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Abstract 

Vectorized Monte Carlo codes use a set of vectors, generally referred to as a stack in the literature, 

to hold the attribute values of the entities carrying out random walks. This paper presents schemes 

for optimizing the performance of stack processing in Monte Carlo codes and carries out their ex­

ecution time analyses. The proposed four schemes are: (i) continuous inspection of the stack with 

no stack compression, (ii) continuous inspection of the stack with stack compression, (iii) periodical 

inspection of the stack with no stack compression, and (iv) periodical inspection of the stack with 

stack compression. The execution time analysis of the continuous schemes is carried out using some 

results from Order Statistics, and that of the periodical inspection schemes is carried out using some 

results from Markovian decision processes. Under some assumptions, one of them being that the 

time required for random walk computations is exponentially distributed, closed-form expressions 

for the expected execution time are obtained. The theoretical performance of the proposed schemes 

is illustrated and concluding remarks are given. Finally, the performance of the schemes is illustrated 

through vectorizing few Monte Carlo codes and running them on IBM 3090-180VF. 

Key words: Markovian decision processes, Monte Carlo codes, order statistics, parallel processing, 

supercomputing, vector processing. 
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1 Introduction 

Monte Carlo methods are used extensively in many applications such as nuclear physics, quantum 

chemistry, numerical analysis, combinatorial optimization, information theory, biology and statistical 

mechanics. In these methods, the statistical estimate computations of the desired solution often 

involve random walk processes, which may consist of a large number of processing steps, and the 

solution estimates converge slowly to the exact solutions. Consequently, these methods require large 

computing time when implemented on sequential computers. Recently, many efforts have been made 

to implement these methods on vector and parallel supercomputers to reduce their execution time 

[2,3,8,10,11,14,15]. 

Monte Carlo algorithms carry out primary estimate computations (PECs) to obtain a set of 

primary estimates from which a secondary estimate of the desired solution is computed. Sequential 

Monte Carlo algorithms carry out the computations of only one of these PECs at a time. In particle 

transport Monte Carlo methods, such algorithms are called history based algorithms since they 

simulate the complete history of a single particle from birth to death. The intrinsic parallelism of 

PECs and secondary estimate computations can easily be exploited for implementation on SIMD and 

MIMD computers [1]. However, vectorization of Monte Carlo codes requires major restructuring. 

The basic idea in vectorizing Monte Carlo codes is as follows. A PEC, consisting of a random 

walk, is broken down into a set of event computations; for example, in particle transport Monte 

Carlo, the events could be introduction of a particle from the source, collision, boundary crossing, 

etc. [3]. For vector processing, a set of vectors, generally referred to as a stack in the literature [3] 

(not a last-in-first-out data structure as commonly referred to in computer science), is used to hold 

the attribute values of the entities carrying out random walks (see Figure 1). The stack processing 

cycles through the various event codes to finally obtain the desired number of primary estimates. 

Such an algorithm is referred to as a basic event-driven algorithm [3]. 

A variation on the basic event-driven algorithm, called a stack-driven algorithm [3,11], uses one 

stack for every block of computation in event computations. The sequence of processing the set of 

stacks may be determined dynamically at the run time according to the maximum effective stack 

length. Thus, in the basic event-driven algorithm the sequence of tasks is fixed, the sequence of logic 

and the management of the entities are simpler. However, the stack-driven algorithms may turn 

out be faster due to maximizing the utilization of vector processing hardware, inspite of the extra 

overhead due to movement of entities from one stack to another. 

Many efforts have been made in design and implementation of vectorized Monte Carlo codes, at 

the University of New Brunswick [2,14] and elsewhere (see [3,8,11]). In these efforts, the algorithm 



Stack index Flag Energy Relative Z-position 
(MeV) weight (cm) 

1 — 

1 T 3 1 4 
2 T 1.7 0.7 4 
3 F 0.5 0.0 2 
4 T 2.2 0.8 8 

L F 1 0.5 3 
- - _ _ _ 

L : the stack length, 
T : flag for active PECs, and 
F : flag for inactive PECs. 

Figure 1: A stack (a set of vectors) in a vectorized Monte Carlo Particle Transport code. 



parameters (e.g. vector length, vector replenishment and compression strategies) in stack processing 

are chosen in ad hoc manner and very little work has been done in analyzing the performance of the 

vectorized Monte Carlo codes. In many of the existing vectorized Monte Carlo codes the algorithm 

parameters are chosen by running the codes several times on a particular vector supercomputer. 

This approach requires large amount of computing time and it is very costly. In this context, this 

paper proposes schemes for optimizing the performance of stack processing and carries out their 

execution time analyses. 

This paper is organized as follows. In § 2, we briefly discuss the definitions of basic processes in 

the stack processing and identify major issues in the stack processing. In § 3, we propose schemes 

for minimizing the execution time and describe the approach and assumptions for carrying out the 

execution time analyses of the proposed schemes. The algorithms of the schemes and their execution 

time analyses are presented in § 4. The analytical execution time performance of the schemes, based 

on the results given in § 4, is illustrated in § 5. In § 6, we present some computational results of 

the execution time performance of some vectorized Monte Carlo kernel codes and the vectorized 

Center-of-Mass Monte Carlo [7] codes running on IBM 3090-180VF. Finally, concluding remarks are 

given in § 7. 

2 Basic Concepts of the Stack Processing 

2.1 A Model of the Stack Processing 

We identify five basic processes (tasks) in the stack processing of vectorized Monte Carlo codes, 

namely, replenishment process, random walk process, inspection process, PEC movement process 

and compression process. The PEC times are random. Consequently, two kinds of PECs may exist in 

the stacks: inactive PECs for which the processing is complete, and the active PECs which require 

further processing. The replenishment process is the process of selecting and replacing inactive 

PEC attributes in the stack with the attributes of the new PECs. The random walk process is the 

process of carrying out PECs. The inspection process is the process of finding out the number of 

inactive PECs in the stack. The PEC movement process is the process of moving PECs, which have 

completed their computations, from one stack to another stack. The compression process is the 

process of removing inactive PECs from the stack and compressing the stack. In addition to these 

processes, the selection process is required (it is included in several processes) due to the existence 

of active and inactive PECs in the stack; the selection process is the process of selecting one kind 

of PECs (active or inactive PECs) from the stack, for subsequent processing. It is found that the 



replenishment and the random walk processes are vectorizable. 

2.2 Problems in the Stack Processing 

The performance of the stack processing is affected by the randomness of the PEC times. In 

general, there are two main factors affecting the performance: (i) the number of active PECs in the 

stack which require processing decreases randomly, and (ii) the active PECs may not be located 

contiguously in the stack. These factors decrease the utilization of vector processing hardware. In 

order to maintain large effective stack length, new PECs must be replenished at some point, if all 

the required number of PECs have not been processed. However, the overheads incurred from the 

frequent replenishing of the stack may cancel the benefits of working with long vectors. Thus, there 

is a trade-off between the time required for replenishing PECs into the stack versus the increased 

processing time due to the under utilization of vector processing hardware. In order to form vectors 

with contiguous data elements, the stack must be compressed; during a compression the PECs that 

do no longer require processing are removed from the stack. Consequently, another trade-off arises 

in the stack processing: the trade-off between the time required for compression versus the increased 

processing time due to the under utilization of vector processing hardware. Because of these two 

trade-offs the performance of Vectorized Monte Carlo codes largely depends on the architecture of 

the computer used and the problem characteristics. 

3 Design and Analysis of the Stack Processing - Approach 

and Assumptions 

In this section, we discuss our approach for the development of schemes for the stack processing. 

Two basic schemes for the stack processing are introduced. Finally, we state the assumptions which 

are used in the analysis of the scheme execution time. 

