portray the scalability of

mathematical models for predictive disease modelling.

A study by Contreras et al. [10] for COVID-19 in Santiago, Chile elaborates the
development and analysis of an SETARDQ model (i.e., A - asymptomatic infections,
D - deceased individuals and Q - quarantined individuals) that investigates differ-
ences among social classes. The approach involved the compartmentalization of the
total population into three different zones/patches, such that each zone had its own
subpopulation (e.g., susceptible individuals from zones 1, 2 and 3). This method of
population compartmentalization, due to varying characteristics among individuals,
is referred to as multi-group modelling. Early studies by Nold [25] elaborate how

multi-group modelling was developed.

In multi-group models, population heterogeneity is considered, where subpopulations

of the total population are further categorized into distinct groups based on various



characteristics such as behavioural changes, demographics, etc. On the other hand,
single-group modelling is the core component of compartmental models, where popu-
lations are considered to be homogeneous for a behavioural or non-behavioural trait.
Furthermore, single-group models are created to provide an overall understanding
about infectious disease behaviours and hence population heterogeneity is ignored.
For example, a single group model would consider a population of individuals that
have equal likelihood of being contracted with the disease and does not account for

the varying levels of immunity for individuals.

The multi-group approach used in the paper by Contreras et al. [10], segments
the groups based on social heterogeneity. However, health interventions were not
considered. As a result, the study emphasizes the impact of enforcing mobility
restrictions to contain outbreaks. Additionally, the study highlights the importance
of tracking infectious individuals who do not display symptoms (i.e., asymptomatic)
as they were found to be a major source of the disease outbreak through contact

tracing.

A study by Rehman et al. [31] investigates a multi-group SEIR model for Malaria,
incorporating important biological factors such as relapse and reinfection. Addi-
tionally, the model assumes homogeneous transmission dynamics within each group,
without accounting for behavioural or clinical heterogeneity that may influence the

spread of the disease.

Similarly, a study by Baude and Kimms [1] considering German epidemiological data
for COVID-19 had formulated a multi-group SIRD model with nearby cities modelled
as the groups. The model assumptions include a scenario where a pandemic had just
begun, and pharmaceutical health interventions are not available. The results of
the study portray that strategically timed lockdown measures effectively reduce the

number of contacts made due to mobility between cities; thus, controlling the spread



of the disease and reducing overall costs associated to socioeconomic factors.

Another study by Ottaviano et al. [26] has no specific region of focus and formulates
an SAIRS model, where the additional S at the end signifies that acquired immunity
wanes and causes individuals to transition back to the susceptible population. The
model includes the incorporation of vaccines as the only health intervention, and
for any given population, the number of groups would correspond to the different
communities based on factors such as ethnicity, age, gender, etc. The results of the
study by Ottaviano et al. [26] highlight the controlled effects of vaccines on the

number of infections produced.

A study performed by Gumel el al. [18] for COVID-19 in the USA, considers a
model that incorporates masks and vaccines as health interventions. The behaviour
of mask-wearing individuals was distinguished from those who do not, by segmenting
every specific type of subpopulation into two different groups. The results of the

study show different outcomes for varying levels of mask efficacy and vaccine efficacy.

A major limitation from the studies [1, 10, 18, 26] is that they had only considered
the spread of one strain of COVID-19 for a given period of time; however, based on
the epidemiological history of the disease, there have been multiple outbreaks related

to various strains of the same virus.

Chronologically, there were three types of coronavirus that had caused severe out-
comes in the past two decades. The first being Severe Acute Respiratory Syndrome
Coronavirus (SARS-CoV) initially emerged from China in 2002, causing a global
spread by 2003. The second being Middle-East Respiratory Syndrome Coronavirus
(MERS-CoV) reported in 2012 in Saudi Arabia. The third and most recent be-
ing COVID-19 (SARS-CoV-2), deemed to be the most contagious, originated from
Wuhan, Hubei Province, China in December 2019. Furthermore, for each disease,

the virus evolves into newer types of strains. For example, in addition to the ances-



tral strain of COVID-19, a few emergent strains include Omicron, Delta and Alpha.
Due to this reason, it not only advances viral replication but also increases the risk

of recovered or vaccinated individuals becoming re-infected.

In contrast to the previous mention of multi-group modelling, there have been many
studies that had used the alternative approach of developing single-group models
[16, 22, 27, 30, 34] that consider the behaviour of multiple strains of a virus specific
to an infectious disease and the effectiveness of various health interventions. While
some interventions do work for a particular strain of a virus, they might not be
as effective for emerging/newer strains. This approach is known as multi-strain

modelling of infectious diseases.

A generic approach for mathematical modelling of multi-strain pandemics was stud-
ied by Lazebnik and Bunimovich-Mendrazitsky [34], specifically for an SIRD model.
The study shows that an increase in the number of persisting strains within a pop-
ulation leads to an increase in the overall number of infections and a rise in the
average disease-induced mortality rate. Provided the model discussed in the paper
by Lazebnik and Bunimovich-Mendrazitsky [34] can be applied to any disease with
multiple strains, no competition studies between strains were conducted to see the
effects of one strain dominating or multiple strains coexisting. Further limitations
of the model include the absence of waning immunity for recovered individuals and

symptom-based separation of infected individuals.

The model formulations in this thesis were primarily inspired by the research of Gao
et al. [16]. The model in the study by Gao et al. [16] portrays how various scenarios
could exist when different strains compete to diminish one another or coexist. How-
ever, the model assumes asymptomatic infections must develop symptoms before
recovering and hence excludes the direct conversion of asymptomatic infections to

recovered individuals. Furthermore, factors such as waning immunity have not been



considered, and as a result, all recovered individuals attain complete immunity to
all strains of a disease fitted into the model. These limitations are addressed in the
model formulated in Chapter 2 in this thesis. The health intervention incorporated
in the paper by Gao el al. [16] are masks, which are considered non-pharmaceutical.
The method employed to investigate the effect of masks involved observing the result
of the time-sensitive enforcement of mask mandates on the public. This aided in re-
alizing that high disease-prevalence peaks can be prevented or delayed as a result of
mask mandates enforced at critical points in time, as it greatly affects the emergence

and frequency of subsequent COVID-19 waves.

As opposed to COVID-19, a single-group two-strain SIR model for Dengue fever was
elaborated in a paper by Rashkov and Kooi [30]. The model considers the progression
of the disease through sequential infections, where each individual is assumed to be
infected by both strains consecutively. A rigorous analytical approach is employed
to derive threshold conditions under which one strain can diminish the other, or
both can coexist. Similarly, de Aratjo et al. [12] extend this framework to a single-
group four-strain model, offering a broader application of the multi-strain approach.
However, both studies share certain limitations. Specifically, individuals who recover
after being infected with all considered strains are assumed to acquire complete and
lifelong immunity. Furthermore, the models do not incorporate waning immunity or
symptom-based separation of infected individuals, which could lead to oversimplified

dynamics compared to real-world transmission scenarios.

Another study by Massard et al. [22] showcases a single-group multi-strain model
and uses COVID-19 data from France. The results imply that emergent strains at the
time, namely: Alpha, Beta and Gamma, were deemed to be more transmissible than
the original viral strain. This model considers the direct transition of susceptible
individuals to both symptomatic and asymptomatic infections, and depicts a path

for asymptomatic infections to recover without developing any symptoms. A similar



approach was incorporated in the multi-group single-strain study by Ottaviano et
al. [26]. While the models in both referenced studies facilitated this separation, the
model by Massard et al. [22] had not considered waning immunity for recovered
individuals. Moreover, the study by Ottaviano et al. [26] does not consider the
direct conversion of susceptible individuals to symptomatic infections and has not

accounted for symptom-based separation of recovered individuals.

A study done by Otunuga [27] employs a single-group multi-strain model for COVID-
19, distinguishing infected individuals by symptom status and considers vaccination
as the sole intervention. Provided that factors such as waning immunity are included,
recovered individuals are not tracked separately by whether or not they had displayed
symptoms at the infectious stage. Consequently, asymptomatic and symptomatic
infections merge into a single recovered compartment. Furthermore, the study also
finds that vaccination reduces strain transmission but does not prevent the emergence
of more transmissible variants. A key limitation is the lack of differentiation between
asymptomatic infections that later develop symptoms and the absence of symptom-

based tracking for the recovered populations.

Lastly, a paper by Campos et al. [5] formulated a single-group model for specifically
three strains of COVID-19, considering only symptomatic infectious individuals and
does not account for asymptomatic infections. However, a unique consideration in
the paper by Campos et al. [5] is that vaccine booster shots were deemed to be
the most effective measure of controlling COVID-19. For simplicity, the models
constructed in this thesis will not factor in any effects of compounded immunity

from one-time vaccination and re-vaccination.

Upon careful consideration of all prior-mentioned studies [1, 5, 10, 16, 18, 22, 26, 27|,
we lay the foundation upon which mathematical models are formulated in this thesis.

Motivated by the referenced studies, the following research questions arise.



1. What are the outcomes for a generalized multi-strain SIARS model with the

following considerations?

e The fractional separation of susceptible to symptomatic and asymptomatic
infections upon initial disease contraction, assuming asymptomatic indi-

viduals can still develop symptoms before they recover.

e The distinction between recovered individuals from each strain based on
whether they recover from symptomatic or asymptomatic infections, in-

clusive of variations in waning immunity for each case.

2. How can the model be extended to a multi-group multi-strain STARS frame-

work to address the following questions?

e In the presence of multiple strains of a given infectious disease, how ef-
fective do masks and vaccines need to be, to control the overall spread of

the disease?

e How does compliance for mask mandates influence the overall spread of

a given infectious disease?

To address these questions, in addition to early work by Kermack and McKendrick
[20], compartmental modelling methods were incorporated from Brauer [3]. These
models provide a general framework for studying the spread of infectious diseases
and can be adapted to various pathogens, including viruses (e.g., coronaviruses,
influenza), bacteria (e.g., tuberculosis), and other infectious agents. The flexibility
of such models allows them to address fundamental epidemiological questions that

apply across different types of communicable diseases.

