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Abstract

This thesis investigates how quantum effects modify the evolution of cosmological
space-times and what those modifications teach us about the viability of candidate

quantum-gravity frameworks. Two complementary approaches are pursued.

First, we develop a semiclassical geometrodynamics in which a fully dynamical clas-
sical metric is coupled to quantized matter with self-consistent back-reaction. For
isotropic Friedmann-Robertson-Walker (FRW) universes and for the anisotropic
Bianchi IX (mixmaster) model we derive Hamiltonian “classical-quantum” (CQ)
equations and solve them numerically. Quantum excitations of the scalar field af-
fect the Kasner exponents, leave a late-time energy-density remnant that can mimic
dark energy, and admit exact static solutions in the isotropic case. When spacetime-
discreteness corrections are included, the mixmaster dynamics changes: a sequence
of bounces replaces the classical singularity, anisotropies grow and decay through
each bounce, and Lyapunov exponent and fractal dimension analyses show a marked

suppression of chaos compared with the purely classical system.

Second, we test the functional renormalization group programme in a symmetry-
reduced setting. We recast an FRW minisuperspace with a massless scalar field
and dust into harmonic-oscillator variables and track its RG flow using the exact,
non-perturbative Wetterich equation. In contrast to Reuter’s four-dimensional Ein-

stein—Hilbert truncation, we find no ultraviolet fixed points — instead, we find that at
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low energies, the cosmological constant flows to small values, and the gravitational

constant flows to zero as energies grow high.

Taken together, the two lines of inquiry demonstrate (i) how quantum matter back-
reaction can leave durable imprints on large-scale, late-stage cosmology, (ii) how
effective discreteness mitigates classical mixmaster chaos, curbs the initial singularity,
and (iii) how the absence of fixed points in symmtery-reduced models constrains the
scope of asymptotic safety. The work therefore sharpens our understanding of the
accuracy and validity of minisuperspace reductions, and what obstacles remain on

the path to a complete quantum theory of gravity.
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Chapter 1

Invitation

At the time of writing of this thesis in 2025, the search for a complete quantum
description of gravity remains one of the central and most vigorous pursuits in the-
oretical physics. There are several approaches, tackling the problem from various
sides, angles, and methodologies, with various starting assumptions [1]. Before delv-
ing into the main body of the thesis, it is useful to foreground the key challenges
that any complete theory of quantum gravity must confront, and to indicate how

the work presented here engages with those challenges.

One of the major motivations for a quantum theory of gravity is the mismatch
among the quantum description of the four fundamental forces of nature. While
three (electromagnetism, weak, and the strong force) have successful quantum field
theoretic descriptions that reduce smoothly to their classical limits at large scales and
low energies, gravity does not. A consistent quantum description of gravity would
allow a description of gravity at high energies in the language of quantum mechanics
(or quantum field theory) as we can for all other interactions in the universe. Thus,
any candidate for a theory of quantum gravity must grapple with this enigma: how

does classical General Relativity (GR) emerge from the respective quantum proposal?



Moreover, GR provides an exceptionally accurate account of physics on cosmic scales,
whereas Quantum Mechanics (QM) and Quantum Field Theory (QFT) are incredibly
successful at describing phenomena at the tiniest distances. Yet these descriptions of
physics do not fit together smoothly as scales at which phenomena is probed changes:
the theories that excel at describing physics at the smallest of scales, for example
sub-nuclear distances — between a nucleus and its electrons, or among the nucleons
themselves, are inherently different from those that describe cosmic phenomena at
the grandest of length scales, and the reverse is equally true. While these theories
that describe physics at these disparate length scales remain incompatible at sev-
eral levels, some of which we describe below, there is reason to believe that a fully

quantum theory of gravity may be able to bridge this gap, for more details consult
[2].

One issue that is cause for this incompatibility between existing frameworks in quan-
tum theory and GR is the fact that fundamental interactions like electromagnetism
and the weak and strong interactions are described by ‘renormalizable’ quantum field
theories: the couplings in their Lagrangians change with energy but stay finite in
the ultraviolet, and a finite set of parameters suffices to calculate every S-matrix
element. The same Lagrangians reduce smoothly to classical Maxwell-Yang—Mills

equations at low energies.

Gravity behaves differently. When one tries to quantize the Einstein—Hilbert ac-
tion perturbatively, each loop order produces new curvature terms — R?, R, R" |
ROR, and so on — with their own independent couplings. This “tower” is infinite

because Newton’s constant has negative mass dimension®

, so ever-higher derivatives
are needed to absorb the ultraviolet divergences. Since the powers of mass keep
increasing from one loop order to the next, this list of required terms — and the

corresponding coupling constants that would have to be measured in a lab — never

In D spacetime dimensions, [G] = le_D , here My, is the Planck mass.



ends. Put simply, one would need an infinite number of experiments to pin down
all those couplings, so straightforward perturbative quantization of Einstein’s theory
cannot be predictive. This failure to be renormalizable is one motivation for seeking
a quantum theory of gravity that tames, or avoids the endless counter-term problem

altogether and seeks a non-perturbative approach to the problem.

Yet, the technical issue of non-renormalizability is only part of the story. General
Relativity is background-independent: the metric that measures distances is itself a
dynamical field. Due to this, the standard machinery of quantum field theory which
is defined around a fixed spacetime geometry, with well-defined mode expansions, is
rendered invalid. Furthermore, since the background is not fixed, the roles of time
and space are intertwined, and there remains no fixed external time coordinate as in
QM and QFT [3, 4]. When one tries to use conventional quantization techniques [5],
this lack of a time coordinate and a fixed background in general, presents tremendous
conceptual hurdles — one cannot straightforwardly define Hamiltonians, propagators,
or vacuum states, etc. Thus, the problem of time is of fundamental importance in a
theory of quantum gravity. Due to this absence of external time in quantum gravity,
any notion of physical clocks would have to be internal to the system: these can be
geometric in nature, for example: spatial volume, the mean curvature, or logarithmic
scale factors [6, 7, 8, 9], or in a gravity-matter system, one can use the matter
degrees-of-freedom as the relational marker against which change can be measured,

for example a scalar field, dust, or some other perfect fluid, etc [10, 11, 12, 13].

Numerous approaches have been developed to tackle these, and other, obstacles on
the road to a complete quantum theory of gravity. Broadly, the proposals can be

grouped into three main families [14, 15]:

e The first class of candidate theories attempts to quantize gravity starting with



writing gravity as a constrained? Hamiltonian theory, and then proceeding to
promote phase space variables to operators [16, 17]. Combinations or functions
of these phase space variables can be used to make the resultant quantum the-
ory simpler. The Wheeler-DeWitt (WDW) program, Loop Quantum Gravity
(LQG), Causal Dynamical Triangulations (CDT), and Spin Foams are exam-
ples of this approach. Some challenges that befall this approach is the question
of solving the quantum constraint algebra consistently, identifying physical

observables, and resolving the problem of time.

e The second strategy draws inspiration from the standard model of particle
physics, aiming to treat gravity within the same quantum-field-theoretic frame-
work that successfully describes the other forces. Gravity’s perturbative non-
renormalizability long stymied this effort, but Weinberg’s conjecture about
gravity’s ultraviolet behaviour rekindled the hope that its couplings could re-
main finite all the way up to the highest energy scales [18]. If true, this would
entail that only a few parameters need to be measured, after which the theory
yields definite, calculable predictions from laboratory scales up to the Planck
regime. That turns quantum-gravity effects — such as tiny deviations from
Newton’s law or specific imprints in cosmological and gravitational-wave data
—into concrete, testable targets for experiments. This idea of couplings remain-
ing finite at higher energies (the UV) is called ‘asymptotic safety’. This has
also driven two main research programmes: the Exact Renormalization Group
(ERG) (also called the Functional Renormalization Group (FRG)) approach,
which tracks how gravitational couplings change with energy, and string theory,
where gravity emerges from the vibrations of tiny strings rather than point-like
particles. Furthemore, the holographic (AdS/CFT) approach has provided a

fully non-perturbative definition of quantum gravity in spacetimes with nega-

2A constraint is a fixed relationship between the phase space variables of a theory.



tive cosmological constant by mapping it exactly to a conformal field theory
on the boundary, yielding sharp results on black-hole entropy, information re-

covery, and the emergence of spacetime from quantum entanglement [19, 20].

e A third line of research adopts a more radical, bottom-up strategy. Instead of
quantizing Einstein’s equations or embedding gravity in a conventional quan-
tum field theory, these approaches attempt to construct spacetime from un-
derlying quantum constituents and then show that classical geometry emerges
as a large-scale limit. In Group Field Theory, for example, “atoms of space”
are created and annihilated by field operators on a Fock space; a many-body
phase of this system is expected to approximate General Relativity after coarse-
graining. Causal-Set theory posits a fundamentally discrete, partially ordered
set of spacetime elements whose continuum approximation should satisfy Ein-
stein’s equations. Related programmes, including Causal Dynamical Triangu-
lations and tensor models, follow the same principle: formulate the microscopic
quantum rules first, and demonstrate that classical spacetime, and ideally Gen-

eral Relativity, arise in the appropriate macroscopic limit.

Although none of these candidate theories has achieved empirical confirmation,
each demonstrates a concrete mechanism by which the conceptual obstacles of non-
renormalizability and background dependence may be overcome, lending confidence
that a consistent quantum description of spacetime is within reach. Despite these,
and other concerted efforts, several of these approaches aim to quantize gravity in

vacuum, usually only introducing matter only when it serves as an internal clock.

This thesis aims to further efforts and establish frameworks to facilitate future re-
search in quantum gravity — especially on the problems of background-independence
and adding matter to the quantization process. For the majority of this work, we

will adhere to the first approach: using a canonical quantization of a symmetry-



reduced gravitational system (homogeneous cosmology?®) with matter. Towards the
end, we also employ techniques from the second approach — in particular, the ex-
act renormalization group to study the UV behaviour of cosmological systems with

matter.

Two broad questions we address are:

1. How would we add quantized matter over a fully dynamical background, with
full backreaction in a self-consistent manner? This would be a step beyond

quantum field theory on curved spacetimes (QFTCS).

2. Can a non-perturbative functional renormalization group analysis be conducted
for a symmetry-reduced (cosmological) gravitational setting with matter to

study the UV behaviour of the system?

We shall now describe the two problems outlined above in more detail as impor-
tant facets in the journey towards quantum gravity. The next section will motivate
Hamiltonian semiclassical gravity — which is the framework upon which chapters 2
and 3 are based. After that we will describe the use of functional RG methods to
study the behaviour of gravity-matter systems as probing energy scales change from

low (classical) to high (quantum).

1.1 Hamiltonian Semiclassical Gravity

On the road to full quantum gravity (QG) — where both matter and the background
are treated quantum mechanically, lies the crucial juncture that is called ‘Semi-

classical Gravity’ (SCG), [14, 21]. This stop is best illustrated via an energy scale

3These are gravitational systems in which each point on a three-dimensional spatial slice is
identical.



diagram®. In the figure below, the all-successful, classical General Relativity (GR)

Class. Gravity with

class. matter

>

Increasing energy

Figure 1.1: Full quantum gravity is where energies are highest, and length scales are
smallest. Conversely, classical General Relativity lies on the opposite end with large
lengths and low energies.

finds itself on the left-end of the energy scale diagram — this part represents the
regime where length scales are large, and densities and energies are low. As we move
along towards the right, we find the regime where we describe quantum matter fields
on curved spacetimes. Here, the background is fixed and quantum fields merely
propagate on it. Any phenomenological attributes come from the evolution and be-
haviour of quantum fields on these curved backgrounds, i.e. the quantum fields, in
turn, do not affect the curved backgrounds they live on, but rather behave in special
ways (for example, particle creation, et cetera) due to them being on these curved,

but fixed, backgrounds.

It is only natural that the next stop would be a framework where the quantum
matter affects the classical background. In this, the background (the classical metric
guw(x)) would have its dynamics ‘informed’ by the ‘backreaction’ (feedback) of the
quantum fields. This is the semiclassical gravity regime which is identified by the

yellow box in the energy diagram above.

In principle, to incorporate quantum matter backreaction on a classical metric, one
would replace the classical stress-energy tensor on the right-hand side of the Ein-
stein’s field equations with an expectation value of a stress-energy tensor in a quan-

tum state. This expectation value would then in turn affect the metric that one is

4the energy here represents the gravity-matter interaction energy in each case.
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solving for. This set up is also called the semiclassical Einstein equation.

G + Mgy = 870G (V[T (¢, )| D). (1.1)

The semiclassical Einstein equation is fully specified after the following inputs are
fixed: (i) the matter content, and — crucially — (ii) the quantum state |¥) from which
the stress tensor (7),,) is computed. With those choices in place one must solve the
coupled, nonlinear field equations for the metric itself. Consequently, the resulting
semiclassical metric g,, is not a universal object; its form depends sensitively on
the selected quantum state. Consider, for example, the situation in which g,, and
Y are two solutions to (1.1) arising from two distinct states |U); and |¥)y; there
does not seem to be a connection between 7,, and g,,, and also solutions arising
from linear combinations of |¥); and |¥)y. This introduces nonlinearities into the
quantum regime of the theory — this is now a problem if the full quantum theory of

gravity is believed to be like the usual familiar quantum mechanics [14].

This semiclassical scheme also depends on the careful definition of (7},,). In general,
the right-hand side of (1.1) is ultraviolet divergent. Regularization methods only
yield sensible results if the background is static or stationary — this is clearly not ideal
in a semiclassical theory that is approaching a complete quantum gravity framework

where the spacetime would be allowed to be dynamical as its classical counterpart.

What we present is a canonical picture of semiclassical gravity. Here, quantum
matter backreacts on the fixed curved background [22]. In addition, the analysis we
present is completely non-perturbative. The general starting point is the Hamiltonian

of the full theory, i.e. a classical part and a quantum part taken as an expectation



in some state of the quantum matter. We have

HSC = Hcl(Q? p) + <qj’[:[qm(Q> Pa q, p)l\p>a (12)

Here, (g, p) are classical phase space variables and (Q, 15) are quantum operators.
An interesting feature is the presence of variables (g, p) in the quantum Hamiltonian
flqm — this is the mathematical manifestation of (quantum) matter backreaction on
the classical background. The appearance of ¢ and p inside the quantum Hamiltonian
flqm is not a coincidence: the matter action has dot products of first-order derivatives
of the matter fields. This dot product explicitly requires the metric for its definition.
This is how the background informs the dynamics of the matter fields. When one

performs the Legendre transform to obtain the Hamiltonian, factors of the metric

(or its determinant \/—g) survive as a function in H,,,.

Due to the matter Hamiltonian depending on (g, p), the expectation value computed
from lffqm feeds back into the classical gravity equations that determine those very
variables. This mutual dependence is the back-reaction loop: geometry shapes quan-
tum evolution, and quantum energy-momentum in turn curves geometry. Similar
couplings appear in other hybrid systems: electrons moving in the classical potentials
induced by nuclei, or photons interacting with a vibrating mirror — but in gravity
the coupling is universal and encoded in the metric itself, making the interplay un-

avoidable and central to semiclassical dynamics.

For a gravity—matter system, the semiclassical Hamiltonian (1.2) naturally separates

into two pieces:

1. A classical gravitational sector: This is represented by phase-space vari-
ables (¢,p) — in the context of GR these can be the scale factor a and its

conjugate momentum p,, or the volume of the universe v and its canonically



conjugate momentum p,. For the general variables ¢ and p the dynamics are

given by Hamilton’s equations

¢ = {q, Hsc},

p = {p, Hsc}. (1.3)

2. A quantum-matter sector: Here the Hamiltonian depends parametrically
on the classical variables. The dynamics of the quantum state are given by the

time-dependent Schrodinger equation

i W) = Hyp| W), (1.4)

General Relativity’s four-dimensional diffeomorphism invariance translates, in its
(3 4+ 1) (canonical) formulation, into gauge freedom under arbitrary spatial coor-
dinate relabelings and time reparameterizations. In the language of constrained
Hamiltonian systems [16] these gauge transformations are generated by first-class
constraints: the three momentum constraints enforce spatial diffeomorphism invari-
ance, and the Hamiltonian constraint enforces invariance under time translations.
Because the total Hamiltonian in GR is just a linear combination of these con-
straints, it must vanish identically. Since our semiclassical Hamiltonian is derived

from the total gravity and matter system, it too is constrained to vanish for all times

d

—Hge = 0. 1.5

e ¢ (1.5)
The equations of motion preserving the constraint (1.5), and the norm of quantum

state remaining unity throughout the evolution ensures that our analysis is self-

consistent.
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Having developed a consistent semiclassical framework, we shall now apply this to

homogeneous spacetimes in the following chapters.

1.2 Exact Renormalization Group

Another key thing to study is how gravitational interactions behave as we decrease
lengths or increase energies approaching the Planck scales. This allows us to probe
the ultraviolet structure of gravity, or in other words helps us answer the question,
‘how does gravity (or a gravity-matter system) behave as we go to length scales

where quantum effects cannot be ignored?’

Answering this question would entail having a quantum description of gravity as for
the other fundamental interactions in the standard model. However, with gravity
such an analysis is not straightforward. This is due to gravity’s inherent nonrenor-
malizability: any attempt to perturbatively quantize the Einstein-Hilbert action,
leads to curvature counter-terms and introduces divergences as we probe the theory

at high energies.

The renormalization group (RG) is a field theoretic toolkit that allows us to study
the physics that a theory describes (via an action principle) at different energy, or
length scales. In usual QFT, for instance quantum electrodynamics, one calculates
scattering amplitudes at a chosen momentum scale, absorbs the ultraviolet diver-
gences into a finite set of renormalized couplings and masses, and then finds that

these parameters vary, or “run,” as the energy scale is changed [23].