3.1 Design Approach 

Based on the algorithm parameters identified earlier (i.e. stack lengths, stack replenishment strate­

gies, stack inspection and compression strategies), we propose four types of schemes for optimizing 

the performance of stack processing. The classification of the schemes is based on the frequency of 

running the inspection process (i.e. continuous or periodical inspection) and whether the computa­

tion is done with or without the compression process. The proposed four schemes are as follows: 

1. Scheme 1: Continuous inspection of the stack with no stack compression. 



2. Scheme 2: Continuous inspection of the stack with stack compression. 

3. Scheme 3: Periodical inspection of the stack with no stack compression. 

4. Scheme 4: Periodical inspection of the stack with stack compression. 

In the continuous inspection schemes, the inspection process is done after the random walk 

process. The stack is replenished with new PECs at some point. A period between two contiguous 

replenishments is called a replenishment period. The replenishment period is determined by the 

number of inactive PECs in the stack at the end of a replenishment period. This number must be 

chosen appropriately in order to achieve the optimal execution time performance. 

In the periodical inspection schemes, the inspection process is done only at the end of a replen­

ishment period. In the periodical inspection schemes the replenishment period must be chosen in 

such a way that the optimal execution time performance can be achieved, because the replenishment 

period affects the steady state probability of the number of inactive PECs in the stack at the end 

of the period. 

In the continuous inspection schemes, the maximum number of compressions equals the number of 

inactive PECs in the stack at the end of a replenishment period, whereas in the periodical inspection 

schemes it equals the expected number of inactive PECs in the stack at the end of a replenishment 

period. The decision about the number of compressions to be carried out during a replenishment 

period (£) depends on the trade-off between the time required for the compression process versus the 

increased processing time due to the under utilization of vector processing hardware, and the trade-off 

between the time required for the compression process versus the reduction in the time required for 

the replenishment process (when the compression process is carried out, the replenishment process 

does not include the selection process). Consequently, the optimal number of compressions should 

be carried out in order to achieve lower execution time. 

3.2 Analysis of the Stack Processing 

In many Monte Carlo applications, PEC time distributions cannot be determined a priori. It is 

also common that the experimental distributions of the PEC times are mixed. Therefore, it is 

necessary to carry out such an analysis which is independent of the probability distributions of the 

PEC times (i.e. distribution-free). For example, some time complexity results of parallel Monte 

Carlo algorithms, which are independent of the probability distributions of the PEC times, has 

been obtained by Bhavsar and Isaac [1]. However, as a first step, our analysis in this paper is not 

distribution-free. In order to obtain closed-form expressions for the expected execution time of the 

stack processing we make the following assumptions: 



1. The PEC times are assumed to be exponentially distributed. 

2. The time required to process a vector of length L with scalar operations is 0L, where f3 is a 

suitable time constant. 

3. The time required to execute a vector operation on the vector processing hardware is assumed 

to be linear. Thus, the time required to process a vector of length L is a + fiL, where a and 

P are suitable time constants. 

4. If an analysis of the execution time cannot be carried out because of the PEC times being 

discrete random variables, we assume that an approximation by corresponding continuous 

random variables is acceptable. 

In addition to these assumptions, some more assumptions are made in the ensuing subsections. 

3.2.1 Analysis of the Continuous Inspection Schemes (CIS) 

In the analysis of the continuous inspection schemes, an epoch of PEC time can be found out. It 

is a random variable and its expected value can be calculated using Order Statistics [4]. Since a 

replenishment period is determined by the completion of processing for a fixed number of PECs, 

the expected value of a replenishment period is also a random variable. To calculate its value using 

Order Statistics, we assume that the PEC times are exponentially distributed; under this assumption 

a closed-form expression of the expected execution time can be obtained. The probability density 

function of the PEC times is given as ^•exp-'/*', where ft is the mean of the PEC times in the 

random walk computation. 

A possible execution time behaviour of the stack processing using this approach is given in 

Figure 2. In this figure, the total number of PECs to be processed (A') is equal to ten; the stack 

length (L) is equal to six; and the stack is replenished when the number of inactive PECs (jL) equals 

four. The time instant represents the time instant at which the processing of the i-th PEC in 

the stack is completed in a replenishment period. The compression process is carried out twice per 

replenishment period (£ = 2). The compression interval is determined as equal to the interval of ^j-

PEC completion times; the compression interval in Figure 2 is the interval of two PEC completion 

times. The compression process removes the inactive (i.e. completed) PECs and locates the active 

PECs contiguously in the stack. This process reduces the effective stack length; for example, after 

<2, the effective stack length is equal to four. After the second compression, at the end of the first 

replenishment period, PECz and PEC& are located contiguously in the stack. Subsequently, the 

new active PECs, PEC7, PEC8, PEC9 and PECw, are replenished into the stack. 
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Figure 2: A possible execution time profile for CIS;K - 10, L = 6,7 = | , £ = 2. 



The assumption that the PEC times are exponentially distributed is made to maintain the 

identicalness of the distributions of the PEC times and the independency of the distributions of 

the replenishment periods (due to the memoryless property of the exponential distribution). If the 

distributions of the PEC times are other than exponential, the PEC times in a replenishment period 

do no longer remain identically distributed after the first replenishment period; consequently, the 

replenishment periods do no longer remain independent and identically distributed (i.i.d.) after the 

first replenishment period. 

3.2.2 Analysis of the Periodical Inspection Schemes (PIS) 

Using the periodical inspection approach, an epoch of a PEC time cannot be found out. However, for 

a replenishment period t, the steady state probability of the number of PECs which complete their 

processing at the end of a replenishment period, Pi(t), can be calculated by employing Markovian 

decision processes (see Appendix). This method can be used to calculate Pi(t) if the PEC time 

distributions are exponential-tails, i.e. a probability distribution in which its failure rate function is 

constant as time tends to infinity. It can be expressed as follows: 

lim h(t) = constant (\) 
t->oo w w 

where 

h(t) = f(t) 
l-F(t) ' 

F(t) = I f(t)dt, with 
Jo 

(2) 

f(i) : the probability density function, and 

F(i): the cummulative distribution function. 

Thus, the assumption about the distribution of the PEC times in this approach is more relaxed than 

the assumption made for the CIS analysis. 

A possible execution time behaviour of the stack processing using this approach is given in 

Figure 3. In this figure, the total number of PECs to be processed (K) is equal to ten; the stack 

length (L) is equal to six; the stack is replenished when the replenishment period equals t. The 

compression process is carried out twice per replenishment period. A compression period is defined 

as a replenishment period divided by the number of compressions in a replenishment period, that 

is equal to | . In Figure 3, the compression interval is equal to | . It is seen that at time instant 



0.5<, after the first compression, the active PECs are located contiguously. At time instant t, 

the second compression is done and then the second replenishment is carried out; the new PECs, 

PECT, PEC&, PEC9 and PEC\o, are located contiguously. 

4 Schemes for the Stack Processing 

This section presents the algorithms of the schemes for the stack processing and carry out the analysis 

of their execution time. Four theorems for predicting the execution time performance of the schemes 

are derived systematically as follows. The expected execution time required by the basic processes 

in the stack processing are given in the lemmas. The expected execution time of the processes for 

the last period, when there are no more PECs to be replenished, are given in corollaries following 

the lemmas. Finally, the expected total time required by the schemes are given as theorems. 

In the analysis, we use the following notations which represent time constants involved in the stack 

processing. The vector startup time of the replenishment process, which consists of the selection 

and the generation subprocesses, is denoted by OR. The vector startup time of the random walk 

process is denoted by aw- The /3s, (3G, A v , Pi, and/?M represent proportionality constants for the 

time required to process a stack of length L by the selection, the generation, the random walk, the 

inspection and the PEC movement processes, respectively. 

