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Abstract

Using perturbation theory for energies, we evaluate the coefficients Csz of the first
order dipolar interactions and the coefficients Cg and Cg of the second order addi-
tive and nonadditive interactions for Li(225)- Li(225)- Li(22P), He(1'S)-He(115)-
He(2'P), He(2'S)-He(2'S)-He(2'P), He(235)-He(23S)-He(23P) systems. Both
the dipolar and dispersion interaction coefficients show dependences on the geomet-
rical configurations of the three atoms. The nonadditive interactions start to appear
in second-order. We evaluate the coefficients Cg and Cg of the second order addi-
tive interactions for He(1'S)- He(1'S)- He(2'S) system. These coefficients also show
dependences on the geometrical configurations of the three atoms. We also evalu-
ate the coefficients Cy, Cs and Cy of the second order additive interactions and the
coefficients C7; and Cy of the third-order additive and nonadditive interactions for
Li(225)-Li(2%9)-Li*(1'9) system. The nonadditive interaction coefficients depend
on the geometrical configurations of this three-body system and on the different
positions of the ion for each configuration. The obtained coefficients C,, are evalu-
ated with highly accurate variationally-generated nonrelativistic wave functions in
Hylleraas coordinates. The present dipolar coefficients and additive and nonaddi-
tive interaction coefficients may be useful in constructing precise potential energy

surfaces for the corresponding three-body system.
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Chapter 1

Introduction

Over the past few years, impressive advances in manipulating ultracold atoms and
laser-cooled ions have opened a new chapter in quantum physics research [1, 2, 3, 4, 5].
At ultralow temperatures, the quantum nature of the world can be investigated
macroscopically, and research on such systems gives new insights into quantum the-
ory of matter-matter and matter-light interactions, which is crucial for many areas
of physics and for future quantum technologies [6]. In general, for a cold or ultracold
system, the internuclear distances could be much larger than the size of an atom.
In a dense system, however, collisions among cold atoms may lead to a collapse of
the system. Due to the relative large internuclear distances, the long-range part of
interaction plays a very important role in cold and ultracold studies, such as the
formation of a long-range molecule [7, 8] via photoassociation, ultracold ion-atom
elastic and charge-transfer collisions [1, 4, 5], and the creation of ultralong-range

Rydberg trimers [9, 10, 11].



1.1 Status of Long-Range Interaction Studies

1.1.1 Two-Body Neutral Atom-Atom Interaction

In general, the long-range interaction potential between two identical neutral atoms
of separation R can be expressed as a power series in 1/R [12]. For two spherically
symmetric S-state atoms, the long-range interaction can be written in the form [13,

14]:

V(R) = -8 =8 = (1.1)

where C), are the van der Waals dispersion coefficients that have been widely cal-
culated for various systems with well-separated atoms (sufficiently far apart that
the electron exchange can be ignored). Thus, in this thesis, we don’t consider the
exchange energy of the form +AR%#% which would decay extremely rapidly due
to the large separations among atoms.

For two identical atoms with one being in an excited nonzero angular momentum
L state, one needs to consider the exchange symmetry of these two atoms, where
the zeroth-order wave function of this system becomes a linear combination of the
two degenerate eigenstates. The leading term of the long-range interaction becomes
—Cyp 41/ R?FMY) as a first-order energy correction. The simplest example of such an
interaction is —C3/R? [15, 16] that appears when one atom is in an S state and the
other is in a P state.

The long-range interactions between two neutral atoms find many applications, such
as in formation of long-range excited diatomic helium molecules via a photoassoci-
ation process, where the potential well is purely long-range and bound states have
inner turning points at internuclear distances larger than 150 ag [17]. Also the long-
range interaction has been proven to be very important in the calculation of binding

energies of rare gases. For example, with the inclusion of only two-body pairwise



additive interactions, the binding energies of rare gases were predicted to be about
4% for Ne to 9% for Xe lower than the experimental values [18]. For some ultracold
three-body or many-body systems, many properties are also determined by this two-
body long-range additive interaction. As an example, the van der Waals length in
the studies of Efimov state is connected to the leading term of long-range interaction

—Cs/RS (19, 20).

1.1.2 Two-Body Ion-Neutral Atom Interaction

The long-range interaction between an S-state ion and an S-state neutral atom can

be written as [1, 4, 5, 6]

ind ind ind disp disp
S G S S O S

VIB) == = e ~ 5~ R RS

(1.2)

In the above, the leading long-range induction coefficient Ci" is caused by an induced
atomic dipole due to the electric field of the ion [2, 3|, which is related to the static
dipole polarizability « of the neutral atom by

Q%

ind _ ¥
Cipt = = (1.3)

with Q being the charge of the ion. Similarly,

Q8

Cird = 5 (1.4)
in QQ'V
08 d - T (15)

where [ and  are, respectively, the static quadrupole and octupole polarizability.
These two terms can be interpreted as the interaction between the charge of the

ion and the induced quadrupole and octupole moment of the atom. The coefficients



CSP and CS*P in (1.2) are the dispersion interaction coefficients.
When the neutral atom is in an excited state with nonzero angular momentum
L, the long-range interaction between this excited-state atom and the S-state ion

becomes [6]:

Cglst jlnd Cglst Cénd Cénd CgiSP CgiSp
R R* RS RS RS RS R8O

V(R) = (1.6)

where C$*' /R3 and C¢t/R® describe, respectively, the electrostatic interaction be-
tween the charge of the ion and the quadrupole and hexadecapole moments of the
atom.

With recent developments of controllable laser-cooled ion techniques, the precise
knowledge of long-range interaction between a laser-cooled ion and a neutral atom
becomes more and more important in studies of three-body recombination [21], pho-

toionization [22], Coulomb explosion [23], and ultracold plasma [24].

1.1.3 Interaction Among Three Neutral S-State Atoms

Considerable attention has been given to the study of long-range interactions between
three S-state atoms, for which the leading nonadditive (not expressible as a sum of
pairs) term in the mutual potential energy occurs in third-order perturbation theory
and contains a geometrical factor depending on relative orientation of the three

atoms [25, 26, 27, 28]. This nonadditive interaction term can be written as

AE® — Cias

(1.7)

which can be interpreted as the interaction arising from 2%s-, 2%~ and 2-pole
moments, induced in the charge distributions of atoms 1, 2 and 3. The coefficient
(123 depends on the relative position of the three atoms.

Recently, there is a growing interest in calculating long-range three-body interac-



tions [30, 31, 32]. Reliable determinations of long-range interactions have many
applications in cold collisions [33, 34, 35, 36, 37, 38, 39], three-body recombina-
tion [7, 8, 18], study in Pfaffian states [40], color superfluids [41], and Efimov ef-
fects [19, 20, 42]. Typically, in most of these studies, only the leading additive two-
body interactions [7, 18, 19, 20, 42] might be used, but the importance of higher-order
nonadditive three-body interactions has also been underlined, for the construction of
precise potential energy surfaces [14, 43, 44]. As mentioned earlier, only the two-body
additive pairwise interactions are included, the binding energies of the rare gases were
predicted to be between 4% and 9% lower than the experimental values for Ne and
Xe, respectively. With the three-body nonadditive interactions included, the dis-
crepancies in binding energies can be reduced to about 1% [18]. Experimentally, the
multi-body interactions have been observed as inelastic loss resonances in three- and

four-body recombinations of atom-atom and atom-molecule collisions [45, 46].

1.2 Importance of Long-Range Three-Body Inter-
action Involving An Excited Atom

Recently, some interesting theoretical investigations on the Efimov effect in higher
partial waves (P-waves) have been reported [42]. However, long-range three-body
interactions for three atoms with one atom in an excited state are less studied, though
we expect that they might be a consideration for characterizing excited trimers
in photoassociation [47, 48, 49], in implementing quantum information processing
with blockade mechanisms [50, 51|, and in spectroscopic studies of highly excited
bound trimer states [10, 11, 52]. In particular, a theoretical description on the
creation of ultracold excited triatomic molecules through photoassociation has been
proposed [33]. There are, of course, many studies on the ground and excited potential

energy surfaces of three like alkali-metal atoms for spectroscopy and for chemical



dynamics. We believe long-range interactions in these trimers would be needed to
analyze the molecular spectroscopy [34, 35, 36, 53, 54, 55| and to study chemical
dynamics between atoms and diatomic molecules [15, 47, 48, 49]. We will refer
to the case of the homonuclear bound molecule as a trimer and to the case of an
atom and a bound homonuclear dimer (such as for scattering) as an atom-dimer.
A “global” potential energy surface would encompass both of these regimes, but a
global potential energy surface might not be necessary for describing a particular
physical process. For example, in a recent theoretical study of the photoassociation
of a Cs(6°S) atom and a Csy(X'¥F, v = 0) dimer [33], where two Cs(6°S) atoms are
already bound together as a diatomic molecule with vibrational quantum number
v = 0, the long-range interaction potential energies [56, 57] of the atom-dimer system

Cs(62P)-Csy( XS}, v = 0) were used.

1.2.1 Homonuclear Three-Lithium System With One in An

Excited State

Studies on lithium system potential energy surfaces include the trimer system [34,
35, 36] and treatments of atom-dimer configuration within the context of a global
trimer potential energy surface [58, 59, 60]. Motivated by ultracold science, some
recent studies on lithium focused on improving global potential energy surfaces for
the trimer [53, 55| and also addressing the atom-dimer configuration in further de-
tail [37, 38, 39]. Calculations of ultracold collisions between a Li(225) atom and a
Liz(a®f, v = 0—7) dimer were carried out [37]. Recent efforts on long-range inter-
actions for a three-lithium system focus on atom-dimer scattering and atom-dimer
photoassociation in the ultracold domain [38, 39, 55]. We are aware of the work by
Cvitas et al [61]. For the case of three well-separated spin-polarized lithium atoms,
they made a connection between the long-range interactions for atom-dimer and

for atom-atom-atom potential energy surfaces. Here we consider the case of three



well-separated lithium atoms with one being in the 22P excited state.

1.2.2 Homonuclear Three-Helium System With One in An

Excited State

Rare gas metastable helium atoms have been widely used in many studies involving
photoassociation spectroscopy [62], metastable loss in magneto-optical traps [63],
penning ionization [64, 65, 66, 67, associative ionization [63], and production of Hes
molecular ion [68]. If the excited atom is in a P state, the first-order resonant dipole-
dipole interaction produces an interatomic potential varying as —Cs/R3, where the
coefficient C'5 for weakly bound dimers of helium has been calculated in many syud-
ies [15, 16]. However, due to the degeneracy, these coefficients may not be used
directly in studies of helium clusters or atom-molecule and molecule-molecule colli-
sions involving a P state. This is because, when an excited helium dimer turns into
an excited trimer or a cluster involving that excited atom, the interaction between
atoms has been totally changed due to the quantum many-body effect. Thus one
needs to proceed to calculate molecular He) excimer potential energy surfaces, where

the long-range multi-body interactions for this degenerate system are warranted.

1.3 Importance of Long-Range Three-Body Inter-
actions Involving An Ion

With recent experimental advances in manipulating ultracold atoms and ions, there is
a growing interest in studying such a few-body hybrid system containing an ion [1, 4].
The long-range part of ion-atom interaction is especially important for cold and
ultracold physics and chemistry because quantum reflection and tunneling take place

at relatively large internuclear distances in the quantum regime [4, 5, 43]. The



highly successful use of a single ion in three-body reaction in an ultracold atomic gas
has renewed theoretical interest in studying long-range interactions of many-body

systems with cold trapped ions [21].

1.4 Brief Introduction To Long-Range Three-Body

Interaction Involving An Excited Atom

1.4.1 Studies on Li(2%9)-Li(225)-Li(22P)

In this thesis, we use perturbation theory up to second order to derive general for-
mulas for calculating the long-range interaction coefficients for three like atoms with
two atoms in identical S states and the other atom in an excited P state. For this
system, we find that the first order (dipolar) interaction coefficients depend on the
geometrical configurations of the three atoms and that in second order nonadditive
dispersion interactions appear. The formalism is demonstrated by the calculation of
various dispersion coefficients for the Li(225)-Li(225)-Li(2?P) system using varia-
tionally generated atomic lithium wave functions in Hylleraas coordinates. In ad-
dition, the coefficients are given explicitly and evaluated numerically for the three
basic geometrical configurations of an equilateral triangle, of an isosceles triangle,
and of the atoms equally spaced co-linearly, corresponding, respectively, to Ds, Cs,,

and D, symmetries.

1.4.2 Studies on He(ny*S)-He(ny*S)-He(n) L)

In this thesis, we also present our research on long-range interactions for three like
helium atoms involving one in an excited state. Using variationally generated atomic
helium wave functions in Hylleraas coordinate, we present our theoretical calculations

of long-range interaction coefficients for the He(ng *S)-He(ng*S)-He(n{ *L) with the



energetically lowest five states: He(11S), He(235), He(21S), He(23P) and He(2'P).
We present the additive “dipolar” interactions coefficients C3 and additive dispersion
interactions coefficients Cg and Cy that enter, respectively, in first- and second-
order perturbation theory. We also evaluate the second-order nonadditive dispersion
interactions coefficients Cg and Cy that contain a dependence on the geometrical
configuration of the three atoms. In addition, the coefficients are given explicitly
and evaluated numerically for the three basic geometrical configurations of the nuclei
in an equilateral triangle, in an isosceles right triangle or equally spaced collinearly.
Finally, long-range potentials in the sum of first and second order energies for these

three geometrical configurations are shown graphically.

1.5 Brief Introduction To Long-Range Three-Body
Interaction Involving An Ion

Using perturbation theory up to third-order, we derive the formulas for the long-
range interaction coefficients for Li(225)-Li(22S)-Lit(11S) and evaluate these coef-
ficients using highly accurate, variationally determined wave functions in Hylleraas
coordinate. Firstly, we exhibit the additive interaction coefficients Cy, Cgs, and Cy
that enter in second-order perturbation theory, where “additive” means pairwise
amongst the three particles. Then we present additive interaction coefficients C5
and Cy and nonadditive interaction coefficients C’§12’23), 0512’23), C’§31’12), 0(531,12)7
C§12’23’31), and 0512’23’31) that enter in third order, where nonadditive means that
these terms appear collectively amongst these three particles. Due to their depen-
dence on the geometrical structure of the three atoms, these coefficients are calculated
numerically for four specific geometrical configurations: equilateral triangle, isosceles

right triangle, isosceles triangle with 120-degree angle, and the one with three atoms

equally spaced collinearly. In addition, we find that, for some configurations, these



nonadditive interaction coefficients also depend on the position of the ion.
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Chapter 2

Energy Eigenvalue Problems for

Coulomb Systems

In this chapter, we will first review the procedure of deriving the Hamiltonian for

n (N + 1)-body Coulomb system in the center of mass frame. The Rayleigh-Ritz
variational method for solving the energy eigenvalue problem is then introduced. We
then focus on constructing variational basis sets in Hylleraas coordinates by taking
lithium as an example. We will then discuss the Newton’s method for optimizing
the energy eigenvalues, as well as the basic integrals that are needed. Atomic units
are used throughout this work, where h = ¢ = m, = 1, the unit of length is ag =

h?/(mee?), and the unit of energy is F = e*/aq.

2.1 The Hamiltonian in Center of Mass Frame

For an isolated (N + 1)-body Coulomb system, the nonrelativistic Hamiltonian in

laboratory frame is [69],

N
Hy= =g V=D Vit S ot 2.1)

i>752>0
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where m;, ;, and R,; are, respectively, the mass, the charge, and the position vector
of the ith particle. The first two terms on the right hand side are, respectively, the
kinetic energy for the nucleus and the electrons. The third term is the Coulomb

potential energy of the system. The total angular momentum of the system

N
L=—i) R;x Vg, (2.2)
=0

commutes with the Hamiltonian and it is thus a good quantum number. Since
the system is isolated, we may first eliminate the center of mass motion from the
Hamiltonian so that the resulting Hamiltonian reflects the internal structure of the

system only. For this purpose, we introduce the following coordinate transformations

r, = ].:{Z — Ro, (23)
withi=1,2,3,4,--- N
1 N

where Mp = Zij\io m,; is the total mass of the system and X is the position vector
for the center of mass of the system. In the above, we take particle 0 as a reference
and thus r; are the internal coordinates of the system. The corresponding inverse

transformation is,

1
RO =X - MT jZ:;ijj, (25)
m; al m;
R, =X+ (1— —)r; — —Lr.. 2.6
+( MT)r <.MTrJ ( )
JFt
jzl
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Using the new set of coordinates (X, ry, 7, -+ ), Vg, becomes

v, _ 9X 9 o0
fo ™ BRedX ' 0RO,

= —vx - va

and V% becomes

7>i>1
2
0
- V,. -V
My ; o
Similarly we can obtain
m;
VRi = Vn. + M. VX
T
vy o= v2+(M)v 224V, V.
T T

With these preparations, the original Hamiltonian now becomes

" = _Zi '——ZV V+QUZ%+ZQQ3

z>j>1 i>752>1

13

(2.7)

(2.9)

(2.10)

2
V%,

(2.11)



where 7;; = |r; — r;| and p; = mymg/(m; + mp) is the reduced mass for particle
1 relative to particle 0. It is clear that the center of mass coordinate X appears
only in V%; thus its motion can be separated completely from the Hamiltonian and
the remaining part of the Hamiltonian involves only the internal coordinates of the
system. In other words, if we take the center of mass as our coordinate system,
the V% term can be safely neglected. The Hamiltonian responsible for the internal

structure of the system is thus

z v Lyvy, +@oz £y 9%
z>]>1 i>5>1 T

(2.12)

Similarly, in the new coordinates, the total angular momentum L is reduced to

N
= —iy 1, xV;, (2.13)
=1

Since H, L?, L., and II mutually commute, where II is the space inversion parity
operator, we may seek common eigenfunctions of these four operators.
Next thing is to express the transition operators in terms of the new coordinates.

The 2-pole transition operator is defined as
Z %Rﬁ‘Ylo(Rz’) 3 (2.14)
i=0

According to Egs. (2.5) and (2.7), we can recast R; in the form
Ri = ZEZ‘]‘I']', (215)

=1

where €; = 0;; — m;/Mp,i=10,1,2,...,N,and j =0,1,2,..., N. By applying the

14



expansion for the spherical harmonics

-1 -
3 21+ 3
Yin(®) = /—]] P RF® - 1)Y 2.1

where ® means the tensorial product, and inserting Eqs. (2.15) and (2.16) into

Eq. (2.14), we obtain

-1 n
3 2m + 3 . A EN(
o = \/EWIL_II( m+1> ) (Z%Ez’heijz”'eijz)(rjl®rj1®'”rjl)(())’

Jiysgr =0

(2.17)

with [T1, % =1 for the case of [ = 1.

2.2 Rayleigh-Ritz Variational Method

For a few-body atomic or molecular system, the eigenvalue problem for the Hamil-
tonian can not be solved analytically. It is thus necessary to find some approximate
solutions. The Rayleigh-Ritz variational method is one of the most powerful tools for
finding these solutions, although numerically. The systems that have been tackled by
the Rayleigh-Ritz variational method to a sufficiently high precision include helium,
lithium, and hydrogen molecular ions. As the size of variational basis set increases
progressively, the variational upper bounds for the ground and excited state move
down correspondingly toward their true values. The converged numbers of digits in
the energy eigenvalues can thus be estimated reliably.

Suppose we choose a basis set {®;,i = 1,2,..., N}, where the basis members may

not be orthogonal. We use this basis set to expand our trial wave function

U= ) ad;, (2.18)
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where { ¢; } are linear variational parameters. The expectation value of the Hamil-

tonian is then

(U H[) _ 2oy cicitlis
(W[ W) > cieiSi

£ (H) — %: (2.19)

where H;; = (®;|H|®;) are the Hamiltonian matrix elements and S;; = (®;|®;) are
the overlap matrix elements. Performing partial differentiation of (2.19) with respect

to the variational parameters c; yields

o€ 1 [0A 0B
- = B—A 2.20
acz B2 {@cz 8CZ:| ) ( )
where
0A oc;
o Fer i = > OweiHig =) c;Hy;. (221)
k ij k ij J
0B oc;
S = DSy = ) ueiSy =) ¢S (2.22)
k ij k ij J
The equation (2.20) thus becomes
o0& 1
o, B [Z Gttt AZCJ’S’”}
J J
1
= = [chﬂkj - 5chskj]
J J
- 0. (2.23)

We thus have

ZCijj - EZCjSkj = ZC]' (Hk] - ESk]) = 0, (224)
j -

J J
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where £ =1,2,3,..., N. For a nonzero vector (¢, ¢, -+ ,cy), we must have

det(H — ES) =0,

which determines the solutions to the generalized eigenvalue problem

HC = ESC.

In the above, H is the Hamiltonian matrix

Hy  Hyp -+ Hiy
Hyy  Hayp -+ Han
H = )
| Hyi Hpyo Hyy |
S is the overlap matrix
St Sia Sin
Sor Sy --- S
S 21 022 2N 7
i Sn1 Sv2 - SnN ]

and C is a column matrix formed by the expansion coefficients ¢;

&1

C2

CN
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(2.26)

(2.27)

(2.28)

(2.29)



Suppose we have N roots in order of increasing value
E1<E< - <Ey. (2.30)
If we arrange the true eigenvalues of H in the following order
Ey < Ey<--- < En (2.31)
then the Hylleraas-MacDonald theorem [71] says that
E1>FE1,E > Es,--- EN > En. (2.32)

It is thus seen that the Rayleigh-Ritz method has a power of providing the up-
per bounds to the lowest N true eigenvalues. When an extra column and row are
added to an N x N matrix, the N old eigenvalues fall between the N + 1 new ones.
Consequently, all eigenvalues numbered from the bottom up must move inexorably
downward to the exact eigenvalues as N is increased progressively.

The Rayleigh-Ritz procedure can be considered as an optimization of the linear
variational parameters. However, in the Hylleraas basis set there are some non-
linear parameters, in addition to the linear parameters. All nonlinear parameters
are optimized using the Newton’s method by calculating analytically the first-order

derivatives of the variation energy with respect to these parameters

o€ 0y o)
5, = ~2AVH|Z-) - 260V 5 ), (2.33)

where 7 can be one of the nonlinear parameters. The second-order derivatives could
be estimated by taking differentials. Newton’s method tells us how to locate the zeros
of the first derivatives. In the next loop of calculation, we could use these newly

located nonlinear parameters as inputs to start with. After several iterations, we
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could obtain a set of optimized nonlinear parameters for the final energy calculation.

2.3 The Four-Body System and The Hylleraas Ba-
sis Set

Consider the Hamiltonian for the atomic lithium, a four-body atomic system

(2.34)

where Z is the charge of the nucleus. The Hylleraas-type basis function ¢, ,, can be

written as

_ J1,.02,.08,.012,.923,.931 ,—ar1—Bra—yr3y)L,M
Gy (T1,T2,T3) = ri'ryrgriymirsl'e y(h 12)l12, 13(7”17 Fa,73)X (1,2,3),

(2.35)

where r;; = |r; — ;| is the distance between electrons i and j, 75, 12, 733 represent

the correlations for three pairs of electrons, and X'(1, 2, 3) is for the spin 1/2 function.