The model (2.1.3) formulated in Chapter 2 provides insights for the first research
question. As a result, the model (2.1.3) aims to provide greater flexibility for re-

searchers studying similar research questions. Moreover, the model (3.1.3) in Chap-

9



ter 3 further extends model (2.1.3) to study the context described in the second
research question. The formulation of both models in each chapter is followed by
the respective analyses, accompanied by illustrations to convince the reader of the
impact of the study conducted in this thesis. Finally, in Chapter 4, there will be a
brief reflection of the findings from the models in Chapter 2 and Chapter 3, followed

by a few suggestions for future work for any scholars referencing this thesis.

10



Chapter 2

A Multi-strain SIARS Model

Let the total population at time ‘¢’ for a homogeneous group of individuals in a
localized region be denoted by N(t). This population is assumed to be coming in

contact with multiple strains of a given communicable infectious disease.

Additionally, it is assumed that individuals have not yet received any external health
interventions (e.g., masks, vaccines, etc.). Therefore, the immunity-related parame-

ters introduced in this chapter will be based solely on naturally acquired immunity:.

2.1 Model formulation

The subpopulations of the total population are compartmentalized based on the
particular stages of the disease, i.e., susceptible, infected, and recovered, while con-
sidering the symptom-based separation of both infected and recovered individuals.
Moreover, the model is of the form STARS. The strain of the disease is referred to
by the subscript ¢, where ¢ = 1,2, ...,n and n denotes the number of strains present

in the population.
For a given point in time (t) the number of susceptible individuals is S(t), the

11



number of strain-i symptomatic-infected individuals is I;(t), the number of strain-i
asymptomatic-infected individuals is A;(t), the number of strain-i recovered individ-
uals who had transitioned from I;(¢) is Ry;(t) and the number of strain-i recovered
individuals who had transitioned from A;(t) is Ra;(t). As a result, the total popula-

tion can be expressed as
N(t) = S(t) + i [L;(t) + Ai(t) + Rui(t) + Rai(t)] - (2.1.1)

The recruitment of individuals into the susceptible population is given by the rate A
(unit: persons/day), and the natural mortality rate p (unit: 1/day) represents the

frequency of deaths due to causes not related to the disease.

The transmission of infection is governed by an incidence function ¢;, which is re-
ferred as the force of infection that defines the rate at which susceptible individuals
get infected by symptomatic infections or asymptomatic infections. Moreover, the
transmission rates 5;; and f4; (unit: 1/(persons - day)) represent the per capita risk

of transmission per symptomatic or asymptomatic infected individual per day.

It is assumed that the number of effective contacts per individual does not change
with population size. Therefore, we consider ¥; to be of a mass-action incidence
formulation, which assumes that the rate of new infections is proportional to the
product of susceptible and infectious individuals (for this reason, it is also referred
to as bilinear incidence). The mass-action incidence approach was also followed in
the main reference study by Gao et al. [16] that motivated the research elaborated
in this chapter. Furthermore, the same assumption is seen in many other studies
[15, 22, 27]. Another form of incidence is known as standard incidence, which is used
in studies where disease transmission is population-density dependent, meaning that

the per capita contact rate decreases as the population grows, and is used in cases

12



that model large populations [5, 8, 18]. Thus, ¥J; is formulated as

Vi = Brili + BaiAi. (2.1.2)

Susceptible individuals acquire infection with strain-i at a rate ;. A fraction 6; of
these individuals develop symptoms immediately upon infection, where 0 < 6; < 1.
The remaining individuals are initially asymptomatic and develop symptoms at the

rate k4; (unit: 1/day).

Symptomatic and asymptomatic infections recover at rates yy; and v4; (unit: 1/day)
respectively. Meanwhile, disease-induced mortality occurs at rates d7; and d4; (unit:
1/day), representing the probability of death due to the disease per infected individ-
ual per day. Individuals in the symptom-based separated recovered populations lose
their acquired immunity at rates ny; and n4; (unit: 1/day), transitioning back into

the susceptible population.

For simplicity, it is assumed that individuals who had been infected with a particular
strain loses their immunity completely when transitioning back to the susceptible
population, implying that they are once again fully susceptible to all strains of a
given infectious disease. Furthermore, for all strains ¢ = 1, 2, ..., n, the abbreviations

Eri = (yri + 0+ p) and a4, = (Kai + Yai + 04; + ) represent a combination of

1
Eai

parameters that imply the reciprocals 5% and are the average times spent by

infections in compartments I; and A;. Similarly, we consider &gy = (n5; + 1) and

1
ERrAq

Erai = (na; + 1), where the reciprocals 5# and are the average times spent by

recovered individuals in compartments R;; and R4;.

Therefore, for all strains ¢« = 1,2, ..., n the rate of change of the number of individuals

in each subpopulation of the total population with respect to time is modelled by

13



system (2.1.3) as follows:

Ccllf =A- 279 S+ Zzl nriRri + naiRai) — pS,
Ccli? = 0:0:5 + waiddi — &l
d;;i S e (2.1.3)
dd}i]l = Y1ili — Errilii,
d?f - = yaidi = EraiRaiy
i=1.2,..n

The solution of the system (2.1.3) is denoted by (S,SVy,SV,,...,SV,) € Ri**1
where SV; = [I;, A;, Ry, Ra;] is a vector that contains the infected and recovered
compartments for strain-i. The diagram that depicts system (2.1.3) is shown in
Figure 2.1, and Theorem 2.1.1 confirms that model (2.1.3) admits unique, globally

defined, and non-negative solutions.

Theorem 2.1.1. For any given initial condition (S(0),SV1(0),SV5(0),...,SV,(0))
€ Ri”“, there exists a unique solution to model (2.1.3) which exists globally, remains

non-negative and is bounded.

Proof. Note that the functions on the right-hand side of model (2.1.3) are continu-
ously differentiable. It follows from the Fundamental Existence-Uniqueness Theorem

[29] that model (2.1.3) admits a unique solution on [0, 7) for some 7 > 0.

For any given initial condition (5(0), SV1(0),SV5(0),...,SV,(0)) € R{"™, we next
show that the solution remains non-negative for ¢ > 0. By continuity of solutions,
any solution that is initially non-negative and becomes negative in one or more
R

components must occur on the boundary of at some time. Without loss of

generality, we assume the initial condition is on the boundary of Ri”“.

14
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Figure 2.1: A single-group multi-strain STARS model. New individuals enter the
susceptible compartment at a rate A, with a natural mortality rate pu across all
compartments, except for disease-induced mortality d;; and J 4; in infectious states. A
fraction 6; of susceptible individuals transition to symptomatic (/;) and the remaining
portion (1—6;) transitions to asymptomatic (A4;) infections at rate 9;. Asymptomatic
individuals can develop symptoms at a rate k4;. Recovery occurs at rates vy and
~vai, leading to respective recovered compartments (Ry; and R4;). Immunity wanes
at rates ny; and 1y, transitioning individuals back to the susceptible compartment.

On the S-boundary (S =0,SV,; >0,i=1,2,--- ,n), we have

as

E’S:o = A+ (iR +naiRa) >0,

i=1
which implies that S(¢) cannot become negative.

Next, we show that I;(¢) and A;(t) cannot become negative. On the I;-boundary
(]’L = 075 Z OaAz Z O7Rli Z OaRAi Z 071 = 172a"' ,’I’L), we have

dl;

— = 0,84, A4:S + kaiAi > 0,
dt 11,=0

and the equality occurs if and only if I; = A; = 0. Similarly, on the A;-boundary

15



(AZ:())SZ()’[Z 207R1i ZOaRAi 20722 172’”. ,n),We have

dA;
dt 14;,=0

=(1-6,)prl;S >0,

and the equality occurs if I; = A; = 0. It follows from the second and third equations
of system (2.1.3) that I; = A; = 0 is invariant. Therefore, by uniqueness of solutions,
the solutions to the sub-system containing equations two and three from (2.1.3)

cannot become negative.

From the fourth equation of system (2.1.3) we have
t
R]i(t) = R[i(O)e_gRIit +/ ’}/ji]i(T)e_gR”(t_T)dT.
0

With any given non-negative initial condition, the only way Ry;(¢) can become nega-
tive is if the integral is negative, which implies I;(¢) becomes negative before Ry;(t).

Since I;(t) is non-negative, it follows that Ry;(t) > 0 for all ¢ > 0.

Moreover, from the fifth equation of system (2.1.3) we have
t
RAZ'(t) = RAi(O)G_gRAit + / ’YAZ‘Ai(T)e_gRAi(t_T)dT.
0

The integral in the solution implies that A;(¢) becomes negative before R,;(t). Since

A;(t) is non-negative, we conclude that Ra;(t) > 0 for all ¢ > 0.

Next, we show the solution (S, SV.,SV,, ..., SVn) € Ri"“ is bounded. Note that

dN -
It H ;( rili + 045 A7)

It follows from the non-negativity of the solution that

dN
— < A—uN 2.14

16



which yields

I
Thus,
A
N(t) < max <N(O), —) :
I
and
A
limsup N(t) < —.
t—o00 1%
Therefore, the solution is bounded and hence exists globally. O]

Remark. If 6, = n;; = na; = 0 for strains @ =1,2,- - - ,n, then susceptible individuals
will not immediately develop symptoms upon acquiring the infection and there will
be no waning immunity for recovered individuals. For such a case, the model (2.1.3)
reduces to the main reference model by Gao et al. [16]. On the other hand, if 6; = 1
there would be no asymptomatic infections created and the model reduces to a multi-

strain SIRS model.

2.2 Existence of equilibria

Compartmental models of infectious diseases described by systems of ODEs are es-
sentially dynamical systems. A big part of most analyses related to dynamical sys-
tems is to find various scenarios, where the system will have steady-state solutions
classified as equilibrium points. Therefore, in this section, we examine the existence

of all possible equilibria for model (2.1.3).

Before presenting the theorem that characterizes all possible equilibria in model
(2.1.3), we introduce an important threshold parameter, denoted by R;, which

depends on parameters specifically related to strain-7, and is given by

17



)

Ros — ( [0:€: + (1 — 0;) ki) Brs N (1-— 9i)ﬁAi> A
K (2.2.1)

Eri€ai §ai
i=1,2,....n.
Theorem 2.2.1. System (2.1.3) admits multiple equilibria, which can be classified

into the following three categories:

(a) Disease-Free Equilibrium (DFE): There exists eractly one unique DFE
denoted by:
EO = (So, SVl, SVQ’ e 7SVn) c Rin-i_l,

where

A
SQ = ;,SVZ = 04><1, Vi € {1,2, ,TL}.

