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Abstract

Single-phase fluid flow through variable permeability porous layers is consid-

ered. The variable permeability layers are bounded by other porous layers of

constant or variable permeability or bounded by free-space channels. This

work is undertaken in order to shed further light on the characteristics of

flow through layered porous media with variable permeability. To this end,

Brinkman’s equation and Darcy’s law are cast in their more general forms

that contain a variable permeability term. For the Brinkman equation, this

translates into its reduction to a variable coefficient ordinary differential equa-

tion. The forms of the variable permeability function chosen result mainly

in a reduction of Brinkman’s equation to an Airy’s inhomogeneous differ-

ential equation or a generalized Airy’s inhomogeneous equation, which are

analyzed and solved in this work. Other forms of variable permeability in

Brinkman’s equations have also been considered, together with various forms

used in Darcy’s law, and offer either an advantage in handling continuity at

the interface between layers, or else they offer further insights in character-

istics of the flow. When flow through a Darcy porous layer is considered,
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analysis shows that if the porous layer is infinite in depth, its permeability

must essentially be constant.
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Chapter 1

Introduction

Chapter Summary

In this introductory chapter, we provide an overview of the equations gov-

erning single fluid flow through porous media and their validity, as reported

in the literature. We also provide a discussion of flow through porous lay-

ers and a literature review of the major trends in this area of research since

its onset in the mid-1960’s, and the various matching conditions at the in-

terface between channels and layers, and between porous layers of different

compositions and permeability. The more recent trends in this field are also

reviewed and include flow through and over porous layers of variable per-

meability that better describe the natural occurrence of porous media. This

chapter will close with defining the scope of the current work and its objec-

tives, and the methods and problems to be considered to achieve the stated

objectives.
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1.1 Flow through Porous Media

Single and multi-phase flows through porous sediments have been receiving

progressive attention since the 19th century due to their occurrence in natu-

ral phenomena, such as groundwater movement and the flow of nutrients in

agricultural soils and in plant roots. The first half of the 20th century wit-

nessed extensive studies and modeling of single and multi-phase fluid flows

with applications to oil recovery, while the second half of the 20th century

witnessed unparalleled applications of flow through porous media in the nat-

ural environment and the subsurface contaminant transport. In the study

of biological and macromolecular systems the flow of blood in human tis-

sues and membranes is modelled as flow through porous media. Lubrication

theory and the flow of lubricants over porous plates and the design of lu-

brication systems with porous lining are further examples of flow through

porous layers.

The green revolution, the agricultural applications of porous media, and

the movement of nutrients into plant roots represent important applications

of flow through porous sediments. In the areas of heat and mass transfer

through natural and industrial systems and media, in filtration systems and

the design of liquid-dust separators, and in the design of aircraft wings with

porous cavities as a means of reducing drag, the study of flow through porous

media is indispensable. In short, flow through porous media is applicable in

natural and industrial settings that span a spectrum of human interests. For
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these and other applications one is referred to the works of Goyeau et. al.

[24], Kaviany [33], Nield and Bejan [44], and the references therein.

The above serve to emphasize the fundamental importance of modelling the

flow of Newtonian and non-Newtonian fluids experimentally or mathemati-

cally and analyzing and solving initial and boundary value problems. Navier-

Stokes equations govern the flow of viscous fluids. However, when the flow

domain is a porous medium, the complexity of pore space geometry makes

description and solution of initial and boundary value problems a formidable

task. This has given rise to models that describe average quantities of the

flow and account for the friction and drag effects of the porous microstructure

on the flowing fluid using medium characteristics, such as porosity, perme-

ability, average pore diameter and pore-shape functions.

Models of single-phase fluid flow through porous media have been developed

over a span of sixteen decades. They take different forms depending on

various factors: the applications they are intended to handle, the level of

importance of viscous shear effects of the fluid and the presence or absence

of inertial effects that depend on both convective accelerations of the flowing

fluids (i.e. macroscopic inertial terms), and microscopic inertial effects that

inevitably arise due to tortuosity of the flow path and the narrowing-dilation

of the pore space. Models continue to be developed in order to gain insight

into the effects of the porous matrix and pore geometry on the flowing phases,

to better handle turbulent and high-speed flows, and to improve initial and

boundary conditions at interfaces between porous media and free-space and
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at interfaces between porous layers of different pore structures.

In the absence of heat transfer effects, flow of a single-phase fluid through

a porous medium is governed by the conservation of mass and conservation

of linear momentum principals. Conservation of mass takes the following

velocity continuity equation, written here for incompressible fluid flow in the

absence of sources and sinks:

∇ · ~v = 0. (1.1)

Conservation of linear momentum equations can be written in the follow-

ing general form that encompasses the main models of flow through porous

media:

ρ[β(η − 1) + 1](~v · ∇)~v = −∇p+ µ[β(ϑ− 1) + 1]∇2~v − β

µ~~k~v +
ρσ√
~~k

~v |~v|

 .

(1.2)

The above form is given here for Newtonian, steady-state flow using the nota-

tion adopted in Hamdan and Kamel [28]. In equations (1.1) and (1.2), ~v is the

intrinsic-averaged velocity, p is the averaged pressure,
~~k is the permeability

tensor, µ is the fluid viscosity, µeff is the effective viscosity (that is, viscosity

of the fluid in the porous medium),ϑ =
µeff
µ

, β is a binary parameter whose

value is 0 if the flow is in free-space and 1 if flow is in the porous medium,

σ is the form drag coefficient associated with the Forchheimer equation, η is
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a convective acceleration parameter whose values are 0 and 1, as discussed

below, ∇ is the gradient operator, and ∇2 is the laplacian operator. For a

given permeability tensor,
~~k, equations (1.1) and (1.2) represent four scalar

equations in the four unknowns ~v and p.

For different choices of the parameters in equation (1.2), we recover different

forms of momentum equations that govern fluid flow in different regiments :

In particular we consider here the following three cases

1. When β = 0 and ϑ = 1, the Navier-Stokes equations are obtained.

2. When β = 1, η = 0, ϑ = 0, and σ = 0, equations (1.2) reduce to

the well-known Darcy’s law in differential form. Darcy’s law has been

argued to be valid when pore level (microscopic level) flow variations

are insignificant at the macroscopic, large scale levels.

3. When β = 1, η = 1, ϑ =
µeff
µ

, and σ = 0, equations (1.2) reduce to

Darcy-Lapwood-Brinkman equation, which accounts for both macro-

scopic inertia (through the convective acceleration term), and the vis-

cous shear effects (through the laplacian of the velocity vector field).

An important application of this equation is the study of flow through

a mushy zone undergoing rapid freezing (cf. Rudraiah [57, 58] and the

references therein).

Viscous shear effects in the Darcy-Lapwood-Brinkman equation are sig-

nificant in the presence of a macroscopic solid boundary on which a van-
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ishing normal velocity can be imposed. We note that if we take η = 0

in the Darcy-Lapwood-Brinkman equation then we recover Brinkman’s

equation, which ignores inertial effects, and valid for slow viscous fluid

flow through high-porosity media composed of a sparse distribution

of solid particles fixed in space (cf. Hamdan [26] and the references

therein).

It is worth noting that when Brinkman’s equation is used to study fluid

flow in the presence of macroscopic boundary, viscous shear effects have

been shown to be significant in the vicinity of the macroscopic bound-

ary, but insignificant in the core of (say) a channel where a Darcy

behaviour is predominant (cf. [25] and the references therein).

In summary, Brinkman’s equation is valid when macroscopic boundary

effects are important and porosity is high; that is, when macroscopic

cross-stream velocity gradients are present and a no-slip velocity con-

dition is imposed on the macroscopic, solid boundary.

We remark here that for isotropic media,
~~k is independent of direction and

has been customarily taken as a constant. In addition, the value of the

parameter ϑ =
µeff
µ

is dependent on the porous structure employed. While

Brinkman [11] favoured the use of ϑ = 1, some authors argue that µ and

µeff should be different (cf.[40, 58] and the references therein) to reflect the

effect of introducing a solid matrix to the flowing fluid.
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1.2 Flow through a Channel over a Porous

Layer with Sharp Interface

Classes of problems that have received considerable attention in the porous

media literature include those concerning flow through porous layers, flow

through free-space over porous layers, and flow over porous plates and sur-

faces. These types of flow are encountered in natural and industrial settings.

In nature, the flow of ground water through the porous bedrock or soil is

in fact flow through layered porous media composed of earth layers of dif-

ferent porosities and differing permeability. The same can be said about

the layered flow of oil, water and air in an oil reservoir. These, and various

other natural settings are classic examples from the field of hydrology (cf.

Polubarinova-Kochina [54], Bear [8, 9]). Other natural settings include blood

flow in animal tissue layers and the flow of air into the lungs.

In industrial settings, flow through layered media is encountered in filtration

systems, in liquid-dust separators, in deep-bed filtration processes, in the

design of insulation materials, in the diaper industry and in the food industry

where heat transfer is of great importance (cf. Poulikakos et. al. [52, 53]).

Research on fluid flow over porous layers and over porous plates and surfaces

is also driven by various industrial applications including lubrication mech-

anisms involving porous plates and linings, design of heating and cooling

systems, engine cooling systems, and the design of porous surfaces such as

aircraft wings with porous cavities to reduce drag. In addition, studies of
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fuel cells heavily depend on analysis of flow through and over porous layers.

In [70], Vafai and Thiagarajah discuss the above and many other applica-

tions, and provide a comprehensive literature review. Also presented in [70]

classification of three fundamental problems and interface zones, involving

interfacial interactions in saturated porous media, namely:

1. the interface between a porous medium and a fluid,

2. the interface between two different porous media,

3. the interface between a porous medium and an impermeable medium.

Vafai and Thiagarajah [70] contend that most attention in the literature

has been devoted to the problem of the interface region between a porous

medium and a fluid. This problem involves coupled parallel flow through

a free-space channel underlain by a porous layer of either finite or infinite

depth. Flow through free-space is governed by Navier-Stokes equations, and

in the porous sediment by an appropriate model (as discussed in Section 1.1

above), although the use of Darcy’s law in the porous sediment has been

predominant. This has received the most attention in order to determine the

most appropriate model to use in the porous layer (that is, a Darcy or a non-

Darcy model) and the most appropriate matching condition at the interface

between the fluid layer and the porous medium. A survey of the various

models employed in the porous layer, and the matching conditions at the

interface, has been provided in an elegant article by Alazmi and Vafai [3].

Models of Darcy, Brinkman, and Darcy-Forchheimer-Brinkman have been
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used, without consensus, by various authors to govern the flow in the porous

layer. Matching conditions have ranged (as will be discussed below) from

Beavers and Joseph’s slip hypothesis [10] to the jump stress condition of

Ochoa- Tapia and Whitaker [49], and continuity of velocity and shear stress

at the interface (as suggested by Neale and Nader [40]). Other theoretical

and experimental conditions have been reviewed and discussed by Ehrhardt

[21].

the physical configuration of coupled parallel flow is depicted in Fig. 1.1,

wherein the Navier-Stokes flow is taken in a channel bounded below by a finite

or an infinite porous layer. Equations governing the flow in each layer are

given by the following general momentum equation obtained from equation

(1.2):

−px + µ[β(ϑ− 1) + 1]uyy − β
µ

k
u = 0. (1.3)

As discussed in Section 1.1, if β = 0 then equation (1.3) governs the Navier-

Stokes flow in the channel. In the porous layer, choices of the parameters in

equation (1.3) render the various model equations governing the flow. It is

assumed that the flow in the configuration of Fig. 1.1 is under the same

flow parameters (i.e. same pressure gradient in each layer), and the interface

(y = 0) is typically assumed to be a sharp interface.
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Figure 1.1: Representative Sketch of a Coupled Parallel Flow

Coupled parallel flow gained interest approximately five decades ago follow-

ing the experiments of Beavers and Joseph [10], to determining the matching

conditions at the interface between a porous medium and free-space. Prior to

this pioneering work of Beavers and Joseph [10] the use of a no-slip velocity

condition along a porous interface between free-space and a porous medium

was wide-spread in lubrication problems [65]. With their experimental obser-

vation that the mass flux through the free-space channel is larger than that

predicted by the Poiseuille flow when a no-slip condition is imposed, Beavers
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and Joseph [10] provided an explanation in terms of a slip flow hypothesis

at the interface and proposed the following empirical slip-flow condition that

agreed well with their experiments:

∂u

∂y

∣∣∣∣(x, 0+) =
α√
k

[u(x, 0+)− uD]. (1.4)

Here u(x, 0+) is the tangential velocity in the free-space channel, uD is the

uniform Darcy velocity in the porous layer, k is the constant permeability,

and α is a slip coefficient that depends on the porous medium properties.

Saffman[59] provided analysis based on Brinkman’s equation and suggested

the following modification of Beavers and Joseph’s condition:

u(x, 0+) =

√
k

α

∂u

∂y

∣∣(x, 0+) +O(k) . (1.5)

It is worth noting that Saffman’s modification (equation (1.5)) decouples the

tangential velocity in the channel from both the slip velocity and Darcy’s

filtration velocity, but retains its dependence on the permeability and slip

parameter. Ehrhardt [21] provided an excellent review of the available inter-

facial conditions and reported that due to the decoupling in equation (1.5).

If the slip velocity is smaller than the maximal filtration velocity then setting

the tangential velocity to zero is a reasonable approximation.

Based on their volume averaging analysis, Ochoa-Tapia and Whitaker [46]

showed that while matching Navier-Stokes equation with Brinkman’s equa-

tion maintains velocity continuity, a jump in the shear stress is induced.
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This was remedied by introducing the following jump condition that takes

into account momentum transfer at the interface with the porous layer:

∂u

∂y

∣∣∣∣(x, 0+)− ∂u

∂y

∣∣(x, 0−) =
−γ√
k
u (1.6)

where γ is an adjustable jump coefficient.

Detailed analyses of boundary conditions at the interface and the jump stress

conditions have been provided in a series of papers by Chandesris and Jamet

[14] who bolstered the importance of the stress condition and applicability

to the study of flow over porous layers.

Neale and Nader [40] discuss the significance of Brinkman’s equation and

suggest the use of Brinkman’s equation in coupled parallel flow instead of

Darcy’s law due to the low differential order of Darcy’s law and its incom-

patibility with the Navier-Stokes differential order. They suggest conditions

of velocity and shear stress continuity at the interface, and obtai Beavers and

Joseph’s results by using α2 = ϑ =
µeff
µ

.

In addition to the work of Neale and Nader [40] many other investigations

point to a general agreement that conditions at the interface must emphasize

velocity continuity and shear stress continuity in order to facilitate the match-

ing of flow in the channel with the flow through the porous medium. These

conditions have been successfully implemented in the analytical and numeri-

cal solutions of flow over porous layers (cf. [4, 23, 33, 38, 40, 64, 67, 68, 69] and

the references therein). Furthermore, many investigations point to the need
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for a non-Darcy model to govern flow through the porous layer. In particular,

there has been increased interest in the use of Brinkman’s equation [11] as a

viable and more appropriate model to govern the flow in the porous layer due

to a number of short-comings of Darcy’s law (cf. [15, 33, 40, 51, 57, 58, 60]).

Of particular importance is the work of Rudraiah [57] who concluds that

Brinkman’s equation is a more appropriate model when the porous layer is

of finite depth.

1.3 Flow through Layered Porous Media

Conditions of velocity continuity and shear stress continuity at the interface

between a fluid layer and a porous layer are also shared by coupled paral-

lel flow through porous layers. This is the second interface zone identified

and investigated in the work of Vafai and Thiagarajah [70]. Roots of this

problem are founded in the pioneering work of Polubarinova-Kochina [54]

on groundwater, flow considering Darcy flow through two layers of different

permeability. The use of a non-Darcy model in the study of flow through

layered media, however, was considered by various authors, including Vafai

and Thiagarajah [70], Allan and Hamdan [4] and Ford and Hamdan [23]

to better understand the phenomenon and to validate some of the available

results when a non-Darcy model is used.

Conditions at the interface between a fluid layer and a porous channel re-

ported in the above discussion, and other conditions reported by Ehrhardt
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[21], Alazmi and Vafai [3] have been successfully implemented by many au-

thors in a large number of investigations involving various applications of

this type of flow. We reiterate here the three most widely used approaches

to flow over a porous layer:

1. the use of Beavers and Joseph’s condition [10] in the case of flow over

a porous layer of infinite depth or where Darcy’s law is the governing

equation;

2. the use of velocity continuity and shear stress continuity at the in-

terface, facilitated by the matching of Navier-Stokes equations with

a non-Darcy model (in particular, the Brinkman equation when the

porous layer is of finite depth);

3. the use of the Ochoa-Tapia and Whitaker [46] jump condition, equation

(1.6), that takes into account momentum transfer at the interface with

a porous layer.

In the literature referenced above permeability has generally been considered

constant (although in some of the models reported in Alazmi and Vafai [3]

permeability was defined in terms of the medium porosity or given as a

function of porosity). Furthermore, the interface between the layers has been

assumed to be a sharp interface which in reality is only an approximation

due to the expectation that momentum and mass transfer take place in a

region or thin layer near the interface.
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1.4 Flow through a Channel over a Porous

Layer with a Transition Region

Sahraoui and Kaviany [60] provide numerical investigations to calculate the

slip coefficient, α, of the Beavers and Joseph condition. However, they

conclude that for Brinkman’s equation to satisfactorily describe the flow in

the porous layer one must use a variable effective viscosity. Other authors

(c.f. Ehrhardt [21]and the references therein) cast doubt on the validity of

Brinkman’s equation. They emphasize the need for high porosity media in

order for Brinkman’s equation to be valid. They employ a guideline by which

Brinkman model is used when the Reynolds number (Re =
ρUL

µ
) associated

with the Navier-Stokes flow in the channel is greater than 10. In the defini-

tion of Reynold’s Number, ρ is the density of the fluid, U is a characteristic

velocity, and L is a characteristic length.

This seems to favour the use of Darcy’s law in describing the flow in the

porous layer. In spite of the incompatibility of Darcy’s law with the Navier-

Stokes equations, Rudraiah [57] suggests that Darcy’s law can be used if the

porous layer is of infinite depth while Brinkman’s equation should be used in

case of a finite porous layer bounded by an impermeable solid wall on which

the no-slip condition is imposed.

Some investigators emphasize the need for a non-Darcy model that accounts

for both viscous shear and inertial effects. Vafai and Tien [68, 69] and Vafai

and Kim [67] implement an equation developed by Hsu and Cheng [31] which
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accounts for a viscous shear term (the Brinkman correction) and an inertial

term (the Forchheimer quadratic inertial term that appears in the flow model

in a form proposed by Joseph et.al. [32]).

Nield [43] discusses the limitations of the model employed by Vafai et. al.

(cf. [67, 68, 69]), and argues that the use of Brinkman’s viscous shear term

requires a redefinition of the porosity near a solid boundary. Nield’s work

has given rise to the important concept of a transition layer of variable per-

meability sandwiched between a porous layer and a layer of fluid. Following

Nield’s 1983 suggestion of a transition layer, [42, 45] provided a pioneering

study of the transition layer that resulted in introduction of the Ni(x) func-

tion, defined in terms of Airy’s functions. Properties of the Ni(x) and its

associated Ki(x) functions were extensively studied by Hamdan and Kamel

[27] who implemented the Nield-Koznetsov function in solving the inhomo-

geneous Airy’s differential equation with variable forcing function.

1.5 Scope of the Current Work

In the study of flow through a channel bounded by a Darcy porous layer,

a problem arises with the matching condition at the interface between the

porous layer and the channel. At the interface, there exists a shear stress

discontinuity, a permeability discontinuity, and the low-order of Darcy’s law

makes it incompatible with the Navier-Stokes equations. This causes an ap-

parent slip in the fluid velocity at the assumed sharp interface proposed by
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Beavers and Joseph [10]. Conditions at the interface are typically handled

with a combination of the three types of conditions listed in Section 1.3 of

the Beavers and Josephs slip condition [10], that was intended to interpret

the enhancement in the volumetric flow rate in the channel as a result of

introducing a porous boundary; the velocity and shear stress continuities of

Neale and Nader [40]; and the jump condition of Ochoa-Tapia and Whitaker

[46]. While the latter two conditions have received considerable attention

in the literature, and have attained a large degree of success in their im-

plementation, there has been an associated dissatisfaction with the use of

Brinkman’s equation. Nield [43] argued that one needs a redefinition of the

porosity near a solid boundary or near the interface to handle channeling

effects in the porous medium. Parvazinia et. al.,[51], concluded that when

Brinkman’s equation is used, three distinct flow regimes arise, namely a free

flow regime (for a Darcy number greater than unity); a Brinkman regime

(for a Darcy number less than unity and greater than10−6); and a Darcy

regime (for a Darcy number less than 10−6). Their investigation [51] empha-

sized that “the Brinkman regime is a transition zone between the free and

the Darcy flows”.

This has inevitably given rise to the introduction of the concept of a transition

layer of variable permeability, placed between a Darcy layer and the channel,

with the permeability matching the Darcy constant permeability in the lower

layer and to gradually increase to eventually become infinite at the interface

with the channel. Many investigators have attained success in using the
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concept of a transition layer (cf. Nied and Koznetsov [45], Duman and Shavit

[20], Tao et. al. [65], and the references therein)

Most of the work carried out on analysis of flow in the transition layer has as-

sumed a Brinkman layer with variable permeability underlain by a constant

permeability Darcy layer, or another Brinkman layer with constant perme-

ability. Furthermore, the choice permeability function has been restricted to

a form that reduces Brinkman’s equation to Airy’s differential equation. In

the current work we provide a more general situation wherein the Darcy layer

is also of variable permeability in order to capture naturally occurring porous

layers of different permeability. We do not consider the Brinkman layer as a

transition layer in this work, but rather we consider flow through a two-layer

or a three-layer composite configurations possessing variable permeability

and bounded by solid, impermeable walls on the outer sides. Flow through

the layers is assumed to be driven by the same constant pressure gradient.

The common side between any two layers is an assumed sharp interface on

which we will assume permeability, velocity, and shear stress continuity. We

also introduce a general polynomial inverse as the permeability function in

the Brinkman’s equation, which reduces it in a generalized Airy’s inhomo-

geneous differential equation and apply it to the study of a thick transition

layer and the study of flow through layered media.

The above plan of work and further objectives of the current analysis are

covered in the following chapters.

In Chapter 2, we consider flow through a free-space channel terminated on
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one side by a porous layer and on the other side by a solid, impermeable wall.

The porous layer is taken to be of a finite thickness terminated by a solid,

impermeable wall, and then as a layer with infinite depth. Flow through the

channel is governed by Navier-Stokes equations and through the porous layer

by Darcy’s law. It will be seen that when the layer is of infinite thickness

then the permeability is essentially constant. In case of a finite thickness

layer we consider the permeability to be variable and described by a function

constructed so that velocity continuity and shear stress continuity are main-

tained at the interface between the channel and the layer. The configuration

is reflective of naturally occurring porous media with continuously varying

porosity and permeability, and the work is undertaken to demonstrate cor-

rectness of the imposed continuity conditions at the interface and to illustrate

the behavior of the flow in a variable permeability environment.

In Chapter 3, we consider the flow through a composite of layered me-

dia. Two layers are considered, with the flow through one being governed

by a variable permeability Darcy’s equation and flow through the other by

Brinkman’s equation with variable permeability. Conditions at the interface

are velocity continuity, shear stress continuity and permeability continuity.

The permeability in one layer is matched at the interface with the permeabil-

ity of the other layer. Each layer is terminated by a solid, impermeable wall

at its outer end. On these walls, permeability and velocity attain zero values.

The work is undertaken to illustrate the flow behaviour when permeability

is variable in both layers, and to show how to solve Brinkman’s equation
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when permeability is a decreasing quadratic function. It will be shown that

a bounded velocity profile in the Brinkman layer necessitates matching two

velocity profiles at the edge of the boundary layer to the bounding solid wall.

The problem of flow through a channel bounded by a Brinkman layer with

variable quadratic permeability (similar to the choice of variable permeability

in this work) was considered by Kuznetsov [35] .

As an extension to the configuration in Chapter 3, we consider in Chapter

4 flow through three composite layers: a Brinkman layer in the middle and

two Darcy layers bounding it on either side. The Darcy layers are terminated

by solid, impermeable walls and all three layers possess variable permeability.

The middle layer permeability is chosen so that Brinkman’s equation reduces

to Airy’s inhomogeneous differential equation, while the bounding Darcy

layers’ permeability is chosen to be linear, quadratic and exponential. A

prime objective here is to demonstrate how to formulate and obtain a solution

to Airy’s inhomogeneous differential equation that is obtained when a number

of parameters are involved, and the effect on the solution of the form of the

variable permeability of the middle layer when the middle layer is not a

transition layer.

As a further extension to the configuration in Chapter 3, and to parallel

the analysis in Chapter 4, we consider in Chapter 5 flow through three

composite layers: a Brinkman middle layer of variable permeability bounded

by two Brinkman layers of constant permeability. The constant permeability

Brinkman layers are terminated by solid, impermeable walls and the middle
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layer permeability is chosen so that Brinkman’s equation reduces to Airy’s

inhomogeneous differential equation. A prime objective here is to understand

how the bounding constant permeability Brinkman layers influence the flow

in the variable permeability Brinkman layer.

In the above listed chapters, the variable permeability in Brinkman’s equation

has been modelled so that Brinkman’s equation reduces to Airy’s inhomo-

geneous differential equation. Solution to this equation has been facilitated

with the introduction of the Nield-Koznetsov function, Ni(x). In general,

it is difficult to solve a Brinkman’s equation with variable coefficients, un-

less it is of a special form that lends itself to available methods of solution.

In order to introduce another model of variable permeability that renders

Brinkman’s equation solvable, we consider in Chapter 6 a variable perme-

ability that is the reciprocal of a polynomial function of degree n. This form

of permeability reduces Brinkman’s equation to a generalized Airy’s inhomo-

geneous differential equation whose solution is expressed in generalized forms

of Airy’s functions. This formulation will be applied to the configuration of

the three layers discussed in Chapter 5. Utility of this technique is further

illustrated in the transition layer configuration analyzed in the work of Nield

and Kuznetsov [45]. This will be discussed in Chapter 7, where we will

apply the generalized approach to the exact configuration proposed by Nield

and Koznetsov [45]. We analyze thin and thick transition layers and compare

numerical computations to those of Nield and Koznetsov [45].
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This work will close with Chapter 8, provides a summary of our contri-

butions, discusses possible short-comings, and provides some directions for

future work and how some of the ideas presented in this work can be extended

to various other problems of interest.
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Chapter 2

Flow through a Channel over a

Darcy Porous Layer of Variable

Permeability

2.1 Introduction

We have seen in Section 1.2, that when a channel is bounded by an infinite

porous layer of constant permeability, where the flow through the porous

layer is governed by Darcy’s law, the Beavers and Joseph slip condition is

typically implemented at the interface between the two flow regimes. We

also know that the absence of a viscous shear term in Darcy’s law does

not allow for imposing a no-slip condition on an impermeable, solid wall.

Furthermore, the Beavers and Joseph condition has not been validated for
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variable permeability porous layers. These concerns give rise to the following

questions:

1. What are the appropriate boundary and interface conditions to use

when a variable-permeability porous layer is of finite depth and bounded

by a solid wall?

2. What is an appropriate form of the variable permeability and the re-

sulting velocity profiles?

In order to answer these questions, we will implement a variable permeability

Darcy model to study the flow through a channel terminated by a finite or

an infinite porous layer. We will also show that for the infinite depth case,

Darcy’s law must be used with a constant permeability.

2.2 Problem Formulation and Solution: Fi-

nite Porous Layer

2.2.1 Problem Formulation

Consider the flow of a viscous fluid through a straight channel of depth D

bounded by a porous layer of thickness D, as shown in Fig. 2.1.
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Figure 2.1: Channel Bounded by a Porous Layer

The channel is bounded above by a solid wall at y = D, and the porous

layer is terminated from below by a macroscopic boundary (solid wall) at

y = −D. Flow through the configuration is driven by the same constant

pressure gradient. Flow in the channel is governed by the Navier-Stokes

equations, which take the form for the unidirectional flow at hand:

d2u

dy2
=

1

µ
px (2.1)

where u = u(y) is the velocity in the channel, px < 0 is the constant pressure

gradient, and µ is the viscosity coefficient.

Flow through the porous layer is governed by the following form of Darcy’s
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equation, written here for a variable permeability porous layer:

v = −k(y)

µ
px (2.2)

where v = v(y) is the Darcy tangential velocity in the porous layer, and k(y)

is the porous layer variable permeability.

For inhomogeneous soil layers the following form of variable permeability has

been used (c.f. Schiffman and Gibson, [63], Mahmoud and Deresiewicz, [39]).

k(y) = k0(1 + cy)n (2.3)

where k0, c and n are treated as curve fitting parameters. Cheng,[16], used a

value of n = 2 in equation (2.3), and discussed other forms of the permeability

distribution.

While other forms of variable permeability are possible, we will determine

the form of permeability in this work and choose a function that smoothly

varies over the thickness of the porous layer in such a way that it falls to zero

on the solid boundary and reaches a maximum value, kmax, at the interface

y = 0, where kmax is to be determined. Velocity at the interface between the

fluid layer and the porous layer is denoted by ui and is to be determined.

It is thus required to solve equations (2.1) and (2.2) subject to the following

conditions:

No-slip on solid boundaries,

u(D) = 0 (2.4)
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v(−D) = 0 (2.5)

No penetration (zero permeability) on solid boundaries:

k(−D) = 0 (2.6)

Maximum penetrability at the interface,

k(0) = kmax (2.7)

Velocity continuity at the interface,

u(0) = v(0) = ui (2.8)

Shear stress continuity at the interface,

uy(0) = vy(0). (2.9)

2.2.2 Problem Solution

Equation (2.1) admits the solution

u =
px
2µ
y2 + c1y + c2, (2.10)

where c1 and c2 are constants to be determined.
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Using (2.8) in (2.10) yields

c2 = ui, (2.11)

while using (2.4) and (2.11) in (2.10) yields

c1 = − px
2µ
D − ui

D
. (2.12)

Solution (2.10) thus takes the form

u =
px
2µ
y2 −

(
px
2µ
D +

ui
D

)
y + ui. (2.13)

An expression for the shear stress is obtained from (2.13) as

uy =
px
µ
y −

(
px
2µ
D +

ui
D

)
. (2.14)

At y =0, equation (2.14) reduces to

uy(0) = − px
2µ
D − ui

D
. (2.15)

equation (2.2) gives the following expression at y = 0

v(0) = −k(0)

µ
px, (2.16)

which together with (2.8) gives the following expression for velocity at the
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interface

ui = −kmax

µ
px. (2.17)

From (2.2) we also obtain

vy = −k
′(y)

µ
px (2.18)

and

vy(0) = −k
′(0)

µ
px. (2.19)

Condition (2.9) together with (2.15) and (2.19) yield

− px
2µ
D − ui

D
= −k

′(0)

µ
px (2.20)

and upon using (2.17) in (2.20) we obtain

− px
2µ
D +

kmaxpx
Dµ

= −k
′(0)

µ
px, (2.21)

or

k′(0) =
D

2
− kmax

D
=
D

2
− k(0)

D
. (2.22)

Equation (2.22) provides an expression for the slope of the permeability func-

tion at the interface.