Also in the above, yh o, (71,72, 73) is a coupled spherical harmonic, which is the

12 l12,l3

common eigenstate of operators L2, L., and II with the corresponding eigenvalues

L(L+1), My, and (—1)1*2+s regpectively

Vi (1 P, 7g) = > (lima, lama|lil; Lamas)

mi

X <l12m12, l3ms |l1253; LML>Y21m1 (fl)Yigm (fz)YESmg (fs) )

(2.36)
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where (lymy, lamallyla; liamya) and (l19mag, lsms|lials; LMp) are two Clebsch-Gordan
coefficients. The variational wavefunction is expanded in terms of the Hylleraas basis

functions

‘Ij<r17 Iy, r3) = A Z Z at,,utq)t,,ut (r17 Irs, r3) ) (237)
t [t

where A is the anti-symmetrization operator, the index i, stands for the six integers
J1s J2, J3, J12, Jo3, and jz1, index t stands for a block of nonlinear parameters «, .
The basis set includes all combinations of ji, jo, 73, J12, J23, and j31 with j; + jo +
J3 + J12 + Joz + J31 < €2, where  is an integer that controls the size of the basis
set. Of course, terms that may potentially cause near linear dependencies should
be excluded from the basis set. More details about partitioning the basis set into
different blocks, as well as into different angular configurations, can be found in [70].
For this three-electron system, in the center of mass frame, T; (I = 1,2,3) can be

reduced to

T, = i(i@iqj>rmo(fj), (2.38)

3 3 3
. 15 N L\ (2
no= > (ZQiE?j)T?BO(rj)Jr\/%%(Z;Qiﬁueik)rﬂk(rj®rk)<())a
]7 1=

(2.39)
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where { 1.k } = (1,2), (2,3), (3,1),

3 3
I; = Z(ZQi%)T?%o(fj)

j=1 =0
i ol 2. (7 2102 @ 7.8
+ 3 g Z Qiez‘jeik Tka((I‘j@I‘k) ®rk)0
.7k:1a273 i:O
’ J#k

+

3
/35 o A
6 S < ; Qz‘ﬁuemeig) rirars((fp ® rz)(Q) ® rg)(()s) 7 (2.40)

where the effect of the finite nuclear mass is reflected in the transition operator T;

by an [-th order polynomial in m;/My. For example, in Tj

3 2
=0
3 my m; M m; 2
2 - N B _r _J
Sain = -a(3) 0 (3) () o). o

3
mo ms ms ma mq Moy
;Qi€i1€i2€i3 = @ (E) (E) + Qs (E) (E) + Qs (m) (m) :

(2.43)

2.4 Basic Integrals

In forming the Hamiltonian matrix and overlap matrix, one needs to deal with two

types of integrals. The first one is the overlap integral between two Hylleraas-type
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basis functions

Vi i 1 / / / L . . . . .
I(ly, miy, Uy, miy, Uy, mi, by ma, by, mg, I3, mss i, Ja, 3, Ji2, Jo3, Jars o, B3,7)
= / drydrydrsr] r2rir] 22l emor—Ar2=rs

X Y o (POYY it (P2) Y07 1t (P3) Y0 ma (1) Yig s (72) Yig g (F3)
M} {Lpv}
= Z Z Lang(Iy, MY, Uy, Mg, Ly, miy, Ly, m, la, M, I3, M3 qia, Gas, 431)
{au=0} {ky, =0}
Tr(q12; G23, G31, k2, kas, k31; 1, J2, Jss Jiz, Jess Jars &, B,7) (2.44)

X

where k,, stands for ki2, ka3, k315 qu stands for gia, o3, gs1; Ly, stands for Ly,
Los, Lzi; My, stands for My, Mss, M. And Iy is the radial integral and Iy,
the angular integral. The second one is the integral of the Laplacian operator and

gradient operator, for example

/ drlerdrB’r{i Téé Tgé 7{122 7’%%3 Tééil el YE’TM& (fl)}/};mé (722)Yzym§ (73)
< V(B Y ()Y 7)Y 7))
= o’Fy+ 71071 + 1) = L(ly + D)Fy + ji2(gae + D) Fy + js1(Jsr + 1) Fs — 2a(j1 + 1) Fy

+ 251201 F5 — 251006 + 29311 F7 — 2j310F5 + 2512731 F9 — 251201 — 2731092 - (2.45)

where F),, g, are some subsidiary integrals. The further details about these two types

of integrals can be found in [72].
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Chapter 3

Calculations of Long-Range

Three-Body Interaction for
Li(229)-Li(225)-Li(22P)

3.1 Theoretical Formulation

Consider three well-separated lithium atoms where the overlap of their wave functions

can be neglected. The Hamiltonian for this system can be written as

H=HY +H, (3.1)

where
HY = B +H + H, (3.2)
H' = Vigg=Vig+ Vog + Va1, (3.3)

with H 1(0), HQ(O), and H?EO) being the unperturbed Hamiltonian of, respectively, atom

1, 2, and 3, and V5, Vo3, and V3; their mutual electrostatic interactions. We label
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the atoms by I, J, and K, with, respectively, internal coordinates o, p, and ¢. When
the labels I, J, or K appear, it is understood that cyclic permutation can be used.

Vs can be expanded according to Ref. [26]

Vi =30 3 Ty (0)Th i, ()W (1) (3.4)

lily mpmy

In Eq.(3.4), the multipole transition operators are

Ty, (o) = ZQiUfJ 1-m; (F4) (3.5)

J

and the geometry factor is

Wm],mJ(IJ) 47T(—1)ZJ (lj—l—lJ—m1+mJ)!(l],lJ)*1/2
lily Rllffl"'i_l [(Ly + mp)Wl —mp)! Ly +mp) (L — TRJ)!]l/Q
X ]DlTIn_,'I_lT]mJ (COS 6[]) exp[i(ml — mJ)CI)]J] s (37)

where R;; = R; — Ry is the relative position vector from atom I to atom J, the
notation (a,b,...) = (2a+1)(2b+1) ..., and P/, ™ (cos ;) is the associated Leg-
endre function with 6;; representing the angle between R;; and the z-axis. Similar

expressions exist for Vg and Vi;. The choice of the z-axis is discussed below.

3.1.1 The Zeroth-Order Wave Functions

For the Li(nyS)-Li(noS)-Li(nyL) system, where the angular momentum of one atom
is L and the associated magnetic quantum number is M, there are three orthogonal

eigenvectors for the unperturbed Hamiltonian corresponding to the same energy
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Figure 3.1: Coordinate system for the three atoms: the z-axis is perpendicular to
the plane of the three atoms and the z-axis is parallel to Rjs. The angles satisfy
(1312:0, @23:77'—/6, (1331 =7+ Q.

eigenvalue EY ny = 2E(0)S +EY

nono no nyL?

[91) = [ony (LM;0) 000 (05 p)ong (056)) (3.8)
[02) = |9ne(0;0) oy (LM; p) 0y (056)) (3.9)
03) = 1900 (05 0) 0, (0; p) oy (LM56)) - (3.10)

According to degenerate perturbation theory, the zeroth-order wave function is a

linear combination of the eigenvectors given in Egs. (3.8), (3.9), and (3.10),

(W) = a|gr) + blga) + cls) . (3.11)

The expansion coefficients a, b, and ¢ are determined by diagonalizing the perturba-
tion Via3 in the basis set {¢1, @2, ¢35}, which depends on the geometrical configuration

formed by the three atoms.
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3.1.2 Choice of Coordinates for Three Atoms

In this work, we set the coordinates for the three atoms as shown in Fig. 3.1. Specif-
ically, we choose the nucleus of atom 1 as the origin of our coordinate system and
the z-y plane as the plane formed by the three atomic nuclei. Furthermore, we set
the z-axis to be Ri5 and the z-axis perpendicular to the z-y plane by the right-hand
convention. The interior angles of the triangle formed by the three atoms are de-
noted as a, (3, 7. Noting that [26] 015 = O3 = 033 = 7/2, the associated Legendre

functions can be simplified according to

The angles @19, P93, and P3; satisfy $15 = 0, $o3 = 7 — 3, and $3; = 7™ + «, which
can be used to simplify the exponential function exp[i(m; — m;)®y,] in the geometry

factor.

3.1.3 The Connection With Other Studies

With these eigenvectors and zero-order wave function, we can easily find the con-
nection between this work and preceding studies of long-range interactions. For
example, if we eliminate the terms involving particle 3 (with angular momentum
L), our formulae describe the long-range interactions for the two-body nyS — noS
system. If we set a = \/Li’ b= i%, ¢ = 0 and remove the terms involving particle
3 (with angular momentum 0), our expressions describe the long-range interactions
for the two-body n¢S — n{L system. If we set a =1, b = ¢ =0 and L = 0, the
long-range three-body n¢S — n¢S — nyS interaction is described.

We noted that Cvitas et al. [61] considered the connection between the long-range

interactions for atom-dimer and atom-atom-atom potential energy surfaces, which
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corresponds to the ground state for the three spin-aligned atoms. They rewrote
the atom-atom distances in terms of Jacobi coordinates R, r, and # and expanded
the corresponding results as a power series in /R for r < R. The contributions
of atom-atom coefficients to the atom-diatom coefficients have been shown in their
studies. They can do this approximation because, in the ngS — ngS — ngS system,
the atom-atom coefficients are constants. However, for the ngS —noS —nyL system,
we find that the atom-atom coefficients depend on the geometrical configuration of
the three atoms because of the quantum superposition principle. Hence we cannot
use their method directly to achieve the transition from the well-separated system
to the atom-diatom system in the noS — noS — nyL system. However we can make
it by adjusting the state of this system. For example, if we set a =b =10, c =1, our
formulae reduce to the long-range interactions between an atom nyL and a diatom
noS—neS. This situation can be related to a heteronuclear system, such as He(nyP)-
Li(noS)-Li(ngS). This situation plays a particular role in the heteronuclear system
and the asymptotic region. We note it here for future reference. In this thesis, we will
focus on the long-range interactions for the homonuclear atom-atom-atom lithium
system.

In Appendix A, we give the general expressions of the interaction coefficients for
noS — npS — n{L up to second order in perturbation theory. To be specific, here we
focus on the case of ng = 2, nj = 2, and L = 1 for the Li(225)-Li(225)-Li(22P)

system.

3.1.4 The First-Order Energy

According to perturbation theory, the first-order energy correction for the Li(225)-
Li(2285)-Li(22%P) system is

o o e e, M)

AEW = ,
Ry, R R,

(3.13)
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where

CU (1, M) = (ASA; + ASA)Do(M), (3.14)
Al = a, AQ = b, Ag =C, (315)
and
47?(—1)1+M

Do(M) = g apr s iy (POl (o) (310

Where a, b, ¢ are defined in Eq. (3.11). It should be mentioned that there exist only

additive long-range interaction terms at this order of perturbation.

3.1.5 The Second-Order Energy

The second-order energy correction for the Li(225)-Li(225)-Li(22P) system can be

written as
12 23 31
2\ Ry 37 [
12,23 23,31 31,12
L) G M) | G )<1,M>> (317)
Ry R3y Ry Ry, R3 Ry ’

where the 02(7112)(1, M), C’éig)(l, M), and C’Q(il)(l, M) are the additive dispersion co-
efficients, and Cé,lf’%)(l,M), 6’2(7213’31)(1,M), and Céil’m)(l,M) are the nonadditive
dispersion ones. The derivation of these coefficients is given in Appendix A. In this

work we are only concerned with n = 3 and 4 in Eq. (3.17). The corresponding

dispersion coefficients are

CI(L, M) = (JA + |AS)Dy (M) + | A |’ D, (3.18)
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CEL M) = (JALP + AP QM) + [Ax Q2 + (A7 A + AFANQs (M),

(3.19)
CéU’JK)(L M) = Qu(Ax,Ar,1,M,n;), (3.20)
OO M) = Qu(Ak, Ar2,M,ny), (3.21)
with
Alza,A2:b7A3:C»7712047772:57773:77 (322)

where a, b, and ¢ are defined in Eq. (3.11), «, 3, and y are the interior angles, and

the other terms in Eqgs. (3.18)-(3.21) are given by

Dy(M) = Y Fi(ngn, L, 11,11, M), (3.23)
nsntLs
Dy = > Fy(ngm,11), (3.24)
QM) = > [Fi(neng, Lo, 151,31, M) + Fy(ng, e, L, 1;2,2; 1, M)
nsntLs

+ Fl(nsant7L87 ]-a 37 1) 17 M) + Fl(nsanta Lsa 2a 17 17 1a M)] ) (325>

Q = ) [Fa(ngn,1,2)+ Fy(ngn,2,1)], (3.26)
Qs(M) = > [Fs(ne,ni,1,1;2,2;1, M) + Fy(ng,ng, 1,2;2, 151, M)
+ Fs(ng,mn,2,1;1,2;1, M) + F3(ng,ng, 2,2;1,1; 1, M), (3.27)
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and

Q4(AK7 A17 )\7 Ma nJ) = 2 Z Re[A*KAI ei(Mt_M)nJ]F4(nta )\7 Mt7 17 M) .
ne My

(3.28)

In the above (I, J, K) forms a permutation of (1,2,3) and the Fj-functions are defined

by Egs. (A.20), (A.21), (A.22), and (A.23) in Appendix A.

3.1.6 Three Special Geometrical Configurations

In this work, three special geometrical configurations formed by the three atoms are
considered. The first configuration is the equilateral triangle, where the interatomic
separations are the same: Ris = Ro3 = R3; = R, corresponding to Ds;, symmetry.
With this configuration, all the diagonal perturbation matrix elements are zero and
all the off diagonal matrix elements are the same. The perturbation matrix with

respect to {¢1, o, P3} thus becomes

011
H=H,|101], (3.29)
110
where
. (—1)M[(2L — )12
o, = O (6 (0: )T oy (L)

R2LHT (2L + 1)2(L — M)/(L + M)

Solving the eigenvalue problem of the above matrix, one obtains the eigenvalues:

2H,, —Hi,, —H{,, and the corresponding orthonormalized zeroth-order wave func-
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tions:

1 1 1

v\ = ﬁ‘¢l>+ﬁ|¢2>+ﬁ’¢3>’ (3.30)
1 1

vy = E|¢l>_ﬁ|¢3>7 (3.31)
1 2 1

v\ = %|¢1>—\/;|¢2>+%|¢3>, (3.32)

where the symbol A denotes the equilateral triangle.
The second special geometrical configuration is the isosceles right triangle such that
Ry = \%Rgg = R31 = R, corresponding to Cs, symmetry. With this configuration,

the perturbation matrix has the form

0 1 1
H = Hy|l 1 0 (3.33)
1
1 50

The eigenvalues are 12 (\/_ + 130 ) (\/_ V130 ) 5 \/5, and the correspond-

ing orthonormalized zeroth-order wave functions are

gl = V130 - \/_ #Wﬁ + —4 |p3)
N I A oy =y -
(3.34)
go - —WI0HVY) L 4 A
T e aves L Ve Vet
(3.35)
o)  _
\1137L = \/—|¢2> \/—|¢3>
(3.36)

where the symbol 1 denotes the isosceles right triangle.

The third special geometrical configuration is that the three atoms are in a straight
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line such that Ry = %Rgg = R31 = R, corresponding to D, symmetry. With this

configuration, the perturbation matrix is

01 1
1 £ 0

The eigenvalues are % (1 + 3/ 57) ,% (1 — 3\/57) ,—HT{?, and the corresponding

orthonormalized zeroth-order wave functions are

3V567 — 1 16 16
v = 1) + |2 + b3) |
1026 — 6/57 1026 — 61/57 1026 — 61/57
(3.38)
—(3V5B7+1 16 16
O ) jo0) + 69) + 6a),
1026 + 6/57 1026 + 6/57 1026 + 64/57
(3.39)
©) 1 1
Y = hy) + ——]¢s)
3, 5 |¢2> \/§|¢3>
(3.40)

where the symbol — denotes the geometrical configuration of a straight line.

3.2 Results and Discussion

In our calculations, the atomic wave functions of lithium were constructed vari-
ationally using Hylleraas basis sets, and the intermediate states were generated by
diagonalizing the lithium Hamiltonian, as described in Ref. [73]. All the relevant ma-
trix elements for the multipole transition operators were thus evaluated, including
the finite nuclear mass corrections. With these, the first and second order long-range
coefficients for Li(229)-Li(225)-Li(22P) were obtained.

Table 3.1 lists the values of Dy(M = 0), Do(M = £1), Dy(M = 0), D1(M = £1), Dy,
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Table 3.1: Values of Dy(M = 0), Do(M = +£1), Dy(M = 0), Dy(M = £1), Dy,
Ql(M = 0), Ql(M = :tl), @2, @3(M = 0)7 and @3(M = :|:].) for the L1<2QS)-
Li(22S)-Li(2%P) system, in atomic units. All these quantities are independent of the
geometrical configuration formed by the three atoms. The numbers in parentheses
represent the computational uncertainties.

Atom  Do(M =0) Do(M==+1) Dy(M=0) DM ==+1) D,
QM =0) Qi(M=41) Q, Q3(M =0) Q3(M ==1)
*Li —5500111(1) 2.750054(1)  1406.68(3)  1741.06(5) 1393.42(5)

75804.1(5) 354147(4)  83429(1)  27239.28(1)  —165583.70(1)

TLi  —5.500926(1)  2.750462(1)  1407.15(5)  1741.59(4) 1394.05(5)
75809.6(5) 354206(4) 83456(5)  27242.91(2) —165615.09(1)

SLi  —5.501062(1) 2.750530(1)  1407.20(2)  1741.68(4) 1394.16(5)
75810.5(5) 354216(4)  83460(5)  27243.52(2)  —165620.32(1)

Qi1 (M =0), Q1 (M = £1), Qqg, Q3(M = 0), and Q3(M = +£1) for lithium isotopes,
all of which are independent of the geometrical configuration of the three lithium
atoms. However, the quantity 4, not listed in Table 3.1, is related to the nonadditive
dispersion coefficients and is geometrical configuration dependent. Dy(M = 0) and
Do(M = =£1) are connected with the first-order additive coefficient Célj)(L,M ).
Dy(M = 0), Dy(M = £1), and D, are connected with the second-order additive
dispersion coefficient C’éIJ)(L, M), and Q;(M = 0), Q1(M = +£1), Qy, Q3(M = 0),
and Q3(M = £1) are connected with the second-order additive dispersion coefficient
"L, .

With the values in Table 3.1, we can obtain the long-range interaction coefficients for
geometrical configurations specified by Ry19, Ros, R31, a, 5, and 7y as follows: Initially,
we obtain the geometric parameters for the configuration under consideration by the
method as described in Sec. 3.1.6. Then, the long-range interaction coefficients for
that configuration are given by the Eqs. (3.13)-(3.28). In the following, we will dis-
cuss the long-range coefficients by explicitly evaluating the coefficients for the three

elementary geometrical configurations of an equilateral triangle, an isosceles triangle,
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and equally spaced co-linear atoms, representing, respectively, the symmetries D3y,

Ogv, and Dooh-

3.2.1 Dispersion Coefficients for An Equilateral Triangle

Using the coefficients a, b, ¢ of the zeroth-order wave functions Eqgs. (3.30)-(3.32), for
the case where the three atoms form an equilateral triangle, the first-order additive
coefficients are listed in Table 3.2 and the second-order additive and nonadditive
dispersion coefficients are listed in Tables 3.3-3.4.

From Table 3.2, we can see that for the zeroth-order wave function \Ilg?)A, Céw) (I, M =
0), C§23)(1,M = 0), and C§31)(1,M = () are all the same because of a = b = ¢ =
1/v/3; similarly C{*? (1, M = 1), ¢*Y(1, M = £1), and C{*V(1, M = +1) are all
the same. For the zeroth-order wave function \Ilg?)A, Célz)(l,M ) and C§23)(1,M )
whenever M = 0 or M = =41, are zero because of b = 0. For the zeroth-order wave
function \IJ‘E)’)A, C’?(,H)(l, M) and C§23)(1, M) are the same because of a = ¢ = 1/v/6.
The coefficients between M = 0 and M = =41 satisfy the relationship C’é[‘])(l, M =
0) =—2C{"" (1, M = +1). Also listed in Table 3.2 are the values for "Li and SLi by
taking the finite nuclear mass into consideration.

For the leading terms of the second-order long-range interaction, there exist both ad-
ditive and nonadditive terms as shown in Table 3.3 for C’éu) (1, M =0), C’éU’JK) (1, M
0), CS"(1, M = +1), and C""M)(1, M = +1), for the Li(225)-Li(225)-Li(22P)
system. For the second zeroth-order wave function \Ilg?) , the nonadditive coeffi-
cients C’é23’31)(1,M) and Cégl’lz)(l,M) are zero for M = 0 or M = =1 because
of Q4(a,b,1,M,~v) = 0 and b = 0. For \P;?)A and \Ifg?)A, we have C’élQ)(l,M) =
c¥(1, M) and CZ** (1, M) = P2 (1, M) for M =0 or M = +1 due to a = c.
The long-range dispersion coefficients Céu)(l,M ) and CEEU’JK)(L M) are listed in
Table 3.4 for the Li(22S5)-Li(225)-Li(2%P) system. These coefficients have very

similar characteristic as CéIJ)(l,M ) and CéU’JK)(l,M ). For example, for fixed
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M, C’éu)(l,M ) are all the same for the zeroth-order wave function \Ilg?)A; simi-
larly for C’éU’JK)(l,M), they are all the same for \Ifg?)A. For \Ifg?)A, C’ézg’gl)(l,]\/[)
and 05231,12)(1’ M) are zero because Qy4(a,b,2, M,v) = 0 and b = 0. We also have
8P, M) = 681, M) and G (1, M) = CPMP (1, M) for both WY\ and
Th

From Tables 3.3-3.4, we can also see that the dispersion coefficients for the additive
terms are always positive, but the dispersion coefficients for the nonadditive terms
can be positive or negative. Furthermore, the absolute values of the non-zero non-
additive dispersion coefficients are less than the additive dispersion coefficients by
one to two orders of the magnitude. However, the nonadditive terms may not be

neglected in constructing an accurate potential surface for Li(225)-Li(22S)-Li(2?P).

C<12‘23)(1,M:ﬁ:1) C(l2>(1,M:j:1)
B A i

For example, for the case of \I/g?)A, the ratio of (
The sums of AEM and AE®), given by, respectively, Egs. (3.13) and (3.17), for this
configuration are listed in Table 3.5. Long-range potentials times R® for three dif-
ferent types of the zeroth-order wave functions are plotted in Figure 3.2. For each

curve labeled by a wave function, the plotted curve is the sum of AE® and AE®.

3.2.2 Dispersion Coefficients for An Isosceles Right Triangle

For the configuration of isosceles right triangle, the first-order additive coefficients
are listed in Table 3.6 and the second-order additive and nonadditive dispersion
coefficients are listed in Tables 3.7-3.8.

For this configuration, we have b = ¢ for the first two zeroth-order wave functions
\Ilgol and \I/g?l, and b = —c and a = 0 for the third zeroth-order wave function
\Ilgol We can clearly sce that C$'* (1, M) equals C*V (1, M) for wﬂ and \IJS))L, and
O?EIQ)(l,M) = C’égl)(l,M) = 0 for \Ilé?l, as shown in Table 3.6. Compared to the
values in Table 3.2, we can conclude that a change in geometric configuration will

influence the long-range coefficients.
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Figure 3.2: Long-range potentials times R? for the Li(225)-Li(2%5)-Li(2%P) system
for three different types of the zeroth-order wave functions, where the three atoms
form an equilateral triangle, in atomic units. For each curve labeled by a wave
function, the plotted curve is the sum of AE® and AE®.

The second-order dispersion coefficients C’é]‘]), C’G(U’JK), C’éu), and C’é]J’JK) are listed
in Tables 3.7-3.8. Omne can see that Céu)(l,M) = C’égl)(l,]\/[), 06(12’23)(1,M) =
c3 1, M), o1, M) = ¢V (1, M), and C** (1, M) = ¢ (1, M) due to
b=+c,a=0,and g =~. Also C’ém’u)(l, M) =0, C’é31’12)(1, M) # 0; this is because
a = 7/2 and the odd or even nature of M; — M in Eq. (3.28). In Tables 3.7-3.8, we
also find that the finite nuclear mass increases the additive dispersion coefficients.
Similarly, the nonadditive terms may not be neglected in constructing a three-body
potential surface for Li(225)-Li(225)-Li(22P). Long-range potentials times R for
three different types of the zeroth-order wave functions are plotted in Figure 3.3. For

each curve labeled by a wave function, the plotted curve is the sum of AE™ and

AE®,
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E*R3

o\’ (1,M = 0)

\

\

\

\ ooy
\ Li

12 o) (1, M = +1)

-16 |-

Figure 3.3: Long-range potentials times R? for the Li(225)-Li(2%5)-Li(2%P) system
for three different types of the zeroth-order wave functions, where the three atoms
form an isosceles right triangle, in atomic units. For each curve labeled by a wave
function, the plotted curve is the sum of AE® and AE®.

3.2.3 Dispersion Coefficients for a Linear Configuration

For the configuration of three atoms forming a straight line, the long-range disper-
sion coefficients are listed in Tables 3.9-3.11. Since the zeroth-order wave function
coefficients have b = ¢ in Eqgs. (3.38) and (3.39), and @ = 0 and b = —c in Eq. (3.40),
which are similar to the isosceles right triangle, the dispersion coefficients have similar
characteristic to the case of the isosceles right triangle. The only differences are the
values of three interior angles: § =~ = 0 and a = 27, which leads to the relatively
larger nonzero dispersion coefficients C§31’12)(1,M = 0) and C’égl’m)(l,M = +1).
Long-range potentials times R?® for three different types of the zeroth-order wave
functions are plotted in Figure 3.4. For each curve labeled by a wave function, the

plotted curve is the sum of AEM and AE®).
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12 -

E*R3

R/ do

o) (1,M = +1)

Figure 3.4: Long-range potentials times R? for the Li(225)-Li(2%5)-Li(2%P) system
for three different types of the zeroth-order wave functions, where the three atoms
form a straight line, in atomic units. For each curve labeled by a wave function, the
plotted curve is the sum of AEM and AE®).
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Chapter 4

Calculations of Long-Range

Three-Body Interactions for

He(ny*S)-He(no*S)-He(n) L)

4.1 Theoretical Formulation for He(1'5)-He(115)-
He(219)

In Chapter 3 and Appendix A, we have given the general formulas for the Li(225)-
Li(225)-Li(22P) system, which are also applicable to the He(ng *S)-He(ny *S)-He(n}, * P)
system. In this section, however, we will focus on the He(ng *S)-He(ny *S)-He(ny *S)

system.

4.1.1 The Zeroth-Order Wave Function

According to the degenerate perturbation theory, the zero-order wave function of the

unperturbed system can also be written as

(WOY = algy) + blda) + c|¢s) (4.1)
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where ¢1, ¢, ¢3 are three orthonormalized eigenfunctions corresponding to the same

: ©) o0 (0)
energy eigenvalue F = 2E, ¢+ Ené S

nono n

101) = 100, (0;0) 000 (05 p) o (05 6)) (4.2)
[pa) = |90no(0§U)Qong(O;p)SDno(O;C»7 (4.3)
193) = [0 (0;0) 00, (0; ) oy (056)) - (4.4)

The expansion coefficients a, b, and ¢ are determined by diagonalizing the pertur-
bation in the basis set {¢1, ¢a, @3}, which depends on the geometrical configuration

formed by the three atoms. The expansions of V;; are shown in Eqgs. (3.4)-(3.7).

