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Abstract

The Picard group of a compact Hausdorff space is the group of isomorphism classes
of line bundles over that space. The Picard group of an algebra is the group of
isomorphism classes of line modules over that algebra. In this thesis, we show that in
the case of C'(X) the algebra of continuous complex-valued functions over a compact
Hausdorff space X, isomorphism classes of balanced line modules over C'(X) are in
bijection with isomorphism classes of line bundles over X, showing the relationship
between the two types of Picard groups. In the second part of this thesis, we prove
that, in general, the Picard group of a finite-dimensional semisimple complex algebra
is isomorphic to the symmetric group on the number of components of the algebra’s

Wedderburn decomposition.
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Chapter 1

Introduction

An ordinary compact Hausdorff space X is completely characterized by the commu-
tative unital C-algebra C(X), the algebra of continuous complex-valued functions
on X. The concept behind noncommutative geometry is to generalize this: by the
same machinery that allows us to describe an ordinary space using only the algebra
of continuous functions, we are able to take a noncommutative algebra and describe
the hypothetical space that the algebra’s elements “would be” functions on.

A wvector bundle is a continuous family of vector spaces parameterized by a topological
space X. In the case that the vector spaces are 1-dimensional, it is called a line
bundle. The generalization of vector bundles to noncommutative geometry are the
finitely gemerated projective modules of an algebra, which should be thought of as
modules of sections of vector bundles on the topological space the algebra acts on. It
is correct to call this a generalization because it is known, by Swan’s theorem [Swa62],
that in the classical case of C'(X), the algebra of continuous complex-valued functions
on a compact Hausdorff space X, every balanced finitely generated projective module
is isomorphic to the module of sections on a vector bundle on X.

The tensor product of two vector bundles over a base space X is obtained by taking

the tensor products of the corresponding vector spaces on each point. Because the



tensor product of two 1-dimensional vector spaces is a 1-dimensional vector space,
the tensor product of two line bundles is itself a line bundle. The Picard group of a
topological space X is the group of line bundles over that space equipped with the
group operation Q¢ (x).

Beggs and Brzezinski [BB14] proposed a definition of line modules as a generalization
of the line bundles to noncommutative geometry (we have restated this definition
in this thesis as Definition 2.1.18), and defined the Picard group of an algebra A to
be the group of line modules over that algebra equipped with the group operation
®4. Our goal in this thesis is to examine these definitions in further detail, both
to confirm that the line modules are indeed a generalization and to characterize the
Picard group of certain types of algebras.

Chapter 2 is an overview of necessary definitions and pre-existing theorems needed
in the latter two chapters.

In Chapter 3 we show that in the case of C'(X) the continuous function algebra
over a topological space X, the set of balanced line modules over C(X) corresponds
exactly to the set of line bundles on X, by Swan’s theorem. This proves that the
line modules are a generalization of the line bundles, and that the topological Picard
group is a normal subgroup of the algebraic Picard group. This equivalence is stated
as Theorem 3.2.3.

In Chapter 4 we describe the general structure of the Picard group of a finitely
generated semisimple complex algebra, in particular showing that the Picard group
of any algebra that satisfies those properties is isomorphic to the symmetric group
on the set of components of its Wedderburn decomposition. This result is stated in

Corollary 4.4.1.



Chapter 2

Preliminaries

2.1 Preliminaries for Chapter 3

2.1.1 Modules

Definition 2.1.1. Let R be a unital ring. A left R-module is a set M together with
1. A binary operation + on M under which M is an abelian group, and
2. An action of R on M (that is, a map R X M — M denoted by (r,m) — rm.

(@) (r+s)ym=rm+sm, forallr,s € R, me M,

(b) (rs)ym =r(sm), for all r,s € R, m € M,

(¢) r(m+n)=rm+rn, foralr € R, m,n € M, and

(d) 1m =m, for all m € M.
A right R-module has analagous properties, but for an action M x R — M from the
right, denoted as (m,r) — mr.

If M is both a left R-module and a right S-module for rings R and S in such a way

that r(ms) = (rm)s for all r € R, m € M, s € S, we call it an R-S-bimodule, or,



in the case that R = S, an R-bimodule. If R is commutative, then an R-bimodule is

balanced if the left and right R-module structures coincide.

Definition 2.1.2. Let R be a ring, X a right R-module, Y a left R-module, and
G an Abelian group. An R-balanced product is a map ¢ : X x Y — G with the

following properties:
1. ¢(x,y+y) =d(x,y) + ¢(x,y) forall z € X and y,y/ € Y
2. oz +2,y) = d(x,y) + o(a,y) forall 2,2’ € X and y € Y
3. ¢(xr,y) = ¢(z,ry) forallz € X,y €Y, andr € R

Definition 2.1.3. For a ring R, right R-module X, and left R-module Y, the tensor
product of X and Y over R is an Abelian group X ®p Y together with a balanced
product ®p : X XY — X ®gr Y that is universal in the following sense:

for every Abelian group G and R-balanced product f : X XY — G, there is a unique

group homomorphism f: X ®z Y — G such that fo®p = f.

Remark 2.1.4. For rings R, S, and T if X is an S-R-bimodule and Y is an R-T-
bimodule, the tensor product X ®g Y is an S-T-bimodule via the operations
s(r®py) = (sz) ®gy and (z Qry)t = x Qg (yt) for all x € X, € Y, s € S, and

teT.

2.1.2 Vector Bundles

Definition 2.1.5. A rank n C-vector bundle £ over a topological space X consists of
a topological space V', and a map p : V — X, such that for all x € X, the preimage
p~!(x) (called the fiber over z) is an n-dimensional C-vector space, and there exists

a cover of X by open sets U, equipped with homemomorphisms

he : p ' (Uy) — U, x C™,



such that, for all z € Uy, ho(p~'(z)) = {2} x C" and hgl|, : p~'(z) = {z} xC" is a
vector space isomorphism. We call V' the total space and X the base space of &.
A rank 1 vector bundle is also known as a complex line bundle.

Analogously we can define real vector bundles and real line bundles.

Definition 2.1.6. For a vector bundle £ given by p : V' — X, a section of £ is a map
s : X — V continuously assigning to each z € X a vector s(z) in the fiber p~'(z).
The set of sections I'(£) is a module over C'(X), the ring of complex valued continuous
functions on X, with the module operations being pointwise vector addition and
pointwise scalar multiplication:

Vs1,80 € T(€), (s1+ 82) : X — V given by (51 + s2)(x) = s1(x) + s2(z) € p~(2).
Va € C(X),s1 €T(€), (a-s1): X — V given by (a-s1)(x) = a(x) - s1(z) € p~!(x).

Remark 2.1.7. An isomorphism between vector bundles pe : Ve — X and pe : Vi —
X over the same base space X is a homeomorphism f : Ve — V; taking each fiber
pgl(x) to the corresponding fiber pgl(x) by a linear isomorphism.

It follows that for s : X — V, a section on {, and f : Ve — V; a vector bundle

isomorphism, fos: X — V; is a section on (.

Example 2.1.8. The rank n trivial bundle over a base space X is given by p :

X x C*" — X with p(z,r) = =.

Example 2.1.9. Let V be the quotient space ([—1,1] x R)/ ~ under the relation
(=1,7) ~ (1,—r) for all » € R. The Mobius bundle is the real line bundle given by

p:V — St with p(d,r) = e™.

Example 2.1.10. For any surface X in R3, the tangent bundle is the real vector
bundle given by a total space | J,. {2} x T, X, where T, X is the tangent space to
X at point x, a base space X, and a map p : J,c {2} x T, X — X with p(z,v) = x.
Here we equip 7X C X x R3 with the subspace topology.

A section on the tangent bundle is a vector field on X.
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Example 2.1.11. The 1-dimensional complex projective space CP! is the quotient

space of C?\ {0} under the relation defined by (v1, ve) ~ (w1, ws) if and only if
(v1,v9) = 2(wy, wp) = (2w1, 2ws)

for some 0 # z € C. We denote elements of CP! by [w; : we] = [(wy, ws)].

The tautological line bundle of CP! is constructed of a base space CP!, a total space
V defined to be the disjoint union of all 1-dimensional subspaces of C2, and a map
7V — CP' given by 7(wi,ws) = [wy : wy] for all 0 # (wy,wy) € C2. We give
V C CP! x C the subspace topology. Each distinct subspace of C? has a distinct 0
point in V' (due to it being a disjoint union), and to explain where 7 maps these 0
points, it is easiest to work out the fibers for m as we have defined it.

For any [wy : ws] € CPY, 774 ([wy = we]) N (C*\ {0}) = {(v1,v2) € C*\ {0}/(v1, v2) ~
(w1, wa)} = {z(wi,w2)|0 # 2z € C} = Span((wr, w2)) \ {0}.

It is now obvious that the missing piece of our definition of 7 is simply that for
O(wi,we) € Span((wi, wa)), (0w, we)) = [w1 : wy]. With that the fibers are given
by 7 ([wy : wsy]) = Span((wy,ws)). These fibers are clearly 1-dimensional vector
spaces.

The local trivializations are as follows.

Let Uy = {[w; : wy] € CPYwy # 0}. Every [w; : wy] in U; can be expressed as
[2L : 1], because wa(3it, 1) = (w1, w2).