Velocity profile in the channel takes the following form obtained by using

(2.17) in (2.13):

u =
px
µ

[
y2

2
−
(
D

2
− kmax

D

)
y − kmax

]
. (2.23)
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Using (2.7) and (2.22) in (2.23) yields the following expression, equivalent to

(2.13), for the velocity profile in the channel

u =
px
µ

[
y2

2
− k′(0)y − k(0)

]
. (2.24)

In order to determine a permeability profile, we rely on equation (2.22) which

k(0) satisfies, and assume that k(y) satisfies the same form of equation,

namely

k′(y) =
D

2
− k(y)

D
=
D2 − 2k(y)

2D
. (2.25)

Solution to (2.25) is obtained via separation of variables as:

k(y) =
D2

2
− c3 exp(− y

D
) (2.26)

In order to find the arbitrary constant c3 in (2.26), we use condition (2.6),

namely, k(−D) =0 to get

c3 =
D2

2e
. (2.27)

Permeability profile (2.26) thus takes the form

k(y) =
D2

2
− D2

2e
exp(− y

D
). (2.28)

The value of kmax is obtained from (2.28) as

kmax = k(0) =
D2

2
[1− 1

e
] (2.29)
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while the velocity at the interface, ui, is obtained from (2.17) and (2.29) as

ui = −kmax

µ
px = −D

2px
2µe

[e− 1]. (2.30)

Velocity profile in the channel, equation (2.23), thus takes the following form,

in light of (2.29)

u = −D
2px

2µe

[
e(1− y2

D2
)− (1− y

D
)

]
. (2.31)

while the velocity profile in the porous layer is obtained from (2.2) and (2.28)

as

v = −D
2px

2µ
[1− 1

e
exp(− y

D
)]. (2.32)

Shear stress in the channel and in the porous layer are given, respectively, by

uy =
px
µ

[
y − D

2e

]
. (2.33)

vy = −Dpx
2µe

exp(− y
D

). (2.34)

Shear stress at the interface, y =0, is obtained from (2.33) or (2.34) as

uy(0) = −Dpx
2µe

= vy(0). (2.35)
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2.3 Dimensionless Form of Solution

The solution presented by equations (2.28) through (2.35) is expressed in di-

mensional form in order to illustrate the effects of viscosity, pressure gradient

and channel depth on the flow variables. It is also important to express the

solution in dimensionless form to better understand the role of dimensionless

numbers (such as Reynold’s number and dimensionless pressure gradient).

To this end we present two forms of dimensionless results: one with respect

to channel depth and one with respect to channel depth and a characteristic

velocity.

2.3.1 Dimensionless Form of Solution with Respect to

Channel Depth

Defining the following dimensionless variables, where quantities with aster-

isks (*) are dimensionless:

y∗ =
y

D
; (2.36a)

u∗ =
µu

(−px)D2
; (2.36b)

v∗ =
µv

(−px)D2
; (2.36c)

k∗i (y) =
ki(y)

D2
= k∗i (y

∗D); (2.36d)

k∗max =
kmax

D2
. (2.36e)
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Equations (2.28) through (2.35) take the following dimensionless forms, re-

spectively, which do not involve a Reynold’s number of the flow or a dimen-

sionless pressure gradient:

k∗(y) =
1

2e
[e− exp(−y∗)], (2.37)

k∗max =
1

2e
[e− 1], (2.38)

(ui)
∗ =

1

2e
[e− 1], (2.39)

u∗ =
1

2e

[
e(1− y∗2)− (1− y∗)

]
, (2.40)

v∗ =
1

2e
[e− exp(−y∗)], (2.41)

(u∗)y∗ =
1

2e
[1− 2ey∗] , (2.42)

(v∗)y∗ =
1

2e
exp(−y∗). (2.43)

(u∗)y∗(0) =
1

2e
= (v∗)y∗(0). (2.44)

2.3.2 Dimensionless Form of Solution with Respect to

Channel Depth and Characteristic Velocity

Defining the following dimensionless variables with respect to channel depth,

D, and characteristic velocity, uc, where quantities with asterisks (*) are
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dimensionless,

(x∗, y∗) =
(x, y)

D
; (2.45a)

u∗i =
ui
uc

; (2.45b)

k∗max =
kmax

D2
; (2.45c)

k∗i (y) =
ki(y)

D2
; (2.45d)

p∗ =
p

ρ(uc)2
; (2.45e)

Re =
ρucL

µ
(2.45f)

equations (2.28) through (2.35) take the following dimensionless forms, re-

spectively, which involve a Reynold’s number of the flow and a dimensionless

pressure gradient:

k∗(y) =
1

2e
[e− exp(−y∗)], (2.46)

k∗max =
1

2e
[e− 1], (2.47)

(ui)
∗ = −∂p

∗

∂x∗
Re

2e
[e− 1], (2.48)

u∗ = −Re
2e

∂p∗

∂x∗
[
e(1− y∗2)− (1− y∗)

]
, (2.49)

v∗ = −Re
2e

∂p∗

∂x∗
[e− exp(−y∗)], (2.50)

(u∗)y∗ = −Re
2e

∂p∗

∂x∗
[1− 2ey∗] , (2.51)

(v∗)y∗ = −Re
2e

∂p∗

∂x∗
exp(−y∗), (2.52)
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(u∗)y∗(0) = −Re
2e

∂p∗

∂x∗
= (v∗)y∗(0). (2.53)

Both dimensionless forms are equivalent as they produce the same permeabil-

ity, however the velocities and shear stresses are scaled differently. Results

based on both dimensionless forms are discussed in the Results and Discus-

sion section, below.

2.4 Problem Formulation: Infinite Porous

Layer

If in Fig. 1.1, the bounding porous layer is of infinite depth, then we

are required to solve equation (2.1) on 0 < y < D, and equation (1.2) on

−∞ < y < 0, subject to conditions (2.4) to (2.9), with conditions (2.5) and

(2.6) being replaced, respectively, by

lim
y→−∞

vy = 0 (2.54)

lim
y→−∞

k(y) = k0 = constant. (2.55)

Now, from equations (1.2) and (2.55), we obtain

lim
y→−∞

v(y) = −
lim

y→−∞
k(y)

µ
px = −k0

µ
px. (2.56)
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From (2.26) we obtain

lim
y→−∞

k(y) =
D2

2
− c3 lim

y→−∞
exp(
−y
D

). (2.57)

Equation (2.57) and condition (2.55) implies that c3 = 0 and k(y) =
D2

2
= k0.

This justifies the following Observation.

Observation 2.1:

In the study of coupled parallel flow through a channel over a porous layer

of infinite depth, the flow through which is governed by Darcy’s law with an

assumed exponential permeability, the only allowable permeability is constant.

2.5 Volumetric Flow Rates

2.5.1 Darcian Flow Rate:

The Darcian volumetric flow rate through the porous layer is denoted here

by QD, and defined by

QD =

0∫
−D

vdy. (2.58)

Using the velocity v(y) from equation (2.32), we get a Darcian volumetric

flow rate of

QD =

0∫
−D

vdy = −D
2px

2µ

0∫
−D

[1− 1

e
exp(− y

D
)]dy = −D

3px
2µe

, (2.59)
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and an average Darcian velocity in the porous layer of

VD =
QD

D
= −D

2px
2µe

. (2.60)

The Navier-Stokes volumetric flow rate through the channel is denoted here

by QN , and is defined by

QN =

D∫
0

udy. (2.61)

Using the velocity u(y) from equation (2.31), we obtain

QN = −D
2px

2µe

D∫
0

[e(1− y2

D2
)− (1− y

D
)]dy = −D

3px
12µ

(
4e− 3

e
). (2.62)

Under Poiseuille conditions, Navier-Stokes flow through a channel bounded

by solid walls at y = 0 and y = D, on which no-slip conditions are imposed,

has the velocity profile

up = − px
2µ

[
Dy − y2

]
(2.63)

and a volumetric flow rate of

Qp =

D∫
0

updy −
px
2µ

D∫
0

[Dy − y2]dy = −D
3px

12µ
. (2.64)

The ratio of the volumetric flow rates, equation (2.62) to (2.64), is given by

QN

Qp

= 4− 3

e
. (2.65)
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This ratio is greater than unity, thus indicating a reduction in the flow rate

due to the introduction of a porous matrix in the flow domain.

2.6 Results and Discussion

2.6.1 Permeability Distribution

The dimensional permeability function has been determined as the smoothly

varying function given by equation (2.28). Dependence of the dimensional

permeability function on the porous layer depth is illustrated in Fig. 2.2,

which demonstrates that the permeability is zero at the solid wall (y = −D)

and increases until it reaches its maximum, kmax, at the porous interface,

y = 0. The dimensional value of kmax, as given by equation (2.29) depends

on the porous layer thickness, D, and increases quadratically with increasing

D.

Equations (2.37) and (2.46) render the same dimensionless permeability func-

tion, whose graph in Fig. 2.2 coincides with the graph of the dimensional

permeability when D = 1. The resulting dimensionless kmax, namely k∗max,

is given by equations (2.38) and (2.47), and attains a dimensionless constant

value of k∗max =
1

2e
[e − 1] ≈ 0.3160603. This value represents the maximum

value of the Darcy number, Da =
k

D2
, in the porous layer under the chosen

distribution.
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2.7 Velocity Distribution

The dimensional velocity profiles in the channel (equation (2.31)) and in the

porous layer (equation (2.32)) are illustrated graphically in Fig. 2.2-2.5

for different values of D and different ratios
px
µ

. In Fig. 2.3, the effects of

varying
px
µ

for the fixed value of D = 0.5 are illustrated and show that higher

values of ratio of
px
µ

, or equivalently higher values of the driving pressure gra-

dient for a fixed viscosity, result in increased the velocity in both the porous

layer and the channel, as well as increased the velocity at the interface. It is

worth noting that the chosen permeability distribution results in smoothly

varying velocity profiles for all values of pressure gradients, without the oc-

currence of a velocity slip at the interface.

As is well-known, a Navier-Stokes Poiseuille flow in a channel in the absence

of a porous layer results in a parabolic velocity profile that is symmetric

about mid-channel. In other words, the maximum value of velocity in the

profile occurs at mid-channel. The introduction of a porous layer with a non-

zero velocity at the interface results in a loss of symmetry of the parabolic

velocity profile in the channel, and the attainment of a maximum velocity

in the channel at a point lower than mid-channel. In fact, the location of

maximum velocity in the channel is independent of the ratio
px
µ

and, as can

be seen from equation (2.33), a zero shear stress and a maximum velocity

value occur at y =
D

2e
. This same pattern of behavior persists when we take

D = 1 for various values of
px
µ

, as illustrated in Fig. 2.3, and when D = 2

39



for various values of
px
µ

, as illustrated in Fig. 2.5.

Each of Fig. 2.3, 2.4 and 2.5 shows the increase in the velocity at the inter-

face, ui, with increasing
px
µ

, an increase in D results in a quadratic increase

in ui, as can be seen from equation (2.30). Fig. 2.4 also corresponds to

the dimensionless velocity profiles given by equations (2.49) and (2.50) for

different values of the product
∂p∗

∂x∗
Re that is set equal to the ratio

px
µ

. The

velocity profile corresponding to −px
µ

= 1 is the same profile corresponding

to −∂p
∗

∂x∗
Re = 1, hence the same conclusions are drawn for the effect of Re

on the velocity profile. This can also be seen in Fig. 2.6 and 2.7 which illus-

trate the effects of Reynold’s number and the dimensionless pressure gradient

on the velocity across the layers.

2.7.1 Interfacial Velocity and Shear Stress

Values of dimensional velocity, ui, and dimensional shear stress, uy, at the

interface y = 0, as computed using equations (2.30) and (2.35), respectively,

are illustrated in Table 2.1, for different values of
px
µ

and D. Table 2.1

demonstrates the increase in both the velocity and shear stress at the inter-

face with increasing D, for a given
px
µ

. For a given D, both the velocity and

shear stress at the interface increase as we change
px
µ

from -1 to -5 to -10.

Values of dimensionless velocity,ui, and dimensionless shear stress, uy, at the

interface y = 0, as computed using equations (2.48) and (2.53), respectively,

are illustrated in Table 2.2, for different values of
∂p∗

∂x∗
and Re. Table 2.2
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demonstrates the expected behavior of an increase in both the velocity and

shear stress at the interface with increasing Re, for a given
∂p∗

∂x∗
. For a given

Re, both the velocity and shear stress at the interface increase as we change

∂p∗

∂x∗
from -1 to -5 to -10. The values of Re in this work have been kept at or

below 10 to reflect the need for a slow flow when Darcy’s law is used. It is

clear that when Re = 10, a dimensionless velocity at the interface is approx-

imately 10 times as large as its value at Re = 1. By comparison, the dimen-

sionless interface velocity and shear stress as given by equations (2.39) and

(2.44), respectively, take the following values u∗i =
1

2e
[e− 1] ≈ 0.3160603and

(u∗)y∗ =
1

2e
≈ 0.18393972.

2.8 Chapter Conclusion

In Chapter 2, we implemented a variable permeability Darcy equation in

the study of flow through a channel bounded by a porous layer. The form of

variable permeability was derived to produce a continuously varying velocity

distribution across the channel and layer without resorting to the concept of

slip that arises when the Beavers and Joseph condition is used. The main

conclusion arrived at in this chapter is that when the porous layer is of infinite

depth then the permeability must essentially be constant. This implies that

the current model formulation can only be used with finite depth porous

layers.
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Figure 2.2: Permeability Distribution for D = 0.5;D = 1, and D = 2.
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Figure 2.3: Velocity Profiles u(y) and v(y) for D = 0.5 and Different Values

of
px
µ

.
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Figure 2.4: Velocity Profiles u(y) and v(y) for D = 1 and Different Values of
px
µ

.
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Figure 2.5: Velocity Profiles u(y) and v(y) for D = 2 and Different Values of
px
µ

.
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Figure 2.6: Dimensionless Velocity Profiles for
∂p∗

∂x∗
= −1 and Different Val-

ues of Re.
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Figure 2.7: Dimensionless Velocity Profiles for Re = 1 and Different Values

of
∂p∗

∂x∗
.
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@
@
@
@

D

px
µ px

µ
= −1 px

µ
= −5 px

µ
= −10

D = 0.5
ui = 0.079015070

uy = 0.09196986

ui = 0.39507535

uy = 0.45984930

ui = 0.79015070

uy = 0.9196986

D = 1
ui = 0.31606028

uy = 0.18393972

ui = 1.5803014

uy = 0.9196986

ui = 3.1606028

uy = 1.8393972

D = 2
ui = 1.2642411

uy = 0.36787945

ui = 6.3212056

uy = 1.8393972

ui = 12.642411

uy = 3.6787945

Table 2.1: Values of Dimensional Velocity and Shear Stress at the Interface

for Different Values of D and
px
µ

Computed Using Equations (2.30) and

(2.35).
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H
HHH

HHH
HHH

Re

∂p∗

∂x∗ ∂p∗

∂x∗
= −1 ∂p∗

∂x∗
= −5 ∂p∗

∂x∗
= −10

Re = 1
ui = 0.316060

uy = 0.183939

ui = 1.580301

uy = 0.919698

ui = 3.160602

uy = 1.839397

Re = 2
ui = 0.632120

uy = 0.367879

ui = 3.160602

uy = 1.839397

ui = 6.3212055

uy = 3.6787944

Re = 5
ui = 1.5803013

uy = 0.9196986

ui = 7.9015069

uy = 4.5984930

ui = 15.803013

uy = 9.1969860

Re = 10
ui = 3.1606027

uy = 1.8393972

ui = 15.803013

uy = 9.1969860

ui = 31.6060279

uy = 18.3939720

Table 2.2: Values of Dimensionless Velocity and Shear Stress at the Interface

for Different Values of Re and
∂p∗

∂x∗
, Computed Using Equations (2.48) and

(2.53).
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Chapter 3

Flow through Variable

Permeability Darcy-Brinkman

Composite Layers

3.1 Introduction

We have seen in Chapter 1 that Brinkman’s equation with variable perme-

ability has been of great utility in the analysis of a transition layer between

a Darcy porous layer and a channel through which the flow is governed by

Navier-Stokes equations. In the study of flow through a channel bounded

by a Darcy porous layer, a problem arises with the matching condition at

the interface between the porous layer and the channel. At the interface,

there exists a shear stress discontinuity, a permeability discontinuity, and
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the low-order of Darcy’s law makes it incompatible with the Navier-Stokes

equations. This causes an apparent slip in the fluid velocity at the assumed

sharp interface, and has been handled with the Beavers and Joseph’s slip

condition that was intended to interpret the enhancement in the volumetric

flow rate in the channel as a result of introducing a porous boundary. Con-

ditions at the interface between a channel and a porous layer are important

as they influence mass and heat transfer in the flow domain. This initiated

a need for a non-Darcy model to govern the flow in the porous layer, and to

be compatible with the Navier-Stokes equations.

Most of the work carried out on analysis of flow in the transition layer has as-

sumed a Brinkman layer with variable permeability underlain by a constant

permeability Darcy layer. In the current analysis we provide a more general

situation wherein the Darcy layer is also of variable permeability in order to

capture naturally occurring porous layers of different permeability. We do

not consider the Brinkman layer as a transition layer in this Chapter; rather,

we consider flow through a two-layer composite configuration, shown in Fig.

3.1, one Darcy and one Brinkman layer, both possessing variable permeabil-

ity and both bounded by solid, impermeable walls on opposite sides. The

common side between layers is an assumed sharp interface on which we will

assume permeability, velocity, and shear stress continuity.
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Figure 3.1: Representative Sketch of Flow through a Two-Layer Composite
Configuration.

3.2 Problem Formulation

Consider the steady, unidirectional flow of a viscous fluid through the porous

layers shown in Fig. 3.1, and termed Darcy layer (the lower porous layer

where Darcy’s law is valid) and Brinkman layer (the upper porous layer

where Brinkman’s equation is valid). Flow in both layers is driven by the

same constant pressure gradient, and each layer is of variable permeability.

The layers are bounded by solid, impermeable walls at y = −D and at y = D,

and the interface between the layers is an assumed sharp interface, located

at y = 0.
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In the upper layer, 0 < y < D, the flow is governed by Brinkman’s equation

which, for unidirectional flow, takes the form

d2u

dy2
− µ

µeffk2(y)
u =

px
µeff

, (3.1)

while in the lower layer, −D < y < 0, the flow is governed by Darcy’s law

which, for unidirectional flow, takes the form

v = −k1(y)

µ
px. (3.2)

In equations (3.1) and (3.2), px < 0 is the constant pressure gradient,

u = u(y) is the tangential velocity component in the upper layer (Brinkman

velocity component), v = v(y) is the tangential velocity component in the

lower layer (Darcy velocity component), µ is the fluid viscosity coefficient,

and µeff is the effective viscosity of fluid in the Brinkman layer, k1(y) is the

variable permeability in the Darcy layer, and k2(y) is the variable permeabil-

ity in the Brinkman layer.

Equations (3.1) and (3.2) can be written, respectively, in the following forms

d2u

dy2
− 1

ϑk2(y)
u = Q (3.3)

v = Rk1(y) (3.4)
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where

Q =
px
µeff

(3.5)

R = −px
µ

(3.6)

ϑ =
µeff
µ

. (3.7)

Equations (3.3) and (3.4) are to be solved subject to the following conditions:

Conditions at the interface, y = 0, are the following velocity continuity,

permeability continuity, and continuity of the normal component of shear

stress, respectively,

u(0) = v(0) (3.8)

k1(0) = k2(0) (3.9)

ϑuy(0) = vy(0). (3.10)

Conditions at the solid walls are the no-slip conditions and vanishing

permeability, respectively, namely

u(D) = 0 (3.11)

v(−D) = 0 (3.12)

k1(−D) = 0 (3.13)

k2(D) = 0. (3.14)

54



3.3 Method of Solution

The above boundary value problem is to be solved for velocity in the layers

for a given permeability distributions in each layer. While there exists an

infinite number of permeability distributions that satisfy conditions (3.9),

(3.13), and (3.14), we illustrate the methodology by a choice of an increas-

ing linear permeability function in the Darcy layer that matches a quadratic

permeability function in the Brinkman layer. Once the Darcy layer perme-

ability function is specified, the Darcy velocity distribution in the lower layer

is determined, together with the normal component of shear stress at the

interface, the velocity at the interface, which we denote by ui, and the per-

meability at the interface, which we denote by kmax. This data will then be

used in determining the form of permeability distribution in the Brinkman

layer, and in obtaining solution to equation (3.3) subject to the stated con-

ditions.

To this end, we assume the permeability distribution to be the following in-

creasing linear function of y, that reaches a maximum value, kmax, at y = 0:

k1(y) =
(D + y)kmax

D
. (3.15)

Equation (3.15) yields

k1(0) = kmax (3.16)

k1(−D) = 0 (3.17)
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and, together with equation (3.4), gives the following velocity profile in the

Darcy layer that satisfies condition (3.12):

v(y) = R
(D + y)kmax

D
. (3.18)

From (3.18), we obtain the following expression for the shear stress in the

lower layer

vy = R
kmax

D
(3.19)

and at the interface, y = 0, equations (3.18) and (3.19) yield, respectively

v(0) = Rkmax (3.20)

vy(0) = R
kmax

D
. (3.21)

Condition (3.8) thus yields the following expression for velocity at the inter-

face:

u(0) = v(0) = ui = Rkmax. (3.22)

Equations (3.15) to (3.22) render all flow quantities and satisfy all imposed

conditions in the Darcy layer. In order to determine solution to flow through

the Brinkman layer, we assume that the permeability function is a quadratic

function of y of the form

k2(y) = (a+ by)2 (3.23)
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where a and b are constants to be determined.

Using (3.23), (3.9) and (3.16) gives the following value of Brinkman perme-

ability function at the interface:

k2(0) = a2 = kmax (3.24)

whence,

a = ∓
√
kmax. (3.25)

Using condition (3.14) we obtain

b = − a
D

= ±
√
kmax

D
. (3.26)

Equation (3.23) thus takes the following form with the help of (3.25) and

(3.26)

k2(y) = (∓
√
kmax ±

√
kmax

D
y)2 (3.27)

and equation (3.27) gives the following two choices for k2(y)

k2(y) = kmax(
y

D
− 1)2 (3.28)

or

k2(y) = kmax(1−
y

D
)2. (3.29)
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Using (3.28) and (3.29) in (3.3) yields, respectively

d2u

dy2
− 1

ϑkmax(
y
D
− 1)2

u = Q, (3.30)

and

d2u

dy2
− 1

ϑkmax(1− y
D

)2
u = Q. (3.31)

Equations (3.30) and (3.31) can be written in the following equivalent forms,

respectively

(
y

D
− 1)2

d2u

dy2
− 1

ϑkmax

u = Q(
y

D
− 1)2 (3.32)

(1− y

D
)2
d2u

dy2
− 1

ϑkmax

u = Q(1− y

D
)2. (3.33)

By taking Y =
y

D
− 1, equation (3.32) is transformed into

Y 2 d
2u

dY 2
− D2

ϑkmax

u = QD2Y 2 (3.34)

and by taking Y = 1− y

D
, equation (3.33) is transformed into

Y 2 d
2u

dY 2
− D2

ϑkmax

u = QD2Y 2. (3.35)

Both of equations (3.34) and (3.35) are Cauchy-Euler inhomogeneous ordi-

nary differential equations. However, when Y = y
D
−1, the interval 0 ≤ y ≤ D

is mapped onto −1 ≤ Y ≤ 0, and when Y = 1− y
D

, the interval 0 ≤ y ≤ D is

reflective-mapped onto a decreasing interval from 1 to 0. The first case can
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be argued to result in a complex solution, thus abandoned in the remainder

of this work. We will then employ equation (3.35) in the remainder of this

work.

Solution to the homogeneous part of (3.35) is obtained by assuming the com-

plementary function, uc, to be the linear combination

uc = c1u1 + c2u2 = c1Y
m1 + c2Y

m2 (3.36)

where c1 and c2 are arbitrary constants to be determined, and the character-

istic roots m1 and m2 are solutions to

m2 −m− D2

ϑkmax

= 0 (3.37)

namely,

m1 =
1 +
√

1 + 4A

2
(3.38)

and

m2 =
1−
√

1 + 4A

2
(3.39)

where

A =
D2

ϑkmax

. (3.40)

The characteristic roots m1 and m2 satisfy the following equations:

m1 +m2 = 1 (3.41)
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m1m2 = −A. (3.42)

In order to find a particular integral, up, for (3.34), we assume

up = v1u1 + v2u2 = v1Y
m1 + v2Y

m2 (3.43)

where

v1 =

∫
−fu2
Y 2W

dY =
−BY 2−m1

(m2 −m1)(2−m1)
(3.44)

v2 =

∫
fu1
Y 2W

dY =
BY 2−m2

(m2 −m1)(2−m2)
(3.45)

f = BY 2 (3.46)

B = QD2 (3.47)

and the Wronskian W is given by

W (u1, u2) =

∣∣∣∣∣∣∣
u1 u2

u′1 u′2

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
Y m1 Y m2

m1Y
m1−1 m2Y

m2−1

∣∣∣∣∣∣∣
= m2Y

m1+m2−1 −m1Y
m2+m1−1 = (m2 −m1) 6= 0. (3.48)

Using (3.44) and (3.45) in (3.43), we obtain

up =
BY 2

[4 + (−A)− 2(1)]
=

BY 2

[2− A]
(3.49)
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and the general solution to (3.34) is given by

u = uc + up = c1Y
m1 + c2Y

m2 +
BY 2

(2−m1)(2−m2)
. (3.50)

Using m1 +m2 = 1, we get: 2−m2 = 2− (1−m1) = 1 +m1, and (3.50) can

be written in the following equivalent form:

u = uc + up = c1Y
m1 + c2Y

m2 + CY 2 (3.51)

where

C =
B

(2−m1)(1 +m1)
. (3.52)

Solution in terms of y is obtained by substituting Y = 1− y

D
in (3.51). We

thus have the following general solution for (3.34):

u = c1

[
1− y

D

]m1

+ c2

[
1− y

D

]m2

+ C
[
1− y

D

]2
. (3.53)

In order to determine the arbitrary constants c1 and c2, we employ conditions

(3.8), (3.10) and (3.11) as follows. Using (3.11) in (3.53), namely, u(D) = 0,

gives 0=0, and the condition is satisfied for all c1 and c2.

From (3.22), we use u(0) = ui = Rkmax in (3.53) to get:

ui = Rkmax = c1 + c2 + C. (3.54)
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Now, from (3.53), we obtain

uy = −c1m1

D

[
1− y

D

]m1−1
− c2m2

D

[
1− y

D

]m2−1
− 2C

D

[
1− y

D

]
(3.55)

and

uy(0) = −c1m1

D
− c2m2

D
− 2C

D
. (3.56)

Using (3.21) and (3.56) in condition (3.10) yields

−c1m1 − c2m2 − 2C =
Rkmax

ϑ
. (3.57)

Now, solving equations (3.54) and (3.57) for c1 and c2 gives

c1 =
Rkmax[m2 + 1

ϑ
] + C[2−m2]

[m2 −m1]
(3.58)

and

c2 =
Rkmax[m1 + 1

ϑ
] + C[2−m1]

[m1 −m2]
. (3.59)

The solution to the given problem is thus completely determined as follows.

The general solution to equation (3.3) gives the velocity distribution in the

Brinkman layer and is given by equation (3.53), and the shear stress in the

Brinkman layer is given by equation (3.55), with c1 and c2 given by equations

(3.58) and (3.59), respectively. Permeability distribution in the Brinkman

layer is given by equation (3.28). These equations are rewritten here for
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convenience, as follows.

u =

Rkmax[m2 + 1
ϑ
] +
(

pxD2

ϑµ(2−m1)(2−m2)

)
[2−m2]

[m2 −m1]

[1− y

D

]m1

+

Rkmax[m1 + 1
ϑ
] +
(

pxD2

ϑµ(2−m1)(2−m2)

)
[2−m1]

[m1 −m2]

[1− y

D

]m2

+

{
pxD

2

ϑµ(2−m1)(2−m2)

}[
1− y

D

]2
. (3.60)

uy = −m1

D

Rkmax[m2 + 1
ϑ
] +
(

pxD2

ϑµ(2−m1)(2−m2)

)
[2−m2]

[m2 −m1]

[1− y

D

]m1−1

− m2

D

Rkmax[m1 + 1
ϑ
] +
(

pxD2

ϑµ(2−m1)(2−m2)

)
[2−m1]

[m1 −m2]

[1− y

D

]m2−1

−
2
(

pxD2

ϑµ(2−m1)(2−m2)

)
D

[
1− y

D

]
(3.61)

k2(y) = kmax(
y

D
− 1)2. (3.62)

In the Darcy layer, permeability distribution is given by equation (3.15),

velocity distribution is given by equation (3.18), shear stress is given by

equation (3.19). These are rewritten in the following form

k1(y) = kmax(1 +
y

D
). (3.63)
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v(y) = −
kmax(1 + y

D
)px

µ
(3.64)

vy = −px
µ

kmax

D
(3.65)

Shear stress relations at the interface are given by

uy(0) = − px
µeff

kmax

D
(3.66)

ϑuy(0) = −px
µ

kmax

D
= vy(0) (3.67)

and the velocity, ui, at the interface is given by equation (3.22), or equiva-

lently by

ui = −px
µ
kmax. (3.68)

3.4 Results and Discussion

In order to illustrate the velocity profiles and conditions at the interface,

we first express the velocity distributions in dimensionless forms using the

64



following dimensionless variables:

y∗ =
y

D
; (3.69a)

u∗ =
µu

(−px)D2
; (3.69b)

v∗ =
µv

(−px)D2
; (3.69c)

k∗i (y) =
ki(y)

D2
= k∗i (y

∗D) = k∗i (y
∗); (3.69d)

k∗max =
kmax

D2
. (3.69e)

The dimensionless porous layers span the following dimensionless length y∗:

Darcy layer: −1 ≤ y∗ ≤ 0 and 0 ≤ y∗ ≤ 1 for Brinkman layer. Dimensionless

velocity profiles in the Brinkman and Darcy layers are given by the following

equations, respectively

u∗ =

{
k∗max[ϑm

∗
2 + 1]

ϑ[m∗2 −m∗1]
+

1

ϑ(m∗1 − 2)[m∗2 −m∗1]

}
[1− y∗]m

∗
1

+

{
k∗max[ϑm

∗
1 + 1]

ϑ[m∗1 −m∗2]
+

1

ϑ(m∗2 − 2)[m∗1 −m∗2]

}
[1− y∗]m

∗
2

−
{

1

ϑ(2−m∗1)(2−m∗2)

}
[1− y∗]2 (3.70)

v∗ = k∗1(y∗) = k∗max(1 + y∗). (3.71)

where

m∗1 =
1 +

√
1 + 4

ϑk∗max

2
(3.72)
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and

m∗2 =
1−

√
1 + 4

ϑk∗max

2
. (3.73)

Dimensionless permeability distributions in the lower and upper layers are

given respectively by

k∗1(y∗) = k∗max(1 + y∗) (3.74)

and

k∗2(y∗) = k∗max(1− y∗)2 (3.75)

while the dimensionless velocity and shear stress at the interface are given,

respectively, by

u∗i = k∗max (3.76)

∂u∗

∂y∗
(0) =

k∗max

ϑ
. (3.77)

The dimensionless equations (3.70) to (3.77), above, are dependent on the

parameters k∗max and ϑ. The parameter ϑ =
µeff
µ

is the ratio of effective

viscosity to the fluid viscosity. In the absence of concrete experimental or

theoretical evidence supporting its value, we will take the full range of values

ϑ = 0.5, 0.95, 1, 1.05, and 1.5.