4.1.2 The Second-Order Energy

For the He(1'S)-He(1'S)-He(2'S) system, the first-order energy corrections are

zero. The leading terms start from the second-order, which can be written as

AE® = - Y% (PO Vigs X, (Ls My &) X, (LeMi; p) X (LuMu; )
0
NsNtNy Ls Ly Loy Mg MiM,, EnsLs;ntLt;nuLu - T(LO)SVLOS;TLE,S
12 23 31
= — (Oén) +C§") +C§”)) (4.5)
=\ R R OB

where Xy, (LsMg; &) xn, (LiMy; p)Xn, (LyM,y; §) are the intermediate states of the sys-
tem with the energy eigenvalues E,, 1 .n.rinure = Enore + B, + En, 1, It is noted
that the above summations should exclude terms with E, 1., 1m0, = ES;)S;RO Sinb s

The coefficients Cé,lf), C’é? and 02(21) are the additive dispersion coefficients. In this

work, we are only concerned with n = 3 and 4 in Eq. (4.5), with the corresponding

dispersion coefficients being
C = (JAL? + A )Ty + |Ak [Ty + (A;A; + A% A)Ts, (4.6)
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G = (AP + AR + Ak "Rs + (4] Ay + AJADRs, (A7)

Al :CL,AQZb,Ang, (48)

where a, b, and ¢ are defined in Eq. (4.1). The other terms in Egs. (4.6) and (4.7)

are given by

T, = %Kl(ns,nt,l,l) (4.9)
T, = T%Kg(ns,nt,l,l) (4.10)
Ty = T%;Kg(ns,nt,l,l) (4.11)
R, = %[Kl(ns,nt,l,Z)+K1(ns,nt,2,1)] (4.12)
R, = %[Kg(ns,nt,lﬂ)+K2(ns,nt,2,1)] (4.13)
Ry = Y [Ks(ng,ng,1,2) + Ks(ng,n,2,1)] (4.14)

NNt

The K;-Functions are defined by Eqs. (B.16)-(B.18) in Appendix B.
The formulas for the He(ng*S)-He(ng*S)-He(ny* P) system are the same as those
for the Li(225)-Li(225)-Li(22P) system, which have been shown in Sections 3.1.4

and 3.1.5 of Chapter 3.
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4.1.3 The Interaction Constants

Now, let us reconsider the formulas of additive dispersion coefficients that are shown
in Egs. (4.6), (4.7), (3.14), (3.18), and (3.19). Since these coefficients do not con-
tain the interior angles «, 3, v, we can easily separate them into the geometric
parameters a, b, and ¢ multiplying the geometrical-configuration independent inter-
action constants Ty, Ty, T3, Ry, Ry, R3, Do(M = 0), Do(M = £1), Dy(M = 0),
Di(M =+£1), Dy, Q1(M =0), Q1 (M = +1), Qq, Q3(M = 0), and Q3(M = £1). For
the He(1'S)-He(1'S)-He(2'S) system, Ty, Ty, T3 are connected to the second-order
additive dispersion coefficient C’éu). Ry, Ry, R3 are connected to the second-order
additive dispersion coefficient C’él‘]). For the He(ng*S)-He(no *S)-He(ny * P) system,
Do(M = 0) and Do(M = £1) are connected to the first-order additive coefficient
CPEIJ)(L,M). Diy(M = 0), D;(M = £1), and D, are connected to the second-order
additive dispersion coefficient C’é”)(L, M), and Q;(M = 0), Q;(M = +1), Q.,
Q3(M =0), and Q3(M = £1) are connected to the second-order additive dispersion
coefficient C’EEU)(L7 M). The values of these interaction constants for two helium
isotopes are listed in Tables 4.1 and 4.2, respectively. As shown in Eqs. (3.20) and
(3.21), the nonadditive interaction coefficients are inseparable, because they contain

both the expansion coefficients a, b, ¢ and the interior angles «, (3, ~.

4.1.4 The Connection With Other Studies

Actually, with these interaction constants, we can easily find the connection between
this work and previous studies of long-range interactions for two-body system. For
example, If we set a = \%, b = i\%, ¢ = 0, our expressions describe the long-
range interactions for the two-body 1S —n{ L system. For the He(ng*S)-He(ny *S)-
He(n)* P) system, the first-order dispersion interaction coefficient C3(M) = Dy(M),
and the second-order dispersion coefficients Cs(M) = Dy (M) and Cs(M) = Q1 (M) +

Q3(M). Similarly, If we set a = b = 0, ¢ = 1, our expressions describe the long-range
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interactions for the two-body ngS — n¢S system, where Cg = Dy and Cg = Q.

4.2 Results and Discussion for He(1'S)-He(115)-
He(219)

Here we first construct atomic wave functions of helium variationally using Hylleraas
basis sets and then we generate the intermediate states by diagonalizing the helium

Hamiltonian [15].

4.2.1 The Zeroth-Order Wave Function

In this thesis, we are only concerned with the geometrical configuration of the equi-
lateral triangle with Ri;s = Rs3 = R3; = R. The perturbation matrix with respect

to {¢1, @2, ¢3} thus becomes

A D D
H=|D 4 D |, (4.15)
D D A
where
A=Ay = Ay = Az, (4~16)
D = Alg = A13 = AQl = Agg = Agl = Agg . (417)

5}



Solving the eigenvalue problem of the above matrix yields the eigenvalues A + 2D,

A—D,and A — D, and the corresponding zeroth-order wave functions

o _ L 1 1
\1[17A — \/§|¢1>+ \/§|¢2>+ \/§|¢3>7 (418)
1 1
UL = E|¢1>—7|¢3>7 (4.19)

vy = \/—Isbl \/7 |pa) + |¢3 (4.20)

4.2.2 Dispersion Coefficients for An Equilateral Triangle

With these zeroth-order wave functions Eqs. (4.18)-(4.20), the corresponding long-
range interaction coefficients C\'” and C{'”) for the He(1'S)-He(115)-He(213) sys-
tems are listed in Table 4.3. We note that these coefficients are all the same and
positive for \Ifﬁ with the geometric parameter a = b = ¢ = 1/4/3. For \I/g?)A with the
geometric parameter b = 0, a = —c = 1//2, 0(12 = C’é%) and Cém) = C§23). For
‘If:(f)A with the geometric parameter b = —\/g, a=c= 1/\/6, we also have Cém):
i and C{"?= .

The curves of potential energy for the He(1'S)-He(1'S)-He(2'S) system, corre-

sponding to different zeroth-order wave functions, are plotted in Fig. 4.1.

4.3 Results and Discussion for He(ny*S)-He(ng*5)-
He(n)*P)

4.3.1 The Zeroth-Order Wave Function

In this work, we need to obtain the values of these geometric parameters for specific
configurations by using degenerate perturbation theory. Here, we can set a universal

configuration with Rio= A\; Ro3 = Ay R3; =R. The perturbation matrix with respect
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Figure 4.1: Long-range potentials for the He(1'S)-He(1'S)-He(2'S) system for
three different types of the zeroth-order wave functions, where the three atoms form

an equilateral triangle, in atomic units. For each curve labeled by a wave function,
the plotted curve is the sum of AEM and AE® | where AEM=0.

to {¢1, @2, ¢3} thus becomes

0 1 A
H' = Hj, 1 0 X |- (4.21)
AN 0
where
4 (—1)M[(2L — N
Hy, = (0o (05 )| TL(0) || oy, (L 0)) 2.

R2LA1 (2L + 1)2(L — ML + M)!
(4.22)

Solving the eigenvalue problem of the above matrix, we can obtain the eigenvalues
and the corresponding orthonormalized zero-order wave functions. In the following,
we will discuss the long-range interaction coefficients by explicitly evaluating coeffi-

cients for the three elementary geometrical configurations of the three-body system
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in an equilateral triangle, an isosceles triangle, and equally-spaced collinearly, repre-

senting, respectively, the symmetries Dsp,, Cy, and Dygp.

4.3.2 Dispersion Coefficients for an Equilateral Triangle

For A\; = Ay = 1, solving the eigenvalue problem of the above matrix (Eq. (4.21))
for the equilateral triangle, one obtains the eigenvalues: 2H/,, —H},, —Hj,, and the

corresponding orthonormalized zeroth-order wave functions:

1

o _ L L 1 ,
1 1

YL = %w—\/?@n%m (4.25)

With these zeroth-order wave functions Eqgs. (4.23)-(4.25), the long-range interac-
tion coefficients for the He(1'S)-He(11S)-He(2'P), He(2'S)-He(215)-He(2 ' P), and
He(235)-He(235)-He(23P) systems are listed in Tables 4.4-4.13.

Tables 4.4-4.5 list the first-order dipolar coefficients CéIJ)(l,M) for the equilateral
triangle. We note that these coefficients all satisfy Cg(,u)(l, M =0) :—2C§”)(1, M =
+1). For klfg?)A with the geometric parameter a = b = ¢ = 1/v/3, CS”(1, M = 0)
are all the same and negative and C’?EIJ)(L M = +1) are all the same and positive.
For \Ilg’))A with the geometric parameter b = 0, a = —c = 1//2, C§12)(1,M) =
C’égs)(l,M) =0, C’égl)(l,M = () appears to be positive and C’?(,Sl)(l,M = +1)
appears to be negative. For \Ilé?)A with the geometric parameter b = —\/g, a =
¢ =1/v6, ¢{"?(1,M = 0) and CS*(1, M = 0) are the same and positive, and
C’éu)(l, M = 41) and C’§23)(1, M = =£1) are the same and negative; also C§31)(1, M =
0) appears to be negative and Cg(,gl)(l, M = 41) positive. These positive or nega-

tive signs indicate that different states of a system may lead to different types of

interactions: attractive or repulsive.
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Table 4.4: The additive long-range coeflicients CPE”)(LM = 0) of the He(ny*S)-
He(no *S)-He(n{, *P) system for three different types of the zeroth-order wave func-
tions, where the three atoms form an equilateral triangle, in atomic units. The
numbers in parentheses represent the computational uncertainties.

Atom State  C{P(1,M =0) c® (1, M =0) cPV (1, M =0)
He(115)-He(115)-He(2!P)
~He W'\  —0.11803706848(2) —0.11803706848(2) —0.11803706848(2)
VAN 0 0 0.17705560274(4)
) 0.11803706848(2) 0.11803706848(2) —0.05901853424(1)
‘He 0l”)  —0.11805102037(2) —0.11805102037(2) —0.11805102037(2)
" 0 0 0.17707653057(4)
U\ 0.11805102037(2) 0.11805102037(2) —0.05902551019(2)
SHe wl’)  —0.11805558670(3) —0.11805558670(3) —0.11805558670(3)
) 0 0 0.17708338005(4)
v\ 0.11805558670(3) 0.11805558670(3) —0.05902779334(1)
He(21S)-He(21S5)-He(21P)
~He W'\  —5.669880535080(3) —5.669889535080(3) —5.669889535080(3)
NN 0 0 8.504834302621(5)
T\ 5.660889535080(3) 5.669889535080(3) —2.834944767539(1)
‘He w{"\  —5.671913859061(1) —5.671913859061(1) —5.671913859061(1)
v 0 0 8.507870788593(2)
v\ 5.671913859061(1) 5.671913859061(1) —2.835956929531(1)
SHe w\’)  —5.672576238826(1) —5.672576238826(1) —5.672576238826(1)
) 0 0 8.508864358240(2)
U\ 5.672576238826(1) 5.672576238826(1) —2.8362881194133(5)
He(235)-He(23S)-He(23P)
~He W'\ —4.2718310359104(1) —4.2718310359104(1) —4.2718310359104(1)
" 0 0 6.4077465538656(1)
U\ 4.2718310359104(1) 4.2718310359104(1) —2.13591551795523(5)
‘He wl’)  —4.2727250401361(1) —4.2727250401361(1) —4.2727250401361(1)
v 0 0 6.4090875602043(2)
T\ 4.2727250401361(1) 4.2727250401361(1) —2.13636252006809(5)
SHe W'\  —4.2730175339568(2) —4.2730175339568(2) —4.2730175339568(2)
©)
v 0 0 6.4095263009351(2)
v 4.2730175339568(2) 4.2730175339568(2) —2.13650876697836(6)
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Table 4.5: The additive long-range coefficients C':,E”)(l, M = +1) of the He(ng*9)-
He(ng*S)-He(ngy * P) system for three different types of the zeroth-order wave func-

tions, where the three atoms form an equilateral triangle, in atomic units.

The

numbers in parentheses represent the computational uncertainties.

Atom State  C{P(1,M = +1) cP (1, M = +1) cPV (1, M = +1)
He(11S)-He(11S)-He(21P)
~He W\ 0.05901853424(1) 0.05901853424(1) 0.05901853424(1)
(0)
NN 0 0 —0.08852780137(2)
v —0.05901853424(1) —0.05901853424(1) 0.029509267124(7)
‘He Wi\  0.05902551019(2) 0.05902551019(2) 0.05902551019(2)
o) 0 0 —0.08853826528(2)
) —0.05902551019(2) —0.05902551019(2) 0.029512755096(7)
SHe W\ 0.05902779334(1) 0.05902779334(1) 0.05902779334(1)
v 0 0 —0.08854169002(2)
v —0.05902779334(1) —0.05902779334(1) 0.029513896674(6)
He(215)-He(21S)-He(21P)
~He U\  2.834944767539(1) 2.834944767539(1) 2.834944767539(1)
NN 0 0 —4.252417151311(3)
U —2.834944767539(1) —2.834944767539(1) 1.417472383770(1)
‘He 0l%)  2.835956929531(1) 2.835956929531(1) 2.835956929531(1)
(6)
NN 0 0 —4.253935394296(1)
v\ —2.835956929531(1) —2.835956929531(1) 1.4179784647653(2)
SHe W) 2.8362881194133(5 2.8362881194133(5 2.8362881194133(5)
(i)
NION 0 0 —4.254432179120(1)
v —2.8362881194133(5) —2.8362881194133(5) 1.4181440597067(3)
He(2°5)-He(235)-He(2°P)
~He "\  2.13591551795523(5) 2.13591551795523(5) 2.13591551795523(5)
NN 0 0 —3.20387327693284(7)
U\ —2.13591551795523(5)  —2.13591551795523(5) 1.06795775897762(3)
‘He Wi\  2.13636252006809(5) 2.13636252006809(5) 2.13636252006809(5)
IO 0 0 —3.2045437801021(1)
v\ —2.13636252006809(5)  —2.13636252006809(5) 1.06818126003405(3)
SHe ¥\")  2.13650876697836(6) 2.13650876697836(6) 2.13650876697836(6)
v 0 0 —3.2047631504675(1)
v\ —2.13650876697836(6)  —2.13650876697836(6) 1.06825438348918(3)

61



Table 4.6: The additive and nonadditive dispersion coefficients C’(I‘] (1, M = 0) of
the He(ng*S)-He(ng*S)-He(n, *P) system for three different types of the zeroth-
order wave functions, where the three atoms form an equilateral triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties

Atom

(1, M =0)

e, M =

0

e, M =0)

>He

4He

3He

He(11S)-He(11S)-He(2!P)

22.2490435504(2
17.0520271221
27.4460599786(3
22.26802944166
17.06655279456(5)
27.4695060888(1
22.2742443341(1
17.0713076681
27.4771810002(2

(
(
(

— — ~— ~—

(
(
(
(

22.2490435504(2
17.0520271221(1
27.4460599786(3
22.26802944166(5)
17.06655279456(5)
27.4695060888(1
22.2742443341(1
17.0713076681
27.4771810002(2

(
(
(
(

22.2490435504(2)
32.6430764067(3)
11.8550106940(1)

22.26802944166(5)
32.6709827359(1)
11.86507614743(3)
22.2742443341(1)
32.6801176662(2)
11.8683710021(1)

>°He

4He

3He

He(215)-He(215)-H

(=]

R S e A A e

*He

4He

3He

R S R S T

6459.14(5) 6459.14(5) 6459.14(5)
7654.62(4) 7654.62(4) 4068.2(1)
5263.7(1) 5263.7(1) 8850.10(3)
6463.79(6) 6463.79(6) 6463.79(6)
7659.77(4) 7659.77(4) 4071.8(1)
5267.8(1) 5267.8(1) 8855.76(3)
6465.31(6) 6465.31(6) 6465.31(6)
7661.47(5) 7661.47(5) 4073.0(1)
5269.15(7) 5269.15(7) 8857.62(3)
He(2735)-He(275)-He(2°P)
2333.9418(2) 2333.9418(2) 2333.9418(2)
2569.6263(2) 2569.6263(2) 1862.5727(2)
2098.2571(1) 2098.2571(1) 2805.3109(2)
2335.4680(1) 2335.4680(1) 2335.4680(1)
2571.4658(2) 2571.4658(2) 1863.4728(2)
2099.4703(1) 2099.4703(1) 2807.4635(2)
2335.9678(2) 2335.9678(2) 2335.9678(2)
2572.0680(2) 2572.0680(2) 1863.7672(1)
2099.8674(1) 2099.8674(1) 2808.1682(2)




Table 4.7: The additive and nonadditive dispersion coefficients C’éU’JK)(l, M =0)
of the He(ng*S)-He(ny*S)-He(n, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form an equilateral triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State C{Z*(1, M = 0) 30 (1, M = 0) cPH2 (1, M = 0)
He(11S)-He(11S)-He(21P)
~He U\  0.3183512641(1) 0.3183512641(1) 0.3183512641(1)
PN —0.4775268962(1) 0 0
) 0.15917563204(6) —0.3183512641(1) —0.3183512641(1)
‘He Wi\  0.3185403283(1) 0.3185403283(1) 0.3185403283(1)
Ty\ —0.4778104925(1) 0 0
T\ 0.15927016414(6) —0.3185403283(1) —0.3185403283(1)
He 0%\ 0.3186022100(1) 0.3186022100(1) 0.3186022100(1)
U\ —0.4779033149(2) 0 0
v\ 0.15930110500(5) —0.3186022100(1) —0.3186022100(1)
He(21S)-He(21S5)-He(21P)
~He W'\  1277.73086528(7) 1277.73986528(7) 1277.73986528(7)
v\ —1916.6097979(1) 0 0
Ui\ 638.86993263(3) —1277.73986528(7) —1277.73986528(7)
‘He 0\°)  1278.50761033(6) 1278.50761033(6) 1278.50761033(6)
P\ —1917.7614155(1) 0 0
Ui\ 639.25380516(3) —1278.50761033(6) —1278.50761033(6)
SHe  W\°)  1278.75889180(6) 1278.75889180(6) 1278.75889180(6)
vy —1918.1383377(1) 0 0
v 639.37944590(3) —1278.75889180(6) —1278.75889180(6)
He(235)-He(2%5)-He(2°P)
~He U\  376.62601(3) 376.62601(3) 376.62601(3)
T\ —564.93901(4) 0 0
LIS 188.31301(2) —376.62601(3) —376.62601(3)
‘He wl%)  376.94770(2) 376.94770(2) 376.94770(2)
) —565.42155(3) 0 0
LN 188.47385(1) —376.94770(2) —376.94770(2)
SHe 0l’)  377.05302(2) 377.05302(2) 377.05302(2)
UL —565.57955(4) 0 0
v 188.52651(1) —377.05302(2) —377.05302(2)
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Table 4.8: The additive and nonadditive dispersion coefficients C’é[‘])(l, M = £1)
of the He(ng*S)-He(ng*S)-He(n, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form an equilateral triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State CUP(1,M = +1) cP (1, M = +1) eV, M = +1)
He(11S)-He(11S)-He(2!P)
~He W'\  30.99244818295(4) 30.99244818295(4) 30.99244818295(4)
TP\ 23.60958059665(2) 23.60958059665(2) 45.7581833555(1)
vl’)  38.3753157692(1) 38.3753157692(1) 16.22671301034(1)
‘He wi"\  31.0187878317(2) 31.0187878317(2) 31.0187878317(2)
Ty\ 23.6206215870(2) 23.6296215870(2) 45.797120320(1)
v\ 38.4079540763(3) 38.4079540763(3) 16.2404553424(1)
SHe  ¥l”)  31.0274099057(1) 31.0274099057(1) 31.0274099057(1)
UYL 23.6361818467(2) 23.6361818467(2) 45.8098660236(2)
Ui\ 38.4186379646(2) 38.4186379646(2) 16.2449537878(1)
He(21S)-He(21S5)-He(21P)
~He W\ 6979.8(2) 6979.8(2) 6979.8(2)
LN 8045.0(1) 8045.0(1) 4849.0(2)
LN 5914.4(2) 5914.4(2) 9110.4(1)
‘He o) 6984.7(1) 6984.7(1) 6984.7(1)
LIS 8050.5(1) 8050.5(1) 4853.3(2)
LIS 5919.0(2) 5919.0(2) 9116.27(7)
He  wl) 6986.5(2) 6986.5(2) 6986.5(2)
LN 8052.3(1) 8052.3(1) 4854.7(2)
NN 5920.6(2) 5920.6(2) 9118.19(7)
He(235)-He(2°5)-He(2°P)
~He W) 2503.1622(2) 2503.1622(2) 2503.1622(2)
LN 2764.0417(2) 2764.0417(2) 2251.4034(2)
LA 2422.2828(2) 2422.2828(2) 2934.9211(2)
‘He w!l) 2594.8134(2) 2594.8134(2) 2594.8134(2)
LA 2765.9749(3) 2765.9749(3) 2252.4905(1)
LN 2423.6520(2) 2423.6520(2) 2937.1361(2)
He  wl) 2595.3540(3) 2595.3540(3) 2595.3540(3)
LIS 2766.6075(2) 2766.6075(2) 2252.8465(2)
) 2424.1002(2) 2424.1002(2) 2037.8612(2)
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Table 4.9: The additive and nonadditive dispersion coefficients C’éIJ’JK)(l, M = +1)
of the He(ng*S)-He(ng*S)-He(n, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form an equilateral triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State C{Z%(1, M = +1) cP3(1, M = +1) cPD (1, M = +1)
He(11S)-He(11S)-He(2!P)
~He W\  —0.2785573560(1) —0.2785573560(1) —0.2785573560(1)
TN 0.4178360340(2) 0 0
Ui\ —0.13927867804(5) 0.2785573560(1) 0.2785573560(1)
‘He 0l%)  —0.2787227872(1) —0.2787227872(1) —0.2787227872(1)
T\ 0.4180841809(1) 0 0
v\ —0.13936139363(5) 0.2787227872(1) 0.2787227872(1)
SHe W)\ —0.2787769337(1) —0.2787769337(1) —0.2787769337(1)
U\ 0.4181654005(2) 0 0
vy —0.13938846686(5) 0.2787769337(1) 0.2787769337(1)
He(21S)-He(21S5)-He(21P)
~He 0\  —1118.02238212(6) —1118.02238212(6) —1118.02238212(6)
vy 1677.0335732(1) 0 0
v\ —559.01119106(3) 1118.02238212(6) 1118.02238212(6)
‘He 0\°)  —1118.69415903(5) —1118.69415903(5) —1118.69415903(5)
TP\ 1678.04123856(8) 0 0
U\ —559.34707952(3) 1118.694159003(5) 1118.694159003(5)
He wl')  —1118.91403032(5) —1118.91403032(5) —1118.91403032(5)
UYL 1678.37104549(8) 0 0
v —559.45701515(2) 1118.91403032(5) 1118.91403032(5)
He(2%5)-He(2°5)-He(2°P)
~He W'\ —329.54775(2) —329.54775(2) —329.54775(2)
LN 494.32164(4) 0 0
YL —164.77387(1) 329.54775(2) 329.54775(2)
‘He  0l%)  —320.82024(2) —320.82024(2) —329.82924(2)
LISN 494.74386(3) 0 0
LN —164.91462(1) 329.82924(2) 329.82924(2)
SHe U\ —320.92141(3) —320.92141(3) —320.92141(3)
LIS 494.88211(4) 0 0
v —164.96071(2) 329.92141(3) 329.92141(3)
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Table 4.10: The additive and nonadditive dispersion coefficients C’(I‘] (I, M =0) of
the He(ng*S)-He(ng*S)-He(n, *P) system for three different types of the zeroth-
order wave functions, where the three atoms form an equilateral triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State C{P(1,M = 0) (1, M =0) eV, M =0)
He(11S)-He(1 1S)-He(2 I P)
~He W\  269.07224(6) 269.07224(6) 269.07224(6)
v\ 195.56578(5) 195.56578(5) 357.47794(9)
v\ 303.50721(7) 303.50721(7) 141.59505(3)
‘He Wi\ 269.03928(6) 269.03928(6) 269.03928(6)
T\ 195.53832(5) 195.53832(5) 357.40565(9)
U\ 303.44988(8) 303.44988(8) 141.58253(3)
SHe Wi\ 269.02843(6) 269.02843(6) 269.02843(6)
TP\ 195.52927(4) 195.52027(4) 357.38190(9)
v\ 303.4310(1) 303.4310(1) 141.57840(3)
He(21S)-He(21S5)-He(21P)
~He W'\ 601051(2) 601051(2) 601051(2)
LN 636815(1) 636815(1) 419806(2)
LN 492143(1) 492143(1) 709151.3(7)
‘He 0} 601351(6) 601351(6) 601351(2)
LISA 637098(2) 637098(2) 419931(2)
LN 492320(2) 492320(2) 709488(1)
He 0} 601449(2) 601449(2) 601449(2)
LN 637193(1) 637193(1) 419971(3)
NN 492379(2) 492379(2) 709599(1)
He(235)-He(2°5)-He(2°P)
~He ")  182792.939(7) 182792.939(7) 182792.939(7)
T\ 173264.08(1) 173264.08(1) 103017.090(3)
U\ 126432.753(5) 126432.753(5) 196679.74(1)
‘He Wi’} 182836.841(7) 182836.841(7) 182836.841(7)
UYL 173324.043(8) 173324.043(8) 103039.204(2)
UYL 126467.484(4) 126467.484(4) 196752.32(1)
SHe ¥l")  182851.205(6) 182851.205(6) 182851.205(6)
U\ 173343.67(1) 173343.67(1) 103046.443(2)
) 126478.851(4) 126478.851(4) 196776.07(1)
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Table 4.11: The additive and nonadditive dispersion coefficients C’E(;U’JK)(L M =0)
of the He(ng*S)-He(ng*S)-He(n, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form an equilateral triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State C{*?P(1,M =0) c3 (1, M =0) P21, M = 0)
He(11S)-He(11S)-He(2!P)
~He W\  1.007423570(1) 1.007423570(1) 1.007423570(1)
Ui\ —1.511135354(1) 0 0
v\ 0.5037117851(5) —1.007423570(1) —1.007423570(1)
‘He wl’)  1.007830781(1) 1.007830781(1) 1.007830781(1)
vy —L511746172(2) 0 0
v\ 0.5039153905(5) —1.007830781(1) —1.007830781(1)
SHe @i\ 1.007964062(1) 1.007964062(1) 1.007964062(1)
U\ —1.511946004(2) 0 0
v\ 0.5039820312(5) —1.007964062(1) —1.007964062(1)
He(21S)-He(21S5)-He(21P)
~He U\  64166.8492(1) 64166.8492(1) 64166.8492(1)
U\ —96250.2737(1) 0 0
U\ 32083.42460(5) —64166.8492(1) —64166.8492(1)
‘He 0\°)  64203.6588(1) 64203.6588(1) 64203.6588(1)
WY\ —96305.4883(2) 0 0
U\ 32101.82942(5) —64203.6588(1) —64203.6588(1)
SHe 0l')  64215.7044(1) 64215.7044(1) 64215.7044(1)
T\ —96323.5566(1) 0 0
v\ 32107.85225(6) —64215.7044(1) —64215.7044(1)
He(2%5)-He(2%5)-He(2°P)
~He W\  19616.970942(4) 19616.970942(4) 19616.970942(4)
T\ —29425.456413(6) 0 0
U\ 9808.485471(2) —19616.970942(4) —19616.970942(4)
‘He wl’)  19623.233157(4) 19623.233157(4) 19623.233157(4)
UY'\ —29434.849735(6) 0 0
v\ 9811.616578(2) —19623.233157(4) —19623.233157(4)
SHe U} 19625.282308(4) 19625.282308(4) 19625.282308(4)