In describing the algorithms of the schemes the following variables are used. NIP represents the 

number of inactive PECs in a stack, whereas NAP represents the number of active PECs. T i l and 

TI2 represent the time interval counters for the replenishment period and the compression period, 

respectively. 

4.1 The Continuous Inspection Schemes 

We propose two Continuous Inspection Schemes: Scheme 1 which does not use the stack compression 

and Scheme 2 which carries out the stack compression. In Scheme 2 the number of compressions in 

a replenishment period (£) must be chosen in such a way that the minimum execution time can be 

achieved. Scheme 1 can be considered to be as a special case of Scheme 2; however, we have chosen 

to treat them separately because their vectorized codes and their execution time closed form results 

are different. 
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4.1.1 Scheme 1: Continuous Inspection of the Stack with No Stack Compression 

The algorithm for Scheme 1 is presented in Figure 4; a part of this algorithm, Algorithm A . l , is 

presented in Figure 5. Algorithm A . l is used to carry out processing when there are no more PECs 

to be replenished. 

BEGIN 
DO UNTIL (required number of PECs are processed) 

the replenishment process 
DO UNTIL (NIP > jL) 

the random walk process 
the inspection process; update NIP 

END DO 
NIP := 0 
the PEC movement process 

END DO 
Algorithm A . l 
END 

Figure 4: Scheme 1 algorithm. 

BEGIN 
DO UNTIL (NIP > (1 - T )I) 

the random walk process 
the inspection process; update NIP 

END DO 
the PEC movement process 
END 

Figure 5: Algorithm A . l . 

Lemma 1 The expected execution time for the replenishment process in a replenishment period of 

Scheme 1 is 

E[T& = <*R + (0S+70G)L, (3) 

where 

QR: vector startup time for the replenishment process, 



Ps'. a proportionality constant for the time required to execute the selection process, and 

Pa- a proportionality constant for the time required to execute the generation process. 

Proof. Since the replenishment process is vectorizable, the vector startup time (an) is required. 

The time required for selecting inactive PECs is proportional to the length of the primary stack, 

i.e. PsL. The time required for generating PEC attributes is proportional to the number of inactive 

PECs, i.e. JPGL. Thus, the expected execution time required for the replenishment process is the 

summation of all of them. • 

Lemma 2 The expected execution time for the random walk process in a replenishment period of 

Scheme 1 is 

E[Tw]=^{HL-HL{1^)}(aw + psL)+^jpwL, (4) 

where 

Hi : i-th harmonic number, 

pi : the mean of PEC times in the random walk computation, 

p : the time required to execute a random walk step, 

aw- vector startup time for the random walk process, and 

Pw- a proportionality constant for the time required to execute the random walk process. 

Proof. The expected number of random walk steps in a replenishment period equals the 

expected time required for executing the 7^-th PEC divided by p, i.e. ^E[t7L]. Since the primary 

stack contains L number of PECs and their execution times are exponentially distributed, using 

Order Statistics [4, p. 221] we can derive that i?[£ 7£] equals LI{HL — i7^(i_7)}. 

Since the random walk process is vectorizable, the vector startup time (aw) is required for every 

random walk step. The execution time required for the selection process in every random walk step 

is proportional to the length of the primary stack, i.e. PsL. Therefore, the expected time required 

for the startup process and the selection process in a replenishment period is given as 

^{HL-HL(,_y)}(aw+PsL). (5) 

The expected time required for the random walk computation in every replenishment period is 

determined as follows. The expected time required for completing the first random walk, ti, is given 

as 

E[to] = j , (6) 



since it represents the first-order statistics of L number of i.i.d. exponentially distributed random 

variables. Therefore, the expected number of random walk steps in this period equals 

p L 

The expected time interval between the second random walk completion and the first one, T\ 

which equals (<2 — is given as 

S N - ^ . (8) 

Note that E[ti] = E[r0]. 

Thus, the expected time required for the random walk computation between two consecutive 

random walk completion times, say i-th and (i+l)-th, is given as 

-E[n\0w(L-i), (9) 
P 

which represents the time required to carry out one step of random walk computation for a vector 

of length (L — i). Since E\ri\ = jfzi, Equation( 9) is equal to ^ftw • 

Hence, the expected time for the random walk computation in every replenishment period, which 

computes jL number of random walks, equals 

1 7 L _ 1 

-fa £ (L ~ , (10) 
p i=0 

which is equal to 

-iPwh. (11) 
P 

Thus, the expected execution time for the random walk process in a replenishment period, which 

is a combination of the startup process, the selection process and the random walk computation, is 

the summation of Equations( 5) and (11). • 

Corollary 1 The expected execution time for the random walk process of Scheme 1, when there are 

no more PECs to be replenished into the primary stack, is given as 

E[T^] = ^HL(1_l)(aw+(3sL)+^(l-1)PwL. (12) 

Proof. The proof of this corollary follows the proof of Lemma 2. The expected number of 

random walk steps, when there are no more PECs to be replenished into the primary stack, equals the 

expected time required for executing the (1 — 7)L-th PEC divided by p, i.e. ^£'[£( 1_ 7)£,]. Since the 

primary stack contains L number of PECs and their execution times are exponentially distributed, 



using Order Statistics [4, p. 221] we can derive that E[t(\—T)L] equals fiffL(i-y)- Therefore, the 

expected time required for the startup process and the selection process in a replenishment period 

is given as 

£HL{1-y)(aw+PsL). (13) 

The expected time for the random walk computation when there are no more PECs to be 

replenished into the primary stack, which computes (1 — y)L number of random walks, equals 

( i - 7 ) £ - i 

(5W £ (L-i)E[Ti\. (14) 
«=o 

E[T'} = 1^7 ! therefore, Equation (14) is equal to 

n{l-t)PwL. (15) 

Thus, the expected execution time for the random walk process in a replenishment period, which 

is a combination of the startup process, the selection process and the random walk computation, is 

a summation of Equations( 13) and (15). • 

Lemma 3 The expected execution time for the inspection process in a replenishment period of 

Scheme 1 is 

E[T}] = ^{HL - HL(1_y)}PjL, (16) 

where 

PJ: a proportionality constant for the time required to execute the inspection process. 

Proof. The inspection process is done in every random walk step after the random walk 

process; therefore, the expected number of inspection processes in a replenishment period equals the 

expected number of random walk steps in a replenishment period, as stated in Lemma 2. 

The time required for the inspection process for each random walk step is proportional to the 

length of the primary stack, i.e. f3jL. Thus, for every replenishment period the expected time for 

the inspection process is given by Equation (16). • 

Corollary 2 The expected execution time for the inspection process of Scheme 1, when there are no 

more PECs to be replenished into the primary stack, is given as 



E\Tl] = ^ H L { L ^ , L . (17) 

Proof. The expected number of inspection processes, when there are no more PECs to be 

replenished into the primary stack, equals the expected number of random walk steps in this period, 

as given by Corollary 1. 

Since the time required for the inspection process in every random walk step is /3jL, the expected 

time for the inspection process in this period is as given by Equation (17). • 

Lemma 4 The expected execution time for the PEC movement process in a replenishment period of 

Scheme J is given as 

E[Tl1] = (0s + 7f3M)L, (18) 

where 

PM '• a proportionality constant for the time required to execute the movement process. 