Kenneth Wilson showed that one can think of a quantum field theory as a succession
of ‘coarse-grained’ effective actions Si: we start with a bare action at a very high
(but finite) cut-off energy, then lower a sliding scale k and systematically integrate

out fluctuations with momenta above k [24, 25]. The entire family Sy traces a path
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through an abstract “theory space,” and that path is governed by an exact functional
differential equation — this trajectory is called the RG flow of a theory, and any

functional differential equation dictating this flow is termed the ‘flow equation’.

For different flow equations, the starting points and inputs are different. For example,
Wilsonian RG implements the RG process on the generating functional, Z[J], of
correlation functions in the presence of a source J(x). The idea here is to successively
integrate out thin shells of high energy modes, and see how the couplings in the action
change as k is lowered. This evolution of the couplings reveals the RG flow of the

theory.

Polchinski’s equation chooses, for its starting point, the Schwinger functional W[J]
[26]. This is simply the logarithm of the generating functional — the advantage of
using this is economy: functional derivatives of W[.J] generate connected n-point
functions only, sparing one the proliferation of disconnected Feynman diagrams that
appear when differentiating Z[J] itself. The resulting integro-differential equation

describes how W [J] changes as successively higher-momentum modes are eliminated.

Christoph Wetterich pushed the idea one step further by working with the effective
average action I'y[¢] — a Legendre transform of W/[.J] that includes an infrared regu-
lator Ry [27]. This regulator acts like a mass term, suppressing the effect of ‘heavier’
(low energy) modes in the effective average action I'y. This effective average action
is somewhere between the bare action (at large k) and the full quantum effective
action (as k—0). He chose this as his starting point because its functional deriva-
tives yield one-particle-irreducible (1PI) vertices at scale k — these carry information
most succinctly as opposed to the generating or Schwinger functionals. This can be
seen from the fact that their respective Feynman diagrams cannot be split into two
disconnected pieces by cutting a single internal line. These 1PI vertices can then

be used as building blocks for constructing truncated, manageable approximations
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of the full theory. Moreover, I';, evolves via a single, exact equation — the Wetterich

equation — that is completely non-perturbative.

To summarize, Wilson blocks the generating functional shell-by-shell, Polchinski
flows the connected generating functional, and Wetterich flows the scale-dependent
effective action (also, termed the Quantum Effective Average Action). Each succes-

sive choice packages the relevant physical information more compactly.

The resulting flows from these RG equations in the theory space tell us a lot about
the quantum field theory in question. For instance, if this flow settles to one point,
and any change thereafter in the probing scale k, leaves the couplings in the action
unaltered — we say that theory has a fixed point. At this point the theory becomes
scale invariant — any change in the coarse-graining probing scale (length or energy)
does not change the physics. If, for example, this fixed point occurs at high energies
(or, in the UV), the theory is said to remain predictive in the UV — none of the

couplings diverge.

Examples of these fixed points include the Gaussian or free-field fixed point, reached
by an ordinary scalar field (and, famously, by QCD) as one probes ever higher ener-
gies: all dimensionless couplings slide toward zero, so the theory stays well behaved
and calculations remain under control. In other situations the flow can be drawn to
a Non-Gaussian (interacting) fixed point instead — most famously the Wilson—Fisher
fixed point that governs critical phenomena in three-dimensional magnets. Whether
the fixed point is free or interacting®, its key virtue is the same: only a handful of
“relevant” directions in theory space need to be experimentally input, while every

other coupling is pinned down by the flow itself.

This analysis for gravity’s Einstein-Hilbert action is not as straightforward. The cou-

5In one line: at a non-interacting (Gaussian) fixed point all dimensionless couplings vanish,
whereas at an interacting (non-Gaussian) fixed point at least one coupling settles to a finite, non-
zero value.
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pling that appears in front of this action, Newton’s constant G, has negative mass
dimension, so at each loop order you generate new counter-terms with ever more cur-
vature factors. Perturbative renormalization fails. To remedy these bleak prospects,
Steven Weinberg’s asymptotic-safety conjecture offered a way out: perhaps gravity
still had a fixed point, but a decidedly a non-Gaussian (interacting) one, so that the

infinite tower of couplings collapses onto a finite “critical surface” after all [18].

The first concrete hint that this might work came from Reuter in 1998 [28]. Using the
Wetterich equation for RG as outlined above, he truncated the gravitational action
to just two running couplings (the cosmological constant and Newton’s constant)
and found a non-Gaussian fixed point in four Euclidean dimensions. Since then,

many groups have extended the truncation and generally seen the same qualitative

behaviour [29, 30, 31, 32, 33].

More details about the derivation of this functional differential equation follow in
chapter 4, alongside its application to a cosmological action. Here, we shall study
the behaviour of gravity as scales are changed in a symmetry-reduced setting. In
this controlled setting, we ask whether the asymptotic safety scenario — evident in

Reuter’s full-theory treatment survives in symmetry-reduced models.

The structure of this thesis is as follows: in chapters 2 and 3, we shall apply the
framework outlined in section 1.1 to minisuperspace settings. In the former, we
will study the application of the SCG framework to the FRW universe and the
homogeneous, but anisotropic, Kasner universe. In chapter 3, we shall extend the
idea to include the Mixmaster spacetime,(Bianchi-IX) with LQG inspired effective

corrections to the background. These chapters are based on the papers [34, 35].

In chapter 4, we apply the Exact Renormalization Group Technique (ERG) to the

FRW cosmology minimally coupled to a massless scalar field and dust. The dust here
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serving as a matter-time gauge. We then compute the flow equations for couplings

in the Euclideanized bare action and search for any fixed points.

Chapter 5 summarizes the key findings from the preceding chapters and outlines
avenues for future investigation, all aimed at advancing the quest for a complete

quantum theory of gravity.
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Chapter 2

Isotropic Cosmology

The road to quantum gravity (QG), albeit long and full of challenges, has provided
some initial stepping stones. The well-studied area of quantum fields propagating
on curved spacetime (QFCS) [36, 37, 38] may be considered a first step; it applies
where gravity is not dynamical. The next step is a theory where the important issue
of backreaction of quantum matter on classical gravity is taken into account. This
requires an idea for classical-quantum coupling. An attempt towards incorporating

backreaction is the semiclassical Einstein equation
Gab + Agab = 871G <\II‘Tab(§£a gab)|\ll>' (21)

This is an equation for a semiclassical metric given a (Heisenberg) state |¥) of mat-
ter. It requires for its formulation a construction of the stress-energy tensor on an
apriori undetermined metric. It is also (manifestly) non-linear in the state, unlike
QFCS and QG—if it is presumed to be like usual quantum theory. Other issues with
this proposal have been pointed out in the literature [14]. Despite these shortcom-
ings, there have been many investigations of this equation (see e.g. [39, 40, 41, 42]

and references therein). In addition, its applications to cosmology have been studied
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where the expectation value on the stress-energy tensor includes higher derivative
corrections [43]. There is also recent work on this equation, again with higher deriva-
tive corrections where the metric is chosen to be static [44]. The standard approach
used for studying (2.1) comes from noting that its right hand side, suitably renormal-
ized, is in general a symmetric divergence free tensor Fy;(g); this tensor inevitably
has higher derivative curvature terms [42] computed to some order, with the accom-

panying issues that come with higher time derivatives.

In contrast, the work we report here uses a canonical approach starting from the
Arnowitt-Deser-Misner (ADM) hamiltonian formulation for general relativity. The
idea is to formulate a “semiclassical geometrodynamics” with effective constraints
where the matter field is quantized and the gravitational phase space variables remain
classical; the matter state evolves via a (functional) time dependent Schrodinger
equation, and the gravitational phase space variables evolve via the effective con-
straints. As we show below, this system is self-consistent and provides a method
to compute state and geometry evolution with full backreaction. The approach is
similar to that used recently in the so-called Friedmann-Schrédinger equation [45],
where a quantum state and scale factor evolve self-consistently from initial data via

the Friedmann equation and the time-dependent Schrodinger equation.

To illustrate the approach and demonstrate its potential usefulness, we consider
the case of scalar field coupled to homogeneous cosmology, both the isotropic and
anisotropic cases. The general case of the latter with three scale factors moving in a
potential has been the subject of much classical study beginning with the pioneering
work of Belinskii, Lifshitz and Khalatnikov (BKL) [46]; further classical work on these
models appears in [47, 48]; a survey of Hamiltonian cosmology, mainly in vacuum
with a view to quantization appears in [49]. To date there is no comprehensive study

of the corresponding semiclassical system, at least along the lines we present here.
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While our main interest in this chapter is semiclassical cosmological dynamics with
full backreaction, we also point out that there are static solutions of the classical-
quantum equations. These are of interest in their own right and also due to past work,
both in general relativity and in modified theories of gravity [50, 51, 52, 53, 54, 55];
our approach may be viewed as a “modified gravity theory,” but not one with higher

derivative terms.

We begin in Sec. II with a numerical study of the isotropic case where we show
the self-consistency of the classical-quantum (CQ) system, including preservation of
the effective constraint under both state and geometric evolution, and conservation
of probability; we give dynamical solutions numerically, and static semiclassical so-
lutions that resemble, but are different from the classical Einstein Static Universe;
lastly, we compare classical and semiclassical evolution from comparable initial data.
In Sec. III we generalize to the case of anisotropic cosmology; we solve the semi-
classical equations numerically to find quantum matter-induced corrections to the
Kasner exponents and their classical sum rules; we also show that the Bianchi IX case
admits static CQ solutions. We conclude in Sec. IV with a summary and discussion

of further applications of this approach to semiclassical geometrodynamics.

2.1 Classical-Quantum isotropic cosmology

The system we consider arises as a symmetry reduction of the Arnowitt-Deser-Misner

(ADM) canonical action
S = / dtd®z {w“”q;w +psd — N (Ha + Hy) — N* (CF + cgf)} . (2.2)

(qav, ™) and (¢, py) are phase space variables for gravity and the scalar field respec-

tively; NV is the shift, N is the lapse; C¢ and C? are the diffeomorphism constraint
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functions; H¢g and Hy are the components of the Hamiltonian constraint:

He = L (W“bmb - %WQ) +vq (A - R(g))

2
M, =L (p—¢ N @qabaawws) VAV (9)

2\Va (2.3)
Cf = —2Db7T2
Cj = quaaqb;

(0, and D, are the spatial partial and covariant derivatives and we have set 87G = 1

(to be reintroduced later)).

The reduced canonical action for the 3-sphere FLRW model is given by the
parametrization [49] g, = a?(t)X and 7 = (p(t)/6a(t)) L%V det X, where

Yapdrtdz’ = R? (o7 + 03 + 03) (2.4)

is the 3-sphere metric of curvature k = 1/R? defined by the frame fields oy =
sin ¢ sin 0dp+cos dl, oo = cos 1) sin Odp—sindl, o3 = cos Odp+dip, with 6 € [0, 7],
¢ € 10,27], ¢ € [0,47]. The ADM action becomes

S =V / dt (pd -l—p(z;é — N (Hg + H¢)) (2.5)
P’ 3
He = ~o1a + Aa” — ka, (2.6)
P s
H¢ = 27“3 +a V(gb) (27)

where Vg = [Vdet ¥ = R? [ 01 Aoy A os.

Under the rescaling R — IR, we have k — r/I?, Vo — I3V}, and the phase space

variables scale as

a—all, p—p/l% ¢ — o, p¢%p¢/l?’, (2.8)
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(the latter because py is a density of weight one). Therefore, it is useful to define

the scale invariant variables

1/3 2/3

a—a(Vo)’?, k— k(W)

p — p(Vo)*?, ps — Vips, (2.9)

and the invariant volume V = Vja?; the rescaled a has dimension length and the
rescaled x is dimensionless. The fundamental Poisson bracket becomes {a,p} = 1.

We use these variables in the following.

Exploring static solutions in cosmology is of great interest. These solutions to Ein-
stein’s field Equations, like Einstein’s static universe discussed below, are crucial as
they initiated modern relativistic cosmology by solving Friedmann equations for a
homogeneous, finite, closed universe with a cosmological constant to balance matter
density and achieve stasis. They act as fixed points in dynamical systems, help-
ing analyze phase space, stability under perturbations, and transitions to expanding
models—unstable in general relativity but potentially stable in modified gravities
[51, 56]. These solutions test gravity theories, matter equations of state, and early-
universe scenarios, such as emergent models avoiding singularities, while providing
backgrounds for perturbation studies that inform structure formation [57, 58]. Let

us first see if there are classical static solutions in our analysis.
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The equations of motion (with 87G reintroduced) are

H = He+87G Hy =0, (2.10)
0 = {a,’H}:—l%a, (2.11)
p = {pH}= —QZ; —3Aa®* + K+ 247G (% — aQV(gb)) (2.12)
6 = {o,H} = %, (2.13)
Po = {ps,H} = —a’V'(9). (2.14)

Let us consider the static ansatz

a = R = constant > 0;

¢ = ¢o = constant; p=ps=0. (2.15)

Then eqn. (2.14) requires V'(¢g) = 0, i.e. ¢p must be an extremum of the potential,
or the potential is a constant in a domain around ¢g. With vy = V(¢g) eqns. (2.10)

and (2.12) become

AR? — Kk + 81GR*vyy = 0,

—3AR% + Kk — 24rGR*vy = O, (2.16)

These have the solution

A = —-87Gvy, k=0, (2.17)

that is, the cosmological constant is fixed by the potential at an extremum value ¢ =
¢o; this is of course flat space interpreted as an exact cancellation of the cosmological
constant with V(¢g). However, if the potential is quadratic, V(¢) = m?$?/2, eqn.

(2.14) requires ¢y = 0 due to the static ansatz (2.15), and eqns. (2.16) have no
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non-trivial solutions.

To summarize the classical situation, we have seen that there are flat static solutions
for non-quadratic potentials, but no solutions for the quadratic potential. We will

see that the latter is not the case for the classical-quantum equations we propose.

2.1.1 Classical-Quantum equations: FRW

We now describe the coupling of classical gravity with a quantized scalar field
with quadratic potential. A canonical version for the model may be defined in
the Schrodinger picture by starting with an effective Hamiltonian constraint where
the scalar field is quantized, and deriving dynamics from such a constraint [45]; the
scalar field Hamiltonian operator is

~ p 1
Hy = 2¢’ +a’m 262, (2.18)

The proposed equations for the classical-quantum theory are

2

Hog = _2% + Ad® — ka + 871G (Y|H) =0, (2.19)

i) = Hyle), (2.20)

0 = {a, He}= —1]21&, (2.21)
2

p = {p7 Heff} = - - 3Aa + K= 87TG <¢’%¢|¢> (222)

The last term of (2.22) may be expanded to give

D ttttolo) = (Gl + (I ) + (1S
_ _g (M—cﬂmz(d}%); (2.23)

at
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the first term is zero by (2.20) and the last expression is a direct calculation from
the scale factor dependence of H, in (2.18). We use variables (2.9) for the above,
this allows the equations (2.19-2.22) to remain invariant under rescalings (2.8). It
is readily checked that the equations of motion ensure conservation of the effective

Hamiltonian constraint Heg (2.19):

d Moy . OMe - _—
o = o SO 8w ((DI10) + (WIHI))
B P’ p
_—<— YPe —3Aa® + k — 871G — (¢|”H¢|¢>) ( 12a>
2
n <_172’;a) ( 2Za2 — 3Aa’ + K — 817G — <¢|H¢|¢>> (2.24)

+87G (0 IHE[6) — (w3 1))

= 0.

It is also readily shown that probability is conserved. This ensures that the proposed

system of equations is self-consistent.

Initial data for this classical-quantum system at some t = t3 is the set
{a(to), p(to), [t)(to)} subject to the constraint Hey = 0; such data may be con-
structed by choosing a(ty) and [1)(to), and solving Heg = 0 for p(tp). In this way
the p(tp) is state dependent, and the free data is {a(to),|¥)(to)}. In contrast, the
constraint-free data for the classical system is {a(ty), ¢(t0), ps(to) }, with p determined
by solving the Hamiltonian constraint. Conservation of the semiclassical constraint
(shown above) ensures, as in classical theory, that the evolved data continues to
satisfy the constraint; we verify this explicitly in the numerical solutions presented

below.
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2.1.2 Static classical-quantum solutions

Existence of static solutions of the classical-quantum equations may be checked by
setting a = R = constant > 0 and p = 0, and [¢)) = |n), an energy eigenstate of 7:[¢>

(2.18). For fixed a = R, scalar field mass m, and integer n,

Hyln) = Eyln) = m(n + 1/2)|n). (2.25)

This reduces the evolution equations (2.19-2.22) to

AR? — Rk +8tGm (n+1/2) = 0, (2.26)
—3R°A+Kk = 0 (2.27)
[9) () = e B, (2.28)

where the first equation comes from (2.19), the second from (2.22), and the third is
the stationary state solution of the TDSE; eqn. (2.21) holds identically. Viewing the

first two equations as conditions on A and k gives the solutions

1
Kn = 127 (%m (n + 5) = 127G R*(n|py|n), (2.29)
Gm 1 R
A, = 47 573 <n+ 5) = 4w G(n|pe|n), (2.30)

where p = H,/R? (recall that & is dimensionless in the scale invariant variables
(2.9)).

Thus, unlike the classical case with quadratic potential, static semiclassical solutions
arise with set values of both the cosmological constant and curvature; there are no
static solutions with either x or A being zero. The reason there is a semiclassical
static solution and no classical one is that the expectation value (n]7:[¢]n> is inde-

pendent of the scale factor (unlike the classical H,), therefore the Poisson bracket
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{p, <n|7:[¢|n>} = 0; this simplifies the p = 0 condition and permits a solution. In-
tuitively, an apparent reason is that there is a state of the massive scalar field in
a 3—sphere universe which does not spread due to the values of the cosmological
constant and curvature. This may not hold for states |¢)) that are not eigenstates of
H, (or linear combinations of such eigenstates), precisely because (1|Hg|t) would

be a function of the scale factor, and hence be time-dependent.
If the effective Hamiltonian constraint (2.19) is calculated in a coherent state |a) of

the scalar field, then (a|Hyla) = m|a|?> + 1/2, and again {p, (a|Hy|a)} = 0; thus,

the static semiclassical solution still arises, but now with (2.26-2.28) replaced by

AR? — Rk +8nGm (|of* +1/2) = 0, (2.31)
—3R°A+ £ =0 (2.32)

a)(t) = ¢T3 e B D). (2.33)
n=0 :

The solution is the same as (2.29-2.30) with n replaced by |a|?, and unlike the

eigenstate case it allows any real values of x and A, but with both dependent on |«|.