Define hy : 7= 1(U;) — U; x C by hy(wy,wy) = ([ : 1], w2) for (wi,ws) # 0 and
ha (0w wa)) = ([ : 1], 0).

For any [w; : wy] € Uy, 7 Y([wy : wy]) = Span((wy,ws)). For any z(wy,w;) €



Span((wy, ws)),

hi(z(wy, we)) = hy(zwy, zws)

2ZW1

= ([0 < 1) o)
= (> 1], 7w2)

— [z_; 1], ws)

= zhy(wy, ws)

Let Uy = {[w; : we] € CPYw; # 0}. Every [w; : wy] in Us can be expressed as
[1: 2], because wi (1, 32) = (w1, w2).

Define hy : 771 (Uz) — Uy x C by hg(wi,wa) = ([1 : £2],w1) for (wi,ws) # 0 and
ha (O wz)) = ([1: 32, 0).

For any [w; : wy] € Uy, w Y([wy : wsy]) = Span((wy,ws)). For any z(wi,ws) €

Span((wq, ws)),

2.1.3 Finitely Generated Projective Modules

Definition 2.1.12. An R-module P is said to be projective if it satisfies the following
property (the lifting property):

for any R-modules M and N, surjective R-module homomorphism ¢ : M — N, and



R-module homomorphism f : P — N, there exists an R-module homomorphism

h : P — M such that ¢ o h = f, so that the following diagram commutes:

M
3" | Ve
IV
P N

Definition 2.1.13. [BB14] The left dual E° of a left A-module E is defined to be
aHom(FE, A), the Abelian group of left module maps from E to A. E° has a right

module structure given by (a - a)(e) = a(e)-a foralla € E°, a € A, and e € E.

Theorem 2.1.14. A left A-module E is finitely generated projective if and only if
there exist €', ...,e" € E and ey, ..., e, € E° such that, for alle € E, e =Y " e;i(e)e’.

The set {e'} is called a frame and {e;} the corresponding coframe.

Proof. (=): Let E be a finitely generated projective left A-module. Let X be a finite
subset of E such that E is generated by X. Because X is finite it can be indexed.
Let X = {e!,...,e"}.

Now consider the A-module A" = [["_ | A = {(a1,...,an)|a; € A}.

Define g : A" — E by g(as,...,a,) = > ., a;e'. Then

g(A™) ={g(as,...,a,)|a; € A}
= {Z ae'la; € A}

= SpanX

= L.

Thus g : A" — FE is a surjective A-module homomorphism, and the identity map
idg : E — E is an A-module homomorphism, so by the lifting property of projective

modules, there exists h: £ — A" such that go h = idg.



For each 1 < i < n, define a; : A™ — A by a;(ay,...,a,) = a;m and let ¢; := a; o h :
E — A.

As a composition of A-module homomorphisms e; = «; o h is an A-module homo-
morphism, i.e., e; € sHom(E, A) = E°.

Then for all e € F,

This concludes the proof of (=).

(<): Let E be a left A-module and suppose that there are ¢’ € E and e; € E° such
that, for all e € E, e = >_7"  e;(e)e’.

Let X = {e',...,e"}. This is a finite subset of F, and every element of FE can be
written in the form Y 1 | a;e’ for a; € A. Therefore, E is finitely generated.

Now suppose that we have some surjective A-module homomorphism g : P — @),
and some A-module homomorphism f : E — Q.

For each €', f(e') € @, so because g is surjective, there exist p’ € P, such that
9(p') = f(e").

Pick a set of p', ..., p" satisfying the above and use them to define h : E — P by

h(e) =321 ei(e)p'.



Now for all d,e € F, and a € A,

n

therefore h : E — P is a homomorphism.

For all e € F,

i.e., goh = f. This shows that E satisfies the lifting property of a projective module.

Therefore F is finitely generated and projective.

Remark 2.1.15. With ¢’ € E and ¢; € E° defined as above,

For all « € E°, a = Y"1 | e;a(e’).

Proof. Let a be any element of E°.

10
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For all e € F,

and therefore oo = > | e;ax(e’). O

If E is a bimodule, then E° is also a bimodule, with the right-module structure as

in Definition 2.1.13 and left-module structure (a - a)(e) = a(e - a).

2.1.4 Line Modules

These definitions of evaluation map, coevaluation map, an line module are taken
from Beggs and Brzezinski [BB14, Sections 2 and 3].
For an A-bimodule F that is finitely generated projective as a left A-module, we can

define the following two bimodule maps:

Definition 2.1.16 (The Evaluation Map). ev: E®QqE° — A, given by ev(e®a) =
afe)

Definition 2.1.17 (The Coevaluation Map). coev : A — E° ®4 E, given by
coev(ly) =D 1 e; ®4 €', where {e'} is a frame for E and {e;} is its corresponding
coframe.

It follows that for all @ € A, coev(a) = coev(ls-a) = coev(ls)-a= (> e;Qa€")a.

Definition 2.1.18. Let E be an A-bimodule that is finitely generated as a left A-

module. If coev: A — E°®4 F is an isomorphism, then F is called a weak left line

11



module. If in addition ev: F ®4 E° — A is an isomorphism, then E is called a left

line module.

Definition 2.1.19. The Picard group of an algebra A, denoted Pic(A), is the group

of isomorphism classes of line modules over A, with the operation ® 4.

2.1.5 Serre-Swan Duality

Definition 2.1.20. A topological space X is said to be compact if every open cover

of X has a finite subcover.

Definition 2.1.21. A topological space X is a Hausdorff space if for any two distinct

points z, y € X there exist open neighborhoods U > z and V' 5 y such that UNV = {).

Theorem 2.1.22 (Swan’s Theorem [Swa62]). Given a compact Hausdorff space X,
the category of finitely generated projective modules over the continuous function
algebra C(X) is equivalent to the category of finite rank vector bundles on X, where
the equivalence is established by sending a vector bundle to its module of continuous

sections.

A morphism between two bundles corresponds to a homomorphism between f.g.p.

modules.

Definition 2.1.23. The Picard group of a topological space X, denoted Pic(X), is
the set of isomorphism classes of modules of sections of line bundles over X, with

the operation ®c(x).

2.1.6 A Finite Generating Set for a Set of Sections

Remark 2.1.24. Suppose that X is a compact Hausdorff space, and & is a rank n
vector bundle given by 7 : V — X. Let E =T'(¢), A = C(X). A finite generating

set for £ as an A-module can be constructed as follows:

12



Let {U;|i € J} be the open cover of X on which each U; has a local trivialization,
h;. Because X is compact Hausdorff, there exists a partition of unity {p;|i € J},
pi + X — [0,1] such that supp(p;) C U; for each i € J and, for all x € X,
ey pilw) = 1.
On each trivial bundle U; x C™, it is easy to define a set of sections
Sids -y Sip o Uy = U; x C" where
914
sij(x) =[x,

Onj
The set {s;;(z)|j € {1,...,n}} generates U; x C" as an A-module.

It follows that the set of sections of the form h; ' os;; : U; — 7~ 1(U;) generates the
set of sections on 7 (U;).

Define o;; : X — V by setting, for allz € U;, 0;(z) = pi(z) - (h; ' 0 5;;)(z) and for
allz ¢ U;, 0, (x) = 0 € 7 '(x). This is a global section of ¢, which will be useful
soon.

Let e be any element of E. For each ¢ € J define e; : X — V given by

ei(x) = pi(a) - efx).

Each e; is only nonzero on its support U;, but, for all z € X

Zei(x) = Z(pz(f) -e(w))

ieJ icJ

= (3 i) elw)

icJ

=1-e(z)

= e(x).

The restriction e|y, : U; — 7! is a section on 7= (U;), so there exist a; 1, ..., a;, € A

13



such that

n

a;j(x) - (hy ' osiz)(x) = e(x)

j=1
for all x € U;.

Now consider > "

i1 ij " Oij- For all x € U;

SRR NERAE
—gamx»pm (7 0 505)(2)
e Z<> (o 505)(2)
— ) - e(a)
~ ei(a)

and for allz ¢ U;, (3°7_, aij - 0i;)(x) = 0, which is equal to e;(x), so for all z € X

Y O aijoi)@) =) elx)

ieJ j=1 ieJ

In other words, for every e € E, there exists {a; i € J,j € {1,....,n}} C A such
that >, ;>0 aij - 0i; = e. Therefore {o;;|i € J,j € {1,...,n}} generates E as an

A-module.

2.2 Preliminaries for Chapter 4

Remark 2.2.1. The standard basis of C" is {e[n], ..., e[n],}, where

14



01
eln); =

5ni
The standard ordered basis of M, xn,(C) is {e[nl]ie[ng]f}. Let E;j[n X no] =

e[nilie[ns]].

Definition 2.2.2. An n x n permutation matriz is a matrix obtained by permuting
the rows of an n X n identity matrix according to some permutation of the numbers

1 to n.

Remark 2.2.3. The group of N x N permutation matrices is isomorphic to the
symmetric group Sy, with each 0 € Sy corresponding to a matrix P, defined by
PU == G[N]a(l) G[N]U(Q) G[N]U(N) .