Proof. The PEC movement process is executed once in every replenishment period. The time 

required for selecting the completed PECs is proportional to the length of the primary stack, i.e. 

ftsL- The expected time for the movement process is proportional to the expected number of the 

completed PECs, i.e. JPM L- Thus, the time required for the PEC movement process, which is a 

combination of the selection process and the movement process, is as stated in Equation (18). • 

Corollary 3 The expected execution time for the PEC movement process of Scheme 1, when there 

are no more PECs to be replenished into the primary stack, is given as 

E[T^] = {PS + (1-7)PM}L. (19) 

Proof. The PEC movement process is executed once in period when there are no more PECs to 

be replenished into the primary stack. The expected time for the movement process is proportional 

to the expected number of the completed PECs in the primary stack, i.e. (1 — f)0ML. Thus, the 

time required for the PEC movement process in this period is given by Equation (19). • 

Theorem 1 The expected execution time for Scheme 1, which uses a stack of length L to process 

K PECs, is given by 



[aR + 2pSL + Fi.i{aw + (Ps + Pi)L) + {Pa + -pPw + PM)JL] 

+PG(1 - 7 ) I + pSL + F^iaw + (Ps + Pi)L} + {-pPw + PM)(1 - y)L, (20) 

where 

-Fl.l = ^{HL ~ HL(l--y)} , 

F1.2 - $HL(I-J) , with 

Hi : i-th harmonic number, 

[] : ceiling function. 

E[Ti] = 
K-L 

lL 
+ 1 

Proof. At the first replenishment process L number of PECs are filled into the primary stack; 

then, for the next replenishment processes jL number of PECs are filled. Therefore, the number of 

the replenishment periods equals 

^ " S l l . (21) 
7 i 

The expected execution time in a replenishment period of Scheme 1 equals 

E[TR] + E[TW] + E[T}} + E[Tl

M), (22) 

based on Lemmas 1, 2, 3 and 4. 

The expected execution time required by Scheme 1, when there are no more PECs to be replen­

ished into the primary stack, equals 

E[TwJ + E[Tl] + E[T^}, (23) 

based on Corollaries 1, 2 and 3. 

Thus, the expected execution time required by Scheme 1 (given by Equation (20)) is equal to 

the sum of Equation (23) and the product of Equation (21) and Equation (22). • 

4.1.2 Scheme 2: Continuous Inspection of the Stack with Stack Compression 

The algorithm for Scheme 2 is presented in Figure 6. Since the compression process is not carried out 

during the period when there are no more PECs to be replenished, this scheme also uses Algorithm 

A . l . 

Lemma 5 The execution time for the replenishment process in a replenishment period of Scheme 2 

is 



BEGIN 
DO UNTIL (required number of PECs are processed) 

the replenishment process 
DO UNTIL (NIP > yL) 

DO UNTIL (NIP > | I ) 
the random walk process 
the inspection process, update NIP 

END DO 
the PEC movement process 
the compression process 

END DO 
NIP := 0 

END DO 
Algorithm A . l 
END 

Figure 6: Scheme 2 algorithm. 

E[TR] = aR + 7/3GL. (24) 

Proof. The proof of this lemma follows the proof of Lemma 1. The difference is that the 

execution time for the selection process is not required due to the fact that the active PECs in the 

primary stack are saved contiguously (because of the compression process). • 

Lemma 6 The execution time for the random walk process in a replenishment period of Scheme 2 

is 

E[Th] = awF1.l+0sLF2.1 + ^1[3wL, (25) 
P 

where 

F2.1 = £ £ ? = o ( l - | 0 [ # L ( i - f . - ) - H L { L . I ( I + 1 ) ) ] , and 

£ : the number of compression processes in a replenishment period . 

Proof. The expected number of random walk steps in a replenishment period equals the 

expected time required for executing the 7l»-th PEC divided by p, i.e. i-E^-^]. Since the primary 

stack contains L number of PECs and their execution times are exponentially distributed, using 

some results from Order Statistics [4, p. 221] we find that E[tyi,] equals H{HL — HL(i--y)}-



Since the random walk process is vectorizable, the vector startup time (aw) is required for every 

random walk step. Thus, the total startup time required in a replenishment period equals awFi.i-

The expected number of random walk steps in a compression interval equals the expected time 

required for executing the (^^-th PEC divided by p, that is 

^E[t^.]. (26) 

The execution time for the selection process for each random walk step is proportional to the 

length of the primary stack, that is 

0S(L - , where i = 0 , 1 , £ - 1. (27) 

Since the length of the primary stack decreases £ times during a replenishment period, the 

execution time for the selection process in a replenishment period equals 

LJ — 

t" = 0 

Using some results from Order Statistics [4, p. 221] we find that E \ t ^ L _ ^ I + 1 ^ — p.(HL^_xi) — 

-ffi{i_2(i+i)}); therefore, Equation (28) equals 

€ - 1 

±BsL ]T(1 - | 0 ( f f L ( i - ? 0 - E L { 1 . i ( i + 1 ) ] ) . (29) 

^ : = 0 C 

Thus, the expected time for the selection process in a replenishment period equals PsLF^.i. 

The expected execution time for random walk computation process in every replenishment period 

is given by 
i 

A v £ £ { ( i - J o l - * } ± £ [ t * ] . (30) 

Since 
t=0 fc=0 ^ 

E [ T k ] = {(l-{i)L-k} ' W h e r e *' = °> h - * - 1 ; ( 3 1 ) 

therefore Equation (30) equals 

A , £ f ^ . (32) 
i = 0 ^ H 

Finally, Equation (32) equals ^yfiw L, that is the expected execution time for random walk compu­

tation process in a replenishment period. 

Thus, the expected execution time for the random walk process in a replenishment period, which 

is a combination of the startup process, the selection process and the random walk computation, is 

as given by Equation (25). • 



Corollary 4 The execution time for the random walk process of Scheme 2, when there are no more 

PECs to be replenished into the primary stack, is given as 

E[Tb.] = Fl.2{aw + & ( 1 - 7 ) 1 } + ^ ( 1 - 7)0wL. (33) 

Proof. The proof of this corollary follows the proof of Corollary 1. The difference is that the 

primary stack length is equal to (1 — ~y)L, due to the compression process. Therefore, the execution 

time for the selection process equals Fi.2/^5(1 — f)L. • 

Lemma 7 The execution time for the inspection process in a replenishment period of Scheme 2 is 

E[Tf) = t3,LF2L. (34) 

Proof. The inspection process is done in every random walk step after the random walk 

process; therefore, the expected number of inspection processes in a compression interval equals the 

expected number of random walk steps in a compression interval, given in Equation (26). 

The execution time for the inspection process for each random walk step is proportional to the 

length of the primary stack, that is 

Pi(L - , where i - 0 , 1 , £ - 1 . (35) 

Since the length of the primary stack decreases £ times during a replenishment period, the 

execution time for the inspection process for a replenishment period equals 

^ E ^ - V w ^ c + i ) ] - ( 3 6 ) 

t = 0 ? 

Using Order Statistics [4, p. 221] we find that E[t^L_^I+1^\ = / i ( # L ( i - ^ i ) — i ? z , { i - ^ ( t + i ) } ) ; there­

fore, Equation (36) equals 

^ 1 ^ ( 1 - | 0 ( # L ( i - ? O " ^ L { i - ? ( , - + i ) } ) • (37) 
p i=o ^ 

Thus, the expected time for the inspection process in a replenishment period equals PJLF^.I-

a 

Corollary 5 The execution time for the inspection process of Scheme 2, when there are no more 

PECs to be replenished into the primary stack, is given as 



E[Tl) = - 7 ) i F 1 2 . (38) 

Proof. The proof of this corollary follows the proof of Corollary 2. The difference is that the 

primary stack length is equal to (1 — y)L, due to the compression process. Therefore, the execution 

time for the inspection process equals Fi.2/3/(1 — j)L. • 

Lemma 8 The execution time for the PEC movement process in a replenishment period of Scheme 2 

is 

E[T2

M} = (3SLF2.2 + 7pML, (39) 

where 

F 2 . 2 = f { 2 - ( l - i ) 7 } . 