U\ —29437.923462(6)
v 9812.641154(2)

0
—19625.282308(4)

0
—19625.282308(4)
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Table 4.12: The additive and nonadditive dispersion coefficients C'éu)(l, M = +£1)
of the He(ng*S)-He(ng*S)-He(n, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form an equilateral triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

cP (1, M = +1) eV, M = +1)

He(11S)-He(11S)-He(2!P)

Atom  State CélQ)(l,M::tl)

~He U\ 3367.99345(8) 3367.99345(8) 3367.99345(8)
U\ 2568.98677(6) 2568.98677(6) 5202.7801(1)
) 4324.8490(1) 4324.8490(1) 1691.05565(4)

‘He Wi\  3370.39056(3) 3370.39056(8) 3370.39056(8)
vy 2570.80469(6) 2570.80469(6) 5206.4442(1)
v\ 4327.8977(1) 4327.8977(1) 1692.25817(4)

SHe W\  3371.17511(7) 3371.17511(7) 3371.17511(7)
v\ 2571.39969(6) 2571.39969(6) 5207.6434(1)
v\ 4328.8955(1) 4328.8955(1) 1692.65175(4)

He(21S)-He(21S5)-He(21P)

~He W\ 663061(3) 663061(3) 663061(3)
LN 1182611(2) 1182611(2) 2509977(5)
LN 2067523(3) 2067523(3) 740156(1)

‘He o) 663476(3) 663476(3) 663476(3)
LIS 1183287(2) 1183287(2) 2511492(5)
LIWN 2068757(4) 2068757(4) 740550(2)

He  wl) 663612(3) 663612(3) 663612(3)
LN 1183508(2) 1183508(2) 2511988(5)
NN 2069161 (4) 2069161 (4) 740681(1)

He(235)-He(2°5)-He(2°P)

~He U\ 230457.87(2) 230457.87(2) 230457.87(2)
Y\ 371010.24(1) 371010.24(1) 822504.39(2)
UL 672006.34(2) 672006.34(2) 220512.21(2)

‘He W\ 230514.73(1) 230514.73(1) 230514.73(1)
vy 371117.31(2) 371117.31(2) 822695.40(2)
v 672169.37(2) 672169.37(2) 220591.28(2)

SHe  Ul')  230533.34(1) 230533.34(1) 230533.34(1)
UL 371152.34(2) 371152.34(2) 822757.90(2)
v 672222.71(2) 672222.71(2) 220617.15(2)
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Table 4.13: The additive and nonadditive dispersion coefficients C’EEIJ’JK) (I, M = £1)
of the He(ng*S)-He(ng*S)-He(n, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form an equilateral triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State C{Z%(1, M = +1) cP3 (1, M = +1) cPH (1, M = +1)
He(11S)-He(11S)-He(2!P)
~He W\  —2.707450845(3) —2.707450845(3) —2.707450845(3)
TPL 4.061176267(4) 0 0
v\ —1.353725423(2) 2.707450845(3) 2.707450845(3)
“He W% —2.708545224(3) —2.708545224(3) —2.708545224(3)
v\ 4.062817836(4) 0 0
) —1.354272611(1) 2.708545224(3) 2.708545224(3)
SHe W)\  —2.708003418(3) —2.708903418(3) —2.708903418(3)
TP\ 4.063355127(4) 0 0
vy —1.354451708(1) 2.708903418(3) 2.708903418(3)
He(21S)-He(21S5)-He(21P)
~He W'\  —172448.4071(2) —172448.4071(2) —172448.4071(2)
vy 258672.6108(4) 0 0
v —86224.2035(1) 172448.4071(2) 172448.4071(2)
He o'\ —172547.3332(3) —172547.3332(3) —172547.3332(3)
PN 258820.9997(4) 0 0
) —86273.6665(1) 172547.3332(3) 172547.3332(3)
He W'\  —172579.7058(3) —172579.7058(3) —172579.7058(3)
Uy 258869.5588(5) 0 0
v —86289.8528(1) 172579.7058(3) 172579.7058(3)
He(2%5)-He(2°5)-He(2°P)
~He W  —52720.60940(1) —52720.60940(1) —52720.60940(1)
v\ 79080.91411(2) 0 0
T\ —26360.304704(6) 52720.60940(1) 52720.60940(1)
‘He Wi\  —52737.43910(1) —52737.43910(1) —52737.43910(1)
v\ 79106.15865(1) 0 0
v —26368.719554(5) 52737.43910(1) 52737.43910(1)
SHe W)\ —52742.94620(1) —52742.94620(1) —52742.94620(1)
PN 79114.41929(1) 0 0
wl”) —26371.473102(6) 52742.94620(1) 52742.94620(1)
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Tables 4.6-4.7 list the leading terms of the second-order long-range interaction C’é”) (1, M =
0) and CS""78)(1, M = 0) for the equilateral triangle. Tables 4.8-4.9 list C{™” (1, M =
+1) and C’G(U’JK)(L M = +1). We note that the absolute values of CG(U)(l, M =0)
and Cé”"]K)(l, M = 0) are always a bit larger than those of C’éu)(l, M = +1) and
C’éU’JK)(l, M = +1), respectively. The additive interaction coefficients Cél‘]) (1, M)
are always positive, and the nonadditive interaction coefficients C’é”"]K) (1, M) can be
either positive or negative or zero, due to different signs of Q4(a,b, 1, M,~) and geo-
metric parameters. For example, for \Ifg?) , the nonadditive coefficients C’ém’zg)(l, M =
0) is negative because Q4(a, b, 1, M,~) > 0 and a = —c = 1/+/2, and the nonadditive
coefficients Cé23’31)(1,M) and Cé?’l’w)(l,M) are zero because Q4(a,b,1,M,v) =0
and b = 0. Tables 4.10-4.13 list the second-order long-range interaction coefficients
{1, M) and (1, M).

From Tables 4.6-4.13, we can see that the dispersion coefficients for the additive
terms are always positive, but the dispersion coefficients for the nonadditive terms
can be either positive or negative or zero. Furthermore, the absolute values of the
nonzero nonadditive dispersion coefficients are less than the additive dispersion co-
efficients by one to two orders of magnitude. However, the nonadditive terms may

not be neglected in constructing an accurate potential surface. For example, the

(12,28) (1 17— (12) (4 37—
ratios of (£ R}lé%i”)/(cs %ﬁhﬂ)) for the U'°A of He(11S)-He(115)-He(2' P),
12°%23 12 ’

He(21'S5)-He(21S)-He(21'P), and He(235)-He(235)-He(23P) are 0.08%, 26%, and

24%, respectively. The curves of potential energy for the He(11S)-He(1'S)-He(2'P),
He(2'5)-He(2'S)-He(2'P), and He(23S)-He(235)-He(23P), corresponding to the

different zeroth-order wave functions, are plotted in Figs. 4.2-4.4.

4.3.3 Dispersion Coefficients for an Isosceles Right Triangle

For Ay = \/Li and Ay = 1, solving the eigenvalue problem of the above matrix

(Eq.(4.21)) for the isosceles right triangle, one obtains the eigenvalues: HTb (V2 +/130) , H%Q (V2 -
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Figure 4.2: Long-range potentials for the He(1'S)-He(1'S)-He(2'P) system for
three different types of the zeroth-order wave functions, where the three atoms form
an equilateral triangle, in atomic units. For each curve labeled by a wave function,
the plotted curve is the sum of AEM and AE®,
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Figure 4.3: Long-range potentials for the He(2'S)-He(21S)-He(2'P) system for
three different types of the zeroth-order wave functions, where the three atoms form
an equilateral triangle, in atomic units. For each curve labeled by a wave function,
the plotted curve is the sum of AE® and AE®.
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Figure 4.4: Long-range potentials for the He(23S5)-He(22S)-He(2?P) system for
three different types of the zeroth-order wave functions, where the three atoms form
an equilateral triangle, in atomic units. For each curve labeled by a wave function,
the plotted curve is the sum of AE® and AE®,

and the corresponding orthonormalized zeroth-order wave functions:

VIR -VE

o 4 4
\Ijl,L - 2\/65—7 m’¢2>+ m‘¢3>a
(4.26)
b Wﬁ*ﬂ¢>——i—mw—¥iﬂw
2t 2/65 + /65 V65 + /65 V65 + 65
(4.27)
vy = —i’¢2> + i\<Z5:«s> (4.28)
S V2 V2

With these zeroth-order wave functions, the long-range interaction coefficients are
calculated and the results are listed in Tables 4.14-4.23, for the systems of He(11S5)-
He(1'S)-He(2'P), He(2'S)-He(2'S)-He(2' P), and He(23S5)-He(23S)-He(23P).

Tables 4.14-4.15 are the first-order dipolar coefficients C’égl)(l,M ). We note that

C’élz)(l, M) = C§31)(1, M) for all the three zeroth-order wave functions \I/ﬁ)l, \Iléol
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with the geometric parameters b = ¢, as well as \Ilgoi with the geometric parameter

a = 0 that explains why C{"”(1,M) = C$V(1, M) = 0 for this wave function.
Similar to the coefficients shown in Tables 4.4-4.5, these coefficients also satisfy the
relation C{" (1, M = 0) =—2¢{"" (1, M = +1).

Tables 4.16-4.23 contain the second-order dispersion coefficients C’éu)(l,M ) and
C’éIJ’JK)(l, M), C’éu)(l, M), and CEEIJ’JK)(L M) for the the isosceles right triangle.
We note that C'? (1, M) = ¢*V(1, M), c8** (1, M) = ¢**V (1, M), ¢ (1, M) =
C’éSl)(l,M), and C§12’23)(1,M) = Cézg’gl)(l,M) due to the conditions of b = =,
a =0, and = 7. We also have C’ém’u)(l, M) =0 and 06(31’12)(1, M) # 0 because
a = 7/2 and My — M can be either even or odd in Eq. (3.28). We find that, for
the case of finite nuclear mass, the additive dispersion coefficients increase, as shown
in Tables 4.16-4.23. The nonadditive terms may still be important in constructing
the three-body potential surface for He(ng*S)-He(ng*S)-Li(ny* P). The potential
energy curves of the He(1'S)-He(11S)-He(2'P), He(2'5)-He(2'S)-He(2!P), and
He(235)-He(235)-He(23P) systems, resulting from AE® and AE® for this geo-

metrical structure, are shown in Figs. 4.5-4.7.

4.3.4 Dispersion Coefficients for a Straight Line Configura-

tion
For \; = % and Ay = 1, solving the eigenvalue problem of the above matrix
(Eq.(4.21)) for a straight line, one obtains the eigenvalues: I{—é? (1+ 3v/57),
I{—é? (1 — 3V 57) ,—HTi?, and the corresponding orthonormalized zeroth-order wave

functions:
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Table 4.14: The additive long-range coefficients C’:,EU)(l, M = 0) of the He(ny*S)-
He(ng*S)-He(nf * P) system for three different types of the zeroth-order wave func-
tions, where the three atoms form an isosceles right triangle, in atomic units. The
numbers in parentheses represent the computational uncertainties.

Atom State (1, M =0) 1, M =0) BV (1, M =0)
He(115)-He(11S)-He(2 1 P)
~He 0\,  —0.12423042900(3) —0.09950832371(2) —0.12423042900(3)
U 0.12423042900(3) —0.07754727902(2) 0.12423042900(3)
vy, 0 0.17705560274(4) 0
‘He 0l®)  —0.12424511294(3) —0.09952008553(3) —0.12424511294(3)
Uy 0.12424511204(3) —0.07755644505(2) 0.12424511294(3)
vy, 0 0.17707653057(4) 0
He  wl”)  —0.12424991885(3) —0.09952393504(2) —0.12424991885(3)
U, 0.12424991885(3) —0.07755944500(2) 0.12424991885(3)
vy 0 0.17708338005(4) 0
He(21S)-He(21S)-He(21P)
~He W)  —5.967386502302(3) —4.779864584036(3) —5.967386502392(3)
Uy, 5.967386502392(3) —3.724969718586(3) 5.967386502392(3)
vy, 0 8.504834302621(5) 0
‘He 0{")  —5.969517041800(1) —4.781571141887(1) —5.969517041890(1)
Uy 5.969517041890(1) —3.7262996467049(5) 5.969517041890(1)
vy, 0 8.507870788594(3) 0
"He wl”)  —5.970214176471(1) —4.782129545285(1) —5.970214176471(1)
Uy, 5.970214176471(1) —3.7267348129549(6) 5.970214176471(1)
vy 0 8.508864358240(2) 0
He(235)-He(23S)-He(23P)
~He W) —4.4950724006039(1)  — 3.60126484849465(7)  —4.4959724006039(1)
Uy 4.4959724006039(1) —2.80648170537100(5) 4.4959724006039(1)
vy, 0 6.4077465538656(1) 0
‘He 0l®)  —4.4969133128944(1) —3.6020185173466(1) —4.4969133128944(1)
WY 4.4969133128944(1) —2.8070690428577(1) 4.4969133128944(1)
vy 0 6.4090875602043(2) 0
"He  W\")  —4.4972211537555(1) —3.6022650972570(1) —4.4972211537555(1)
Uy 4.4972211537555(1) —2.8072612036780(1) 4.4972211537555(1)
v 0 6.4095263009351(2) 0
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Table 4.15: The additive long-range coefficients C’é”)(l, M = +£1) of the He(ng*9)-
He(ng*S)-He(nf * P) system for three different types of the zeroth-order wave func-
tions, where the three atoms form an isosceles right triangle, in atomic units. The
numbers in parentheses represent the computational uncertainties.

Atom D (1, M = +1) C (1, M = +1) cBY(1, M = 1)
He(11S)-He(11S)-He(2 1 P)
*He 0.06211521449(1) 0.04975416185(1) 0.06211521449(1)
—0.06211521449(1) 0.03877363951(1) —0.06211521449(1)
0 —0.08852780137(2) 0
4He 0.06212255646(1) 0.04976004277(2) 0.06212255646(1)
—0.06212255646(1) 0.03877822252(1) —0.06212255646(1)
0 —0.08853826528(2) 0
3He 0.06212495943(2) 0.04976196752(1) 0.06212495943(2)
—0.06212495943(2) 0.03877972250(1) —0.06212495943(2)
0 —0.08854169002(2) 0
He(21S)-He(21S)-He(21P)
*He 2.983693251196(1) 2.389932292017(1) 2.983693251196(1)
—2.983693251196(1) 1.862484859292(1) —2.983693251196(1)
0 —4.252417151311(3) 0
“He 2.9847585209452(5) 2.3907855709437(4) 2.9847585209452(5)
—2.9847585209452(5) 1.8631498233525(3) —2.9847585209452(5)
0 —4.2539353942961(5) 0
3He 2.9851070882359(5) 2.3910647726425(5) 2.9851070882359(5)
—2.9851070882359(5) 1.8633674064774(3) —2.9851070882359(5)
0 —4.254432179120(1) 0
He(235)-He(23S)-He(23P)
*He 2.24798620030195(5) 1.80063242424733(4) 2.24798620030195(5)
—2.24798620030195(5) 1.40324085268549(2) —2.24798620030195(5)
0 —3.20387327693284(7) 0
e 2.24845665644723(5) 1.80100925867330(4) 2.24845665644723(5)
—2.24845665644723(5) 1.40353452142883(3) —2.24845665644723(5)
0 —3.2045437801021(1) 0
3He 2.24861057687777(6) 1.80113254862853(5 2.24861057687777(6)

—2.24861057687777(6)

0

()
1.40363060183901(4) —2.24861057687777(6)
—3.2047631504675(1) 0
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Table 4.16: The additive and nonadditive dispersion coefficients C’ () (1 M =0)
of the He(ng*S)-He(ng*S)-He(nj* P) system for three different types of the zeroth-
order wave functions, where the three atoms form an isosceles right triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State  CUP(1,M =0) c®a, M =0) BV (1, M =0)
He(11S)-He(11S5)-He(21P)
~He U\”)  23.8306359344(2) 18.9858587822(2) 23.8806359344(2)
Uy 25.8144675944(2) 15.1181954622(1) 25.8144675944(2)
vy 17.0520271221(1) 32.6430764067(3) 17.0520271221(1)
‘He w\”,  23.90102210213(6) 19.00204412073(4) 23.90102210213(6)
Uy, 25.83651342833(7) 15.13106146836(4) 25.83651342833(7)
vy 17.0665527946(1) 32.6709827359(1) 17.0665527946(1)
He wl”  23.9076953644(1) 19.0073422734(1) 23.9076953644(1)
vy 25.8437209699(2) 15.1352730627(1) 25.8437299699(2)
vy’ 17.0713076681(1) 32. 6801176662(2) 17.0713076681(1)
He(21S)-He(21S)-He(21P)
~He W) 6083.83(6) 7209.77( ) 6083.83(6)
vy, 5639.00(7) 8099.47(4) 5639.00(7)
vy, 7654.62(4) 4068.2(1) 7654.62(4)
‘He 0l 6088.31(6) 7214.73(4) 6088.31(6)
vy, 5643.28(7) 8104.81(4) 5643.28(7)
vy 7659.77(4) 4071.8(1) 7659.77(4)
He W) 6089.77(6) 7216.37(5) 6089.77(6)
vy, 5644.67(6) 8106.56(4) 5644.67(6)
vy 7661.47(5) 4073. 0( ) 7661.47(5)
He(235)-He(23S)-He(23P)