For any P, defined this way, its inverse with respect to matrix multiplication is

€[N]UT(1)

T
p-l — pT — e[N]U(Q)
_e[N]aT(N)

Proof. The fact that P, ! = P can easily be checked explicitly:

(PoPY)ig = Yot PoikPliy = Yones PoikPojie

For given i and j =i, P,;x = P, = 1 for k = 0~ !(i) and 0 for all other k = 1, ..., N.
Therefore, for i = j, (P,PL);; = 1.

For any 4, j such that i # j, there does not exist a k such that both P, and P,
are nonzero. Therefore, for i # j, (P,Pl);; = 0.

Having calculated every entry, we can see that P, PT = Iy. O]

The following statement of Wedderburn’s theorem is lifted directly from Dummit

and Foote’s Abstract Algebra [DF04], conditions 1 and 2 will not be used in this

paper.
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Theorem 2.2.4 (Wedderburn’s Theorem [DF04, Sections 18.2, Theorem 4]). Let R

be a nonzero ring with identity. Then the following are equivalent:
1. Every R-module is projective
2. Every R-module is injective
3. Fvery R-module is completely reducible

4. The ring R considered as a left R-module is a direct sum:

R:Ll@LQ@@Ln,

where each L; is a simple module with L; = Re; for some e; € R with

(i) eiej =0 if i # j,
(ii) €2 = e; for all i,
(iii) > e; = 1.

5. As rings, R is isomorphic to a direct product of matriz rings over division
rings, i.e., R = Ry X Ry X ... X R,, where R; is a two-sided ideal of R and R;
is isomorphic to the ring of all nj x n; matrices with entries in a division ring
A;, 7 =1,2,...,r. The integer r, the integers n;, and the division rings A; (up

to isomorphism) are uniquely determined by R.

Definition 2.2.5. A ring satisfying any of the equivalent properties in Wedderburn’s

theorem 2.2.4 is called semisimple.

Definition 2.2.6. The rings R; in condition (5) of Wedderburn’s Theorem are called
the Wedderburn components and the expression of R as a direct sum of them is called

the Wedderburn decomposition.

16



In the case that R is a finite dimensional semisimple C-algebra, the division rings A;
must all be isomorphic to C [DF04, Sections 18.2, Proposition 9], so R is isomorphic

to a direct product M,, (C) x M,,(C) x ... x M, (C). We will only be dealing with

this case.

17



Chapter 3

Line Modules and Classical Line

Bundles

3.1 Line Modules

Per Definition 2.1.18, an A-bimodule E is a left line module when both coev : A —
E°®4F and ev: E®4 E° — A are isomorphisms. In order to more easily check for

surjectivity and injectivity of coev we will define two maps:
Definition 3.1.1. +: E°®4 E — sHom(E, E), where «(f ®4n)(e) = f(e)n
Definition 3.1.2. ¢ : sJHom(E,E) — E°®4 E, (T) =>"  e; @4 T(€")

Remark 3.1.3. ¢ and ¢ are inverses of each other, and therefore are both bijective.

18



Proof. The composition of functions v o ¢+ maps tensors to themselves:

You(f®an)=v((f®an))
:Zei@w(f ®4n)(e")

= Z e ®a fle)n
i=1

= Z Gz‘f(ei) XKan

= f XA n,

and the composition of functions ¢ o ¢ maps homomorphisms to themselves:

forall e € E,
Lo p(T)(e) = <Z ¢ @A T(E))(e)
— il ei(e)T(e")
- T@; ex(e)e’)
= T(e)
therefore ¢ 0 %(T) = T. 0

Corollary 3.1.4. The map coev is injective/surjective if and only if Lo coev: A —

aHom(E| E) is injective/surjective.

Lemma 3.1.5. The coevaluation map is injective if and only if for all nonzero a € A,

there exists e € E such that e - a # 0.

19



Proof. For a € A,

Lo coev(a) = L((Z e; ®4€)a)

= L(Z e; @4 c'a)

=1

= Z L(e; @4 €'a),
i=1

so for all e € F,

n

(1o coev(a))(e) = (Z L(e; @4 €'a))(e)

=1

This can be used to characterize Ker(z o coev):

Ker(t o coev) = {a € Alco coev(a) = 0}

={aec AVec E, e-a=0}

An element of A not being in Ker(vo coev) is equivalent to stating that there exists

e € F such that e-a # 0. ]

Lemma 3.1.6. The coevaluation map is surjective if and only if every left A-module

endomorphism on E is equivalent to right multiplication by some element of A.

20



Proof.

Im(c o coev) = {T € sHom(F, E)|Ja € A such that ¢ o coev(a) =T}

={T € sHom(FE, E)|Ja € A such that Ve € E, T'(e) = e - a}

O
Lemma 3.1.7. The evaluation map is injective if and only if for all nonzero
o1 ®af; € EQaE, 3 fi(n;) #0.
Proof.
Ker(ev) = {> n;®a4 fj € E®@a E°|ev() _nj®4 f;) =0}
= {D m@afi e E®aE|Y fi(n;) =0}
O

Lemma 3.1.8. The evaluation map is surjective if and only if there exists
D nj®af; € E@y E°

such that Y f;(n;) = 1a.

Proof. Suppose that there exists Y 1; ®4 f; € E ®4 E° such that > f;(n;) = 1a.
Then, foralla € A, a(} n;®af;) € EQaE° with ev(a(d nj®af;)) =a-ev(d ni®a

fi)=a-14=a. O

Proposition 3.1.9. If E is a weak left line A-module (recall Definition 2.1.18) then

(up to natural isomorphism)
ev®y idp = idp ®4 coev ! i E®@yq E°®4 E — E, and

idge ®4 ev = coev ' ®y4 idge : E°®4 E ®4 E° — E°.
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Proof. For alle € E, a € A,

(ev®a idg) o (idg ®4 coev)(e®a a) = (ev®4 idg)(idg(e) ®a coev(a))

= (eV R4 idE>(€ ®a (i €; D4 ei)a)

=1

= Z(ev ®4 idp)(e @4 e; @4 €' - a)
i=1

= Z( ev(e®ae;) @a idp(e’ - a))

=1

while

(idg ®4 coev ') o (idp ®4 coev)(e @4 a) = (idp ®4 coev ) (idp(e) @4 coev(a))
= idg(e) ®4 coev !(coev(a))
=e®aa

=e-a®aply,
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so that

(idge ®4 ev) o (coev ®4 idge)(a ®4 ) = (idge ®4 ev)(coev(a) ®4 idps(a))

= (idge ®a ev)((i e ®ae)a®a)

i=1
= Z(idEo @4 ev)(e; @ae' - a®aa)

=1
n

= Z(idEo R4 ev)(ei®ae - a®4a)
i=1

— Z( idge(e;) @4 ev(e’ - a®4a))

=1

= Zei ®4 e - a)
i=1

= Zeia(ei ca) ®a 1y
i—1

= Zei(a a)(e') ®a la

=1

=a- a®A 1A;
and hence

(coev ! @4 idge) o (coev @y idge)(a ®4 a) = (coev™ ! @, idge)(coev(a) @4 idge(a))
= coev !(coev(a)) ®,4 idps(a)
=a®y o

:1A®Aa-a.

]

Proposition 3.1.10. If E is a weak left line A-module and the evaluation map is

surjective, then E is a left line A-module.

Proof. Suppose that coev is known to be an isomorphism and ev is known to be
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surjective. Let 7 = Ker(ev), let 8 be an element of F ®4 E° such that ev(f) = 14.
There is a natural isomorphism 7 = y®4 14, so v = {0} if and only if y®414 = {0}.

With the help of Propostion 3.1.9 we have:

Y®ala=(idp ®4 idpe ®4 ev)(y @4 B)
= (idp ®4 coev' ®y4 idpe)(y ®a B)
= (ev®y idp ®4 idge)(y @4 B)
= (ev)(7) ®4 (idp ®4 idge)(B)
={0}®4
= {0}.

Thus Ker(ev) =v =y ®4 14 = {0}, i.e., the evaluation map is injective. Together

with our initial assumptions, this means F is a left line module. O

3.2 Serre-Swan Duality

Lemma 3.2.1. Suppose that X is a compact Hausdorff space, and & is a rank n vector
bundle given by m: V — X. Let E =T1(§), A= C(X). Then coev: A — E°®4 E

1S 1njective.

Proof. Let a be any nonzero element of A. Then there exists + € X such that

a(x) #0.

For a(z) a nonzero element of C we can easily define an open ball B = B(a(z), |a(2x)|)

and know that 0 € B.

Since B is a neighborhood of a(z), by continuity of a, a='(B) is a neighborhood of
z, and for all y € a=(B), a(y) # 0.

By definition of a vector bundle, there exists a neighborhood of z, U, C X, with

local trivialization h, : 7= 4(U,) — U, x C".
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Let U = a™'(B) N U,, as a finite intersection of neighborhoods of z, we know that
U must also be open and contain z.

For all w € U, a(u) # 0

Since U C U,, n=1(U) C 7~ H(U,), so we can define h = ho |1y : 71 (U) — UxC™.