In summary, we see that there are no static solutions for coupling to a classical
massive scalar field, but there are for the classical-quantum case. For comparison,
let us recall the static Friedmann equations (a = R) for perfect fluid equation of

state P = op:

AnGp

A
— 1 - = 2.34
3 ( +3o—)+3 0 (2.34)
8tGp AN kK
Z_ =0 2.35
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which lead to

A = 4nGp(1+ 30); (2.36)

k = 4rGpR*(1+ o). (2.37)

It is therefore evident that classical static solutions arise for A = 0 and x > 0 if
o=—1/3;and A > 0 and k = 0 if 0 = —1; the R x S® Einstein static Universe is

the case A > 0, k > 0 for any o > 0.

In contrast, the classical-quantum static solutions require A > 0 and x > 0 from
eqns. (2.29-2.30); these exist for coherent states and any linear combination of energy
eigenstates of the scalar field. Thus, these are like the Einstein static Universe but

with A and k determined by the scalar field state.

In summary, for the massive scalar field, there are no classical static solutions, but
there are classical-quantum static solutions.
2.1.3 Linear stability analysis

To check linear stability of the static solution (a = R, p, = 0, and [¢)) = |n)), let

a(t) = R+ ea,(t) + O(e?),
p(t) =0+ epi(t) + O(€), (2.38)

[9)(8) = In) + € ) () + O(e?),

with

X)) =D al®)lk), (2.39)
k



where |k) are eigenstates at the static point a = R; we insert these into the equations

of motion (2.19-2.22). The effective constraint becomes

Heg = AR — kR +87Gm (n+1/2)
+ € [3Aa; R? — kay + 87G ((n|7:[((;)|n>

+ (x[Foln) + (1) )|
where
O =3 (55 72+ e B2m?3?)
o\ Ri?
The first order constraint and evolution equations are

Hgf) = m(2n + 1)Re{c,} =0,

P
12R’

) Im 1 3m
D1 (6AR—|—§ <n+§>>a1—§g(n),

éLl:

.. 3ma
16, = Eye + 1(\/ (n—1) 5kn2+\/n+ (n+2) 5kn+2>

where in (2.44)

g(n) = Re{cpo}v/(n+1)(n+2)+Re{c, 2} v/n(n —1).

From (2.45) it is evident that only ¢, o and ¢, 2 evolve with a “source,”

(2.40)

(2.41)

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)

and all

other perturbed state components (k # (n —2), (n +2)) satisfy cx(t) = cx(0)e 2+t

Furthermore, the perturbed constraint Hgf) = 0 is solved for all time if ¢,(0) =

0; i.e. the state perturbation excludes the static solution state |n), i.e.

() =

> iz Ck(t)|K). Interestingly, this also ensures that probability is conserved to first
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order:

W) = (nln) +e((xIn) + (nlx)) + O()

= 14+ 0(). (2.47)

For n = 0 the above equations for linear perturbations reduce to a coupled set for
a1, p1 and cg; the equations for ¢; and ¢k, k > 2 have solutions ¢ = exp{—iEjt}c(0).
The three eigenvalues for the former set depend on the values of the static solution
parameters m, R and A; a numerical check for a range of these parameters reveals

that two of these are growing modes, and one is a decaying mode.

2.1.4 Comparison of exact classical-quantum and classical

dynamics

In the last section we showed that there are exact static solutions of the classical-
quantum system and discussed their linear stability. We now present numerical
solutions of the full classical-quantum equations (2.19-2.22) with initial data that
is a small perturbation of the static classical-quantum universe; we compare these
with the evolution of the classical-classical system (2.10-2.14) with the same initial
data. Specifically, we track the evolution of energy density, Hubble parameter, and
acceleration in the two systems, while checking the conservation of the respective

Hamiltonian constraints and the probability for the classical-quantum case.

Suppose {as, |n); Ay, kn, m} is a static solution of the classical-quantum equations.

Then, the perturbed data we consider is the set

{as + Aa,|n)} (2.48)
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Figure 2.1: A typical comparative evolution of the classical-quantum (CQ) and clas-
sical (C) evolution with scalar field of mass 107 (Planck units) initially in its ground
state |0). Initial data is a perturbation of a static semiclassical solution; the first four
frames show the scale factor, Hubble parameter, acceleration, and density, relative to
their initial values; the fifth frame shows the occupation probabilities |c;|? of higher
scalar field states (with ¢, = c49); the last frame confirms conservation of probability
and of the effective Hamiltonian constraint.
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Figure 2.2: A typical comparative evolution of the classical-quantum (CQ) and clas-
sical (C) evolution for the same data as in Fig. 2.1 but with scalar field initial state

(v3/2)[0) + (1/2)]1).
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for the same parameter values {A,, k,,m}. Solving Hes = 0 (2.19) with this per-
turbed data gives the initial value of p. From this we can compute initial values
for the observables of interest, the Hubble and acceleration parameters H = a/a
and ¢ = a/aH?, and energy density p = <7:leﬂ?>n/a3; the initial acceleration ¢ is

proportional to p and is determined by the r.h.s. of eqn. (2.22).

Initial data for the classical-classical equations is the set {as + Aa, ¢, py}, with p
determined by solving the Hamiltonian constraint. Matching the classical-quantum
data requires the initial values of {¢,p,} from the state |n). This is accomplished

by setting

¢ =\ ()i Po =/ (Bn, (2.49)

a choice that matches the initial energy densities p and accelerations ¢ for the CQ
and C equations. The truncation of the scalar field Hilbert space used for numerical
evolution is n = 40, a number that does not affect probability conservation provided
maximum evolution time is not too large and the chosen initial state is close to the

ground state.

Fig. 2.1 illustrates typical evolution for the classical-quantum and classical systems.
Initial data is ag = as + 5 with a, = 10 with the scalar field initially its ground state
In=0);m=10"3 A =25x10""" and k = 7.5 x 107% (in Planck units) are fixed by
the static solution for a, = 10. It is evident that the CQ and C evolutions differ, with
the classical evolution of various quantities oscillating around the CQ one, and that
at late times the CQ and C approach each other with small differences; the fifth frame
shows the excitation of higher states of the scalar field as the universe expands (with
C, = 49, the truncation level of the oscillator basis used; the last frame demonstrates

numerical conservation of probability and the effective Hamiltonian constraint.

Fig. 2.2 shows a similar evolution to that in Fig. 2.1, the only difference being the
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choice of initial state which is now (v/3/2)|0) + (1/2)|1). The comparative dynamics
is nearly identical, except for the excitation probabilities of higher scalar field states.
This occurs because the state evolution also connects all odd states in addition to
even states as in Fig. 1. It is also evident that there is now also a small excitation of

the last level in the truncation of the Hilbert space used for the numerical evolution.

A variety of initial data that are perturbations of the semiclassical static solution
yield qualitatively similar evolution. The agreement of the classical and classical-
quantum results at late times provides justification for the classical-quantum effective
Hamiltonian constraint. Lastly, instead of eigenstates of the scalar Hamiltonian, we
can also use coherent states, or arbitrary linear combinations thereof. The results
are again qualitatively similar. The reason is that although the state evolves, (’}A{¢>
does not; the initial state only serves to fix the initial momentum p conjugate to the

scale factor via the effective constraint.

2.2 Classical-Quantum anisotropic cosmology
In this section we extend the approach used above to the flat Kasner metrics

ds? = —N*(t)dt* + 3 (a(t)da*)” (2.50)

k=1

With a scalar field the reduced ADM canonical action for this metric is

3
S = /dt(Zﬂkak+p¢¢5—N(HK+H¢)>,
k=1
1 1 :
- 2 _ -

2

Ho = 5 +oV(9), (2.51)
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where v =[], ay and A\, = a7y

For the vacuum case with A = 0 and N = 1, Hamilton’s equations give

N o= {Mi Hi} =0, (2.52)
. 1 Z _
ag 1
hy, - (A + 2p) (2.54)

Thus, \; are constants of the motion,
v(t) = ut + vy (2.55)

and the solution for the scale factors is

ar(t) = ar(0) [v(O)]*, pr=1+ ;\—Z (2.56)

It is readily verified from the definition of p (3.11) that the Kasner exponents py

satisfy

=1, ) pp=1 (2.57)
k k

where the latter follows from the Hamiltonian constraint Hx = 0. These steps sum-
marize the derivation of the well-known Kasner solution from the canonical equa-

tions. For non-zero scalar field and A, A\, are no longer constants of the motion as

{\r,v} = —v.

To see if there are classical static solutions with scalar field and non-zero A, we
set ¢ = ¢y = constant, py = 0 = 7, and a; = ayy = constants; in addition the

r.h.s. of py and 7, = {m, Hix + He} must be set to zero. These conditions and the
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Hamiltonian constraint respectively give

V/(¢)’¢o = 0,
{me, v} A+ V(o)) = 0,
w(A+ V(b)) = 0. (2.58)

Hence, there are non-trivial static solutions provided the potential has extrema ¢ #
0 with tuned A = —V/(¢p). Such solutions would have at least one linearly stable
mode at extrema that are local minima, the double well being an obvious example;

there is no non-trivial static solution for the purely quadratic potential.

2.2.1 CQ Kasner

We now consider a quantum scalar field coupled to Kasner spacetime. As for the
FRW case discussed above we define the dynamics through an effective Hamiltonian

constraint

Her = Hi + <¢|7:[¢(U)|@/}>- (2.59)

The proposed semiclassical geometrodynamics equations in the Schrodinger picture

for the Kasner model are

Heg = 0, (2.60)
i) = Hglt)(w), (2.61)
ap = {ak,HK}, (2.62)
me = {m M+ (W 0)[0) | (2.63)
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Figure 2.3: Numerical solution of the Kasner classical-quantum equations with the
scalar field starting in the vacuum |0): the first frame shows the (dynamical) Kasner
exponents, followed by comparison graphs of volume and scalar field density; the
forth frame shows conservation of the effective constraint and probability; the last
two frame show the excitation of the higher scalar states, and the difference between
the classical and classical-quantum Kasner exponents.
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The scalar field Hamiltonian operator is

Ho =22+ 0V (9) (2.64)

Evolution of 7 is explicitly state dependent through the factor v in 7:[¢, and that
of the scale scale factors ay is implicitly through 7. As for the FRW case above,

state evolution is in the Schrodinger picture in a truncated fixed oscillator basis
N

) =D er(t)[k).
k

It is readily verified that Hg is conserved using the evolution equations:

—Hesp = Day ay + o, Tk | + qus!w + <¢|7:[¢>W> = 0.

d S [OHer . OMe .
dt -

2.2.2 Numerical solution

Let us first note that there are no static solutions of the above equations: setting
the scale factors to constants and their conjugate momenta to zero, the effective

Hamiltonian constraint in an eigenstate of H, and the 7, equations are

Avy+m(n+1/2) = 0,

{kaHKHWk:O = UoA/ak; (2.65)

the first gives A = —m(n + 1/2)/vy # 0 while the second requires A = 0. This
indicates that static solutions require non-zero curvature; this is shown below for the

Bianchi IX case.

Of interest for a numerical study of eqns. (2.60-2.63) is the dynamics of Kasner
exponents (3.14); these are constants of the motions for the vacuum equations with

A = 0, but not otherwise. In particular, it is of interest to compare their dynamics
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Figure 2.4: Numerical solution of the Kasner classical-quantum equations with the
scalar field starting in the state (v/3/2)[0) + (1/2)[1): the first frame shows the
(dynamical) Kasner exponents for the CQ case, followed by comparison graphs of
volume and scalar field density; the last two frames show the excitation of the higher
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in the classical and classical-quantum cases as the singularity is approached and as

the universe expands and approaches isotropy.

Numerical solutions of eqns. (2.60-2.63) are shown in Fig. 2.3 and 2.4 for the initial
data a; = 15.0, ap = 14.0, a3 = 4.0, m; = —0.2, 1y = —0.1, with m = 0.001
and A = 0, and initial scalar states |0) and (v/3/2)|0) + (1/2)|1) respectively; 73
is determined by solving H.s = 0, and the initial data for the classical scalar field
case is again determined by eqn. (3.32). The first frame shows the evolving Kasner
exponents for the CQ case, including one of the sum rules; isotropization occurs
as the universe expands, as for the classical case, but there are differences in both
the volume and density at large volume. The energy density p/py for the CQ case
approaches a constant at large volume whereas the energy density of the C case
continues to decline. Both the volume and energy density are larger for the C(Q case

at late times.

Fig. 2.5 shows the difference in the evolution of the C and CQ exponents p$ —
ng, k = 1,2,3 and the difference between their sum of squares for the data used
for Fig. 2.4; while these differences are small, their cumulative affect on volume
and energy density is evident at late time in the volume and scalar energy density

mentioned above.

The differences between Figs. 2.3 and 2.4 arise solely from the different initial states
of the scalar field. In both cases the expectation value of the scalar density p =
(7:l¢> /v differs from the classical p; the latter shows some oscillation and decays to
zero, whereas the former does not and appears to decay at a much slower rate (up
to the integration times shown). This is potentially significant in that it suggests
the emergence of a “cosmological constant” or equivalent “dark energy” apparently
caused by excitation of higher states of the scalar field at late times together with

isotropization. The other main difference is in the volume, which at late times is
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larger than for the classical equations for both initial scalar states.

Lastly, the other main difference between Figs. 2.3 and 2.4 is the excitation of higher
energy levels of the scalar field as the universe expands. This is the homogeneous
analog of particle creation; the initial state |0) shows excitation of only the even levels
(since the Hamiltonian is quadratic in creation/annihilation operators) whereas the
the initial state v/3/2)|0) 4 (1/2)|1) shows excitation of all levels. The Hilbert space

truncation level used was n = 50 for both figures.

2.2.3 CQ Bianchi Universes

The difference between Kasner and the other Bianchi models is the addition of spatial
curvature. This is best studied in Misner’s parametrization [59] where the universe’s
volume is separated from its anisotropy variables; the curvature arises as a function
of the latter through a gravitation potential term in the Hamiltonian constraint [49].

Misner’s parametrization is a transformation of the metric variables (aq,as,as) to

(Qa 677 5+):

1
QO = —gln (a1a2a3) (266)
1 a1a9
= -1 2.67
o= (M), (2:67)

. = (ﬂ) (2.68)

The conjugate momenta are related by

pa = —(aps +bpy + cpe), (2.69)
p+ = apa +bpy — 2cpe, (2.70)
p- = V3(ap. —bpy). (2.71)
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In terms of these variables, the CQ effective Hamiltonian constraint is

e3? B B .
Hyg = o0 (P%+p> —pd) +e N+ eV (By, B) + (Hyhy
= 0, (2.72)
where
2 e 2 I 5 30,70
(Hy)y = —(Bo)u + 5m7e " {d7)y- (2.73)

The spatial curvature term is e}V (3_, 5, ) which is determined by the Bianchi type

summarized in the table below. The canonical equations of motion are

) 30

O = {2 H} === (2.74)
, 30
Br = {B+, H} = 61—2%[ (2.75)
pe = {pe. H}z—e“% (8., 5) (2.76)

po = {pa, H} = =3(Hg — e N) + eV (B, f_) — a%(w]ﬁ¢|¢>, (2.77)

where the last term expands as

0

A 1
a—Q<H¢>>w = =

(6B + eI ) + (2,

(#2P2s — m2e¥2(6%),) (2.78)

N o

We now check if there are static solutions for any of the Bianchi universes by setting

41



Bianchi Type V(By, B-)

I 0
IT e 80+
111 4e~(2P+—2V30-)
Y Y0+ (12 4 1V36-)
\ 1245+
e85+ 4 2¢%+ | cosh (4\/55,) —1
VIII - -
+ 4¢P+ cosh (2\@6,)
e 8P 4 24P+ cosh<4\/§ﬁ_> —1
IX - -

— 4¢P+ cosh <2x/§ﬁ_>

metric functions constant and all momenta zero:

0 = QO: ﬂ-ﬁ-:B—i—u 6—:/3—7

pa = py=p-=0, (2.79)

in (2.72) and (2.74-2.77) with [¢)) = S0, cx|k), a linear combination of eigenstates

of the quantum scalar field Hamiltonian. This gives the conditions

€*3QOA + e*QOV(B+’ B*)

N
+my el (k+1/2) = 0, (2.80)
k=0
Vg, = 0, (2.81)
3¢ A + eV (By, B) = 0 (2.82)

all other equations vanish identically, as does the last term in (2.77).

From this it is evident that static solutions of the CQ equations require an extremum
of the Bianchi potential V'; with this, the last equation fixes the value of A, and the
first fixes the expectation value of scalar Hamiltonian. Extrema of the potential oc-

curs only for the Bianchi IX potential, and for this case, the extremum is a minimum.
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Hence, the static solution is stable.

Lastly, we note that requiring a static solution of the corresponding classical equa-
tions involves setting ¢ = constant and p, = p, = 0. For the massive scalar field,
this imposes ¢ = 0; hence there is no classical static solution for the same Bianchi

potential.

This result on the existence of static solutions of the Bianchi IX model shows that
there can be significant differences between CQ and classical models. An intuitive
check of linear stability suggests that the directions corresponding to anisotropies
are stable since the Bianchi IX has a minimum at $. = 0; however, like the FRW
CQ equations, there will be an unstable mode in the volume-state variables. This
discussion is a first step toward a more complete numerical investigation of the

Bianchi IX CQ equations (to be pursued elsewhere).