The parameter k∗max is the dimensionless permeability at the interface. It is

in fact the dimensionless Darcy number ,Da, which has a maximum value of

unity. In this analysis we take the following range of values for k∗max: 1, 0.1,

0.01, 0.001, 0.0001, and 0.00001.
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Using the above values of k∗max and ϑ, we provide the following data for

velocity and shear stress at the interface, velocity profiles, and permeability

distributions in the layers.

3.4.1 Velocity and Shear Stress at the Interface

Equation (3.76) provides an expression for the dimensionless velocity u∗i at

the interface in terms of the dimensionless permeability k∗max. It is clear and

expected that as k∗max decreases, the dimensionless velocity at the interface

decreases. Furthermore, this dimensionless velocity is independent of ϑ. De-

pendence of the dimensional velocity at the interface on viscosity, pressure

gradient and on the dimensional permeability at the interface is given by

equation (3.68), which shows its increase with increasing permeability and

magnitude of pressure gradient, and its decrease with increasing fluid viscos-

ity, µ. For a given µeff , an increase in µ results in a decrease in ϑ. We can

then conclude that the dimensional velocity at the interface decreases with

decreasing ϑ.

Equation (3.77) gives an expression for the dimensionless normal component

of velocity derivative at the interface. While the expression ϑ
∂u∗

∂y∗
(0) is given

by k∗max, hence has the same values as the dimensionless velocity at the in-

terface, its dimensional expression, as given by equation (3.67), shows its

dependence on the pressure gradient, fluid viscosity and depth of the lower

porous layer. Magnitude of this term is inversely proportional to the depth

of the lower porous layer. In fact, in the limit as D approaches infinity, shear
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stress at the interface approaches zero (the value of shear stress at the in-

terface as given by Darcy’s law with constant permeability). This is in line

with the conclusion reached in Chapter 2 of this work, where we have shown

that for porous layers with infinite depth, permeability in a Darcy layer is

essentially constant.

3.4.2 Dimensionless Permeability Distributions

Equations (3.74) and (3.75) give the expressions of the dimensionless perme-

ability distributions in the Darcy and Brinkman layers, respectively. Equa-

tion (3.74) is a linear profile that starts at zero on the lower bounding wall,

and increases till it reaches k∗max at the interface. In the upper layer, the

dimensionless permeability profile, equation (3.75), is parabolic with a max-

imum value at the interface and falls to zero on the upper boundary. Graphs

of the two permeability profiles are shown in Fig.3.2) for the range of k∗max

(Darcy number) of: 1, 0.1.

3.4.3 Velocity Profiles in the Porous Layers

Dimensionless velocity profiles in the upper and lower layers are given, re-

spectively, by equations (3.70) and (3.71). While the profile in the lower layer

is dependent on k∗max, the profile in the upper layer depends on both k∗max and

ϑ. These profiles can only be illustrated using different graphical scales, as

the values of the velocity become asymptotically large. Therefore, we choose
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Figure 3.2: Permeability Distribution in the Two Layers.
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to list values of the velocity to better illustrate the velocity behavior in the

flowfield. Inherent in the Cauchy-Euler equation is the ordinary point of

singularity (zero of the coefficient of the highest derivative). Boundary con-

ditions do not remove this singularity. Therefore, solution is valid near the

point of singularity. The creation of another porous layer with constant per-

meability does not correct the situation either. The singularity will be there

because of the variable-coefficient nature of the Cauchy-Euler equation. We

therefore follow the steps below to generate velocity values near the upper

wall:

step 1. Using the following equations,

m∗1 =
1 +

√
1 + 4

ϑk∗max

2

and

m∗2 =
1−

√
1 + 4

ϑk∗max

2
.

We generate Tables 3.1 of values for the dimensionless roots for various k∗max

and ϑ.
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HH
HHH

HHH
HH

k∗max

ϑ
0.9 1 1.1

1 m∗1 = 1.66666

m∗2 = −0.666660

m∗1 = 1.61804

m∗2 = −0.618040

m∗1 = 1.57661

m∗2 = −0.576610

0.1 m∗1 = 3.87062

m∗2 = −2.87062

m∗1 = 3.70156

m∗2 = −2.70156

m∗1 = 3.55629

m∗2 = −2.55629

0.01 m∗1 = 11.0528

m∗2 = −10.0528

m∗1 = 10.5125

m∗2 = −9.51250

m∗1 = 10.0477

m∗2 = −9.04770

0.001 m∗1 = 33.8370

m∗2 = −32.8370

m∗1 = 32.1268

m∗2 = −31.1268

m∗1 = 30.6552

m∗2 = −29.6552

0.0001 m∗1 = 105.910

m∗2 = −104.910

m∗1 = 100.501

m∗2 = −99.5010

m∗1 = 95.8475

m∗2 = −94.8475

0.00001 m∗1 = 333.834

m∗2 = −332.834

m∗1 = 333.834

m∗2 = −332.834

m∗1 = 333.834

m∗2 = −332.834

Table 3.1: Values of the Dimensionless Roots for Various k∗max and ϑ.
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step 2. Now, using the above same values of k∗max and ϑ, calculate the

coefficients B1, B2, and B3 of equation (3.70), and fill out Table 3.2 below,

where B1, B2, and B3 are given by:

B1 =

{
k∗max[ϑm

∗
2 + 1]

ϑ[m∗2 −m∗1]
+

1

ϑ(m∗1 − 2)[m∗2 −m∗1]

}
(3.78)

B2 =

{
k∗max[ϑm

∗
1 + 1]

ϑ[m∗1 −m∗2]
+

1

ϑ(m∗2 − 2)[m∗1 −m∗2]

}
(3.79)

B3 =

{
1

ϑ(2−m∗1)(2−m∗2)

}
. (3.80)
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HHH
HHH

HHHH
kmax

θ
0.9 1 1.1

1 B1 1.23807 1.00001 0.842779

B2 1.01191 1.00000 0.990551

B3 1.24998 1.00000 0.833331

0.1 B1 0.0620107 0.0652089 -0.0686159

B2 0.0400591 0.0402087 0.0404108

B3 -0.121952 -0.125000 -0.128205

0.01 B1 -0.0015787 -0.0016154 -0.0016536

B2 0.00139546 0.00141138 0.00142863

B3 -0.0101833 -0.0102040 -0.0102250

0.001 B1 -0.0000476 -0.0000484 -0.0000493

B2 0.00004579 0.00004647 0.00004718

B3 -0.0010018 -0.001002 -0.0010022

0.0001 B1 -0.00000148 -0.0000015 -0.00000153

B2 0.000001466 0.00000148 0.000001514

B3 -0.00010001 -0.0001000 -0.00010002

0.00001 B1 -0.0000000046 -0.0000000046 -0.0000000046

B2 0.0000000046 0.0000000046 0.0000000046

B3 -0.0000100001 -0.0000100001 -0.0000100001

Table 3.2: Coefficients B1, B2, and B3 of Equations 3.78, 3.79 and 3.80.
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step 3. Calculate u∗ = B1 [1− y∗]m
∗
1 + B2 [1− y∗]m

∗
2 − B3 [1− y∗]2 for 0 <

y∗ < 1 using steps in y of 0.01. Values are tabulated in Table 3.3 for ϑ = 1

and different values of k∗max. Values of u∗for k∗max = 1 and different values of

ϑ are tabulated in Table 3.4. These Tables show that when k∗maxis small,

the velocity near the upper wall tends to become unbounded.

ϑ = 1 k∗max = 1 k∗max = 0.1 k∗max = 0.01 k∗max = 0.001
k∗max

= 0.0001

k∗max

= 0.00001

y∗ u∗ u∗ u∗ u∗ u∗ u∗

0.90 4.16402 20.2258 4.59351 106 6.22342 1026 4.72234 1093 2.53009 10308

0.91 4.44137 26.8852 1.25145 107 1.65315 1028 1.68683 1098 7.08038 10322

0.92 4.77398 36.9571 3.83708 107 6.46439 1029 2.07396 101
◦3 1.00078 10339

0.93 5.18202 53.0105 1.36662 108 4.12697 1031 1.22196 10109 2.04184 10357

0.94 5.69745 80.3934 5.92216 108 5.00574 1033 5.60183 10115 2.79897 10378

0.95 6.37460 131.562 3.35499 109 1.45925 1036 4.23588 10123 2.79727 10403

0.96 7.31497 240.403 2.80252 1010 1.51575 1039 1.86032 10133 1.10647 10434

0.97 8.73627 522.958 4.32541 1011 1.17374 103 5.02476 10145 3.09454 10473

0.98 11.2224 1563.83 2.04690 1013 3.55409 1048 1.66867 10163 1.22331 10529

0.99 17.2224 10172.8 1.49500 1016 8.33352 1057 1.49678 10193 1.35250 10624

Table 3.3: Values of u∗(y) for ϑ = 1 and Different Values of k∗max.
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k∗max = 1 ϑ = 0.9 ϑ = 1 ϑ = 1.1

y∗ u∗ u∗ u∗

0.90 4.71097 4.16402 3.75070

0.91 5.05082 4.44137 3.98290

0.92 5.46054 4.77398 4.26017

0.93 5.96617 5.18202 4.59857

0.94 6.60926 5.69745 5.02356

0.95 7.46095 6.37460 5.57808

0.96 8.65532 7.31497 6.34180

0.97 10.4831 8.73627 7.48401

0.98 13.7346 11.2224 9.45336

0.99 21.8008 17.2224 14.0965

Table 3.4: Values of u∗(y) for k∗max = 1 and Different Values of ϑ = 1

Velocity values from Table 3.4 and equation (3.70) are used to generate

Fig. 3.3 of the velocity distribution across the two layers. Fig. 3.3 shows

a smooth transition of velocity across the two layers, and shows the effect

of varying ϑ as one crosses from the interfacial region to upper regions of

the flow field. However, this points to an incorrect velocity profile, since

it shows an increase of velocity when permeability decreases. This may be

attributed to the negative value of m2 which is a power to the second term
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in the velocity expression u∗ = B1 [1− y∗]m
∗
1 + B2 [1− y∗]m

∗
2 − B3 [1− y∗]2.

As y∗ approaches the upper boundary, of u∗ becomes extremely large and

causes the above odd behavior in the velocity profile.

In order to rectify this, we introduce the following computations. Taking the

limit of u∗ = B1 [1− y∗]m
∗
1 + B2 [1− y∗]m

∗
2 − B3 [1− y∗]2 as y∗ approaches 1

from below, we obtain:

lim
y∗→1−

u = 0 = c1 lim
y∗→1−

[1− y∗]m1 + c2 lim
y∗→1−

1

[1− y∗]−m2
+ lim

y∗→1−
C [1− y∗]2 .

(3.81)

We note that

lim
y∗→1−

[1− y∗]m1 = 0 (3.82)

lim
y∗→1−

C [1− y∗]2 = 0 (3.83)

and

lim
y∗→1−

1

[1− y∗]−m2
= +∞. (3.84)

In order for (3.81) to hold, we need

c2 lim
y∗→1−

1

[1− y∗]−m2
→ 0 (3.85)

or c2 = 0.

Therefore, near y∗ = 1, we have

u = c1 [1− y∗]m1 + C [1− y∗]2 . (3.86)

76



Velocity computations thus proceed as follows:

1. Use equation (370) to calculate the velocity up to the edge of boundary

layer to the upper boundary.

2. Use equation (3.86) to calculate the velocity from the edge of boundary

layer to the upper boundary.

In order to calculate the limits of the boundary layer, we use definition of the

boundary layer thickness, δ, as square root of the permeability, [35], namely

δ =
√
k∗2(y∗). (3.87)

Using k∗2(y∗) = k∗max(1− y∗)2, we have

δ =
√
k∗2(y∗) =

√
k∗max(1− y∗). (3.88)

When y∗ ≥ δ, we use (3.86) to calculate u.

Now, y∗ ≥ δ ⇒ y∗ ≥
√
k∗max(1−y∗) =

√
k∗max−y∗

√
k∗max or y∗(1+

√
k∗max) ≥√

k∗max. Hence

y∗ ≥
√
k∗max

(1 +
√
k∗max)

. (3.89)

Critical values of y∗ for different k∗maxare listed in Table 3.5 below. There-

fore, we use equation (370) to calculate the velocity up to the critical value

of y∗, and equation (3.86) to calculate the velocity for y∗ < y < 1.

While the above decomposition of the flow domain seems reasonable it does
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however result in a jump in the velocity at y∗ =

√
k∗max

(1 +
√
k∗max)

, as can be

seen in Fig. 3.4, below, which illustrate the velocity profile for ϑ = 1 and

different values of k∗max. This points the need for matching the two solutions

at the point of jump discontinuity, as explained below.

Fig. 3.5 represents the matching configuration and illustrates three regions

in the flow domain: the lower region is that where Darcy’s law is valid, the

middle region is where Brinkman’s equation and its solution, given by equa-

tion (3.71), are valid, and the boundary layer region which in which equation

(3.86) is valid. We can thus state the velocity profile in the Brinkman layer

as follows:

u∗ = u∗1 = B1 [1− y∗]m
∗
1 +B2 [1− y∗]m

∗
2 −B3 [1− y∗]2

when 0 < y < 1− δ (3.90)

u∗ = u∗2 = B1 [1− y∗]m
∗
1 − B3 [1− y∗]2 when 1 − δ < y < 1. (3.91)

Now, for velocity continuity at y = 1−δ we must match u∗2 with u∗1 by letting

u∗2 = B1 [1− y∗]m
∗
1 − A [1− y∗]2 when 1− δ < y < 1, (3.92)

and

u∗1(1− δ) = u∗2(1− δ) when 1− δ < y < 1 (3.93)
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equations (3.90)-(3.93) yield

A = B2 −B3δ
m∗2−2. (3.94)

and

u∗2 = B1 [1− y∗]m
∗
1 − (B2 −B3δ

m∗2−2) [1− y∗]2

when 1− δ < y < 1. (3.95)

Now, using (3.90) and (3.95), we can plot the velocity profiles in the upper

layer. In Fig. 3.6 and 3.7 we illustrate the velocity profile in both layers

for k∗max = 0.1 and 1, and ϑ = 1. These graphs show the expected decrease

in the velocity in the upper layer as we move away from the interface, and

the continuity of velocity at the edge of boundary layer.

k∗max

√
k∗max

(1+
√
k∗max)

(critical y∗) δ =
√
k∗max(1− y∗)

1 0.5 0.5
0.1 0.2402 0.2402
0.01 0.0909 0.0909
0.001 0.0306 0.0306
0.0001 0.0099 0.0099

Table 3.5: Critical Values of y∗for Different k∗max.
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Figure 3.3: Velocity Profiles u∗(y∗), v∗(y∗), for k∗max = 1 and Different Values
of ϑ.
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Figure 3.4: Velocity Profiles u∗(y∗), v∗(y∗), for ϑ = 1 and Different Values of
k∗max.
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Figure 3.5: Representative Sketch for the Matching of Solutions.
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Figure 3.6: Matched Velocity Profiles for k∗max = 1, ϑ = 1.
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Figure 3.7: Matched Velocity Profiles for k∗max = 0.1, ϑ = 1.

3.5 Chapter Conclusion

In Chapter 3, we considered the flow of a viscous fluid through a two-

layer configuration. The flow through one layer is governed by Darcys law

with variable permeability, and the other by a Brinkmans equation with

quadratic variable permeability. Brinkmans equation reduces to a Cauchy-

Euler’s equation. Solution to this equation becomes excessively large for

small values of dimensionless maximum permeability. To remedy the arising
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jump discontinuity in the velocity as we approach the upper boundary, we

devised a matching condition that induces velocity continuity at the edge of

the boundary layer to the upper solid boundary.
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Chapter 4

Flow through a Brinkman

Porous Layer Bounded by Two

Darcy Porous Layers

4.1 Introduction

In Chapter 3, we considered the problem of flow through composite porous

layers: a Darcy layer and a Brinkman layer, confined between two solid walls.

The layers possessed variable permeability.

In this chapter, we extend the problem discussed in Chapter 3 to one in

which a Brinkman layer of variable permeability is bounded by a Darcy

porous layer on either side. The Darcy layers are also of variable permeabil-

ity and terminated on their outer sides by solid, impermeable walls. This
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problem is representable of flow in a porous channel with a porous core that

is of different porosity and permeability than its bounding porous lining. A

main objective of this undertaking is to study the effects of thin porous Darcy

layers on the variable permeability flow in a Brinkman layer.

4.2 Problem Formulation

Consider the flow configuration in Fig. 4.1. The flow domain is a chan-

nel composed of three porous layers, where the flow in the middle layer

is governed by Brinkman’s equation with variable permeability, and in the

lower and upper layers with variable permeability Darcy law. The channel

is bounded by solid, impermeable walls at y = 0 and y = H.

Figure 4.1: Representative Sketch of a Channel Composed of Three Layers

In setting up the above flow problem, we will utilize the following assump-
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tions.

1. In the lower Darcy regiment, permeability is an increasing function of y.

It starts at zero on the lower macroscopic wall and reaches a maximum,

kmax 1, at the lower interface (y = D) of the Brinkman layer.

2. In the upper Darcy regiment, permeability is a decreasing function of

y. It starts at its maximum, kmax 2, at y = L (the upper interface with

the Brinkman layer) and drops to zero on the upper macroscopic wall

(y = H).

3. kmax 1 > kmax 2 due to the choice of decreasing permeability distribution

in the Brinkman regime.

4. All permeability functions are assumed continuous. At each interface,

the permeability of the lower channel is equal to permeability of the

upper channel. However, the rates of change of Darcy permeability are

not necessarily equal at the interfaces.

5. At each interface, we assume velocity continuity and shear stress con-

tinuity.

6. Flow is driven by the same constant pressure gradient px.

7. Solutions below will depend on kmax 1 and kmax 2 whose values will be

determined from given permeability distributions in the Darcy regi-

ments.
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8. We will choose L 6= D so that the Brinkman permeability remains finite

(for the function chosen in this work).

Equations governing the flow in the three regions in Fig. 4.1 are as follows.

For 0<y<D:

v1 = −k1(y)

µ
px. (4.1)

For D<y<L:

d2u

dy2
− µ

µeffk(y)
u =

px
µeff

. (4.2)

For L<y<H:

v2 = −k2(y)

µ
px. (4.3)

Here v1 is the velocity in the lower Darcy layer, v2 is the velocity in the upper

Darcy layer, u is the velocity in the Brinkman layer, px < 0 is the constant

driving pressure gradient, µ is the fluid viscosity and µeff is the effective

viscosity of the fluid in the porous medium associated wih Brinkman’s flow.

Boundary conditions associated with the above flow are as follows.

Conditions on Upper and Lower Walls:

v1(0) = 0 (4.4)

v2(H) = 0 (4.5)

k1(0) = 0 (4.6)

k2(H) = 0 (4.7)
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Conditions at the Interfaces: At y = D:

u(D) = v1(D) = U1 (4.8)

k(D) = k1(D) = kmax 1 (4.9)

µeffuy(D) = µv1y(D) (4.10)

or equivalently,

uy(D) = θv1y(D) (4.11)

where

θ =
µ

µeff
. (4.12)

At y=L:

u(L) = v2(L) = U2 (4.13)

k(L) = k2(L) = kmax 2 (4.14)

uy(L) = θv2y(L). (4.15)

4.3 Solution Methodology

Darcy’s equations (4.1) and (4.3) are algebraic equations from which we can

determine the velocities once the pressure gradient and viscosity are given,

and the permeability distributions (i.e. k1(y), k2(y)) are prescribed. With

this knowledge, we can determine the velocity distributions, v1(y), v2(y), and
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calculate the velocity and permeability at each interface.

The distribution k1(y) is chosen as any increasing and differentiable function

on 0 < y < D, with k1(0) = 0 and k1(D) = kmax 1, and the distribution k2(y)

is chosen as any decreasing and differentiable function on L < y < H, with

k2(H) = 0 and k2(L) = kmax 2.

Once v1(y) and v2(y) are determined, we can calculate U1 = v1(D), U2 =

v2(L). These are the velocities at the lower and upper interfaces, respec-

tively, that will be used as boundary conditions in the solution of Brinkman’s

equation. We will choose a Brinkman permeability function and solve the

Brinkman equation for the Brinkman velocity, u(y), subject to known inter-

facial velocities, u(D) = U1 = v1(D), and u(L) = U2 = v2(L).

4.3.1 Solution to Brinkman’s Equation

Assume that the permeability distribution in the Brinkman layer is given by,

k(y) =
1

ay + b
; D ≤ y ≤ L (4.16)

where a and b are constants to be determined.

In order to find a and b, we use the following conditions on k(y):

k(D) =
1

aD + b
= k1(D) = kmax 1 (4.17)

k(L) =
1

aL+ b
= k2(L) = kmax 2. (4.18)
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Equations (4.17) and (4.18) provide, respectively, the following equations to

be solved for a and b:

aD + b =
1

kmax 1

(4.19)

aL+ b =
1

kmax 2

. (4.20)

Solving (4.19) and (4.20), we get

a =
kmax 1 − kmax 2

kmax 1kmax 2(L−D)
(4.21)

b =
Lkmax 2 −Dkmax 1

kmax 1kmax 2(L−D)
, (4.22)

hence,

k(y) =
kmax 1kmax 2(L−D)

(kmax 1 − kmax 2)y + (Lkmax 2 −Dkmax 1)
. (4.23)

Now, using equation (4.23) in (4.2), we obtain:

d2u

dy2
−
[
µ

µeff

(
kmax 1 − kmax 2

kmax 1kmax 2(L−D)

)
y +

µ

µeff

(
Lkmax 2 −Dkmax 1

kmax 1kmax 2(L−D)

)]
u =

px
µeff

.

(4.24)

Equation (4.24) is of the form:

d2u

dy2
− [αy + β]u =

px
µeff

(4.25)

where

α =
µ

µeff

(
kmax 1 − kmax 2

kmax 1kmax 2(L−D)

)
(4.26)
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β =
µ

µeff

(
Lkmax 2 −Dkmax 1

kmax 1kmax 2(L−D)

)
. (4.27)

Writing (4.25) in the form:

d2u

dy2
− α

[
y +

β

α

]
u =

px
µeff

(4.28)

and letting

Y = α1/3(y +
β

α
) (4.29)

or

y =
Y

α1/3
− β

α
(4.30)

and letting

u(y) = u(
Y

α1/3
− β

α
) = ũ(Y ) (4.31)

then

d2u

dy2
= α2/3 d

2ũ

dY 2
(4.32)

and

α

[
y +

β

α

]
u = α(

Y

α1/3
)ũ = α2/3Y ũ. (4.33)

Equation (4.28) then becomes:

α2/3 d
2ũ

dY 2
− α2/3Y ũ =

px
µeff

(4.34)
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or

d2ũ

dY 2
− Y ũ =

px
α2/3µeff

. (4.35)

Equation (4.35) is Airy’s inhomogeneous ODE. It admits the following gen-

eral solution for ũ, [45]:

ũ(Y ) = c1Ai(Y ) + c2Bi(Y )− π px
α2/3µeff

Ni(Y ). (4.36)

We thus have

ũ(α1/3(y+
β

α
)) = c1Ai(α

1/3(y+
β

α
))+c2Bi(α

1/3(y+
β

α
))−π px

α2/3µeff
Ni(α

1/3(y+
β

α
))

(4.37)

and

u(y) = c1Ai(
αy + β

α2/3
) + c2Bi(

αy + β

α2/3
)− π px

α2/3µeff
Ni(

αy + β

α2/3
) (4.38)

Now, from (4.38) we obtain the following derivative of u(y) with respect to

y:

uy(y) = c1α
1/3A′i(

αy + β

α2/3
) + c2α

1/3B′i(
αy + β

α2/3
)− π px

α1/3µeff
N ′i(

αy + β

α2/3
).

(4.39)

where prime notation on Ai, Bi and Ni denote differentiation with respect

to Y .
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From (4.38), and conditions (4.8) and (4.13), we obtain

u(D) = c1Ai(
αD + β

α2/3
) + c2Bi(

αD + β

α2/3
)− π px

α2/3µeff
Ni(

αD + β

α2/3
) = U1

(4.40)

and

u(L) = c1Ai(
αL+ β

α2/3
)+c2Bi(

αL+ β

α2/3
)−π px

α2/3µeff
Ni(

αL+ β

α2/3
) = U2. (4.41)

Upon solving (4.40) and (4.41) for c1 and c2, we obtain

c1 =

[
U1 + πpx

α2/3µeff
Ni(

αD+β
α2/3 )

]
Bi(

αL+β
α2/3 )−

[
U2 + πpx

α2/3µeff
Ni(

αL+β
α2/3 )

]
Bi(

αD+β
α2/3 )

Ai(
αD+β
α2/3 )Bi(

αL+β
α2/3 )− Ai(αL+βα2/3 )Bi(

αD+β
α2/3 )

(4.42)

c2 =

[
U2 + πpx

α2/3µeff
Ni(

αL+β
α2/3 )

]
Ai(

αD+β
α2/3 )−

[
U1 + πpx

α2/3µeff
Ni(

αD+β
α2/3 )

]
Ai(

αL+β
α2/3 )

Ai(
αD+β
α2/3 )Bi(

αL+β
α2/3 )− Ai(αL+βα2/3 )Bi(

αD+β
α2/3 )

.

(4.43)

From (4.11), uy(D) = θv1y(D), and (4.39), we have:

uy(D) = c1α
1/3A′i(

αD + β

α2/3
)+c2α

1/3B′i(
αD + β

α2/3
)−π px

α1/3µeff
N ′i(

αD + β

α2/3
) = θv1y(D)

(4.44)

From (4.15), uy(L) = θv2y(L), and (4.39), we have:

uy(L) = c1α
1/3A′i(

αL+ β

α2/3
)+c2α

1/3B′i(
αL+ β

α2/3
)−π px

α1/3µeff
N ′i(

αL+ β

α2/3
) = θv2y(L)

(4.45)
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From (4.1), we have v1 = −k1(y)

µ
px. Therefore,

v1(D) = −k1(D)

µ
px. (4.46)

From (4.9), k(D) =
1

aD + b
= k1(D) = kmax 1. Upon substitution for k1(D)

in (4.46), we obtain

v1(D) = − 1

aD + b

px
µ
. (4.47)

a and b are given by (4.21) and (4.22). From (4.8), u(D) = v1(D) = U1.

Therefore, from (4.47), we get an expression for U1 and u(D) as:

u(D) = v1(D) = U1 = − 1

aD + b

px
µ
. (4.48)

Using (4.48) in (4.36) we obtain

u(D) = c1Ai(
αD + β

α2/3
) + c2Bi(

αD + β

α2/3
)− π px

α2/3µeff
Ni(

αD + β

α2/3
)

= − 1

aD + b

px
µ
. (4.49)

Also, from (4.1), we obtain:

v1y(y) = −k
′
1(y)

µ
px (4.50)

v1y(D) = −k1y(D)

µ
px. (4.51)
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Using (4.51) in (4.39), we get

uy(D) = c1α
1/3A′i(

αD + β

α2/3
) + c2α

1/3B′i(
αD + β

α2/3
)

− π px
α1/3µeff

N ′i(
αD + β

α2/3
) = −θk1y(D)

µ
px. (4.52)

4.3.2 Some Choices for Darcy’s Regimes Permeability

Functions

Solution to Brinkman’s equation, obtained in Section 4.3.1. is predicated

upon kmax 1 and kmax 2, which are dependent on the choice of permeability

functions in the Darcy layers. We illustrate the dependence of the solution

of Brinkman’s equation on kmax 1 and kmax 2 by choosing linear, quadratic and

exponential permeability functions in the Darcy layers.

4.3.2.1 Linear Permeability Functions

Assume that

k1(y) = A1y +B1 (4.53)

where A1 and B1 are constants to be determined.

Using conditions (4.6) and (4.9), namely k1(0) = 0 and k1(D) = kmax 1,

respectively, we obtain B1 = 0and A1 =
kmax 1

D
. Hence we have

k1(y) =
kmax 1

D
y. (4.54)
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Velocity distribution and shear stress term in the lower layer are then ob-

tained using (4.1), respectively as

v1(y) = −px
µ

kmax 1

D
y (4.55)

and

v1y = −px
µ

kmax 1

D
(4.56)

and the velocity and shear stress term at the lower interface, respectively as

U1 = v1(D) = −px
µ
kmax 1 (4.57)

and

v1y(D) = −px
µ

kmax 1

D
(4.58)

For the upper Darcy layer, we assume

k2(y) = A2y +B2 (4.59)

where A2 and B2 are constants to be determined.

Using the condition (4.7) and (4.14), namely k2(H) = 0 and k2(L) = kmax 2,

respectively, we obtain A2 ==
kmax 2

L−H
and B2 =

Hkmax 2

H − L
. Hence we have

k2(y) =
kmax 2(H − y)

H − L
. (4.60)
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Velocity distribution and shear stress term in the upper layer are then ob-

tained using (4.3), respectively as

v2(y) = −k2(y)

µ
px =

px
µ

kmax 2(y −H)

H − L
(4.61)

and

v2y =
px
µ

kmax 2

H − L
(4.62)

and the velocity and shear stress term at the upper interface, respectively as

U2 = v2(L) = −px
µ
kmax 2 (4.63)

and

v2y(L) =
px
µ

kmax 2

H − L
. (4.64)

4.3.2.2 Quadratic Permeability Functions

For the lower Darcy layer, assuming that

k1(y) = (A3 +B3y)2 (4.65)

and using conditions (4.6) and (4.9), we obtain

k1(y) =
kmax 1

D2
y2. (4.66)
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Velocity and shear stress terms in the lower layer and at the lower interface

are then obtained as

v1(y) = −px
µ

kmax 1

D2
y2 (4.67)

U1 = v1(D) = −px
µ
kmax 1 (4.68)

v1y = −2px
µ

kmax 1

D2
y (4.69)

and

v1y(D) = −2px
µ

kmax 1

D
. (4.70)

For the upper Darcy layer, assuming that

k2(y) = (A4 +B4y)2 (4.71)

and using conditions (4.7) and (4.14), we obtain

k2(y) =
kmax 2

(H − L)2
(H − y)2. (4.72)

Velocity and shear stress terms in the upper layer and at the upper interface

are then obtained as

v2(y) = −k2(y)

µ
px = −px

µ

kmax 2

(H − L)2
(H − y)2 (4.73)

U2 = v2(L) = −px
µ
kmax 2 (4.74)
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v2y =
2px
µ

kmax 2

(H − L)2
(H − y) (4.75)

and

v2y(L) =
2px
µ

kmax 2

(H − L)
. (4.76)

4.3.2.3 Exponential Permeability Functions

For the lower Darcy layer, assuming that

k1(y) = A5 +B5 exp(y/D) (4.77)

and using conditions (4.6) and (4.9), we obtain

k1(y) =
(exp(y/D)− 1)

(e− 1)
kmax 1. (4.78)

Velocity and shear stress terms in the lower layer and at the lower interface

are then obtained as

v1(y) = −px
µ

(exp(y/D)− 1)

(e− 1)
kmax 1 (4.79)

U1 = v1(D) = −px
µ
kmax 1 (4.80)

v1y = −px
µ

(exp(y/D))

D (e− 1)
kmax 1 (4.81)

and

v1y(D) = −px
µ

e

D (e− 1)
kmax 1. (4.82)
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For the upper Darcy layer, assuming that

k2(y) = A7 +B7 exp(y/H) (4.83)

and using conditions (4.7) and (4.14), we obtain

k2(y) =
[exp(y/H)− e]
[exp(L/H)− e]

kmax 2. (4.84)

Velocity and shear stress terms in the upper layer and at the upper interface

are then obtained as

v2(y) = −px
µ

[exp(y/H)− e]
[exp(L/H)− e]

kmax 2 (4.85)

U2 = v2(L) = −px
µ
kmax 2 (4.86)

v2y = −px
µ

[exp(y/H)]

H [exp(L/H)− e]
kmax 2 (4.87)

and

v2y(L) = −px
µ

[exp(L/H)]

H [exp(L/H)− e]
kmax 2. (4.88)

4.4 Non-Dimensionalizing

In Section 4.3.2, formulation and solution to the flow problem was obtained

in dimensional variables in order to illustrate how the solution depends on

the properties of the fluid, the domain and the flow. Velocity profiles and
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permeability functions were case in terms of depths of porous layers, the

driving pressure gradient and viscosity coefficients.