Deﬁnes:U_—>_U><(C”by
1

0
s(u) = | u, ,

0
Then s is a section on the trivial bundle U x C™.

Now £ is a vector bundle isomorphism, so the composition h™' o s: U — 7= }(U) is
a local section of £ on U.

Because X is compact Hausdorff, by Urysohn’s Lemma [Rud66, Chapter 2, Lemma
2.12] there exists w : X — [0, 1] such that w({z}) = {1} and w(X \ U) = {0}.
Define 0 : X — V by, for all y € U, o(y) = w(y) - (h~' 0 5)(y) and for all y ¢ U,
o(y) =0€n ! (y).

Then o is a continuous global section of £, i.e., it is an element of E, and

1

0
o(z) =w(x) - (htos)(z)=h""]|x, | #0.

0
This implies (¢ - a)(z) = o(z) - a(x) # 0, and therefore o - a # 0.

By Lemma 3.1.5 the existence of such a 0 € F for any nonzero a € A proves that

the coevaluation map is injective. O

Lemma 3.2.2. Suppose that X is a compact Hausdorff space, and & is a rank n vector
bundle given by m: V — X. Let E=T1(¢), A=C(X). Then ev: E®s E° — A is
surjective.

Proof. Consider {U;]i € I} the open cover of X with local trivializations that exists
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per the definition of a vector bundle. Because X is compact there exists a finite
subset J C I such that {U;|i € J} is an open cover of X.

For each U;, we can define a map s; : U; — U; x C™ by
1

0

si(z) = | =, . ,

0
s; is a section on the trivial bundle U; x C".

The local trivialization h; : p~1(U;) — U; x C™ is an isomorphism, so the composition
hitos;: Uy — 7 1(U;) is a local section of & on Us.

Because X is compact Hausdorff, there exists a partition of unity {7;|i € J},

7+ X — [0,1], such that supp(r;) C U; foreach i € Jandforallz € X, >, 7i(z) =
1.

Define p; : X — [0,1] by pi(z) = /7i(x).

Define 0, : X — V by Vo € U;, 0;(z) = pi(z) - (h

7 (x).

“los)(z) and Vo ¢ U, oy(x) =0 €

(2

Each o; is a continuous global section on &, i.e., they are all elements of F.

Define p: X x C* — C by

Define «; : E — A, with a;(e) : X — C defined by for all z € U;,
(ai(e))(x) = pi(x) - (po h;oe)(x) and for all x ¢ U;, (cy(e))(x) = 0.
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Now we can work out that, for x € Uj;

(ev(oi @4 o)) (x) = (ci(04))(x)
= pi(x) - (po hyo a;)(x)
= pi(x) - (o hi)(pi(x) - (h; " 0 5:)(x))
= pi(@) - pilx) - (po hi)((hi " 0 59)())
= (pu()* - (pohio bt o 5:)()
= 7i(x) - (po5:)()
= 7(x)- 1

= 7;(2)

And for z ¢ U;, (ev(o; ®4 a;))(x) = (ay(0;))(x) = 0, which is equal to 7;(z), so
globally (ev(o; ®4 a;))(z) = ().

For the sum of tensors ),  ; 0; ®4 a; € Ef ®4 E°, this means that, for all z € X

(ev(z 0, Q4 ;))(x) = Z( ev(o; ®4 a;))(z)

ieJ 1€J

ie., ev(d ,c;0i ®a ;) = 1u, which by Lemma 3.1.8 means the evaluation map is

surjective. O

Theorem 3.2.3. Given a compact Hausdorff space X, a finitely generated projective
balanced C(X)-bimodule is a line module if and only if it is isomorphic to the module

of continous sections of some line bundle over X.

Proof. («<): Suppose that £ is a line bundle over X given by 7 : V. — X. Let
A =C(X),and let E =T'(£). By Swan’s Theorem 2.1.22 we already know that E
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is a finitely generated projective module. By Lemmas 3.2.1 and 3.2.2, we already
know that the coevaluation map is injective and the evaluation map is surjective,
and by Proposition 3.1.10 if E' is a weak left line module, it immediately follows that
it is a left line module, so the one thing left to prove is that the coevaluation map is
surjective.

Lemma 3.1.6 states that the coevaluation map is surjective if and only if any A-
module endomorphism on F is equivalent to right multiplication by some element of
A.

By definition of a line bundle, there is an open cover {U;|i € I} of X with local
trivializations h; : 7 1(U;) — U; x C. Because X is compact there exists a finite
subset J C I such that {U;|i € J} is still an open cover of X.

Let T : E — E be any A-module endomorphism of E.

The set of sections of 7~1(U;) is isomorphic to the set of sections of U; x C via
composition with h;, and the set of sections on U; x C is isomorphic to C(U;) via
0:CU;) = I'(U; x C), where (6(a))(z) = (x,a(x)).

Let P : T'(n=Y(U;)) — C(U;) be given by for all e € T'(7=Y(U;)), Pi(e) = 07 (h; o e).
Let Q;=PoTo P :C(U)— Cj).

For all a € C(U;),

Qi(a) = Qi(a - 14)
=a-Q;i(1a)
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For e € T'(x (1)),

T(e) = (P o Qio F)(e)
= (P o Qi)(Pe))
= P (Qi(Pi(e)))
= B ((Pie)) - Qi(14))
= B (F(e)) - Qi(1a)
= e Qi(1,)

Define @ : X — C by, for each i € J and x € U, setting Q(x) = (Q;(14))(x). For
x € U; N Uj, this states both Q(z) = (Qi(14))(x) and Q(z) = (Q;(14))(x), which
looks like it would be a problem, but is actually fine.

Let e be any section of ¢ that does not vanish at z. Because e(z) is a nonzero

complex number, it has a multiplicative inverse, so we can say

= (- Qi(14))(2) = (e~ Q;(14))()
= e(z) - Qi(1a)(z) = e(x) - Q;(14)(x)
= (e(2)) " - e(z) - Qi(1a)(z) = (e(2)) " - () - Q;(1a)(2)
= Qi(1a)(z) = Q;(1a)().

Thus, @ being well defined follows from T being well defined. And (@) is continuous
at every point in X because every point is within some U; on which @) is equal to
the continuous map @Q;(14).

For arbitrary 7' € 4Hom(FE, E), we have found Q € A such that, for all e € E,
T(e)=e-Q.

Therefore the coevaluation map is surjective, and alongside what we’'ve already
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proven, this makes E a line module.

This concludes the proof of (<=).

(=): Suppose that B is a balanced line module over A = C(X). B is a finitely
generated projective module, so by Theorem 2.1.22, we already know that there
exists a vector bundle £ over X such that B = T'(£). Let £ be given by 7 : V — X
and let £ = I'(§). By virtue of being isomorphic to B, we know that F is a line
module.

Suppose by a contradiction that £ is not a line bundle, i.e.; it is rank n for some
n # 1. There exists an open cover {U;|i € I} of X with local trivializations h; :
71 (U;) — U; x C™.

Because X is compact Hausdorff, there exists a partition of unity {p;|i € J},

pi + X — [0,1], such that supp(p;) C U; for each i € J and, for all z € X,
e i) = 1

On each trivial bundle U, x C", each fiber {z} x C" has basis {(z,¢;)|j € {1,...,n}}

where

Onj
Define a map f : U, x C* — U, x C" by f(z,e1) = (x,e1) and for j # 1,

f(w,e;) = (2,0). This gives us a map Ao o f o ha : 7 (Us) — 71 (U).

Define T : V — V' by, for 7(v) € Ua, T(v) = (pa(n(v))) - (ho' o f 0 hy)(v)) and for
7(v) & Ua, T(v) = 0 € 7} (r(v)).

[(T): E — E is given by (I(T))(¢) = Toe: X — V.

(I'(T"))(e) is continuous because it is a composition of continuous functions.
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For x € U,,

= (pa(m(e(2)))) - ((hg' o f o ha)(e()))
= (pa(@)) - ((hg' o f o ha 0 €)(x))

= (pa - (h;1 o fohsoe))(z),

which is an element of 77!(z) because e(x) € 7 1(z), po(x) is a scalar, and h ', f,

and h,, are all fiber preserving maps.

Meanwhile for = & U, (T'(T))(e))(z) = (T'(e(z)) =0 € 7 (z).

Thus, (I'(7))(e) is a continuous map from X to V such that for all z € X, ((I'(T7))(e))(x) €
n~1(x), hence it is a global section on &, i.e., an element of E. This proves that I'(T)

is indeed a map from E to itself.

Forallee F,a € A, and x € X,

e, ((T))(a-e)=a- ((T(T))(e)), so I'(T) is an A-module endomorphism on F.
Since F is a line module, this means coev is surjective, so by Lemma 3.1.6 every left

A-module endomorphism on E' is equivalent to right multiplication by some element
of A. Let a be an element of A such that, for alle € E, e-a = (I'(T))(e).