Proof. The PEC movement process is executed once in every compression interval. Since the 

length of the primary stack decreases £ times during a replenishment period, the expected time for 

selecting the completed PECs from the primary stack in a replenishment period equals 

& l > - ^ o - ( 4 0 ) 

Using conversion from the summation to the multiplication, Equation (40) equals 0sLF22. 

The expected time for the movement process is proportional to the expected number of the 

completed PECs in the primary stack,i.e. J/3ML. 

Thus, the time required for the PEC movement process, which is a combination of the selection 

process and the movement process, is as stated in Lemma 8. • 

Corollary 6 The execution time for the PEC movement process of Scheme 2, when there are no 

more PECs to be replenished into the primary stack, is given as 

E[TM.] = {PS+I3M)(1-7)L (41) 

Proof. The proof of this corollary follows the proof of Corollary 3. The difference is that the 

primary stack length is equal to (1 — y)L, due to the compression process. Therefore, the execution 

time for the selection process equals Fi.2/3s(l — j)L. • 

Lemma 9 The execution time for the compression process in a replenishment period of Scheme 2 

is 



E[TC] = 3CLF22. (42) 

Proof. The compression process is done once in every compression interval. Since the length 

of the primary stack decreases £ times during a replenishment period, the expected time for the 

compression process in a replenishment period equals 

i = 0 ? 

(43) 

which is equal to 3cLF22. D 

Theorem 2 The expected execution time for Scheme 2, which uses a stack of length L to process 

K PECs, is given by 

E[T2] 
K-L 

+ 1 [aR + Ft.iaw + F2A(3S + Pi)L + F2.2{3S + Bc)L 

+(PG + -pQw + BM)JL] + 0 G ( 1 - J)L +pSL 

+Fl.2{aw + (8S + 3,)L) + {^3W + 3M)(l - j)L, 
P 

(44) 

inhere 

F 2 . 2 = | { 2 - ( l - i ) 7 } , a n d 

c; : the number of compression processes in a replenishment period. 

Proof. At the first replenishment process L number of PECs are filled into the primary stack; 

then, for the next replenishment processes yL number of PECs are filled. Therefore, the number of 

the replenishment periods equals 
K-L 

yL 
+1 (45) 

The expected execution time in a replenishment period of Scheme 2 equals 

E[Tft + E[TW] + E[Tf] + E[Tlt] + E[1%], (46) 

based on Lemmas 5, 6, 7, 8 and 9. 

The expected execution time required by Scheme 2, when there are no more PECs to be replen­

ished into the primary stack, equals 

E[TwJ + E[Tl] + E[T^}, (47) 



based on Corollaries 4, 5 and 6. 

Thus, the expected execution time required by Scheme 2 (given by Equation (44)) is equal to 

the sum of Equation (47) and the product of Equation (45) and Equation (46). O 

4.2 The Periodical Inspection Schemes 

In this subsection, we propose two Periodical Inspection Schemes: Scheme 3 which does not use the 

stack compression and Scheme 4 which carries out the stack compression. In Scheme 4 the number 

of compressions in a replenishment period (f) must be chosen in such a way that the minimum 

execution time can be achieved. Scheme 3 can be considered to be as a special case of Scheme 4; 

however, we have chosen to treat them separately because their vectorized codes and their execution 

time closed form results are different. 

classified based on the stack compression process carried out during the computation. Scheme 3, 

Periodical Inspection of the Stack with No Stack Compression, can be considered to be as a special 

case of Scheme 4, Periodical Inspection of the Stack with Stack Compression. However, we have 

chosen to treat them separately because their vectorized codes and their execution time closed form 

results are different. 

4.2.1 Scheme 3: Periodical Inspection of the Stack with No Stack Compression 

The algorithm for Scheme 3 is presented in Figure 7; a part of this algorithm, Algorithm A.2, is 

presented in Figure 8. Algorithm A.2 is used to carry out computation when there are no more 

PECs to be replenished. 

Lemma 10 The expected execution time for the replenishment process in a replenishment period of 

Scheme 3 is 

E[TR) =<*R + {/?s + fcPi(t)}L, (48) 

where 

P/(<): the steady state probability of the number of PECs completing their 

execution at the end of a replenishment period (<). 

Proof. Since the replenishment process is vectorizable, the vector startup time (ajt) is required. 

The time required for selecting inactive PECs is proportional to the length of the primary stack, i.e. 

PsL. 



BEGIN 
DO UNTIL (required number of PECs are processed) 

the replenishment process 
DO UNTIL (Ti l = t) 

the random walk process 
update T i l 

END DO 
T i l := 0 
the inspection process 
the PEC movement process 

END DO 
Algorithm A.2 
END 

Figure 7: Scheme 3 algorithm. 

BEGIN 
DO UNTIL (NAP = 0) 

DO UNTIL (Til = t) 
the random walk process 
update T i l 

END DO 
T i l := 0 
the inspection process 
the PEC movement process 

END DO 
END 

Figure 8: Algorithm A.2. 



The expected time for generating PEC attributes is proportional to the number of inactive PECs 

at the end of a replenishment period t, i.e. Pi(t)f3oL. For a replenishment period t, Pi(t) can be 

obtained using Markovian decision processes (see Appendix). 

Thus, the expected execution time for the replenishment process is the summation of all of them. 

• 

Lemma 11 The expected execution time for the random walk process in a replenishment period of 

Scheme 3 is 

E[TW] =-[aw + {fa +Pw- \pWPi{t)}L). (49) 
P 2 

Proof. The number of random walk steps in a replenishment period t equals ~\ therefore, the 

total startup time in a replenishment period equals 

-aw , (50) 
P 

and the time for the selection process in a replenishment period equals 

-PsL. (51) 
P 

At the end of a replenishment period t the length of the primary stack becomes Pj(t)L, where 

Pj(t) can be found. We know that the number of active PECs in the primary stack decreases during 

a replenishment period; however, using this approach the completion times of the random walk 

computation cannot be obtained. Based on information: (i) the replenishment period equals t, (ii) 

the primary stack length equals L at the beginning of a replenishment period, and (iii) it equals 

Pi(t)L at the end of a replenishment period; therefore, the expected execution time for the random 

walk computation in a replenishment period can be approximated as the area of a trapezoid, that 

is given as 

±.(L + {l-Pj(t)}L)pw. (52) 
2p 

Thus, Tw (which is a combination of the startup time, the selection time and the random walk 

computation time) is a summation of Equations (50) - (52). • 

Lemma 12 The expected execution time for the inspection process in a replenishment period of 

Scheme 3 is 

E[Tf] = frL. (53) 



Proof. The inspection process is only done once in a replenishment period, and the execution 

time required is proportional to the length of the primary stack; therefore, the execution time for 

the inspection process is as given by Equation (53). • 

Lemma 13 The expected execution time for the PEC movement process in a replenishment period 

of Scheme 3 is 

E[Tif] = {8s + PI(t)3M}L. (54) 

Proof. The PEC movement process is done once in every replenishment period. The time 

required for selecting the completed PECs is proportional to the length of the primary stack, i.e. 

PsL. The expected time for the movement process is proportional to the expected number of the 

completed PECs, i.e. P,(t)BML. 

Thus, the time required for the PEC movement process, which is a combination of the selection 

process and the movement process, is as stated in Equation (54). • 

Theorem 3 The expected execution time for Scheme 3, which uses a stack of length L to process 

K PECs, is given by 

E[T3] 

+ 

K-L 
LPi(t) 

1 - ^ ( 0 
Pi(t) 

+ 1 [OH + (2/?5 + Pi)L + (pG + pM )LPi(t) + i ^ ] 

[{Ps+Pi+pMPi{t)}L + F3A), (55) 

whe 

^ 3 . 1 =L

p[aw + {Ps +Pw- \PwPi{t)}L}. 