In this section, we express the variables, constants and lengths involved in

dimensionless form with respect to a characteristic length M using the fol-

lowing definitions in which the quantities identified by an asterisk (*) are

dimensionless.

y∗ =
y

M
; (4.89a)

(L,D,H)∗ =
(L,D,H)

M
; (4.89b)

u∗ =
µu

(−px)M2
; (4.89c)

v∗ =
µv

(−px)M2
; (4.89d)

k∗i (y) =
ki(y)

M2
= k∗i (y

∗M) = k∗i (y
∗); (4.89e)

k∗max =
kmax

M2
; (4.89f)

α∗ = M3α; (4.89g)

β∗ = M2β. (4.89h)

4.4.1 Brinkman Layer Dimensionless Quantities

Applying (4.89a–4.89h) to the Brinkman layer permeability function, velocity

profile, velocities at the interfaces between layers and shear stress term, as
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given in equations (4.23), (4.26), (4.27), and (4.38) through (4.45), we obtain:

k∗(y∗) =
k∗max 1k

∗
max 2(L

∗ −D∗)
(k∗max 1 − k∗max 2)y

∗ + (L∗k∗max 2 −D∗k∗max 1)
(4.90)

u∗(y∗) = c∗1Ai(
α∗y∗ + β∗

α∗2/3
) + c∗1Bi(

α∗y∗ + β∗

α∗2/3
)

+
πθ

(α∗2/3
Ni(

α∗y∗ + β∗

α∗2/3
) (4.91)

u∗y∗(y
∗) = c∗1α

∗1/3A′i(
α∗y∗ + β∗

α∗2/3
) + c∗1α

∗1/3B′i(
α∗y∗ + β∗

α∗2/3
)

+
πθ

(α∗1/3
N ′i(

α∗y∗ + β∗

α∗2/3
) (4.92)

u∗(D∗) = c∗1Ai(
α∗D∗ + β∗

α∗2/3
) + c∗1Bi(

α∗D∗ + β∗

α∗2/3
)

+
πθ

(α∗2/3
Ni(

α∗D∗ + β∗

α∗2/3
) (4.93)

u∗(L∗) = c∗1Ai(
α∗L∗ + β∗

α∗2/3
) + c∗1Bi(

α∗L∗ + β∗

α∗2/3
)

+
πθ

(α∗)2/3
Ni(

α∗L∗ + β∗

α∗2/3
) (4.94)

α∗ = θ

(
k∗max 1 − k∗max 2

k∗max 1k
∗
max 2(L

∗ −D∗)

)
(4.95)

104



β∗ = θ

(
L∗k∗max 2 −D∗k∗max 1

k∗max 1k
∗
max 2(L

∗ −D∗)

)
(4.96)

c∗1 =

[
U∗1 − πθ

(α∗)2/3
Ni(Γ1)

]
Bi(Γ2)−

[
U∗2 − πθ

(α∗)2/3
Ni(Γ2)

]
Bi(Γ1)

Ai(Γ1)Bi(Γ2)− Ai(Γ2)Bi(Γ1)
(4.97)

c∗2 =

[
U∗2 − πθ

(α∗)2/3
Ni(Γ2)

]
Ai(Γ1)−

[
U∗1 − πθ

(α∗2/3
Ni(Γ1)

]
Ai(Γ2)

Ai(Γ1)Bi(Γ2)− Ai(Γ2)Bi(Γ1)
(4.98)

Γ1 = (θ)1/3
(
D∗(k∗max 1 − k∗max 2) + (L∗k∗max 2 −D∗k∗max 1)

(k∗max 1 − k∗max 2)
2/3 (k∗max 1k

∗
max 2(L

∗ −D∗))1/3

)
(4.99)

Γ2 = (θ)1/3
(

L∗(k∗max 1 − k∗max 2) + (L∗k∗max 2 −D∗k∗max 1)

(k∗max 1 − k∗max 2)
2/3 (k∗max 1k

∗
max 2(L

∗ −D∗))1/3

)
(4.100)

U∗1 = v∗1(D∗) = k∗max 1 (4.101)

and

U∗2 = v∗2(L∗) = k∗max 2. (4.102)

4.4.2 Darcy Layers Dimensionless Quantities

4.4.2.1 Linear Permeability Functions

Equations (4.54), (4.55), (4.57), (4.58), (4.60), (4.61), (4.63) and (4.64) take

the following dimensionless forms:

k∗1(y∗) =
k∗max 1

D∗
y∗ (4.103)

v∗1(y∗) =
k∗max 1

∗

D∗
y∗ (4.104)
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U∗1 = v∗1(D∗) = k∗max 1 (4.105)

v∗1y(y
∗) =

k∗max 1

D∗
(4.106)

k∗2(y∗) =
k∗max 2(H

∗ − y∗)
H∗ − L∗

(4.107)

v∗2(y∗) =
kmax 2(H

∗ − y∗)
(H∗ − L∗)

(4.108)

U∗2 v
∗
2(L∗) = k∗max 2 (4.109)

and

v∗2y(L
∗) =

−kmax 2

(H∗ − L∗)
. (4.110)

4.4.2.2 Quadratic Permeability Functions

Equations (4.66), (4.67), (4.68), (4.69), (4.72), (4.73), (4.74) and (4.75) take

the following dimensionless forms

k∗1(y∗) =
k∗max 1

D∗2
y∗2 (4.111)

v∗1(y∗) =
k∗max 1

D∗2
y∗2 (4.112)

U∗1 = v∗1(D) = k∗max 1 (4.113)

v∗1y∗(y
∗) =

2k∗max 1

D∗2
y∗ (4.114)

k∗2(y∗) =
k∗max 2

(H∗ − L∗)2
(H∗ − y∗)2 (4.115)
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v∗2(y∗) =
k∗max 2

(H∗ − L∗)2
(H∗ − y∗)2 (4.116)

U∗2 = v∗2(L∗) = k∗max 2 (4.117)

v∗2y∗ = − 2k∗max 2

(H∗ − L∗)2
(H∗ − y∗). (4.118)

4.4.2.3 Exponential Permeability Functions

Equations (4.78), (4.79), (4.80), (4.81), (4.84), (4.85), (4.86) and (4.87) take

the following dimensionless forms

k∗1(y∗) =
(exp(y∗/D∗)− 1)

(e− 1)
k∗max 1 (4.119)

v∗1(y∗) =
(exp(y∗/D∗)− 1)

(e− 1)
k∗max 1 (4.120)

U∗1 = v∗1(D∗) = k∗max 1 (4.121)

v∗1y∗ =
(exp(y∗/D∗))

D∗ (e− 1)
k∗max 1 (4.122)

k∗2(y∗) =
[exp(y∗/H∗)− e]
[exp(L∗/H∗)− e]

k∗max 2 (4.123)

v∗2(y∗) =
[exp(y∗/H∗)− e]
[exp(L∗/H∗)− e]

k∗max 2 (4.124)

U∗2 = v∗2(L∗) = k∗max 2 (4.125)

v∗2y∗(y
∗) =

[exp(y∗/H∗)]

H∗ [exp(L∗/H∗)− e]
k∗max 2. (4.126)
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4.5 Results and Analysis

The dimensionless forms of linear, quadratic and exponential permeability

distributions and associated velocity distributions for the Darcy layers, to-

gether with the shear stress terms, are conveniently summarized in Table

4.1, below, after dropping the asterisks:
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Permeability Distribution Velocity Distribution Shear Stress Term

Linear k1(y) = kmax 1

D
y v1(y) = kmax 1

D
y v1y(y) = kmax 1

D

Quadratic k1(y) = kmax 1

D2 y2 v1(y) = kmax 1

D2 y2 v1y(y) = 2kmax 1

D2 y

Exponantial k1(y) = (exp(y/D)−1)
(e−1) kmax 1 v1(y) = (exp(y/D)−1)

(e−1) kmax 1 v1y = (exp(y/D))
D(e−1) kmax 1

Linear k2(y) = (H−y)
(H−L)kmax 2 v2(y) = kmax 2(H−y)

(H−L) v2y(y) = −kmax 2

(H−L)

Quadratic k2(y) = (H−y)2
(H−L)2kmax 2 v2(y) = kmax 2

(H−L)2 (H − y)2 v2y = − 2kmax 2

(H−L)2 (H − y)

Exponantial k2(y) = [exp(y/H)−e]
[exp(L/H)−e]kmax 2 v2(y) = [exp(y/H)−e]

[exp(L/H)−e]kmax 2 v2y(y) = [exp(y/H)]
H[exp(L/H)−e]kmax 2

Table 4.1: Dimensionless Permeability, Velocity, and Shear Stress Terms for Darcy Layers.109



4.5.1 Velocity, Permeability and Shear Stress Terms

at the Interfaces Between Layers

Using Table 4.1, we generate Table 4.2, which illustratesthe values of per-

meability, velocity and shear stress term at the lower and upper interfaces

between layers. It is clear from Table 4.2 that the permeability at the lower

interface is kmax 1, and that at the upper interface is kmax 2 for all chosen

permeability distributions. Similarly, the velocity at the lower interface is

U1 = kmax 1 and at the upper interface U2 = kmax 2 for all chosen permeability

distributions. These values are also independent of the dimensionless thick-

ness of each layer. The shear stress terms at the interfaces, on the other hand,

are dependent on the dimensionless permeability values at the interfaces and

the dimensionless thicknesses of the porous layers.
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Permeability at the Interface Velocity at the Interface Shear Stress Term at the Interface

k1(D) = kmax 1 U1 = v1(D) = kmax 1 v1y(D) = kmax 1

D

k1(D) = kmax 1 U1 = v1(D) = kmax 1 v1y(D) = 2kmax 1

D

k1(D) = kmax 1 U1 = v1(D) = kmax 1 v1y(D) = e
D(e−1)kmax 1

k2(L) = kmax 2 U2 = v2(L) = kmax 2 v2y(L) = − kmax 2

(H−L)

k2(L) = kmax 2 U2 = v2(L) = kmax 2 v2y(L) = −2kmax 2

(H−L)

k2(L) = kmax 2 U2 = v2(L) = kmax 2 v2y(L) = [exp(L/H)]kmax 2

H[exp(L/H)−e]

Table 4.2: Dimensionless Permeability, Velocity, and Shear Stress Terms at the Lower and Upper Interfaces.111



4.5.2 Permeability and Velocity Profiles in the Porous

Layers

Dependence of permeability profiles on the thickness of the porous layers is

illustrated by taking the following values for the dimensionless thicknesses of

the layers, and the permeability in the middle layer is given by the dimen-

sionless expression of equation (4.90).

Thick Middle Layer:

Lower Layer:

D y kmax 1 U1 k1(y)

0.1 0 ≤ y ≤ 0.1 1 1 Linear: 10y

Quadratic: 100y2

Exponential:
(exp(10y)− 1)

(e− 1)

Middle Layer:

L y kmax 1 kmax 2 U1 U2 k(y)

0.1 0.1 ≤ y ≤ 0.9 1 0.1 1 0.1
8

90y − 1

Upper Layer:
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H y kmax 2 U2 k2(y)

1 0.9 ≤ y ≤ 1 0.1 0.1 Linear: 10(1− y)

Quadratic: 100(1− y)2

Exponential:
[exp(y)− e]

[exp(0.9)− e]
0.1

Thin Middle Layer:

Lower Layer:

D y kmax 1 U1 k1(y)

0.4 0 ≤ y ≤ 0.4 1 1 Linear: 2.5y

Quadratic: 100
16
y2

Exponential:
(exp(y/0.4)− 1)

(e− 1)

Middle Layer:

L y kmax 1 kmax 2 U1 U2 k(y)

0.6 0.4 ≤ y ≤ 0.6 1 0.1 1 0.1
2

90y − 34

Upper Layer:
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H y kmax 2 U2 k2(y)

1 0.6 ≤ y ≤ 1 0.1 0.1 Linear: 0.25(1− y)

Quadratic:
10(1− y)2

16

Exponential:
[exp(y)− e]

[exp(0.6)− e]
0.1

Graphs illustrating linear, quadratic, and exponential permeability profiles

are illustrated in Fig. 4.(2,3,4). These figures show the relative shapes

of the permeability distribution in each of the layers, and the decreasing

permeability in the middle layer. How the permeability distributions affect

the velocity profiles across the layers is illustrated in Fig. 4.(5-9). These

figures show regions of expected increase and decrease in the velocity across

the layers in a manner that is reflective of the increase and decrease in the

permeability profiles.

4.5.3 Velocities at the Interfaces and Values of other

Parameters

Tables 4.3 through 4.13 document the values of velocities and shear stresses

at the interfaces between the porous layers, and list values of parameters

involved in velocity computations. It should be emphasized here that some

of the computed values of velocity and shear stresses become inaccurate or

extremely large for small values Da. This may be attributed to inaccuracy
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in computations and approximations of Airy’s functions when Da is small.

4.6 Chapter Conclusion

In Chapter 4, we considered flow through composite porous layers of vari-

able permeability. The problem considered is that of a porous core the flow

through which is governed by Brinkman’s equation for variable permeability

media, while the core is bounded by two variable permeability Darcy layers.

Various types of variable Darcy permeability have been considered and solu-

tion to flow through the Brinkman layer was cast in terms of Airy’s and the

Nield-Koznetsov functions.
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HHH
HHH

HHHH
kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1 α 27

β -7.9999

U1 1

U2 0.1

0.01 α 297 270

β -97.9999 -79.9999

U1 1 0.1

U2 0.01 0.01

0.001 α 2997 2970 2700

β 997.999 -979.9999 -799.999

U1 1 0.1 0.01

U2 0.001 0.001 0.001

0.0001 α 29997 29970 29700 27000

β -9997.99 -9979.99 -9799.99 -7999.99

U1 1 0.1 0.01 0.001

U2 0.0001 0.0001 0.0001 0.0001

0.00001 α 2999997 2.99970 299700 297000 270000

β -99997.99 -99979.99 -997899.99 -97999.99 -79999.99

U1 1 0.1 0.01 0.001 0.0001

U2 0.00001 0.00001 0.00001 0.00001 0.00001

Table 4.3: Values of α, β, U1 and U2 for D=1/3, L=2/3 and Different Values
of kmax1 and kmax2. 116



H
HHHH

HHH
HH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1
Γ1 = 0.111111

Γ2 = 1.111111

0.01
Γ1 = 0.022464

Γ2 = 2.246444

Γ1 = 0.2393816

Γ2 = 2.3938163

0.001
Γ1 = 0.004810

Γ2 = 4.810706

Γ1 = 0.048398

Γ2 = 4.839818

Γ1 = 0.515732

Γ2 = 5.157320

0.0001
Γ1 = 0.001035

Γ2 = 10.35813

Γ1 = 0.0103643

Γ2 = 10.364352

Γ1 = 0.104270

Γ2 = 10.42707

Γ1 = 1.111111

Γ2 = 11.11111

0.00001
Γ1 = 0.000223

Γ2 = 22.31458

Γ1 = 0.002231

Γ2 = 22.31591

Γ1 = 0.022329

Γ2 = 22.32932

Γ1 = 0.224644

Γ2 = 22.46444

Γ1 = 2.393816

Γ2 = 23.93816

Table 4.4: Values of Dimensionless Γ1, Γ2, for D=1/3, L=2/3 and Different Values of kmax1 and kmax2.
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H
HHHH

HHH
HH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1
c1 = 3.425048

c2 = −0.17607

0.01
c1 = 2.848504

c2 = 0.008426

c1 = 0.283665

c2 = 0.023960

0.001
c1 = 2.817806

c2 = 0.005036

c1 = 0.282560

c2 = 0.005068

c1 = 0.026429

c2 = 0.005400

0.0001
c1 = 2.816925

c2 = 0.001084

c1 = 0.281903

c2 = 0.001085

c1 = 0.028292

c2 = 0.001091

c1 = 0.001683

c2 = 0.001163

0.00001
c1 = 2.816732

c2 = 0.000233

c1 = 0.281720

c2 = 0.000233

c1 = 0.028214

c2 = 0.000233

c1 = 0.002813

c2 = 0.000235

c1 = 0.000452

c2 = 0.000250

Table 4.5: Values of Dimensionless c1, c2, for D = 1/3, L = 2/3 and Different Values of kmax1 and kmax2.
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H
HHH

HHH
HHH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1 u(D) 0.999999

u(L) 0.100000

0.01 u(D) 0.999999 0.1

u(L) 0.010000 0.009999

0.001 u(D) 0.999999 0.100000 0.01

u(L) 0.000999 0.001000 0.001

0.0001 u(D) 1 0.1 0.01 0.001

u(L) 0 0.001 0 0.01

0.00001 u(D) 1 0.099999 0.01 0.000999 0.00010

u(L) 0 0 −1.1017 1.1017 −1.1020

Table 4.6: The Value of u(y) at the Interfaces for D = 1/3, L = 2/3 and Different Values of kmax1 and
kmax2.
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H
HHH

HHH
HHH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1 v1(D) 1

v2(L) 0.099999

0.01 v1(D) 1 0.1

v2(L) 0.009999 0.009999

0.001 v1(D) 1 0.1 0.01

v2(L) 0.000999 0.000999 0.000999

0.0001 v1(D) 1 0.1 0.01 0.001

v2(L) 0.0000999 0.0000999 0.0000999 0.0000999

0.00001 v1(D) 1 0.1 0.01 0.001 0.0001

v2(L) 0.000009 0.000009 0.000009 0.000009 0.000009

Table 4.7: Values of v1, v2 at the Interfaces for Linear Permeability Functions, D=1/3, L=2/3 and Different
Values of kmax 1 and kmax 2.
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H
HHH

HHH
HHH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1 v1(D) 1

v2(L) 0.099999

0.01 v1(D) 1 0.099999

v2(L) 0.009999 0.009999

0.001 v1(D) 1 0.099999 0.009999

v2(L) 0.000999 0.000999 0.000999

0.0001 v1(D) 1 0.099999 0.009999 0.000999

v2(L) 0.000099 0.000099 0.000099 0.000099

0.00001 v1(D) 1 0.099999 0.009999 0.009999 0.000099

v2(L) 0.000009 0.000009 0.000009 0.000009 0.000009

Table 4.8: Values of v1, v2 at Interfaces for Quadratic Permeability Functions, D = 1/3, L = 2/3 and
Different Values of kmax 1 and kmax 2 .
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H
HHH

HHH
HHH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1 v1(D) 1

v2(L) 0.1

0.01 v1(D) 1 0.1

v2(L) 0.01 0.01

0.001 v1(D) 1 0.1 0.01

v2(L) 0.001 0.001 0.001

0.0001 v1(D) 1 0.1 0.01 0.001

v2(L) 0.0001 0.0001 0.0001 0.0001

0.00001 v1(D) 1 0.1 0.01 0.001 0.0001

v2(L) 0.00001 0.00001 0.00001 0.00001 0.00001

Table 4.9: Values of v1, v2 at Interfaces for Exponential Permeability Functions, D = 1/3, L = 2/3 and
Different Values of kmax 1 and kmax 2 .
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H
HHH

HHH
HHH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1 uy(D) -2.914063

uy(L) -2.489915

0.01 uy(D) -4.895346 0.422656

uy(L) -1.368325 -0.140625

0.001 uy(D) -10.48247 -1.020224 -0.078300

uy(L) -0.033584 -0.006723 -0.003589

0.0001 uy(D) -22.6382 -2.25140 -0.213258 -0.013209

uy(L) 0.1 0.2 -0.1 1

0.00001 uy(D) -48.796159 -4.873998 -0.481840 -0.043150 0.001906

uy(L) −6.1019 −1.1019 3.1019 −1.1020 −1.1023

Table 4.10: The Value of uy at the Interfaces for D = 1/3, L = 2/3 and Different Values of kmax 1 and kmax 2

.
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H
HHH

HHH
HHH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1 v1y 3

v2y -0.3

0.01 v1y 3 0.3

v2y -0.03 -0.03

0.001 v1y 3 0.3 0.03

v2y -0.003 -0.003 -0.003

0.0001 v1y 3 0.3 0.03 0.003

v2y -0.0003 -0.0003 -0.0003 -0.0003

0.00001 v1y 3 0.3 0.03 0.003 0.0003

v2y -0.00003 -0.00003 -0.00003 -0.00003 -0.00003

Table 4.11: Values of v1y ,v2y at the Interfaces for Linear Permeability Functions, D=1/3, L=2/3 and
Different Values of kmax 1 and kmax 2.
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H
HHH

HHH
HHH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1 v1y 6

v2y -0.6

0.01 v1y 6 0.6

v2y -0.06 -0.06

0.001 v1y 6 0.6 0.06

v2y 0.006 -0.006 -0.006

0.0001 v1y 6 0.6 0.06 0.006

v2y -0.0006 -0.0006 -0.0006 -0.0006

0.00001 v1y 6 0.6 0.06 0.006 0.0006

v2y -0.000006 -0.00006 -0.00006 -0.00006 -0.00006

Table 4.12: Values of v1y, v2y at the Interfaces for Quadratic Permeability Functions D = 1/3, L = 2/3 and
Different Values of kmax 1 and kmax 2.
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H
HHH

HHH
HHH

kmax 2

kmax 1
1 0.1 0.01 0.001 0.0001

0.1 v1y 4.745930

v2y -0.252772

0.01 v1y 4.745930 0.474593

v2y -0.025277 -0.025277

0.001 v1y 4.745930 0.474593 0.047459

v2y -0.002528 -0.002528 -0.002528

0.0001 v1y 4.745930 0.474593 0.047459 0.004746

v2y -0.000253 -0.000253 -0.000253 -0.000253

0.00001 v1y 4.745930 0.474593 0.047459 0.004746 0.000475

v2y -0.000025 -0.000025 -0.000025 -0.000025 -0.000025

Table 4.13: Values of v1y ,v2y at the Interfaces for Exponential Permeability Functions, D = 1/3, L = 2/3
and Different Values of kmax 1 and kmax 2.
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Figure 4.2: Permeability Distribution for Linear Permeability Functions
kmax 1 = 1, D = 1/3, L = 2/3 and Different Values of kmax 2.
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Figure 4.3: Permeability Distribution for Quadratic Permeability Functions
kmax 1 = 1, D = 1/3, L = 2/3 and Different Values of kmax 2.
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Figure 4.4: Permeability Distribution for Exponential Permeability Func-
tions kmax 1 = 1, D = 1/3, L = 2/3 and Different Values of kmax 2.
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Figure 4.5: Velocity Profiles for Linear Permeability Functions θ = 1, D =
1/3, L = 2/3, kmax 1 = 1 and Different Values of kmax 2.
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Figure 4.6: Velocity Profiles for Linear Permeability Functions θ = 1 kmax 1 =
0.1, D = 1/3, L = 2/3, and Different Values of kmax 2.
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Figure 4.7: Velocity Profiles for Quadratic Permeability Functions θ = 1,
kmax 1 = 1, D = 0.1, L = 0.9, and Different Values of kmax 2.
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Figure 4.8: Velocity Profiles for Quadratic Permeability Functions θ =
1,kmax 1 = 0.1, D = 0.25, L = 0.75, and Different Values of kmax 2.

133



Figure 4.9: Velocity Profiles for Exponential Permeability Functions θ = 1,
kmax 1 = 1, D = 0.25, L = 0.75, and Different Values of kmax 2.
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Chapter 5

Flow through a Variable

Permeability Brinkman Porous

Layer Bounded by Constant

Permeability Brinkman Layers

5.1 Chapter Introduction

In a recent article, Nield and Kuznetzov [45] presented elegant analysis of

flow over a porous layer based on a formulation in which they considered the

flow through a transition Brinkman layer of variable thickness and variable

permeability bounded by a constant permeability Brinkman layer, on one

side, and a free-space channel on the other. They expressed their solution in
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terms of Airy’s functions and introduced an important new function,Ni(x),

that proved to be of great utility in the solution of inhomogeneous Airy’s ODE

with a variable forcing function. Hamdan and Kamel [27] studied extensively

the Ni(x), and introduced a new function, Ki(x), that complements the Ni(x)

function in obtaining the solution to inhomogeneous Airy’s ODE. The pair

of functions Ni(x) and Ki(x) are known as the Nield-Koznetsov functions.

The approach used by Nield and Koznetsov [45] in formulating and solving

the transition layer problem proved to be of great utility in solving similar

practical problems (cf.[21] and [45], and the references therein). Their ap-

proach is also well-suited in the general analysis of flow through composite

porous layers of variable thicknesses and permeabilities, which is the sub-

ject matter of this current work. We consider the flow through a Brinkman

porous layer that is bounded by two constant permeability Brinkman lay-

ers. The bounding lower and upper layers are by impermeable, macroscopic

boundaries on which the no-slip condition is imposed. The flow through each

bounding layer is assumed to be governed by Brinkman’s equation with a dif-

ferent constant permeability for each layer. The middle layer is governed by

Brinkman’s equation with variable permeability. At the interfaces between

layers, it is assumed that permeability is continuous. Other conditions at the

interface between layers are velocity continuity and shear stress continuity.

The objectives here are to derive expressions for velocity and shear stress at

the interface, and to determine the velocity profiles in the layers. Velocity

in the variable permeability layer is expressed and evaluated in terms of the
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Nield-Kuznetsov functions. The derived velocity expressions are compatible

with the equations governing flow through two-dimensional channels, hence

should serve as velocity entry conditions to flow through two-dimensional

configurations.

5.2 Problem Formulation

Consider the flow through three porous layers of different thicknesses, and

of different permeability, shown in Fig. 5.1. The middle layer is of variable

permeability, while the bounding lower and upper layers are of constant

permeability. Each of the bounding layers is terminated by a solid wall

on their outer sides and join the middle variable-permeability layer along

an assumed sharp interface. The flow is assumed to be driven by the same

pressure gradient and governed by Brinkman’s equation in each layer.
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Figure 5.1: Representative Sketch of Fluid Flow through Three Porous Layers
of Different Thickness.

In layers 1: the permeability, K1 is assumed constant and given by:

K1 = aK0 0 < y∗ < ηH. (5.1)

In layers 2: the permeability, K2 is assumed to be a variable function of y∗,

and given by:

K2(y
∗) =

abK0(η − ξ)H
(b− a)y∗ + (aη − bξ)H

ηH < y∗ < ξH. (5.2)

In layers 3: the permeability, K3 is assumed constant and given by:

K3 = bK0 ξH < y∗ < H. (5.3)
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In equations (5.1), (5.2) and (5.3), K0 is a reference constant permeability,

a and b are constants to be selected, ξ and η are parameters that determine

the thickness of each layer. We note that at each interface between layers

the permeability is continuous with

K1 = K2(ηH) = aK0 and K3 = K2(ξH) = bK0.

The governing equations and boundary conditions associated with the con-

figuration in Fig. 5.1 are stated as follows.

In layer 1, the flow is governed by:

µ1eff
d2u∗1
dy∗2

− µ1

K1

u∗1 +G = 0 ; 0 < y∗ < ηH. (5.4)

In layer 2, the flow is governed by:

µ2eff
d2u∗2
dy∗2

− µ2

K2(y∗)
u∗2 +G = 0 ; ηH < y∗ < ξH. (5.5)

In layer 3, the flow is governed by:

µ3eff
d2u∗3
dy∗2

− µ3

K3

u∗3 +G = 0 ; ξH < y∗ < H. (5.6)

In equations (5.4), (5.5) and (5.6),G = −dp
dx

is the constant pressure gra-

dient, u∗i = u∗i (y
∗) is the velocity in the ith layer, for i = 1, 2, 3, Ki is the

permeability in the ith layer, µi is the viscosity of the base-fluid saturating

the ith layer, and µieff is the effective viscosity of the fluid in the ith layer.

We note that the viscosities of the base fluids in the three layers should be
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equal, µ1 = µ2 = µ3, if the base fluid is the same. The effective viscosities,

µ1eff , µ2eff , and µ3eff , however, are not necessarily equal.

Now, introducing the dimensionless variables:

y =
y∗

H
;ui =

µi
GH2

u∗i (5.7)

and defining Da =
K0

H2
as the Darcy number, and Mi =

µieff
µi

, equations

(5.4), (5.5) and (5.6) take the following dimensionless forms, respectively:

M1
d2u1
dy2
− H2

K1

u1 + 1 = 0 ; 0 < y < η, (5.8)

M2
d2u2
dy2
− H2

K2(y)
u2 + 1 = 0 ; η < y < ξ, (5.9)

and

M3
d2u3
dy2
− H2

K3

u3 + 1 = 0 ; ξ < y < 1. (5.10)

Upon using the permeability distributions (5.1), (5.2), and (5.3) in (5.8),

(5.9), and (5.10), respectively, we obtain:

d2u1
dy2
− 1

aDaM1

u1 +
1

M1

= 0 ; 0 < y < η. (5.11)

d2u2
dy2
− (b− a)y + aη − bξ

abDaM2(η − ξ)
u2 +

1

M2

= 0 ; η < y < ξ. (5.12)

d2u3
dy2
− 1

bDaM3

u3 +
1

M3

= 0 ; ξ < y < 1. (5.13)
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Equations (5.11), (5.12) and (5.13) are to be solved subject to the conditions

of no-slip at the solid walls (y =0 and y =1), velocity continuity and shear-

stress continuity at the interfaces between layers (y = η and y = ξ), where the

shear stress in each layer is defined based on the effective viscosity, namely

µieff
dui
dy

for i = 1, 2, 3. These conditions are stated as follows:

u1 = 0 at y = 0 (5.14)

u1 = u2 at y = η (5.15)

du1
dy

= ϑ1
du2
dy

at y = η (5.16)

u2 = u3 at y = ξ (5.17)

ϑ2
du2
dy

=
du3
dy

at y = ξ (5.18)

u3 = 0 at y = 1 (5.19)

where

ϑ1 =
µ2eff

µ1eff

(5.20)

and

ϑ2 =
µ2eff

µ3eff

. (5.21)
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5.3 Solution Methodology

5.3.1 Solving the Governing Equations

Defining

λ1 =
1√

aDaM1

, (5.22)

λ2 =
1

3
√
ab(b− a)2DaM2(η − ξ)

, (5.23)

and

λ3 =
1√

bDaM3

. (5.24)

Equations (5.11), (5.12) and (5.13) can be written, respectively, as:

d2u1
dy2
− λ21u1 +

1

M1

= 0 ; 0 < y < η, (5.25)

d2u2
dy2
− λ32(b− a)2[(b− a)y + aη − bξ]u2 +

1

M2

= 0 ; η < y < ξ, (5.26)

and

d2u3
dy2
− λ23u3 +

1

M3

= 0 ; ξ < y < 1. (5.27)

Now, equations (5.25) and (5.27) are linear, inhomogeneous, second-order

ODE whose general solutions are given, respectively, by:

u1(y) = a1 exp(λ1y) + a2 exp(−λ1y) +
1

M1λ21
(5.28)
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u3(y) = c1 exp(λ3y) + c2 exp(−λ3y) +
1

M2λ23
, (5.29)

where a1, a2, c1 and c2 are arbitrary constants to be determined using bound-

ary and interface conditions (5.14)-(5.21).