Now consider the sections o, ; € E as defined in Remark 2.1.24. For all z € X,
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(F(T))(0a5)-

For x € U,

Oa,j* a

(00, - @) (@) = (T(T))(0a,))(x)

(T'0 04,5)(x)

'o505)(2))) - (a(@) = (T(0a,(2)))

(0a,j(2)) - (a(z))

o

((pa()) - (R

F0504)(2))))

10 50,7)(¥)))

o

H(50,4(2))) - (a(@)) = (T((pa()) - ((h

(Pa(@)) - (he' (2, €5)) - (a(@)) = (pa(x)) - (T((h

o

(Pa(@)) - (h

«

10 50,)(2)))

a

;1ofohaoh

z)) - ((pa(@)) - ((h

«

~— ~— "

~—  ~— "

e T T T
e T e e

~— ~— ~—  ~—

~—  ~— "

For j # 1,

H(f(z¢5))
H(x,0))

(Pa())? - (2,0)

(z,0)

(Pa())? - (hg

H(x,€5)) - (a(x)) = (pa())* - (

H(z,€5)) - (a(z))
H(z,€5)) - (a(z))

H(z,€5)) - (a(z))

«

(Pa()) - (B

«

o

(Pa()) - (B

«

(Pa()) - (B

«

(Pal()) - (B
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and for j =1,

(pa(2)) - (he ' (2, e1)) - (a(x)) = (pa(2))* - (ho (f(2,€1)))
(pa()) - (hg' (z, €1)) - (a(x)) = (pa(@))* - (hg ' (x,€1))
(pa()) - (hy' (z, €1)) - (a(@)) = (pa(@))* - (hg ' (s0,1(x)))
(pa()) - (hg' (z, €1)) - (a(2)) = (pa(@))* - (e © 50,1)(2))
(pa()) - (hg' (z, €1)) - (a(2)) = (pa(@))* + (hg ' (s0,1(x)))
(pa(®)) - (hy' (z, €1)) - (a(2)) = (pa(@))” - (he ' (2, €1))-

For x such that p,(x) # 0, this presents a problem, because that makes each
(palx))-(hy'(x,e;)) a nonzero vector, yet right multiplication by the complex number
a(x) gives a nonzero product for j = 1 and zero for j # 1. No such complex number
exists.

This is a contradiction, proving that the set of sections of a vector bundle of rank
greater than 1 cannot be a line module.

Therefore the vector bundle that a line module is equivalent to (via Swan’s theorem)

must be a line bundle. O

3.2.1 The Hopf Line Bundle

Example 3.2.4. We will now construct an example of a naturally occuring balanced
line module which Serre-Swan duality applies to.

Consider the 3 sphere embedded in C?, S? = {v € C?|||v|| = 1}, and the circle group
Ul) = ({z € Cl||z| = 1}, x).

Define a map 7 : U(1) — GL(C?), where for all z € U(1), 7(z) : C* — C? is defined
by (7(2))(v) = zv for all v € C.

For any z € U(1) and v € C?, ||(7(2))(v)]| = [2[[|v]| = [[v]-

Hence 7 restricts to a group action of U(1) on S? by isometries. This action is called
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the Hopf action. The notation for this action is z > w = zw or z > (wy,wy) =
(zwy, zw,).

There is similarly a group action of U(1) on the vector space of complex valued
continuous functions C(S®), given by (2 > f)(w) = f(z > w) for any 2z € U(1),
feC(S?) and w € S3.

Define a quotient space S®/U(1) by, for v,w € S3 v ~ w if and only if v = z > w
for some z € U(1).

Recall the 1-dimensional complex projective space CP! as defined in Example 2.1.11.
As in that example, we shall denote elements of CP' by [w; : ws).

There is a homeomorphism S*/U(1) ~ CP' given by [(wi,ws)]ua)y — [w1 @ wsl,
ie. sending equivalence classes of ordered pairs of complex numbers in S%/U(1) to
equivalence classes of the same ordered pairs under a different equivalence relation.
There is a homeomorphism CP' =~ C U {oo} given by [wy : wy] = 22 for wy # 0 and
[wy : 0] — o0; here, open neighbourhoods of {co} in C U {oo} are compements of
compact subsets of C.

Note that C L {oo} ~ S? by stereographic projection:

2WR 2wy w?g""w? -1

Wr + 1wy = (1+w%{+w?’ 1wy +w?’ 1+wh,+w?

) for any wg + iw; € C, and oo — (0,0, 1).
Composing all of these homeomorphisms together, we get a homeomorphism

Y 83 /U(1)=S52, which gives rise to a pullback map ¢* : C(S?)=C(S?/U(1)), where
W (M) [(wr,w2)luy) = fod([(wr,w2)]u), for any f € C(5?),

[(w1, wa)]vy € S°/U(L).

The n-th isotypical component of a representation 7 of U(1) on a vector space V is
Vo ={w e VVz e U(1), (r(2))(w) = z"w}. The 0-th isotypical component of m on
V is thus simply Vy = {w € V|Vz € U(1), (7(2))(w) = w} = VU,

The n-th isotypical component of 7 on C'(S?) is thus given by

C(F)n ={f € C(F)Vz € U(1),Yw € 5%, (2 > f)(w) = f(z > w) = 2"f(w)}.

In the case of the 0-th isotypical component, C(S5%)y ~ C(S%/U(1)) via the map
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(185 = C) o (glf) : $/U(1) - ©), where (g(F))([(wr, w2)]ow) = f(wr, w) for
any [(wi,w2)]ua) € S*/U(1).

We now have an isomorphism g o ¢* : C'(S?)=>C(S%),.

C(S?); is a group by pointwise addition, i.e., for any fi, fo € C(S%)1,

fi+ f2: C(S?) — C is defined to be (f; + f2)(w) = fi(w) + fo(w).

fi + fo is clearly in C(S?), and we can show that it is in C'(S?); because, for all

z€U(1l) and w € 53

(z > (fi+ o)) (w) = (1 + f2) (2w)
= [i(zw) + fa(zw)
= zf1(w) + zfa(w)
= 2(fi(w) + fa(w))
= 2((f1 + f2)(w)).

The 1-st isotypical component C'(S%); is a C'(S%)p-module by pointwise multiplica-
tion, i.e., the action of C'(S?) on C'(S?); is given by: for any f € C(S%)1, h € C(S?)o,
h-f:C(S%) — Cis defined to be (h- f)(w) = (h(w)) - (f(w)).

It is clear that - f is in C'(S?), and we can show that it is in C'(S?); because for all

ze€U(1) and w € 5%

= z((h- f)(w))

Pointwise multiplication of complex valued functions is commutative, so the left and
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right actions are the same, ie. for any w € S®, (h(w)) - (f(w)) = (f(w)) - (h(w)).
Therefore C'(S?); is a balanced C(S?)g-bimodule.

Because C'(5%)y ~ C(S?), C(S?); is a C(S?)-bimodule by the operation defined for
all f € C(S%)1, and h € C(S2), by hf = (g7 o v (R)) - f, fh = f - (g~" 0 4"()).
Since S? is a compact Hausdorff space, Theorem 2.1.22 is applicable to any finitely
generated projective module over C'(S%). Note that C(S%); is finitely generated
projective as a C'(S?)-module if and only if it is finitely generated projective as a
C(S53)p-module. We will show that C'(S?); is a finitely generated projective C(S%)o-
bimodule by constructing a frame and coframe, as Theorem 2.1.14 shows that that
is equivalent.

Define a map e' : S — C by e'(wy,wy) = w;. For all z € U(1), el (zwy, zwy) =
2wy = z(eH(wy, wy)), so et € C(S?);.

(
)
Define a map €? : S3 — C by e'(wy,wy) = wy. For all z € U(1), e*(zwy, z2wy) =
2wy = z(e2(wy,wq)), so €2 € C(S?);.

*)o

Define a map e; : C(S%); — C(S%)o by e (f) = el - f.

Then, for all z € U(1), and w € S*:

(e (M) (zw) = (e' - f)(zw)

Thus e;(f) € C(S?)o for all f € C(S?)y, therefore e; € C(S?)].
Define a map e, : C(S%); — C(S%)g by ey(f) =2 f.
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For all z € U(1) and w € S:

(e2(f))(zw) = (€2 - f)(zw)

So es(f) € C(S?) for all f € C(S?), therefore e; € C(S?)5.
For any f € C(S?), ey(f)e! + ea(f)e? € C(S?)y, and for all w = (wy,wsy) € S3:

(e1(fe’ + ea(fle?)(w) = (er(f)e’)(w) + (e2(f)e?) (w)

=wr - (f(w)) - wi +wy - (f(w)) - ws
= (Wwy + wyws)(f(w))

= (Jw1|* + [wa]*)(f (w))

= [[w|*(f (w))

= 1(f(w))

This shows that {e',e?} and {ej, ey} are frame and coframe, therefore C'(S%); is
finitely generated projective.

The coframe of C(S3); as a C(S?)-module can be constructed by composition of
functions: (¢*)"togoe; : C(S?); — C(S?).

Now to prove that C'(S%); is a line module, we will look at the evaluation and
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coevaluation maps. For notational convenience, let A = C'(S?),.

The evaluation map ev : C'(5%); @4 C(S?); — C(S?)g is given by ev(e®4a) = a(e)
Because {e!,e?} and {e1, eo} generate C'(S?); and C'(S?); respectively,

{e? @ae1,e! @469, R4 €1,6% R4 ex} generates C(S3); @4 C(S?)5.

We will show that ev is surjective by proving that the identity map, 14 is in Im(ev).