Proof. At the first replenishment process L number of PECs are filled into the primary stack; 

then, for the next replenishment processes Pi{t)L number of PECs are filled. Therefore, the number 

of the replenishment periods equals 
K-L 
Pi(t)L + 1 

The expected execution time in a replenishment period of Scheme 3 equals 

£[T£] + E[TW] + E[Tf] + E[T*M], 

based on Lemmas 10, 11, 12 and 13. 

(56) 



The expected number of the replenishment periods, when there are no more PECs to be replen 

ished into the primary stack, equals 

" i - P / ( 0 " 
W) 

(58) 

The expected execution times for the random walk process, the inspection process and the PEC 

movement process when there are no more PECs to be replenished into the primary stack, are 

same as those when the replenishment process is still done. Therefore, the expected execution time 

required by Scheme 3, when there are no more PECs to be replenished into the primary stack, equals 

1 - W 

W) 
(E[1%\ + E[T?] + E[1%\). (59) 

Thus, the expected execution time required by Scheme 3 (given by Equation (55)) is equal to 

the sum of Equation (59) and the product of Equation (56) and Equation (57). • 

4.2.2 Scheme 4: Periodical Inspection of the Stack with Stack Compression 

The algorithm for Scheme 4 is presented in Figure 9. Since the compression process is not carried out 

during the period when there are no more PECs to be replenished, this scheme also uses Algorithm 

A.2. 

BEGIN 
DO UNTIL (required number of PECs are processed) 

the replenishment process 
processed) 

DO UNTIL (Ti l = t) 
DO UNTIL (TI2 = |) 

the random walk process 
update T i l and TI2 

END DO 
TI2 := 0 
the inspection process 
the PEC movement process 
the compression process 

END DO 
T i l :=0 

END DO 
Algorithm A.2 
END 

Figure 9 Scheme 4 algorithm. 

Lemma 14 The expected execution time for the replenishment process in a replenishment period of 

Scheme 4 is 



E[7i] = aR+0GLPi(t). (60) 

Proof. The proof of this lemma follows the proof of Lemma 10. The difference is that the 

execution time for the selection process is not required due to the fact that the active PECs in the 

primary stack are located contiguously (because of the compression process). • 

Lemma 15 The expected execution time for the random walk process in a replenishment period of 

Scheme 4 is 

E[TW] = i[aw + l-8sLF^ + ±-8wLFA.2], (61) 
p s ^ 

where 

FA.2 = {2- + J2lZl (2 - Pi^i) ~ («• + 1))} • 

Proof. The number of random walk steps in a replenishment period t equals i ; therefore, the 

total startup time in a replenishment period equals 

-<*w. (62) 
P 

The expected number of random walk steps in a compression interval equals the compression 

interval divided by the time required to compute a step, i.e. j^. 

The selection process is done once in every random walk step, and the execution time required 

is proportional to the length of the primary stack; that is (i) 3sL for the first compression interval, 

and (ii) 3s{\ — Pj(ji)}L, i = 1 , 2 , £ — 1, for the following compression intervals. 

Since the length of the primary stack decreases £ times during a replenishment period, the 

execution time for the selection process in a replenishment period equals 

-^BsLF4.i. (63) 
Pi 

The expected execution time for the random walk computation in a compression interval can be 

approximated as the area of a trapezoid; that is 

for the first compression interval: 

S.8wL{2-PI(t-)},and (64) 



• for the following compression intervals: 

±-0wL f > - Pjdi) - P,{Ui + 1))} . (65) 

Thus, the expected time for the random walk process in a replenishment period is a summation 

of Equations (62) - (65). • 

Lemma 16 The expected execution time for the inspection process in a replenishment period of 

Scheme 4 is 

E[Tf] = frLFA.i (66) 

Proof. The inspection process is done once in every compression interval, and the execu­

tion time required is proportional to the length of the primary stack; that is (i) 0iL for the first 

compression interval, and (ii) — Pj(ji)}L, i — 1,2,..., £ — 1, for the following compression 

intervals. 

Since the length of the primary stack decreases £ times during a replenishment period, the 

execution time for the inspection process in a replenishment period equals 

M l + D l - f t ( 7 » ' ) } ] , (67) 
: = 1 ^ 

and this equals Equation (66). • 

Lemma 17 The expected execution time for the PEC movement process in a replenishment period 

of Scheme 4 is 

E[TZ,] = PsLF<.i + l3ifLPI(t) (68) 

Proof. The selection process is done once in every compression interval, and the execution time 

required is proportional to the length of the primary stack; that is (i) /3/£ for the first compression 

interval, and (ii) /?/{l - Pj(ji)}L, i = 1 , 2 , £ - 1, for the following compression intervals. 

Since the length of the primary stack decreases £ times during a replenishment period, the 

execution time for the selection process in a replenishment period equals 

/ J s i [ i + x ; { i - p / ( ? o } ] , (69) 
i=l ^ 



and this equals 

QsLFAA. (70) 

The PEC movement process is done once in every compression interval, and £ times during a 

replenishment period. 

The expected time for the movement process is proportional to the expected number of the 

thermalized PECs in the primary stack, that is 

• for the first compression interval: 

PMLPJ(^) , and (71) 

• for the following compression intervals: 

/3AfI{P/(^(f+l))-P/(^')}, where i = 1,2,..., £ - 1. (72) 

Thus, the expected time for the PEC movement process in a replenishment period equals 

PML[PJ{J) + X > / ( | ( * ' + 1)) - Piif)}] • (73) 

We can derive that Equation (73) is equal to 

3MLP,{t). (74) 

Thus, the expected time for the PEC movement process, which is a combination of the selection 

process and the movement process, is a summation of Equation (70) and Equation (74). • 

Lemma 18 The expected execution time for the compression process in a replenishment period of 

Scheme 4 is 

E[T*} = pcLF4A . (75) 

Proof. The compression process is executed once in every compression interval, and the 

execution time required is proportional to the length of the primary stack; that is (i) QjL for the 

first compression interval, and (ii) — P / ( | -z )}£ , i = 1, 2 , £ — 1, for the following compression 

intervals. 

Since the length of the primary stack decreases £ times during a replenishment period, the 

execution time for the compression process in a replenishment period equals 

f 

/J/I[l + £ { l - J M ? t ) } ] , (76) 
i=i ^ 

and it equals Equation (75). • 



Theorem 4 The expected execution time for Scheme 4, which uses a stack of length L to process 

K PECs, is given by 

E[T4] = 
K -L 

TPW) 
+ 1 [aR + fcLPiit) + - a w + {(4 + l)/?s + Pi + Pc}LF41 

P PC. 

+{^PwFi2 + (iMPi{t)}L} 

+ 
1 ~ Pi(t) 

Pi(t) 
\{0S +0! + 0M P/(0}{1 - Pl(t)}L + F 4 . 3] (77) 

^ 4 . 1 = 1 + E f = i { i - - P / ( f « " ) } . 

F 4 2 ={2 - P7(f)} + E f : ! {2 - P,Cji) - (i + 1))}, 

F 4.3=i[aw + {/35 + /?jy - | ^ P / ( 0 } { 1 - Pi(t)}L). 

Proof. At the first replenishment process L number of PECs are filled into the primary stack; 

then, for the next replenishment processes Pi(t)L number of PECs are filled. Therefore, the number 

of the replenishment periods equals 
K — L 

+ 1 
Pi(i)L 

The expected execution time in a replenishment period of Scheme 4 equals 

E[TR] + E[TW] + E[Tf] + J?[7£] + E[TQ] , 

(78) 

(79) 

based on Lemmas 14, 15, 16, 17 and 18. 