Shear stress across the first and third layers is given by the first derivative of

each of equations (5.28) and (5.29), namely

du1
dy

= a1λ1 exp(λ1y)− a2λ1 exp(−λ1y). (5.30)

du3
dy

= c1λ3 exp(λ3y)− c2λ3 exp(−λ3y). (5.31)

In order to solve equation (5.26), we first introduce the transformation:

Y = λ2[(b− a)y + aη − bξ], (5.32)

and write

u2(y) ≡ U2(Y ). (5.33)

Equation (5.26) then takes the form:

d2U2

dY 2
− Y U2 +

1

λ22(b− a)2M2

= 0 ; bλ2(η − ξ) < Y < aλ2(η − ξ) (5.34)

which is Airy’s inhomogeneous differential equation. Solution to the homo-

geneous part of equation (5.34) is given in terms of Airy’s functions, Ai(Y )

and Bi(Y ), [1], and the complementary function is given by the linear com-
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bination:

U2c(Y ) = b1Ai(Y ) + b2Bi(Y ) (5.35)

where b1 and b2 are arbitrary constants.

The Wronskian of Ai(Y ) and Bi(Y ),is given by, [1]:

W (Ai(Y ), Bi(Y )) = Ai(Y )B′i(Y )− A′i(Y )Bi(Y ) =
1

π
(5.36)

where prime notation denotes ordinary differentiation with respect to the

independent variable. The particular solution of equation (5.34) can thus be

obtained by the method of variation of parameters, and takes the form:

U2p =
π

λ22(b− a)2M2

Ai(Y )

Y∫
0

Bi(t)dt−Bi(Y )

Y∫
0

Ai(t)dt

 . (5.37)

The expression in brackets on the RHS of equation (5.37), namely

Ni(Y ) = Ai(Y )

Y∫
0

Bi(t)dt−Bi(Y )

Y∫
0

Ai(t)dt (5.38)

N ′i(Y ) = A′i(Y )

Y∫
0

Bi(t)dt−B′i(Y )

Y∫
0

Ai(t)dt (5.39)

is recognized as the Nield-Koznetsov function, and has been studied exten-

sively by Hamdan and Kamel [27]. Upon using (5.35), (5.37), and (5.38), we
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express the general solution to (5.34) as:

U2(Y ) = b1Ai(Y )+b2Bi(Y )+
π

λ22(b− a)2M2

Ni(Y ); bλ2(η−ξ) < Y < aλ2(η−ξ).

(5.40)

Using (5.32) and (5.33) in (5.40), we obtain:

u2(y) = b1Ai (λ2[(b− a)y + aη − bξ]) + b2Bi (λ2[(b− a)y + aη − bξ])

+
π

λ22(b− a)2M2

Ni (λ2[(b− a)y + aη − bξ]) ; η < y < ξ. (5.41)

Derivative of equation (5.41) with respect to y is the shear stress term across

the second layer, and is given by:

du2
dy

= b1λ2(b−a)A′i (λ2[(b− a)y + aη − bξ])+b2λ2(b−a)B′i (λ2[(b− a)y + aη − bξ])

+
π

λ2(b− a)M2

N ′i (λ2[(b− a)y + aη − bξ]) ; η < y < ξ. (5.42)

5.3.2 Determining the Arbitrary Constants

Equations (5.28), (5.29) and (5.41) represent the general solutions to the gov-

erning equations (5.11), (5.12) and (5.13). Using conditions (5.14) to (5.18)

in (5.28)-(5.31) and (5.41) and (5.42), we obtain the following equations for

the arbitrary constants appearing in (5.28) to (5.31) and (5.41) and (5.42).

a1 + a2 = − 1

M1λ21
(5.43)
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c1 exp(λ3) + c2 exp(−λ3) = − 1

M2λ23
(5.44)

a1 exp(λ1η) + a2 exp(−λ1η)− b1Ai (λ2b[η − ξ])− b2Bi (λ2b[η − ξ])

=
πNi (λ2b[η − ξ])
λ22(b− a)2M2

− 1

M1λ21
. (5.45)

c1 exp(λ3ξ) + c2 exp(−λ3ξ)− b1Ai (λ2a[η − ξ])− b2Bi (λ2a[η − ξ])

=
πNi (λ2a[η − ξ])
λ22(b− a)2M2

− 1

M2λ23
(5.46)

a1λ1 exp(λ1η)−λ1a2 exp(−λ1η)−b1ϑ1λ2(b−a)A′i (λ2b[η − ξ])−b2ϑ1λ2(b−a)B′i (λ2b[η − ξ])

=
ϑ1πN

′
i (λ2b[η − ξ])

λ2(b− a)M2

(5.47)

c1λ3 exp(λ3ξ)−λ3c2 exp(−λ3ξ)−b1ϑ2λ2(b−a)A′i (λ2a[η − ξ])−b2ϑ2λ2(b−a)B′i (λ2a[η − ξ])

=
ϑ2πN

′
i (λ2a[η − ξ])

λ2(b− a)M2

(5.48)

Equations (5.43) through (5.48) represent a system of six equations in six

unknowns that can be written in the matrix-vector form

MX = C (5.49)

146



where

X =



a1

a2

b1

b2

c1

c2


;

C =



− 1

M1λ21

πNi (λ2b[η − ξ])
λ22(b− a)2M2

− 1
M1λ21

πNi (λ2a[η − ξ])
λ22(b− a)2M2

− 1

M2λ23

ϑ1πN
′
i (λ2b[η − ξ])

λ2(b− a)M2

ϑ2πN
′
i (λ2a[η − ξ])

λ2(b− a)M2

− 1

M2λ23



;
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M =



1 1 0 0 0 0

exp(λ1η) exp(−λ1η) −Ai (λ2b[η − ξ]) −Bi (λ2b[η − ξ]) 0 0

0 0 −Ai (λ2a[η − ξ]) −Bi (λ2a[η − ξ]) exp(λ3ξ) exp(−λ3ξ)

λ1 exp(λ1η) −λ1 exp(−λ1η) −ϑ1λ2(b− a)A′i (λ2b[η − ξ]) −ϑ1λ2(b− a)B′i (λ2b[η − ξ]) 0 0

0 0 −ϑ2λ2(b− a)A′i (λ2a[η − ξ]) −ϑ2λ2(b− a)B′i (λ2a[η − ξ]) λ3 exp(λ3ξ) −λ3 exp(−λ3ξ)

0 0 0 0 exp(λ3) exp(−λ3)


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An analytic solution to this system is rather involved and cumbersome. How-

ever, for given values of the involved functions and parameters, we can easily

obtain numerical values for the constants, as will be explained in the section

on Results and Discussion.

5.3.3 Asymptotic Approximations of the Functions Ai, Bi

and Ni

The velocity profile and shear stress term in the variable permeability Brinkman

layer are given by equations (5.41) and (5.42), respectively. These equations

involve Airy’s functions and their first derivatives, and the Nield-Koznetsov

function and its first derivative. These functions will be evaluated at their re-

spective arguments using asymptotic approximations, discussed in Abramowitz

and Stegun [1]. We find it convenient to first introduce the following notation:

γ1 = λ2(b− a) (5.50)

γ2 = λ2(aη − bξ) (5.51)

γ3 =
π

λ22(b− a)2M2

(5.52)

and

γ4 =
π

λ2(b− a)M2

. (5.53)
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Using equations (5.50)-(5.53), equations (5.41) and (5.42) can be written,

respectively, as

u2(y) = b1Ai (γ1y + γ2) + b2Bi (γ1y + γ2) + γ3Ni (γ1y + γ2) ; η < y < ξ.

(5.54)

du2
dy

= b1λ2(b− a)A′i (γ1y + γ2) + b2λ2(b− a)B′i (γ1y + γ2)

+ γ4N
′
i (γ1y + γ2) ; η < y < ξ. (5.55)

The values of γ1 and γ2 are dependent on λ2, which is a function ofDa, ξ, η, a, b

and M2, as shown in equation (5.23). For a given variable porous layer thick-

ness, ξ−η, and permeability parameters, a and b, the values of λ2 are sensitive

to variations in Darcy Number, Da. For small values of Da, the value of λ2

is large, and for large arguments of Airy’s and Nield-Koznetsov function, we

can use the following asymptotic approximations:

Ai(Y ) ≈ exp(−2Y 3/2/3)

2
√
πY 1/4

(5.56)

A′i(Y ) ≈ −Y
1/4 exp(−2Y 3/2/3)

2
√
π

(5.57)

Y∫
0

Ai(t)dt ≈
1

3
(5.58)

Bi(Y ) ≈ exp(2Y 3/2/3)√
πY 1/4

(5.59)
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B′i(Y ) ≈ Y 1/4 exp(2Y 3/2/3)√
π

(5.60)

Y∫
0

Bi(t)dt ≈
exp(2Y 3/2/3)√

πY 7/4
(5.61)

Ni(Y ) ≈ −Bi(Y )

3
(5.62)

N ′i(Y ) ≈ −B
′
i(Y )

3
(5.63)

Y∫
0

Ni(t)dt ≈ −
1

3

Y∫
0

Bi(t)dt. (5.64)

Using the above asymptotic approximations, equations (5.41) and (5.42) can

be written as:

u2(y) = b1Ai (γ1y + γ2) + (b2 −
γ3
3

)Bi (γ1y + γ2) ; η < y < ξ. (5.65)

du2
dy

= b1λ2(b−a)A′i (γ1y + γ2)+[b2λ2(b−a)− γ4
3

]B′i (γ1y + γ2) ; η < y < ξ.

(5.66)

5.3.4 Calculating the Mean Velocity through the Three

Layers

Mean velocity across the channel layers is defined as

ū = ū1 + ū2 + ū3 =

η∫
0

u1dy +

ξ∫
η

u2dy +

1∫
ξ

u3dy (5.67)
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where ū1, ū2, ū3 are the mean velocities in layers 1, 2, and 3 respectively.

In order to utilize asymptotic approximations in (5.58), (5.61), and (5.64),

the middle integral in (5.67) must be converted to one with a lower bound

of zero. We first write the integral as:

ξ∫
η

u2dy =

ξ∫
0

u2dy−
η∫

0

u2dy. (5.68)

Using (5.41) in (5.68), we obtain

ξ∫
η

u2dy =

ξ∫
0

[b1Ai (γ1y + γ2) + b2Bi (γ1y + γ2) + γ3Ni (γ1y + γ2)]dy

−
η∫

0

[b1Ai (γ1y + γ2) + b2Bi (γ1y + γ2) + γ3Ni (γ1y + γ2)]dy (5.69)

Letting

t = (γ1y + γ2) (5.70)

we obtain dt = γ1dy, and (γ1η + γ2) ≤ t ≤ (γ1ξ + γ2).

We can then write (5.69) as

ξ∫
η

u2dy =
b1
γ1

(γ1ξ+γ2)∫
(γ1η+γ2)

Ai (t) dt+
b2
γ1

(γ1ξ+γ2)∫
(γ1η+γ2)

Bi (t) dt+
γ3
γ1

(γ1ξ+γ2)∫
(γ1η+γ2)

Ni (t) dt

(5.71)

152



where

(γ1ξ+γ2)∫
(γ1η+γ2)

Ai (t) dt =

0∫
(γ1η+γ2)

Ai (t) dt+

(γ1ξ+γ2)∫
0

Ai (t) dt

=

(γ1ξ+γ2)∫
0

Ai (t) dt−
(γ1η+γ2)∫

0

Ai (t) dt (5.72)

(γ1ξ+γ2)∫
(γ1η+γ2)

Bi (t) dt =

0∫
(γ1η+γ2)

Bi (t) dt+

(γ1ξ+γ2)∫
0

Bi (t) dt =

(γ1ξ+γ2)∫
0

Bi (t) dt−
(γ1η+γ2)∫

0

Bi (t) dt (5.73)

(γ1ξ+γ2)∫
(γ1η+γ2)

Ni (t) dt =

0∫
(γ1η+γ2)

Ni (t) dt+

(γ1ξ+γ2)∫
0

Ni (t) dt

=

(γ1ξ+γ2)∫
0

Ni (t) dt−
(γ1η+γ2)∫

0

Ni (t) dt. (5.74)

Using (5.58), (5.61) and (5.64), namely,
Y∫
0

Ai(t)dt ≈ 1
3
,
Y∫
0

Bi(t)dt ≈
exp(2Y 3/2/3)√

πY 7/4
,
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and
Y∫
0

Ni(t)dt ≈ −1
3

Y∫
0

Bi(t)dt, we obtain

(γ1ξ+γ2)∫
(γ1η+γ2)

Ai (t) dt =

0∫
(γ1η+γ2)

Ai (t) dt+

(γ1ξ+γ2)∫
0

Ai (t) dt

=

(γ1ξ+γ2)∫
0

Ai (t) dt−
(γ1η+γ2)∫

0

Ai (t) dt = 0 (5.75)

(γ1ξ+γ2)∫
(γ1η+γ2)

Bi (t) dt =

0∫
(γ1η+γ2)

Bi (t) dt+

(γ1ξ+γ2)∫
0

Bi (t) dt =

(γ1ξ+γ2)∫
0

Bi (t) dt−
(γ1η+γ2)∫

0

Bi (t) dt

=
exp(2 (γ1ξ + γ2)

3/2 /3)
√
π (γ1ξ + γ2)

7/4
− exp(2 (γ1η + γ2)

3/2 /3)
√
π (γ1η + γ2)

7/4

(5.76)

(γ1ξ+γ2)∫
(γ1η+γ2)

Ni (t) dt =

(γ1ξ+γ2)∫
0

Ni (t) dt−
(γ1η+γ2)∫

0

Ni (t) dt = −1

3

(γ1ξ+γ2)∫
0

Bi(t)dt+
1

3

(γ1η+γ2)∫
0

Bi (t) dt

= −1

3

exp(2 (γ1ξ + γ2)
3/2 /3)

√
π (γ1ξ + γ2)

7/4
+

1

3

exp(2 (γ1η + γ2)
3/2 /3)

√
π (γ1η + γ2)

7/4
(5.77)

and

ū2 =

ξ∫
η

u2dy = [
b2
γ1
− γ3

3γ1
]

[
exp(2 (γ1ξ + γ2)

3/2 /3)
√
π (γ1ξ + γ2)

7/4
− exp(2 (γ1η + γ2)

3/2 /3)
√
π (γ1η + γ2)

7/4

]
.

(5.78)
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Other integrals appearing in the mean velocity, equation (5.67), are evaluated

using (5.28) and (5.29), as follows:

ū1 =

η∫
0

u1dy =

η∫
0

[a1 exp(λ1y) + a2 exp(−λ1y) +
1

M1λ21
]dy

=
1

λ1
[a1{exp(λ1η)− 1} − a2{exp(−λ1η)− 1}+

η

M1λ1
] (5.79)

ū3 =

1∫
ξ

u3dy =

1∫
ξ

[c1 exp(λ3y) + c2 exp(−λ3y) +
1

M2λ23
]dy

=
1

λ3

[
c1 {exp(λ3)− exp(λ3ξ)} − c2 {exp(−λ3)− exp(−λ3ξ)}+

1− ξ
M2λ3

]
.

(5.80)

Upon using (5.78), (5.79) and (5.80) in (5.67) we obtain the following ex-

pression for mean velocity across the flow domain:

ū =
1

λ1
[a1{exp(λ1η)− 1} − a2{exp(−λ1η)− 1}+

η

M1λ1
]

+
1

λ3

[
c1 {exp(λ3)− exp(λ3ξ)} − c2 {exp(−λ3)− exp(−λ3ξ)}+

1− ξ
M2λ3

]
+ [

b2
γ1
− γ3

3γ1
]

[
exp(2 (γ1ξ + γ2)

3/2 /3)
√
π (γ1ξ + γ2)

7/4
− exp(2 (γ1η + γ2)

3/2 /3)
√
π (γ1η + γ2)

7/4

]
. (5.81)
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5.4 Results and Discussion

5.4.1 Choice of Permeability Parameters

The constants a and b appearing in equations (5.1) and (5.3) represent the

constant-permeability control parameters in the bounding lower and upper

layers, respectively. They also influence the choice of the variable permeabil-

ity in the middle layer, as can be seen from equation (5.2). It is clear from

equation (5.2) that a and b cannot be chosen to be equal. Furthermore, since

permeability is a positive quantity, equations (5.1) and (5.3) restrict a and b

to be positive. This means that one can choose a < b or b < a.

In light of equations (5.23) and (5.32), we must choose b < a so that the

choice of η < ξ gives λ2 < 0, which renders bλ2(η − ξ) < Y < aλ2(η − ξ) as

the interval over which equation (5.34) is defined. Without loss of generality,

we take in this work a = 2 and b = 1.

5.4.2 Choice of Layer Thickness

In the single-domain approach followed in this work, namely the dimen-

sionless channel of unit depth is divided into three layers with thicknesses

controlled by the parameters η and ξ, with η < ξ, we distinguish between

three cases:

1. layers are of equal thicknesses, where we choose η = 1
3

and ξ = 2
3
.

2. thick variable-permeability middle layer, where we choose without loss
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of generality η = 1
4

and ξ = 3
4
.

3. thin variable-permeability middle layer, where we choose without loss

of generality η = 0.49 and ξ = 0.51.

Results in this work will be obtained based on the above choices of η and ξ.

5.4.3 Choice of Effective Viscosities

Formulation of the problem at hand has been carried out using effective

viscosity ratios, defined in equations (5.20) and (5.21), where we defined

viscosity parameters ϑ1 =
µ2eff

µ1eff

and ϑ2 =
µ2eff

µ3eff

.

In the absence of concrete data for the effective viscosities, we will choose

ϑ1 = ϑ2 = 1 and Mi =
µieff
µi

= 1, i = 1, 2, 3. The method of solution adopted

in this work is still valid for different values of ϑ1,ϑ2 and Mi.

λ1 =
1√
2Da

(5.82)

λ2 =
1

3
√

2Da(η − ξ)
(5.83)

and

λ3 =
1√
Da

(5.84)

5.4.4 Choice of Darcy Number

Darcy number, Da, is the dimensionless permeability and has a maximum

value of unity. We this take the range ofDa = 1; 0.1; 0.01; 0.001; 0.0001; 0.00001.
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It is clear that the lower the value of Da the higher the values of λ1, λ2 and λ3.

These values are given in Table 5.1. Equations (5.50)-(5.53) give the follow-

ing expressions for γ1, γ2, γ3, γ4, and are tabulated in Table 5.2: γ1 = −λ2;

γ2 = λ2(2η − ξ);γ3 =
π

λ22
and γ4 = − π

λ2
.
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

λ1 0.707107 2.236068 7.071068 22.36067 70.71067 223.6067

λ2 -1.144714 -2.466212 -5.313293 -11.44714 -24.66212 - 53.1329

λ3 1 3.162278 10 31.622777 100 316.227766

η = 1/4

ξ = 3/4

λ1 0.707106 2.236067 7.071067 22.36067 70.71067 223.6067

λ2 -1 -2.154434 -4.641588 -10 -21.544346 -46.415888

λ3 1 3.162277 10 31.622776 100 316.227

η = 0.49

ξ = 0.51

λ1 0.707106 2.236067 7.071067 22.36067 70.71067 223.6067

λ2 -2.924017 -6.299605 -13.57208 -29.24017 -62.99605 -135.72088

λ3 1 3.162277 10 31.622776 100 316.227766

Table 5.1: λi, i = 1, 2, 3 for Choices of Layer Thicknesses and Darcy Number.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

γ1 1.14471 2.466212 5.313293 11.447142 24.66212 53.132928

γ2 0 0 0 0 0 0

γ3 2.397484 0.516522 0.111281 0.023975 0.0051652 0.001113

γ4 2.744434 1.273853 0.591270 0.274443 0.127385 0.059127

η = 1/4

ξ = 3/4

γ1 1 2.154434 4.6415888 10 21.54434 46.415888

γ2 0.25 0.538608 1.1603972 2.5 5.386086 11.603972

γ3 3.141592 0.676835 0.14582 0.031416 0.0067683 0.001458

γ4 3.14159 1.458198 0.676835 0.314159 0.14582 0.067683

η = 0.49

ξ = 0.51

γ1 2.92401 6.2996052 13.572088 29.240177 62.99605 135.72088

γ2 -1.37428 -2.960814 -6.378881 -13.74288 -29.60814 -63.788812

γ3 0.367443 0.079163 0.017055 0.003674 0.000792 0.00017

γ4 1.07441 0.498696 0.231475 0.107441 0.04987 0.023147

Table 5.2: Values of γj, j = 1, 2, 3, 4, for Choices of Layer Thicknesses and
Darcy Number.

5.4.5 Calculations of Ai, Bi, and Ni Using the Selected

Parameters

In order to calculate the arbitrary constants appearing in the velocity pro-

file and shear stress terms, as shown in the next subsection, we need values of

Ai (λ2[η − ξ]),Bi (λ2[η − ξ]), Ni (λ2[η − ξ]),Ai (2λ2[η − ξ]), Bi (2λ2[η − ξ]),Ni (2λ2[η − ξ]),

A′i (λ2[η − ξ]),B′i (λ2[η − ξ]),N ′i (λ2[η − ξ]),A′i (2λ2[η − ξ]),B′i (2λ2[η − ξ]),N ′i (2λ2[η − ξ]).
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Using the asymptotic approximations of equations (5.56)-(5.64), we approxi-

mate these values and produce Tables 5.3 and 5.4.. Its clear that for small

values of Da the approximation become extremely large and inaccurate.

Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

Ai 0.259106 0.165765 0.04905 0.001384 2.4.10−8 3.6.10−23

Bi 0.792477 1.058740 2.511501 59.01173 2.2.106 1.04.1021

Ni -0.023237 -0.110574 -0.65238 -19.58325 -7.4.105 -3.4.1020

η = 1/4

ξ = 3/4

Ai 0.231694 0.123404 0.021111 0.000108 9.1012 5.4.10−34

Bi 0.854277 1.28320 5.02709 657.792 5.3.109 6.03.1031

Ni -0.04003 -0.196488 -1.52716 -219.199 -1.7.109 -2.01.1031

η = 0.49

ξ = 0.51

Ai 0.339904 0.322532 0.285841 0.213048 0.098395 0.010923

Bi 0.641164 -0.000544 0.738865 0.902112 1.49748 8.92939

Ni -0.00054 -0.002526 -0.011738 -0.054976 -0.278825 -2.84931

Table 5.3: Values of Ai (λ2[η − ξ]) , Bi (λ2[η − ξ]) , Ni (λ2[η − ξ]), for Choices
of Layer Thicknesses and Darcy Number.
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

A′i -0.237682 -0.183409 -0.071003 -0.002789 -7.2.10−8 -1.5.10−22

B′i 0.501540 0.748812 2.853765 110.9774 6.3.106 4.3.1021

N ′i -0.122302 -0.280135 -1.021887 -37.01812 -2.1.106 -1.4.1021

η = 1/4

ξ = 3/4

A′i -0.224911 0.123404 -0.034141 -0.000247 -2.97.10−11 -2.6.10−33

B′i 0.544573 1.28320 6.94790 1435.82 1.7.1010 2.9.1032

N ′i -0.161651 -0.196488 -2.37563 -478.622 -5.8.109 -9.6.1031

η = 0.49

ξ = 0.51

A′i -0.237682 -0.183409 -0.071003 -0.002789 -7.2.10−8 -1.5.10−22

B′i 0.501540 0.748812 2.853765 110.9774 6.3.106 4.3.1021

N ′i -0.122302 -0.280135 -1.021887 -37.01812 -2.1.106 -1.4.1021

Table 5.4: Values of A′i (λ2[η − ξ]) , B′i (λ2[η − ξ]) , N ′i (λ2[η − ξ]), Using Equations for Choices of Layer
Thicknesses and Darcy Number.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

Ai 0.176810 0.058793 0.002390 1.3.10−7 6.9.10−21 1.05.10−62

Bi 1.01607 2.18260 35.6583 4.3.105 5.6.1018 2.5.1060

Ni -0.094765 -0.533733 -11.7911 -1.4.105 -1.8.1018 -8.4.1059

η = 1/4

ξ = 3/4

Ai 0.13529 0.012242 0.000242 1.1.10−10 1.4.10−30 2.9.10−93

Bi 1.20742 0.0531997 305.491 4.5.108 2.3.1028 7.8.1090

Ni -0.167255 0.0120870 -101.760 -1.5.108 -7.8.1027 -2.6.1090

η = 0.49

ξ = 0.51

Ai 0.324847 0.290670 0.222157 0.110220 0.015212 0.000039

Bi 0.667530 0.0729679 0.878038 1.38479 6.67181 1713.43

Ni -0.0021774 -0.010113 -0.047282 -0.235643 -2.08674 -571.083

Table 5.5: Values of Ai (2λ2[η − ξ]) , Bi (2λ2[η − ξ]) , Ni (2λ2[η − ξ]), for Choices of Layer Thicknesses and
Darcy Number.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

A′i -0.191405 0.0826541 -0.004635 -3.7.10−7 -2.84.1020 -6.3 .10−62

B′i 0.700355 2.34566 64.2671 1.18. 106 2.27 1019 1.50 .1061

N ′i -0.256582 -0.853129 -21.4525 -3.94.105 -7.51 018 -5. 1060

η = 1/4

ξ = 3/4

A′i -0.159147 -0.043130 -0.000534 -3.52.10−10 -6.78. 10−30 -2.10−92

B′i 0.932436 5.27076 640.470 1.42109 1.08 1029 5.3.1091

N ′i -0.359249 -1.82079 -213.507 -4.76. 108 -3.63 1028 -1.711091

η = 0.49

ξ = 0.51

A′i -0.256529 -0.248917 -0.219838 -0.136680 -0.025480 -0.000094

B′i 0.452734 0.470224 0.563943 1.17072 9.74890 3908.89

N ′i -0.0372374 -0.080369 -0.176277 -0.450232 -3.30392 1302.98

Table 5.6: Values of A′i (2λ2[η − ξ]) , B′i (2λ2[η − ξ]) , N ′i (2λ2[η − ξ]), for Choices of Layer Thicknesses and
Darcy Number.
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5.4.6 Calculations of the Arbitrary Constants in the

Velocity Profiles Using the Selected Parameters

Equations (5.43) through (5.48) take the following forms, respectively, for

the selected Darcy number and layer-thicknesses:

a1 + a2 = −2Da (5.85)

c1 exp(λ3) + c2 exp(−λ3) = −Da (5.86)

a1 exp(λ1η) + a2 exp(−λ1η)− b1Ai (λ2[η − ξ])− b2Bi (λ2[η − ξ])

=
πNi (λ2[η − ξ])

λ22
− 2Da. (5.87)

c1 exp(λ3ξ) + c2 exp(−λ3ξ)− b1Ai (2λ2[η − ξ])− b2Bi (2λ2[η − ξ])

=
πNi (2λ2[η − ξ])

λ22
−Da (5.88)

a1λ1 exp(λ1η)− λ1a2 exp(−λ1η) + b1λ2A
′
i (λ2[η − ξ]) + b2λ2B

′
i (λ2[η − ξ])

= −πN
′
i (λ2[η − ξ])

λ2
(5.89)
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c1λ3 exp(λ3ξ)− λ3c2 exp(−λ3ξ) + b1λ2A
′
i (2λ2[η − ξ]) + b2λ2B

′
i (2λ2[η − ξ])

= −πN
′
i (2λ2[η − ξ])

λ2
(5.90)

Solutions of the above equations for the arbitrary constants, a1, a2, b1, b2, c1, c2

are obtained according to the following steps, with the knowledge of Da, η,

ξ, λ1, λ2, λ3, and Ai, Bi, Ni, A
′
i, B

′
i, N

′
i at their indicated arguments:

1. Calculate f, g, r, F, G, and Rusing the following equations:

f = {Ai (λ2[η − ξ]) [λ1 coth(λ1η)] + λ2A
′
i (λ2[η − ξ])} (5.91)

g = {Bi (λ2[η − ξ]) [λ1 coth(λ1η)] + λ2B
′
i (λ2[η − ξ])} (5.92)

r = −πN
′
i (λ2[η − ξ])

λ2
− 2λ1Da exp(−λ1η)

− πNi (λ2[η − ξ])
λ22

[λ1 coth(λ1η)] + 2Da{exp(−λ1η)− 1}[λ1 coth(λ1η)]

(5.93)

F = Ai(2λ2[η − ξ])λ3[exp(λ3ξ) + expλ3(2− ξ)]

+ λ2A
′
i(2λ2[η − ξ])[exp(λ3ξ)− expλ3(2− ξ)] (5.94)
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G = Bi(2λ2[η − ξ])λ3[exp(λ3ξ) + expλ3(2− ξ)]

+ λ2B
′
i(2λ2[η − ξ])[exp(λ3ξ)− expλ3(2− ξ)] (5.95)

R =

{
−πN

′
i (2λ2[η − ξ])

λ2
− λ3Da expλ3(1− ξ)

}
[exp(λ3ξ)−expλ3(2−ξ)]

−λ3[exp(λ3ξ)+expλ3(2−ξ)]
{
πNi (2λ2[η − ξ])

λ22
+Da{expλ3(1− ξ)− 1}

}
(5.96)

2. Calculate b1 and b2 using the following equations:

b2 =
Rf − Fr
Gf − Fg

(5.97)

b1 =
r − gb2
f

(5.98)

3. Calculate a1 and a2 using the following equations:

a1 =
b1Ai (λ2[η − ξ]) + b2Bi (λ2[η − ξ]) + πNi(λ2[η−ξ])

λ22
+ 2Da{exp(−λ1η)− 1}

[2 sinh(λ1η)]
.