2481.9271
2657.3257(3

2 2259.9491(2

2172.2499(2

~He W) 2259.9491(2) (2) (2)
vy 2172.2499(2) (3) (2)
v 2569.6263(2) 1862.5727(2) 2569.6263(2)
‘He 0!’ 2261.3772(2) 2483.6501(2) 2261.3772(2)
v 2173.5613(1) 2659.2815(2) 2173.5613(1)
vy 2571.4658(2) 1863.4728(2) 2571.4658(2)
SHe  w!%) 2261.8446(2) 2484.2141(2) 2261.8446(2)
vy 2173.9907(2) 2659.9219(2) 2173.9907(2)
) 2572.0680(2) 1863.7672(1) 2572.0680(2)
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Table 4.17: The additive and nonadditive dispersion coefficients C’é”’JK)(l, M =0)
of the He(ng*S)-He(ng*S)-He(nj* P) system for three different types of the zeroth-
order wave functions, where the three atoms form an isosceles right triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State CI2®(1, M =0) 301, M =0) cB2 (1, M =0)
He(11S)-He(11S)-He(21P)
~He 0}  0.3350550343(2) 0.3350550348(2) 0.2683784091(1)
Uy —0.3350550348(2) —0.3350550348(2) 0.2091484871(1)
ol 0 0 —0.4775268962(1)
3,1
‘He wl®)  0.3352540193(1) 0.3352540193(1) 0.2685377950(1)
vy —0.3352540193(1) —0.3352540193(1) 0.20927269742(7)
)
(") 0 0 —0.4778104925(1)
SHe  W{")  0.3353191479(1) 0.3353191479(1) 0.2685899629(1)
vy, —0.3353191479(1) —0.3353191479(1) 0.2093133520(1)
vl 0 0 —0.4779033149(2)
He(21S)-He(21S)-He(21P)
~He 0",  1344.78239450(6) 1344.78239450(6) 1077.16799276(6)
Uy, —1344.78239450(6) —1344.78239450(6) 839.44180515(4)
vl 0 0 —1916.6097979(1)
‘He 0\®)  1345.59042287(7) 1345.59042287(7) 1077.81522183(5)
Wy, —1345.59042287(7) —1345.59042287(7) 839.94619366(4)
v 0 0 —1917.7614155(1)
SHe  W\")  1345.85488897(6) 1345.85488897(6) 1078.02705866(5)
Uy, —1345.85488897(6) —1345.85488897(6) 840.11127904(4)
vl 0 0 —1918.1383377(1)
He(235)-He(22S)-He(23P)
~He W) 396.38743(3) 396.38743(3) 317.50553(2)
\II%O;L —396.38743(3) —396.38743(3) 247.43346(1)
ol 0 0 —564.93901(4)
‘He 0!’ 396.72600(2) 396.72600(2) 317.77673(2)
\I/%O;L —396.72600(2) —396.72600(2) 247.64483(2)
gl 0 0 —565.42155(3)
3,1
SHe  0l%) 396.83685(2) 396.83685(2) 317.86552(2)
vy —396.83685(2) —396.83685(2) 247.71402(2)
0
(" 0 0 —565.57955(4)
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Table 4.18: The additive and nonadditive dispersion coefficients C (1) (1 M = +1)
of the He(ng*S)-He(ng*S)-He(nj* P) system for three different types of the zeroth-
order wave functions, where the three atoms form an isosceles right triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State CUP(1,M = +1) CP (1, M = 1) cBY(1, M = +1)
He(11S)-He(11S)-He(2 1 P)
~He W\,  33.31028304374(4) 26.35677666137(3) 33.31028394374(4)
WY, 36.0574800084(1) 20.86238453192(2) 36.0574800084(1)
Ty, 23.60958059665(2) 45.7581833555(1) 23.60958059665(2)
‘He w{®)  33.3386010430(2) 26.3791614090(2) 33.3386010430(2)
Ty, 36.0831408650(2) 20.8800817651(1) 36.0881408650(2)
vy 23.6206215870(2) 45.797120320(1) 23.6296215870(2)
He wl”)  33.34787043(2) 26.3864888785(1) 33.34787043(2)
Uy, 36.0081774510(2) 20.8858748150(1) 36.0981774510(2)
vy 23.6361818467(2) 45, 8098660236(2) 23.6361818467(2)
He(21S)-He(21S)-He(21P)
~He W) 6645.3(2) 7648. 6(1) 6645.3(2)
vy, 6248.8(1) 8441.5(2) 6248.8(1)
vy, 8045.0(1) 4849.0(2) 8045.0(1)
‘He 0l 6650.1(1) 7653.9(1) 6650.1(1)
vy, 6253.7(2) 8447.1(1) 6253.7(2)
vy 8050.5(1) 4853.3(2) 8050.5(1)
He 0l 6651.9(2) 7655.7(1) 6651.9(2)
vy, 6255.1(1) 8448.9(1) 6255.1(1)
vy 8052.3(1) 4854.7(2) 8052.3(1)
He(235)-He(23S)-He(23P)
~He W) 2539.5150(2) 2700.4567(2) 2539.5150(2)
vy 2475.9300(2) 2827.6266(2) 2475.9300(2)
vy, 2764.0417(2) 2251.4034(2) 2764.0417(2)
‘He 0!’ 2541.0776(2) 2702.2849(2) 2541.0776(2)
vy, 2477.3878(2) 2829.6646(2) 2477.3878(2)
vy 2765.9749(3) 2252.4906(2) 2765.9749(3)
He 0l 2541.5891(2) 2702.8833(2) 2541.5891(2)
vy 2477.8649(2) 2830.3319(3) 2477.8649(2)
vl 2766.6075(2) 2252.8465(2) 2766.6075(2)
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Table 4.19: The additive and nonadditive dispersion coeflicients C’éU’JK) (1, M = +1)
of the He(ng*S)-He(ng*S)-He(nj* P) system for three different types of the zeroth-
order wave functions, where the three atoms form an isosceles right triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State CUF*(1,M = +1) B30 (1, M = +1) CBYI (1, M = +1)
He(115)-He(1 1S)-He(2 1P)
~He ",  0.08376375874(3) 0.08376375874(3) —0.5367568179(2)
Uy —0.08376375874(3) —0.08376375874(3) —0.4182969742(2)
ol 0 0 0.9550537923(3)
3,L
‘He w{®)  0.08381350482(3) 0.08381350482(3) —0.5370755900(2)
vy —0.08381350482(3) —0.08381350482(3) —0.4185453947(2)
v 0 0 0.9556209849(3)
He  wl”  0.08382978697(3) 0.08382978697(3) —0.5371799259(1)
Uy, —0.08382978697(3) —0.08382978697(3) —0.4186267040(2)
() 0 0 0.9558066300(3)
He(21S)-He(21S)-He(21P)
~He ¥}  336.19559863(2) 336.19559863(2) —2154.3359856(2)
¢ —336.19559863(2) —336.19559863(2) —1678.88361031(8)
vl 0 0 3833.2195958(2)
‘He 0’} 336.39760572(2) 336.39760572(2) —2155.6304436(1)
Uy —336.39760572(2) —336.39760572(2) —1679.89238732(8)
vl 0 0 3835.5228310(2)
He wl”,  336.46372223(1) 336.46372223(1) —2156.0541173(1)
vy —336.46372223(1) —336.46372223(1) —1680.22255808(8)
vl 0 0 3836.2766754(2)
He(235)-He(23S)-He(23P)
~He W) 99.096858(7) 99.096858(7) —635.01108(5)
\D%O;L —99.096858(7) —99.096858(7) —494.86694(3)
vl 0 0 1129.87803(8)
‘He 0!’ 99.181504(7) 99.181504(7) —635.55347(4)
\P%O; —99.181504(7) —99.181504(7) —495.28966(4)
vl 0 0 1130.84312(7)
He 0l 99.209216(7) 99.209216(7) —635.73105(4)
vy —99.209216(7) —99.209216(7) —495.42803(3)
v 0 0 1131.1591(1)
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Table 4.20: The additive and nonadditive dispersion coefficients C’ () (1 M =0)
of the He(ng*S)-He(ng*S)-He(nj* P) system for three different types of the zeroth-
order wave functions, where the three atoms form an isosceles right triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State C{P(1,M =0) e, M =0) cBY, M =0)
He(11S)-He(1 1S)-He(2 1P)
~He W\”,  288.74400(7) 229.05104(5) 288.74400(7)
Uy 283.83548(8) 181.61624(4) 283.83548(8)
vy 195.56578(5) 357.4779(1) 195.56578(5)
‘He wl®)  288.70765(6) 229.02450(5) 288.70765(6)
vy 283.78149(7) 181.59731(4) 283.78149(7)
vy 195.53832(5) 357.4056(1) 195.53832(5)
"He 0\%)  288.60571(7) 229.01576(5) 288.69571(7)
vy 283.76377(8) 181.59107(4) 283.76377(8)
v 195.52927(4) 357.3819(1) 195.52927(4)
He(21S)-He(21S)-He(21P)
~He W) 583448(2) 634990(1) 583448(2)
vy 509746(1) 675213(1) 509746(1)
vy 636815(1) 419806(2) 636815(1)
‘He 0!’ 583741(2) 635300(2) 583741(2)
vy 509930(2) 675539(1) 509930(2)
vl 637098(2) 419931(1) 637098(2)
SHe W) 583838(1) 635402(2) 583838(1)
vy 509991(2) 675646(1) 509991(2)
vl 637193(1) 419971( ) 637193(1)
He(235)-He(23S)-He(23P)
~He Ww{”)  180041.652(6) 187152.67(1) 180041.652(6)
vy 129184.040(6) 192320.01(1) 129184.040(6)
vy 173264.08(1) 103017.090(3) 173264.08(1)
“He @l 180081.111(5) 187205.577(8) 180081.111(5)
vl 120223.211(4) 192383.58(1) 129223.211(4)
vy 173324.043(8) 103039.204(2) 173324.043(8)
SHe w\")  180094.022(5) 187222.890(8) 180094.022(5)
vl 129236.034(5) 192404.39(1) 129236.034(5)
vy 173343.67(1) 103046.443(2) 173343.67(1)
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Table 4.21: The additive and nonadditive dispersion coefficients CéIJ’JK)(l, M =0)
of the He(ng*S)-He(ng*S)-He(nj* P) system for three different types of the zeroth-
order wave functions, where the three atoms form an isosceles right triangle, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Atom State C{¥(1,M =0) 30 (1, M =0) cB (1, M =0)
He(1 LS)-He(1 1S)-He(2 1P)
~He W\”,  1.499466182(2) 1.499466182(2) 0
U —1.499466182(2) —1.499466182(2) 0
vy 0 0 0
‘He w{®)  1.500072280(1) 1.500072280(1) 0
vy —1.500072280(1) —1.500072280(1) 0
vy 0 0 0
SHe  0\%)  1.500270660(2) 1.500270660(2) 0
vy —1.500270660(2) —1.500270660(2) 0
vl 0 0 0
He(21S)-He(21S)-He(21P)
~He w\”,  95507.0172(1) 95507.0172(1) 0
vy -95507.0172(1) —95507.0172(1) 0
v 0 0 0
‘He 0"} 95561.8053(1) 95561.8053(1) 0
vy —95561.8053(1) —95561.8053(1) 0
vy 0 0 0
SHe w\”,  95579.7342(1) 95579.7342(1) 0
v —95579.7342(1) —95579.7342(1) 0
o) 0 0 0
He(235)-He(23S)-He(23P)
~He Ww\”)  29198.229411(6) 29198.229411(6) 0
vy —20198.229411(6) —29198.229411(6) 0
vy 0 0 0
‘He 0\%)  29207.550197(6) 29207.550197(6) 0
v —29207.550197(6) —29207.550197(6) 0
vy 0 0 0
SHe  W\")  29210.600188(6) 29210.600188(6) 0
vy —20210.600188(6) —29210.600188(6) 0
vy 0 0 0
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Table 4.22: The additive and nonadditive dispersion coefficients Céu)(l, M = +1)
of the He(ng*S)-He(ng*S)-He(nj* P) system for three different types of the zeroth-
order wave functions, where the three atoms form an isosceles right, in atomic units.
The numbers in parentheses represent the computational uncertainties.

Atom State CUP(1,M = +1) CP (1, M = 1) cBY (1, M = +1)
He(11S)-He(11S)-He(2 1 P)
~He U}  3632.59793(8) 2841.52234(6) 3632.59793(8)
WY 4060.2445(1) 2217.52675(5) 4060.2445(1)
vy, 2568.98676(5) 5202.7801(1) 2568.98676(5)
‘He wl®)  3635.18318(8) 2843.54441(6) 3635.18318(8)
vy 4063.1051(1) 2219.10430(5) 4063.1051(1)
vy 2570.80469(6) 5206.4442(1) 2570.80469(6)
He wl”)  3636.02033(8) 2844.20623(6) 3636.02933(8)
Uy, 4064.04135(9) 2219.62063(5) 4064.04135(9)
vy 2571.3997(1) 5207.6434(1) 2571.3997(1)
He(21S)-He(21S)-He(21P)
~He W) 667645(3) 687265(2) 667645(3)
vy, 2062939(3) 715953(1) 2062939(3)
vy, 1182611(2) 2509977(5) 1182611(2)
‘He 0!’ 668073(3) 687674(2) 668073(3)
vy, 2064160(4) 716353(2) 2064160(4)
vy, 1183287(2) 2511492(5) 1183287(2)
He 0l 668211(4) 687808(2) 668211(4)
vy, 2064560(4) 716485(2) 2064560(4)
vy 1183508(2) 2511988(5) 1183508(2)
He(235)-He(23S)-He(23P)
~He W\, 237067.32(2) 227335.45(2) 237067.32(2)
Uy, 665396.89(2) 223634.63(2) 665396.89(2)
v 371010.24(1) 822504.39(2) 371010.24(1)
‘He 0l%)  237122.07(2) 227399.29(2) 237122.07(2)
Uy, 665562.05(2) 223706.73(2) 665562.05(2)
vy, 371117.31(2) 822695.40(2) 371117.31(2)
He w\")  237130.98(2) 227420.17(1) 237139.98(2)
vy 665616.07(1) 223730.31(1) 665616.07(1)
vl 371152.34(2) 822757.90(2) 371152.34(2)
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Table 4.23: The additive and nonadditive dispersion coefficients C’é”’JK) (1, M = +1)
of the He(ng*S)-He(ng*S)-He(nj* P) system for three different types of the zeroth-
order wave functions, where the three atoms form an isosceles right, in atomic units.
The numbers in parentheses represent the computational uncertainties.

Atom State CUF?(1,M = +1) B30 (1, M = +1) B (1, M = +1)
He(11S5)-He(11S)-He(21P)
~He W\”,  —1.686809453(1) —1.686899453(1) 0
U 1.686899453(1) 1.686899453(1) 0
vy, 0 0 0
‘He w{®)  —1.687581315(1) —1.687581315(1) 0
vy 1.687581315(1) 1.687581315(1) 0
vy, 0 0 0
He Wwl”  —1.687804492(2) —1.687804492(2) 0
Uy 1.687804492(2) 1.687804492(2) 0
vy 0 0 0
He(21S)-He(21S)-He(21P)
~He W) —107445.3945(2) —107445.3945(2) 0
Uy, 107445.3945(2) 107445.3945(2) 0
vy, 0 0 0
‘He 0’ —107507.0311(2) —107507.0311(2) 0
\I/%O;L 107507.0311(2) 107507.0311(2) 0
0
vy 0 0 0
He wl”)  —107527.2011(2) —107527.2011(2) 0
vy, 107527.2011(2) 107527.2011(2) 0
vy 0 0 0
He(235)-He(23S)-He(23P)
~He U}  —32848.008087(7) —32848.008087(7) 0
Uy, 32848.008087(7) 32848.008087(7) 0
0
vy, 0 0 0
‘He 0l")  —32858.493972(7) —32858.493972(7) 0
vy 32858.493972(7) 32858.493972(7) 0
vy 0 0 0
He w\")  —32861.925212(7) —32861.925212(7) 0
vy 32861.925212(7) 32861.925212(7) 0
v 0 0 0
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.5:  Long-range potentials for the He(1'S)-He(1'S)-He(2!P) system for

three different types of the zeroth-order wave functions, where the three atoms form
an isosceles right triangle, in atomic units. For each curve labeled by a wave function,
the plotted curve is the sum of AEM and AE®),
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.6:  Long-range potentials for the He(2'S)-He(2'S)-He(2!P) system for

three different types of the zeroth-order wave functions, where the three atoms form
an isosceles right triangle, in atomic units. For each curve labeled by a wave function,

the plott

ed curve is the sum of AEW and AE®,
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Figure 4.7: Long-range potentials for the He(23S5)-He(22S)-He(2?P) system for
three different types of the zeroth-order wave functions, where the three atoms form
an isosceles right triangle, in atomic units. For each curve labeled by a wave function,
the plotted curve is the sum of AE® and AE®,
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(4.29)
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With these zeroth-order wave functions, the long-range interaction coefficients are

calculated for the systems of He(1'S)-He(1'5)-He(2'P), He(2'S)-He(2'S)-He(2' P),

and He(23S5)-He(22S5)-He(2?P) and their values are listed in Tables 4.24-4.33.

Since the zeroth-order wave function coefficients have b = ¢ in Eqs. (4.29) and
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Table 4.24: The additive long-range coefficients C’?EU)(L M = 0) of the He(ng*9)-
He(no *S)-He(n{, * P) system for three different types of the zeroth-order wave func-
tions, where the three atoms form a straight line, in atomic units. The numbers in
parentheses represent the computational uncertainties.

Atom  State (1, M =0) 1, M =0) BV, M =0)
He(11S)-He(11S)-He(21P)
“He ¥  —0.12507513324(3) —0.09243639928(2) —0.12507513324(3)
vy 0.12507513324(3) —0.08461920345(2) 0.12507513324(3)
vy 0 0.17705560274(4) 0
e ol —0.12508991701(2) —0.09244732519(2) —0.12508991701(2)
vy 0.12508991701(2) —0.08462920538(2) 0.12508991701(2)
v 0 0.17707653057(4) 0
sHe 0" —0.12509475561(3) —0.09245090113(2) —0.12509475561(3)
vy 0.12509475561(3) —0.08463247891(2) 0.12509475561(3)
v 0 0.17708338005(4) 0
He(21S)-He(21S)-He(21P)
~He 0\  —6.007961720158(3) —4.440165955066(3) —6.007961720158(3)
vy 6.007961720158(3) —4.064668347556(3) 6.007961720158(3)
vy 0 8.504834302621(5) 0
‘He w{”  —6.010106746250(1) —4.4417512301165(7) —6.010106746250(1)
vl 6.010106746250(1) —4.0661195584758(6) 6.010106746250(1)
vy 0 8.507870788593(2) 0
SHe  w{”)  —6.010808620995(1) —4.442269948526(1) —6.010808620995(1)
vy 6.010808620995(1) —4.066594409714(1) 6.010808620995(1)
vy 0 8.508864358240(2) 0
He(235)-He(23S)-He(23P)
“He W(") —4.52654274478244(8)  —3.34532773770729(7)  —4.52654274478244(3)
WY 4.52654274478244(8) —3.06241881615838(6) 4.52654274478244(8)
vy 0 6.4077465538656(1) 0
“He  wl”  —4.5274900548019(1) —3.34602784431470(8) —4.5274900548019(1)
vy 4.5274900548019(1) —3.0630597158896(1) 4.5274900548019(1)
vy 0 6.4090875602043(2) 0
SHe  W(”)  —4.5277999888255(1) —3.3462569001183(1) —4.5277999888255(1)
vy 4.5277999888255(1) —3.0632694008167(1) 4.5277999888255(1)
vy 0 6.4095263009351(2) 0
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Table 4.25: The additive long-range coefficients 03(,[‘])(1, M = +1) of the He(ng*9)-
He(no *S)-He(n{, * P) system for three different types of the zeroth-order wave func-
tions, where the three atoms form a straight line, in atomic units. The numbers in
parentheses represent the computational uncertainties.

Atom State  C{P(1, M = +1) CPI (1, M = +1) cBU (1, M = +1)
He(11S)-He(11S)-He(21P)
~He ©{”  0.06253756661(1) 0.04621819964(1) 0.06253756661(1)
vy -0.06253756661(1) 0.04230960172(1) —0.06253756661(1)
vy 0 —0.08852780137(2) 0
iHe U0 0.06254495850(1) 0.04622366259(1) 0.06254495850(1)
vy —0.06254495850(1) 0.04231460269(1) —0.06254495850(1)
vy 0 —0.08853826528(2) 0
SHe  w(”)  0.06254737781(2) 0.04622545056(1) 0.06254737781(2)
vy —0.06254737781(2) 0.04231623945(1) —0.06254737781(2)
vy 0 —0.08854169002(2) 0
He(21S)-He(21S)-He(21P)
~He 0{  3.003980860078(1) 2.220082977532(1) 3.003980860078(1)
vy —3.003980860078(1) 2.032334173777(1) —3.003980860078(1)
vy 0 —4.252417151311(3) 0
‘He w!”  3.0050533731251(5) 2.2208756150583(4) 3.0050533731251(5)
vy —-3.0050533731251(5) 2.0330597792379(3) —3.0050533731251(5)
vy 0 —4.2539353942961(6) 0
SHe 0"  3.0054043104976(5) 2.2211349742630(4) 3.0054043104976(5)
v -3.0054043104976(5) 2.0332972048568(3) —3.0054043104976(5)
vy 0 —4.2544321791200(8) 0
He(23S5)-He(23S)-He(23P)
~He W\  2.26327137239122(4) 1.67266386885365(4) 2.26327137239122(4)
vy —2.26327137239122(4) 1.53120940807919(3) —2.26327137239122(4)
vy 0 —3.20387327693284(7) 0
“He  wl”  2.26374502740096(5) 1.67301392215735(4) 2.26374502740096(5)
v —2.26374502740096(5) 1.53152985794479(4) —2.26374502740096(5)
vy 0 —3.20454378010215(8) 0
SHe 0¥ 2.26389999441278(6) 1.67312845005916(4) 2.26389999441278(6)
U —2.26389999441278(6) 1.53163470040838(5) —2.26389999441278(6)
vy 0 —3.2047631504675(1) 0
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Table 4.26: The additive and nonadditive dispersion coefficients C’éu)(l, M =0) of
the He(ng*S)-He(no*S)-He(n{, *P) system for three different types of the zeroth-
order wave functions, where the three atoms form a straight line, in atomic units.
The numbers in parentheses represent the computational uncertainties.

Atom  State C’ém)(l,M =0) 0(23)(1 M 0) CéSl)(l,M =0)
He(11S)-He(11S)-He(21P)
~He ("  24.5033709436(3) 17.7403887642(2) 24.5033709436(3)
vy 25.1917325854(2) 16.3636654802(1) 25.1917325854(2)
vy 17.0520271221(1) 32.6430764067(3) 17.0520271221(1)
‘He wl”  24.5242915590(1) 17.75550520692(5) 24.5242915590(1)
vl 25.21324397142(7) 16.37760038218(4) 25.21324397142(7)
vy 17.0665527946(1) 32.6709827359(1) 17.0665527946(1)
SHe  w(”)  24.5311397688(1) 17.7604534647(1) 24.5311397688(1)
vy 25.2202855655(2) 16.3821618715(1) 25.2202855655(2)
v(”  17.0713076681(1) 32.6301176662(2) 17.0713076681(1)
He(21S)-He(2S)-He(21P)
~He V" 5940.58(6) 7496.27(4) 5940.58(6)
vy 5782.25(7) 7812.97(4) 5782.25(7)
vy 7654.62(4) 4068.2(1) 7654.62(4)
‘He o 5945.01(7) 7501.37(5) 5945.01(7)
vy 5786.58(6) 7818.18(4) 5786.58(6)
vy 7659.77(4) 4071.8(1) 7659.77(4)
SHe Wl 5946.44(6) 7503.02(4) 5946.44(6)
v 5788.00(6) 7819.89(4) 5788.00(6)
vy 7661.47(5) 4073.0(1) 7661.47(5)
He(23S5)-He(23S)-He(23P)
~He W 2231.7081(2) 2538.4092(2) 2231.7081(2)
vy 2200.4909(2) 2600.8435(2) 2200.4909(2)
vy 2560.6263(2) 1862.5727(2) 2560.6263(2)
‘He wl¥ 2233.0985(1) 2540.2072(2) 2233.0985(1)
vy 2201.8400(2) 2602.7245(2) 2201.8400(2)
v 2571.4658(2) 1863.4728(2) 2571.4658(2)
SHe Wi 2233.5538(2) 2540.7957(2) 2233.5538(2)
v 2202.2814(1) 2603.3402(2) 2202.2814(1)
v 2572.0680(2) 1863.7672(1) 2572.0680(2)
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Table 4.27: The additive and nonadditive dispersion coefficients C’éU’JK)(l, M =0)
of the He(ng*S)-He(ny*S)-He(nj, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form a straight line, in atomic units.
The numbers in parentheses represent the computational uncertainties.

Atom  State CI®(1, M =0) 31, M =0) cB2 (1, M =0)
He(11S)-He(11S)-He(21P)
~He Wi  0.3373332400(2) 0.3373332400(2) 0.2493051118(1)
vy —0.3373332400(2) —0.3373332400(2) 0.2282217843(1)
vy 0 0 —0.4775268962(1)
‘He o' 0.3375335775(1) 0.3375335775(1) 0.2494531705(1)
vy -0.3375335775(1) —0.3375335775(1) 0.22835732191(9)
v 0 0 —0.4778104925(1)
SHe  w!”  0.3375991489(1) 0.3375991489(1) 0.249501629(1)
vy -0.3375991489(1) —0.3375991489(1) 0.228401683(1)
vy 0 0 —0.4779033149(2)
He(21S)-He(21S)-He(21P)
~He 0"  1353.92623636(6) 1353.92623636(6) 1000.61509384(5)
vy —1353.92623636(6) —1353.92623636(6) 915.99470407(5)
vy 0 0 —1916.6097979(1)
‘He w!”  1354.73975890(6) 1354.73975890(6) 1001.21632520(4)
Wy —1354.73975890(6) —1354.73975890(6) 916.54500029(5)
vy 0 0 —1917.7614155(1)
SHe  w!”  1355.00602327(7) 1355.00602327(7) 1001.41310708(5)
vy —1355.00602327(7) —1355.00602327(7) 916.72523063(5)
o 0 0 —1918.1383377(1)
He(23S5)-He(23S)-He(23P)
~He W 399.08267(3) 399.08267(3) 294.94085(3)
vy -399.08267(3) —399.08267(3) 269.99817(2)
vy 0 0 —564.93901(4)
‘He wl” 399.42355(3) 399.42355(3) 205.19278(3)
vy -399.42355(3) —399.42355(3) 270.22878(1)
vy 0 0 —565.42155(3)
SHe Wl 399.53514(2) 399.53514(2) 205.27524(2)
vy -399.53514(2) —399.53514(2) 270.30430(2)
o 0 0 —565.57955(4)
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Table 4.28: The additive and nonadditive dispersion coefficients CG(U)(L M = +£1)
of the He(ng*S)-He(ny*S)-He(nj, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form a straight line, in atomic units.
The numbers in parentheses represent the computational uncertainties.

Atom State C™ (1, M = +1) CPI (1, M = +1) CcBY(1, M = +1)
He(11S)-He(11S)-He(21P)
~He W¥{"  34.19493962581(4) 24.58746529725(2) 34.19493962581(4)
Uy 35.17282432641(4) 22.63169589605(2) 35.17282432641(4)
vy 23.60958059665(2) 45.7581833555(1) 23.60958059665(2)
‘He 0"  34.2240114649(2) 24.6083405653(2) 34.2240114649(2)
vy 35.2027304431(3) 22.6509026088(1) 35.2027304431(3)
vy 23.6206215870(2) 45.797120320(1) 23.6296215870(2)
SHe  w(”)  34.2335278990(2) 24.6151739190(1) 34.2335278990(2)
vy 35.2125199713(2) 22.6571897745(1) 35.2125199713(2)
v(”  23.6361818467(2) 45.8098660236(2) 23.6361818467(2)
He(21S)-He(21S)-He(21P)
~He V" 6517.6(2) 7903.9(1) 6517.6(2)
vy 6376.5(2) 8186.1(1) 6376.5(2)
vy 8045.0(1) 4849.0(1) 8045.0(1)
‘He o 6522.5(2) 7909.3(1) 6522.5(2)
vy 6381.4(2) 8191.6(1) 6381.4(2)
vy 8050.5(1) 4853.3(2) 8050.5(1)
SHe Wl 6524.0(1) 7911.1(1) 6524.0(1)
vy 6382.9(2) 8193.5(1) 6382.9(2)
vy 8052.3(1) 4854.7(2) 8052.3(1)
He(23S5)-He(23S)-He(23P)
~He 0" 2519.0393(2) 2741.4083(3) 2519.0393(2)
vy 2496.4058(2) 2786.6752(2) 2496.4058(2)
vy 2764.0417(2) 2251.4034(2) 2764.0417(2)
‘He wl¥ 2520.5681(2) 2743.3039(2) 2520.5681(2)
vy 2497.8973(2) 2788.6456(2) 2497.8973(2)
v 2765.9749(3) 2252.4905(1) 2765.9749(3)
He o 2521.0686(2) 2743.9244(2) 2521.0686(2)
v 2498.3853(1) 2789.2908(3) 2498.3853(1)
(" 2766.6075(2) 2252.8465(2) 2766.6075(2)
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Table 4.29: The additive and nonadditive dispersion coefficients C’éU’JK) (1, M = £1)
of the He(ng*S)-He(ny*S)-He(nj, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form a straight line, in atomic units.
The numbers in parentheses represent the computational uncertainties.