The expected number of the replenishment periods, when there are no more PECs to be replen 

ished into the primary stack, equals 
~1-Pi(t)~ 

W) 
(80) 

When there are no more PECs to be replenished into the primary stack, the compression process 

is not done; therefore, the expected execution times for the random walk process, the inspection 

process, and the PEC movement process are similar to those when the replenishment process is 

carried out (E[TW), E[Tf], and£[Tj^], which are stated in Lemmas 11, 12 and 13). The difference 

is that the length of the primary stack is {1 - Pi(t)}L instead of L (because of the compression 

process). Their expected execution times are given in the following equations. 

The expected execution time for the random walk process: 

E[Tw.] = -p[aw + {0s + 0W- \pwPi{t)}{\- P/(<)}£] -



• The expected execution time for the inspection process: 

E[Tfm) = BI{\-PI{t)}L. 

• The expected time for the PEC movement process: 

E[Th.] = {0s + Pi{t)0M}{l - Piit)}L. (83) 

The expected execution time required by Scheme 4, when there are no more PECs to be replen­

ished into the primary stack, equals 

Thus, the expected execution time required by Scheme 4 (given by Equation (77)) is equal to 

the sum of Equation (84) and the product of Equation (78) and Equation (79). • 

5 Analytical Performance 

We use the theoretical results derived in Subsections 4.1 and 4.2 to illustrate the performance 

of the Continuous Inspection Schemes and the Periodical Inspection Schemes. In illustrating the 

performance we scale the execution time required by the schemes. We use the phrase relative time, 

which is defined as the time required by a scheme with certain parameter values divided by the 

maximum time required by the scheme. The relative time graphs can be used to understand the 

range of the performance which one can obtain by changing certain algorithm parameters. 

5.1 The Continuous Inspection Schemes 

In illustrating the performance of the Continuous Inspection Schemes we assume that the total 

processing time is composed of: (i) the replenishment process time as 3%, (ii) the random walk 

process time as 90%, (iii) the inspection process time as 1%, (iv) the PEC movement process time as 

2%, (v) the compression process time as 2%, and (vi) other computations comprising 2%. When the 

computation is carried out without using the compression process, its processing time is distributed 

over the PEC movement process and the other computations; each of these processing times then 

becomes 3%. 

The theoretical performance of Scheme 1 is illustrated in Figures 10 and 11, which are based on 

Equation (20). Figure 10 demonstrates that the relative time required is sensitive to the value of 7 

when the stack size is relatively small. The relative time decreases rapidly for the stack length up 

to 1000. As the stack length increases beyond this value the relative time curves tend to flatten out. 

Pl(t) 
(ElT^ + ElTfJ + ElT*.}). (84) 



Figure 11 demonstrates that the curves are shifted to the right and the optimal value of 7 

increases when the time required for the replenishment process (REP) increases. 

C O 1 ' ! : 1 i ! : ! •• 1 
0.0 0.2 0.4 0.6 0.3 1.0 

7 

Figure 10: Performance of Scheme 1 as a function of 7, for several stack sizes. 

The theoretical performance of Scheme 2 is illustrated in Figures 12 and 13, which are based on 

Equation (44). Figure 12 demonstrates the effect of 7 on the relative time required by Scheme 2 for 

several number of compressions (f) and the stack size is equal to 100. It shows that the optimal 

value of 7 increases as the number of compressions increases. 

Figure 13 demonstrates that the optimal value of £ exists, and it depends on the value of 7; a 

stack of length 1000 is used for this presentation. 

5.2 The Periodical Inspection Schemes 

In illustrating the performance of the Continuous Inspection Schemes we assume that the total 

processing time is composed of: (i) the replenishment process time as 3%, (ii) the random walk 

process time as 71%, (iii) the inspection process time as 20%, (iv) the PEC movement process 

time as 2%, (v) the compression process time as 2%, and (vi) other computations comprising 2%. 

When the computation is carried out without using the compression process, its processing time is 

distributed over the PEC movement process and the other computations; each of these processing 



7 

Figure 11: Performance of Scheme 1 as a function of 7, for several values of REP. 
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Figure 12: Performance of Scheme 2 as a function of 7, for several values of £. 



Number of Compress ions 

Figure 13: Performance of Scheme 2 as a function of £, for several values of 7. 

times then becomes 3%. 

The theoretical performance of Scheme 3 is illustrated in Figures 14 (a) and 14 (b), which are 

based on Equation (55). Figures 14 (a) and 14 (b) show the effect of Pj(t) on the relative time 

required by Scheme 3 for several values of INSP. It is seen that the optimal value of Pi(t) largely 

depends on the stack size and the time required for the inspection process. The performance is 

sensitive to the value of Pi(t) when the value of Pi(i) is close to one. The optimal value of Pi(t) 

becomes larger as the stack size increases. 

The theoretical performance of Scheme 4 is illustrated in Figures 15 (a) and 15 (b), which are 

based on Equation (77). Figures 15 (a) and 15 (b) show the effect of Pj(t) on the relative times 

required by Scheme 4 for several values of £; the number of compressions (£) equals 6 and 20, 

respectively. The other parameters are chosen as fi = 1, p = 0.1, smdlNSP = 20. These figures 

demonstrate that the optimal value of Pi(i) increases as the number of compressions increases. 

6 Computational Studies 

This section presents the performance of the vectorized Monte Carlo kernel codes (VKCs) [15] and 

the vectorized Center-of-Mass Monte Carlo (VCOM) codes [14] running on the IBM 3090-180VF at 



ol • 1 • — - : :—: •• ' 
'6.2 0.4 0.6 0.8 1.0 

W) 
(b) INSP = 15%. 

Figure 14: Performance of Scheme 3 as a function of Pt(t) for several values of INSP. 





the University of New Brunswick. The IBM 3090-180VF contains a scalar processor and a vector 

processor [16]. The VKCs, which have the essential features of the Monte Carlo codes, are used to 

investigate some of the basic vectorization techniques and to understand some trade-offs involved in 

vectorizing Monte Carlo codes. In implementing the codes, the four schemes proposed in this paper 

are employed and VS FORTRAN compiler Version 2 Release 3 is used. We use the stack length 

equal to 128 since it gives best execution time for our implementations (incidently, the length of 

vector registers is equal to 128 in the IBM 3090 vector facility). For the schemes with compression, 

the number of compressions in a replenishment period (£) is chosen to be one since it is found that 

the execution time is greater for other values. The relative execution times of the various processes 

in V K C and VCOM codes are summarized in Table 1. 

Table 1: The relative execution times of the various processes in V K C and V C O M 
codes. 

Processes 
Percentage of the Execution Time 

Processes V K C V C O M 
Replenishment 10.6 2.4 
Random Walk 23.6 86.0 
Inspection 12.2 1.1 
Compression 40.5 4.5 
Other 13.0 5.9 

Figure 16 presents the execution time performance of the VKCs using Schemes 1 and 2, for several 

values of 7. In this case, Scheme 1 with 7 = 0.2 gives the best execution time. The performance 

of Scheme 1 shows that the percentage difference between the best execution time, achieved by 

choosing 7 = 0.2, and the worst execution time, obtained by choosing 7 = 0.9, is approximately 

85%. 

Figure 17 presents the execution time performance of the VKCs using Schemes 3 and 4, for 

several replenishment periods. This figure shows that Scheme 3 with the replenishment period equal 

to four random walk steps (iterations) gives the best execution time. It is seen that the percentage 

difference between the best execution time of Scheme 1 and the worst execution time of Scheme 1 

is approximately 40%. 