(5.99)

a2 = −2Da− a1 (5.100)

4. Calculate c1 and c2 using the following equations:
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c1 =
b1Ai (2λ2[η − ξ]) + b2Bi (2λ2[η − ξ]) + πNi(2λ2[η−ξ])

λ22
−Da+Da exp(λ3) exp(−λ3ξ)

[exp(λ3ξ)− expλ3(2− ξ)]
(5.101)

c2 = −Da exp(λ3)− c1 exp(2λ3). (5.102)
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

a1 -0.664631 -0.0239774 -0.000231 -6.2. 10−8 -2.8. 10−16 -2. 10−25

a2 -1.33537 -0.176023 -0.019768 -0.001999 -0.000200 -0.000020

b1 -0.807367 -0.291343 -0.099757 -0.145990 -207.947 -3.3.1030

b2 0.465189 0.16183 0.037100 0.007991 0.001721 0.000370

c1 -0.269959 -0.004153 -4.5. 10−7 -1.8. 10−17 -3.7. 10−48 -4.7.10−137

c2 -0.723537 -0.044288 0.736007 38454.3 8.41033 2.2. 10138

η = 1/4

ξ = 3/4

a1 -0.664844 -0.024358 -0.000310 -2.8 10−7 -2.6. 10−11 4.1 10−8

a2 -1.33516 -0.175641 -0.019689 -0.001999 -0.000200 -0.000020

b1 -1.61511 -0.712949 -0.323800 -1.13782 1.6. 108 5.9. 1051

b2 0.688040 0.216601 0.048605 0.010472 0.002256 0.000486

c1 -0.270011 -0.004161 -4.5. 10−7 -1.8. 10−17 1.9.10−40 2. 10−95

c2 -0.723152 0.039992 1.08239 3.7. 106 -1.4. 1047 -9.4.10179

η = 0.49

ξ = 0.51

a1 -0.664447 -0.023639 -0.000170 -8.3006 10−9 -3. 10−20 2.1.10−54

a2 -1.33555 -0.176361 -0.019829 -0.001999 -0.000200 -0.000020

b1 0.139427 0.079691 0.009566 -0.000921 -0.001467 -0.006617

b2 0.107055 0.065769 0.014417 0.001833 0.000283 0.000056

c1 -0.269915 -0.004147 -4.5. 10−7 -1.8. 10−17 -3.7.10−48 -4.6 10−143

c2 -0.723864 -0.047630 0.542381 3065.34 2.1. 1017 -4.3. 1062

Table 5.7: Values of Arbitrary Constants, a1, a2, b1, b2, c1 and c2, for Choices
of Layer Thicknesses and Darcy Number
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5.4.7 Velocity and Shear Stress Computations at the

Interfaces Between Layers

Velocity and shear stress term at the interface between the first and second

layers can be calculated using equations (5.28) and (5.30), respectively, and

take the following forms at y = η:

u1(η) = a1 exp(λ1η) + a2 exp(−λ1η) + 2Da (5.103)

du1
dy

(η) = a1λ1 exp(λ1η)− a2λ1 exp(−λ1η). (5.104)

At the upper interface, y = ξ, velocity and shear stress term are calculated

using equations (5.29) and (5.31), respectively, and take the forms:

u3(ξ) = c1 exp(λ3ξ) + c2 exp(−λ3ξ) +Da (5.105)

du3(ξ)

dy
= c1λ3 exp(λ3ξ)− λ3c2 exp(−λ3ξ) (5.106)

Numerical values of velocity and shear stress term at the interfaces are pro-

vided in Table 5.8 and Table 5.9 below, for different values of Darcy

number and layer-thicknesses. Again, for small values of Da, shear stress

values become excessively large and inaccurate.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

u1(η) 0.1013747 0.065940 0.015687 0.001891 0.000195 -4.6. 107

du1
dy (η) -1.80251 -0.031899 -0.027205 -0.002417 -0.000346 -1.04. 1010

η = 1/4

ξ = 3/4

u1(η) 0.087785 0.056971 0.014817 0.001916 -0.001083 7.9. 1016

du1
dy (η) -1.67983 -0.311624 -0.028481 -0.001780 -.090773 1.071019

η = 0.49

ξ = 0.51

u1(η) = 0.115829 0.069675 0.069675 0.001255 0.000058 -0.400050

du1
dy (η) 2.04900 0.189834 -0.037062 -0.016644 -0.009981 -0.015819

Table 5.8: Velocity and Shear Stress at the Lower Interface y = η.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

u3(ξ) 0.102716 0.060423 0.010578 0.001026 93633.4 6.2. 1046

du3
dy (ξ) -0.154332 -0.091131 -0.012946 -0.000850 -9.3. 106 -1.9. 1049

η = 1/4

ξ = 3/4

u3(ξ) 0.086792 0.051677 0.009773 0.001189 -3.7. 1014 -9.31076

du3
dy (ξ) 0.230021 -0.129207 -0.014235 -0.006011 3.7. 1016 2.9. 1079

η = 0.49

ξ = 0.51

u3(ξ) 0.115954 0.070353 0.013977 0.001571 0.000214 -0.000012

du3
dy (ξ) 0.002870 -0.029780 -0.04100 -0.018071 -0.011453 0.006973

Table 5.9: Velocity and Shear Stress at the Upper Interface y = ξ.

172



5.4.8 Mean Velocity Across the Layers

Equation (5.81) provides an expression for the mean velocity across each

layer and across the channel composed of the three layers. For different layer

thicknesses and various Darcy number values, Table 5.10 provides numerical

values for the mean velocity.

Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

ū1 0.020281 0.013432 0.003823 0.000572 0.000063 - 2. 105

ū2 0.037234 0.022564 0.004428 9.2.10−8 978.924 - 3.2. 1043

ū3 0.020014 0.012009 0.002456 0.000302 936.362 1.9. 1044

ū 0.077530 0.048005 0.010707 0.000875 42.562234 1.6. 1044

η = 1/4

ξ = 3/4

ū1 0.012242 0.0082041 0.002477 0.000407 0.000029 3.5 1014

ū2 0.0531976 0.032374 -0.000008 4.4.10−7 4.1. 1012 3.3.1073

ū3 0.0120870 0.007368 0.001632 0.000224 3.78. 1012 -2.9. 1074

ū 0.0775269 0.047947 0.004101 0.000632 7.9.1012 - 2.6 1074

η = 0.49

ξ = 0.51

ū1 0.0775290 0.047949 0.010603 0.000897 0.000097 0.000009

ū2 0.040133 0.025846 0.006608 -0.000028 -0.000002 1.9.10−10

ū3 -0.002318 -0.001400 -0.000271 0.000496 0.000051 0.000009

ū 0.039718 0.023630 0.004505 0.001365 0.000145 0.000014

Table 5.10: Mean Velocity Across Each Porous Layer and Across the Chan-
nel.
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5.4.9 Permeability Distribution Across the Layers

We have assumed that layer 1 and layer 3 are of constant permeability, and

layer 2 of variable permeability. The dimensionless permeability in layer 1

is given by K1 = aK0, and that in layer 3 by K3 = bK0, where we chose

b = 1, a = 2. Thus, K1 = 2K0 and K3 = K0.

Dimensionless permeability in layer 2 is given by

K2 =
abK0(η − ξ)

(b− a)y + aη − bξ
. (5.107)

When b = 1, a = 2 we have:

K2 =
2K0(η − ξ)
−y + 2η − ξ

. (5.108)

The above permeability distributions K1, K2 and K3 can be rewritten to

replace K0 by Da as:

K∗1 =
K1

H2
= 2Da. (5.109)

K∗2 =
K2

H2
=

2Da(η − ξ)
−y + 2η − ξ

. (5.110)

K∗3 =
K3

H2
= Da. (5.111)

Permeability distribution in (5.110) is tabulated in Table 5.11, below, for

each thickness, and plotted for the selected range of Da and layer thicknesses.

in Fig. 5.2 to 5.4. These figures show the constant permeability in the lower

and upper bounding layers, and the variable permeability (decreasing) in the
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middle layer.

K∗2 =
2Da(η − ξ)
−y + 2η − ξ

η = 1/3

ξ = 2/3

2Da

3y

η = 1/4

ξ = 3/4

Da

y + 1/4

η = 0.49

ξ = 0.51

4Da

100y − 47

Table 5.11: Variable Permeability Functions for Each Middle Layer Thickness
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Figure 5.2: Permeability Distribution η = 1
3
, ξ = 2

3
, and Different Values of

Darcy Number.
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Figure 5.3: Permeability Distribution η = 1
4
, ξ = 3

4
, and Different Values of

Darcy Number.
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Figure 5.4: Permeability Distribution η = 0.49, ξ = 0.51, and Different Val-
ues of Darcy Number.

5.4.10 Velocity Distribution Across the Layers

Velocity distributions across the variable permeability middle layer, for differ-

ent layer thicknesses and Darcy number, are illustrated in Fig. 5.5 through

5.7. These figures show the shape and demonstrate the increase in velocity

with increasing Da.

Velocity distributions across the composite three layers, for different layer

thicknesses and Darcy number, are illustrated in Fig. 5.8 through 5.10.
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These figures show the shape, smoothness in the velocity profiles, and demon-

strate the increase in velocity with increasing Da.

Figure 5.5: Velocity Profiles in the Second Layer for η = 1
3
, ξ = 2

3
, and

Different Values of Darcy Number.
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Figure 5.6: Velocity Profiles in the Second Layer for η = 1
4
, ξ = 3

4
, and

Different Values of Darcy Number.
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Figure 5.7: Velocity Profiles in the Second Layer for η = 0.49, ξ = 0.51, and
Different Values of Darcy Number.
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Figure 5.8: Velocity Profiles in the Three Layers for η = 1
3
, ξ = 2

3
, and

Different Values of Darcy Number.
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Figure 5.9: Velocity Profiles in the Three Layers for η = 1
4
, ξ = 3

4
, and

Different Values of Darcy Number.
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Figure 5.10: Velocity Profiles in the Three Layers for η = 0.49, ξ = 0.51, and
Different Values of Darcy Number.
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5.5 Chapter Conclusion

In Chapter 5, we considered the flow through a composite layered media,

composed of three layers the flow through which is governed by Brinkmans

equation. The middle layer is taken to be of variable permeability and the

bounding layers of constant permeability. Flow through the middle layer is

governed by an Airys differential equation. Its solution has been obtained

and expressed in terms of the Nield-Koznetsov function, and characteristics

of the flow in the configuration have been thoroughly analyzed.
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Chapter 6

Flow through a Layered Porous

Configuration with Generalized

Variable Permeability

6.1 Chapter Introduction

In Chapter 5 we considered fluid flow through three layers with different

permeability in each layer. We assumed that the permeability in the middle

layer to be a variable function of y, taken as a shifted rectangular hyper-

bola, while the bounding layers possessed constant permeability. The choice

of variable permeability function was an idealization, by design, to result

in an inhomogeneous Airy’s ordinary differential equation whose solution is

expressible in terms of the newly introduced Nield-Koznetsov function [45].
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The chosen permeability idealization is a subcase of the more general perme-

ability function that is the reciprocal of a polynomial of degree n. The flow

in the variable-permeability layer is then governed by a generalized inhomo-

geneous Airy’s ordinary differential equation.

In order to illustrate the effects of this variable permeability function, we

consider the same problem formulation as given in Chapter 5 and replace

the permeability distribution with the more general permeability distribu-

tion, defined as follows:

For porous layer 1 :

K1 = aK0 for 0 < y∗ < ηH (6.1)

For porous layer 2:

K2 (y∗) = abK0

 (ξ − η)H(
n
√
a− n
√
b
)
y∗ +

(
n
√
bξ − n

√
aη
)
H

n for ηH < y∗ < ξH

(6.2)

For porous layer 3:

K3 = bK0 for ξH < y∗ < H (6.3)

In equations (6.1), (6.2) and (6.3), K0 is a reference constant permeability,

a and b are constants to be selected as in Chapter 5, namely a = 2 and

b = 1, ξ and η are parameters that determine the thickness of each layer.
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We note that at each interface between layers the permeability is continuous

with K1 = K2(ηH) = aK0 and K3 = K2(ξH) = bK0. When n = 1, we

recover the permeability distribution of Chapter 5, given by equation (5.2).

6.2 Governing Equation

The governing equations are the same as equations (5.4),(5.5), and (5.6) of

Chapter 5, or their dimensionless form (5.8)-(5.10), respectively. Now, sub-

stituting the permeability distribution, equations (6.1)-(6.3), in the dimen-

sionless equations (5.8)-(5.10), respectively, we obtain the following form of

governing equations:

d2u1
dy2
− 1

aDaM1

u1 +
1

M1

= 0 0 < y < η (6.4)

d2u2
dy2
−

((
n
√
a− n
√
b
)
y +

(
n
√
bξ − n

√
aη
))n

abDaM2(ξ − η)n
u2 +

1

M2

= 0 η < y < ξ (6.5)

d2u3
dy2
− 1

bDaM3

u3 +
1

M3

= 0 ξ < y < 1. (6.6)

In equation (6.5), n is a positive integer . The case when n =1, has been dis-

cussed in Chapter 5. In this chapter we will assume that n ≥ 2. Equations

(6.4),(6.5), and (6.6) must be solved subject to the boundary and matching
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conditions given by equations (5.14) to (5.18). Solutions of equations (6.4)

and (6.6) are given in equations (5.28) and (5.29) respectively, namely:

u1(y) = a1 exp(λ1y) + a2 exp(−λ1y) +
1

M1λ21

u3(y) = c1 exp(λ3y) + c2 exp(−λ3y) +
1

M3λ23

The values of λ1,λ2, M1, and M3 are as given in Chapter 5, and a1,a2,c1,

and c2 are arbitrary constants that must be determined once equation (6.5)

is solved, using the boundary and matching conditions.

To solve equation (6.5), we first let

ωn =
1

n+2

√
abM2Da(ξ − η)n( n

√
a− n
√
b)2

, (6.7)

and write equation (6.5) as

d2u2
dy2
− (ωn)n+2 ( n

√
a− n
√
b)2
[(

n
√
a− n
√
b
)
y +

(
n
√
bξ − n

√
aη
)]n

u2 +
1

M2

= 0.

(6.8)

Upon using the transformation

Y = ωn

[
( n
√
a− n
√
b)y + (

n
√
bξ − n

√
aη)
]

(6.9)
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we write u2(y) ≡ U2(Y ), and express (6.7) in the form:

d2U (Y)

d2Y
− Y nU (Y) +

1

M2( n
√
a− n
√
b)2ω2

n

= 0 (6.10)

for ωn
n
√
b (ξ − η) < Y < ωn n

√
a (ξ − η).

Equation (6.10) is a generalized inhomogeneous Airy’s differential equation.

Solution to the homogeneous part is a linear combination of the linearly

independent functions An(Y ), and Bn (Y) (cf. Swanson and Headley,[62]),

namely:

U2h(Y) = b1An(Y) + b2Bn(Y) (6.11)

An(Y) =
2p

π
sin(pπ)(Y)1/2Kp(ζ) (6.12)

Bn(Y) = (pY)
1
2 (I−p(ζ) + Ip(ζ)). (6.13)

The terms Ip andKp are the modified Bessel functions defined as:

Ip (ζ) = i−pJp (iζ) =
∞∑
m=1

1

m!Γ(m+ p+ 1)
(
ζ

2
)2m+p (6.14)

Kp(ζ) =
π

2

(I−p(ζ)− Ip(ζ))

sin(pπ)
(6.15)

with p = 1
n+2

, ζ = 2pY
1
2p , i =

√
−1 and Γ is the gamma function.

The Wronskian of An(Y) and Bn(Y) is given by:

W (An(Y ), Bn (Y)) =
2

π
p

1
2 sin (pπ) . (6.16)
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We note that An(Y ) and Bn(Y ) are Airy’s functions Ai(Y ) and Bi(Y ), re-

spectively, when n = 1.

6.3 General Solution in Terms of the Integral

Function Zn(Y )

At this stage it is convenient to define the following integral function so as

to parallel the Nield-Koznetsov function, Ni(Y), defined by equation (5.38):

Zn (Y) = An (Y)

∫ Y

0

Bn (t) dt−Bn (Y)

∫ Y

0

An (t) dt (6.17)

The function Zn(Y ) reduces to Ni(Y) when n = 1. We will use this function

to express the particular solution to (6.8), as follows. Using the method of

variation of parameters, a particular solution of equation (6.8) is given by:

U2P (Y) =
π

2p
1
2 sin (pπ)

Zn (Y ) (6.18)

and the general solution thus takes the form:

U2(Y) = b1An(Y) + b2Bn(Y) +
π

2p1/2sin(pπ)M2( n
√
a− n
√
b)2ω2

n

Zn(Y) (6.19)
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or the form:

u2 (y) = b1An

(
ωn

[(
n
√
a− n
√
b
)
y +

(
n
√
bξ − n

√
aη
)])

+ b2Bn

(
ωn

[(
n
√
a− n
√
b
)
y +

(
n
√
bξ − n

√
aη
)])

+
π

2p
1
2 sin(pπ)M2( n

√
a− n
√
b)2ω2

n

Zn

(
ωn

[(
n
√
a− n
√
b
)
y +

(
n
√
bξ − n

√
aη
)])
(6.20)

wherein b1, b2 are arbitrary constants.

The derivative of the functions An(Y ), Bn(Y ) and Zn (Y) are given, respec-

tively, by ( for the details see (cf. [62]):

A′n (Y ) = −2p

π
sin (pπ)Y

n+1
2 Kp−1 (ζ) (6.21)

B
′

n (Y ) = p
1
2 (Y )

n+1
2 [I1−p (ζ) + Ip−1 (ζ)] (6.22)

and

Z ′n (Y ) = A
′

n (Y )

∫ Y

0

Bn (t) dt−B′n (Y )

∫ Y

0

An (t) dt (6.23)

For convenience, and to simplify the appearance of equation (6.20), we let

αn = ( n
√
a− n
√
b) (6.24)

βn =
[

n
√
bξ − n

√
aη
]

(6.25)

εn =
π

2p
1
2 sin (pπ)M2α2

nω
2
n

. (6.26)
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Equation (6.20) then becomes:

u2 (y) = b1An (ωn(αny + βn)) + b2Bn (ωn(αny + βn))

+ εnZn (ωn(αny + βn)) (6.27)

with

du2 (y)

dy
= b1ωnαnA

′
n (ωn(αny + βn)) + b2ωnαnB

′
n (ωn(αny + βn))

+ εnωnαnZ
′
n (ωn(αny + βn)) (6.28)

We can further let:

ψ1
n = ωnαn (6.29)

ψ2
n = ωnβn (6.30)

ψ3
n = εnωnαn (6.31)

and express equations (6.27)-(6.28), respectively, as :

u2 (y) = b1An
(
ψ1
ny + ψ2

n

)
+ b2Bn

(
ψ1
ny + ψ2

n

)
+ εnZn

(
ψ1
ny + ψ2

n

)
(6.32)

du2 (y)

dy
= b1ψ

1
nA
′
n

(
ψ1
ny + ψ2

n

)
+ b2ψ

1
nB
′
n

(
ψ1
ny + ψ2

n

)
+ ψ3

nZ
′
n

(
ψ1
ny + ψ2

n

)
(6.33)
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Equations (6.32) and (6.33) give us a compact form of the expressions of

velocity and shear stress, respectively. Either equations (6.27) and (6.28) or

equations (6.32) and (6.33) can be used in imposing boundary and interfacial

conditions, and in the solution for the arbitrary constants. In Section 6.4,

below, we will use equations (6.27) and (6.28).

6.4 Determination of the Arbitrary Constants

Using the boundary and matching conditions, given by equations (5.14) to

(5.18), in equation (5.28), (5.29), (6.27) and (6.28), we obtain:

a1 + a2 = − 1

M1λ21
(6.34)

a1 exp (λ1η)+a2 exp (−λ1η)−b1An
(
ωn

n
√
b (ξ − η)

)
−b2Bn

(
ωn

n
√
b (ξ − η)

)
= εnZn

(
ωn

n
√
b (ξ − η)

)
− 1

M 1
λ21 (6.35)

b1An
(
ωn

n
√
a (ξ − η)

)
+ b2Bn(n

n
√
a (ξ − η)− c1 exp (λ3ξ)− c2 exp (−λ3ξ)

= −εnZn
(
ωn

n
√
a (ξ − η)

)
+

1

M 3
λ23 (6.36)
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λ1a1 exp (λ1η)− λ1a2 exp (−λ1η)− b1ϑ1αnωnA
′
n

(
ωn

n
√
b (ξ − η)

)
− b2ϑ1ωnαnB

′
n

(
ωn

n
√
b (ξ − η)

)
= ϑ1ωnαnεnZ

′
n

(
ωn

n
√
b (ξ − η)

)
(6.37)

b1ϑ2ωnαnA
′
n

(
ωn

n
√
a (ξ − η)

)
+ b2ωnϑ2αnB

′
n

(
ωn

n
√
a (ξ − η)

)
− c1λ3 exp (λ3ξ) + c2λ3 exp (−λ3ξ) = −ωnϑ2αnεnZ

′
n

(
ωn

n
√
a (ξ − η)

)
(6.38)

c1 exp (λ3) + c2 exp (−λ3) = − 1

M3λ23
(6.39)

Note that ωn
n
√
b (ξ − η) = ψ1

nη + ψ2
n, andωn n

√
a (ξ − η) = ψ1

nξ + ψ2
n

Equations (6.34) through (6.39) represent a system of six equations in six

unknowns that can be written in the matrix-vector form

MX = C (6.40)

where

X =



a1

a2

b1

b2

c1

c2


;
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C =



− 1

M1λ21

εnZn

(
ωn

n
√
b (ξ − η)

)
− 1

M 1
λ21

εnZn (ωn n
√
a (ξ − η))− 1

M 3
λ23

ϑ1ωnαnεnZ
′
n

(
ωn

n
√
b (ξ − η)

)
ϑ2ωnαnεnZ

′
n (ωn n

√
a (ξ − η))

− 1

M3λ23



M =



1 1 0 0 0 0

exp(λ1η) exp(−λ1η) −An(ωn
n
√
b(ξ − η)) −Bn(ωn

n
√
b(ξ − η)) 0 0

0 0 −An(ωn n
√
a(ξ − η)) −Bn(ωn n

√
a(ξ − η)) exp(λ3ξ) exp(λ3ξ)

λ1 exp(λ1η) −λ1 exp(λ1η) −ϑ1αnωnA
′
n(ωn

n
√
b(ξ − η)) −ϑ1αnωnB

′
n(ωn

n
√
b(ξ − η)) 0 0

0 0 −ϑ2αnωnA
′
n(ωn n

√
a(ξ − η)) −ϑ2αnωnB

′
n(ω n
√
a(ξ − η)) λ3 exp(λ3ξ) −λ3 exp(λ3ξ)

0 0 0 0 exp(λ3) exp(−λ3)


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An analytic solution to this system is rather involved and cumbersome. How-

ever, for given values of the functions and parameters, we can easily obtain

numerical values for the constants, as will be explained in the section on

Results and Discussion.

6.5 Results and Discussion

Solving governing equations (6.1)-(6.3) translates to calculating the velocity

in each layer, subject to boundary and interfacial conditions. Transforming,

non-dimensionalizing, and solving the resulting equations requires specifying

and calculating flow parameters and problem-formulation parameters and

arbitrary constants. These are specified and calculated in Section 6.5.1. in

preparation for computing the velocity profiles and shear stress values across

the layers.

6.5.1 Values of Parameters Involved

6.5.1.1 Choice of Permeability Parameters

As in Section 5.4.1, we must choose b < a so that ωn
n
√
b (ξ − η) < Y <

ωn n
√
a (ξ − η) in equation (6.10) is well-defined as an interval. For the sake

of illustration, we take in this work a = 2 and b = 1. The parameter ωn

in equation (6.7) is well-defined for every value of the integer n since all the

quantities under the radical are positive.
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6.5.1.2 Choice of the Integer n

An increase in the integer n influences (increases) the permeability value in

the middle, variable-permeability layer. Although we will concentrate on

results obtained for n = 2, the method of analysis is valid for any value

n > 1.

6.5.1.3 Choice of Layer Thickness

We will choose the same layers thickness as in as in Section 5.4.2, namely:

1. layers are of equal thicknesses, where we choose η = 1
3

and ξ = 2
3
.

2. thick variable-permeability middle layer, where we choose without loss

of generality η = 1
4

and ξ = 3
4
.

3. thin variable-permeability middle layer, where we choose without loss

of generality η = 0.49 and ξ = 0.51.

6.5.1.4 Values of αn and βn

Parameters αn and βn have been defined by equations (6.24) and (6.25),

respectively. Values of αn, for 2 ≤ n ≤ 5 are given in Table 6.1. Values of

βn for 2 ≤ n ≤ 5 and the range of layer thicknesses, considered above, are

shown in Table 6.2.
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n αn

n = 2 0.414213562

n = 3 0.259921050

n = 4 0.189207115

n = 5 0.148698355

Table 6.1: Values of αn for Choices of the Integer n.

n=2 n=3 n=4 n=5

η = 1/3

ξ = 2/3
β2 = 0.19526214 β3 = 0.24669298 β4 = 0.27026429 β5 = 0.28376721

η = 1/4

ξ = 3/4
β2 = 0.39644660 β3 = 0.43501973 β4 = 0.45269822 β5 = 0.46282541

η = 0.49

ξ = 0.51
β2 = −0.1829646 β3 = −0.1073613 β4 = −0.0727114 β5 = −0.052862

Table 6.2: Values of βn for Choices of Layer Thicknesses and Integer n.

6.5.1.5 Choice of Effective Viscosities

As in Section 5.4.3, we will choose ϑ1 = ϑ2 = 1 and Mi =
µieff
µi

= 1, i =

1, 2, 3. The method of solution adopted in this work is still valid for different

values of ϑ1,ϑ2 and Mi.

199



6.5.1.6 Choice of Darcy Number

We will choose the same range of values for the Darcy number Da as in

Section 5.4.4, namely: Da = 1; 0.1; 0.01; 0.001; 0.0001; 0.00001.

6.5.1.7 Values of ωn and εn

For n = 2, values of ωn and εn , given by equations (6.7) and (6.26 ) have been

calculated for various values of λ1,and λ3, and for choices of layer thicknesses

and Darcy number. These values are given in Table 6.3.

Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

λ1 0.707107 2.236068 7.071068 22.360679 70.710678 223.606798

λ3 1 3.162278 10 31.622777 100 316.227766

ω2 2.263033 4.0243057 7.15634 12.725972 22.630334 40.243057

ε2 5.056317 1.598947 0.505631 0.159894 0.050563 0.015989

η = 1/4

ξ = 3/4

λ1 0.707106 2.236067 7.071067 22.36067 70.71067 223.6067

λ3 1 3.162277 10 31.62277 100 316.227766

ω2 1.847759 3.285831 5.843127 10.39071 18.47759 32.85831

ε2 7.584475 2.398421 0.758447 0.239842 0.075844 0.023984

η = 0.49

ξ = 0.51

λ1 0.707106 2.236067 7.071067 22.36067 70.71067 223.6067

λ3 1 3.16227 10 31.62277 100 316.2277

ω2 9.238795 16.42915 29.21563 51.95356 92.38795 164.2915

ε2 0.303379 0.095936 0.030337 0.009593 0.003033 0.000959

Table 6.3: Values of λ1, ω2 , ε2 and λ3 for Choices of Layer Thicknesses and
Darcy Number.
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6.5.1.8 Values of ψ1
n, ψ

2
n, and ψ3

n

In addition, when n = 2, parameters ψ1
n ,ψ2

n, ψ
3
n , defined by equations

(6.29), (6.30), (6.31), respectively, have been calculated for choices of layer

thicknesses and Darcy number, and presented in Table 6.4.
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

ψ1
2 0.937379 1.666922 2.964253 5.271270 9.373791 16.66922

ψ2
2 0.441884 0.785794 1.397362 2.484900 4.418847 7.857945

ψ3
2 4.739686 2.665321 1.498820 0.842848 0.473968 0.266532

η = 1/4

ξ = 3/4

ψ1
2 0.765366 1.361036 2.420302 4.303974 7.653668 13.61036

ψ2
2 0.732537 1.302656 2.316487 4.119362 7.325378 13.02656

ψ3
2 5.804906 3.264338 1.835672 1.032274 0.580490 0.3264338

η = 0.49

ξ = 0.51

ψ1
2 3.826834 6.805180 12.10151 21.51987 38.26834 68.05180

ψ2
2 -1.690372 -3.005955 -5.345428 -9.505665 -16.90372 30.059553

ψ3
2 1.160981 0.652867 0.367134 0.206454 0.116098 0.065286

Table 6.4: Values of ψ1
2, ψ22, ψ3

2 and for Choices of Layer Thicknesses and Darcy Number
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6.5.2 Calculations of An, Bn and Zn Using the Selected

Parameters

In order to calculate the arbitrary constants appearing in the velocity profile

and shear stress terms, as shown in the next subsection, we need values of

A2(ψ
1
nη + ψ2

n), B2 (ψ1
nη + ψ2

n), Z2 (ψ1
nη + ψ2

n) , A
′
2 (ψ1

nη + ψ2
n),

, B′2 (ψ1
nη + ψ2

n) , Z ′2 (ψ1
nη + ψ2

n) , A2 (ψ1
nξ + ψ2

n) , B2 (ψ1
nξ + ψ2

n) , Z2 (ψ1
nξ + ψ2

n) ,

A′2 (ψ1
nξ + ψ2

n) , B
′
2 (ψ1

nξ + ψ2
n) , Z

′
2 (ψ1

nξ + ψ2
n).

These are the generalized Airy’s functions A2 and B2 and their derivatives,

and the integral function Z2 and its derivative. They are calculated and tab-

ulated in Table 6.(5-8) for different Darcy number and layer thicknesses.