(b) Strain-Dominant Equilibria: If Ry, > 1, there exists the strain-dominant

equilibrium denoted by:

E; = (5;,8V,,8Vy,--- ,SV,) € Rin1,

where
~ A 1 [jhAi?-RIia-RAi]? ij = ia
Sz‘ - — < ) 5 SVJ -
o\ Ro,i .
O4x1, if j#1
with
oA LY (L—6)&  \;
Li=—{1- , A= I,
2 ( Ro,z‘) <9z‘§Ai + (1 —06;)kai
- Vi \ ;2 YAi A
Ry = I, Foa; = A,
! (fmi) 4 (fRAi)
wmn which
Zia
Zi = T,
Zib
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where

Zia = 0i€rAi€ i (ﬁh’(%‘ + ) + Mfli) + (1 —-106;) (th;fRAi [€1i(0.45 + 1)
+ Kai(0ri + )] + pvailrir + M’YIiHAifRAi>,

Zib = RriSRrA; (91‘§A¢ + (1 — 9¢)/{Ai>.

(c) Strain-Coezistence Equilibria: Let J C {1,2,...,n} with |J| > 2. Sup-

pose the basic reproduction numbers R ; are all equal for j € TJ,
RO,j:R8>17 VieJ.

Then, the system (2.1.8) admits infinitely many equilibria corresponding to the

coexistence of all strains in J. The equilibrium is represented by:
E*=(5",SV{,SV,,--- SV,) € Ri"“,
where the state vector SV; for each strain-i takes the form:

V. — [[;7A;7R§j7Rf4j]7 ij€j7

J

0451, ifj¢J.

The susceptible population at the equilibrium is:

A/l
[ — .
v (RB>

For each coexisting strain j € J, the equilibrium components are given by:

A 1 (1 —0;)&
r=2(1-2), a= 85 e
Ty ( RS) ’ (915Aj+(1—93')/%j> ’
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* Vg * * YAj *
Ry, =|—L I, RY,, = | =L ) A%
& <§R1j> 7T <§RAj> !

The values of I} satisfy the following equilibrium condition:

1
S0 :A<1— ) |
JeTJ R
where I7 € (0, 1) and z; has an identical form to z; defined earlier in case (b)

for strain-dominant equilibria.

Proof. Equilibrium points for the system (2.1.3) represent scenarios that provide
insights into whether a disease persists or eventually dies out. Therefore, to investi-
gate all possible equilibria, we equate the derivatives of all state variables in system

(2.1.3) to zero.

0 = A= S+ (miRsi+ naiRai) — pS (2.2.2)
0 = emisil KaiAi izé,ifi (2.2.3)
0 = (1— 6098 — EaiA; (2.2.4)
0 = ~ul; — EriiRu (2.2.5)
0 = ya;A; — EraiRa; (2.2.6)

From equations (2.2.5) and (2.2.6) we form linear relationships for the recovered

compartments, where

gRIi gRAi

The equation (2.2.4) can be written as

[ Ca
9:9 _<1 = 91-)’4’" (2.2.8)
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Substituting (2.2.8) into equation (2.2.3) and solving for A; results in a linear rela-

tionship between A; and I; as follows:

(e ),
A= (Qz‘fAi + (1 —0;)ka; Ii, Vi=1,2,..,n. (2.2.9)

Recalling ¥; from equation (2.1.2) and substituting (2.2.9) into equation (2.2.3), we
obtain

(S —S)I; =0, (2.2.10)

where

Eriéai

Si - .
Bri|0i€ai + (1 — 91‘)/@4@‘] + Baikri(1 —6;)

(2.2.11)

Equation (2.2.10) implies that

either I, =0, or S = S,.

Expressing .S; in terms of Ry ;, we obtain:

A 1
S, == . 2.2.12
p (R0z> ( )

The solution I; = 0 of (2.2.10) represents the disease-free equilibrium (DFE) Ej
as stated in the theorem because, when this solution is substituted to equations
(2.2.7) and (2.2.9), it results in zero solutions. However, to evaluate the value for
the susceptible compartment, we consider equation (2.2.2) that yields the solution

S = Sy as stated in the theorem.

For the case of the second solution S = S; when I; # 0; the solutions (2.2.12), (2.2.7)
and (2.2.9) are substituted into equation (2.2.2) that yield the solutions for I; = I,

and I; = I3 for cases (b) and (c) stated in the theorem. The remaining solutions
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for the susceptible individuals, asymptomatic infections, and recovered individuals
stated in the theorem can be obtained for both equilibria cases (b) and (c) using the

equations (2.2.12),(2.2.9) and (2.2.7).

For the case of a strain-i dominant equilibrium E;, we have I; > 0, and the right-
hand side of the expression for I; is positive only when Ry; > 1, making it the
condition necessary for the existence of E;. We can further extend this relation for
the strain-coexistence equilibria £, for which we have I7 > 0; thus, the condition
Ro,; = Rj > 1 must be satisfied for the right-hand side of the linear expression for

I7 to be positive.

Another interesting implication is that I} € (O,fj) as stated in the theorem, and
is illustrated in Figure 2.2. The reason for the boundary points to be equal to the
number of symptomatic infections of a strain dominant equilibrium is due to the

diminishing of symptomatic infections of all other competing strains. O]

2.3 Stability of equilibria

The stability of an equilibrium is assessed by examining the behaviour of perturbed
solutions. If solutions remain close to an equilibrium it is referred to as ‘Lyapunov
Stable’; however, if solutions converge to an equilibrium, it is known as ‘Asymptoti-

cally Stable’. Conversely, if solutions diverge, the equilibrium is unstable.

In this thesis, we focus on local asymptotic stability (LAS). Establishing conditions
for global stability remains an open problem for multi-strain models such as (2.1.3),
primarily due to the lack of a general methodology for constructing Lyapunov func-
tions that provide global stability insights. While simpler models such as those
studied by Gao et al.[16], have well-defined Lyapunov functions, they typically do

not account for waning immunity. However, in model (2.1.3), waning immunity leads
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Figure 2.2: Ilustration of strain-coexistence equilibria E* for three strains. The
figure shows a three-dimensional illustration of the infinite number of equilibria rep-
resented by the blue plane connecting the number of symptomatic infections for
three strain dominant equilibria I, for i = 1,2, 3 represented by the open red circles.
The circles being open indicate that the boundaries exclude the strain-coexistence
equilibria values I7 for j =1,2,3.

to recovered individuals returning to the susceptible population, which introduces

an additional complexity in constructing Lyapunov functions.

Following the existence of the DFE stated in theorem 2.2.1, we use the next genera-
tion matrix method introduced by Watmough and van den Driessche [35] to derive
the basic reproduction number for model (2.1.3). The basic reproduction number
can be defined as the number of secondary infections produced by one infectious

individual in a fully susceptible population.

The system (2.1.3) is rewritten in the form X = F —V, where X is a vector and it is
of the form X = [I; A Iy Ay ... I, A,])T. The vector F is called the ‘Vector of New
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Infections” and it represents the expected number of secondary infections produced
by individuals in the infectious subpopulations in vector X. Moreover, the vector V
is known as the ‘Vector of Transitions’ and it represents the outflow of individuals

from the infectious subpopulations in vector X. Thus, we have the vectors

0,9, Enli — kady
(1—6,)9,S §a1As
F = , V= )
0,0,5 Einln — KanAn
(1 - en)"ﬁns éAnAn

and using the two vectors F and V, we evaluate the matrix of new infections F and

the matrix of transitions V, where F = g—)]; and V = g—;. Moreover, S = S5y = % is

substituted to the matrix F which yields,

01811 A 01841A o 0 0
7 1
(1-01)BnA  (1—-61)Ba1A o 0 0
1 7
F = ’
0 O . enﬁInA en/BAnA
1 1
0 O . (1_9n)BInA (1_0n)ﬁAnA
I 1
and
§rn —kKa 0 0
0 §at 0 0
V =
0 0 s gln —HRAn
0 0 ... 0 £

The next-generation matrix is G, where G = FV~!. Evaluating the next-generation
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matrix G results in

The sub-matrices G; € R?*2? correspond to each strain i = 1,2,...,n, and are ex-

pressed as an inner product of two vectors, such that

Gi = CTgi>

where

o — [ 9BriA  6:A ( Bricai A _ 1-0,
s= (o o (g ) o= (152,

Moreover, the zeros on the off-diagonals of the next-gen matrix G form triangular
null matrices. It can be noted that the matrices G; are all rank 1; therefore, of the
two eigenvalues, one is non-zero and the other is zero. The non-zero eigenvalue (; is

the trace of matrix G;, where
G =tr(Gy) = gic”,

and

§ri€ai A i

[QifAi +(1- Qi)ﬁAi} Bri (1 —6;)Ba; \ A

G = +
The eigenvalue (; consists of parameters exclusive to strain-i; hence, we represent
each non-zero eigenvalue of the next generation matrix G as the basic reproduction
number of each individual strain, which is exactly the same form for the threshold

Ry introduced earlier in equation (2.2.1). The overall basic reproduction number

Ry for system (2.1.3) is the spectral radius of matrix G, where
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Ro = p(G) =max{Ry;}, Vi =1,2,....n.

Furthermore, we have the following theorem that describes the local stability of the

DFE and is based on the works by Watmough and van den Driessche [35].

Theorem 2.3.1. When Ry < 1 the DFE Ejy is locally asymptotically stable (LAS).

Conversely, when Ro > 1, Ey is unstable.