Atom State CJP(1,M = +1) CF30 (1, M = +1) CBY (1, M = +1)
He(11S)-He(11S)-He(21P)
~He Ww{”  0.8433331004(3) 0.8433331004(3) 0.6232627794(3)
vy —0.8433331004(3) —0.8433331004(3) 0.5705544608(2)
v 0 0 —1.1938172404(4)
‘He wl”  0.8438330437(3) 0.8438339437(3) 0.6236329263(2)
vl -0.8438330437(3) —0.8438339437(3) 0.5708933048(2)
A 0 0 —1.1945262311(4)
sHe  w(”  0.8439978723(3) 0.8439978723(3) 0.6237540772(1)
vl —0.8439978723(3) —0.8439978723(3) 0.571004208(2)
N 0 0 —1.1947582873(5)
He(21S)-He(21S)-He(21P)
~He Ww{”  3384.8155908(1) 3384.8155908(1) 2501.5377345(1)
vl -3384.8155908(1) —3384.8155908(1) 2289.9867601(1)
N 0 0 —4791.5244947(2)
‘He w(”  3386.8493973(2) 3386.8493973(2) 2503.0408130(1)
vl —-3386.8493973(2) —3386.8493973(2) 2291.3627258(2)
v 0 0 —4794.4035388(3)
SHe  w(”)  3387.5150582(2) 3387.5150582(2) 2503.5327676(1)
vy —3387.5150582(2) —3387.5150582(2) 2291.81308(1)
o 0 0 —4795.3458442(2)
He(23S5)-He(23S)-He(23P)
~He W 997.70667(7) 997.70667(7) 737.35211(6)
vy —997.70667(7) —997.70667(7) 674.99542(4)
v 0 0 —1412.34752(9)
‘He w” 998.55888(7) 998.55888(7) 737.98192(5)
vy —998.55888(7) —998.55888(7) 675.57198(4)
g 0 0 —1413.5539(1)
sHe 0¥ 998.8379(1) 998.8379(1) 738.18812(5)
vy —998.8379(1) —998.8379(1) 675.76074(4)
v 0 0 —1413.9488(1)
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Table 4.30: The additive and nonadditive dispersion coefficients C’éu)(l, M =0) of
the He(ng*S)-He(no*S)-He(n{, *P) system for three different types of the zeroth-
order wave functions, where the three atoms form a straight line, in atomic units.
The numbers in parentheses represent the computational uncertainties.

Atom State C{P(1,M =0) 1, M =0) BV, M =0)
He(11S)-He(11S)-He(21P)
~He "  206.0344962(1) 213.77603(5) 296.0844962(1)
v 276.49490(7) 196.8912(1) 276.49490(7)
vy 195.56578(5) 357.4779(1) 195.56578(5)
‘He  W¥  206.04686(7) 213.75195(5) 296.04636(7)
vl 276.44230(7) 196.86987(4) 276.44230(7)
v 195.53832(5) 357.4056(1) 195.53832(5)
sHe W\ 296.03445(7) 213.74400(5) 296.03445(7)
v 276.42501(7) 196.86284(5) 276.42501(7)
vy 195.52927(4) 357.3819(1) 195.52927(4)
He(21S)-He(21S)-He(21P)
~He ¥ 576416(2) 647941(2) 576416(2)
o 516777(2) 662260(1) 516777(2)
vy 636815(1) 419806(2) 636815(1)
iHe  w” 576705(2) 648259(1) 576705(2)
e 516966(2) 662582(1) 516966(2)
" 637098(2) 419931(2) 637098(2)
SHe ol 576800(2) 648361(2) 576800(2)
v 517028(2) 662687(1) 517028(2)
vy 637193(1) 419971(3) 637193(1)
He(235)-He(23S)-He(23P)
~He w!”  178708.897(6) 188816.664(8) 178708.897(6)
vy 130516.795(6) 190656.01(1) 130516.795(6)
v 173264.08(1) 103017.090(3) 173264.08(1)
‘He wl”  178746.690(5) 188873.006(8) 178746.690(5)
v 130557.634(5) 190716.156(8) 130557.634(5)
U 173324.043(8) 103039.204(2) 173324.043(8)
SHe w\”  178759.057(6) 188891.445(9) 178759.057(6)
v 130571.000(5) 190735.837(8) 130571.000(5)
v 173343.669(9) 103046.443(2) 173343.669(9)
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Table 4.31: The additive and nonadditive dispersion coefficients CéIJ’JK)(l, M =0)
of the He(ng*S)-He(ny*S)-He(nj, * P) system for three different types of the zeroth-
order wave functions, where the three atoms form a straight line, in atomic units.
The numbers in parentheses represent the computational uncertainties.

Atom State C{?¥(1,M =0) 30 (1, M =0) B (1, M =0)
He(11S)-He(11S)-He(21P)
~He "  2.131984185(2) 2.134984185(2) —1.577853610(1)
vy -2.134984185(2) —2.134984185(2) —1.444417100(2)
v 0 0 3.022270710(3)
‘He w{”  2.135847167(2) 2.135847167(2) —1.578491396(2)
v 2.135847167(2) —2.135847167(2) —1.445000948(2)
o 0 0 3.023492343(3)
SHe 0"  2.136129624(2) 2.136129624(2) —1.578700145(2)
v 2.136129624(2) —2.136129624(2) —1.445192042(1)
vy 0 0 3.023892187(3)
He(21S)-He(21S)-He(21P)
~He "  135985.7088(2) 135985.7088(2) —100499.8272(2)
v 135985.7088(2) —135985.7088(2) —92000.7203(1)
vy 0 0 192500.5476(3)
‘He 0¥ 136063.7177(2) 136063.7177(2) —100557.4795(2)
vy -136063.7177(2) —136063.7177(2) —92053.50(1)
vy 0 0 192610.9765(3)
SHe 0"  136089.2454(2) 136089.2454(2) —100576.3455(1)
v -136089.2454(2) —136089.2454(2) —92070.7677(1)
vy 0 0 192647.1134(3)
He(23S5)-He(23S)-He(23P)
~He W  41573.30041(1) 41573.30041(1) —30724.622050(6)
v —41573.30041(1) —41573.30041(1) —28126.290775(6)
" 0 0 58850.91282(1)
‘He 0"  41586.57162(1) 41586.57162(1) —30734.430098(6)
v —41586.57162(1) —41586.57162(1) —28135.269372(6)
vy 0 0 58869.69946(1)
SHe 0" 41590.914293(8) 41590.914293(8) —30737.639533(6)
U —41590.914293(8) —41590.914293(8) —28138.207391(6)
ol 0 0 58875.84692(1)
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Table 4.32: The additive and nonadditive dispersion coefficients C’él‘])(l, M = +1) of
the He(11S)-He(1'S)-He(2! P) system for three different types of the zeroth-order
wave functions, where the three atoms form a straight line, in atomic units. The
numbers in parentheses represent the computational uncertainties.

Atom State CUP(1,M = +1) CPI (1, M = +1) BV (1, M = +1)
He(11S)-He(11S)-He(21P)
~He U  3734.26752(8) 2640.58247(6) 3734.26752(8)
vy 3958.5749(1) 2418.46662(5) 3958.5749(1)
vy 2568.98676(5) 5202.7801(1) 2568.98676(5)
‘He 0{”  3736.92490(8) 2642.46139(6) 3736.92490(8)
vy 3961.3633(1) 2420.18732(5) 3961.3633(1)
vy 2570.80469(6) 5206.4442(1) 2570.80469(6)
SHe 0" 3737.79465(8) 2643.07636(6) 3737.79465(8)
vy 3962.27603(9) 2420.75050(5) 3962.27603(9)
v”  2571.3997(1) 5207.6434(1) 2571.3997(1)
He(21S)-He(21S)-He(21P)
~He V" 677649(3) 696503(2) 677649(3)
vy 2052935(3) 706714(2) 2052935(3)
vy 1182611(2) 2509977(5) 1182611(2)
‘He o 678086(3) 696908(3) 678086(3)
vy 2054147(4) 707118(2) 2054147(4)
vy 1183287(2) 2511492(5) 1183287(2)
SHe Wi 678229(3) 697041(3) 678229(3)
vy 2054544(4) 707250(2) 2054544(4)
vy 1183508(2) 2511988(5) 1183508(2)
He(23S5)-He(23S)-He(23P)
~He W)  242087.18(2) 226143.71(2) 242087.18(2)
vy 660377.03(2) 924826.36(1) 660377.03(2)
vy 371010.24(1) 822504.39(2) 371010.24(1)
‘He vl 242141.77(1) 226210.21(2) 242141.77(1)
vy 660542.33(2) 224895.80(1) 660542.33(2)
vy 371117.31(2) 822695.40(2) 371117.31(2)
SHe W  242159.65(2) 226231.97(2) 242159.65(2)
v 660596.40(1) 224918.54(2) 660596.40(1)
vy 371152.34(2) 822757.90(2) 371152.34(2)
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Table 4.33: The additive and nonadditive dispersion coefficients Cé”’JK) (1,M = +£1)
of the He(1'S5)-He(11S)-He(2! P) system for three different types of the zeroth-order
wave functions, where the three atoms form a straight line, in atomic units. The

numbers in parentheses represent the computational uncertainties.

Atom State CUP(1,M = +1) C30 (1, M = +1) cBU (1, M = +1)
He(11S)-He(11S)-He(21P)
~He v 4.269968371(4) 4.269968371(4) —3.155707222(3)
vy —4.269968371(4) —4.269968371(4) —2.888834199(3)
vy 0 0 6.044541421(6)
‘He w” 4.271694335(4) 4.271694335(4) —3.156982791(3)
vy —4.271694335(4) —4.271694335(4) —2.890001895(3)
vy 0 0 6.046984686(6)
He 0" 4.272259249(4) 4.272259249(4) —3.157400290(4)
vy —4.272259249(4) —4.272259249(4) —2.890384086(3)
vy 0 0 6.047784375(6)
He(21S)-He(21S)-He(21P)
~He v 271971.4176(4) 271971.4176(4) —200999.6545(4)
vy 271971.4176(4) —271971.4176(4) —184001.46(2)
vy 0 0 385001.0952(6)
‘He w” 272127.4354(4) 272127.4354(4) —201114.9590(4)
vy 272127.4354(4) —9272127.4354(4) —184106.9942(3)
vy 0 0 385221.9532(7)
He 0" 272178.4910(5) 272178.4910(5) —201152.6912(3)
vy —272178.4910(5) —272178.4910(5) —184141.5356(3)
vy 0 0 385294.2270(7)
He(23S5)-He(23S)-He(23P)
~He v” 83146.60083(2) 83146.60083(2) —61449.24409(1)
vy —83146.60083(2) —83146.60083(2) —56252.58154(1)
vy 0 0 117701.82562(2)
‘He v 83173.14325(2) 83173.14325(2) —61468.86023(5)
vy -83173.14325(2) —83173.14325(2) —56270.53874(1)
v 0 0 117739.39893(2)
‘He W 83181.82859(2) 83181.82859(2) —61475.27906(1)
v -83181.82859(2) —83181.82859(2) —56276.41479(2)
v 0 0 117751.69384(2)
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(4.30) and @ = 0 and b = —c in Eq. (4.31), the dispersion coefficients have similar
characteristics as the case of the isosceles right triangle. The only differences are the
values of the three interior angles: § = v = 0 and a = 27, leading to the relatively
large nonzero dispersion coefficients C§31’12)(1,M = 0) and C§31’12)(1,M = *£1).
Figs. 4.8-4.10 are the potential energy curves due to AE® and AE® for the systems
of He(1'S)-He(1'S)-He(2'P), He(2'5)-He(2'S)-He(2!P), and He(235)-He(23S5)-

He(23P).

°r E(a.u.)x107*

3 —

6 8 10 I . y

0 X

°l ‘I’ﬁ?)_(l.Mz +1) R (units of ag)
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lII:(”(-])—(L]\J: :I:])
°l ‘II(O) .
1-(1,M=0) o
ey (0) He
v, (1, M =0)

il lI’z(i(.))—(l,Mz())

Figure 4.8: Long-range potentials for the He(1'S)-He(1'S)-He(2'!P) system for
three different types of the zeroth-order wave functions, where the three atoms form

a straight line, in atomic units. For each curve labeled by a wave function, the
plotted curve is the sum of AEM and AE®.
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Figure 4

| E(a.u)x1072

o]
-

16 28 32

R (units of ag)

o9 (1, M= +1)
TP (1,M = +1)
o (1,M = +1)
% (1, M = 0) o
o) (1,M = 0) He

ol (1,M =0)

.9:  Long-range potentials for the He(2'S)-He(2'S)-He(2!P) system for

three different types of the zeroth-order wave functions, where the three atoms form

a straight line, in atomic units. For each curve labeled by a wave function, the
plotted curve is the sum of AEM and AE®),
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10: Long-range potentials for the He(235)-He(23S)-He(23P) system for

three different types of the zeroth-order wave functions, where the three atoms form
a straight line, in atomic units. For each curve labeled by a wave function, the
plotted curve is the sum of AE® and AE®.
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Chapter 5

Calculations of Long-Range

Three-Body Interactions for

Li(229)-Li(228)-Lit(115)

5.1 Theoretical Formulation

5.1.1 The Zeroth-Order Wave Functions

The Hamiltonian for the well-separated Li(225)-Li(22S5)-Lit(11S) system can be

written as
H=HY +H, (5.1)
where
7Y = B + 8" + H, (5.2)
H' = Vigg=Vig+ Vag+ Vi, (5.3)

with Hl(o) and Héo) the unperturbed Hamiltonians of, atom 1 and 2 respectively,

H ©) the unperturbed Hamiltonian of the ion 3, and Viy, Va3, and Vi their mu-
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tual electrostatic interactions. We label the particles by I, J, and K with the
corresponding internal coordinates o, p, and ¢. For the nondegenerate Li(ng295)-

Li(ng 2S)-Lit(ny 1S) system, the zeroth-order wavefunction is simple,

[UO) = |00y (05 0) 0 (05 p) 1y (03 ) - (5.4)

where ¢,,,(0; o) or ¢,,(0; p) represents the wave function of the ground state lithium
atom, and v, (0; ¢) represents the wave function of the ground state lithium ion. In
this work, we set the coordinates for the Li(225)-Li(225)-LiT(11S) system as shown

in Fig. 3.1, which has been demonstrated in Section 3.1.2 of Chapter 3.

5.1.2 The Second-Order Energy

According to perturbation theory, the first-order correction for the Li(225)-Li(225)-
Lit(11S) system is zero. The nonzero contribution starts from second-order correc-

tion,

0(12) 0(23) 0(31)
AE(Q) _ ( 2n + 2n’/ + 271’/)7 (55)
2 VR R R

where Céfl‘]) (L, M) are the long-range additive interaction coefficients. The derivation
of these coefficients is given in Appendix C. In this work we only consider the cases
of n = 3,4 and n’ = 2,3,4 in Eq. (5.5). The corresponding interaction coefficients

are

c? = Y Finen,1,1), (5.6)

nsnt

C§12) = Z{Fl(ns,nt,Q,l)+F1(ns;nt71;2)} ) (57)

nsnt
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e = oY = Z Fa(nis); 1, 1,0) (58)

Ni(s)Nu

06(523) = Cégl) - Z {FZ(nt(s)a My 27 0) + FZ(”t(s); Ty 1: 1)} ) (59)

N(s)Nu

C§23) _ 0531)

= Z {FZ(nt(s)a Ny, 37 O) + FZ(nt(s)a Ny, 27 1) + F2<nt(s)a Ny, 17 2)} )

Ny (s)Nu

(5.10)

where the F;-functions are defined by Egs. (C.15) and (C.16) in Appendix C.

5.1.3 The Third-Order Energy

The third-order energy correction for the Li(225)-Li(225)-Li*(11S) system can be

written as
(12) (23) (31)
AE® — _ Z (C2n4+3 4 C2n2+3 i C2n2+3)
R%M—&-S R332+3 R§?2+3

n4=>4,n>2

ng>4,n3>3,n1>1
ng+ni1=2n3

(12,23,31)
_ 2 : C2n2+3 (Lsa Lt7 Lu) (5 11)
R“/2+1Rn1+1R"'1+1 ’ '
n2>2,n5>2n1>1,n)>1 12 23 31

ny+ni+n)=2ns

12,23 31,12
(c§n3+3><Ls,Lt,L;,ég,L;',f@ . 0§n3+;<Lt,L&L;,a,Lz,f’f))

n4+2 pni+1 n1+1 png+2
R12 R23 R31 R12

where Céi‘ﬁr3 are the long-range additive interaction coefficients, and C’éi‘ﬁ;{ ) and

C’gfﬁf K1) are the long-range nonadditive interaction coefficients. The derivation of

these coefficients is given in Appendix C. In this work, we only consider C7 and Cy.
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The corresponding interaction coefficients are

o o= Y { Fy(nnu, i, 1,1,0,1,0,2,0)
ngnuniny,

+  Fy(ng,nu,np,nl,,1,0,2,0,1,0)

ur

+ F4(nt,nu,n;,n;,2,0,1,071,0)} , (5.12)

Fy(ngyny,np,nl,;1,0,2,0,3,0)

ur I

23 31
o - ¥

ngnuniny,

Fi(ng, ny,ny,n,,1,0,3,0,2,0)

Fi(ng, ny,n;,n,,2,0,3,0,1,0)
Fy(ng, ny,n;,n,,2,0,1,0,3,0)
Fy(ng,na,ny,n.,,3,0,1,0,2,0)
Fy(ng,n,ny,n.,,3,0,2,0,1,0)

Fy(ngyny,np,n,,1,1,1,1,2,0)

ur I

Fy(ngyny,np,n,,1,1,2,1,1,0)

F4<nt> Ny, néa n{uv 27 17 17 17 17 0)

Fy(ngyny,np,n,;1,0,1,1,2,1)

ur I

Fy(ngyny,np,n,;1,0,2,1,1,1)

ur I

Fy(ngyny,np,n,,2,0,1,1,1,1)

ur =

Fy(ngyny,np,n,,1,1,1,0,2,1)

ur

Fy(ngyng,npn,; 1,1,2,0,1,1)

ur

F4<nt7 N, nl/ta niu 27 17 ]-7 07 17 1)

T e

Fy(ng, oy, np,n.,, 2,0,2,0, 2,0)} , (5.13)
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c{?*(1,1,1,2,2,1)

Z F5<n87nt7n;717171727M8’Mt7m/27M1‘{) COS[MI‘{/B]

sy

M My Mm,

Z FG(n57 ny, n:t/7 17 17 2a ]-7 M37 Mt7 Mzglv mg) exp[—zmg ] ’

nsneny

Mg My M/{'mY

(5.14)

ci(1,1,2,1,1,2)

Y F(ngneng,1,1,2,1, My, My, mb, M{) cos[M{f]

NNy
M M; M/,

ST Fylnenenf,1,1,1,2, My, My, My, miy) exp[—imi3f)],

nsngny
M M, M!'m

(5.15)

ci(1,2,1,1,1,1)

Z FS(nsvntanga17271717M57Mt7m127Mt/) COS[Mt/ﬁ]

nsnen

M My Mm,

Y Folngneny,1,2,1,1, My, My, M}',miy) exp[—im5 5],

nsngny

MMy M/{'mY

(5.16)
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cP1(1,1,1,2,2,1)

ER )

Y Fs(m,ng,ni,1,1,1,2, My, My, m), M) cos[M.a]

nening
My Mo/, M

ST Fylneng,nl1,1,2,1, My, My, MY, ) explimfal

59
nsntng

M MY Mym/]

(5.17)

Ci1(1,1,2,1,1,2)

S )

Z Fs(ng,mg,nl, 1,1,2,1, My, My, mf, M) cos| M.a]

nsning

My Mgm/, M,

Z F6<nt7 ng, TL” ]-) 17 17 2a Mt7 MS’ Mélv mlll) eXp[imllla] )

R

nsnlng
M MY Mym!!

(5.18)

ci1(1,2,1,1,1,1)

Z Fs(ng,mg,nl, 1,211, My, My, mfy, M) cos|[M.a]

ER Y

nsning

My Mgm/, M,

Z FG(nty Ng, n;', 17 27 17 1a Mta MS7 Mélv mlll) exp[im'{a] 9

nsnlng

MM Mym!!

(5.19)

0512,23,31)(17 1’ O)
Z F?(nsu Ny N,y 17 17 07 MS7 Mt) O) eXp[_ZMSOé - ZMt/B] )

NNty ; Ms My

(5.20)
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0512’23’31)(1, 2,0)

= > Fr(ngmngng,1,2,0,M,, M, 0) exp[—iMa — iM,f],
NNy Ms My

(5.21)
0512,23,31)(27 1, 0)
= ) Fr(nemng, 2,1,0, My, My, 0) exp[—iMoa — iM, 5],
NNy ; Ms My

(5.22)

C¢él2,23,31)(17 1, 1)

= Z Fr(ng,ne,ny, 1,1, 1, Mg, My, M,,) exp|—iMga — iM 5 — M,y

NsNENy

M My My,

(5.23)

where the Fj-functions are defined by Egs. (C.18), (C.19), (C.20), and (C.21) in

Appendix C.

5.2 Results and Discussion

Using the accurate Hylleraas variational wave functions for lithium atom and lithium
ion, we calculate the second-order additive and third-order additive and nonadditive

interaction coefficients for the Li(22S5)-Li(225)-Lit(1'S) system.

5.2.1 Additive Interaction Coefficients

Table 5.1 lists the values of the second-order interaction coefficients C’fg), Cf’l) )
C’él‘]), and C’él‘]) and the third-order additive interaction coefficients C§23), C’égl),

i and CPY for the Li(225)-Li(225)-Lit(11S) system. The C\'”) term is the
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Table 5.1: The Second-order additive interaction coefficients of the Li(225)-Li(225)-
Lit(11S) system in atomic units. The numbers in parentheses represent the compu-
tational uncertainties.

Coefficient *Li "Li 614
o 82.0563(6)  82.0807(7)  82.0847(7)
c 3 82.0563(6)  82.0807(7)  82.0847(7)
cit? 1393.42(5)  1394.05(5)  1394.16(5)
i 714.951(1)  715.028(1)  715.041(1)
3 714.951(1)  715.028(1)  715.041(1)
cit? 83420(1)  83456(5)  83460(5)
i 19977.52(1)  19979.80(1) 19980.18(1)
c* 19977.52(1) 19979.80(1) 19980.18(1)
C®  97143.23(6) 27153.87(6) 27155.70(6)
Cc) 27143.23(6) 27153.87(6) 27155.70(6)
i 1080780(4)  1081089(4)  1081123(9)
ci 1080780(4)  1081089(4)  1081123(9)
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leading long-range interaction between an atom and an ion, which is equal to «/2

with « being the dipole polarizability of the lithium atom.

5.2.2 Nonadditive interaction Coefficients

Similar to the triple-dipole (Axilrod-Muto-Teller) interaction terms [25, 26, 43], the
nonadditive interaction coefficients depend on the geometrical structure of these
three particles, and their numerical values are given for four geometrical configura-
tions: equilateral triangle, isosceles right triangle, isosceles triangle with 120 degree
angle, and equally-spaced collinear configuration. In addition, we find that, for each
configuration, these nonadditive interaction coefficients may also depend on the dif-
ferent positions of the ion. Thus, for each configuration, three different situations

are considered in this thesis due to the different ion positions.

5.2.2.1 Coefficients for an Equilateral Triangle

In this thesis, nonadditive interaction coefficient will be given for three different ion
positions for each configuration. Three different type equilateral triangles are labeled
as E1, E2 and E3, which are shown in Fig. 5.1.

Table 5.2 lists the nonadditive interaction coefficients C’§12’23’31) (1,1,0) of the Li(229)-
Li(22S)-Li*(11S) system, where the three particles form an equilateral triangle. We
note that there is only one value for each interaction coefficients for E1, E2 and E3.
This is because the three interior angles are « = § = v = 7/3. These three positions
can be taken as equivalent.

Table 5.3 lists the nonadditive interaction coefficients 6’5512’23’31)(1, 1, 1), C’é12’23’31)(1

2, 0) and 0512’23’31)(2, 1, 0) of the Li(225)-Li(22S)-Li"(1'S) system, where three
particles form an equilateral triangle. Similar to C§12’23’31)(1, 1, 0), there is only one

value for C{"*#*#V(1,1,1), ¢§***V(1,2,0), and C§"****V(2,1,0) for E1, E2 and E3

due to the same interior angles a = f = vy = 7/3.
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)\ 8"
1 2 3 1 2 3
E1l E2 E3

Figure 5.1: Three different type equilateral triangles E1, E2 and E3 with different
ion positions, for the Li(225)-Li(225)-Li™(1'S) system.

Table 5.2: The nonadditive interaction coefficients C’§12’23’31)(1, 1, 0) of the Li(229)-
Li(225)-Lit(11S) system, where the three nuclei form three equilateral triangles E1,
E2 and E3 due to different ion positions, in atomic units. The numbers in parentheses
represent the computational uncertainties.

Coefficient Configuration ©Li Li SLi

c{™*(1,1,0)  E1/E2/E3  —33666.2(5) —33686.1(5) —33689.4(5)
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Table 5.3: The third-order nonadditive interaction coefficients 05512’23’31)(1, 1, 1),

{3 (12, 0) and CS***V(2, 1, 0) of the Li(225)-Li(225)-Li*(11S5) system,
where the three nuclei form three equilateral triangles E1, E2 and E3 due to dif-
ferent ion positions, in atomic units. The numbers in parentheses represent the
computational uncertainties.

Coefficient Configuration *Li Li OLi

ci®#3(1.1,1)  E1/E2/E3  —368.45(2) —368.77(2) —368.82(2)
(12,23,31)
c} (1,2,0) E1/E2/E3  —218977(2) —219064(2) —219079(2)

c{®?3(2,1,0)  E1/E2/E3  —218977(2) —219064(2) —219079(2)

Table 5.4: The nonadditive interaction coefficients Célz’Qg)(Ls,Lt,L;,f’z,Lg’ 5) and
CEY(L, L, L0 L" 0") of the Li(225)-Li(225)-Li* (115) system, where the three
nuclei form three type equilateral triangles E1, E2 and E3 due to different ion po-
sitions, in atomic units. The numbers in parentheses represent the computational
uncertainties.