Table 6.(5-8) illustrate the extreme increases in these functions with de-

creasing Darcy number.
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

A2 0.146833 0.065058 0.007295 0.000011 3.18.10−14 4.5.10−41

B2 0.891720 1.353810 6.560838 2238.2328 4.6.1011 1.8.1038

Z2 -0.064732 -0.225167 -1.629536 -572.2841 -1.19.1011 -4.6.1037

η = 1/4

ξ = 3/4

A2 0.119446 0.383749 0.001603 -6.3.10−7 1.19.10−20 1.2.10−60

B2 0.986156 1.874575 24.16709 9.2.105 6.3.1017 5.6.1057

Z2 -0.098410 -0.383749 -6.149544 -2.3.105 -1.6.1017 -1.4.1057

η = 0.49

ξ = 0.51

A2 0.252505 0.224675 0.176700 -0.141098 0.025464 0.000489

B2 0.649168 0.705837 0.811899 0.731968 2.479203 70.14847

Z2 -0.003842 -0.012155 -0.038572 -0.261729 -0.554156 -17.91384

Table 6.5: Values of A2 (ψ1
nη + ψ2

n)B2 (ψ1
nη + ψ2

n)Z2 (ψ1
nη + ψ2

n), for Choices of Layer Thicknesses and Darcy
Number
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

A′2 -0.169186 -0.106082 -0.018777 0.000051 -2.42.1013 -6.164335

B
′
2 0.505416 1.252151 13.965386 9218.246 3.501.1012 2.448951

Z
′
2 -0.175317 -0.405704 -3.616131 -2357.03 -8.9.1011 -6.261759

η = 1/4

ξ = 3/4

A′2 -0.153375 -0.072464 -0.004938 -6.32.10−7 -1.776573 -1.978771

B
′
2 0.618068 2.332985 65.954050 9.22.105 5.851942 9.343749

Z
′
2 -0.223301 -0.677643 -16.888365 -2.35.105 -1.496291 -2.389116

η = 0.49

ξ = 0.51

A′2 -0.194481 -0.192186 -0.181465 0.052428 -0.052927 -0.001679

B
′
2 0.391389 0.398025 0.439994 1.536320 3.685908 218.8703

Z
′
2 -0.041594 -0.074043 -0.133052 -0.282788 -1.015201 -55.9792

Table 6.6: Values ofA
′

2 (ψ1
nη + ψ2

n)B
′
2 (ψ1

nη + ψ2
n)B

′
2 (ψ1

nη + ψ2
n) , Z

′
2 (ψ1

nη + ψ2
n), for Choices of Layer Thick-

nesses and Darcy Number
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

A2 0.098606 0.022958 0.000361 1.2.10−9 1.1.10−26 3.7.10−80

B2 1.084326 2.671724 92.60297 1.5.107 8.9.1023 1.8.1077

Z2 -0.133687 -0.606912 -23.6566 -3.8.106 -2.2.1023 -4.6.1076

η = 1/4

ξ = 3/4

A2 0.068829 0.0085424 0.000019 1.3.10−13 4.6.10−39 2.4.10−119

B2 1.311585 5.762401 1430.166 1.1.1011 1.8.1036 1.9.10116

Z2 -0.211393 -1.422479 -365.667 -2.8.1010 -4.6.1035 -5.10115

η = 0.49

ξ = 0.51

A2 0.237653 0.198799 0.134876 0.052428 0.003962 0.000001

B2 0.679209 0.760957 0.929531 1.536320 10.97355 12904.8

Z2 -0.007685 -0.024338 -0.078047 -0.282788 -2.766959 -3299.65

Table 6.7: Table Values of for A2 (ψ1
nξ + ψ2

n)B2 (ψ1
nξ + ψ2

n)Z2 (ψ1
nξ + ψ2

n) for Choices of Layer Thicknesses
and Darcy Number
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

A′2 0.138008 -0.048745 -0.001269 -7.5.10−9 -1.10−25 -4.1076

B
′
2 0.764991 4.131067 297.534 8.9.107 9.1024 3.1078

Z
′
2 -0.271968 -1.126644 -76.0915 -2.8.107 -2.1024 -8.8.1077

η = 1/4

ξ = 3/4

A′2 -0.110173 0.021493 -0.000081 -1.10−12 -6.1.10−38 -5.7.10−118

B
′
2 1.1706817 11.849695 5727.25 8.1011 2.3.1037 4.5.10117

Z
′
2 -0.384511 -3.078205 -1464.41 -2.1011 -6.1.1036 -1.1.10117

η = 0.49

ξ = 0.51

A′2 -0.193542 -0.187641 -0.162856 -0.091304 -0.011046 -0.000008

B
′
2 0.393949 0.413946 0.546413 1.617581 26.2095 58525.1

Z
′
2 -0.058843 -0.105079 -0.194740 -0.498768 -6.736730 14964.3

Table 6.8: Values of for A′2 (ψ1
nξ + ψ2

n)B′2 (ψ1
nξ + ψ2

n)Z ′2 (ψ1
nξ + ψ2

n) for Choices of Layer Thicknesses and
Darcy Number
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6.5.2.1 Calculations of Values of Arbitrary Constants of Equation

(6.40)

In order to determine velocity profiles and shear stress values, we must de-

termine the arbitrary constants by solving equation (6.40). This requires

using data in tables (Table 6.1) to (Table 6.8) in equation (6.40) to ob-

tain a system that can be solved numerically to calculate the values of the

constants a1, a2, b1, b2, c1, and c2.The values of the constants are tabulated in

Table 6.9 for different layer thickness and Darcy numbers. Table 6.9 shows

that some of the arbitrary constants attain extremely large values as Darcy

number falls below 0.001, which implies unboundedness of the solution for

the indicated small values of Da.
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

a1 -0.664454 -0.023780 -0.000218 5.7.10−8 1.10−8 0.0001

a2 -1.335545 -0.176219 -0.019781 -0.001999 -0.0002 -0.0001

b1 -3.183532 -1.800712 -1.162354 -11.975 1.4.1015 -1.8.1068

b2 1.007705 0.401418 0.1292897 0.040883 0.012928 0.004088

c1 -0.270004 -0.004158 -4.10−7 -1.8.10−17 -3.7.10−48 -4.6.10−143

c2 -0.723203 -0.041538 0.804530 -0.270540 2.1043 -4.1.1037

η = 1/4

ξ = 3/4

a1 -0.664584 -0.024066 -0.000287 0.000082 -1.10−41 -3.6.1026

a2 -1.335415 -0.175933 -0.019712 -0.002082 1.10−41 3.6.1026

b1 -6.448879 -4.20250 -4.757192 -3260 7.44.1027 4.5.10107

b2 1.627087 0.607314 0.193928 0.061325 0.019392 0.006132

c1 -0.270077 -0.004168 -4.5.10−7 -1.8.10−17 -4.10−28 1.10−65

c2 -0.722664 -0.03585 1.216835 -3.1012 3.1059 -1.1.10210

η = 0.49

ξ = 0.51

a1 -0.664435 -0.023627 -0.000169 -8.1.10−9 -2.8.10−20 -3.7.10−54

a2 -1.335564 -0.176372 -0.019830 -0.001999 -0.00020 -0.00002

b1 0.164659 0.116279 0.025133 -0.000643 -0.002992 -0.006273

b2 0.116375 0.064325 0.013158 0.000643 0.002992 0.000245

c1 -0.269917 -0.004147 -4.5.10−7 -1.8.10−17 0.002992 -4.6.10−143

c2 -0.723843 -0.047466 0.545802 3127.54 2.8.1017 6.1063

Table 6.9: Values of Arbitrary Constants, a1, a2, b1, b2, c1, and c2, for Choices
of Layer Thickness.

6.5.3 Dimensionless Permeability Distribution

Dimensional distributions of the constant and variable permeability values

in the three layers are chosen as follows:
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For layer 1 :

K1 = aK0 for 0 < y < η. (6.41)

For layer 2:

K2 (y) = abK0

 (ξ − η)(
n
√
a− n
√
b
)
y +

(
n
√
bξ − n

√
aη
)
n for η < y < ξ.

(6.42)

For layer 3:

K3 = bK0 for ξ < y < 1. (6.43)

As in Chapter 5, we replace K0 by the Darcy Number, Da, in equations

(6.41)-(6.43) by introducing

K∗i (y) =
Ki(y)

H2
(6.44)

hence we have

K∗1 = aDa for 0 < y < η, (6.45)
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K∗2(y) = abDa

 (ξ − η)(
n
√
a− n
√
b
)
y +

(
n
√
bξ − n

√
aη
)
n for η < y < ξ,

(6.46)

K∗3 = bDa for ξ < y < 1. (6.47)

When a = 2, b = 1 we get

K∗1 = 2Da for 0 < y < η, (6.48)

K∗2(y) = 2Da

[
(ξ − η)(

n
√

2− 1
)
y +

(
ξ − n
√

2η
)]n for η < y < ξ (6.49)

K∗3 = Da for ξ < y < 1. (6.50)

Permeability distributions for various values of n, Da, and thickness of the

middle layer are illustrated in Fig. 6.1- 6.4. Fig. 6.1 and 6.2 illustrate

the effects of increasing n on the permeability distribution in the variable

permeability middle layer. Both graphs show the relative increase in perme-

ability, as n increases, for a given middle layer thickness and a given Darcy

number.

Effects of increasing Darcy number on the permeability distribution, for a

given variable layer thickness and a given value of n, are illustrated in Fig.

6.3 and 6.4. These figures show the expected increase in permeability with
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increasing Darcy number.

Figure 6.1: Permeability Distribution Da = 1,η = 0.1, ξ = 0.9,a = 2, b = 1
and Different Values of n.
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Figure 6.2: Permeability Distribution Da = 1, η = 0.25, ξ = 0.75, a = 10,
b = 1, and Different Values of n.
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Figure 6.3: Permeability Distribution n = 2, η = 1
3
, ξ = 2

3
, a = 2, b = 1 and

Different Values of Darcy Number.
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Figure 6.4: Permeability Distribution n = 5,η = 1
3
, ξ = 2

3
, a = 2, b = 1 and

Different Values of Darcy Number.

6.5.4 Velocity and Shear Stress Computations at the

Interfaces between Layers

Velocity and shear stress at the interface between the first and second layers

can be calculated using equations (5.103) and (5.104), respectively, and take

the following forms at y = η:

u1(η) = a1 exp(λ1η) + a2 exp(−λ1η) + 2Da (6.51)
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du1
dy

(η) = a1λ1 exp(λ1η)− a2λ1 exp(−λ1η). (6.52)

At the upper interface, y = ξ, velocity and shear stress term are calculated

using equations (5.105) and (5.106), respectively, and take the forms:

u3(ξ) = c1 exp(λ3ξ) + c2 exp(−λ3ξ) +Da (6.53)

du3(ξ)

dy
= c1λ3 exp(λ3ξ)− λ3c2 exp(−λ3ξ) (6.54)

Numerical values of velocity and shear stress term at the interfaces are pro-

vided in Table 6.10, 6.11 below, for different values of Darcy number and

layer-thicknesses.

We also provide the values of u2(η), u2(ξ),
du2
dy

(η) and du2
dy

(ξ) ,below as ob-

tained from equations (6.32) and (6.33) to show that the velocity and the

shear stress for the sake of comparison :

u2(η) = b1An
(
ψ1
nη + ψ2

n

)
+ b2Bn

(
ψ1
nη + ψ2

n

)
+ εnZn

(
ψ1
nη + ψ2

n

)
(6.55)

u2(ξ) = b1An
(
ψ1
nξ + ψ2

n

)
+ b2Bn

(
ψ1
nξ + ψ2

n

)
+ εnZn

(
ψ1
nξ + ψ2

n

)
(6.56)

du2
dy

(η) = b1ψ
1
nA
′
n(ψ1

nη + ψ2
n) + b2ψ

1
nB
′
n(ψ1

nη + ψ2
n) +ψ3

nZ
′
n(ψ1

nη + ψ2
n) (6.57)

du2
dy

(ξ) = b1ψ
1
nA
′
n(ψ1

nξ + ψ2
n) + b2ψ

1
nB
′
n(ψ1

nξ + ψ2
n) + ψ3

nZ
′
n(ψ1

nξ + ψ2
n) (6.58)
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Table 6.10 illustrates the velocity values at the lower and upper interfaces,

as calculated using equations (6.51), (6.53), (6.55) and (6.56). This Table

shows that for all choices of ξ and η the velocity values at the interfaces are

very close to each other numerically whether the velocity expression used

is that of the middle layer or that of an outer layer. This is true for high

values of Darcy number. As Da reaches 0.001, inaccuracies start taking place

and are caused by inaccuracies of computations and approximations of the

Airy’s functions, which in turn influence the computations of the arbitrary

constants involved.

Similar conclusions are reached from Table 6.11, which illustrates the shear

stress values at the lower and upper interfaces, computed using equations

(6.52), (6.54), (6.57) and (6.58), and shows that inaccuracies start at Da =

0.001.
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

u1(η) 0.103833 0.066261 0.015824 0.001900 172.353 2.3.1028

u2(η) 0.103833 0.066261 0.015824 0.001903 200 2.1028

u2(ξ) 0.102798 0.060716 0.010665 0.01 0 2.1028

u3(ξ) 0.102798 0.060716 0.010665 0.000999 2.2.1014 0.00001

η = 1/4

ξ = 3/4

u1(η) 0.087874 0.057315 0.014950 0.023950 0.00020 6.9.1050

u2(η) 0.087873 0.057315 0.014950 0.024 0 -6.9.1050

u2(ξ) 0.086883 0.051983 0.00985 13400 0 -2.4.10109

u3(ξ) 0.086883 0.051984 0.009847 -150.286 8.1026 -1.09.10107

η = 0.49

ξ = 0.51

u1(η) 0.115958 0.070361 0.013953 0.001530 0.000168 0.000018

u2(η) 0.1159587 0.070361 0.013953 0.001530 0.000168 0.000018

u2(ξ) 0.115843 0.069729 0.013252 0.001309 0.000117 0.000013

u3(ξ) 0.115843 0.069729 0.013252 0.001309 0.000117 0.000010

Table 6.10: Velocity at the Lower and Upper Interfaces.
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

du1
dy

(η) 0.151346 0.074945 -0.003034 -0.002173 12187.191 5.2.1030

du2
dy

(η) 0.151346 0.074945 -0.003033 -0.0021 10000 1.1031

du2
dy

(ξ) -0.154591 -0.092316 -0.01383 0 0 0

du3
dy

(ξ) -0.154591 -0.092315 -0.013819 -8.3.10−7 -2.2.1016 -5.2.10−49

η = 1/4

ξ = 3/4

du1
dy

(η) 0.230474 0.130817 0.011885 -0.001357 -1.3.108 1.9.1047

du2
dy

(η) 0.230474 0.130817 0.011885 -0.001384 -9.4.107 -2.5.1048

du2
dy

(ξ) -0.230391 -0.130681 -0.014963 -4099.43 2.3.1025 -2.5.10106

du3
dy

(ξ) -0.230391 -0.130681 -0.014963 66.4174 8.2.1026 -3.5.10106

η = 0.49

ξ = 0.51

du1
dy

(η) 0.003467 -0.026184 -0.033980 -0.010490 -0.002236 -3.273819

du2
dy

(η) 0.003467 -0.026184 -0.033980 -0.010490 -0.002236 -3.273820

du2
dy

(ξ) -0.014826 -0.035881 -0.034022 -0.009796 -0.001765 -1.741597

du3
dy

(ξ) -0.014826 -0.035881 -0.034022 -0.097964 -0.001765 -1.741359

Table 6.11: Shear Stress at the Lower and Upper Interfaces.
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6.5.5 Mean Velocity Across the Layers

In Chapter 5, the mean velocity across the channel layers was defined in

equation (5.67) as:

ū = ū1 + ū2 + ū3 =

η∫
0

u1dy +

ξ∫
η

u2dy +

1∫
ξ

u3dy (6.59)

where ū1, ū2, ū3 are the mean velocities in layers 1, 2, and 3 respectively.

Mean velocity calculations are illustrated for Da = 1 and different layer

thicknesses in Table 6.12 . This Table clearly shows the highest mean ve-

locity being across the variable permeability layer for large thickness. This

is due to the high flow rate in the middle layer, where a high permeabil-

ity is associated with this layer. When the middle layer is thin, the Table

shows a decrease in the mean velocity across this layer due to the fact that

permeability does not remain high enough to influence the mean velocity.
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η = 1/3

ξ = 2/3
ū1 0.020295189

η = 1/4

ξ = 3/4
ū1 0.012253769

η = 0.49

ξ = 0.51
ū1 0.037816843

ū2 0.080326876 ū2 0.139845711 ū2 0.0023977597

ū3 0.020028615 ū3 0.012098218 ū3 0.037401303

ū 0.120650682 ū 0.164197699 ū 0.077615907

Table 6.12: Mean Velocity Across each Porous Layer and Across the Channel.
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6.5.6 Velocity Profiles Across the Layers

Velocity across the three layers is illustrated in Fig. 6.5–6.7 for different

values of n, Da and a and b. For Da = 1, the velocity profile possesses a

parabolic shape (Fig. 6.5) that is lost with decreasing Da. As the product

bDa decreases, or equivalently permeability in the upper layer decreases, and

the product aDa increases, or equivalently permeability in the lower layer

increases, velocity across the upper layer decreases and velocity across the

lower layer increases, causing a loss in the parabolic velocity profile. This is

true when Da decreases and assumes values below unity Fig. 6.6 and 6.7

When Da = 1, the parabolic velocity profile is due to the dimensional perme-

ability approaching infinity, and the flow is less affected by the introduction

of a porous layer. The effect of increasing n is also illustrated in Fig. 6.5–

6.7, which demonstrate the increase in velocity in the middle layer with

increasing n. Numerically, this is attributed to increasing permeability due

to increasing n (as can be seen from equation 6.49, where the denominator

is less the numerator, and the ratio in the permeability expression is greater

than unity and increases by taking higher powers). Velocity in the middle

layer and its dependence on n are further illustrated in Fig. 6.8–6.10, which

show the increase in velocity due to increasing permeability with increasing

n, for given Da, a and b. Loss of parabolic shape with decreasing Da is also

explained in terms of decreasing permeability in the upper bounding layer,

which results in a slower flow in the upper part of the middle layer.
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6.5.7 Chapter Conclusion

In Chapter 6, we considered the flow in a layered porous configuration, con-

sisting of three layers the middle of which is of variable permeability. The

bounding upper and lower layers were of constant permeability. This is the

same configuration as that of the problem in Chapter 5, but with a per-

meability distribution in the middle layer that results in a generalized Airy’s

ODE as the governing differential equation in the middle layer. This problem

is undertaken to illustrate the effects of changing the power on the perme-

ability expression (that is, the value of n) on the flow characteristics. The

main conclusion reached here is that with increasing n, permeability in the

middle layer increases and results in a corresponding increase in velocity.
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Figure 6.5: Velocity Profile u(y) for Da = 1, η = 1
3
, ξ = 2

3
and Different

Values of n.
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Figure 6.6: Velocity Profile u(y) for Da = 0.01, η = 1
3
, ξ = 2

3
, a = 2, b = 1

and Different Values of n.
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Figure 6.7: Velocity Profile u(y) for Da = 0.01, η = 1
3
, ξ = 2

3
, a = 15, b = 1

and Different Values of n.
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Figure 6.8: Velocity Profile u2(y) for Da = 1, η = 1
3
, ξ = 2

3
, a = 50, b = 1

and Different Values of n.
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Figure 6.9: Velocity Profile u2(y) for Da = 1, η = 1
3
, ξ = 2

3
,a = 2, b = 1 and

Different Values of n.
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Figure 6.10: Velocity Profile u2(y) for Da = 0.001, η = 1
3
, ξ = 2

3
, a = 15,

b = 1 and Different Values of n.
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Chapter 7

Flow through a Channel

Bounded by a Brinkman

Transition Porous Layer

7.1 Chapter Summary

In Chapters 5 and 6 we modelled the variable permeability in a Brinkman

porous layer as a reciprocal of a polynomial function of degrees 1 and n,

respectively. In Chapter 5 the Brinkman equation reduced to an inhomo-

geneous Airy’s differential equation whose solution was expressed in terms

of the Nield-Koznetsov Ni(y) function, which is defined in terms of Airy’s

functions, (cf. Nield and Koznetsov [45] and Hamdan and Kamel [27]). In

Chapter 6 the Brinkman equation reduced to a generalized inhomogeneous
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Airy’s differential equation whose solution was expressed in terms of the gen-

eralized Airy’s functions, discussed in Sawnson and Haedly [62]. This offers

more choices for describing the variable permeability of Brinkman’s equation,

and an enhanced understanding of the role of the transition layer.

In their introduction of the transition layer and the reduction of Brinkman’s

equation to an Airy’s differential equation, Nield and Kuzenstove [45] studied

the flow through a channel consisting of a transition layer sandwiched be-

tween a porous medium and a fluid clear of solid material. The permeability

within the transition layer was taken variable as a reciprocal of a polynomial

of degree 1, and their analysis treated cases of thin and thick transition lay-

ers. Granted, the concept of a thick transition layer inevitably gives rise to

the study of layered porous media with variable permeability - a case that

we analyzed in Chapter 5, and was generalized in Chapter 6 when the

variable permeability was taken as a reciprocal of a polynomial of degree n.

In order to illustrate the utility of a generalized permeability function, we

apply the analysis of Chapter 6 to the problem configuration used by Nield

and Koznetsov [45]. The objective here is to recover Nield and Koznetsov’s

results when we take n = 1 in our generalized formulation. We will there-

fore extend Nield and Koznetsov’s problem by taking the permeability in the

middle layer to be the reciprocal of a polynomial of degree n.
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7.2 Problem Formulation

We consider a fluid flow through a channel consisting of three layers, as

shown in Fig. 7.1. The first layer consists of free-space, bounded below

be a solid, impermeable wall and bounded above by the transition porous

layer, and is occupied by a fluid whose flow is governed by Navier-Stokes

equations. The second (middle) layer is a porous medium with variable

permeability taken as the reciprocal of a polynomial of degree n. This is

the transition layer that bounds the free-space channel from above, and is

saturated with fluid whose flow is governed by Brinkman’s equation. The

third layer is a porous medium with constant permeability that is bounded

from above by a solid, impermeable wall, and bounded from below by the

variable permeability transition layer. Flow in the third layer is governed by

Brinkman’s equation, and the flow through the three layers is driven by a

common pressure gradient.

Permeability distribution in the configuration of Fig. 7.1 is given as follows,

where we take K0 as a constant reference permeability.
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Figure 7.1: Representative Sketch of a Channel Bounded by a Transition
Porous Layer.

In the lower region, or Region 1(the fluid zone):

K1 →∞ for 0 < y∗ < ηH. (7.1)

In the middle region, or Region 2:

K2 =
K0 [(ξ − η)H]n

(y∗ − ηH)n
; for ηH < y∗ < ξH. (7.2)
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In the upper region, or Region 3:

K3 = K0; for ξH < y∗ < H. (7.3)

The boundary value problem at hand can be formulated as follows:

µ1
d2u∗1
dy∗2

+G = 0 for 0 < y∗ < ηH. (7.4)

µeff2
d2u∗2
dy∗2

− µ

K2

u2 +G = 0 for ηH < y∗ < ξH. (7.5)

µeff3
d2u∗3
dy∗2

− µ

K3

u∗3 +G = 0 for ξH < y∗ < H. (7.6)

In the above equations, G = − dp
dx

is the constant pressure gradient. For

i = 1, 2, 3, with i = 1 referring to layer 1,i = 2 referring to layer 2, and

i = 3 referring to layer 3, the quantities in equations (7.4), (7.5), and (7.6)

:u∗i , Ki, µi, and µeffi denote the velocity, permeability, base fluid viscosity,

and effective viscosity, respectively, in layer i.

Following Nield and Kozentsov, [45], we introduce the following dimensionless

variables, where Da refers to Darcy number:

y =
y∗

H
;Da =

K0

H2
;ui =

µi
GH2

u∗i for i = 1, 2, 3; and Mi =
µeffi
µi

for i = 2, 3.

The permeability distributions, K1, K2 and K3 can be written in the following

dimensionless form in terms of Darcy number, Da:

K∗1 =
K1

H2
→∞ (7.7)
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K∗2 =
K2

H2
= Da

(
ξ − η
y − η

)n
(7.8)

K∗3 =
K3

H2
= Da. (7.9)

Equations(7.4), (7.5), and (7.6) take the following forms, respectively:

d2u1
dy2

+ 1 = 0; 0 < y < η. (7.10)

M2
d2u2
dy2
− H2

K2

u2 + 1 = 0; η < y < ξ. (7.11)

M3
d2u3
dy2
− H2

K3

u3 + 1 = 0; ξ < y < 1 (7.12)

And, upon substituting the permeability distributions, (7.7)-(7.9), in equa-

tions (7.10)-(7.12), we get

d2u1
dy2

+ 1 = 0; 0 < y < η. (7.13)

d2u2
dy2
− 1

M2Da (ξ − η)n
(y − η)n u2 +

1

M2

= 0; η < y < ξ. (7.14)

d2u3
dy2
− 1

DaM3

u3 +
1

M3

= 0; for ξ < y < 1. (7.15)

Equation (7.13),(7.14), and (7.15) must be solved subject to the following

boundary and matching conditions

u1 = 0 at y = 0 (7.16)
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u1 = u2 at y = η (7.17)

du1
dy

= ϑ1
du2
dy

at y = η. (7.18)

u2 = u3 at y = ξ. (7.19)

ϑ2
du2
dy

=
du3
dy

at y = ξ. (7.20)

u3 = 0 at y = 1, (7.21)

where ϑ1 =
µ2

µ1

and ϑ2 =
µ2

µ3

are the viscosity ratios.

Now, letting τn =
1

n+2
√
M2Da (ξ − η)n

and λ3 =
1√

M3Da
, equations

(7.14), and (7.15) become, respectively:

d2u2
dy2
− (τn)n+2 (y − η)n +

1

M2

= 0 (7.22)

d2u3
dy2
− λ23u3 +

1

M3

= 0. (7.23)

General solutions for equation (7.13), and (7.15) are given, respectively, by

u1 (y) = c1y + d1 −
y2

2
(7.24)

u3 (y) = c3 exp (λ3y) + d3 exp (−λ3y) +
1

M3λ23
. (7.25)

In order to solve equation (7.14), we first use the following transformation
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ỹ = τn (y − η) and write u2(y) ≡ U2(ỹ). Equation (7.14) then becomes:

d2U2 (ỹ)

dỹ2
− (ỹ)n U2 (ỹ) +

1

M2(τn)2
= 0. (7.26)

Equation (7.26) is the generalized Airy’s inhomogeneous differential equation

whose general solution is expressed as:

U2 (ỹ) = c2An (ỹ) + d2Bn (ỹ) + σnZn (ỹ) , (7.27)

where p =
1

n+ 2
, σn =

π

2
√
p sin (pπ)M2(τn)2

, and An (ỹ), Bn (ỹ), and Zn (ỹ)

are the generalized functions defined by equations (6.12), (6.13), and (6.17).

Upon substituting ỹ = τn (y − η),u2(y) ≡ U2(ỹ), and σn =
π

2
√
p sin (pπ)M2(τn)2

,

in (7.27) we obtain the following general solution to equation (7.14):

u2(y) = c2An (τn (y − η))+d2Bn (τn (y − η))+
π

2
√
p sin (pπ)M2(τn)2

Zn (τn (y − η)) .

(7.28)

Shear stress expressions across the layers are obtained from equations (7.24),

(7.25) and (7.28), and take the following form:

du1
dy

= c1 − y (7.29)

du2
dy

= c2τnA
′
n (τn (y − η))+d2τnB

′
n (τn (y − η))+

π

2
√
p sin (pπ)M2τn

Z ′n (τn (y − η))

(7.30)

du3
dy

= c3λ3 exp (λ3y)− d3λ3 exp (−λ3y) . (7.31)
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Upon using boundary and interfacial conditions, (7.16)-(7.21), in equations

(7.24), (7.25) and (7.28), we obtain the following system of linear equations

that is to be solved for the arbitrary constants c1, d1, c2, d2, c3, d3:

d1 = 0 (7.32)

c1η + d1 − c2An (0)− d2Bn (0) =
η2

2
(7.33)

c1 − c2ϑ1τnA
′

n (0)− d2ϑ1τnB
′

n (0) = η (7.34)

c2An (τn (ξ − η)) + d2Bn (τn (ξ − η))− c3 exp (λ3ξ)− d3 exp (−λ3ξ)

=
1

M3λ23
− π

2
√
p sin (pπ)M2(τn)2

Zn (τn (ξ − η)) (7.35)

c2ϑ2τnA
′

n (τn (ξ − η))+d2ϑ2τnB
′

n (τn (ξ − η))−λ3c3 exp (λ3ξ)+λ3d3 exp (−λ3ξ)

= − ϑ2π

2
√
p sin (pπ)M2τn

Z
′

n (τn (ξ − η)) (7.36)

c3 exp (λ3) + d3 exp (−λ3) =
−1

M3λ23
(7.37)

Linear equations (7.29)-(7.34) are cast in the following matrix-vector form

Mx= c (7.38)
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where:

M =



0 1 0 0 0 0

η 1 −An(0) −Bn(0) 0 0

1 0 −ϑ1τnA
′
n(0) −ϑ1τnBn(0) 0 0

0 0 An(τn(ξ − η)) Bn(τn(ξ − η)) −exp(λ3ξ) −exp(−λ3ξ)

0 0 ϑ2τnA
′
n(τn(ξ − η)) ϑ2τnB

′
n(τn(ξ − η)) −λ3exp(λ3ξ) λ3exp(−λ3ξ)

0 0 0 0 exp(λ3) exp(−λ3)


(7.39)

x =



c1

d1

c2

d2

c3

d3


(7.40)

c =



0

η2

2

η

1

M3λ23
− π

2
√
psin (pπ)M2(τn)2

Zn (τn (ξ − η))

− ϑ2π

2
√
psin (pπ)M2τn

Z
′
n (τn (ξ − η))

−1

M3λ23


. (7.41)
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In solving the above linear system, we make use of the following values of

the generalized functions An, Bnand Zn, and their first derivatives at zero

(cf. [62]), wherein Γ is the Gamma function:

An(0) =
p1−p

Γ(1− p)
(7.42)

Bn(0) =
p

1
2
−p

Γ(1− p)
(7.43)

A′n(0) = − pp

Γ(p)
(7.44)

B′n(0) =
pp−

1
2

Γ(p)
(7.45)

Zn(0) = 0 (7.46)

Z ′n(0) = 0. (7.47)

7.3 Results and Analysis

Results have been obtained for a range of values of n and the range of Da =

1; 0.1; 0.001; 0.0001; and 0.00001 in order to illustrate the effects of changing

n and Da on the generalized functions, on the permeability function, on the

arbitrary constants, and on the velocity profiles. Thick and thin transition

layers are considered. In particular, we choose η =
1

3
, ξ =

2

3
and η =

1

4
, ξ =

3

4

for thick transition layer, and η = 0.49, ξ = 0.51 for thin layer. Values of

p =
1

n+ 2
, An, A

′
n, Bn, B

′
n, Zn, Z

′
n, σn and τn at 0 and at other specified points
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for different values of n and Da, are listed in Tables 7.1–7.7. These values

are important in the calculation of the arbitrary constants in the matrix-

vector equations (7.38), and in the determination and plotting of permeability

functions and velocity profiles. Values of arbitrary constants are illustrated

in Tables 7.8 and 7.9 for the various layer thicknesses, Darcy’s number and

n.

7.3.1 Dimensionless Permeability Distributions

For the sake of graphs we find it more convenience to plot the reciprocal of

the dimensionless permeability functions (7.7)-(7.9) namely

1

K∗1
= 0 for 0 < y < η. (7.48)

1

K∗2(y)
=

1

Da

(
y − η
ξ − η

)n
; for η < y < ξ. (7.49)

1

K∗1
=

1

Da
for ξ < y < 1. (7.50)

Dependence of the permeability distributions on the value of n is illustrated

in Fig. 7.2, which shows the reciprocal of the dimensionless permeability

across the three layers for n = 1, 2, 3 and 5, for η = 1
3
, ξ = 2

3
, and Da = 1.

Figure 7.2 demonstrates the decrease of the reciprocal permeability of the

transition layer (or increase of permeability) with increasing n.
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7.3.2 Velocity at the Interfaces

At the lower and upper interfaces, y = η and y = ξ, respectively, between

layers, velocity expressions are obtained from equations (7.24), (7.25), and

(7.28), and take the form

u1 (η) = c1η + d1 −
η2

2
(7.51)

u2(η) = c2An (0) + d2Bn (0) . . . (7.52)

u2(ξ) = c2An (τn (ξ − η)) + d2Bn (τn (ξ − η))

+
π

2
√
p sin (pπ)M2(τn)2

Zn (τn (ξ − η)) (7.53)

u3 (ξ) = c3 exp (λ3ξ) + d3 exp (−λ3ξ) +
1

M3λ23
. (7.54)

Velocity at the lower and upper interfaces for different middle layer thickness,

different values of Da, and for n = 1 and n = 2 are given in Tables 7.10

and 7.11, which furnish the following observations:

1. Computations render reasonable results for Da as low as 0.001 when

n = 1. Inaccuracies start creeping when Da <0.001. For n = 2, results

are reasonable for Da as low as 0.0001 and inaccuracies creep when Da

<0.0001. This behavior may be attributed to both round-off errors for

small Da and inaccuracies in evaluation of Airy’s functions for small

Da. This behavior persists for thick layers, and is less noticeable for
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thin middle layer calculations.

2. Computations of velocity at the lower interface using expressions (7.51)

and (7.52) agree up to within seven significant digits. The same is true

for computations of velocity at the upper interface using expressions

(7.53) and (7.54). This is indicative of appropriate matching of the

velocity at the interfaces, used in this work.