To analyze the local asymptotic stability of a strain-dominant equilibrium E;, we
re-write system (2.1.3) in the form % = K(I'), where I' = [S I} Ay R;1 Ray ...
I, A, Rp, Ran)t € Rf"H)XI is a vector that contains all state variables. Without

loss of generality we assume that the dominant strain ¢ = 1; thus, the Jacobian

matrix J of system (2.1.3) evaluated at E; is

Jl jQ Tt q]]n
0 Jp - 0
J] El _ | ‘2 | ' e IR(4TL+1)><(4n—|—1)7 (231)

where 0545 are 5-dimensional zero matrices, and the other zeros form triangular
null matrices on the off-diagonals. From the Jacobian matrix (2.3.1) we have the

sub-matrix J; € R%*® that includes terms exclusive to strain 1, where

—(01 + p) —Br S —BarSy o Nal
0,0,  0.6nSi—€&n 0iBaiSi+ka 0 0
Jho=[@=0)9 (1-6)8nS (1—0)BarS1—ém 0 0 |- (232
0 gls! 0 —&rn 0
0 0 VA1 0 —&rar
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The term ¥, = Bpl; + BaiA; refers to the force of infection from (2.1.2) when
evaluated at F;. Furthermore, we have two other combinations of sub-matrices in

(2.3.1) corresponding to all other strains j = 2,3, ...,n described by

9j51j»§1 — &y QjBAjgl + Kaj 0 0
1-0)81;51 (1—0,)B4;5 —€4; O 0
I, = ( i)B1iS1 ( 7)BaiS1 — €a; (2.3.3)
Vrj 0 —&rj 0
0 VAj 0 —&Rraj
and
_ J;
J] == g )
0
where

o A A 1x4
Jj,l = (—51331 —ﬁAjS1 Nr;j 77Aj> S R+ )
and 04,4 are 4-dimensional zero matrices.

Theorem 2.3.2. For system (2.1.3), the strain-dominant equilibrium E, is LAS if

and only if the two following conditions are satisfied.

1. All eigenvalues of the sub-matriz J, in (2.5.2) have negative real parts.

2. Ro’l > 1 and ROJ > R()’j \V/] =2,3,...,n

Proof. The characteristic polynomial that includes insights about the eigenvalues (\)

of the Jacobian matrix (2.3.1) is of the form

> (@A) 1:[ {(A + (g 4 1) (A4 (ag + 1) D (@) } (2.3.4)

k=0 G

where 7 =1 and j = 2,3, ...,n. Moreover, the coefficients a;5 = a;2 = 1.
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It can be noted that the first fifth-order characteristic polynomial in (2.3.4) emerges
from matrix J; defined in (2.3.2) for the dominant strain 1, which implies the first
five-dimensional subspace is unique to the dominant strain; thus, the eigenvalues
A1, Ag, ..., A5 of matrix J; should all have negative real parts and is mentioned in
the first condition for local asymptotic stability in Theorem 2.3.2. The remaining
eigenvalues emerge from the matrices J; in (2.3.3) and form triples of factors that

contain a pair of fully-factorized strictly negative eigenvalues

Aja = —(nrj +p) and Ajo = —(na; + p),

with the remaining factor being a second-order polynomial A\* 4+ a; ;A + a;o = 0 that
contains information about the other two eigenvalues A;3 and A 4.

From the quadratic formula we have

/a2 2
—aj1 + i1 daj o —j1 — /G, — daj
)\.773 - °

dXy=
B an 5,4 B

To achieve local stability we must have eigenvalues with negative real parts, which

would be satisfied if a;; > 0. Moreover, the functional form of a;; is

1 A 1 A
aja = & — 0;01; (R_m) m +&a; — (1= 6;)B4; <R0 1) — (2.3.5)

For all other strains (i.e., j = 2,3,...,n.), we have the basic reproduction number

Ry from (2.2.1); thus, we can simplify (2.3.5) to obtain
1 1
(— + —) (1= 0;)ra551

a],1—§1y( R01)+5AJ( R01>+ §aj &y

0j€aiB1; | (1— 9j)§1jﬁAj) (L) A
+( flj * fAj ] Roa M'
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The result implies that for both cases Ry ; > 1 and Ry ; < 1, the sufficient condition
Ro1 > Ro,; ensures aj; > 0; hence, the second condition in Theorem 2.3.2 is proved.

]

The local stability of strain-coexistence equilibria E?, stated in Theorem 2.2.1 re-
mains inconclusive from the linearization of system (2.1.3). However, Figure 2.5
illustrates a simulation performed to observe the behaviour of solutions to system
(2.1.3) in the context of two strains coexisting, and will be discussed further in

Section 2.4.

2.4 Numerical simulations and Discussions

For simplicity, the simulations and discussions done in this section will be limited to
a two-strain STARS model, where system (2.1.3) has been simplified for the case of
1t = 1,2. The two strains considered in this section are theoretical constructs used
purely for illustrative purposes. Moreover, strain 1 is assumed to be more infectious

than strain 2.

To investigate behaviours associated with all types of equilibria introduced in The-
orem 2.2.1, we find parameter values that satisfy the analytical results introduced
in Theorem 2.2.1, 2.3.1, and 2.3.2. The parameter values in Table 2.1 are informed
by previous studies and reflect the rationale for each value. Provided these val-
ues are approximations to real-world data, they satisfy the theoretical conditions in
Theorem 2.2.1, 2.3.1, and 2.3.2, including the following additional assumptions that

ensure they are, to some extent, biologically meaningful.

e The mortality rate pu (unrelated to disease) assumes an average human lifespan

of approximately 76 years, where y = m per day. This is supported by Wise
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[36], who predicts global life expectancy will rise from 73.6 years in 2022 to
78.2 years by 2050. Assuming a total population of one million at time ‘t’, the

recruitment rate A is determined as the product of the total population and pu.

The proportion 6; of individuals developing symptoms immediately upon infec-
tion from strain-i is based on the study by Massard et al. [22], which provides
estimates for various COVID-19 strains. Therefore, #; = 0.850 and 6, = 0.76

were chosen as the proportion for strain 1 and 2, respectively.

The study by Gao et al. [16] estimated identical recovery rates for symp-
tomatic and asymptomatic infections (i.e. vy = v4; for i = 1,2.) for Omicron
and Delta at 0.091 per day (~ 11 days recovery period) and 0.094 per day (=~
10.6 days recovery period), respectively. However, for the study conducted in
this chapter, we assume that symptomatic infections recover more slowly com-
pared to asymptomatic infections. Byrne et al. [4] estimated recovery periods
of 6.5-9.5 days for asymptomatic infections and 13.4-18.1 days for symptomatic
infections. Hence, the recovery period assumed for strain 1 symptomatic infec-
tions is 18 days (71 = 0.056 per day) and 12 days for asymptomatic infections
(741 = 0.083 per day). Similarly, for strain 2 symptomatic infections, the re-
covery period is assumed to be 15 days (y72 = 0.067 per day), and 7 days for

asymptomatic infections (42 = 0.143 per day).

The disease-induced mortality rate d; is assumed to exceed 9 4;, reflecting the
greater severity associated with symptomatic infections. Based on Massard
et al. [22], symptomatic infections typically face disease-induced mortality
within 10-14 days of infection onset. Moreover, Huemer et al. [19] reported
significantly lower mortality for asymptomatic cases compared to symptomatic
ones over a similar observation period. Therefore, it is assumed that strain 1

symptomatic infections suffer disease-induced death after a period of 10 days
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(611 = 0.100 per day) and asymptomatic infections will face disease-induced
death after 20 days (d4; = 0.050 per day). For the case of strain 2 symptomatic
infections, it is assumed disease-induced mortality will occur after 14 days
(672 = 0.071 per day) and asymptomatic infections will face the same fate after

28 days (042 = 0.071 per day).

The proportion k4; of asymptomatic individuals transitioning to symptomatic
infections are based on values from the two-strain model by Gao et al. [16],
which reports daily transition proportions of approximately 40% for the more
infectious strain and 20% for the less infectious strain. Accordingly, we assume

ka1 = 0.400 per day and k42 = 0.200 per day.

The waning immunity rate 74; is assumed to be greater than 7;;, as individuals
in compartment Rj; develop stronger immunity after contracting a higher viral
dose. A review done by Boyton and Altmann [2] states that asymptomatic
infections generate much lower immune responses as opposed to symptomatic
infections. A study by Choe [9] states that asymptomatic infections have an
approximate waning period of naturally acquired immunity that could range
from 5 to 8 months. Another study by Giorgi et al. [13] states that for symp-
tomatic infections, it takes 11 months or more for naturally acquired immunity
to wane. Similar studies conducted by Chemaitelly [7] and Goldberg [17] for the
context of multiple strains suggest differences in the waning immunity period
that span as much as 14 months. Based on these findings, we assume for strain
1 recovered individuals who were symptomatic infections to completely lose
their naturally acquired immunity after approximately 14 months (n;; = 0.002
per day) and 8 months for recovered individuals who were previously strain 1
asymptomatic infections (747 = 0.004 per day). Conversely, a waning immu-
nity period of 12 months is assumed for recovered individuals who were strain

2 symptomatic infections (12 = 0.003 per day) and 6 months for recovered
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individuals who were strain 2 asymptomatic infections (742 = 0.006 per day).

e The transmission rate fj; is assumed to be greater than (34; because it is as-
sumed that symptomatic infections are more infectious. Therefore, we define
Ba; = (1 — C)Bi, where the constant 0 < C' < 1 represents the overall re-
duction in transmission rate for asymptomatic individuals. The study by Gao
et al. [16] states that Omicron has an asymptomatic transmission rate that
is 30% lower than symptomatic transmission. On the other hand, for Delta
it was 25% lower. Other supporting studies, such as that by Tan et al. [33]
that had investigated the differences in transmission rate for symptomatic and
asymptomatic infections, recorded roughly the same values (= 33.3%). Thus,
we assume a 30% reduction of transmission probability for asymptomatic in-

fections for either strain (C' = 0.300).

The parameters listed in Table 2.1 are fixed across all simulations related to the
three equilibria cases from Theorem 2.2.1. The only parameters adjusted between
cases are the transmission rates B; and (34;, where we select values for Ry, and
solve for the corresponding transmission rates that achieve the desired Ry, values.
Specifically, (r; is computed based on Ry ;, and [4, is then determined using the

reduction factor C’; thus,

Bri = <sz> B Bai= (1-0C)pu,

—1

for i € {1,2} and

- _ 0sai + (1 — 0;) Kk aq . (1-0;)(1-C)
- Eri€ai §ai '

For the disease-free equilibrium Fy, both strains must have basic reproduction num-

bers less than one for local asymptotic stability; therefore, we pick Ro; = 0.6
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and Ro2 = 0.4. Under these conditions, the computed transmission rates are
B =9.484 x 107%, Bay = 4.742 x 107%, B2 = 5.934 x 107%, and B4y = 2.969 x 10~°

(units: per person per day).