Coefficient Configuration ©Li "Li 614

0512,23)(17 1,1,2,2,1) E1/E2/E3 417562(5) 417800(5) 417840(5)
c{®*(1,1,2,1,1,2)  E1/E2/E3  —21613.97(6) —21625.91(6) —21627.99(4)

c{**¥(1,2,1,1,1,1)  E1/E2/E3 288502(2) 288661(2) 288687(2)

cP1¥(1,1,1,2,2,1) E1/E2/E3 417562(5) 417800(5) 417840(5)
CcP1(1,1,2,1,1,2)  E1/E2/E3  —21613.97(6) —21625.91(6) —21627.99(4)

c1¥(1,2,1,1,1,1)  E1/E2/E3 288502(2) 288661(2) 288687(2)
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Table 5.4 lists the values of third-order nonadditive interaction coefficients 0512’23)

(L, Ly, L 0y LY 02) and CS*') (L, Ly, L, 0, L, 07) of the Li(225)-Li(225)-Li* (1 19)
system, where three particles form an equilateral triangle. We note that 0512’23)
(Ls, Ly, Lj, 0, LY 05) = 0531,12) (L, L, L7, ¢4, L7 ¢7), which is because the interior an-
gles a, [ are equal, i.e., « = § = 7/3. There is only one value for each coefficient for
E1l, E2 and E3, which means, for an equilateral triangle, these nonadditive interac-
tion coefficients do not depend on the different positions of the ion. This is because
the three positions are equivalent to each other (or the interior angles at these three

positions are all equal to m/3).

5.2.2.2 Coefficients for an Isosceles Right Triangle

In this section, nonadditive interaction coefficients will be given for three different

types of isosceles right triangles labeled as R1, R2 and R3 that are shown in Fig. 5.2.

3 2 1

> > D

L ™ LN ™ L ™

1 2 3 1 2 3
R1 R2 R3

Figure 5.2: Three different type isosceles right triangles R1, R2 and R3 with different
ion positions, for the Li(229)-Li(225)-Lit(1'S9) system.
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Table 5.5: The nonadditive interaction coefficients C§12’23’31)(1, 1, 0) of the Li(229)-
Li(22S)-Li*(11S) system, where the three nuclei form three types of isosceles right
triangles R1, R2, and R3 due to different ion positions, in atomic units. The numbers
in parentheses represent the computational uncertainties.

Configuration ©Lj Li °Li

64;12,23,31)<17 17 0)

R1/R3 —19044.5(3) —19055.7(3) —19057.6(3)

R2 —40399.4(6) —40423.3(6) —40427.4(7)

Table 5.6: The third-order nonadditive long-range coefficients 0512’23’31)(1, 2,0) and
0512’23’31)(2, 1, 0) of the Li(225)-Li(22S)-Li*(1'S) system, where the three nuclei
form three types of isosceles right triangles R1, R2 and R3 due to different ion
positions, in atomic units. The numbers in parentheses represent the computational
uncertainties.

Configuration *Li Li Li

0512’23’31)(1, 1)

R1/R2/R3  —267.96(1) —268.19(1) —268.23(1)

0512’23’31)(1, 2,0)

R1 —350363(3) —350503(3) —350527(3)
R2 —371617(4) —371766(4) —371791(4)
R3 247745(3)  247844(3)  247861(3)

0512,23,31)(2’ 1,0)

R1 247745(3)  247844(3)  247861(3)
R2 —371617(4) —371766(4) —371791(4)
R3 —350363(3) —350503(3) —350528(4)
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Table 5.5 lists the nonadditive interaction coefficients C’§12’23’31) (1,1,0) of the Li(225)-

Li(2285)-Lit(11S) system, where the three particles form an isosceles right triangle.
We note that the numerical values of C’SQ’QS’SU (1,1,0) for R1 are the same as those for
R3, because of the mathematical symmetry of the expression for C§12’23’31)(1, 1,0)
(see Eq. (5.20)), which only contains two interior angles « and § with a = 7/2,
g =mn/4 for R1, and a = /4, = w/2 for R3. The exchange of @ and  would not
affect the values of C§12’23’31)(1, 1,0). For R2, a = 7/4, = ©/4, which is why the
numerical values of C’§12’23’31)(1, 1,0) for R2 are different from those of R1 and R3.

Tables 5.6 lists the nonadditive long-range coeflicients 0512’23’31)(1, 1, 1), C512’23’31) (1

2, 0) and C"****Y(2, 1, 0) of the Li(225)-Li(225)-Li*(119) for the R1, R2 and R3.

We note that the numerical values of the coefficient 0512’23’31)(1, 1, 1) are the same

for R1, R2 and R3, whereas the numerical values of the coefficient 6’512’23’31)(1, 2,0)

are different from each other for R1, R2 or R3, due to the mathematical symmetry

of Egs. (5.21) and (5.22). So any exchange of the interior angles would lead to a

different value. We also find that the numerical values of C{'****"(1,2,0) for R1 (or

R2, or R3) are the same as the values of Cé12’23’31)(2, 1,0) for R3 (or R2, or R1), due

to the symmetry under the simultaneous exchanges of values for the intermediate

states Ly, L; and the interior angles o, 5. For example, the values of 0512’23’31) (1,2,0)

for R1 (with the intermediate states and the interior angles L, = 1, « = 7/2, L; = 2,

f = m/4) are same as the values of 0512’23’31)(2, 1,0) for R3 (with the intermediate

states and the interior angles Ly = 2, o = 7w /4, L, = 1, = m/2) because of the

exchanges of values for the intermediate states L, L; and the interior angles a, f3.

Table 5.7 lists the values of third-order nonadditive interaction coefficients 0512’23) (L, Ly, L}, 05, LY
and C’égl’m(Lt, Ly, L., 0y, L" 0)) of the Li(225)-Li(225)-Li* (1 1S) system, where the

three particles form an isosceles right triangle. We note that 0512’23)(1, 1,1,2,2,1) =
Ci%%(1,2,1,1,1,1) = 0 for the configuration of R3; C*"'?(1,1,1,2,2,1) = ¢{"**¥(1,2,1,1,1,1)

0 for the configuration of R1, because of § = 7/2 and the odd values of M] and m}
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Table 5.7: The nonadditive interaction coefficients Cé12’23)(Ls,Lt,L;,€’2,L;’ L5) and
CEVN(Ly Ly L0 LY 07) of the Li(225)-Li(228)-Li* (115) system, where the three
nuclei form three types of isosceles right triangles R1, R2 and R3 due to different ion
positions, in atomic units. The numbers in parentheses represent the computational
uncertainties.

Configuration ©Lji Li °Li
ci®(1,1,1,2,2,1)

R1 590521(6)  590857(6)  590912(6)
R2 590521(6)  590857(6)  590912(6)
R3 0 0 0

ci®(1,1,2,1,1,2)

R1 43227.9(1)  43251.8(1)  43255.8(1)

R2 43227.9(1)  43251.8(1)  43255.8(1)

R3 —86455.9(2) —86503.6(2) —86511.6(2)
ci(1,2,1,1,1,1)

R1 408004(4)  408230(4)  408268(4)

R2 408004(4)  408230(4)  408268(4)

R3 0 0 0
ci1(1,1,1,2,2,1)

R1 0 0 0

R2 590521(6)  590857(6)  590912(6)

R3 500521(6)  590857(6)  590912(6)
ci19(1,1,2,1,1,2)

R1 —86455.9(2) —86503.6(2) —86511.6(2)

R2 43227.9(1)  43251.8(1)  43255.8(1)

R3 43227.9(1)  43251.8(1)  43255.8(1)

cBL(1,2,1,1,1,1)

R1 0 0 0
R2 408004(4)  408230(4)  408268(4)
R3 408004(4)  408230(4)  408268(4)
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for R3, and aw = /2 and the odd values of M/ and m] for R1. 0512’23)(1, 1,2,1,1,2)
is not zero because of the existence of even values for M;. We also find that the
values of 0512’23)([/5, Ly, L, 05, LY 07) for R1 are equal to those for R2; the values of
6’531’12)([4, L, L', 0y, L7 07) for R2 are equal to those for R3, because of the interior
angle 8 = 7/4 for both R1 and R2, and the interior angle o = 7/4 for both R2 and
R3.

5.2.2.3 Coefficients for an Isosceles Triangle

In this section, nonadditive interaction coefficients will be given for three different
types of isosceles triangles with 120 degree angle labeled as I1, 12 and I3 that are

shown in Fig. 5.3.

Figure 5.3: Three different types of isosceles triangles with 120 degree 11, 12 and 13
due to different ion positions, for the Li(22S5)-Li(225)-Lit(11S) system.

Table 5.8 lists the third-order nonadditive interaction coefficients C§12’23’31)(1, 1, 0)
of the Li(225)-Li(225)-Li"(11S) system for an isosceles triangle with 120 degree

angle. The numerical values of C§12’23’31)(1, 1,0) for I1 are the same as that for I3,
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Table 5.8: The nonadditive interaction coefficients C§12’23’31)(1, 1, 0) of the Li(229)-
Li(22S)-Lit(11S) system, where the three nuclei form three types of isosceles tri-
angles with 120 degree angle I1, 12 and I3 due to different ion positions, in atomic
units. The numbers in parentheses represent the computational uncertainties.

Configuration ©Lj Li Li

64;12,23,31)<17 17 0)

11/13 11662.3(2) 11669.2(2) 11670.4(2)

12 —47133(1) —47160(1) —47165(1)

Table 5.9: The third-order nonadditive long-range coefficients 0512’23’31)(1, 2,0) and
0512’23’31)(2, 1, 0) of the Li(225)-Li(22S)-Li*(1'S) system, where the three nuclei
form three types of isosceles triangles with 120 degree angle 11, 12 and I3 due to
different ion positions, in atomic units. The numbers in parentheses represent the
computational uncertainties.

Configuration *Li Li SLi

0512’23’31)(1, 1)

11/12/13 33.495(1)  33.523(1)  33.528(1)

0512’23’31)(1, 2,0)

I —43795.4(4) —43812.9(4) —43815.9(4)
12 —530991(5)  —531204(5)  —531239(5)
I3 227567(2)  227658(2)  227674(2)

0512,23,31)(2’ 1,0)

11 227567(2)  227658(2)  227674(2)
12 —530991(5)  —531204(5) —531239(5)
13 —43795.4(4) —43812.9(4) —43815.9(4)
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because of the interior angles o = 27/3, f = 7/6 for I1 and o = 7/6, § = 27/3 for
I3.

Table 5.9 lists the nonadditive long-range coefficients 0512’23’31) (1,2,0) and 0512’23’31) (2,
1, 0) of the Li(22S5)-Li(225)-Li* (1 1S) for the isosceles triangles with 120 degree an-
gle. We note that the coefficient Cé12’23’31)(1,2,0) (or 0512’23’31)(2, 1,0)) has three
different values for 11, 12, and 13, because of the mathematical symmetry of Egs.
(5.21) and (5.22), where the intermediate states have Ly # L; # L,. So any ex-
change of the interior angles would lead to a different value. We also find that
the values of 0512’23’31)(1,2,0) for I1 (or 12, or I3) are the same as the values of
05512’23’31)(2, 1,0) for I3 (or 12, or I1), because of the symmetry property under the
simultaneous exchanges of L, and L;, and a and 3. For example, the values of
05512’23’31)(1, 2,0) for I1 (with the intermediate states and the interior angles Ly = 1,
a=2n/3, Ly =2, f = m/6) are same with the values of 0512’23’31)(2, 1,0) for 13 (with
the intermediate states and the interior angles Ly =2, a = 7/6, L; = 1, § = 27/3)
because of the exchanges of values for the intermediate states Ly, L; and the interior
angles «, 3.

Table 5.10 lists the values of third-order nonadditive interaction coefficients 09(12’23) (Ls, Ly, Ly, 05, LY
and CS*"' (L, Ly, L, 04 L, ") of the Li(225)-Li(225)-Li* (1 15) system, where the
three particles form an isosceles triangle with 120 degree angle. We note that the
values of 0512’23)(L5,Lt,LQ,E’Q,L;’,E’Q’) for 11 are equal to those for 12; the values
of 0531’12)(Lt,L5,L’5,€’1,L’S’,é’l’) for 12 are equal to those for 13, because of the in-
terior angle § = 7/6 for both Il and 12, and the interior angle a = 7/6 for
both I2 and I3. And the negative value of 0512’23)(Ls, Ly, Ly, 6, LY ¢7) for 13 and

0531’12)(@, L, L7, 0, L7, 0)) for 11 is due to = 27/3 and a = 27/3, respectively.
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Table 5.10: The nonadditive interaction coefficients Cé12’23)(Ls,Lt,L;,£’2,L;’ L5) and
CEYN(Ly Ly L0 L 07) of the Li(225)-Li(228)-Li* (115) system, where the three
nuclei form three types of isosceles triangles with 120 degree angle 11, 12 and I3 due
to different ion positions, in atomic units. The numbers in parentheses represent the
computational uncertainties.

Configuration ©Li Li °Li
ci®(1,1,1,2,2,1)

I 723239(8) 723650(8) 723718(8)

12 723239(8) 723650(8) 723718(8)

13 —417562(5)  —417800(5)  —417840(5)
ci®(1,1,2,1,1,2)

I 108069.8(3)  108129.5(3)  108139.4(3)

12 108069.8(3)  108129.5(3)  108139.4(3)

13 —21613.97(6) —21625.91(6) —21627.89(6)
ci(1,2,1,1,1,1)

1 499700(4) 499976(4) 500022(4)

12 499700(4) 499976(4) 500022(4)

13 —9288502(2)  —288661(2)  —288688(2)
ci1(1,1,1,2,2,1)

11 —A17562(5)  —417800(5)  —417840(5)

12 723239(8) 723650(8) 723718(8)

I3 723239(8) 723650(8) 723718(8)
ci19(1,1,2,1,1,2)

11 —21613.97(6) —21625.91(6) —21627.89(6)

12 108069.8(3)  108129.5(3)  108139.4(3)

13 108069.8(3)  108129.5(3)  108139.4(3)
cBL(1,2,1,1,1,1)

11 —9288502(2)  —288661(2)  —288688(2)

12 499700(4) 499976(4) 500022(4)

13 499700(4) 499976(4) 500022(4)
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5.2.2.4 Coefficients for a Straight Line

In this section, nonadditive interaction coefficients will be given for three different

types of straight lines labeled as L1, L2, and L3 that are shown in Fig. 5.4.

o —0—o e—o o [ ® ®
3 1 2 2 3 1 1 2 3
L1 L2 L3

Figure 5.4: Three different types of straight lines L1, L2 and L3 with different ion
positions, for the Li(225)-Li(225)-Li*(119) system.

Table 5.11 lists the third-order nonadditive interaction coefficients C’§12’23’31)(1, 1, 0)
of the Li(225)-Li(22S)-Li*(11S) system for a straight line. The numerical values of
C§12’23’31)(1, 1, 0) for L1 are the same as that for L3, because of the interior angles
a=m,=0for L1 and o =0, § = 7 for L3.

Table 5.12 lists the nonadditive interaction coefficients 0512’23’31)(1, 1, 1), C’én’%’?’l) (1,
2, 0), and C{"***V(2, 1, 0) of the Li(225)-Li(225)-Li*(115) system, where the
three nuclei form a straight line. We note that the coefficients 0512’23’31)(1, 2,0) and
0512’23’31)(2, 1, 0) may have different signs (positive or negative), but the absolute
values of them are all the same; this is because the values of interior angles o and 3

are 0 or 7, and thus cos(na) and cos(m/3) can only be 1 or —1, where n and m are
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Table 5.11: The nonadditive interaction coefficients C§12’23’31) (1, 1, 0) of the Li(225)-
Li(22S)-Lit(11S) system, where the three nuclei form three type straight lines L1,
L2 and L3 due to different ion positions, in atomic units. The numbers in parentheses
represent the computational uncertainties.

Configuration T4 Li Li

0512,23,31)(17 1,0)

L1 53866(1)  53898(1)  53903(1)
L2 —53866(1) —53898(1) —53903(1)
L3 53866(1)  53898(1)  53903(1)

integers.

Table 5.13 lists the values of third-order nonadditive interaction coefficients 05512’23) (Ls, Ly, L}, 0, LY
and 0531’12)(14, Ly, L., 0y, L" 07) of the Li(225)-Li(225)-Li* (1 1S) system, where the

three particles form a straight line. We note that the absolute value of nonadditive

coefficients C8"** (L, Ly, L}, ¢,, L! , %) and C$*'? (L, L,, L. 0, L" £") for L1, L2 and

L3 are all the same, where the negative signs come from the interior angle g = 7 or

a = 7 with odd values of M| and mj or M, and m/.
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Table 5.12: The third-order nonadditive interaction coefficients 0512’23’31)(1, 1, 1),
{31 2, 0) and CS***V(2, 1, 0) of the Li(225)-Li(225)-Li*(11S5) system,
where the three nuclei form three type straight lines L1, L2 and L3 due to different ion
positions, in atomic units. The numbers in parentheses represent the computational
uncertainties.

Configuration *Li Li OLi

0512,23,31)(1’ 1,1)

L1/L2/L3 535.92(2)  536.38(2)  536.46(2)
ci#230(1,2,0)

L1 700726(6)  701007(6)  701054(6)

L2 —700726(6) —701007(6) —T701054(6)

L3 —700726(6) —701007(6) —701054(6)

C,E()12,23,31)<27 1’ 0)

L1 —700726(6) —701007(6) —701054(6)
L2 —700726(6) —701007(6) —701054(6)
L3 700726(6)  701007(6)  701054(6)
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Table 5.13: The nonadditive interaction coefficients 0512723) (Ls, Ly, Ly 05, L7 03) and
CEY (L, L, L0 L" 0" of the Li(225)-Li(225)-Li* (115) system, where the three
nuclei form three types of straight lines L1, L2 and L3 due to different ion positions, in
atomic units. The numbers in parentheses represent the computational uncertainties.

Configuration *Li Li OLi
ci(1,1,1,2,2,1)

L1 835124(9)  835500(9)  835673(9)

L2 835124(9)  835599(9)  835678(9)

L3 —835124(9) —835599(9) —835678(9)
ci(1,1,2,1,1,2)

L1 172011.8(5) 173007.2(5) 173023.1(5)

L2 172911.8(5) 173007.2(5) 173023.1(5)

L3 172911.8(5) 173007.2(5) 173023.1(5)
ci(1,2,1,1,1,1)

L1 577004(4)  577322(4)  577375(4)

L2 FTT004(4)  577322(4)  5T7375(4)

L3 —577004(4) —577322(4) —577375(4)
cB1(1,1,1,2,2,1)

L1 —835124(9) —835500(9) —835673(9)

L2 835124(9)  835599(9)  835678(9)

L3 835124(9)  835599(9)  835678(9)
CB(1,1,2,1,1,2)

L1 172011.8(5) 173007.2(5) 173023.1(5)

L2 172911.8(5) 173007.2(5) 173023.1(5)

L3 172911.8(5) 173007.2(5) 173023.2(5)
cB1(1,2,1,1,1,1)

L1 —57T7004(4)  —577322(4) —577375(4)

L2 5T7004(4)  577322(4)  577375(4)

L3 BTT004(4)  577322(4)  5T7375(4)
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Chapter 6

Summary and Future Work

6.1 Summary

In this thesis, using perturbation theory, we have investigated the long-range three-
body interactions for homonuclear systems, such as Li(225)-Li(229)-Li(22P), Li(225)-
Li(225)-Lit(11S), He(11S)-He(115)-He(21S) and He(ng*S)-He(ng*S)-He(n) * P),
with highly accurate variationally-generated nonrelativistic wave functions in Hyller-
aas coordinates. The long-range additive dipolar, additive dispersion interaction,
additive induced interaction, and nonadditive interaction coefficients C3, Cy, Cg,
C7, Cg, and (g were obtained. General formulas for these coefficients were derived.
These formulas can, in principle, be applied to geometrical configurations other than
the ones used in this thesis, i.e., the equilateral triangle, the isosceles triangle, and
the straight line with nuclei equally-spaced. Our calculations may be useful in con-
structing accurate potential energy surfaces.

These calculations may be useful in the study of Efimov molecule. Even though the
interactions are short-ranged (the interaction potentials decay faster than 1/r3, where
r is the separation between two particles), the three particles feel a long-range three-

body attraction. When the interaction is just strong enough to cancel the repulsive
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effect of the kinetic energy, the interaction is said to be resonant because two particles
scattering at low energy are very close to binding during their collision: they spend
a long time together (they resonate) before separating, which is characterised in
scattering theory by an s-wave scattering length that is much larger than the range
of the interactions. This seemingly counter-intuitive situation can be explained by
the fact that an effective interaction is mediated between two particles by the third
particle moving back and forth between the two particles. It is thus possible for
the three particles to feel their influence at distances much larger than the range of

interactions, typically up to distances on the order of the scattering length [74].

6.2 Future Work

Although the long-range interactions for these homonuclear system have been inves-
tigated, there are much work left to be done. An extension of this work is to study the
long-range three-body interactions for other combinations, such as Li(225)-Li(2?P)-
Lit(119), Li(22S)-Lit(119)-Lit(119), He(11S)-He(21S)-Lit(119), Li(225)-Li(22P)-
He(11S), Li(225)-Li(22P)-He(215),

He(115)-He(2'S)-Li(229), and so on. Since some of these systems still need consider
the symmetries due to the exchange of homonuclear atoms, new types of additive and
nonadditive interactions may appear, which would give us a deeper understanding of
collective effects. Van der Waals coefficients for these systems could be important for
studies of cold and ultracold collision, precision measurements, and high-resolution
laser spectroscopy.

There is much great interest in forming diatomic molecules or molecular ions in
cold and ultracold research area, by photoassociation [75] or three-body recombi-
nation [76]. Obviously, in these processes, the systems are particularly sensitive to

long-range atom-atom and atom-diatom interactions. Thus, in the future, we may
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investigate the long-range interactions for the Li-Li, atom-dimer system and the
transition between the Li-Li-Li limit and the Li-Liy limit using hyperspherical co-
ordinates [77, 78], which could provide us with a better understanding of two-body
dissociation, three-body dissociation, and quantum dynamics of cold collision.

As for possible applications of our work, Li(225)-Li(225)-Li(2%P) is an ideal three-
body entangled system to study the superradiance phenomenon, which is a quantum
radiation enhancement effect. For this indistinguishable system, there is only one
atom in the excited P state (but we do not know which one it is). The decay rate
of this system would be three times faster than the incoherent emission. This co-
operative single-photon superradiance phenomenon has become a subject of current
interest and promises to yield new tools for storing quantum information and deeper

insight into quantum electrodynamics [79].

123



Bibliography

1]

B. Gao, Universal Properties in Ultracold Ion-Atom Interactions, Phys. Rev.

Lett. 104 (2010), 213201.

R. Coté and A. Dalgarno, Ultracold atom-ion collisions, Phys. Rev. A 62 (2000),
012709.

R. Coté, V. Kharchenko, and M. D. Lukin, Mesoscopic Molecular Ions in Bose-
Finstein Condensates, Phys. Rev. Lett. 89 (2002), 093001.

C. Zipkes, S. Palzer, C. Sias, and M. Kohl, A trapped single ion inside a Bose-

FEinstein condensate, Nature 464 (2010), 388.

P. Zhang, A. Dalgarno, and R. Coté, Scattering of Yb and Yb', Phys. Rev. A
80 (2009), 030703.

M. Tomza, K. Jachymski, R. Gerritsma, A. Negretti, T. Calarco, Z. Idziaszek,
and P. S. Julienne, Cold hybrid ion-atom systems, arXiv:1708.07832 (2017).

P. Soldan, M. T. Cvitas, J. M. Hutson, P. Honvault, and J. M. Launay, Quantum
Dynamics of Ultracold Na+Nay Collisions, Phys. Rev. Lett. 89 (2002), 153201.

P. Soldan, M. T. Cvitas, and J. M. Hutson, Three-body nonadditive forces be-

tween spin-polarized alkali-metal atoms, Phys. Rev. A 67 (2003), 054702,

9] I. C. H. Liu, J. Stanojevic, and J. M. Rost, Ultra-Long-Range Rydberq Trimers

with a Repulsive Two-Body Interaction, Phys. Rev. Lett. 102 (2009), 173001.

124



[10]

[11]

[12]

[13]

[14]

[15]

[17]

[18]

F. Shen, J. Gao, A. A. Senin, C. J. Zhu, J. R. Allen, Z. H. Lu, Y. Xiao, and
J. G. Eden, Many-Body Dipole-Dipole Interactions between FExcited Rb Atoms
Probed by Wave Packets and Parametric Four-Wave Mizing, Phys. Rev. Lett.
99 (2007), 143201.

N. Samboy and R. Coté, Rubidium Rydberg linear macrotrimers, Phys. Rev. A
87 (2013), 032512.

Z. C. Yan and G. W. F. Drake, Theoretical lithium 2 2S—2 2P and 2%P—32D
oscillator strengths, Phys. Rev. A 52 (1995), R4316.