2.3 Summary and Discussion

We studied a “semiclassical” hybrid geometrodynamics defined by first-order Hamil-
tonian equations for classical geometry coupled to time-dependent Schrodinger equa-
tion for the state of a quantum scalar field. This system incorporates full backreaction

of the quantum matter on classical geometry in a self-consistent manner.

We next applied the idea to study the dynamics of homogeneous isotropic and
anisotropic cosmology with a truncation of the scalar field Hilbert space. We showed
that there are static solutions for both cases with certain conditions, and that these

solutions are linearly unstable.

That static spacetimes can arise in the semiclassical Einstein equation is curious from
the physical point of view. It suggests that the backreaction of the (global) quantum

matter state on a classical spacetime, through the effective Hamiltonian constraint,

43



can create a static classical-quantum bound state. From a mathematical perspective,
the fact that the equations are non-linear in the state opens up the possibility of
unusual solutions; such have been noted in the semiclassical spin-oscillator model

[60].

For the isotropic case we studied numerically the full evolution of initial data that is
a perturbation of the semiclassical static universe parameters, for both the classical-
quantum and classical equations. This revealed some similarities and differences; the
latter arise due to the oscillations of the classical scalar field at early times, and in
the late time decay of the energy densities. Of particular interest is that the free
data for the classical-quantum system is the initial scale factor and scalar quantum
state. This raises the question of whether the issue of fine tuning of scalar field initial
data of the classical system can be avoided in the classical-quantum equations; only
an initial quantum state is required rather than initial values of the scalar field and

1ts momentum.

That the past of an inflationary classical-quantum universe has a static 3-sphere
attractor in the past may be compared with the purely classical “emergent universe”
model proposed in [53], where the scalar field has an arbitrary scalar potential (unlike
only the mass term here). Our analysis provides a similar model for the origin of

inflation starting from a classical-quantum model with full backreaction.

It is useful to contrast our FLRW results with other works on the instability of emer-
gent universes [61, 62, 63]: the first of these works argues that in a minisuperspace
quantization without matter, an emergent universe would collapse; the second rules
out oscillating solutions in loop quantum cosmology as the origin of an emergent
universe; the third, unlike our case, considers the evolution of a scalar field wave
packet on a fixed background (i.e. no backreaction). Including non-perturbative

backreaction (as we do here) results in a static universe that has an unstable mode;
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it is this mode that leads to inflation, while the other mode decays exponentially
back to the semiclassical static universe. This applies where nonlinear effects are
negligible, one interesting avenue to explore would be to compute how many e-folds

of inflation can occur while the linear analysis holds.

For the aniotropic case we show that unstable static universes also arise for the
Bianchi IX model; this is because one of the conditions for static solutions is the

requirement of critical points of the curvature potential.

Thus, while we have shown that the semiclassical static universe derived here can
inflate or stay stable, the question of how it might arise from quantum gravity
remains, as does the validity of the semiclassical Einstein equation as a transitional
theory between quantum gravity and quantum theory on curved spacetime; a recent

discussion of this issue appears in [60], and a linear alternative is proposed in [64].

The numerical evolution of the CQ equations for the isotropic and Kasner cases
shown in Figs. 2.1-2.4 show significant differences from classical evolution, especially
concerning volume and energy density—for the CQ equations both quantities are
larger than that for the classical equations. In particular, the scalar energy density

energy tends to a constant, a fact following from the expression

olo o T (30 253)

Py =

the second term dominates at late times and does not vanish, unlike for the classical
scalar field. This suggests a possible contribution to dark energy if the CQ equations

apply at sufficiently late times.

An important question is the domain of validity of the CQ approximation. In the
absence of a quantum theory of gravity, this is hard to assess. However, there is

indication from models such as the oscillator-spin [60] and the oscillator-oscillator
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systems [65] that the CQ approximation is valid only for weak coupling and only for
sufficiently small times. In the quantum gravity of cosmological models, which are
solvable in several cases, a similar comparative investigation of the full quantum and
CQ regimes is possible. (In field theory, the case of scalar quantum electrodynamics
provides another testing ground for the regime of validity of CQ approximation: this

has been partially investigated in [66] in the case of an evolving vacuum state.)

Beyond cosmological models, the Hamiltonian approach to semiclassical theory ap-
plied here opens up the possibility of studying the classical gravity-quantum scalar
field theory in spherical symmetry, a recent study appears in [67]. This is a setting of
particular interest for gravitational collapse generalizing the classical case [68], and
for backreaction of Hawking radiation. A possible intuitive lesson from our study of
the cosmological CQ system is that late time behaviour can differ significantly with

full backreaction due to the expectation values of the ng52.

Another possibility for further study concerns the CQ equations themselves. Here
these were postulated. Can they be derived from the full quantum theory of the
system with reasonably justified approximations? The case of coupled oscillators
studied recently [65] provides an approach to consider for constrained Hamiltonian

systems like gravity.

46



Chapter 3

Anisotropic Cosmology

The behavior of the universe close to the big bang singularity has been a question
of much interest over the past decades. Despite several notable works, a widely
accepted picture has yet to emerge. Seminal papers by Belinski, Khalitnikov, and
Lifshitz conjectured that the approach to a spacelike singularity in Einstein gravity is
homogeneous, dominated by time derivatives, and therefore described as a dynamical
system of coupled non-linear ordinary differential equations (ODE) [46, 69]. This led
to the study of homogeneous anisotropic Bianchi models that describe the evolution
of scale factors moving in potentials that come from spatial curvature [49]. The most
interesting of these is the Bianchi IX model, also termed the “Mixmaster Universe”
[59]. It describes the universe as a billiard ball in a triangular potential with expo-
nentially high expanding wall. Between the walls, the potential is negligible and the
universe is described by the Kasner spacetime ds? = —N2dt> + 7| t?ida?, where
the so-called Kasner exponents p; satisfy the sum rules > ,p; = 1 and >, p7 =1
by virtue of the Einstein equations. These exponents transition to new ones at each
collision with a wall of the potential, sending the universe into a new Kasner epoch
with different exponents. The transitions are described by rules that have been the

subject of many studies in vacuum [6] and with matter coupling [70]. This interest-
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ing dynamics exhibits chaos, a feature that has led to many investigations over the

years [71, 72, 73, 74, 75, 76, 77].

Despite these studies, the indicators that quantify chaos fail to be consistent when
applied to the Mixmaster universe, giving varying numerical results; see e.g. [78, 79].
Furthermore, a question of covariance also arises: is chaos an actual physical feature
or merely a coordinate artifact? This question has been addressed in by using the
Kasner transition rules as an iterative map [80, 81], and by rewriting the evolution
equations as a geodesic equation on an auxiliary geometry [82]. Both these methods

confirm that the Bianchi IX model is chaotic.

The work presented here takes these past analyses further by including the quan-
tum gravity effects of a bounce and quantization of matter, effects that should be
important near the cosmological singularity. Several approaches to quantum gravity
including supergravity indicate that chaotic dynamics persists with quantum effects
[83]. There is a formulation of the BKL conjecture in the connection-triad for-
malism [84] using variables introduced in [85], and studies of singularity resolution
in anisotropic models in symmetry reduced models in the Loop Quantum Gravity
(LQG) approach [86, 87, 88, 89] (termed Loop Quantum Cosmology (LQC)). An-
other recent approach to semiclassical cosmological models is an effective approach
where a truncated set of coupled classical equations for expectation values of prod-
ucts of powers of configuration and momentum operators in semiclassical states are
studied [90, 91, 92]-these works indicate that chaos persists but is reduced in this

semiclassical approach to the Bianchi IX model.

In this chapter we present a comparative study of three different approaches to “ef-
fective” and “semiclassical” cosmology applied to the Bianchi IX cosmology. The
first is a canonical approach to the semiclassical Einstein equation, where gravity is

classical and matter is quantum with an evolving state, a system that has full quan-
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tum matter backreaction on a classical metric; such an approach has been studied
for homogeneous isotropic cosmology [22, 45]; the second is the addition of spacetime
discreteness using the LQG-inspired polymer quantization of volume, both with and
without the quantization of a scalar field. In all cases we compare the resulting

dynamics with the corresponding classical Bianchi IX model.

The structure of this chapter is as follows: In section II, we briefly review the canoni-
cal Mixmaster model, introduce the volume discreteness correction, and the effective
Hamiltonian with quantum scalar field. In section III, we present numerical results
for the three cases under study, together with results on characterizing chaos. We

conclude in the final section with a summary and discussion of our results.

3.1 Mixmaster Cosmology
The starting point of our analysis is the homogeneous anisotropic line element

ds’ = —N*(t)dt* + > ap(t)dz". (3.1)

k=1

Misner’s parameterization [59, 49] replaces the three scale factors by the volume and

anisotropy variables (2, 5., 5_) defined by

v = 111((11@2&3), (32)
1 a1Qa9
= -1 .
B—i— 3 n ( ag > ) (3 3)

1 &1)
= —In|— |, 3.4
o= e (2 (3.4)
The underlying topology for the Bianchi IX universe is R x S, where S® is the

3-sphere. The canonical action for the Bianchi IX model with scalar field in these
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variables is

S = /dt |:p,,I/ +p+5+ —l—p_B_ +p¢¢ + N(H]X + H¢) ; (35)

where (pi,p,) are the momenta conjugate to (Si,v), (¢,ps) are the scalar field

canonical variables, N is the lapse function, and

2

Hy = s—iJrvx(cb), (3.6)

Hix = st (R 42) +00 Vix(Be, B, (B7)
Vix(By, B) = e 5+ 4 et [cosh(4\/§ﬁ_) _ 1}

— 42+ cosh (2\/§5_) . (3.8)

We restrict to the massive scalar field x(¢) = 2m?¢?.

The evolution equation equations following from the Hamiltonian constraint Ho =
Hix+ H, = 0 (it must vanish at all times) describe the universe as a point moving in
a triangular potential Vix (5., 5_), which has exponentially high walls; the volume
prefactor in (3.8) scales Vix, shrinking the triangular potential as the singularity
v — 0 is approached. When the universe point is away from the potential walls, the

dynamics is given by the Bianchi-I (Kasner) solution, which corresponds to Vix = 0.

The Kasner Hamiltonian constraint in the phase space variables (ay,m;) (see e.g.

[34, 70]) is

2
1 1
= [T 5 (X | o 59
k k
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where pp = agpr and v = ayasaz = €”; the evolution equations are

fri = {wi Hi} =0, (3.10)
. 1
v = {v, HI}:—Z;ukza (3.11)
a1
hy = —=_— 20) . 3.12
k w20 (p + 20) (3.12)

From these it follows that u; are constants of the motion,

v(t) = ot + v, (3.13)

a(t) = aO)Or, po=1+55 (3.14)

Y3 _px = 1 follows as an identity from the definition of py, and the Hamiltonian

constraint Hx = 0 gives the non-trivial sum rule 22:1 pi =1

The exponents py, thus specify a Kasner solution. A “Kasner transition” occurs when
the universe point bounces off a wall of the potential, changing the exponents to new
values. The number of Kasner transitions increase as the universe approaches the

final singularity.

3.1.1 Effective equations

The main ingredient for defining effective equations arises from the idea of funda-
mental spacetime discreteness. In LQG this comes from the kinematical Hilbert
space used for quantization, which is based on quantum states defined on graphs.
This leads to a discrete spectra of area and volume operators. At the computational
level in LQC, discreteness of volume amounts to the introducing of a volume lattice
in the classical theory, followed by quantization of the discrete classical theory. An

important element of the quantization is that the momentum conjugate to the vol-
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ume is not defined as a derivative operator, but must be derived from the lattice

translation operator. This feature makes the volume momentum bounded above.

This is formalized by introducing an alternative to Schrodinger quantization known
as polymer quantization [93, 94, 95, 96]. The Hilbert space is the span of the basis

set ¥, (z) = (z|v) = e with inner-product

1 [F o
(V|v) = lim _L/ dr e " Te"" =4, (3.15)

L—oo L

The volume and translation operators act on this space as

olv) = vl|v)
D) = ery) = |v+ ). (3.16)

With this inner-product, the state ¢ (z) = Zszl cpe™™* is non-zero at the N points vy;
a Schrodinger state, such as a Gaussian, would require an uncountable superposition
in this basis. Therefore in practical calculations, a lattice with fixed spacing is used,
corresponding to a fixed A in the translation operation. A “momentum operator” is

constructed from the translation operator via, for instance py := (Uy — Ul)/(2i)).

An effective classical theory is obtained by starting with Gaussian states peaked
at a particular phase space point, taking expectation values of the Hamiltonian
operator defined on the lattice, and imposing a Poisson bracket on the peaking

values [97, 98, 99]. This procedure amounts to the replacement

in(\p,
p, — SmOP) (3.17)
A
in the Mixmaster Hamiltonian constraint (3.7), giving
3 . 1
HY = ———vsin®’(O\p) + = (p2 +p2) + 3 Vix(By, B-) =0. (3.18)

8\2 24y

52



In arriving at this expression, we made the choice that only the volume momentum
is bounded above due to polymer quantization, and not the anisotropy variables or
scalar field. This is motivated by work in the homogeneous isotropic models where
it was found that the volume variable is responsible for the universe undergoing a
bounce [100, 101, 99]. A similar effective approach that includes isotropy variables
has been studied [102].

3.1.1.1 Effective cosmology with classical scalar field

The dynamics of the first model we consider follows from the effective constraint
HE = HY +H,=0, (3.19)

where the scalar field part of the Hamiltonian constraint remains unmodified and

H¢% is defined in eqn.(3.18). The equations of motions are

sin(2\p,)

T (3.20)

v o= {v, B} = —gy

3 sin?(\p, 1 1
b = o BEY = 3RO 0 ) — 2 V(B )
P 1 4,
+ <W - §m d) ) s (3'21>
- 1
By = {Bs, Hgﬁ}:@p:t (3.22)
e = fpe By = L v (8a, B (3.23)
0B+
¢ = {¢, HIY =py/v (3.24)
Pe = {ps HE'}Y = —vX'(9). (3.25)
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3.1.1.2 Effective cosmology with quantum scalar field

The second model we study uses an effective constraint. In this, the scalar field is
quantized and its quantum state evolves via the time dependent Schrédinger equa-
tion. This may be viewed as the canonical version of the semiclassical Einstein
equation applied to cosmology, but with the polymer quantization corrections to the

gravitational part. The effective constraint is now

Héﬁ = Hi% + <¢’H¢|¢> =0, (3.26)
together with
i) = Hly). (3.27)

The gravitational Hamilton equations are identical to those H&! | with the exception

of the p, equation, which now reads

3sin*(A\p,) 1
{V7H }_ )\2 +24V2 (pi—i_p%)
1

0 A
—51/72/ Vix (B4, B-) — 5<¢|H¢W>

The last term of this equation can be expanded to give

Oty = 3 (1N + o Hd) ) + (o ol
_ 1 (@_m%a), (3.28)

2\ 12

It can be verified that the Hamiltonian constraint H, gf is preserved: labeling the set

of the configuration variables oy = {v, f+} and their canonically conjugate momenta
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Ty = {puv pi}a

eff
OHS

d eff __ aHéﬁ I T ] i
g = > T a1~|—; B Ty + (V| Hglth) + (1| Hy|th)

—~ 0.[ (3.29)

It is similarly verified that probability is conserved ensuring that the complete set of

equations is self-consistent.

In the following we study numerically the dynamics of six models: the zero scalar field
classical and effective cases H;x and H¢Y; the non-zero classical and quantum scalar
field cases Ho = Hix + Hy and Hg = Hyx + (¢|f[¢w>; and H' and HE, where
the volume momentum term comes from polymer quantization. The cosmological
bounce is due to this last feature as may be seen by deriving the effective Hubble

rate H, = v/v from (3.20) and any one of effective Hamiltonian constraints:

3 Pr
H?> == 1— 3.30
=2 ( p) (3.30)

where peic = 3/8\% and pr is the sum of the energy densities of the scalar field and

anisotropies, e.g.

1

1 1
pr =" <E(p2+ +p%) + P Vix + ;H¢> (3.31)

for the H' model.

3.2 Numerical Results

We used the Runge-Kutta-4 method to solve the set of coupled evolution equations

for the six models. For useful comparisons of evolution, it is important to set up ini-
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Figure 3.1: A typical evolution for the classical and effective Mixmaster universe in
vacuum, and with classical and quantum scalar field. The dashed blue line is for the
classical Bianchi IX Hamiltonian; the solid line represents the effective Bianchi IX
Hamiltonian. The first row shows multiple bounces in the volume for the effective
universe. The second row shows the evolution of the anisotropies S+, and the third,
the log of the Kasner squared sum rule overlayed with log of the volume.

26




Anisotropies (Vacuum)

Anisotropies (Classical Scalar Field)

Anisotropies (Quantum Scalar Field)

0s

- B, (Ho)
B (HEM
- B_ (Ho)
— B- (H§"

0.0 ’ 00 0.00
1
1 025 ll
o5 ] =" Ba (H) 1 - B (Ho) \
-0.5 -0.50
Bs (HE 1 B+ (HEM 1
- B_ (Hi) 1 - B_ (Ho) 075 1
ol — B- D ! — B (D 1
-10 100
36 38 40 42 44 36 38 2 a4 53 54 55 56 57 58 59 60

Figure 3.2: Anisotropy variables S+ near the first bounce point for each of the models

studied.
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approached, de-excitation as the universe expands after the bounce, and probability

conservation.
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Figure 3.4: The first few and and the last few even-state excitations of the scalar
field (with Hilbert space truncation n = 30) through the first bounce of the effective
universe; the volume is overlaid (in red).

tial data that is as close as possible. This is straightforward for the vacuum and clas-
sical scalar field models Hrx, HSE and He, HE respectively, since for these cases the
initial data is solely configuration and momenta subject to the corresponding Hamil-
tonian constraint. For these cases we specify the set {v(0), p,(0), 5+(0), p—_(0)}, and
also {¢(0), ps(0)} for non-zero scalar field, with p, (0) determined by the Hamiltonian
constraint. This method provides identical data for all variables except for p,(0),

since the Hamiltonian constraints differ.