For the strain-dominant equilibrium El to be LAS we must have Ry,; > 1 and
Ro1 > Rpo; thus, two scenarios are considered. In the first scenario, strain 2 has
Ry, < 1 and for the second scenario Rps > 1. For the both scenarios we pick
Ro1 = 4; however, for scenario one we consider Rpo = 0.5 and for the second
scenario we pick Rg2 = 2. The corresponding transmission rates required to achieve
scenario one are ;1 = 6.323 x 1077, 841 = 3.161 x 1077, frp = 7.422 x 107%, and
Bas = 3.711 x 10~® (units: per person per day). Furthermore, for scenario two the
transmission rates for strain 1 stay the same while strain 2 transmission rates are

evaluated as (312 = 2.969 x 10~ and B4 = 1.484 x 1077 (units: per person per day).

Finally, the coexistence equilibria E* (for j = 1,2.), where strains 1 and 2 coexist re-
quire equal reproduction numbers; hence, we pick Ro; = Ro2 = 2. The transmission
rates are then computed as 871 = 3.161x 1077, 841 = 1.581x 1077, Bra = 2.969x 1077,

and Bap = 1.484 x 1077 (units: per person per day).

Having established the parameter values, we now perform numerical simulations
to examine the behaviour of symptomatic infections in system (2.1.3) within a local
neighbourhood of each equilibrium, providing insights into the stability and dynamics

of the solutions under small perturbations.

Figures 2.3 and 2.4 illustrates the evolution of solutions to system (2.1.3) starting
from multiple initial conditions and converging toward the strain-1-dominant equi-
librium El under two distinct scenarios based on the value of Ryo. In Figure 2.3,
where Ro1 > Ro2 and Ro 2 < 1, strain-2 fails to establish itself and rapidly declines,
while strain 1 converges directly to its endemic equilibrium. In contrast, Figure 2.4

demonstrates the impact of increasing R 2 above unity. Provided strain 1 ultimately
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Table 2.1: Fixed parameter values used for simulations in the two-strain SIARS

model. All values remain constant across all equilibria simulations illustrated in
Figures 2.3, 2.4 and 2.5.

’ Parameter ‘ Value ‘ Unit ‘ Reference ‘
A 36.049 Person/Day | Based on a total population of 10°
and p.
p 3.605 x 107 1/Day Based on [36].
C 0.300 Dimensionless | Based on [16, 33].
61 0.850 Dimensionless | Based on [22].
KA1 0.400 1/Day Based on [16]
olel 0.056 1/Day Based on [16, 4].
VA1 0.083 1/Day Based on [16, 4].
o 0.100 1/Day Based on [22, 19].
01 0.050 1/Day Based on [22, 19].
N 0.002 1/Day Based on [2, 9, 13, 17, 7
Na1 0.004 1/Day Based on [2, 9, 13, 17, 7
) 0.760 Dimensionless | Based on [22].
K A2 0.200 1/Day Based from [16]
V1o 0.067 1/Day Based on [16, 4]
VA2 0.143 1/Day Based on [16, 4].
dr2 0.071 1/Day Based on [22, 19].
02 0.036 1/Day Based on [22, 19].
N2 0.003 1/Day Based on [2, 9, 13, 17, 7].
A2 0.006 1/Day Based on [2, 9, 13, 17, 7

dominates, strain 2 initially grows and sustains itself for a prolonged period due to its
higher basic reproduction number. This transient behaviour delays the competitive

exclusion of strain 2 before eventual decline.

For the case of strain-coexistence equilibria, Figure 2.5 illustrates multiple initial
conditions perturbed within 20% of the infinite coexistence equilibrium line. Each
initial condition converges to a single equilibrium point on the line, which implies

that each equilibrium on the line exhibit neutrally stable behaviour.

The analysis of the strain-dominant equilibrium E; and the coexistence equilibria E*
provides valuable insights into how differences in transmission rates and the basic

reproduction numbers R ; drive strain dominance or coexistence in multi-strain
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epidemics. The role of waning immunity is also significant, as it influences long-term

persistence and the potential for strain coexistence.

Finally, Figure 2.6 provides a clear visualization of how each type of equilibrium
is positioned in Rg,-space, reinforcing the connection between basic reproduction

numbers and local stability of equilibria.

Since no health interventions are considered in model (2.1.3), no insights are offered
concerning control strategies or preventive measures. Instead, it provides a baseline
understanding of the natural competitive dynamics between strains in the absence
of intervention. To address this limitation, Chapter 3 extends the model (2.1.3)
by incorporating health interventions aimed at reducing new infections and altering

epidemic behaviours.
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Figure 2.3: Phase portrait illustrating the local dynamics around the strain 1 dom-
inant equilibrium E’l for the case Ro1 > Ro2 with Rp2 < 1. Each blue trajectory
represents a solution starting from perturbed initial conditions (black squares) in the
neighbourhood of the equilibrium. The circle denotes the L equilibrium value. All
trajectories converge to Ex, demonstrating local asymptotic stability and extinction
of strain 2 over time.
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Figure 2.4: Phase portrait illustrating the dynamics near the strain-1-dominant equi-
librium El for the case Rp1 > Roo with Rpo > 1. Among the trajectories, one
initial condition is placed exactly at the strain 2 dominant equilibrium coordinate
I, (I;(0) = 0 and L,(0) = I,), which is unstable. Despite Rgo > 1, all trajecto-
ries—including the one starting from fg—eventually converge to the strain-1 equilib-
rium I (marked by the circle), confirming the local asymptotic stability of E; and
extinction of strain 2 over time.
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Figure 2.5: Simulation of symptomatic infections in the neighbourhood of the infi-
nite strain-coexistence equilibria E* for two strains. The figure shows the infinite
equilibrium line (solid red line) and solution trajectories (solid black lines) for 40
different initial conditions, each starting at the box marker and ending at the cir-
cle marker. Initial conditions were perturbed within 20% of points on the infinite
equilibrium line. The coexistence condition Ry 1 = Rz > 1 ensures the existence of
the equilibrium line. The results illustrate neutrally stable behaviour, with solutions
remaining in the local neighbourhood of the infinite equilibrium line and each initial
condition converging to one equilibrium point on the equilibria line.
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Figure 2.6: Equilibrium stability regions in Ry ;-space for the two-strain SIARS
model. The figure illustrates the parameter regions where the disease- free equilib-
rium Ey and strain-dominant equilibria £y and E, are locally asymptotically stable
(LAS). When Ry1 = Ro2 > 1, the linearized system stability is inconclusive due to
the existence of infinitely many strain-coexistence equilibria EY for j = 1,2. This
coexistence region is shown along the diagonal line where both strains can persist.
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Chapter 3

A Multi-strain SVIARS model

with masking

The model (2.1.3) presented in Chapter 2 is further extended to include two external
health interventions; one being masks which are non-pharmaceutical and the other

being vaccines which are pharmaceutical.

3.1 Model formulation

In this chapter, we maintain the compartmental classifications defined in system
(2.1.3); however, each compartment is now denoted with an additional subscript k,
where k = 1,2, and it references the group to which the individuals belong. The
two groups portray the distinction between unmasked (k = 1) and masked (k = 2)
individuals within each compartment. Furthermore, we introduce a compartment V

that accounts for vaccinated-susceptible individuals belonging to group-k.

At any given time ‘t’ for group-k, the total population interacting with strains

1 = 1,2,...,n of an infectious disease, consists of unvaccinated-susceptible individ-
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uals Sk(t), vaccinated-susceptible individuals Vi (t), strain-i symptomatic infections
I; x(t), strain-i asymptomatic infections A;x(t), recovered individuals who transi-
tioned from strain-i symptomatic infections Ry; x(t), and recovered individuals who
transitioned from strain-i asymptomatic infections Ry;;(¢). Therefore, the total

population at time ‘t’ is given by

OESY (Sk(t) + Vi(t) + i(li,k(t) + Aip(t) + Rpap(t) + RAi,k(t))) (3.1.1)

k=1

Similar to system (2.1.3), we incorporate vital dynamics through the recruitment
term Ay (units: persons/day), representing the daily influx of fully susceptible indi-
viduals into the unvaccinated-susceptible subpopulation. The natural mortality rate
g (unit: 1/day) is assumed to be the same for all groups and its subpopulations

regardless of mask-wearing compliance and vaccination.

Unvaccinated-susceptible individuals get vaccinated at a rate v, (unit: 1/day), and
it is assumed the vaccine administered to unvaccinated-susceptible individuals will
have an efficacy o, where 0 < o < 1. Once vaccinated-susceptible individuals become
infected with a given strain-i, it is assumed that all memory/effects of the vaccine

are lost.

Inspired from the study by Gumel et.al [18], we incorporates the distinction of inward
efficacy ¢€;, and outward efficacy €,,; of masks where, 0 < ¢;,, <1 and 0 < €, < 1.
Inward efficacy of masks provides a measure of how well a mask can prevent viral
particles from entering the breathing space of a masked individual. On the other
hand, outward efficacy provides a measure of how well a mask can prevent viral

particles from escaping the mask barrier.

The mask-wearing compliance of individuals in each subpopulation in (3.1.1) are
modelled by a parameter wy; (unit: 1/day) where j = 1,2 and k # j. The rate at

which unmasked individuals start wearing masks is denoted by wys. Conversely, the
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rate at which masked individuals revoke mask-wearing behaviour is represented by

wao1.

Unvaccinated and vaccinated susceptible individuals in group-k become infected with
a given strain-i by coming in contact with group-k strain-: symptomatic or asymp-
tomatic infections. Transmission occurs at rates [y x and [4;x (unit: 1/(person
- day)), which represent the per capita risk of transmission. The infection rate,

referred to as the force of infection, is denoted by ¥J; , and defined as follows:

Vi1 = (Brialin + BainAin) + (1 — €our) (Brializ + BaizAis),
Pig = (1 = €m)di, (3.1.2)

i=1,2,-,n.