3. For a given Da, velocity at the lower interface decreases with increas-

ing middle layer thickness. Similarly, velocity at the upper interface

decreases with increasing middle layer thickness. This behavior per-

sists for both n = 1 and n = 2.

4. For a given middle layer thickness, velocity at each of the lower and

upper interfaces increases with increasing Da. This is expected, as Da

is defined as a dimensionless reference permeability and accompanied

with increasing permeability is a velocity increase.

5. The effect of increasing n on the velocity at the interfaces for a given

thickness and Da is that the velocity at each interface increases with

increasing n. This is true for both thin and thick transition layers, and

for the range of Da used.
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7.3.3 Shear Stress at the Interfaces

At the lower and upper interfaces, y = η and y = ξ, respectively, between

layers, shear stress expressions are obtained from equations (7.29), (7.30),

and (7.31), and take the form

du1(η)

dy
= c1 − η (7.55)

du2(η)

dy
= c2τnA

′
n (0) + d2τn B′n (0) (7.56)

du2(ξ)

dy
= c2τnA

′
n (τn (ξ − η)) + d2τn B′n (τn (ξ − η))

+
π

2
√
p sin (pπ)M2τn

Z ′n (τn (ξ − η)) (7.57)

du3(ξ)

dy
= c3λ3 exp (λ3ξ)− d3λ3 exp (−λ3ξ) . (7.58)

Shear stress at the lower and upper interfaces for different middle layer thick-

ness, different values of Da, and for n = 1 and n = 2 are given in Tables

7.12 and 7.13, which furnish the following observations:

1. Computations render reasonable results for Da as low as 0.001 when

n = 1 and n = 2. Inaccuracies start creeping when Da <0.001. This

behavior may be attributed to the inaccuracies reported earlier when

computing velocity at the interfaces using Maple’s built-in functions.

When dealing with a thin transition layer, results are accurate for as
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low as Da = 0.00001.

2. Computations of shear stress at the lower interface using expressions

(7.55) and (7.56) agree up to within a minimum of five significant digits.

The same is true for computations of velocity at the upper interface

using expressions (7.57) and (7.58).

3. For a given Da, the absolute value of the shear stress at the lower

interface increases with increasing transition layer thickness. Similarly,

at the upper interface. This behavior persists for both n = 1 and n = 2.

4. For a given transition layer thickness, absolute value of shear stress at

each of the lower and upper interfaces increases with increasing Da.

5. The effect of increasing n on the absolute value of shear stress at the

interfaces for a given thickness and Da is that at each interface, this

absolute value increases with increasing n. This is true for both thin

and thick transition layers, and for the range of Da used.

7.3.4 Friction Factor

A quantity of interest is the negative of the shear stress term at the interface

between the channel and the transition layer, namely cf = −du1
dy

at y =

η. This has been analyzed and defined by Nield and Kuznetsov [45] as a

friction factor representing the dimensionless frictional stress in the fluid at
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the interface. From equation (7.55) we can see that

cf = −du1(η)

dy
= η − c1. (7.59)

Values of cf for different Da, layer thickness and n = 1 are listed in Table

7.14 and compared with the values obtained by Nield and Koznetsov [45]

for the same problem. Agreement between the current results and Nield and

Koznetsov results [45] up to the three significant digits they report is clear

from Table 7.14. Values of cf for different Da, layer thickness and n = 2

are listed in Table 7.15.

7.3.5 Mean Velocity Across the Layers

The dimensionless mean velocities across the layers are defined as

ū1 =

η∫
0

u1dy =
1

2
c1η

2 + d1η −
1

6
η3 (7.60)

ū2 =

ξ∫
η

u2dy =

ξ∫
η

c2An (τn (y − η)) + d2Bn (τn (y − η))

+
π

2
√
p sin (pπ)M2(τn)2

Zn (τn (y − η)) dy. (7.61)
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By letting t = τn (y − η) in (7.61) we get

ū2 =
c2
τn

τn(y−η)∫
0

An (t)dt+
d2
τn

τn(y−η)∫
0

Bn (t)dt+
π

2
√
p sin (pπ)M2(τn)3

τn(y−η)∫
0

Zn (t)dt.

(7.62)

ū3 =

1∫
ξ

u3dy =

1∫
ξ

[c3 exp(λ3y) + d3 exp(−λ3y) +
1

M2λ23
]dy

=
1

λ3

[
c3 {exp(λ3)− exp(λ3ξ)} − d3 {exp(−λ3)− exp(−λ3ξ)}+

1− ξ
M2λ3

]
(7.63)

The dimensionless mean velocity across the configuration (that is, across the

three layers) is defined as

ū = ū1 + ū2 + ū3 =

η∫
0

u1dy +

ξ∫
η

u2dy +

1∫
ξ

u3dy (7.64)

and represents a measure of the overall volume flux through the channel

configuration.

The above expressions are evaluated using Maple and the values are list

for n = 1 and n = 2 in Tables 7.16 and 7.17, respectively, for different

transition layer thicknesses and different Da. Comparison is made for the

case of n = 1 with the Nield and Koznetsov results [45]. Agreement between

the results is evident from Table 7.16. It is also evident from Tables 7.16

and Tables 7.17 that increasing n results in a higher mean velocity across
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the channel for thick layers but the increase is minimal for thin layers, for a

given Da.

For a give transition layer thickness and a given value of n, the total volume

flux decreases with decreasing Da. This is due to flow retardation for smaller

permeability.

It should be noted that since the velocity computations for thick layers are

accurate for Da as low as 0.001, so are the computations of the mean velocity.

7.3.6 Velocity Profiles

For the case of n = 1, and thick transition layer, Fig. 7.5 illustrates the effect

of changing Da on the velocity profile. The case of thin layer is shown in Fig.

7.6. Both figures demonstrate a velocity profile distortion with decreasing

Da as the permeability becomes lower in the upper region, resulting in slower

flow. The same is illustrated in Fig. 7.(7,8) for the case of n = 2. The

effect of varying n is illustrated in Fig. 7.9, which demonstrates the relative

increase of velocity in the transition layer with increasing n. This may be

attributed to higher momentum transfer from the adjacent layers that tend

to increase the flow velocity there.

7.3.7 Chapter Conclusion

In Chapter 7, we considered the problem of flow through a porous medium

over a free-space channel in the presence of a transition layer. This problem
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was treated by Nield and Koznetsov [45] to illustrate the characteristics of the

flow when the transition layer is a Brinkman layer of variable permeability

described as the reciprocal of a linear polynomial. In this chapter we consid-

ered the permeability to vary as the reciprocal of an nth degree polynomial

and to solve the resulting generalized Airy’s differential equation. For the

case of n = 1, our results agree with those obtained by Nield and Koznetsov

[45].

n p An (0) Bn (0) A′n (0) B′n (0)

1 0.33333333 0.35502805 0.61492662 -0.258819 0.4482883

2 0.25 0.28851686 0.57703373 -0.1950311 0.3900622

3 0.2 0.23702017 0.52999322 -0.1578750 0.3530193

4 0.16666667 0.19903461 0.48753324 -0.1332724 0.3264494

5 0.14285714 0.17059511 0.45135225 -0.1156535 0.3059904

10 0.08333333 0.09711205 0.33640601 -0.07069553 0.2448965

Table 7.1: Values of p, An (0), Bn (0), A′n (0), and B′n (0) for Different Values
of n.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

τ1 1.4422495 3.107232 6.694329 14.422495 31.07232 66.943295

λ3 1 3.162277 10 31.622776 100 316.22776

σ1 1.5103202 0.325388 0.070102 0.0151032 0.0032538 0.000701

η = 1/4

ξ = 3/4

τ1 1.259921 2.714417 5.848035 12.599210 27.144176 58.480354

λ3 1 3.162277 10 31.622776 100 316.22776

σ1 1.979079 0.426379 0.0918607 0.019790 0.004263 0.0009186

η = 0.49

ξ = 0.51

τ1 3.684031 7.937005 17.0997594 36.840314 79.3700525 170.997594

λ3 1 3.162277 10. 31.622776 100. 316.227766

σ1 0.231474 0.049869 0.01074409 0.01074409 0.01074409 0.01074409

Table 7.2: Values of τ1, λ3, and σ1 for Different Values of Darcy Number and Layer Thickness.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

τ2 1.732050 3.080070 5.477225 9.74004 17.3205 30.8007

λ3 1 3.16227766 10 31.6228 100. 316.228

σ2 0.0151944 0.0151944 0.0151944 0.0151944 0.0151944 0.0151944

η = 1/4

ξ = 3/4

τ2 1.41421 2.51487 4.47213 7.95273 14.1421 25.1487

λ3 1 3.16228 10 31.6228 100 316.228

σ2 0.0151944 0.0151944 0.0151944 0.0151944 0.0151944 0.0151944

η = 0.49

ξ = 0.51

τ2 7.07109 12.5743 22.3607 39.7635 70.7109 125.743

λ3 1 3.16228 10 31.6228 100 316.228

σ2 0.0151944 0.0151944 0.0151944 0.0151944 0.0151944 0.0151944

Table 7.3: Values of τ2, λ3, and σ2 for Different Values of Darcy Number and Layer Thickness.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

A1 0.236043 0.129691 0.0243646 0.0001674 3.502 10−11 3.924 10−32

B1 0.843870 1.24154 4.45040 434.014 1.4121 109 8.5844 1029

Z1 -0.036988 -0.180411 -1.32949 -144.603 -4.707 108 -2.861 1029

η = 1/4

ξ = 3/4

A1 0.203481 0.0867873 0.0075553 0.0000046 4.896 10−16 2.018 10−47

B1 0.929081 1.63618 12.4117 13566.4 8.822 1013 1.458 1045

Z1 -0.0639524 -0.331483 -4.01976 -4522.07 -2.940 1013 -4.860 1044

η = 0.49

ξ = 0.51

A1 0.335979 0.314166 0.268587 0.181896 0.0636409 0.00301502

B1 0.647997 0.686522 0.772858 0.997889 2.05510 28.6702

Z1 -0.0008640 -0.0040114 -0.0186523 -0.088143 -0.487194 -9.45799

Table 7.4: Values A1(τ1(ξ − η)), B1(τ1(ξ − η)),and Z1(τ1(ξ − η)) for Different Values of Darcy Number and
Layer Thickness
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

A2 0.177966 0.104233 0.0266516 0.0005599 4.7705910−9 8.019 10−25

B2 0.808842 1.05460 2.40006 62.1312 4.08734 106 1.366 1022

Z2 -0.0376525 -0.123076 -0.532310 -15.8633 -1.04510 106 -3.4948 1021

η = 1/4

ξ = 3/4

A2 0.154918 0.0743832 0.0106049 0.00003646 1.038 10−12 2.601 10−36

B2 0.868383 1.25668 4.83644 777.347 1.53327 1010 3.4407 1033

Z2 -0.056739 -0.193192 -1.18131 -198.747 -3.920 109 −8.797 1032

η = 0.49

ξ = 0.51

A2 0.260945 0.239556 0.202084 0.139981 0.0576472 0.0051876

B2 0.632217 0.675341 0.753752 0.912848 1.45178 8.72541

Z2 -0.0022509 -0.0071188 -0.0225386 -0.0721303 -0.256453 -2.18848

Table 7.5: Values A2(τ2(ξ − η)), B2(τ2(ξ − η)), and Z2(τ2(ξ − η)) for Different Values of Darcy Number and
Layer Thickness.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

A′1 -0.227118 -0.154329 -0.038756 -0.000375 1.13 10−10 -1.858 10−31

B′1 0.536556 0.976974 5.98514 927.453 4.51 109 4.0454 1030

Z ′1 -0.155159 -0.376949 -2.05702 -309.166 1.50 109 -1.348 1030

η = 1/4

ξ = 3/4

A′1 -0.208986 -0.113488 -0.0135017 -0.0000119 -1.81 10−15 -1.093 10−46

B′1 0.610097 1.52813 19.9499 33488.2 3.23 1014 7.871 1045

Z ′1 -0.206833 -0.576964 -6.69347 -11162.8 -1.07 1014 -2.623 1045

η = 0.49

ξ = 0.51

A′1 -0.257889 -0.254690 -0.241460 -0.194947 -0.088262 -0.0057781

B′1 0.450013 0.456636 0.490332 0.680466 2.15145 50.6294

Z ′1 -0.0234543 -0.0505536 -0.109406 -0.246393 -0.788283 -16.9089

Table 7.6: Values A′1(τ1(ξ− η)), B′1(τ1(ξ− η)), and Z ′1(τ1(ξ− η)) for Different Values of Darcy Number and
Layer Thickness.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

A′2 -0.181883 -0.142466 -0.0548630 -0.001898 -2.79 10−8 -8.27 10−24

B′2 0.438093 0.717986 3.50468 191.269 2.32 107 1.39 1023

Z ′2 -0.131397 -0.257299 -0.969896 -48.9229 -5.94 106 -3.57 1022

η = 1/4

ξ = 3/4

A′2 -0.172990 -0.115950 -0.0258208 -0.0001493 -7.41 10−12 -3.28 10−35

B′2 0.483205 1.06701 9.44843 2987.87 1.073 1011 4.312 1034

Z ′2 -0.163152 -0.357123 -2.46867 -763.984 -2.74 1010 1.10 1034

η = 0.49

ξ = 0.51

A′2 -0.194779 -0.193697 -0.188370 -0.165663 -0.0976208 -0.0139821

B′2 0.390646 0.393512 0.411197 0.527591 1.44597 19.8701

Z ′2 -0.0318324 -0.0566270 -0.101062 -0.186212 -0.455363 -5.11996

Table 7.7: Values A′2(τ2(ξ − η)), B′2(τ2(ξ − η)),and Z ′2(τ2(ξ − η)) for Different Values of Darcy Number and
Layer Thickness.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

c1 0.487151 0.413107 0.283916 0.218116 0.189692 0.177131

d1 0. 0 0 0 0 0

c2 -0.0555841 0.0660931 0.0693031 0.0395859 0.0197397 0.0094201

d2 0.205817 0.0954295 0.0235452 0.0050345 0.0010846 0.0002336

c3 -0.271033 -0.004286 -4.59 10−7 -1.84 10−17 -3.72 10−48 -4.61 10−143

d3 -0.715600 0.029970 2.85546 1.01 105 -2.13 1025 -3.29 10107

η = 1/4

ξ = 3/4

c1 0.486512 0.407567 0.263215 0.185530 0.151835 0.137099

d1 0. 0. 0 0 0. 0.

c2 -0.235363 -0.012652 0.0442979 0.0311968 0.0164345 0.0079895

d2 0.282860 0.122183 0.0306159 0.0065969 0.0014212 0.0003062

c3 -0.271138 -0.00430148 -4.61 10−7 -1.84 10−17 -3.72 10−48 -1.65 10−140

d3 -0.714825 0.038264 3.44372 7.52 105 -1.456 1033 7.77 10134

η = 0.49

ξ = 0.51

c1 0.487713 0.418417 0.307975 0.266293 0.253818 0.249035

d1 0. 0. 0. 0. 0 0.

c2 0.168693 0.137096 0.0640226 0.0264248 0.0118337 0.0055067

d2 0.0960101 0.0590338 0.0132178 0.0017107 0.0001942 0.0000358

c3 -0.270945 -0.0042765 -4.59 10−7 -1.84 10−17 -3.72 10−48 -4.6 10−143

d3 -0.716250 0.0243443 2.83531 53604.5 1.14 1019 1.99 1065

Table 7.8: Values of Arbitrary Constants, c1, d1,c2, d2, c3, and d3, for n = 1
and Choices of Layer Thicknesses and Darcy Number.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

c1 0.490287 0.431240 0.315248 0.247320 0.211097 0.191281

d1 0. 0. 0. 0. 0. 0.

c2 -0.045370 0.0713430 0.0942956 0.0692308 0.0437588 0.0260424

d2 0.209629 0.117164 0.0386826 0.0119759 0.0037866 0.00119745

c3
−0.271588 -0.004370 -4.65 10−7 -1.84 10−17 -3.72 10−48 -4.61 10−143

d3 -0.711500 0.076931 5.41122 2.93 105 3.4964 1023 8.56 10100

η = 1/4

ξ = 3/4

c1 0.491100 0.434620 0.309343 0.225871 0.180360 0.155522

d1 0. 0. 0. 0. 0. 0.

c2 -0.278455 -0.0540610 0.0458477 0.0514807 0.0366090 0.022854

d2 0.297841 0.161174 0.0569430 0.0179620 0.00568004 0.0017961

c3
−0.271952 -0.00443040 -4.70 10−7 -1.846 10−17 -3.72 10−48 -4.61 10−143

d3 -0.708814 0.110213 7.80849 1.77 106 -1.02 1031 -3.13 10122

η = 0.49

ξ = 0.51

c1 0.487904 0.419455 0.309631 0.268091 0.255776 0.250910

d1 0 0 0 0 0 0

c2 0.207027 0.162525 0.0755626 0.0339157 0.0176427 0.0098936

d2 0.102754 0.0668795 0.0171018 0.00265062 0.00032930 0.00007221

c3
−0.270979 -0.0042812 -4.60 10−7 -1.84 10−17 -3.72 10−48 -4.61 10−143

d3 -0.716001 0.0269783 2.95824 60215.6 1.64506 1019 6.21 1065

Table 7.9: Values of Arbitrary Constants, c1, d1, c2, d2, c3, and d3 for n = 2
and Choices of Layer Thicknesses and Darcy Number.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

u1(η) 0.1068281 0.0821469 0.0390830 0.0171499 0.0076751 0.0034880

u2(η) 0.1068281 0.0821469 0.0390831 0.0171499 0.0076751 0.0034880

u2(ξ) 0.1046975 0.0683471 0.0132726 0.001072 0. 0.

u3(ξ) 0.1046975 0.0683471 0.0132726 0.0010707 -0.000138 -9.13 1015

η = 1/4

ξ = 3/4

u1(η) 0.0903778 0.0706416 0.0345535 0.0151323 0.0067086 0.0030247

u2(η) 0.0903778 0.0706415 0.0345535 0.0151323 0.0067086 0.0030247

u2(ξ) 0.0883398 0.0574775 0.0110710 0.00101 1 105 -2 1035

u3(ξ) 0.0883397 0.0574775 0.0110709 0.0010373 -3.902343 7.73 1031

η = 0.49

ξ = 0.51

u1(η) 0.1189297 0.0849743 0.0308577 0.0104335 0.0043207 0.0019770

u2(η) 0.1189297 0.0849743 0.0308578 0.0104335 0.0043207 0.0019770

u2(ξ) 0.1186918 0.0833988 0.0272107 0.0063096 0.0009093 0.0000281

u3(ξ) 0.1186919 0.0833988 0.0272107 0.0063096 0.0009093 0.0000281

Table 7.10: Velocity for n = 1 at the Upper and Lower Interface.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

u1(η) 0.1078735 0.0881910 0.0495270 0.0268847 0.0148102 0.008204

u2(η) 0.1078735 0.0881910 0.0495270 0.0268847 0.0148102 0.008204

u2(ξ) 0.1057217 0.0733580 0.0165209 0.0012043 0 -2 1013

u3(ξ) 0.1057217 0.0733582 0.0165209 0.0012047 0.0001038 2.37 109

η = 1/4

ξ = 3/4

u1(η) 0.0915251 0.0774049 0.0460859 0.0252177 0.0252177 0.0076304

u2(η) 0.0915251 0.0774049 0.0460859 0.0252177 0.0252177 0.0076304

u2(ξ) 0.089457 0.062810 0.013468 0.00108 0.00108 -3 1024

u3(ξ) 0.08945814 0.06281047 0.01346882 0.00108841 0.0010884 -3.12 1019

η = 0.49

ξ = 0.51

u1(η) 0.1190230 0.0854829 0.0316693 0.0113147 0.0052802 0.0028961

u2(η) 0.1190230 0.0854829 0.0316693 0.0113147 0.0052802 0.0028961

u2(ξ) 0.1187851 0.08390017 0.02796018 0.00696450 0.0012672 0.00006649

u3(ξ) 0.1187851 0.0839001 0.0279601 0.0069644 0.0012672 0.0000664

Table 7.11: Velocity for n = 2 at the Upper and Lower Interface.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3

du1

dy (η) 0.1538176 0.0797740 -0.0494173 -0.1152168 -0.1436413 -0.1562024

du2

dy (η) 0.1538176 0.0797741 -0.049417 -0.115216 -0.143641 -0.156202

du2

dy (ξ) -0.1604999 -0.1231173 -0.039953 -0.00225 0. -2.1022

du3

dy (ξ) -0.1604998 -0.1231172 -0.0399532 -0.0022380 0.0238259 2.88 1018

η = 1/4

ξ = 3/4

du1

dy (η) 0.2365115 0.1575664 0.0132141 -0.0644704 -0.0981652 -0.1129008

du2

dy (η) 0.2365115 0.1575664 0.0132141 -0.0644703 -0.0981652 -0.1129008

du2

dy (ξ) -0.2363372 -0.1570521 -0.027384 -0.003 0 -1 1038

du3

dy (ξ) -0.2363370 -0.1570518 -0.02738354 -0.00120345 390.2443 -2.44 1034

η = 0.49

ξ = 0.51

du1

dy (η) -0.0022863 -0.0715830 -0.1820249 -0.2237071 -0.2361822 -0.2409651

du2

dy (η) -0.0022864 -0.0715830 -0.1820249 -0.2237072 -0.2361822 -0.2409652

du2

dy (ξ) -0.0210983 -0.0831888 -0.1736158 -0.1679060 -0.0809327 -0.0057467

du3

dy (ξ) -0.0210983 -0.0831887 -0.1736159 -0.1679054 -0.0809326 -0.0057464

Table 7.12: Shear Stress at the Upper and Lower Interfaces for n = 1.
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

du1
dy (η) 0.1569537 0.09790637 -0.0180855 -0.0860124 -0.1222360 -0.1420527

du2
dy (η) 0.1569538 0.09790639 -0.0180855 -0.08601241 -0.1222360 -0.1420527

du2
dy (ξ) -0.1636852 -0.1433454 -0.0725202 -0.00648 -1 -1 1015

du3
dy (ξ) -0.1636855 -0.1433452 -0.0725198 -0.0064775 -0.0003896 -7.50 1011

η = 1/4

ξ = 3/4

du1
dy (η) 0.2411004 0.1846199 0.0593437 -0.0241291 -0.0696404 -0.0944781

du2
dy (η) 0.2411005 0.1846199 0.0593438 -0.024129 -0.069640 -0.094478

du2
dy (ξ) -0.2409034 -0.1826534 -0.051689 -0.0032 -2000. -2 1027

du3
dy (ξ) -0.2409036 -0.1826529 -0.0516871 -0.0028191 2.746476 9.88 1021

η = 0.49

ξ = 0.51

du1
dy (η) -0.0020959 -0.0705451 -0.1803686 -0.2219087 -0.2342240 -0.2390895

du2
dy (η) -0.0020959 -0.0705449 -0.1803685 -0.2219086 -0.2342239 -0.2390893

du2
dy (ξ) -0.0213035 -0.0849240 -0.1811111 -0.1886142 -0.1167249 -0.0178643

du3
dy (ξ) -0.0213034 -0.0849240 -0.1811111 -0.1886133 -0.1167250 -0.0178634

Table 7.13: Shear Stress at the Upper and Lower Interfaces for n = 2.
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3
cf -

0.1538176

-0.153*

-0.0797740 0.04941739

0.049*

0.1152168 -

0.1436413

-

0.1562024

η = 1/4

ξ = 3/4
cf -

0.2365115

-0.1575664 -

0.0132141

0.06447045 0.0981652 0.1129008

η = 0.49

ξ = 0.51
cf 0.0022864

0.002*

0.0715830 0.1820249

0.182*

0.2237071 0.2361822 0.2409651

Table 7.14: Values of cf for Different Da, Layer Thickness, and n = 1.

*Nield and Koznetsov Results
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Da 1 0.1 0.01 0.001 0.0001 0.00001

η = 1/3

ξ = 2/3
cf -0.1569537 -0.09790637 0.01808557 0.08601249 0.122236 0.1420527

η = 1/4

ξ = 3/4
cf -0.241100 -0.1846199 -0.05934378 0.02412919 0.06964047 0.09447812

η = 0.49

ξ = 0.51
cf 0.00209596 0.07054511 0.1803686 0.2219087 0.234224 0.2390895

Table 7.15: Values of cf for Different Da, Layer Thickness, and n = 2.
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

ū1 0.0208911 0.0167775 0.0096002 0.0059447

ū2 0.0381616 0.0269293 0.0084040 0.0016876

ū3 0.0203422 0.0132199 0.0027069 0.0003039

ū 0.0793950

0.0794*

0.0569268 0.0207112

0.0207*

0.0079363

η = 1/4

ξ = 3/4

ū1 0.0125993 0.0101322 0.0056212 0.0031936

ū2 0.0545091 0.0384041 0.0114506 0.0021206

ū3 0.0122793 0.0080580 0.0017425 0.0002195

ū 0.0793878 0.0565944 0.0188144 0.0055338

η = 0.49

ξ = 0.51

ū1 0.0389418 0.0306227 0.0173642 0.0123602 0.0108626 0.0102884

ū2 0.0023768 0.0016841 0.0005803 0.0001654 0.0000465 0.0000110

ū3 0.0380855 0.0250443 0.0056104 0.0006262 0.0000560 0.0000049

ū 0.0794042

0.0794*

0.0573512 0.0235550

0.0236*

0.0131520 0.0109653 0.0103044

Table 7.16: Mean Velocity Across Each Porous Layer and Across the Channel for n = 1.

*Nield and Koznetsov Results
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Da Da=1 Da=0.1 Da=0.01 Da=0.001 Da=0.0001 Da=0.00001

η = 1/3

ξ = 2/3

ū1 0.0210653 0.0177849 0.0113409

ū2 0.0458646 0.0322656 0.0123584

ū3 0.0205114 0.0139855 0.0030093

ū 0.0874414 0.0640360 0.0267087

η = 1/4

ξ = 3/4

ū1 0.0127427 0.0109777 0.0070628 0.0044542

ū2 0.0738589 0.0498754 0.0184835 0.0047804

ū3 0.0124183 0.0086919 0.0019459 0.0002211

ū 0.0990200 0.0695451 0.0274923 0.0094559

η = 0.49

ξ = 0.51

ū1 0.0389647 0.0307473 0.0175630 0.0125762 0.0110977 0.0105136

ū2 0.0023868 0.0016986 0.0005985 0.0001827 0.0000617 0.0000207

ū3 0.0381079 0.0251473 0.0056842 0.0006469 0.0000596 0.0000050

ū 0.0794595 0.0575934 0.0238459 0.0134059 0.0112192 0.0105394

Table 7.17: Mean Velocity Across Each Porous Layer and Across the Channel for n = 2.
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Figure 7.2: Dimensionless Permeability Distributions for η = 1
3
, ξ = 2

3
,

Da = 1, and Different Values of n.
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Figure 7.3: Velocity Profile u(y), for Da = 1, η = 1
3
, ξ = 2

3
, and n = 1.
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Figure 7.4: Velocity Profile u(y), for Da = 0.01, η = 1
3
, ξ = 2

3
, and n = 1.
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Figure 7.5: Velocity Profiles in the Three Layers for n = 1, η = 1
3
, ξ = 2

3
and

Different Values of Darcy Number.
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Figure 7.6: Velocity Profiles in the Three Layers for n = 1, η = 0.49, ξ = 0.51,
and Different Values of Darcy Number.
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Figure 7.7: Velocity Profiles in the Three Layers for n = 2, η = 1
3
, ξ = 2

3
,

and Different Values of Darcy Number.

271



Figure 7.8: Velocity Profiles in the Three Layers for n = 2, η = 0.49, ξ = 0.51
and Different Values of Darcy Number.
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Figure 7.9: Velocity Profiles in the Three Layers for Da = 0.1, η = 1
3
, ξ = 2

3

and Different Values of Integer n.
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Chapter 8

Conclusions and

Recommendations

In this work, we addressed the problem of flow through variable permeability

porous layers in an attempt to study the effects of variations in permeability

of one or more layers on the flow field, in general, and on the flow in other

bounding layers and channels, in particular. The main theme of this work has

been the design of physical flow configurations, the choice of suitable contin-

uous permeability functions, and the introduction of methodologies to better

handle the arising governing differential equations. Flow in the layer with

variable permeability is governed by a Darcy and a non-Darcy (Brinkman)

equations.

When the governing equation is Brinkman’s, it gives rise to a second or-

der ordinary differential equation of variable coefficients. Depending on the
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choice of permeability function, solution to the arising differential equation

involves functions with integral representations, such as Airy’s functions and

the generalized Airy’s functions, which involve Bessel functions. The chal-

lenge here is evaluation of these functions and the arising Nield-Koznetsov

function.

Darcy number enters the calculations and for small Darcy number (Da <

0.001), some of the parameters involved in these functions become increasing

large and to the point where computations using Maple become formidable

or otherwise render inaccurate results. This restriction makes it difficult to

analyze problems arising in natural phenomena where Darcy numbers can

be as small as 10−17. Nield and Koznetsov [45] managed to obtain results

and values for the usual Airy functions using Mathematica for Da = 0.0002,

which represents the lowest value of Da they could use. It is recommended

therefore that future work considers formulations or techniques

that account for small values of Darcy number more efficiently.

We also considered in this work the problem of flow through a channel or

through a porous layer bounded by a Darcy porous layer (that is, a layer in

which Darcy’s law is the governing equation). It is felt that not enough work

has been carried out in the literature on variable permeability Darcy law,

although naturally occurring earth layers can be thought of as porous layers

of variable porosity and permeability. To this end, we considered in Chapters

2 and 3 the flow in a Darcy layer bounded once by a free-space channel and

by a Brinkman layer of variable permeability. We have selected some typ-
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ical, representative permeability functions. However, it is recommended

that more realistic variable permeability functions, and ones repre-

sentable of the applications considered, be selected in future work.

In the study of flow through composite porous layers and channels, Chapters

4 and 5 introduced a non-transition porous layer bounded on either side by

two other porous layers. The middle layer was chosen as a Brinkman layer,

and the variable permeability resulted in an inhomogeneous Airy’s differential

equation, whose solution was expressed in terms of Airy’s functions and the

Nield-Koznetsov function. The bounding layers considered were Darcy lay-

ers with various variable permeability functions in one case and Brinkman’s

layers with constant permeability in the other. As there are other models

governing flow through different types of porous media (such as the Forch-

heimer equation), it is recommended that future attempts deal with

variable permeability in combinations of Forchheimer, Brinkman

and Darcy layers.

In an extension to a choice of variable permeability that gives rise to Airy’s

differential equation, Chapter 6 introduced a permeability function that is

the reciprocal of an nth degree polynomial and applied it in the study of the

composite configuration of Chapter 5. This resulted in a generalized Airy’s

differential equation with a solution expressed in terms of Airy’s generalize

functions. This was extended in Chapter 7 to the study of the effects of thin

and thick transition layers, introduced by Nield and Koznetsov [45]. While

we have considered the effects of the degree n of the polynomial on some
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aspects of the flow, detailed analysis was carried out on the cases of n = 1

and n = 2. It is thus recommended that detailed analysis on cases of

n > 2 be considered in the study of flow through composite layers,

and to consider different models of flow through porous media.

Finally, we believe that this work is substantial and introduced some novel

approaches and solutions in the study of flow through composite layers with

variable permeability, and in the study of thick and thin transition layer
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