In contrast, the initial data for the quantum scalar field cases Hg and H, gf require the
initial quantum state of the scalar field; the data is {v(0), p,(0), 5£(0), p_(0), |¥)(0)},
again with p, (0) determined by solving the respective classical and effective Hamil-
tonian constraints. For comparison with the classical scalar field cases, we fix the

data for the latter by setting

~

$(0) = 1/(0?)(0);  pe(0) = 1/(p3)(0), (3.32)

with the expectation values taken in the initial state. Lastly, for all illustrative

numerical evolutions, we set the scalar field’s mass to m = 0.01 and polymer scale
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A = 0.1. For the quantum scalar field we work in the fixed oscillator basis {|n)o} at

the initial time so that the evolved state at a subsequent time ¢ is

) (1) =) en(t) |n),_y - (3.33)

n

For state evolution, we write the scalar field Hamiltonian operator as a matrix in the
oscillator representation with a truncation at level n = 30; the Schrodinger equation
then becomes a set of 30 coupled equations for the coefficients ¢, (t). We confirm that
changing truncation level does not significantly affect our results provided the initial
state is the ground state, and the evolution time is such that probability remains

conserved.

The following figures provide a sample of our numerical results. We have verified
that the respective Hamiltonian constraints remain conserved up to order 10~ and

that the probability is conserved to a similar order for the quantum scalar field case.

3.2.1 Volume, anisotropy and Kasner sum evolution

Fig.3.1 shows the evolution of volume v (first row), anisotropies (second row), and the
log of the sum of the squared Kasner exponents >, p; (third row), for the vacuum,
and for the classical and quantum scalar fields coupled to (classical and effective)
gravity; the initial state for the latter is the vacuum |0);—, this is chosen to keep our
analysis simple. For each sub-figure, comparable initial data is chosen as described
above; for all cases the data is {v(0) = 10, 8,(0) = —0.05, 5_(0) = 0.01, p_(0) =
—10, p,(0) = =5}, with p,(0) determined by the respective hamiltonian constraints;
the simulations run for the same time (with lapse N = 1); the dashed blue line is
the case where the gravitational Hamiltonian is the classical (not the effective) one,

which terminates in a singularity, e.g. near ¢ = 40 in the first two frames, and near
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t = 55 in the third frame of the first row. The small differences in the location of
the bounce and singularity in these figures is due to the difference in the initial value

p+(0) as determined by the respective Hamiltonian constraints.

Volume bounces: The first row shows that the bounces are asymmetric for each of the

effective cases (vacuum, classical and quantum scalar field), with the most bounces
occurring for the vacuum case; each case also indicates a higher rise in volume after
a series of relatively smaller bounces and expansions; the quantum scalar case differs

significantly from the classical scalar one in the number of initial bounces.

Anisotropies: The second row compares the anisotropies f4 in each of the cases.
The approach to the first bounce is noteworthy: all cases are very similar as the
first bounce is approached, with anisotropies vanishing near t = 40. However after
the bounce, the second and third frames (the cases Hg' and HQ') show higher
anisotropies that rise rapidly near each bounce; it is also evident that the classical and
quantum scalar field cases differ significantly in this respect. Fig. 3.2 is a view of the
anisotropies at the first bounce point of Fig. 3.1; it shows that all three bounce cases
are qualitatively similar. The evolutions of 8, and S_ are quite different due to their
definitions in (3.3) and (3.4): the former is a function of all three scale factors, while
the latter depends on only two. Another reason for the difference is the different
evolution equations p; and p_ have: the right-hand sides differ substantially for
each, and this feeds into the solution for S4. The different evolutions are a feature
also of the exact Kasner solution where 5, ~ In (tplﬂ’rp%) and 5, ~ In(tP1~P2), for

Kasner exponents py, pa, p3 satisfying the sum rule.

Kasner sum rule: The third row of Fig.3.1 shows zoomed in plots of log of the Kasner
sum 37 (p?) and Y27 (p"2)(blue and orange curves respectively), and log of the

effective volume v°f (green curve), as the singularity /bounce point is approached.

The blue curve shows that the Kasner sum tends to unity as the classical singular-
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ity is approached for each of the vacuum, classical, and quantum scalar field cases
(Hix,Hc, and Hg ), supporting the BKL conjecture that “matter does not matter”
as the singularity is approached; (the dip in these curves very close to the singularity

point is due to break down of numerical evolution very close to the singularity).

However, the orange curves (corresponding to H¢%  HET and Hgf —where there is
a bounce) show that the sum rule is a constant away from the bounce point, but
not unity due to the polymer scale A = 0.1; it undergoes oscillations through the
bounce (where the green volume curve dips); the differences in the three frames in
this row show that “matter matters” when the universe bounces, and in particular
whether matter is classical or quantum. Furthermore, the oscillations in the sum
rule indicate that the approach to the volume bounce is not Kasner. This is in
contrast with the BKL conjecture, which states that the approach to the classical
singularity is Kasner-like; the conjecture is of course silent on the singularity free
bouncing cosmologies we study here, perhaps more so due to departure from usual

GR where the conjecture usually applies.

3.2.2 Scalar field excitation and density

Fig. 3.3 gives the results for the evolution of the scalar field quantum state, the
coefficients |c,(t)]* in (3.33) for the cases H (classical gravity with quantum scalar
field) in the first row, and Hg' (effective gravity with quantum scaler field) in the
second row, with initial state |0);—¢; the first and second columns show the even and
odd level excitations (for Hilbert space truncation n = 30 in the fixed basis chosen

at t =0).

For Hg (first row), the initial data is the same as in the for the dashed blue curve in
the rightmost column of Fig. 3.1; the singularity is just before ¢ = 60. The left frame

shows the even state |2k) excitations (which connect with the initial state |0);—¢ due
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to the quadratic Hamiltonian); as the singularity is approached, it is evident that
higher states k = 2,4,6 are excited to nearly equal levels |c;|? € (0.1,0.2), but
the states near the truncation point n = 30 are not significantly excited; the right
frame shows the non-excitation of the odd states |2k + 1) to order 107!, The total

probability is numerically conserved to a similar order.

For H gf (second row), the initial data is the same as in the rightmost column of Fig.
3.1 (with the four bounces). The left frame shows the even excitations; the higher
levels are excited through each bounce; |cp|? drops and |ci|? (k = 2,4, 6) rise; at later
times these higher levels remain excited and the scalar field never returns to purely
the ground state at maximum expansion. The right frame again shows that the
odd levels are not excited to order 1071°, and again total probability is numerically

conserved.

Fig. 3.4 shows a zoomed in version of the even state excitations of the scalar field for
H (‘;ﬂ near the first bounce; the left frame shows the lower levels, and the right frame
shows the higher levels near the truncation n = 30; the log of the volume (dashed
red line) is overlaid. This shows order 1072 excitations of the higher levels with a

similar pattern.

These results may be viewed as the quantum mechanics analog of particle produc-
tion on a fixed time dependent background, with the difference that our calculation
includes non-perturbative back reaction of the evolving scalar field state on the evo-

lution of the gravitational variables.

Fig. 3.5 shows the evolution of the classical and quantum scalar field densities for

H and HET

1 pé L 5.0
= —Hy=-%2 4 34
p CHy = o 5 +5m o°, (3.34)
L - <ﬁi> L o9 29
— (H) = ¢l :
PO 1/< ) 5z T 5™M (%), (3.35)
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again for the same initial data as in Fig. 3.1, with the cases Ho and Hg (no bounce
classical gravity) overlaid (dashed blue line). The bounded spikes in the densities

are evident at each of the bounce points.

Lastly, Fig. 3.6 exhibits the conservation of the Hamiltonian constraint for each of
the cases we study to order at least to order 10~7. This shows the accuracy of our
numerical evolutions, including the oscillations of the Kasner sum at the bounce point
in Fig. 3.1. It also reflects probability conservation of the quantum scalar field case
(third frame), where any probability violation would result in non-conservation of
the Hamiltonian constraint through the expectation value of the matter contribution

to this constraint.

Classical Scalar Field Density Quantum Scalar Field Density

20 - =+ log(pclpc(0)) ' = * log(polpo(0))
— log(p/pgf0)) — 1log(pgpg0))

-

———————— — -
o
e ————————

o
)

0 20 40 60 80 100 120 140 o 20 40 60 80 100 120 140
t t

Figure 3.5: Scalar field densities in a classical and effective universe. In the former
case (dashed blue line) the density diverges at the singularity; in the latter cases
(orange line) the density spikes at a maximum at each bounce shown in Fig. 3.1

3.2.3 Chaos

Close to the singularity, the Mixmaster Universe is known to have chaotic dynamics
[79, 80, 82]. We study this comparatively for the six models using two methods:
computing Lyupanov exponents and the fractal dimension of trajectories in phase

space.
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Figure 3.6: Numerical conservation of the Hamiltonian constraint for the evolutions
shown in Figs. 3.1, 3.3, and 3.5.

3.2.3.1 Lyapunov exponents

One measure of chaos is the Lyapunov exponent: given two infinitesimally close
initial data points x1(0) and z2(0) for a dynamical system, if the initial separation
£(0) = |22(0) — 21(0)| grows as £(t) ~ £(0)eM with A > 0 the system is considered
to be chaotic, and A is called the Lyapunov exponent. An n—dimensional phase
space has n such exponents. One way to compute them is to linearize the dynamical

system and solve the system

d

23S (t) = J(F(@(6))nm&n (t); (3.36)

where J is the matrix that arises from linearization of the evolution equations. The

Lyapunov exponents are given by

A, = lim In {5"“)] (3.37)

In the numeric integration of (3.36), it often happens that the &,(t) diverge in a
short duration. To remedy this, Bennetin et al [103] introduced the the idea of
re-orthonormalizing the vectors &, (t) at regular time intervals, and storing their cor-

responding scalings. This is the method we use to calculate the Lyapunov exponents
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System | Lyapunov Exponent
Hix 3.210
HSY 0.4093
Heo 4.4320
H 2.100
Hg 4.4320
H 1.024

Table 3.1: Maximal Lyapunov Exponents for the six models

for the six models studied. The results appear in Table 3.1.
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Figure 3.7: Zoomed-in phase plots of the anisotropies S+ for each of the six models
studied. Self-similarity and fractal-like structure is evident in each case; all are
qualitatively similar, but with notable differences for the quantum scalar field.

These are computed from runs up to ¢ = 200, keeping in mind that infinitesimally
close initial trajectories first diverge, and then settle into a constant distance on
average, forming an attractor set. The dimensions of the matrix are different in each
of the six cases due to the number of dynamical equations, with the largest dimension

occurring for the quantum scalar field cases with truncation (at n = 30). Notable in
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the table is that the Lyapunov exponents for the effective gravity cases are smaller
than for classical gravity, providing evidence that chaos is reduced, at least by this
measure. In particular, there is a nearly factor of four difference in the exponents
between Ho (classical gravity with classical scalar field) and Hgﬁ (effective gravity

with quantum scalar field).

Vacuum Classical Scalar Field Quantum Scalar Field

N = Hg (dim = 1.7489) = HE" (dim = 1.7275) = Hg" (dim = 1.7527)
N Hy (dim = 1.7523) N He (dim = 1.7586) N Ho (dim = 1.7664)

log(Count)
/

log(Count)
/

log(Count)
4

4 3 4 3 H
log(Box size) log(Box size) log(Box size)

Figure 3.8: We see here the results of the box-counting analysis to compute the
dimensions of the plots in Figure 3.7. For each plot in the figure, we use the poly-
merized and unpolymerized counterparts for each species (vacuum, classical scalar
field, and quantum scalar field). We see that in each case, polymerization reduces
the fractal dimension of the image, rendering the system to be less chaotic.

3.2.3.2 Fractal dimension

There are several methods for estimating the fractal dimension of attractor sets in
phase space [104, 80]. One of these is the so-called box counting method computed
from images of the fractal. For a fractal set F', the number N of boxes of size € it

takes to cover I’ scales as

log(N(e)) = —Dlog(e). (3.38)

Here, D, is the dimension of the fractal . We apply this to the phase space plots in
Fig. 3.7, which show evolution in the 5, — 5_ plane for each of the six Hamiltonians
we studied. Specifically, we place a sequence of finer and finer square grids on the

gray scale images in this figure, and count the number of pixels above a certain gray
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scale threshold (90%) in each grid box. The aim is to obtain a comparison of fractal
dimension for each of the six cases to see how they compare with the Lyapunov

exponents, for a relative ranking of degree of chaos.

The results of this are shown in Fig. 3.8. The fractal dimensions are all very close to
one another in the range [1.72,1.77], but with the effective Hamiltonian cases having
slightly smaller dimensions than the classical case. As such this method does not

provide a significant differentiation of chaos in the six models we studied.

Our main result of this subsection is evidence of significant chaos reduction in the
cases where there is a bounce, as exhibited in Table 3.1. These results are intuitively
reasonable from the perspective that a minimum volume effectively saturates the
number of collisions of the universe particle with the walls of the Bianchi IX potential,
compared to the case where there is no minimal volume and the singularity is present.
This in turn means that a more pervasive exploration of the phase space is thwarted
by the bounce in volume, thereby reducing the degree of chaos. As this intuition is
broad, it likely applies to any mechanism that replaces the singularity with a bounce;
see e.g. [105, 106] for other approaches where chaos is either reduced or eliminated

altogether.

3.3 Summary and Discussion

We presented a comparative study of six Bianchi-IX models, with classical and ef-
fective gravity, and with classical and quantum massive scalar field. The effective
gravity case used space discreteness only in the volume variable, in a manner sim-
ilar to that used in LQC models [88]. We saw that this is sufficient for producing
bouncing dynamics, both analytically and numerically. The model with the quantum

scalar field used the Schrodinger equation for state evolution, and a modified Hamil-
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tonian constraint where the scalar field contribution is replaced by its expectation

value; this is a non-perturbative and self-consistent method for back reaction.

Our simulations show a number interesting features: (i) multiple bounces occur
with the effective gravity Hamiltonian cases, with expansion to larger volume after
successive bounces; (ii) all bounces are asymmetric; (iii) anisotropies are relatively
larger with classical and quantum matter than in vacuum as the universe emerges
from a bounce; (iv) away from the bounce, the effective gravity quadratic Kasner
exponent sum is a constant of the motion, but undergoes oscillations through the
bounce, whereas it is conserved and approaches unity (with or without matter)
in the classical case; (v) the quantum scalar field undergoes excitations from the
initial ground state as the singularity /bounce is approached, and partial de-excitation
after the bounce; (vi) chaos persists in the effective gravity case, but the Lyapunov
exponents indicate that it is “reduced” in the effective gravity cases, with the largest
reduction occurring for the vacuum effective case H¢%, a result at least qualitatively
consistent with results for vacuum Bianchi IX using entirely different methods [91];
(vii) the box counting method in phase space also provides evidence for chaos with a
fractal dimension of between 1.72 and 1.77 for all six models, but with only marginal

differences between them.

As noted above, the observation that chaos is reduced in effective gravity is not
surprising, since chaos is produced by the increasing number of bounces off the
triangular potential walls as the singularity is approached. If the universe achieves a
minimum volume, the potential walls stop closing in, and it is reasonable to expect
that the number of collisions with the walls reaches a maximum, and then starts to
reduce through the bounce. The presence of matter affects this only in the transfer of
some “energy” between the matter and gravity terms in the Hamiltonian constraint;
the reduction in chaos appears to be mainly due to the bounce in the effective gravity

cases. This argument also suggests that chaos is not merely a coordinate artefact,
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and that although Lyapunov exponents may differ if other phase space variables and
time coordinates are used, it appears unlikely that all exponents would become zero
or negative, given the nature of the potential. In contrast, the fractal dimension
calculation for images generated of zoomed in anisotropies are more ‘robust’ up
to numerical accuracy— similarly generated fractal images would return comparable

fractal dimensions D.

This work extends the much-studied vacuum Bianchi IX model in two ways — by
introducing effective gravity via fundamental discreteness corrections and quantum
matter with back reaction. The same methods may be used for the other Bianchi
models, with their somewhat simpler potentials. More interesting from a quantum
gravity perspective are inhomogeneous models, the simplest of which are the Gowdy
cosmologies with one local degree of freedom. Introducing quantum matter with
back reaction in the manner we have done here would require introducing matter
expectation value terms in both the Hamiltonian and diffeomorphism constraints,

and ensuring their algebra remains consistent. This remains to be seen.
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Chapter 4

Exact RG for minisuperspace

cosmology

Renormalization group (RG) methods are foundational in modern quantum field
theory (QFT), offering a framework to understand how physical laws change with
scale. Wilson’s insights showed that high-energy degrees of freedom can be inte-
grated out gradually, yielding effective theories for low-energy phenomena [26]. This
idea culminated in the development of exact renormalization group (ERG) equa-
tions — functional differential equations that encode the scale dependence of the
quantum effective action in a non-perturbative way. Among several formulations of
ERG, Wetterich’s approach stands out for its use of the scale-dependent effective
average action, which satisfies a flow equation now commonly known as the Wet-
terich equation [27]. This approach is complementary to Polchinski’s, related by a
Legendre transform [26], and has been further developed by Ellwanger [107], and
Morris [108, 109]. The ERG framework allows a continuum of effective theories be-
tween the ultraviolet (UV) and infrared (IR), providing a powerful tool for analyzing

strongly-coupled systems beyond perturbation theory.
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The ERG formalism has been particularly influential in the asymptotic-safety pro-
gramme of quantum gravity. Weinberg conjectured that gravity could remain well de-
fined at arbitrarily high energies — even though it is perturbatively non-renormalizable
— if the RG flow of all diffeomorphism-invariant couplings runs into a non-Gaussian
UV fixed point with only a finite number of relevant directions [18]. At such a point
every dimensionless coupling approaches a finite value as the high energy cutoff scale
goes to infinity; no parameter diverges, and the theory stays predictive because only
those few relevant couplings must be fixed by experiment. This search for a UV fixed

point is, in essence, the asymptotic-safety programme for quantum gravity.