First we describe where it sends the tensors in the generating set.

ev(e' @4 ¢;) = ¢;(e")

Vw = (wy,wy) € 53

With this we can pick out an element that maps to 14. Since

evie! @4 e +e* ®4e9) = er(e') + ex(e?)
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for all w = (wy,ws) € S3,

(ev(e' ®aer + e ®@aer))(w) = (el -e' +e2-e?)(w)

= wlwl + ?EQ'LUQ

Therefore ev(e! @4 e + €2 @4 e3) = 14, therefore ev is surjective.

The coevaluation map coev : C(S%)y — C(S%); ®4 C(S?); is given by coev(l,) =

2 i
Zz‘:l € X4 €

For j,k € {1,2}, e;(e¥) € C(S?)y and so the coevaluation map sends it to

coev(e;(e")) = coev(la - (ej(e")))

= coev(La) - (e(c"))

= (ZZI ei@ae’) - (ej(e"))
=(iei®Aei)-(5j'e’“)
ZZez@me (7 - e")
:Z@@A( R
:;ei-(ei-e_j)®,46k

We now use the fact that pointwise multiplication of complex valued functions is

commutative to simplify the expression of e; - (e’ - ef).
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For all f € C(S?%),

Therefore e, - (¢ - 1) = (i - €f) - e;.

coev(e;(eh)) = Z ei-(e-el) @yeh

e')e;®@a e

Il
—
~

=1

2 —
= () (e @ach)
=(el-e' +e2-e%) (e;®@ae")
=14 (¢;®ac")

k
=e;Q4€

{e', e} and {e;, ea} generate C'(S?); and C(S%)] respectively, so C(S?); @4 C(S?),
is generated by {e; ®a el e; @4 €2 0 @4 el 60 R4 €2}

= { coev(ei(el)), coev(ei(e?)), coev(es(el)), coev(es(e?))}.

Therefore coev is surjective.

Recall Lemma 3.1.5: the coevaluation map is injective if and only if for all nonzero
a € C(S?)g, there exists e € C'(S%);, such that e - a # 0.

Since 0 # a € C(S%), so there exists some w = (wy, wy) € S? such that a(w) # 0.
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On the one hand, (¢! - a)(w) = (e'(w)) - (a(w)) = wya(w), which only equals 0 if
wy = 0.

On the other hand, (€2 - a)(w) = (e*(w)) - (a(w)) = wea(w), which only equals 0 if
we = 0.

Since (0,0) € S3, at least one of ! - @ and € - ¢ must be a nonzero map. Therefore
coev is injective.

This proves that C'(S?); is a weak left line module, and knowing that ev is surjective,
by Proposition 3.1.10 we are done.

Thus C(S?); is a left line C'(S%)p-module, and so, because C(S?)y ~ C(S5?), it is a
left line C'(5?)-module. By Theorem 3.2.3, C'(S?); is isomorphic to the set of sections

on some line bundle over S2.

Example 3.2.5. Another very similar example is

C(S*_ 1 ={feC(S*NVzeU1),Ywe S (2> f)lw) = f(z>w) =2 f(w)}.

Note that C'(S3)_; is a group by pointwise addition, just like (C?);.
For all fi, f, € C(S®)_1, 2z € U(1), and w € S:

(z > (fi + f2))(w) = (fr + fo) (zw)
= filzw) + f2(zw)
=2 fi(w) + 27 fa(w)
=2 (fi(w) + fa(w))
=2 ((fi + f2)(w))

In fact, C'(S%)_; is a C(S3)p-module by pointwise multiplication, i.e., the action of
C(S%)o on C(S?)_ given by: for all f € C(S®)_1, h € C(S3)y, h- f:C(S?) — Cis
defined by (h - f)(w) = (h(w)) - (f(w)).
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Note that h - f is clearly in C'(S?), and we can show that it is in C'(S®)_; because,

for all z € U(1) and w € S*:

(z > (h- f))(w) = (h- f)(zw)

== (b f)(w))

Pointwise multiplication of complex valued functions is commutative, so the left and
right actions are the same, i.e., for all w € S?, (h(w)) - (f(w)) = (f(w)) - (h(w)).
Therefore C'(S3)_; is a balanced C(S?)g-bimodule.

The proof that C(5%)_; is a line module follows nearly identical logic to the proof
for C'(S®)1, but the choice of frame and coframe needed for this proof is as follows:
Define a map €' : S* — C by e'(wy,wy) = w;. For all z € U(1), e'(zwy, zws) =
2y = 2y = 2z My = 27 e (wy, we)), so et € O(S?) 1.

Define a map €? : S* — C by e!'(wy,wy) = wy. For all z € U(1), €2(zwy, zwy) =
2 = ZAy = 2z My = 27 (e (wy, wy)), so e € C(S3)_1.

Define a map e; : C(S%)_; — C(S%)o by e1(f) = el - f.
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For all z € U(1) and Yw € S3:

(e1(f))(zw) = (e - f)(zw)
= (e!(zw)) - (f(2w))
= (z7'el(w)) - (=7 f(w))
=212 (el (w)) - (f(w))
=[z7(e! - f)(w)

= (e () (w)

Thus, e1(f) € C(S?), for all f € C(S?)_1, therefore e; € C(S%)°,.
Define a map e, : C(S%)_1 — C(S%) by ex(f) = €2 f.
For all z € U(1) and Yw € S*:

Thus, ex(f) € C(S?), for all f € C(S?)_y, therefore e; € C(S3)°,.
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For all f € C(S?), e1(f)e' + ea(f)e? € C(S?)_1, and for all w = (wy,ws) € S3:

(e1(fle" + ea(f)e?)(w) = (er(f)e')(w) + (ea(f)e?) (w)

= wy - (f(w)) - wn +ws - (f(w)) - we

= (w11 + wawa)(f(w))

This shows that {e!,e?} and {e;, ez} are frame and coframe for C'(S?)_;.

With this frame and coframe, all of the logic from Example 3.2.4 can be followed
without any alterations to prove that C'(S%)_; is a left line C'(5%)p-module, and
by extension a left line C(S?)-module. Therefore by Theorem 3.2.3, C(S%)_; is

isomorphic to the set of sections on some line bundle over S2.
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Chapter 4

The Picard Group of a Semisimple

Complex Algebra

4.1 Semisimplicity

Definition 4.1.1. Let A, B be unital algebras over C. An A-B-bimodule F is

irreducible (or simple) if and only if there exists no proper A-B-subbimodule.

Proposition 4.1.2. If A and B are finite dimensional semisimple as C-algebras
then every finite dimensional A-B-bimodule is semisimple (a direct sum of irreducible

subbimodules).

Proof. Let A and B be finite dimensional semisimple C-algebras.

Any finite dimensional A-B-bimodule F is also a left A ® B°-module under the
operation (a®b°)-e = a-e-b. Clearly any subbimodule is a left submodule and vce
versa, and it follows from that that simple A-B-bimodules are simple left A ® B°-
modules.

Given Wedderburn decompositions A = @4 M, 4:(C) and B = @évfleBd(C), we
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find that

A® B° = (&4 My, ,(C)) ® (&% My, ,(C))°
a (@i\iAleA,i (C) ® (@jy:B1MkB,j(C)O)
~ &4 &% (My,,(C) ® My, (C)°)
~ @4 &8 (My,,(C) ® My, (C))

().

Ny Np
~ &0 EBj:l MkA,ikB,j

This is the Wedderburn decomposition of A ® B°. Its existence proves that A ® B°
is semisimple.

Any finite dimensional A-B-bimodule F, by virtue of being a left A ® B°-module,
must be a direct sum of simple left A ® B°-modules, which will of course also be

simple A-B-bimodules. Therefore, E is a direct sum of irreducible subbimodules. [J

Proposition 4.1.3. If A = @4 My, (C) and B = EB;-\EIM;CBJ(C), then any simple
A-B-bimodule is isomophic to a module of the form My, iy, (C) for some i =

1,2,...,. Ngaand j =1,2,..., Np.

Proof. Let E be any simple A-B-bimodule. Then E must also be simple as a left
A ® B°-module.

Continuing from the proof of 4.1.2, the components of the Wedderburn decomposition
of A® B? are My, ,(C) ® My, . (C) ~ My, i ,(C), so any simple left A® B° module
F is isomorphic to CF4#5. for some i = 1,2,..., Ny and j = 1,2, ..., Ng.

It follows that E is a ka;kp j-dimensional C-vector space that A ® B? acts on by
elements in My, ,(C) multiplying from the left and elements of M}, (C) multiplying
from the right. Therefore £ ~ My, x5, (C). O

Corollary 4.1.4. For A = EBi]\;AleAJ (C) and B = @jylede (C), any finite-dimensional

A-B-bimodule E must be isomorphic to a module of the form @f\i“‘l@fleAyikad (C)maa.
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In particular if B = A, ie. E is just an A-bimodule, then E ~ @” 1 Mpy ixkea; (C)™9.

Up to isomorphism, E is defined uniquely by the exponents m; ;.