Furthermore, ¥, » implies that as inward mask efficacy increases, the force of infection
of masked individuals will decrease. In other words, the functional form of ¥; » implies
that the spread of the disease could be controlled by manipulating the inward efficacy
of masks. Furthermore, o acts as a control parameter such that the factor (1 — o)
is a constant multiple of each expression in (3.1.2); thus, reducing the probability of

vaccinated-susceptible individuals from getting infected.

Upon infection, a proportion 6;; (where 0 < 6, < 1) of the sum of unvaccinated
and vaccinated susceptible individuals immediately develop symptoms and transition
into group-k strain-i symptomatic infections. The remaining proportion (1 — 6; )
become group-k strain-i asymptomatic infections. A fraction of group-k strain-i
asymptomatic infections develop symptoms at a rate k4; (unit: 1/day) and convert

to group-k strain-i symptomatic infections.

Group-k strain-¢ symptomatic infections recover at rate v, and asymptomatic in-
fections recover at rate v, (unit: 1/day). Moreover, the disease-induced mortality

rates are dy;; and 04, (unit: 1/day) respectively. As a result of the recovery rates,
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group-k strain-i infected individuals move into the two recovered compartments Ry;
and R4, ;. Subsequently, the overall naturally acquired immunity wanes at rates 7y
and 74, (unit: 1/day), causing group-k recovered individuals to transition back to
group-k unvaccinated-susceptible population. For further simplicity, it is assumed
that upon loss of immunity, recovered individuals have an equal probability of be-

coming infected or reinfected by any strain-:.

Remark. For convenience, we consider the same formalisms in model (2.1.3) for
the average time spent in infected and recovered compartments with the additional

subscript k referring to the group; thus, we have 1 i, Eaiks Errig and Eraik-

The formalism that describes the rate of change of each subpopulation defined in

(3.1.1) with respect to time is shown in model (3.1.3), where

ds, - -
d_tk = A, — <ZZI Gig + Up + u) Sk + ;(nli,lei,k + Nai e Raik)

+ ) (WS — wigSh),

J#k
W _ %Uksk—((l - U)zn:?%k +M>Vk + > (wiVy —wiyVi)
7 2 Z: ik Vi 3 Vk)s
di;
Tl 0; Vi k (Sk +(1- U)Vk) + kA Aig — Eripli

+ ) (winli; — wiili),
o (3.1.3)

dA;
R (1 0,01 (sk (1 a)vk) — EainAix
+ Z(wjkAi,j — wWijAik),
J#k

dRyp;

d; .k — f)/Ii’in’k — é-PJi,kRIi,k —+ Z(w]kR[@J - wij]i,k:))

J#k
dR 4; k.
. YaikAix — EraipRaik + Z(ij:RAi,j — wijRaig),
ik

i=1,2,--- ,nand j,k=1,2 with j # k.
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The system (3.1.3) admits a solution of the form (Si,V1,SV11,SVaq,...,SV, 1,5,
Va,8V12,SVas,...,SV,.2) € RY" where SV, = [Li, Aik, Rrik, Raix] is a vector
that contains the infected and recovered compartments corresponding to strain ¢ €
{1,2,...,n} and group k € {1,2}. The diagram that illustrates system (3.1.3) is
shown in Figure 3.1. The following theorem shows that model (3.1.3) admits unique,

globally defined, and non-negative solutions.

Theorem 3.1.1. For any given initial condition (S1(0), V1(0),SV11(0),SV21(0), ...,
SV,.1(0), S5(0), V2(0),SV12(0),SV2(0), ..., SV,.2(0)) € RY"™  there exists a unique

solution to model (3.1.8) which exists globally, remains non-negative and is bounded.

Proof. Note that the functions on the right-hand side of model (3.1.3) are continu-
ously differentiable. It follows from the Fundamental Existence-Uniqueness Theorem

[29] that model (3.1.3) admits a unique solution on [0, 7) for some 7 > 0

The approach to show the non-negativity of solutions for model (3.1.3) follows anal-
ogously to that of model (2.1.3) as elaborated in the proof for Theorem 2.1.1. By
applying the same invariant region arguments and boundary analyses, it can be
shown that all state variables of (3.1.3) remain non-negative for all ¢ > 0. Details

are omitted for brevity.

Next, we show the solution (Sl, Vvl, SVl,la SV2’1, et Sle, S27 ‘/27 SVLQ, SVQ’Q, ey,

SV,.5) € R¥™ is bounded. Note that

dN 2 n
E =A + Ay — puN — Z Z((Sli,k]i,k + 5Ai,kAi,k)-
k=1 i=1

It follows from the non-negativity of the solution that

dN
— <A As — uN
P 1+ Ao — piV,
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Figure 3.1: A multi-strain SVIARS model with masking. Considering k& € {1,2}
and i € {1,2,...,n}, new individuals enter the group-k unvaccinated-susceptible
compartment Sy at rate A and receive vaccination at rate v, which causes the
transition to Vj. A fraction 6, ;, of group-k strain-i susceptible individuals transition
to symptomatic infections (I; ) and the remaining portion (1 — 6;;) transitions to
asymptomatic infections (A; ;) at rate ¥; . Group-k strain-i asymptomatic infections
develop symptoms at rate k4;. Recovery for symptomatic and asymptomatic in-
fections occurs at rates Vi k and Yaik, leading to respective recovered compartments
(Rri and Ry, ). Immunity wanes at rates ny;, and 74, , returning individuals to
the compartment Sy. All compartments have natural mortality rate u except for
disease-induced mortality d7; , and d4; 5 that are exclusive for group-k strain-i symp-
tomatic and asymptomatic infections.
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which yields

A+ A A+ A
H M
Thus,
A+ A
N(t) < max (N(O), Lt 2),
L
and
A+ A
limsup N(t) < s 2.
t—o00 1%
Therefore, the solution is bounded and hence exists globally. O]

3.2 The disease-free equilibrium and basic repro-

duction number

In contrast to equilibria investigations conducted in Chapter 2, for model (3.1.3)
we focus specifically on the disease-free equilibrium (DFE), which is followed by
the evaluation of the basic reproduction number R due to its insights about which
factors can aid in the prevention of a disease outbreak. The DFE only consists
of unvaccinated-susceptible and vaccinated-susceptible individuals who remain fully
susceptible until a viral agent is introduced into the population. Due to the increased
complexity introduced by masking, vaccination, and movement between groups in

model (3.1.3), endemic equilibria will not be examined.

Theorem 3.2.1. In system (3.1.3), there exists exactly one unique DFE denoted by:

]EO - (51,07 ‘/1,07 SV1,17 SV2,17 ) SV’n,lu SQ,O: ‘/2,07 SVLQ; SV2,27 ) SVTL,?) S Rin+27
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where

S o= warlg + (Yo + wor + p) Ay ) = (wa1 + /L)Q/hSLo + wa12.52 0
7 (2 + 1) (Y1 + wiz + @) + war (Y1 + )’ b p(wia + wor + p) 7
g wig1 + (U1 + wia + p) Ay _ V112510 + Ya(wiz + 1) 2
2O (g 4 1) (1 + wia + ) +war (1 + ) p(wiz2 + war + 1) ’
and

SVi,l = SV@Q = 04><1 fOT’Z' e 1’ 2, e ’n.

Proof. We begin by assuming that the DFE for system (3.1.3) has no recovered
individuals present. When the derivatives on the left hand side of system (3.1.3) is

equated to zero and evaluated at the DFE it yields the two linear systems,

0=A1 — (Y1 +wiz+ 1) S1,0 + wa1S20
(3.2.1)

0= Ay — (g + war + p)S20 + wi2S10

and

0=11510— (w12 + ) Vi + waVay
(3.2.2)

0 = 102520 — (wa1 + ) Voo + wi2Vig
Solving the linear system (3.2.1) gives the two solutions S and Sy as stated in
the theorem. Similarly, S and Sa are substituted into the linear system (3.2.2)

and solved to obtain the solutions stated in the theorem for V; o and Vs . O

Following the approach in Chapter 2, the basic reproduction number Rq for sys-
tem (3.1.3) is derived using the next-generation matrix method by van den Driess-
che and Watmough [35]. The system is reformulated as Y = F — V), where Y =

[([10 [12 A1q Arg -+ Ing Ino Ana Aol is the vector of infected compartments. The
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vector of new infections F is given as

911’(911[Sl+ 1—0"/1

\d

9127912[52‘1‘ (1-0) ‘/2}
(1= 6100 [S1 + (1 = o)V
(1 —012)012 [52 +(1- U)VZ]

enlﬂnl[sl+ (1-0)W

(1_971 )19,11 Sl+( O'Vi

i)
Hngﬁng[sg—i— (1-0) VZ}
)
)

| ]
(1= 0,2) 002 [52 1-0o 1/2]

and the vector of transitions V is expressed as

Enalig — kaiAi —warli g +wiadig
511,2—71,2 - /<0A1,2A1,2 - W12]1,1 + w21—71,2
Ea11A11 — worAi g +winAin

Ea12A19 — wigA1 1 + worAj o

Emalng — Kan1An1 — warlp o + wialy
Emalng — KanoAno — winly1 + warly o

EanaAn1 —war Ay o + winAy

Ean2Ans — wioAn1 +wady o

Using vectors F and V, we evaluate the matrix of new infections F and the matrix of
transitions V, where F = g—{,: and V = g—;ﬁ. At the DFE, the unvaccinated-susceptible

population and vaccinated susceptible populations are combined into one parameter

Apo = Sko+ (1 —0)Vipo,
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for £ = 1,2 and substituted to the matrix F which yields,

The sub-matrices F; € R*** correspond to each strain ¢ = 1,2,...,n and is also

expressed as an inner product of two vectors, such that
Fi - kaia

where
f; = <5n,1 (1 — €out)Briz Baix (11— €out)ﬁAi,2) )

and

k= (61',1A1,0 92‘,2(1 - Gm)Az,o (1 - 91’,1)A1,0 (1 - 92‘,2)(1 - Gm)Az,o) :

The matrix of transitions is

and the sub-matrices V; for : = 1,2, ..., n are of the form,

wiz + i —Wo —KAil 0
—Wa1 wor + &ri2 0 —KAi2
V,; =
0 0 wiz + &ain —Wwa1
0 0 —W12 wo1 + Eai2
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The next-generation matrix is G, where G = FV~! is expressed as,