Concretely, Reuter pioneered the application of the Wetterich Equation to gravity,
formulating a flow equation for a scale-dependent effective action in a gravitational
context [28]. This approach, often termed Quantum Einstein Gravity (QEG), pro-
vided the first concrete evidence of a non-Gaussian UV fixed point. Subsequent
studies confirmed the robustness of this fixed point across different truncations and
matter couplings [29, 30, 110, 111, 112]. Reviews by Percacci and Eichhorn summa-
rize much of this progress and underline the theoretical viability of asymptotically

safe gravity [113, 114].

Despite these advances, the application of ERG techniques to symmetry-reduced
gravitational models remains largely unexplored. These minisuperspace models are
more amenable than the full theory, the symmetry truncation simplifies the quan-
tization process. For instance, in such homogeneous models (cosmology) one does
not have to worry about the diffeomorphism constraint and the ensuing quantum
constraint algebra. Notably, Misner introduced the idea of using such models in the
context of quantum cosmology [6]. In the minisuperspace framework, the dynam-
ics of homogeneous and isotropic cosmologies can be reduced to finite-dimensional
systems, making them analytically and numerically tractable; for more details see

[49]. Constructing these models entails restricting the infinite degrees of freedom of
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general relativity to a finite number by imposing strong symmetry conditions.

However, the validity of minisuperspace quantization has been a subject of long-
standing debate. Kuchai and Ryan famously argued that minisuperspace truncations
may not capture essential features of the full theory, as they simultaneously set
inhomogeneous modes to zero in both configuration and momentum space, violating
the uncertainty principle. Further analyses demonstrated that such models can fail
to reproduce the dynamics of more complete theories, raising concerns about the

physical reliability of conclusions drawn from them [115].

Nevertheless, symmetry-reduced models remain a useful theoretical laboratory, espe-
cially when used judiciously. They have been employed to great effect in canonical
quantum gravity and loop quantum cosmology. In this spirit, we explore the use
of the ERG in a highly symmetric setting: a Friedmann—Robertson-Walker (FRW)
universe minimally coupled to a massless scalar field and pressureless dust. The
scalar field serves as simple matter content, while the dust — introduced following
Brown—Kuchar, and Husain-Pawlowski — provides a relational time variable [10, 13].

This allows for a well-defined notion of scale flow even in a cosmological context.

Our goal is to apply the ERG to this minisuperspace model and examine whether
fixed-point behavior akin to that seen in the asymptotic safety program persists.
By recasting the dynamics in terms of harmonic oscillator variables, we gain new
insights into the renormalization structure of the theory. Most notably, our results
indicate the absence of UV fixed points in this truncated setting, challenging as-
sumptions about the validity of using minisuperspace models to draw conclusions
about full quantum gravity. Moreover, we find that in the quantum limit (k — 0),
the dimensionless gravitational constant g, goes to zero, while the dimensionless
cosmological constant Ay diverges. In other words, gravity itself becomes free (non-

interacting), yet the cosmological coupling runs off to infinity — an RG runaway that
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signals our minisuperspace trajectory never lands on the non-Gaussian fixed surface
and therefore does not realize asymptotic safety within this truncation. In this sense,
our work complements existing studies by critically evaluating the interplay between
truncation and non-perturbative RG flow. It also opens avenues for future research
involving more complex midisuperspace models, where partial inhomogeneities are

retained and more realistic dynamics can be probed using the ERG framework.

In section II, we outline the Exact Renormalization Group d la Wetterich starting
from the generating functional for a Euclidean QFT in the presence of a source J(x).
In the next section (III), we describe and outline the dust time gauge to get physical
evolution by solving the constraints; in section IV, describe the FRG as applied to
FRW cosmology. We conclude by giving our results in section VI, followed by a

summary and discussion in section VII.

4.1 Exact Renormalization Group

The Exact Renormalization Group (ERG) equation, also called the Wetterich Equa-
tion, is applied on the quantum effective average action (QEAA) describing a quan-
tum field theory (QFT). We shall briefly review the derivation for the ERG equation
starting from the generating function of correlation functions in QFT. For a Eu-
clidean QFT (¢t — i7) with bare action functional S[¢] and and external source

J(x), the generating functional is given

Z0) = / Dip e~ Slelt] dlel@ete) (4.1)
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The n'* functional derivative of the generating functional (4.1) is the n—point func-
tion for the QFT.

1 5 Z[.J]

(p(r1)p(zs) .. (1)) = 2171370007 (2a) 0T (4.2)

From Z[J] above, we can define the Schwinger functional W[.J],
W[J] = In Z[J], (4.3)

the functional derivatives of this are the connected n—point functions. An even more
efficient way to store the information of a quantum theory is the effective action. This

is the Legendre transformation of the Schwinger functional with respect to the mean

field ¢(x) = (),

I(¢] = sup, [ [0~ wi "

= Jsup(x)gb(x) - W[Jsup]‘

Here, we pick a configuration which maximizes the Legendre transformation. The
supremum of the source is a function of the mean field Js,,[¢(z)]. This definition
guarantees that I'[¢] is convex, in that we can now see that not only is ¢ equal to

(p), but also is conjugate to W/[J]. That is, at J = Jyyp

0 d B 1) et
sy ([ st - wire) <o
= ¢ = _i{l/}/([xj)] = (@)J, (4.5)

where the overset on the equals sign in the first line signifies that the equality holds at

only the supremum of the source. It is also instructive to see the opposite direction,
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that is the derivative of the effective action with respect to the mean field.

I - - Jurim S [util
10 (2') OWT[J ()]
= o)+ a5 (o - 5
= Jsup(x)' : (46)

Here we have used the definition and conclusion of (4.5), to establish that W[.J(x)]
and ¢(z) (mean field) are conjugate variables. This is also the quantum equation
of motion: the effective action I'[¢] encodes all dynamics of the field expectation
values and their functions thereof, taking into account all quantum fluctuations. The
effective action generates one-particle irreducible n—point functions. 1PI correlation
functions are generated from the effective action by functional differentiation with
respect to the mean field. This is done by taking n derivatives of the effective action
with respect to ¢(z). Here, one-particle irreducible means that the corresponding
Feynman diagrams cannot be cut into two diagrams by the cut of a single internal

line.

n 6 T(¢(x))
P06 = Saoatm) ... o)
= (¢(z1) d(x2) - .. d(2n))1p1 (4.7)

4.1.1 Wetterich Equation

One way to get to the effective action I' is to employ renormalization group techniques
by making use of an scale-dependent interpolating action I'y, termed the effective
average action (EAA), the £ here is a momentum-shell parameter denoting scale.

The scale k can be seen as a ‘dial’ that interpolates between the classical (bare)
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action and the quantum effective action (at & — 0). We have for some UV cutoff A
Lk—x = Sbare; pso=T. (4.8)

We can get to the interpolating action I'y, by following exactly the same procedure
outlined previously; the only difference here being that the generating functional we
start with is now infrared regulated via a scale-dependent term. Restricting the path
integral in this way (or any other way that ‘does away’ with a finite number of modes)
usually does not respect the symmetries (Lorentz, diffeomorphism, O(N), etc) of the
full QFT. The breaking of said symmetries depends upon the anomaly associated to
the symmetry. We assume that the theories we deal with here are anomaly-free, and

symmetries preserved upon quantization, for more details see [116].

From the scale-dependent generating functional Zy[J], we switch to the Schwinger
functional and eventually transform to the quantum effective average action, all of
whom would now be scale-dependent. We denote the generating functional with

suppressed IR modes by,

1

N p22k2

ZilJ) D e Sl J@)ele), (4.9)

here the subscript, p? > k? indicates that we only include momentum modes above

the scale k. This is implemented by using a function that smoothly suppresses these

modes. We define,

/2 B Dy = /DgpeASk[“’], (4.10)
Pz

where,

8¢l = 5 [ e Ru)o D) (4.11)

p
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Here, we have defined fp =/ % and Ry is the regulator function that suppresses
modes with p? < k? but leaves modes with p* > k? unaffected, and AS}, is called
the cut-off action. This can be viewed as a momentum-dependent mass term. The

regulator function is required to have three properties:

1. Suppression of the IR modes:

lim Ry(p*) >0

p2—0

2. Physical limit to ensure Z,_o = Z:

. 20N
]lﬁl_I{(l)Rk(p )=0

3. UV limit to ensure that I',_, = S:

li E
oD ) = o0

Adding the cut-off action with an appropriate regulator function (one with the cor-
rect limiting behavior) to the generating functional as in (4.9), using the previous

definitions, we get the scale-dependent Schwinger functional
Wild] = In(ZLJ), (4.12)
and through a ‘modified” Legendre transformation, the scale-dependent QEAA:

umz/mummm—mwwAwm. (4.13)

Note that, (4.13) is not the Legendre transformation of the Schwinger functional

(4.12) because of the additional term AgS[¢]; the limit & — 0 implying AxS[¢] — 0
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would render (4.13) back to the expected convex Legendre transform of Wy [.J]. We
seek the flow of scale-dependent couplings through the k—derivative of the now scale-
dependent QEAA, T'x[¢], OxI'k[¢]. We define the ‘RG-time’ ¢ and dimensionless scale
derivative 0

k d

Starting with the scale-dependent Schwinger functional, we compute the derivative

8th[J]

1
OWi[J] = —5/DQO/Qo(p)atRk(p2)(p(_p)6—s—AkS+fd:CJ(a:)go(a:)
p

_ _% / (;lT’;de(p)atRk(pZ)+atAks[so] (4.15)

where we have defined the connected propagator (source derivatives of the Schwinger

functional)

S Wi[J]

) = 5750

(p(P)e(=p)) — (p(p)){p(=p)). (4.16)

Subsequently, we get modification in the relationship between the mean field and the
derivative of the now scale-dependent Schwinger functional. Note that, the right-
hand side of (4.13) is now the Legendre transform of I'y[¢] + AgS[¢], this follows

from the definition in (4.13) (again, at the supremum of the source, J):

STk + AgS)
6¢(x)

B Wi [Jsup(@)]
= Joup(2), W = ¢(x). (4.17)

Consequently, the connected propagator (4.16) gets the corresponding scale-dependent
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modification:

S2W[J] (52(Fk + Ak5>)_1 (4.18)

Gr(p) = 5I1(p)sJ(—=p)  \ 80(p)dd(—p)

In the second equality above, we have used the fact that the propagator is the inverse

of the 1PI two-point function. We have

W PT N _ [, 90y) ) o
/dy5J(rc1)5J(y) <5¢(y)5¢(xz>>_ W T doy) @ w) (419)

which leads us to conclude

52W 5°r -
STy ~ Gl w) = (M(m)%(m))

_ ! (4.20)

IP[¢] + Ri(6)

Using results from (4.15), (4.16), (4.18), (4.17), (4.20) (in momentum space), and the
definition of the scale derivative in (4.14), we compute the change in the interpolating,

effective average action, with scale:

ALlklo] = —0Wi[J] — 0. AkS[¢]
1 d’p 2
- 3 | GG aRG

2 @mr?[6] + Rilo)

The fact that that the scale derivative of the cut-off action cancels in the first line
provides a further motivation of the modified Legendre transformation (4.13). The
final Wetterich Equation incorporates the integral over all relevant momenta and

(if any other) continuous indices, plus a sum over all possible discrete indices via a
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‘super-trace’ operator STr, we get the final Wetterich Equation in a compact form

. (4.22)

1 O Ry, (pQ)
2

o, = — ST
o TP+ Ru(o)

It is important to note a few properties of the Wetterich Equation. The Wetterich
equation is a functional differential equation for the interpolating action I'y. The
limits of which are the bare action & — X in the UV (A here being the UV cutoff
for a regularized theory), and the full quantum effective action I' in the IR (k — 0).
These correct limits are enforced by the choice of the regulator function Ry, which
is completely arbitrary up to the choice of limiting behavior outlined above. These
properties serve to not only ensure the correct limiting behavior, but also renders
the Wetterich equation finite in both the UV and the IR. The occurence of the
regulator in the denominator ensures IR finiteness, while the derivative occurring in
the numerator ensures, by integrating momenta p? ~ k? out, UV finiteness.

The solution to the Wetterich equation is an interpolating trajectory in theory space
(space of all possible couplings) between the bare action and a quantum effective
action. These trajectories, however, depend on the choice of the regulator, but
since they are meant to describe the same QFT- they have the same end-points.
However, while this is true in theory, in practice we truncate our coupling space for
the problem at hand, this results in a different quantum effective action—with this,

faster convergence becomes a priority of the problem.

4.2 Matter Time in General Relativity

We will couple our eventual system of interest (FRW cosmology + massless quantum
scalar field) to a matter field clock. General Relativity is a theory with constraints.

That is, it is described in terms of more variables than actual degrees of freedom.
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Due to this fact, the Hamiltonian for gravity, Hq, vanishes. This reflects the time
reparameterization invariance of GR. This is in contrast to time in quantum theory
where time is an external parameter. We consider introducing ‘physical time’ as a
clock to circumvent the problem of time faced in quantizing GR. This physical time is
to use one of the phase space variables that is second-class with the full Hamiltonian
Constraint, i.e. {t, Hg} % 0.

For any such choice of physical time, we have the physical Hamiltonian as,
Hp = — D4, (423)

where p; is the momentum conjugate to ¢, that is, {t, p;} = 1. We shall now discuss
how can we use matter, such as pressure-less dust, as physical time. The action for

GR coupled to dust field, T', is given by

S = Sg+5p

1 1
= 5 / d*z/—g R — o / d*z/—g M(g" 0,10, T + 1) (4.24)
m ™

The second term describes the dust part of the action. The parameter M enforces
the constraint that the gradient of the dust field T is timelike. The corresponding

ADM action obtained from this theory is,

1 .
§=— / dtds (w“bqab T — NH - Naca) , (4.25)

:27T

here (gq, ) and (T, pr) are canonically conjugate variables for gravity and dust,

respectively. NN is the lapse, N® is the shift. These appear as Lagrange multipliers
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in the action.

H = H®4+ HP, (4.26)
C, = C¢+CP (4.27)
= 2Dy’ + pro,T. (4.28)

where HY is the gravitational part of the Hamiltonian constraint, and

2
o = % ( ]\5?/6 + M\/q (¢"0,TO,T + 1)> : (4.29)

Since M appears as a Lagrange multiplier in the action, the momentum conjugate

to it is zero. We can vary H” with respect to M

SHP pr N
W — —W + 7 (q aaTabT + 1) (430>
_ 0 (4.31)
2
Pr _ ﬂ ab
b - 2 (4™, 7T + 1) (4.32)
— M = + pr (4.33)

\/q (q*0,TO,T + 1) '

Substituting (4.33) back in the Hamiltonian constraint for the dust (4.29) we get:

HP = sgn(M)pr\/q®0,T0,T + 1 (4.34)

4.2.1 The Dust time gauge

We now reduce the theory by fixing a time gauge. That is choosing that level surfaces

of the dust field give physical time.

T = et; e==+1. (4.35)
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Substituting this back in to (4.29), we get
q?0,To,T = 0; (4.36)
allowing us to write,
H = H® + HP = H® 4 sgn(M)py. (4.37)
This leads us to write the physical Hamiltonian density
H, := —epr = sgn(M) eHC. (4.38)

For the validity of the gauge choice, we want it to be preserved in time. This requires

S / BN HY gy = sen(M)N. (4.39)
Substituting (4.39) into (4.38) gives us:

H, = NHE. (4.40)
Lastly, we choose lapse for this physical Hamiltonian. We go back to the dust action,

Lp— % [(T n NaaaT>2 — N2 (¢*0,T3,T + 1)} . (4.41)

The dust momentum is

 OLp

pr = =4

M
oT N

(T + NaaaT> . (4.42)
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Substituting conditions (4.39) and (4.35) results in

sgn(M)
N

M
pr = e\/aﬁ =€ M| =+/q|M|. (4.43)

Positive dust energy density thus corresponds to a positive physical Hamiltonian

density if N = —1, implying ¢ = —1, and thus,

1
H,=—— [ d®xH°. (4.44)

P 21

Several key features follow from this gauge fixing. First of which is the obvious,
but all-important that the dynamics are now physical that come from a physical
Hamiltonian that is not a constraint. Moreover, the physical Hamiltonian is not
a square root as was the case for several previous attempts, see [49] for examples
in the homogeneous context. On top of that, the algebraic form of the physical
Hamiltonian is the same as in the Hamiltonian constraint (up to sign). We now
study the physical dynamics of systems coupled with dust. We now couple dust

with Friedman cosmology and use it as matter time.

4.3 Universe as an oscillator

The eventual goal of this work is to compute the fixed points (if any) of the exact
RG flow equations for FRW cosmology and compare them to the fixed points found
in the asymptotic safety program by Reuter [28]. Assuming we have reviewed the
computation of the Wetterich equation for a quantum mechanical system in Ap-
pendix A, we analogously derive the flow equation(s) for cosmology, where akin to
quantum mechanics, we have one degree of freedom-—namely the scale factor. Our
starting point for this analysis would be canonical action for FRW cosmology with a

cosmological constant A coupled with a dust field, T'; the gauge fixed action in units
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where h = ¢ =1 is,

1
S = /dt (167‘(’G (R - 2A) + Ematter + EDust) . (445)

In ADM variables, and after symmetry-reducing to homogeneous and isotropic cos-

mology this becomes,

_ 1(5?6? / dt (pei — NHG) + Vy / dt (p¢q% - NH¢> (4.46)
where,
P | 3
He = —g-+aA (4.47)
Hy = 2%- (4.48)

Hg, is the physical Hamiltonian for cosmology, and Vy = [ d®x is the fiducial volume;
and the lapse N = 1.