Theorem 4.1.5. Given an algebra A = &Y. M, (C), there is a monoid isomorphism
between N x N matrices of nonnegative integers and isomorphism classes of finite-

dimensional A-bimodules, via the map M : Bimod(A) — Mn(Z>o) given by

my 1 myo ... M1N
mo 1 Moo ... Mo N
N ms - o ) ) )
M(®i,j=lei><kj(C> W) =
myi1 M2 ... MNN

For an A-bimodule E, M(FE) is called the multiplicity matriz of E.

Proof. By Corollary 4.1.4 we know that each isomorphism class of A-bimodules is
described uniquely by the exponents that make up the entries in the multiplicity
matrix. It remains to be shown that M preserves the monoid operations of Bimod(A)
and My (Z>o).

Consider A-bimodules E; = @” L (M, i, (C)) ™3 and Ey = @5 _ ) (My,, i, (C))™2r.

p,g=1

First,

By ®4 B = (71 (My,x1,(C)™9) @4 (@ pig1 (Mig, i, (C))209)
= @”Pq L (M (€)™ @4 (M, x, (C))™279)

~ @, o1 (Miar; (C)) ©a (M, (C)))™iva M2,

For any tensor product of matrices X ®4 Y € (Mp,xx,;(C)) @4 (Mg, xx,(C)), since
Y € My, (C), Y = Z,)Y where Z, =0® ... 0D [, DO ... 0 € A.
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If 5 # p, then XZ, =0 so

X®4Y =X @4 ZY
= XZ,®4Y
—0®,Y

=0®4 0.

This means we can drop any components where 7 # p. So E; ®4 Es simplifies to
D g1 (M, (C)) @4 (Mi, i, (C))) 200

Given 4,7,q € {1,2,..., N}, consider the map f : (M, (C)) x (Mg, xk,(C)) —
My, <, (C) given by f(X,Y) = XY for X € My, (C) and Y € My, 1, (C).

For any X, X' € My,x,;(C), YY" € My, x,(C), and Z € A:
fX,Y+Y)=X-(Y+Y)=XY +XY'=f(X,Y)+ f(X,Y)
fX+X)Y)=(X+X) Y =XY+XY=fXY)+ f(XY)
f(XZ)Y)=(XZ) Y =X-(ZY)=f(X,ZY)

This means that f is an A-balanced product. Associativity holds here because in
both products XZ and ZY the only component of Z that has an effect is the jth

component, so Z can be treated as just a k; x k; matrix.

By the universal property of the tensor product there exists a unique

[t (Mixi;(C)) @4 (Miysk, (C)) = Migxre, (C)

such that fo®,4 = f. In fact this map is simply f(X ®aY)=XY.
Recall {E; j[n1 X ny|}, the standard ordered basis for M, xn,(C) from Remark 2.2.1.
Define h : Mkixkq((c) — (Mkixkj (C)) XA (Mijkq(C» by

h(EaJ,[]CZ' X ]{?qD = Ea,l[ki X ]{?J] XA El,b[kj X kq]
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As we have defined h, it is clear that h is a C-linear map, but it is not clear that it
is an A-bimodule map. Fortunately, we do not need to know in advance that A is an
A-bimodule map to show that it is the inverse of f.

Clearly, foh(E,p[kixky]) = f(Eailkixk;]@aE 3[k;xky]) = Eqx[kixkj]E1plk;xky] =
Eqaplki x kg]. Since every element of My, «x,(C) is a linear combination of matrices
of the form E, 4[k; x k,], this means that f o h(X) = X in general.

Every element of (Mj,xx,(C)) ®4 (My,xk,(C)) is a linear combination of tensors of

the form E,[k; x k;] ®a Ecalk; % kq]. Note that

Eoplki X kj] @4 Ecalk; X kg = (Eonlks X ki Evplk; X kj]) @a (Eenlk; x kil Eralk; x k)

= (EBanlki ¥ kj]) @4 (Evplky X kil Eca[k; % kil Eyalk; % k).

Ifs 7é ¢ then El,b[kj X kj]Ec,l[kj X ]{ZJ] = 0, and if b = ¢ then
Ey [k X kj|Ecqlk; X kj|Eyalk; x ky) = Eyalkj % ky]. That means that every element
of (Mp,x1,(C)) ®a (Mg, x,(C)) is a linear combination of tensors of the form

Ea,l{k’i X kj] XA El,d[kj X kq] Finally,

ho f(Ea,l[ki X ]{Z]] Xa El,d[kj X qu = h(anl[l{?i X kj]El,d[kj X kq])

= a,l[ki X k]} ®Xa El,d[kj X kq]

This means that ho f(X ®4Y) =X ®4 Y in general.
Thus h is the inverse of f.

f is a bijective A-bimodule map, so (Mp,xx;(C)) ®a (Mg;xr,(C)) =~ My, x,(C) as
A-bimodules.
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At last,
El ®a E2 = Gng,q:l((Mkiij (C)) XA (Mijkq (C)))ml’i’ij’j'q
% @ s (Mgt (€)™ 49751,

From this, we can tell that for any pair of A-bimodules Ey = @;Y,_; (Mp, xx,(C))""4s

and E = @), (Mj, xr,(C))™»4 the entries of the multiplicity matrix of Es = E1®4
Ey will be ms;, = Z;VZI my;,;Ma jq- 10 other words, the (i, ¢)-entry of M (E; ®4 E»)
is the ith row of M (E;) multiplied with the gth column of M (FE,). This is exactly
the same as the matrix product M(E;) - M(Ey).

Thus M(E; ®4 Es) = M(E;) - M(E»), so (Bimod(A),®4) and (My(Zso),-) are

isomorphic as monoids. O

For a monoid (X, ), let Inv(X) be the set of invertible elements of X, equipped
with the same binary operation *. Inv(X) is both a submonoid of X and a group.
If £ € Bimod(A) is invertible with respect to the balanced tensor product then
M(FE) has inverse matrix (M (FE))™' = M(E~') € M(Bimod(A)) = My(Zs>o). In
other words if F € Inv(Bimod(A)) then M(E) € Inv(My(Zsp)). Identical logic
applies in the opposite direction to say that if X € Inv(My(Z>¢)) then

M~1(X) € Inv(Bimod(A)).

Therefore M restricts to a group isomorphism M : Inv( Bimod(A)) — Inv(My(Zso)).

4.2 Identifying Inv(My(Z>))

Theorem 4.2.1. The elements of Inv(My(Zso)) are precisely the N x N permuta-

tion matrices, i.e., Inv(My(Z>o)) ~ Sn per Remark 2.2.3.

Proof. (<)The fact that the permutation matrices are non-negative integer valued

is obvious from the fact that all entries are either 0 or 1, and the inverse of a
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permutation matrix P, is known to be

€[N]JT(1)
T
P—l — PT — e[N]U(z)
e[N]aT(N)_

so clearly P, € Inv(My(Z>o)).

This concludes that proof of («).

(=) By [DR14, Theorem 5.1], a matrix and its inverse are nonnegative matrices if
and only if it is the product of a diagonal matrix with all positive diagonal entries
and a permutation matrix. In this case, M(E) = DP, and M(E)™' = P;1D™!, for

some diagonal D with positive diagonal entires and P, a permutation matrix.

d 0 .. 0
Do 0 dy ... O
0 0 .. dy
dit 0 ... 0
-1
Dot 0 dy' .. 0
0 0 .. dy

De[N]; = d;e[N];,

M(E) = DF; = |dy1ye[N]o) do@€[Nlo@) - do€[N]ow)
e(NITD™! = e/ N]Td;

G[N]Zu)d;(ll)
e[N]T d
M(E>_1 — Pa_lD_l — [ ]‘7(2) o(2)

e[V ]G 0 oy

If M(E) and M(E)~! are both integer valued matrixes, that implies d; and d; ' are

both integers for all © = 1,2, ..., N. This means that each d; = d;l =1,ie, D =1Iy.
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Therefore M (E) = P,. O

4.3 Identifying Inv(Bimod(A))

Theorem 4.3.1. The elements of Inv( Bimod(A)) are precisely the isomorphism
classes of left line modules of A, i.e., Inv( Bimod(A)) = Pic(A) per Definition 2.1.19.

Proof. (<) Let E be a left line module of A, then ev: E®4 E° — A and coev :
A — E° ®4 E are bimodule isomorphisms. This means £ ®4 F° ~ A ~ E°®4 E.
Since A is the identity element with respect to the A-balanced tensor product, E° is
the inverse of E. Therefore all left line modules of A are invertible.

(=) Let [E] be any element of Inv(Bimod(A)). There exists an F' such that EQ 4 F' ~
A~ F ®4 E. The first step to proving that F is a line module will be proving that
the inverse we know it has must also be isomorphic to E°.

If E is invertible, then its multiplicity matrix is a permutation matrix, and the inverse
of a permutation matrix is its transpose.