Based on Figures 16 and 17, which show the best execution time performance of all of the 

schemes, we conclude that Scheme 3 gives the best execution time performance for the VKCs. The 

percentage difference between the minimum execution time (given by Scheme 3) and the maximum 

execution time (obtained by Scheme 2) is approximately 30%. 



Figure 16: The execution time of the vectorized Monte Carlo kernel codes (VKCs) using 
Schemes 1 and 2, for several values of y, on an IBM 3090-180 with a vector 
facility. 
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Figure 17: The execution time of the VKCs using Schemes 3 and 4, for several replen­
ishment periods, on an IBM 3090-180VF. 

Figure 18 presents the execution time performance of the V C O M using Schemes 1 and 2, for 

several values of y. The Scheme 2 with 7 = 0.1 gives the minimum execution time. The performance 

of Scheme 2 shows that the percentage difference between the best execution time, resulted by 

choosing y = 0.2, and the worst execution time, achieved by choosing y = 0.9, is approximately 

10%. 

Figure 19 presents the execution time performance of the V C O M using Schemes 3 and 4, for 

several replenishment periods. This figure shows that Scheme 4 with the replenishment period 

equals four random walk steps gives the best execution time. It is seen that the percentage dif­

ference between the best execution time of Scheme 4 and the worst execution time of Scheme 4 is 

approximately 100%. 

Based on Figures 18 and 19, which show the best execution time performance of all of the 

schemes, we conclude that Scheme 2 gives the minimum execution time performance for the V C O M 

codes. The percentage difference between the minimum execution time (given by Scheme 2) and the 

maximum execution time (obtained by Scheme 3) is approximately 10%. 

Thus, for the V C O M codes, where the percentage of the execution time for random walk process 

is high (i.e. the percentage of the execution time for inspection and compression processes are low), 
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Figure 18: The execution time of the V C O M codes using Schemes 1 and 2, for several 
values of 7, on an IBM 3090-180VF. 
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Figure 19: The execution time of the V C O M codes using Schemes 3 and 4, for several 
replenishment periods, on an IBM 3090-180VF. 



Scheme 2 is found to be the best. However, for the VKCs, where the percentage of the execution 

time for random walk process is low (i.e. the percentage of the execution time for inspection and 

compression processes are high), Scheme 3 is found to be the best. 

To find out the breakeven point between Schemes 2 and 3 performance, we use several VKCs 

with different execution time distributions, as given in Table 2. Figure 20 depicts the execution 

time of the VKCs in Table 3 using Schemes 2 and 3 as a function of percentage execution time for 

the random walk processes. It is seen that the breakeven point between Schemes 2 and 3 occurs for 

35% execution time for the random walk process. The percentage difference between the minimum 

execution time and the maximum execution time ranges from 10% to 30%. This result verifies that 

Scheme 2 is suited for the implementation of the V C O M codes. 

Table 2: The execution time distributions of the VKCs. 

V K C 
Type 

Percentage of the Execution Time V K C 
Type Replenishment Random Walk Inspection Compression Others 

VKC1 10.6 23.6 12.2 40.5 13.0 
VKC2 8.7 33.3 10.1 37.4 10.6 
VKC3 8.2 38.9 8.8 33.8 10.3 
VKC4 7.4 45.1 8.5 30.4 8.6 
VKC5 5.3 58.9 6.0 23.2 6.6 

Table 3 summarizes the applicability of the proposed schemes to vectorize Monte Carlo codes 

having different characteristics. 

Table 3: The optimality of applicability of the proposed schemes. 

Percentage of the Execution Time 
Scheme Inspection Process Compression Process 

1 relatively low relatively high 
2 relatively low relatively low 
3 relatively high relatively high 
4 relatively high relatively low 

7 Conclusion 

In this paper, we have proposed new techniques for minimizing the execution time of the vectorized 

Monte Carlo codes. Four schemes for the stack processing are proposed, and four theorems for 
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Figure 20: The execution time of the VKCs using Schemes 2 and 3, for several execution 
time distributions, on an IBM 3090-180VF. 

predicting their execution time performance are derived. The applicability of these schemes is 

demonstrated by using them to design vectorized Monte Carlo codes and running them on an 

IBM 3090 with a vector facility. It is found that the periodical inspection schemes are suited when the 

inspection time is relatively high and the schemes with compression are suited when the compression 

time is relatively low. Further, the optimal values of 7 (for the continuous inspection schemes) and 

Pj(t) (for the periodical inspection schemes) must be selected to achieve best performance. The 

number of compressions affects the performance, especially when the stack size is large. 

In conclusion, significant reductions in the execution time of the vectorized Monte Carlo codes 

can be achieved by (i) vectorizing them using the right scheme and (ii) choosing proper values for 

the scheme parameters. 
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Appendix 
Determination of Pi(t) 

In this appendix, we show how to obtain the steady state probability of the number of PECs which 

have completed at the end of a replenishment period (Pj(t)) in Periodical Inspection Schemes. The 

Pi(t) is calculated by employing Markovian decision processes [6, pp. 704-741]. 

First, we assume that PEC times in the random walk computation are exponentially distributed. 

The probability density function (p.d.f.) is as follows: 

/ ( O ^ e x p - " " , (85) 

where 

/i : the mean of the PEC times in the random walk computation. 

The cummulative density function (c.d.f.) is equal to 

F(t)= f f(t)dt, (86) 
Jo 

which equals 

F(t) = 1 - exp-"" . (87) 

For a period of time (say, the duration of a period equals t), the probabilities of the number of 

PECs completed can be obtained as follows: 

• The probability of the number of PECs completed in the first period equals F(t). 

• The probability of the number of PECs completed in the second period (2t — i) equals F(2t) — 

F(t). 

• The probability of the number of PECs completed in the third period (3< — 22) equals F(5t) — 

F(2t). 

In order to obtain the transition probability matrix (Q), we assume that there are four states 

defined as follows: 

• State 0 represents a PEC is terminated, or a PEC is started. 



• State 1 represents a PEC is still executed at the end of the first period (t). 

• State 2 represents a PEC is still executed at the end of the second period (2t). 

• State 3 represents a PEC is still executed at the end of the third period (32). 

The transition probability matrix (Q) is given by 

F(t) 
F(2t)-F(t) 

1-F(t) 
F(3t)-F(2t) 

\-F(2t) 

1 - F(t) 

0 

0 

0 

1-F(2() 
1-F(t) 

0 

0 

0 

0 
1-F(3t) 
1-F(2t) 

Based on this transition probability matrix (Q), we can obtain the steady state equations (see 

[6, pp. 499-519]) as follows: 

Po = P0Q00 + P1Q10 + P2Q20 + P3Q30, 

Pi = P0Q01 +P1Q11 +P2Q21 +P3Q31, 

P2 = P0Q02 + P\Q\2 + P2Q22 + P3Q32 1 

^ 3 = P0Q03 + PlQl3 + P2Q23 + P3Q33 > 

1 = P0 + P1 + P2 + P3, (88) 

where 

Pi : the steady state probability of the number of PECs 

completed in the (i+l)-th period. 

Using the last four equations in Equation (88) the steady state probability of the number of PECs 

completed in the first period (Po) is given by 

1 
A ° ~ l + exp-'/^+exp-^/^ + exp- 3'/^' 

We can approximate P[(t) to be equal to Po-

Based on Equation (89), we obtain 

P/(A<) = 0.6439 , 

Pi(n/2) = 0.4551 , 

P/(/i/4) = 0.3499 . 

(89) 



It should be noted that the approximation is better when we use the more number of states. In 

the following example, we calculate the values of Pi(t) using several number of states: 

= 0.731, for 2 states, 

Pi(n) = 0.665, for 3 states, 

Pi(fi) = 0.632, for 10 states. 
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