In the variables above (a, p,), the eventually computed flow equations are not par-
ticularly insightful. Among several choices of suitable variables for our subsequent

analysis, we turn to one outlined in [117]. We perform the canonical transformation,

x = ia?’/2 Pa (4.49)

H=-"+—z (4.50)
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where we rescale A — %A, and define G = ﬁ. Using (4.50), we find

This allows us to write the gravity part of the gauge fixed canonical action,

12 A
“ 0/) ( 26 sz)

For the scalar field part, in the new variables, we have

. 3

(4.51)

(4.52)

(4.53)

Substituting (4.53), in the canonical scalar field action, and rescaling 1 — = p, we

get

_ i’22
%—%/ﬁ(%¢x)

(4.54)

Our full system of interest, is symmetry-reduced gravity minimally coupled to the

massless scalar field. Canonically, this is the sum of the two actions (4.52) and (4.54).

Identifying 1/p —

S = Sg+85,

— Vo/dt [(—%f - %ﬁ) + (g&ﬁ)}

(4.55)

In subsequent analysis, we drop the overbar on i and Euclideanize this total action

for use in the Wetterich equation
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4.4 FRG for Cosmology with a Scalar Field

We now derive the flow equations for FRW cosmology minimally coupled to a scalar

field. Here, we have two configuration variables, z(7) and ¢(7). In this we also

assume that that the scalar field we have is homogeneous, this implies it only depends

on time, and the spatial derivatives vanish. Our starting point for the analysis is the

scale-dependent Euclideanized action S¥, with an additional term ezz* term, where

all couplings are now dependent on scale k. This is the analong of the interpolating
average action I'j in standard QFT:

1 1 Ak €k .

SE=Vy [ dr | —i*+ =2+ =2 — 22 4.57

i 0/ T<2ka +2Gk$ T o) (4.57)

Here, the set of couplings {Gy, A, €} are dimensionful, while p is dimensionless.

The dimension of the first three in terms of scale k is,
[Ax] = K (G = 1/k? [ex] = K2 (4.58)

Moreover, the addition of the z* term serves a bipartite purpose: first, it allows us
to construct a direct analogy with the anharmonic oscillator [118], second it allows
us to extract the flow for A, by comparing powers in the z? term on the left and
right-hand sides of the Wetterich equation below; this arises due to two functional

derivatives of S¥ on the right-hand side.

In terms of (4.57) the Wetterich equation for the full system would be

d(ZF Ry,) O (Z7Ry,)
SO+ ZiR, S+ Z0Ry

OS¢ = STr (4.59)

On the right hand side, we have two terms: one for gravity (labelled with sub- and

super-script ), and one for the scalar field (labelled with sub- and super-script ¢).
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As with the harmonic oscillator outlined in the appendix below, we choose for our

computations the optimized regulator

Ry(p?) = (k* = p)O(K* — p°) (4.60)

For completeness, we have above the form of the Wetterich equation with the wave-
function renormalization terms for each species, see [119] for more details. These are
the coefficients of the kinetic terms in the respective actions. For the first (gravity)
term this is, Z¥ = 1/G}y and for the scalar field it is 7% = —ppx?. From here, we fol-
low the procedure outlined in section II, to compute the second functional derivatives

of (4.57) with respect to x and ¢. We have

A :
SP = Zip - G—k + e’ — g’
K

Sfj) = —ua’p’. (4.61)
The derivative of the regulator is,
iRy, = 2kO(K* — p?). (4.62)

Substituting results from (4.61), 4.61), (4.62), we get the final constituents of the

Wetterich equation are,

1 0,7y + 37) k3

/dr@kS,f = — [dr (tAk+ ) _ (4.63)
ST Ak = GE e —
1 k k

/ drosy = o ar L a’““’“; 3pue) k- (4.64)

Expanding out the right-hand side of the (4.63) equation around {z = 0, ¢ = 0}
and comparing powers, we get the auxiliary flow equations for all couplings. These

would not be the final equations as all couplings are still dimensionful. We extract
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all relevant flows in the next subsection.

4.4.1 RG Flow Equations

Before writing down the final set of RG flow equations, we must ensure that they
are dimensionless. These dimensionless couplings (and their flows) can be obtained
by appropriate multiplication with powers of k. In the foregoing we relabel the

dimensionful couplings, with dimensions defined in (4.58), to be

and then define the dimensionless couplings,

We use these dimensionless coupling in all the subsequent analysis. The final renor-

malization group (RG) flow equations for dimensionless couplings are given by

2

Ohgr = 79k (4.67)
2 1 giek 6
Oy, = = —2A 4.68
Sy AT ((Ak—1)2) ko (4.68)
12 1 ge 4
Opeyn = — — = 4.69
KR T, ((1 WEY (4.69)
st = — 4 ( Giktk €x ) (4.70)
KMk k’4V0’/T (Ak _ 1)3 :
E. — - ) 4.71
OB 3k3VO7T< in >+k4%7r+k4vo (1—A> 2 (4.71)

At a fixed point we require that all beta functions vanish. Analytically, this cal-
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culation shows an absence of any fixed points. We verify this in the next section

numerically.

4.5 Results

We now present the results of our numerical evolution of the dimensionless flow equa-
tions derived in the previous section. We use a standard Runge-Kutta 4 to solve the
ODE system. The initial data comprises of set of values of couplings at the UV cut-
off, or their values in the bare action. Since, in our truncation of the interpolating
action (4.57), we added in the x? term with the coupling ¢, we start with, at the

bare level €;(0) = 0.0001.

In Fig. 4.1 we present results for the flow for the dimensionless couplings g, and
Aj. We start in the IR at arbitrary large k, here taken to be k = 2, and then evolve
the set of ODEs (4.69), (4.67), (4.71), (4.68) for various initial data. There is a
pole at Ay = 1 which renders our system singular, in that we avoid Agx(0) = 1 as
initial data. We test the equations for various initial data but get results that are
qualitatively similar: we see that in the UV our theory is free, that is, as k — 0,
and we go to the scales where all quantum fluctuations are incorporated, any value
of initial gravitational constant vanishes. Conversely, at these higher energies, the

cosmological constant blows up.
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Figure 4.1: Renormalization group flows of the dimensionless cosmological constant
Ay (top panel) and the dimensionless Newton coupling g5 (bottom panel) as functions
of the RG scale k. Arrows indicate the direction of decreasing k (i.e. the UV flow).
Although both couplings start from finite values in the infrared (k ~ 2), their UV
behavior is radically different: as & — 0, the Newton coupling vanishes, signaling
the effective disappearance of gravitational interactions, whereas the cosmological
constant grows without bound, indicating a divergent vacuum energy in the deep

UV.
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fixed points.



4.6 Summary and Discussion

In this work we applied the exact renormalization group (ERG) to a symmetry-
reduced (minisuperspace) cosmological model: a homogeneous FRW universe min-
imally coupled to a massless scalar field and pressureless dust. Our analysis was
motivated by the asymptotic safety program in full quantum gravity, which posits a
non-Gaussian ultraviolet (UV) fixed point that renders gravity finite at high energies
[28, 114]. Here, we investigated whether such nontrivial fixed-point behavior persists
in a highly truncated cosmological setting. The minisuperspace model allowed us
to derive and study the renormalization-group flow of the gravitational couplings
(Newton’s constant g, and the cosmological constant Aj) and matter couplings in
a simplified context, treating the dust field as a reference fluid to define a proper
time coordinate [10]. We emphasize that our “exact” RG treatment is still a severe
truncation of the full theory, capturing only the dynamics of the homogeneous mode

of the universe.

Our key findings are as follows. First, we find no evidence of a non-Gaussian UV
fixed point in this minisuperspace model — the only fixed point of the flow equations
is the Gaussian one, where the dimensionless couplings gr and Ay go to zero. This
stands in contrast to the full 4D theory, where functional RG studies have repeatedly
found an interacting UV fixed point [28, 110]. For our truncated cosmological model
the RG flow never settles into a finite, non-zero set of constant couplings and thus
the theory never becomes scale-invariant. The absence of a UV fixed point suggests
that critical gravitational dynamics may not be captured when only homogeneous

modes are present.

Second, when we raise the RG scale into the ultraviolet we find that the dimensionless
Newton coupling g, = k*G(k) runs to zero, whereas the dimensionless cosmological

constant A, = A(k)/k* grows without bound. This is in contrast to findings from
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what full ERG studies typically report, namely a finite non-Gaussian fixed point
with gr — ¢* # 0 and Ay — A* [29, 30]. In our minisuperspace truncation the
gravitational self-interaction effectively fades out at high energies while the cosmo-
logical term dominates. The runaway of A, is plausibly an artefact of the symmetry
reduction: with massive and inhomogeneous modes frozen out, no threshold effects

remain to balance the flow and stabilize the coupling.

Third, we find that the scalar field coupling py is nearly constant across the entire
flow. The scalar field is massless and minimally coupled, and its kinetic coefficient
shows negligible running. This result is consistent with results from full asymp-
totic safety studies, where minimally coupled free scalars continue to act like non-
interacting fields — their couplings stay essentially unchanged — even when gravity

itself sits at a fixed point [110].

Together, these results highlight both the strengths and limitations of minisuper-
space ERG analyses. On the one hand, the simplicity of the model enables us to
obtain a self-consistent picture of RG flow in a quantum cosmological setting. On the
other hand, the absence of an interacting UV fixed point and other unconventional
UV behavior of the couplings signal that the symmetry reduction removes crucial
dynamical content. This echoes the longstanding critiques of minisuperspace mod-
els that cautioned that truncating to homogeneous configurations neglects essential

degrees of freedom and may produce misleading results [115].

The lack of a fixed point in the minisuperspace ERG flow does not falsify the asymp-
totic safety scenario, but rather underscores the limitations of overly symmetric trun-
cations. The inhomogeneous gravitational degrees of freedom, which are absent in
minisuperspace, appear to play a central role in driving the characteristics of gravity
that lead to a UV fixed point. These modes may also regulate the UV dynamics in

more complete settings. Future work should extend the ERG analysis to include in-
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homogeneities or midisuperspace models to investigate the emergence of fixed points

and more realistic running behavior.

Moreover, there also remains the crucial question of the entire analysis being carried
out in Euclidean signature: although one can often recover observables by analyti-
cally continuing back to Lorentzian time, this step is not rigorously justified when the
metric itself fluctuates. Moreover, while the Euclidean fixed point found by Reuter
et al. in the full theory is strong evidence that gravity can be asymptotically safe,
a definitive proof would require a Lorentzian — or at least signature-independent —
derivation. Consequently, it is still unclear whether the fixed-point structure seen in
the Euclidean flow even survive in the genuinely Lorentzian, and therefore causal,

quantum theory.

Lastly, while minisuperspace models provide valuable theoretical insight in other
areas of the quantum gravity programme such as loop quantum cosmology, spin-
foam cosmology, and studies of quantum black-hole interiors, our findings reinforce
the view that their predictive power is limited when addressing the full structure of

quantum gravitational renormalization.
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Chapter 5

Conclusion

In this thesis we studied a few aspects of the nonperturbative quantum gravity

programime:

e Hamiltonian semiclassical cosmology: We developed a self-consistent frame-
work in which fully quantized matter fields backreact on homogeneous (both
isotropic and anisotropic) cosmological metrics, tracking how quantum

stress—energy modifies early- and late-time dynamics.

e Renormalization-group flow of gravity: Using Exact RG techniques we fol-
lowed the scale dependence of gravitational couplings in an FRW universe,
testing whether the ultraviolet fixed point predicted by the asymptotic-safety
programme survives in symmetry-reduced models of gravity with quantum

matter.

In the first part we explored semiclassical gravity, allowing fully quantum matter
fields to backreact on a dynamical yet classical spacetime metric. Towards the end,
we applied the Functional Renormalization Group to cosmological minisuperspace

models, investigating how the non-Gaussian ultraviolet fixed point discovered by
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Reuter behaves — or fails to appear — in this symmetry-reduced setting. More detailed

outlooks and summaries of these issues can be found at the end of each chapter.

Chapters 2 and 3 made use of the Hamiltonian SCG framework and applied it to
homogeneous spacetimes. In chapter 2, we exclusively dealt with the isotropic uni-
verse (FRW), and segued briefly with a discussion on the Kasner universe, intro-
ducing the most basic notions of anisotropy in a minisuperspace setting into the
analysis. We find for the FRW universe, that a semiclassical treatment, where the
quantum matter is represented by a massive quantum scalar field, allows for static
solutions. Linear stability analysis revealed that the unstable mode led naturally to
inflation. Moreover, in addition to limiting towards the classical results at late times,
the classical-quantum (CQ) system showed several interesting features. Particularly
striking was the difference in the evolution of the scalar field density, which in the
case of the CQ equations settled to a minimum constant value — a possible hint
towards Dark Energy. As for the treatment of the Kasner universe, adding matter
rendered the Kasner sum rules violated — as these, arising from the Hamiltonian
constraint, are valid in regimes without matter. As the universe expands we see that
all the individual exponents converge to a common value, signaling as expected, the

isotropization of the universe at late times.

In Chapter 3 we extend this semiclassical framework to the mixmaster, or Bianchi-
IX, universe. The mixmaster universe presents its own host of complexities induced
in the form a triangular potential via scale-factor interactions. The classical mix-
master universe, even without matter, presents rich dynamics that follow from a
particle in a potential picture. These interesting dynamics include chaos [80, 82].
We studied two important aspects here, first, the effect of adding quantum matter
in the analysis similar to how we did in chapter 2, and second, to assess the impli-
cations of polymerizing (introducing discreteness corrections) the background. This

allowed us to probe the theory close to the singularity (or bounce) and study several
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features. We found that polymerizing resolves the initial singularity by replacing
it with successive, asymmetric bounces. Each minimum volume occurs at a critical
density that is proportional to the inverse squared size of the discreteness correction
A. Moreover, the quantum scalar field excites higher states as the universe volume
decreases towards the bounce, and de-excites partially after a bounce. We also find
that the chaos reduces in models where we add quantized matter and introduce

polymer corrections in the background.

Finally, Chapter 4 shifts focus to the functional renormalization group and examines
its application to a cosmological context. We start from the Euclidean action recast
in variables that allows us to make a direct analogy with the harmonic oscillator,
simplifying the resulting functional derivatives and flow equations. Here, we do a
partial gauge fixing initially to ensure our evolution in time is physical: that the
Hamiltonian is not constrained to vanish. We minimally couple the FRW universe
with a massless scalar field and derive the flow equations. The resulting, dimen-
sionless, flow equations reveal that there is no non-trivial fixed point in the UV as
speculated by Weinberg [18], and shown by Reuter in the full theory [28]. This
raises questions on the conclusions drawn about full quantum gravity from analyses
conducted in the symmetry-reduced sectors of the theory. As for the flow of the
dimensionless couplings, we find that the gravitational constant goes to zero at the

quantum level (kK — 0), and the cosmological constant diverges.

These findings open several promising avenues for further study. Within the semi-
classical gravity framework, a natural next step is to include inhomogeneous degrees
of freedom — for example, by extending the analysis to Gowdy cosmologies. These are
solutions to the Einstein’s fields equation that admit two (out of a maximum three)
spatial killing vector fields — the metric admits a continuous isometry along these
directions, and would only depend on time and one other spatial coordinate. Thus,

these models are two-dimensional field theories. Analyzing our classical-quantum

98



(CQ) equations in this setting could reveal how backreaction modifies the production
and amplification of inhomogeneous scalar quanta and could test whether quantum
stress—energy dampens or enhances the classical Gowdy ‘spikes™ known from nu-
merical relativity. Furthermore, introducing discreteness correction in the quantum
matter as well, as in [120], in combination with some permutation of polymerized
volume and anistropies could be a good numerical exercise in providing a more robust

picture of the early universe and inflationary dynamics.

One could then move on to spherically symmetric spacetimes and study black hole
spacetimes. In that setting one can begin with test problems scalar collapse in
Painlevé-Gullstrand or Eddington-Finkelstein coordinates for the static or dynami-
cal cases. The static problem here would be study the behaviour of the horizon for
a static Schwarzchild geometry once backreaction by a quantum scalar field is in-
cluded. In the full dynamical problem, one can follow a scalar field shell computed in
a suitable state through the collapse process. Tracking the solution until curvatures
approach the Planck scale could reveal whether the semiclassical approximation pre-
dicts (i) complete evaporation, (ii) a long-lived remnant, or (iii) a bounce that avoids
the singularity. Each outcome feeds directly into the information-loss paradox — does
information escape with the Hawking flux, remain in a remnant, or return after a

bounce?

On the functional renormalization group front, a promising way to tighten the link
between our minisuperspace ERG calculation and full Quantum Gravity is to thaw
the frozen geometry one spatial direction at a time and study what happens to
the RG flow. The first step could be an axisymmetric Bianchi-I metric with two
independent scale factors; this slight relaxation already lets us test whether the

non-Gaussian fixed point that eluded the isotropic model re-emerges once even a

1Gowdy spikes are narrow, rapidly growing inhomogeneities that appear in some numerical and
analytic solutions of vacuum Gowdy cosmologies in the approach to a singularity.
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single anisotropy direction is allowed. One can then upgrade to the full Bianchi-IX
(“mixmaster”) geometry, whose three scale factors and spatial curvature make its

dynamics resemble that of the full theory.

One can then also consider systematically introducing gradient expansions — adding
operators with spatial derivatives. This would progressively restore genuine inhomo-
geneous modes, turning the minisuperspace flow into an increasingly faithful proxy
for the complete diffeomorphism-invariant action. At each stage the goals are the
same: determine whether a stable UV fixed point with finitely many relevant direc-
tions appears; analyze the stability matrix to see how quickly the new anisotropy
or gradient couplings are attracted to (or repelled from) that point; and check that
the outcome is robust against changes in gauge fixing or regulator choice. Once the
running of anisotropy couplings is known, it can be fed back into effective Fried-
mann equations, yielding RG-improved predictions for quantities such as primordial
shear, gravitational-wave backgrounds, or CMB quadrupole constraints and other

phenomenological aspects of GR.
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Appendix A

Wetterich Equation in Quantum

Mechanics

In this appendix, we shall now illustrate the workings of the functional renormal-
ization group paradigm using a quantum mechanical example of a particle in an
arbitrary one-dimensional potential V' (x) in detail. This complements the calcula-
tions in chapter 4 of the thesis. We start with the Lorentzian action for such a

theory,

S - /dtﬁ(:c, :'c):/dt (mTj"Q—V(x>> (A1)

Here, the overhead dot represents a derivative with respect to t. Writing down the
Euler-Lagrange equations would yield the equations of motion. Instead of writing
down the canonical theory by first writing down the quantum Hamiltonian for the
theory, we start with the path integral. We also add a source term J(t) to our action.