For invertible £ = @®.%_; My, r,(C)™, the inverse F' is the bimodule whose mul-

tiplicity matrix is the transpose of M(E), ie. F = & My, <, (C)™, which can

ij=1
equivalently be written as F' = EB%:IMijki(C)miJ.
For M(FE) a permutation matrix, each m,; is either 0 or 1, so there is no ¢ and j
such that E contains multiple copies of My, xx,(C). And there are exactly N nonzero
entries of an N x N permutation matrix, so F is a direct sum of N distinct matrix
modules.
Also true of permutation matrices is the fact that for each ¢ € {1,..., N} there is
exactly one j such that m,;; = 1. For a given permutation matrix, we can then
re-index in terms of 7. For each i let [; = k; where m; ; = 1. We can rewrite the

direct sums as E = @Y M, «;,(C) and F = &Y, M. «,(C), to make it clear that

they are direct sums of only N modules.
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For each i € {1,...,N}, and any p € {1,....,[;} let ¢"? be the element of F with
E1 ki x I;] in the My, ;,(C) component of E and 0 in all other components. When
e? is multiplied by any a € A from the left, the result isolates the first column of the
M, (C) component of a and puts it in the pth column of the My, ., (C) component
of F.

Define a map ¢ : F' — E° as follows, for ¢; € My, «,(C), ¢(¢;) : My, %1,(C) — My, (C)
is given by (¢(c;))(b;) = bic;. Each ¢(c¢;) is left A-linear since

(P(ci))(aib;) = (ab;)e; = ai(bic;) = ai(d(c;))(b;). For ¢ = (eq,¢a,...,cn) with each
¢i € My, «r,(C), ¢(c) will be a direct sum of N distinct A-linear maps, which means
it will be an A-linear map between direct sums of modules

d(c) = &N, My, <1, (C) — @XMy, (C). This shows that ¢(c) € E° for any ¢ € F.
Thus ¢ is well defined.

For any a = (aq,...,an) € A and ¢ = (cq, ..., cy) € F the right multiplication on F is

preserved by ¢, as shown by the fact that for any b = (b, ...,bx) € E:

(¢(ca))(b) = (¢(crar, ...,exan))(br, ..., by)
= (by, ... by)(cra1, ..., cyay)
— (bycyay, ..., bycyay)
= (bicy, ..., byen)(ag, ..., an)

= (be)(a)

For any a = (ay,...,ay) € A and ¢ = (¢, ...,cy) € F the left multiplication on F is
preserved by ¢, which is again shown by how ¢(ac) operates on any

b= (by,...,bn) € E, but it’s a little bit more complicated to write.
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Let dl = aj S Mkj (C) = Ml,- (C), then:

(¢(ac))(b) = (¢(dicy, ..., dnen))(br, ..., by)
— (by, ..., by)(dycq, ..., dyey)
= (hydycy, ..., bydyey)
= (bydy, ..., bydy)(c1y oy ON)

= (ba)(¢)

This shows that ¢ is an A-bimodule map from F' to E°.

Let ¢ be any nonzero element of F', and let ¢; € M;, 1, (C) be some nonzero component
of c. For each p € {1,...,1;}, e*Pc = e€"P¢; which resides in the My, (C) component of
A and has a first row equal to the pth row of ¢; and zero in all other rows. Because
¢; is a nonzero matrix, there must be some row p that has at least one nonzero entry
and therefore an e"? such that e"c # 0. This means that for any 0 # ¢ € F', ¢(c) is
not the zero map. Therefore ¢ is injective.

The only step left to prove that ¢ : F© — E° is an A-bimodule isomorphism (and
therefore that E° is the inverse of FE) is surjectivity. This will come from showing
that E° is spanned by a set of elements in Ime.

Let €;, = ¢(E,1[l; X k;]). For any b € E,

eip(b)e”? = bE, 1 [l; X ki Eyplk; x j] = bE,,[l; x ],
50 Y0y eip(b)e? = 30 bE, [l x 1] = by,
hence Zi\il Zile eip(b)er = Zf\;l bl;, = be\il I, =bla=0b

Thus for any b € E, b = SN, Zif:l e;p(b)e"P, so that the e“? and e;, are the
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frame and coframe described in Theorem 2.1.14. By Remark 2.1.15, for any o € E°,
a=" 22:1 e;pa(e“?). Therefore E° is spanned by the set of e;, which are
contained in Imeo.

This isomorphism is enough to prove that E® 4 E° ~ A ~ E°® 4 E, but to prove that
E is a line module we need to check that ev and coev in particular are isomorphisms.
Recall that ev: E®4 E° — A, given by ev(b®4 a) = a(b).

For any i € {1,...,N}, ¢ € {1,.... k;},

ev(Egilki X L] @4 ¢(Erg[li X Ki])) = (S(Eg[li ¥ ki]))(Egalki x Li])
= E,1lki X L) Eyg[l; X k]

= Eq7q[k’7; X k’,],

so that S0 ev(Eg [k x 1] @4 ¢(Erglls x ki) = S0 By glks x ki] = I,

hence S0 S8 ev(Byi [k x ] @4 ¢(Ey gl x Ki])) = S0y T, = La,

hence ev(3N, 25;1 E alki x ;] @4 ¢(E1 4]li X ki])) = 14. Therefore ev is surjective
by A-linearity.

Recall that coev: A — E° @4 E, given by coev(l,) =Y, Z;"zl €ip@a P

Let a be any nonzero element of A, let d; € M, +;,(C) be some nonzero component of
a, for each p € {1,...,1;}, €"Pa = e“Pd; which resides in the Mj,;,(C) component of F
and has a first row equal to the pth row of d; and zero in all other rows. Because d; is
a nonzero matrix there must be some row p that has at least one nonzero entry and
therefore an €“? such that e*?a # 0. This means that for any 0 # a € A, there exists
and e € E such that ea # 0. By Lemma 3.1.5, this means that coev is injective.
Recall h : My, (C) = (Mp,xi;(C)) ®a (Mp,;xx,(C)) defined by h(E,plk; x kg]) =
Eqalki x kj] ®a4 Evplk; x kg]. The map h was proven to be the inverse of f and

therefore is an A-bimodule isomorphism.
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Thinking in terms of mapping components of A to components of FF ®4 F, let
h; : Mlini<(c) — (Mlszz((C>) ®4 (MkzXlz(C))

be defined by hi(EaJ,[li X ll]) = Ea71[li X kl] XA El,b[ki X ll] Then

l;

hi(l,) = hz(z Epplli x 1i])

p=1

Zh ol X 1))

Z 1l X ki) @4 By plks < 1]
= Z(b71<€i,p) ®A ei’p.
p=1

On each component h; is an A-bimodule isomorphism, so the direct sum h = @Y | h; :

A — F®, F is an A-bimodule isomorphism. Hence

The map ¢ ®4 idg : F®s F — E°®4 FE is a tensor product of two isomorphisms

and so is an isomorphism itself, this gives us the composition of isomorphisms
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(p®a idg)oh: A— E°®4 E. At last,

(9 @4 idp) 0 h)(1a) = (¢ @4 idp)(h(14))

= (¢ ide) (DY ¢ (eip) @a ™)

=1 p=1

o~

i

(¢ ®a idp)(¢~" (e1p) ®a€™)

Il
.
I[1]=
3
sl
J

3¢~ (eip)) ®a idp(e™?)

I
.
I[1]=
s
=1

eip ®a e’

I
AMZ

@
Il

—_
i}
I

i

This means that (¢ ®4 idg) o h = coev, but we know that (¢ ®4 idg) o h is an
isomorphism, so it follows that coev is an isomorphism.

As already proven, if coev is an isomorphism and ev is surjective it follows that ev
is injective.

Therefore F is a line module. O]

4.4 Conclusions

Putting Theorems 4.1.5, 4.2.1, and 4.3.1 together gives us our main conclusion for

this chapter.
Corollary 4.4.1. For a semisimple complex algebra A ~ &Y | My, (C), Pic(A) ~ Sx.
We now apply this to the special case of group rings.

Proposition 4.4.2. Let G be a finite group, and CG = {3 ;cqglc, € C} the
group algebra of G over C. Then Pic(CG) ~ S, where r is the number of conjugacy

classes of G.

Proof. By Section 18.2 Theorem 10 of Dummit and Foote [DF04]:

o7



CG ~ M,,(C) & ... & M, (C), where r is equal to the number of conjugacy classes
of G.

Let A= M,, (C)® ...® M,, (C).

For any A-bimodule E, E ~ @&} ;_; My, xx, (C)™.

The multiplicity matrix of an A-bimodule is an r x r matrix and

Pic(A) = Inv(Bimod(A)) ~ Inv(M,(Z>o)) ~ S,. O

Example 4.4.3. Let S3 be the permutation group on 3 elements. The group algebra
of 83 is (CSg = {Z
CS3 ~ M;(C) ® M;(C) ® M,(C) (from Dummit and Foote, Section 18.2, Example 2

scs, CsSlcs € Ch. The group S3 has 3 conjugacy classes, and
[DF04]). Let A= M;(C) @ M;(C) & M,(C).

For any A-bimodule E, E ~ @} ;_; My, (C)™.

B} jo1 Miixk; (C)™7 = Mixa (C)™1 @& Mixa (C)™2 @ Miy2(C)™2 @ My (C)™2! @
Mix1(C)™22 @ Myy2(C)™23 @ Moy (C)™31 @ Moy 1 (C)™32 @ Mayo(C)™s3

The multiplicity matrix of an A-bimodule is a 3 x 3 matrix and

Pic(A) = Inv(Bimod(A)) ~ Inv(M;5(Z>o)) ~ Ss.

o8
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