The sub-matrices G; Vi = 1,2, ..., n of the next-gen matrix G has the form G; € R***

and is expressed as an inner product of two vectors, where

The vector k is the same as that used in sub-matrix F;; however, the vector ®; =

a; bz C; dz 7Where

Brig(war + Eri2) (1 — €out)Briawi2
worérin + &rio(wiz +€nip)  wiarie + Erit(war + Eri2) ’
Bri,iwa1 (1 — €out)Bria(wiz +£rin)
woérin + Erio(wiz +&ri1)  wiario + Eria(war + Eria)’

Bri1 [%Am(wm +&rig)(war + Eai2) + KAi,2w12w21]

a; =

C; =
[Wzlfh‘,l + Erio(wra + fh’,l)] |:W21§Ai,1 + &aio(wia + fAi,1)]

(1 — €out) Briawiz [/‘iAi,l(wm + &ai2) + Kaia(wiz + 511‘,1)}

_I._
|:w12£h',2 + &ria(war + fu,z)] [lefm‘,z + &aia(war + £Ai,2)i|

6Ai,1(w21 + fAz‘,Q) (1 - Eout)ﬁAz‘,an (3‘2‘3>
war€ain + Eaip(wiz +€ai1)  wi2€aiz + Eai(war + Eai2)’

(1 — €out)Brio [KAz‘,lwleQl + Kaio(wiz + €rip) (w12 + 5Ai,1>i|

i =

[wmfuz + &rii(war + fu,2)} [w12§Ai,2 + &ain (w1 + €Ai,2):|
Bri, w21 [HAi,l(wm +&rio) + Kaio(wiz + éAi,l)i|

[w12§n,2 + &ria(war + f]i,2)] [wwfm’z + &ain(war + gAi,Z)}

Baiwa (1 — €out) Baia(wiz + Eain)
worai1 + Eain(wia +ai1)  winlain + Eain(wa + Eaiz)’

+

1=1,2,...,n.
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Moreover, the zeros on the off-diagonals of the next-gen matrix G form triangular
null matrices. It can be noted that the matrices G; are all rank 1; therefore, of
the four eigenvalues, one is non-zero and the other three are zero. The non-zero
eigenvalue V i € {1,2,...,n} is the trace of matrix G;, where \; = tr(G;) = ®;k’.
The eigenvalue \; consists of parameters exclusive to strain-i; hence, we represent
each non-zero eigenvalue of the next generation matrix G as the basic reproduction
number of each strain, where

Ro. =<9i,1ai +(1— 01‘,1)Ci>A1,0 + (1 —€n) <9i,2bi + (1 — 9z‘,2)dz’>A2,0,
(3.2.4)

i=1,2,- n.

The overall basic reproduction number Ry of the entire system (3.1.3) is the spectral
radius of matrix G, where Ry = p(G) = max{R;}. Therefore, we have the following
theorem that describes the local stability of the DFE and is based on the works by

Watmough and van den Driessche [35].

Theorem 3.2.2. When Rg < 1 the DFE Eq is LAS. Conversely, when Ry > 1, Ej

1s unstable.

Given the analytical complexity of model (3.1.3), in the following section, we focus
on numerical analyses to determine health intervention thresholds. To do so, we
pick approximations for baseline values based on past studies and vary each health

intervention-related parameter and investigate its influence on the solutions to model

(3.1.3).

3.3 Numerical simulations and discussions

To conduct numerical analyses, we first establish approximations for baseline param-

eter values with reference to past literature. Approximations provide a reasonable
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basis for analyzing how model parameters influence outcomes of interest. For further
simplicity, we assume the values for parameters in model (3.1.3) for both groups are
equal to each other (e.g. 71 = Yri2). Since model (3.1.3) is an extension to model
(2.1.3), we recall and use the values in Table 2.1 for the majority of the parameters.
The approximations for baseline parameter values that are unique to model (3.1.3)

are listed in Table 3.1.

It is assumed that the mask-wearing compliance of every individual will not occur
at the same time; therefore, the rates wis and wo; are based on averaged behaviour.
A study done by Adjodah et al. [14] had investigated mask-wearing adherence in
various regions of the USA, and within 40 days, there was a 23.4% increase in mask-
adherence from a standard range of 40-60%. The percentage increase corresponds to

a daily masking compliance rate of 0.006 per day.

Another study done by Nagata et al. [23] in Japan, observed an overall mask aban-
donment of 28% from 97% to 69% over a much longer period of 265 days. The study
assumes exponential decline and the result portrays a mask abandonment rate of
0.001 per day. Similar values were shown in the study by Gumel et al. [18] for the
USA, where the mask-adherence rate was found to be 0.006229 (=~ 0.006) per day

and the mask abandonment rate was calculated to be 0.000798 (=~ 0.001) per day.

Due to the similarity between the values in studies [14, 18, 23], we consider wyy =
0.006 per day and ws; = 0.001 per day, to be good benchmarks upon which the
baseline values are defined for the numerical analyses in this chapter. In light of the
results portrayed in the referenced studies, the mask-wearing compliance rate wq;
is assumed to be lower than w;y because individuals who wear masks could be less

prone to removing them as opposed to those who were not wearing masks initially.

In the study conducted by Gumel et al. [18], the vaccination rate is assumed to be

2.97 x 10~ per day, and the same value is considered for both unmasked and masked
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groups of individuals. In addition, we investigate the findings in another study by
Childs et al. [8] that develops a strategy for vaccinating 80% of the population in
Canada by aiming for monthly coverages ranging from 1-19% over 8 months. Inspired
by the the daily vaccination rate formulation in the study by Childs et al. [8], with
the assumption that there would be an overall average of 10% coverage monthly for
the population, we form the vaccination rate for unmasked susceptible individuals
to be ¥, = 3.333 x 1072 per day. However, the studies done by Gumel et al. [18]
and Childs et al. [8] do not consider differences in vaccination rates for masked and

unmasked individuals.

A paper by Nguyen et al. [24] states that masked individuals are much more likely to
get themselves vaccinated as opposed to those who are unmasked, where the odds of
unmasked individuals vaccinating themselves are up to 6 to 12 times lower compared
to masked individuals. Based on this observation, we adopt a mid-range estimate
and assume that unmasked individuals are nine times less likely to get vaccinated,

which implies 15 = 31.608 x 1073 per day for masked individuals.

In the context of masking efficacies (€;, and €, ), a study by Pan et al. [28] describes
various types of masks such as cloth masks, surgical masks, KN95, etc., and investi-
gate its efficacies for stopping micro-particles of multiple sizes. A similar study was
conducted by Duncan et al. [32] for the protective efficacies of KN95 and N95 masks
specifically for controlling viral particles associated to SARS-CoV-2. Assuming the
mask-wearer has a good fit for the mask that is been worn, a baseline range for
inward efficacy ¢;, is thought to be between 20-40%. Furthermore, a baseline range
for outward efficacy €,,; is assumed to be between 35-65%. Based on the referenced
studies by Pan et al. [28] and Duncan et al. [32], the stated ranges were formed

assuming that all viral-based particle sizes are less than 1 micrometer.

A study by Wu et al. [38] investigated the long-term effects of vaccination against
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COVID19. Provided the study had distinguished differences in vaccine strength and
its control effects for different strains of the disease, a baseline range of varying levels
of efficacy lies between 43-89%. In the paper by Gumel el al. [18], the maximum vac-
cine efficacy was 95% recorded for Moderna and Pfizer. Therefore, in the simulations
conducted in this chapter, we will assume a baseline value for the vaccine efficacy
to be o = 0.7, which corresponds to a vaccine that is 70% effective in reducing the

probability of a vaccinated-susceptible individual contracting a given disease.

Table 3.1: Baseline health-intervention related parameter values used for simulations
in the two-strain SVIARS model with masking.

’ Parameter \ Value \ Unit \ Reference ‘
o 0.700 Dimensionless | Approximately based on [18, 38].
€in 0.300 Dimensionless | Based on [28, 32].
€out 0.500 Dimensionless | Based on [28, 32].
Un 3.333 x 1073 1/Day Based on [8, 18].
o 31.608 x 107 1/Day Based on [24].
Wia 0.006 1/Day Based on [14, 18].
Wa1 0.001 1/Day Based on [18, 23].

Our first set of simulations focuses on the behaviour of solutions to model (3.1.3)
in the context of the disease-free equilibrium [E, stated in Theorem 3.2.1, where the
overall basic reproduction number Ry must be less than unity for local stability. The
symptomatic infections for strains 1 and 2 in both masked and unmasked groups,
starting from three initial conditions, can be seen diminishing in the phase portraits

illustrated in Figure 3.2.

The health-intervention related parameter values used to generate the plots in Figure
3.2 are exactly those seen in Table 3.1 with the exception that vaccine efficacy o =
0.8, and hence it yields the strain-specific basic reproduction numbers Ry = 0.724
and Rp2 = 0.362. The overall Ry = max{Ro1, Ro2} = 0.724, which is less than
one and corresponds to the DFE being locally stable. Moreover, if we consider

the baseline vaccine efficacy (i.e., o = 0.7), it results in the strain-specific basic
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reproduction numbers to be Ry; = 1.429 and Rp, = 0.714. The overall basic
reproduction number Ry = 1.429 being greater than one implies that the DFE is

unstable.

Considering the unstable case for the DFE, the phase portraits shown in Figure 3.3
illustrate strain 2 symptomatic infections in both unmasked and masked groups con-
verging to zero, while the strain 1 symptomatic infections in both groups converge
to different non-zero points starting from different initial conditions. The behaviours
associated with strain 1 can be closely related to strain-dominant equilibria previ-
ously mentioned in Chapter 2. The key difference is that solutions do not approach a
unique strain-dominant equilibrium value, instead, every initial condition is attracted

by a particular equilibrium value for strain 1 symptomatic infections.

Provided the simulations in Figure 3.2 and Figure 3.3 demonstrate the behaviour of
solutions to model (3.1.3) under specific parameter considerations, there is no basis
to determine strategies for controlling the spread of a given infectious disease. To
address this, we employ a more focused approach in the next section concerning each

parameter listed in Table 3.1.