This yields,

Z2(5) = %/,/Dx(t) H(ST8) /%[/,Dx(t)ei(fdtﬁ(;v,a’c)-i—fdtac(t)J(t)) (A.2)
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Here, N is an appropriate normalization factor. To establish an analogy with the
partition function in statistical field theory, we Wick rotate our theory at this point
and consequently work with the Euclideanized version for the rest of this appendix.

The Wick rotated path integral is,

1
ZE(J) = ./T/_/Dx(t) e(_S_SJ)
= /Dx(t) e(—fdtﬁ(xyd:)Jrf dtac(t)J(t))

_ /D$(t)€(fdt(g’i2+V(x))+fdtx(t)J(t)) (A.3)

In the following discussion, we will drop the subscript E. To obtain the n-point
functions for the theory, we take n-derivatives of the path integral with respect to
the source J(t). Corresponding to these n-point functions (or n-point correlators) we
have Feynman diagrams that include a ‘connected’” part and a ‘disconnected’ part.

As an example, consider the 2-point function
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ZLO% =z Mi// / v J(Zt/ exp {—S[x]%— / dtx(t)J(t)] y
=z ] P (/ dat tt)
xexp[S +/t:p }JO
:Zlgaj /Dx (/d t—t)
X exp [—S[m] + / dtx(t)J(t)} .
_ Zioéj(t” () exp {—S[x] + / dta:(t)J(t)] y

= ZiD/Dm(t’) (/dta;(t) a(t —t”))

X exp [_S[x] + / dt:z:(t)J(t)}

/D:U x(t ¢Sl

= (z(t) 2(t"))
= <x(t/) az:(zf”)>C + <x(t’)> <:U(t”)>. (A.4)

J=0

Here, Zy = Z[J = 0].

In the last line, we have expanded the 2-point function to explicitly show a connected
part and a disconnected part. For all practical purposes, we only need the connected
part of the diagram. This is because even though the disconnected part contributes
to the S-matrix for a given transition amplitude, they are not required to obtain the
quantum partition function, Z(.J), for more details see the Linked Cluster Theorem.
To circumvent this redundancy, we introduce the Schwinger function (functional, in

QFT), W(J) = In(Z(J)). Taking n-derivatives of the Schwinger functional with
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respect to the source gives connected n-point function. We can see how this is the

case. Note that,

) 19
WW(J) = mmZ(J) (A.5)

Then, the 2-point function would be,

PW) 0 (1 02(J)

aJ()dJ(t) — 0J(t) <Z(J) 8J(t’)>
0 (1 N\oz() 1 8z()
=970 <Z(J)> 07 T Z() 0T 00T (1)
1 az(hez() 1 &Z())
= T2 00 00w Tz aTmel )
= —(z(t)) (z(t)) + (z(t)z(t))
= (z(t)x(t')). = G(t,1) (A.6)

In the fourth line, we have used the result from equation (A.4), and defined the full
quantum mechanical propagator G(¢, t') in the last line.

To summarize, from the original path integral Z(J(t)), we defined the quantum
mechanical Schwinger function. Taking n-derivatives with respect to the source

generate connected n-point functions.

A.1 Quantum Effective Action

An even more efficient method of storing the information of a theory is the quantum
effective action I'(Z(t)). The quantum effective action is the Legendre transform
of the quantum mechanical Schwinger function W(J) with respect to the mean

position z(t) (mean field (p) in QFT). More formally, we require values of the
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source J over the time domain ¢ that maximize the Legendre transformation. This
entails assuming that the Schwinger function W(J) is convex for which the said

supremum exists and is unique. The quantum effective action (QEA) is given,

M) = s { [ dt)al0 - Wi}
_ / At T (£) 2(8) — W (o). (A7)

It is instructive to see how the mean position is the variable conjugate to the source

J(t), ie. OW(J)/J(t) = & (t),

Sl frn]
~ [ Da(t) exp[— S+fdta: )J(1)]
/m e S+/dtx (t)}
s o 1]
—m/m exp_—S—i—/dtx( )J(t)_/dm(t) gj((tt))

1 _ ] !
= Z00) /Dx(t) exp _—5+/dt:v<t)J(t)_ /dt:c(t) 5(t— 1)

1 /
— m/Dx(t)x(t) exp {—S +/dt$(t)J(t)]
— ((t)) = #(t) (A8)

Here, we have made use of the fact for the expectation of an observable O
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1
(0) = N/Dgp@e_s+(J’“0)

= 6W(J)/D<p(’)es+(‘]’“") (A.9)

N is a suitable normalization, (J,¢) = [J(z)p(z)dz, and Dy is a suitably de-
fined measure. The second equality is the same in terms of the Schwinger function.

Conversely, from the effective average action, we also have

70 () 0z (t)
_(WV[J]
8z (t)
) 8 (- W [J ()]
= Jsup(x)"'{/CM 5 (t) \(I(t) B 6.J () )J
orfz(t)] - h
ox(t) Jsup (Z)- A0

Here we have established that W[J(z)] and Z(¢) (mean position) are conjugate vari-
ables. This is also the quantum equation of motion: the effective action T'[Z(t)]
encodes all dynamics of the position expectation values and their functions thereof,

taking into account all quantum fluctuations.

The effective action is efficient since its derivatives with respect to the mean position
generates one-particle irreducible (1PI) n-point functions. This is done by taking n
derivatives of the effective action with respect to Z(t). Here, one-particle irreducible

means that the corresponding Feynman diagrams cannot be cut into two diagrams
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by the cut of a single internal line.

n) (= _ O™ (z(1))
PO@E®) = 07 (11)0% (L) - O (t)
= (@(t1) 2(t2) ... &(tn))1pr (A.11)

The last thing we wish to show using the QEA is that the 2-point 1PI function, i.e.
I'® is the inverse of the full quantum propagator. We do this for reasons that will

become clear later. In operator notation, we want to show

w®. 1@ =1, (A.12)
In more detail, we start with
gt ow . or [ a 0 ow . 0 or |
oJ(t)0J(t") 0x(t)oz(t) aJ(t) [0J(t)| ox(t) |0z(t)]’

using the results from eq. (A.8) and eq. (A.10), we get

/dt/aja(t) [Z(t")] - 8;(;/> [J(t)] = /dt’ gjg;; — St —t). (A13)

This proves eq. (A.12), which will allow us to write, W) = (F(Q))_l.

A.2 Scale dependence

At this point, there has been no reference to any (probing, or reference) scale of the
theory. Our bare action, eq. (A.1l), encodes physics at all scales. In field theory
the generating functional of the bare action is divergent— it is, thus, regularized
by imposing a UV cutoff. In Wilsonian RG, the UV cutoff, often denoted A is the

reference scale, and degrees of freedom are integrated out shell-by-shell in intervals
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(0A, A], hence, accessing an effective action at each integration interval. In the
functional RG program, to the already regularized theory (UV cutoff), we impose an
IR regulator. For our quantum mechanical example, we assume no UV divergences
exist — and the IR regulator serves the purpose of damping frequencies €2 below a set
reference frequency w, and allowing all those above to contribute fully to the path
integral. We start the analysis by introducing this regulator function in the path
integral as a cut-off action A, S[X(2)]. Before proceeding, however, it is important
to introduce some new notation — X (Q2) is the Fourier space representation of the
position x(t). The scale-dependent path integral in the presence of a source for our

quantum mechanical system is given:
1
Zu0) = 5 / Dar(t) exp{—S(x, &) — AuS(x) + (J, )} (A.14)

Here, S(x, &) represents the bare action, A,S(x) represents the cutoff action, and
lastly we introduce the shorthand notation for the source term (J, ) = [ dt J(t)z(t).
As expected, derivatives with respect to the source yields the n-point functions of the
theory. These n—point functions implicitly depend on scale w through Z,. Before
proceeding, it is important to see how the cutoff action implements an IR cutoff and
damping of frequencies below a certain reference frequency, w. The cutoff action in

the frequency domain given,

ALS(X(Q)) = / %X(Q) Ro(02) X(9), (A.15)

the same cutoff in the time domain is,

ALS(x(t)) = z(t)Ru(t, )z (). (A.16)
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Either of the two representations of the cutoff actions may be used in the following
and are hence interchangeable. The fourier (frequency) representation allows to view
the imposition of the cutoff scale and how frequency suppression is implemented
using the regulator, R,, whereas, the time domain representation often provides
streamlined calculations and ease. The choice of the regulator is completely arbitrary
up to limiting behavior at the initial frequency at which the bare action is defined,
and the final frequency for which are interested. We have the following conditions

for the regulator function:

1. Suppression of frequencies smaller than cutoff w:

lim R, () > 0.

Q—0

This can be interpreted as follows: the regulator (suppressor of smaller fre-

quencies) acts on frequencies greater than zero, at least up to the cut off w.

2. Physical limit to ensure Z,—o = Z:

lim R, (§2) = 0.

w—0

This ensures that in the limit that the cutoff is moved to zero, the action of
the regulator completely disappears in conjunction with point 1. Furthermore,
by the definition of the cutoff action in eq. (A.15), it is clear that when the
regulator goes to zero, the cutoff action goes to zero as well, and we recover

the original path integral we started with, sans any scale dependence.

3. UV limit to ensure that I',_, = S:

lim R,(Q) — o0

w—A—o0
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This indicates damping of all frequencies, and in turn damps the partition
function via the cutoff action infinitely—consequently, we are left with just the

classical action.

Following the same procedure to get to a scale-dependent quantum effective average
action, we pass to the scale-dependent Schwinger function — as before, this is just the
logarithm of Z,; W,,(J) = In(Z,(J)). Recall, that the derivatives of the Schwinger
function with respect to the source gives the connected n—point functions of the
theory. Introducing the reference frequency w consequently introduces a scale in all
such observables. From here, we can define the quantum effective average action,
T, (#(t)); this is still a Legendre transformation of the Schwinger function, with the
only key difference being that the Schwinger function is scale-dependent. Note here
that the T' is not the QEAA in fourier space— it serves a temporary purpose until
the full I',,(Z(¢)) is defined. The said auxiliary function is scale-dependent through

the scale-dependence of the Schwinger function. We have,

F(3(t)) = / dt T ()2(t) — W (J). (A7)
The full w— dependent QEAA for the theory is defined to be,
T, (2(t) = Ly (2(t) — ALS(E(1)). (A.18)

The definition of the full QEAA in eq. (A.18) is extremely crucial. The motivation
for subtracting the cutoff action will become clear as we move on to computing the
flow equation for the QEAA. Moreover, it is extremely important to recall here that
the QEAA is function(al) of the mean position, in turn, the addition of the cutoff
action necessarily is a function(al) of the mean position, Z(t), and not z(t¢). Lastly,

note that the cutoff w appears twice in the QEEA: once through the schwinger
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function, and once through the cutoff action. All these important yet subtle details

become crucial when deriving the flow equation for the QEEA.

A.3 Flow Equation

The end goal is to compute the flow equation for the couplings in the QEAA, (A.18).
We define a frequency derivative— a toggle for w in the regulator that appears in the
cutoff action, and see how the couplings flow in the bare action. This frequency (or

scale derivative) is given,

d d

Here, 7 is called the RG parameter and is defined 7 = In (w%), wp is some reference
frequency, most often taken to be the initial frequency at which the bare action is
taken. We start by first computing the frequency derivative of the auxiliary QEEA

(A.17),
a,T(&(t)) = 8, / dt J(t)a(t) — W (J). (A.20)

We compute this term by term as there are several key steps, often overlooked in
the literature, that are used in computing these derivatives. We start with the scale

derivative of the Schwinger function,
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O, W, (J) = 0, 1n Z,(J)

1(J>%/D:I:(f) exp{—S —A,S+ (J,2)}
1

(/)
_ _ﬁ({]) /m@ F(8) 0, Rult, ) E(F) exp {—S — ALS + (J,2)}

&

/Dx@ % (—ALS) exp {—S — ALS + (J,2))

&

_ _agf;:—%') /m(t‘) (1) (1) exp{—S — ALS + (J,2)}

_ _%awa(t, )Gt ) + 0uALS (A.21)

where we have defined the connected quantum-mechanical propagator:

Gult) = yards = (oOeO) — (Ot (a2

Since we have added the frequency toggle w in the QEAA, we get
a modification in the relationship between the mean position and the derivative
of the now frequency-dependent Schwinger functional. Note that, the right-hand

side of (A.18) is now the Legendre transform of I'y[z] + A, S[z], this follows from

the definition in (A.18) (again, at the supremum of the source, J):

(L +ALS)
dx(t)

W[ Jsup(1)]

= Joup (1), 5J(t)

= z(t). (A.23)

Consequently, the connected propagator (A.22) gets the corresponding

scale-dependent modification:

52 W[ J] (T, + ALS) > -

Gull) = SI()0T(H) ( 5z (t)ox(t) (A.24)
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In the second inequality above, we have used the fact that the propagator is the

inverse of the 1PI two-point function.

/ dywig(xz) ' (wwil;sm))

00 D)
= | Wit vty ~ O )

which led to conclude

52w N T\
sTmeaw) ~ CW ) = (593(t)5:v(t’))
1

TP ()] + R (x(t))

(A.25)

(A.26)

We now use several previous results, and the definition of the scale derivative to

write down the final flow equation.

DTzt = —AuWolJ] — 0uALS[()]
_ % / %Gw(t)aw]%w(t)

1 [ d9 0y Ru(t)
/i

2. @M 1rPL)] + Ru(x(t)

(A.27)

This flow equation can now be used for any choice of the postulated effective action

[[(x(t)], terms in the expanding polynomial using the Local Potential Approximation

(LPA) can be compared to get the flow for each coupling. We shall now quickly

specialize to the quantum anharmonic oscillator and compute the individual flow

equations for that.
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A.4 Anharmonic Oscillator

We shall now apply the machinery developed in the previous sections to the anhar-
monic oscillator. This section is loosely based on the notes [118, 116]. The euclidean

action for the anharmonic oscillator is given by
S = / dt ( P Z 92x2 +3 4>\x4> (A.28)

We shall consider the truncation for the scale-dependent effective action where ev-
erything except for the first (kinetic) term is part of a scale (frequency)-dependent
effective potential, V,,. We take frequencies Q? > 0, and interaction strength A > 0.

Our starting point would thus become the effective action,

P(t)] = / dt (%ﬁ + Vw(a:(t))) , (A.29)
where we define,

1 1
Vo (z(t)) = §Qix2 + ﬂ)\wx‘l. (A.30)

The truncation above is not unique, in fact higher order terms can be included; below
we shall employ a slightly different definition of V, to compute the flow equations.
In this way, we have split our euclidean effective average action into a kinetic term
and a scale-dependent potential truncation. We compute two functional derivatives

of (A.29) with respect to x(t), and then go to Fourier space

SO
Se)daly = O V)3t~ 1)
rP@)] = @+ V() (A31)
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We now specialize to the optimized regulator as in chapter 4. This is,
R, (&%) = (w? — 0*)O(w? — &?). (A.32)
From this we compute the frequency derivative (A.19) of the regulator,
OuR, = 2wO(w* — @) + 2w(w? — @*)§(w? — &%) = 2wO(w? — &?). (A.33)

Here we have used the fact that zd(x) = 0. We now have all ingredients to write

down the final flow equation. We get the flow for the effective potential

1 rde _1 A34
OVal®) =5 | o Vi) e V) (A.34)

1 /°° do2wO(w? —&?) 1 w?

To get the flow for the ground state energy, it suffices to study a polynomial expansion
of the potential,

1 1
Vo(z) = E, + §Qix2 + ﬂ/\wx4... (A.35)

The effects of the frequency dependent fluctuations are now encoded in the couplings
Q, and A\,. Their initial values are set at the values they have in the bare action
in the UV. Our ground state energy F, is exactly the actual ground state energy,
but picks up an unphysical x-independent contributions. From the flow of E,, we
extract the flow of the true ground state energy E,, by performing a subtraction to
avoid the buildup of unphysical contributions — the key here being that in the limit
A = =0, the ground state energy also has to stay zero. We go from, by comparing

coefficients in the expansion on the left and right hand sides of (A.34), in terms of

d d

the frequency derivative 7= = w-,

d 1 W
%Ew = o (A.36)
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to, the actual flow of the ground state energy

d - 1 w3
E,=—-|—— — . A.37
dr T (w2 + Q2 w) ( )

Equating more coefficients in powers of x, we get the flow equations for €2, and A,

d 1 A, w?>
b _ 1 A A.38
dr ¥ 7 (w24 Q2)%’ ( )
d 6  ANw

— Ny, = —— . A.

dr m(w?+02)3 (A.39)

These flow equations form a set of ODEs and can be solved using any standard
ODE solver. These equations can also be seen as beta functions for the flow of the
couplings {E,, Q,, \,} — solving for any fixed points entails setting these to zero.
As it turns out, no non-trivial (non-Gaussian) fixed points exist. Furthermore, using
perturbation theory, the numerical solution to the above equations can be compared
with its analytic counterpart, for more details see [118]. This exercise provides a
foundational playground to learn the tools of functional RG as applied to QFT using
the familiar ideas of ordinary quantum mechanics. It is a controlled way to learn the
method. In 0+1 dimensions, one can see, step by step, how coarse-graining works,
how truncations (e.g., local potential/derivative expansions) and regulator choices
affect results, and how flows reproduce spectra and correlators — then benchmark
everything against results from perturbation theory. This builds intuition for fixed
points, running couplings, and non-perturbative resummations before one deploys

the full machinery in field theory and gravity.
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