3.4 Focused investigations for health-intervention

related parameters

The partial derivative of the strain-i basic reproduction number Ry; in equation

(3.2.4) with respect to parameters o and €;, yields

87?,071«

% = —(02',1(11' + (1 - 91’,1)01') Vip—(1— €in) (92-,261' +(1-— 9i72)di>V2’0 <0,
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and
GR(M
aein

_ _(9@2@- v (1— e,ﬂ)di)Aw <0.

Furthermore, the partial derivative of the strain-i basic reproduction number R ;

with respect to €,,; gives

0, :(9 a +<1—Qz71)—C>A170+(1—6m)(8 +(1—6172)

Wl 4,25
8Eout aEout aEout aEout

)AQ,O < 0.

aEout

The result is negative because the partial derivatives of a;, b;, ¢; and d; in equation

(3.2.3) when differentiated with respect to €,,, are negative.

Provided that the partial derivatives signify linearly decreasing gradients, for further
assurance, the illustrations in Figure 3.4 and Figure 3.6 shows the behaviour of
the overall basic reproduction number R for a two-strain scenario with respect to

variations in parameters o, €;, and €,,; accordingly.

In Figure 3.4, it is evident that the relationship between the overall basic reproduc-
tion number Ry and vaccine efficacy o is linear. A key feature that can be noted is
that Ry falls below the threshold Ry = 1 within vaccine efficacies of 0.7 and 0.8; thus,
the behaviours portrayed earlier in Figure 3.2 and Figure 3.3 are further justified.
This not only reinforces the importance of vaccine effectiveness in epidemic control
but also offers a direct estimate of the minimum efficacy required to achieve local
stability for the DFE, assuming all other parameter values in Table 2.1 (identical for

both unmasked and masked individuals) and Table 3.1 remain unchanged.

The contour plot shown in Figure 3.6 highlights the influence of inward efficacy
€, and outward efficacy €,,; of masks on the overall basic reproduction number
Ro. Notably, the contour regions demonstrate a nonlinear, synergistic interaction
between the two masking efficacies, and the threshold Ry = 1 is represented by the

white dotted line, beyond which there will be no disease outbreak and system (3.1.3)
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will reach the stable steady-state of the DFE. Thus, the results portrayed in Figure
3.4 and Figure 3.6 provide approximate benchmarks that could aid in designing or

improving vaccines and masks to the required efficacy levels.

The partial derivatives of Ry; in equation (3.2.4) with respect to the other param-
eters related to health interventions, i.e., vaccination rates v; and 1, and masking
compliance rates wis and woyy, are not trivial. Therefore, the illustrations in Figure
3.5 and Figure 3.7 portray the variations in the overall basic reproduction number

R for a two-strain scenario as each parameter is varied.

To understand the impact of varying vaccination rates (1; and 12) on the overall
basic reproduction number R, we observe the variation in the magnitude as vacci-
nation rate for unmasked individuals v; is changed. Moreover, the vaccination rate

for masked individuals is assumed to be six times greater than unmasked individuals
(12 = 6¢1).

As shown in Figure 3.5, Ry decreases rapidly with increasing ;, dropping below
the epidemic threshold of Ry = 1 at approximately ¢; ~ 1.1 x 1073. Beyond this
point, the curve flattens, indicating constant behaviour with further increases in
the vaccination rate. From a public health standpoint, these findings emphasize
the value of targeted vaccination campaigns focused on less compliant groups, as
moderate increases in adherence to health interventions may be sufficient to suppress
transmission. Once the threshold Ry = 1 is crossed, resources may be better directed
toward sustaining coverage levels or improving other health interventions, such as

further improvements to the vaccine efficacy or promoting mask adherence.

To explore how behavioural shifts between groups impact disease transmission, we
analyze the effect of migration rates wis and ws; on the overall basic reproduction
number Ry. As illustrated in Figure 3.7, increasing the rate at which individuals

move from the masked group to the unmasked group (we;) leads to a significant
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increase in Rg. In contrast, increases in wi, which represent movement from the
unmasked to the masked group, are associated with reductions in Ry. The white
dashed curve, corresponding to Ry = 1, distinguishes the boundary between having a
disease outbreak. The asymmetry in the relationship between wqs and ws; highlights
the importance of promoting adherence to protective behaviours such as masking.
From a public health standpoint, these results highlight that encouraging transitions
toward mask compliance and minimizing riskier behaviours can play a critical role

in avoiding disease outbreaks.
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Figure 3.2: Phase portraits of symptomatic infections for strain 1 and strain 2 in-
dividuals in both unmasked (top) and masked groups (bottom). Each trajectory
begins at an initial condition (solid dots) and converges to zero, indicating the local
stability of the Disease-Free Equilibrium (DFE). The basic reproduction numbers
for strain 1 and strain 2 are Ro; = 0.724 and Ry = 0.362, respectively; thus, the
overall basic reproduction number Ry < 1, ensuring disease elimination.
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Figure 3.3: Log-scale phase portraits illustrating the solutions of symptomatic in-
fections for strain 1 and strain 2 individuals in both unmasked (top) and masked
groups (bottom). The strain-specific basic reproduction numbers are Ry = 1.429
and Ro2 = 0.714. Each trajectory corresponds to a different initial condition (solid
dots). As shown, symptomatic infections of strain 2 diminish, while those of strain
1 converge to distinct non-zero values, signifying strain 1 dominance.
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Figure 3.4: The influence of varying vaccine efficacy ¢ on the overall basic repro-
duction number Ry. The plot illustrates a linear decrease in Ry as vaccine efficacy
improves and highlights the efficacy required to bring Ry below the threshold of 1
(dashed red line).
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Figure 3.5: The overall basic reproduction number R as a function of the vaccination
rate ¢; for unmasked individuals, with the vaccination rate for masked individuals
fixed at six times 1)1, where 1, = 611. Vaccine efficacy is fixed at ¢ = 0.75. The
dashed red line represents the epidemic threshold at Ry = 1, below which the disease
spread is effectively controlled.
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Figure 3.6: Contour plot showcasing variations of the overall basic reproduction
number Ry as function of inward efficacy ¢;, and outward efficacy ¢,,; of masks.
Warmer colours (pale green to dark red) indicate higher values of Ry and cooler
regions (pale blue to dark purple) signify lower values. The white dotted line repre-
sents the threshold value Ry = 1.
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Figure 3.7: Contour plot of the overall basic reproduction number R illustrating its
dependence on the migration rates wis (movement from the unmasked group to the
masked group) and wy; (movement from the masked group to the unmasked group).
The dashed white line represents the critical threshold Ry = 1, below which the
epidemic is controlled. Higher migration from the masked to the unmasked group
(wa1) notably increases the risk of disease spread.
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Chapter 4

Conclusions and future work

The studies detailed in Chapter 2 and Chapter 3 present a rigorous approach to
developing epidemic models that capture how a disease behaves with and without
health interventions. The first model introduced in this thesis is a multi-strain
STARS model (2.1.3) that includes no health interventions. By extending model
(2.1.3) to include masking and vaccinations as the health interventions of interest,
model (3.1.3) was developed. Both models effectively integrate dynamics associated

to asymptomatic infections in addition to symptomatic infections.

The first model studied in Chapter 2 explores three different classifications of steady
states, namely: The disease-free equilibrium, strain-dominant equilibria and strain-
coexistence equilibria. For each type of equilibrium, we have introduced existence
and local stability conditions except for strain-coexistence equilibria, where a purely

numerical analysis illustrated neutrally stable behaviour of solutions to model (2.1.3).

As a result of the stability analyses for model (2.1.3), it provided critical insights
into conditions required for the diminishing of all strains of a given disease and in
the scenario of competition between strains, under which considerations can a single

strain dominate or multiple strains can coexist in the absence of health interventions.
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The second model investigated in Chapter 3, being an extension to the model dis-
cussed in Chapter 2, includes masks and vaccines. The inclusion of vaccinated-
susceptible subpopulations and the separation of unmasked and masked individu-
als into distinct population groups allowed the exploration of the impact of non-
pharmaceutical and pharmaceutical interventions in reducing the probability of new
infections being created when coming in contact with symptomatic or asymptomatic
infections. As a result, we were able to distinguish the necessary intervention levels

that ensure the control of a given disease outbreak.

Despite the contributions from models (2.1.3) and (3.1.3) for modelling infectious
diseases, certain limitations were identified and offer promising avenues for future

research.

e Further equilibria evaluations: For the case of model (2.1.3), the global
stability of each type of equilibrium remains an open problem; thus, future
works include the formulation of valid Lyapunov functions. On the other hand,
for model (3.1.3), further studies can be done to find all other possible equilibria
in addition to the DFE, which can be followed by the local and global stability

analyses for each equilibrium classification.

e Parameter estimation from real data: The numerical analyses conducted
in Chapter 2 and Chapter 3 use approximations for parameters rather than
values formed from real-world data. Future work that estimates parameter
values from the latest data could significantly enhance predictive accuracy of

models (2.1.3) and (3.1.3), which may reflect more realistic outcomes.

e Group-specific parameter relationships: Inspired by studies from Childs
et al. [8] and Pan et al. [28], future work should explore nonlinearities between

strain-specific and/or group-specific parameters as opposed to using purely
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linear reduction factors, which could reflect more precise insights from model

predictions.

e Multi-patch dynamics: The current formulation of model (3.1.3) includes
recruitment into the population within a single localized patch/region and does
not account for migration between distinct geographical patches. If model
(3.1.3) is extended to incorporate such mobility dynamics, it captures more
comprehensive disease spread patterns. As a result, regional control measures

can be designed and enforced.

e Consideration of underlying health conditions: The models introduced
in this thesis could be adapted to study the interaction between infectious
and non-infectious diseases, which a person can be infected with at once (e.g.,
Diabetes and COVID-19). This could aid in identifying which categories of

populations are at a higher risk and prioritizing resources.

In conclusion, the models presented in this thesis provide a good foundation for un-
derstanding infectious disease transmission under various conditions. However, there
is considerable potential for refinement and extension. By incorporating the sugges-
tions mentioned in this chapter for future work, it could lead to further enhanced
public health interventions and better informed policy decisions in the context of

emerging infectious diseases.
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