7.C.Yan, J. F. Babb, A. Dalgarno, and G. W. F. Drake, Variational calculations
of dispersion coefficients for interactions among H, He, and Li atoms, Phys.

Rev. A 54 (1996), 2824.

Z. C. Yan, A. Dalgarno, and J. F. Babb, Long-range interactions of lithium
atoms, Phys. Rev. A 55 (1997), 2882.

J. Y. Zhang, Z. C. Yan, J. F. Babb, and H. R. Sadeghpour, Long-range inter-
actions between a He(23S) atom and a He(23P) for like isotopes, Phys. Rev. A
73 (2006), 022710.

J. Y. Zhang, Z. C. Yan, D. Vrinceanu, J. F. Babb, and H. R. Sadeghpour, Long-
range interactions for He(nS)-He(n'S) and He(nS)-He(n'P), Phys. Rev. A 74
(2006), 014704.

J. Leénard, M. Walhout, A. P. Mosk, T. Miiller, X. M. Leduc, and C. Cohen-
Tannoudji, Giant Helium Dimers Produced by Photoassociation of Ultracold

Metastable Atoms, Phys. Rev. Lett. 91 (2003), 073203.

V. F. Lotrich, and K. Szalewicz, Three-Body Contribution to Binding Energy
of Solid Argon and Analysis of Crystal Structure, Phys. Rev. Lett. 79 (1997),
1301.

125



[19]

22]

23]

[24]

[25]

[26]

[27]

28]

N. Gross, Z. Shotan, S. Kokkelmans, and L. Khaykovich, Observation of Univer-
sality in Ultracold " Li Three-Body Recombination, Phys. Rev. Lett. 103 (2009),

163202.

S. E. Pollack, D. Dries, and R. G. Hulet, Universality in Three- and Four-Body
Bound States of Ultracold Atoms, Science 326 (2009), 1683.

A. Harter, A. Kriikow, A. Brunner, W. Schnitzler, S. Schmid, and J. H. Den-
schlag, Single Ion as a Three-Body Reaction Center in an Ultracold Atomic Gas,
Phys. Rev. Lett. 109 (2012), 123201.

A. Saenz, Photoabsorption and photoionization of HeH", Phys. Rev. A 67
(2003), 033409.

E. M. Bringa and R. E. Johnson, Coulomb Ezplosion and Thermal Spikes, Phys.
Rev. Lett. 88 (2002), 165501.

R. S. Fletcher, X. L. Zhang, and S. L. Rolston, Observation of Collective Modes
of Ultracold Plasmas, Phys. Rev. Lett. 96 (2006), 105003.

B. M. Axilrod and E. Teller, Interaction of the van der Waals Type Between

Three Atoms, J. Chem. Phys. 11 (1943), 299.

R. J. Bell, Non-additive multipolar interactions in hydrogen and helium, J. Phys.
B 3 (1970), L101.

D. E. Stogryn, Higher order interaction energies for systems of asymmetric

molecules, Molec. Phys. 22 (1971), 81.

S. A. C. McDowell, A. Kumar, and W. J. Meath, On the anisotropy of the triple-
dipole dispersion energy for interactions involving linear molecules, Molec. Phys.

87 (1996), 845.

126



[29]

[30]

[31]

32]

[33]

[34]

[35]

[36]

[37]

B. M. Axilrod, TripleDipole Interaction. I. Theory, J. Chem. Phys. 19 (1951),
719.

P. G. Yan, L. Y. Tang, Z. C. Yan, and Babb, J. F. Calculations of long-range
three-body interactions for Li(22S)-Li(22S)-Li(2*P), Phys. Rev. A 94 (2016),
022705.

R. Moszynski, P. E. S. Wormer, B. Jeziorski, and A. v. d. Avoird, Symme-
tryadapted perturbation theory of nonadditive threebody interactions in van der

Waals molecules. 1. General theory, J. Chem. Phys. 103 (1995), 8058.

X. Li, and K. L. C. Hunt, Nonadditive, threebody dipoles and forces on nu-
clei: New interrelations and an electrostatic interpretation, J. Chem. Phys. 105

(1996), 4076.

J. Pérez-Rios, M. Lepers, and O. Dulieu, Theory of Long-Range Ultracold Atom-
Molecule Photoassociation, Phys. Rev. Lett. 115 (2015), 073201.

T. C. Thompson, G. Izmirlian Jr., S. J. Lemon, D. G. Truhlar, and C. A. Mead,
Consistent analytic representation of the two lowest potential energy surfaces

for Liz, Nag, and K3, J. Chem. Phys. 82 (1985), 5597.

H. G. Kramer, M. Keil, C. B. Suarez, W. Demtroder, and W. Meyer, Vibrational
structures in the A?E” « A%E’ system of the lithium trimer: high-resolution

spectroscopy and ab initio calculations, Chem. Phys. Lett. 299 (1999), 212.

W. Meyer, M. Keil, A. Kudell, M. A. Baig, J. Zhu, and W. Demtroder, The
hyperfine structure in the electronic A - X system of the pseudorotating lithium

trimer, J. Chem. Phys. 115 (2001), 2590.

M. T. Cvitas, P. Soldan, J. M. Hutson, P. Honvault, and J. M. Launay, Ultracold
Li+Liy Collisions: Bosonic and Fermionic Cases, Phys. Rev. Lett. 94 (2005),

033201.

127



[38]

[40]

[41]

[42]

J. N. Byrd, J. A. Montgomery Jr., H. H. Michels, and R. Coté, FElectronic
Structure of the Li2 [X 'S} ] Li* [P] Excited *A” Surface, Int. J. Quantum
Chem. 109 (2009), 3626.

J. N. Byrd, H. H. Michels, J. A. Montgomery Jr., and R. Coté, Long-range three-

body atom-diatom potential for doublet Liz, Chem. Phys. Lett. 529 (2012), 23.

B. Paredes, T. Keilmann, and J. I. Cirac, Pfaffian-like ground state for three-body

hard-core bosons in one-dimensional lattices, Phys. Rev. A 75 (2007), 053611.

A. Rapp, G. Zarand, C. Honerkamp, and W. Hofstetter, Color Superfluidity and
Baryon Formation in Ultracold Fermions, Phys. Rev. Lett. 98 (2007), 160405.

K. Helfrich and H. W. Hammer, On the Efimov effect in higher partial waves,

J. Phys. B 44 (2011), 215301.

L. Y. Tang, Z. C. Yan, T. Y. Shi, J. F. Babb, and J. Mitroy, The long-range
non-additive three-body dispersion interactions for the rare gases, alkali, and

alkaline-earth atoms, J. Chem. Phys. 136 (2012), 104104.

M. Marinescu and A. F. Starace, Three-body dispersion coefficients for alkali-
metal atoms, Phys. Rev. A 55 (1997), 2067.

S. Will, T. Best, U. Schneider, L. Hackermiiller, D. S. Lithmann, and I. Bloch,
Time-resolved observation of coherent multi-body interactions in quantum phase

revivals, Nature 465 (2010), 197.

M. J. Mark, E. Haller, K. Lauber, J. G. Danzl, A. J. Daley, and H. C. Nagerl,
Long-range three-body atom-diatom potential for doublet Lig, Phys. Rev. Lett.
107 (2011), 175301.

128



[47]

[49]

K. M. Jones, E. Tiesinga, P. D. Lett, and P. S. Julienne, Ultracold photoasso-
ciation spectroscopy: Long-range molecules and atomic scattering, Rev. Mod.

Phys. 78 (2006), 483.

A. Safavi-Naini, J. von Stecher, B. Capogrosso-Sansone, and S. T. Rittenhouse,
First-Order Phase Transitions in Optical Lattices with Tunable Three-Body On-

site Interaction, Phys. Rev. Lett. 109 (2012), 135302.

W. Z. Zhang, R. Li, W. X. Zhang, C. B. Duan, and T. C. Scott, Trimer su-
perfluid induced by photoassocation on the state-dependent optical lattice, Phys.
Rev. A 90 (2014), 033622.

T. Pohl and P. R. Berman, Breaking the Dipole Blockade: Nearly Resonant

Dipole Interactions in Few-Atom Systems, Phys. Rev. Lett. 102 (2009), 013004.

D. Barredo, S. Ravets, H. Labuhn, L. Béguin, A. Vernier, F. Nogrette, T.
Lahaye, and A. Browaeys, Demonstration of a Strong Rydberg Blockade in
Three-Atom Systems with Anisotropic Interactions, Phys. Rev. Lett. 112 (2014),
183002.

M. Kiffner, W. H. Li, and D. Jaksch, Three-Body Bound States in Dipole-Dipole
Interacting Rydberg Atoms, Phys. Rev. Lett. 111 (2013), 233003.

D. A. Brue, X. Li, and G. A. Parker, Conical intersection between the low-
est spin-aligned Li3(*A) Lis(A4) potential-energy surfaces, J. Chem. Phys. 123
(2005), 091101.

X. Li, D. A. Brue, and G. A. Parker, Potential energy surfaces for the 1*A’,
2A° 1*A7 and 2'A7 states of Liz, J. Chem. Phys. 129 (2008), 124305.

J. N. Byrd, J. A. Montgomery, H. H. Michels, and R. Co6té, Potential energy
surface of the 1>A’ prime Liy + Li doublet ground state, Int. J. Quantum Chem.
109 (2009), 3112.

129



[56]

[58]

[59]

[62]

M. Lepers, O. Dulieu, and V. Kokoouline, Photoassociation of a cold-atom-

molecule pair: Long-range quadrupole-quadrupole interactions, Phys. Rev. A 82

(2010), 042711.

M. Lepers, R. Vexiau, N. Bouloufa, O. Dulieu, and V. Kokoouline, Photoas-
sociation of a cold-atom-molecule pair. II. Second-order perturbation approach,

Phys. Rev. A 83 (2011), 042707.

A. J. C. Varandas and A. A. C. C. Pais, Double many-body expansion of the
two lowest potential-energy surfaces for Liz and dynamics of the Li + Liy(v)
reaction. Initial orientation and vibrational excitation effects, J. Chem. Soc.,

Faraday Trans. 89 (1993), 1511.

M. Ehara and K. Yamashita, Theoretical studies of the potential energy surface
and wavepacket dynamics of the Liz system, Theor. Chem. Acc. 102 (1999),
226.

E. N. Ghassemi, J. Larson, and A. Larson, A diabatic representation of the two

lowest electronic states of Liz, J. Chem. Phys. 140 (2014), 154304.

M. T. Cvitas, P. Soldan, and J. M. Hutson, Long range intermolecular forces in
triatomic systems: connecting the atomdiatom and atomatomatom representa-

tions, Mol. Phys. 104 (2006), 23.

N. Herschbach, P. J. J. Tol, W. Vassen, W. Hogervorst, G. Woestenenk, J. W.
Thomsen, P. van der Straten, and A. Niehaus, Photoassociation Spectroscopy of

Cold He(22S) Atoms, Phys. Rev. Lett. 84 (2000), 1874.

J. Weiner, V. S. Bagnato, S. Zilio, and P. S. Julienne, Fzperiments and theory
in cold and ultracold collisions, Rev. Mod. Phys. 71 (1999), 1.

P. J. Leo, V. Venturi, I. B. Whittingham, J. F. Babb, Ultracold collisions of
metastable helium atoms, Phys. Rev. A 64 (2001), 042710.

130



[65]

[66]

[67]

[68]

[71]

[72]

73]

H. C. Mastwijk, J. W. Thomsen, P. van der Straten, and A. Niehaus, Optical
Collisions of Cold, Metastable Helium Atoms, Phys. Rev. Lett. 80 (1998), 5516.

M. Kumakura, and N. Morita, Spinodal Decomposition in Fluids, Phys. Rev.
Lett. 82 (1999), 14.

P. J. J. Tol, N. Herschbach, E. A. Hessels, W. Hogervorst, and W. Vassen, Large
numbers of cold metastable helium atoms in a magneto-optical trap, Phys. Rev.

A 60 (1999), R761.

D. T. Chang, and G. 1. Gellene, An ab initio, analytically fitted, global potential
energy surface for the ground electronic state of Hes , J. Chem. Phys. 119 (2003),
4694.

J. Y. Zhang and Z. C. Yan, Long-range interactions for hydrogen molecular rons,

J. Phys. B 37 (2004), 723.

Z. C. Yan and G. W. F. Drake, Eigenvalues and expectation values for the 1s*

2528, 1s* 2p 2P, and 1s* 3d %D states of lithium , Phys. Rev. A 52 (1995), 3711.

J. K, L. MacDonald, Successive Approximations by the Rayleigh-Ritz Variation
Method, Phys. Rev.43 (1933), 830.

Z. C. Yan and G. W. F. Drake, Computational methods for three-electron atomic

systems in Hylleraas coordinates, J. Phys. B 30 (1997), 4723.

L.Y. Tang, Z. C. Yan, T. Y. Shi, and J. F. Babb, Non-relativistic ab initio calcu-
lations for 228, 22P and 3 2D lithium isotopes: Applications to polarizabilities

and dispersion interactions, Phys. Rev. A 79 (2009), 062712.
P. Naidon, and S. Endo, Efimov Physics: a review, arXiv:1610.09805v2 (2017).

R. Wynar, R. S. Freeland, D. J. Han, C. Ryu, and D. J. Heinzen, Molecules in

a Bose-Einstein Condensate, Science 287 (2000), 1016.

131



[76] S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl, S. Riedl, C. Chin, J. H.
Denschlag, and R. Grimm, Bose-Finstein Condensation of Molecules, Science

302 (2003), 2101.

[77] C. D. Lin, Hyperspherical coordinate approach to atomic and other coulombic

three-body systems, Phys. Rep 257 (1995), 1.

[78] B. R. Johnson, On hyperspherical coordinates and mapping the internal config-
urations of a three body system, J. Chem. Phys. 73 (1980), 5051.

[79] M. O. Scully and A. A. Svidzinsky, The super of superradiance, Science 325
(2009), 5947.

132



Appendix A

Cy, Coefficients for
A(nyS)-A(ngS)-A(n{L)

We consider three like atoms with two atoms in identical S states |p,,(0)) and

the third atom in a non-S state |, (LM)), where ng and ng are the principal

quantum numbers, and L and M are the usual angular quantum numbers. In the

following, we use o, p, and ¢ to represent collectively the coordinates of each atom.

The three orthonormalized degenerate eigenvectors of the unperturbed Hamiltonian
(0)

with the energy eigenvalue E?S?))S;no SimbL = QES;)S + Enz .- The correct zeroth-order

wavefunctions can always be expanded as a linear combination of {¢, ¢, ¢3}

(W) = algr) + blo) + clos) (A.1)

where a, b, and ¢ are the expansion coefficients with their values depending on the

geometrical configuration of the three atoms.
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A.1 The First-Order Energy Correction

According to perturbation theory, the first-order energy correction is

AEL — <\Ij(0)|‘/123|\1](0)>
= ’@‘2<¢1’V123’¢1> + ’b‘2<¢2’V123‘¢2> + |C’2<¢3‘V123’¢3>
+(a*b + b a)(p1|Vias|p2) + (a"c + c*a){p1|Vias|ds)

+(b%c + c*b)(P2| Vias|d3)

47 (—1)L+M(2L)!P2L(COS 012)
RLAL (2L + 1)%(L — M)!(L + M)!
X |(pno (0; ) | TL(0) lgongy (L @)

47 (—1)L+M(2L)!P2L(COS 023)
RAY (2L +1)%(L — M)Y(L + M)!
X (2o (0; P)ITL(P) gy, (L3 p)I?

47 (—1)L+M<2L)!P2L(COS 031)
RAAY (2L 4+ 1)2(L — M)I(L + M)!

X[ (no (05 6) | T2 (6)[lomy (L3 6) |

= (a"b+b"a)

+(b*c+ c*b)

+(c*a+a*c)

A.2 The Second-Order Energy Correction

The second-order energy correction is given by

AE® Z (WO Vigs|xn, (Ls Mis; ) X, (L Mi; p) X (LuiMui; 6)) |
(0)
’Eiﬁiﬁi EnsLsintLt;nuLu ~ HngS;inoSiny L
M. M M,
2 2 2 2 2 2
= ‘/1(2) + V2(3) + V:s(l) + ‘/1(2,)23 + V2(32°,1 + ‘/:‘5(1,)12 ) (A-3>

where Xy, (LsMs; ) Xn, (LiMy; p)Xn, (LuMy; ) is an intermediate state of the system
with the energy eigenvalue E, 1 . rimebe = Enone + Enir, + En, 1, It is noted that

: . )
the above summations should exclude terms with Ey 1, Lin,L. = B, g0, Sl L
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With Vi3 = Vis + Vog + V31, the above expression can be expanded as

AE®? — Z By + By+ Bs + By + Bs + Bs + B7 + Bs + By
- 0) )
Mg MM,

where B, (n =1—9) are

Bi = [UOVis|xn,(LsMy; 0) X, (LiMy; p) X, (LMo <))
= |a|2|<¢1|‘/12|an<LsMs;O-)Xnt<LtMt;p)Xnu(LuMu;§)>|2
+ B[ b2| Vazlxn, (Ls Mi; ) X, (L My; )X, (LuMu; 6))|
+ el [(ds|Vazlxn, (Ls M; ) Xn, (L My; p) X, (LuMu; 6)) |
+ a"b(1|Vaz|xXn, (Ls Ms; o) Xn, (Le Me; p) X, (Lu Mo §))°
X (2| Viz|Xn, (LsMs; ) Xn, (LiMy; p) X, (Lu My S))
+ b a(p2|Viz|xXn, (Ls Ms; &) Xn, (LiMy; p) X, (Lu M §))*

X <¢1‘%2|an(LsMs§U)Xnt(LtMt;p)Xnu(LuMmC))
1672 L & L L I Ly
= lal’> > 2L+ +2
Lty ma R12 —M mq Ms -M mq Ms

(Ly + 1 — My +m)!(Ly + 1] — My + mq)! (1, l’l)*l/Q(Lt, L)t
(Lt + Mt)'(Lt — Mt)'[(ll + ml)'(ll — ml)'(l’l + ml)'(l’l — m1)1]1/2
X A@ny (L; )| T, ()| Xns (Ls; ) (o (L; o) | Ty () || X (Ls; 0))
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Il m
L Il Ly L b L
—M —m M M ms M,

(I, + Ly — m}, — M){(Ly, L)~

[(Ls + M)(Lg — M)!(Iy 4 my)!(Iy — my)!]1/2
(Lg + 1y — My +mo)!(I},15)7Y/2

(15 4 )V, — m!)N(Ly + M) (Ly — M,)!]1/2

(0o (0; ) TL, ()1 xn, (Ls; @) (@i, (Ls ) Th ()| X, (L 2))”

136



B,
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"b(3|Var|Xn, (Ls Ms; 0)Xn, (LeMy; p) X, (LuMus 6))"
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In this paper, we choose the coordinate system shown in Fig. 3.1. Thus in the

associated Legendre functions, we have all cos(fr;) = 0 due to 6;; = 7/2. Also in

—my)®Pry] ete., P1g =0, g3 = 7 — 3, and P31 = 7 + . Then the three
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become respectively
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Similarly, the three nonadditive terms are
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In the above, the F; functions are defined by
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where G1<Li, Lj,ﬁk,ﬁﬁc; L, M), GQ(LZ'7 Lj), Gg(Li, Lj7£k17£;€2; L, M), and G4(Li, Ml, L, M)

are further defined by:
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Then the second-order energy correction is simplified as,
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where 02(71{]) (L, M) and C’éfl‘]"]K) (L, M) are, respectively, the additive and nonadditive

dispersion coefficients. These coefficients can be expressed as
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Appendix B

Cy, Coefficients for
He(115)-He(119)-He(219)

In the present work, we take the mutual electrostatic interactions V;; between pairs
of atoms for the He(ng*S)-He(ng *S)-He(n) *S) system as a perturbation. According
to degenerate perturbation theory, the zero-order wave function of the unperturbed

system can be written as,

(W) = algr) + blg) + cles) . (B.1)

where ¢, ¢o, ¢3 are three orthogonal eigenvectors corresponding to the same en-

ergy eigenvalue o , = 2BV

nonong ngS

+ Efl?))s With the zero-order wavefunction of Eq.
(B.1), we can derive a general formulas of the dispersion coefficients for the He(1'5)-
He(1'S)-He(2'L) system. The values of coefficients a, b and ¢ can be obtained by

the degenerate perturbation theory.
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B.1 The Zeroth-Order Wave Function

According to degenerate perturbation theory, the zero-order energy correction is

obtained by the perturbation matrix with respect to {¢1, @2, @3} thus becomes

Ay A Agg
H' = Agr Agy Agg ) (B.2)
Azi Az Ags
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NsMtNu Ls L Ly Ms MMy B LomiLisnuL, — EnOS;nOS;nGS
_ oYY Y 1672 [PrUAMI(0)(Ls + Ly — My — M) (L, L)~
B R3LsH2Let2 (Lo MLy — M,)!(Ly + M) (Ly — M,)!

nsnt Ls Ly MsMy
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[{0n0(0; ) |1, (0) X0, (Ls; ) [*|(omy (0; P T, (£) IX, (L5 ) I

0 0
Enoro + Enr, — Efm)s - Ey(lo)s
[PMM(0)(Ly + Ly — My — My)J*(Ly, L)~

167
P3P R2EA2Lut2 (L, + M)/(Ly — M)\ (Ly + M,)!(Ly — M,)!

NNy Lt Loy My My,
[(n (0; )T, (0) 1xtne (Lit; P)) P [{20 (05 )| T, ()1 X (L3 6)) 12

0 0
E’ntLt + EnuLu - Efl())s B E7(7’/0)‘g
(PN () (L, + Ly — My — M)!J2(Ly, L)~

- YY Y e e
NsNy Ls Ly Ms M, RglLs+2Lu+2 (L + M) (Lo = M)!Ls + M) (Ls — M)!

{0 (0; )| T2, ()| X (Lis; 0)) 12 {20 (03 )| T (€)1 X (L §))
EnsLS + EnuLu - 2EngS ’

(BA)
[(¢3]Viza X, (LsMi; ) X (LeMi; p) X (LM )
Azz = — Z Z Z E ©
Msnety Ls Lt Ly My MM, nobsineltinulu = TnoSinoSing S
[PYM(0)(Ly + Ly — M, — M)?(Ly, L)

167
= 2> R2LH2Le42 (Lo M) (Ly — My)\(Ly + M)\ (Ly — M)

nsne LsLs Mg My

[(no (03 0) | T, (0) [ Xns (Ls; 0)) 2[00 (0: )| T2, (0) | X (Lit; p))|?
En.1. + Enr, — 2EY)

noS

[PMAM(0)(Ly + Ly — My — M) ? (L, Ly,) 2

167 (
- 22 R2EA2Lut2 (L, + MLy — M)\ (Ly + M,)!(Ly — M,)!
(

niny LeLy MyM,
(200 (05 P T, (P, (Lts P[0y (03 )N T, (S) [ Xom,, (L )
Epoio + Enyn, — Ens — Bl
Y Y [PMMe (0) (L, + Ly — M, — My)!|2(Ly, Ly) ™2
R3P20et2 (Ly + M) (Lo — M )NLs + M) (Ls — M,)!

NsNy LgLy MgMy,

{0 (05 ) 1T, ()1 Xty (L3 @)1 {Pn0 (05 ) N T . () X (L3 §))
EnsLs + EnuLu - EnoS - Enf)S

Y

(B.5)

A = — Z Z Z (01| Vizs|Xne (Ls Mis; 0) X, (L Mi; p) X, (Lu M5 €))
MNsNtNay LSLtLu MthMu
(D2|Vizs|Xn, (Ls Ms; 0 ) Xn, (Lt My; p) X, (Lu M5 §))

(0)
Ens LsineLisnu Ly — E’I’Lo S;nOS;n6S

160



1672 [PrUAM(0)(Ls + Ly — My — M) *(Ls, L)~
- Z Z Z R2L-H2Li4

Lo o Lo (L + M)/ (Ly — My)!(Ly + My){(L; — My)!
(my (0; ) [T, (@) [Xn. (Ls; 0)) (o (0; ) | T () X, (L5 )
(Pno (0; )1 T, (@) Xn, (Ls; @)} (0 (0 p) | T, (P) [ X, (Ls; )
En.p. + B, — 5O _ O

ngS nyS

A13 = - Z Z Z <¢1|%23|an(LsMs;U)an(LtMt;p)X"u(L“Mu;g»*

NsNtNy LsLt Ly Ms My My,

(P31 Vi2s| X, (Ls M; 0) X, (L My p) X, (Lu My §))

(0)
Ens LsineLesnu Ly — ETL() Sing S;néS

Ly Yy 0 POt L - My - ML L)
e L Rt (Ly o MLy — M)!(Ls + Mo)N(Ls — M,)!
(ny (00T, ()| Xno (Ls; 0)) (0o (0; )| T, (€)1 X (L3 6))*
(©no (03 0)|TL, ()| X, (Ls; 0)) {0 (05 ) | T, () IXn (L5 §))
ansLS + EnuLu - EnoS - EnéS ’

Aot = = ) > > (belVazslxn, (LaMa; o)X, (LiMi; p)Xn, (LuMa; )"

NsNtNy Ls Ly Ly Mg My M,

(#1|Vi2s|Xn, (LsMy; ) Xn, (Le My; p) X, (L M3 §))

(0)
EﬂsLs;ntLt;nuLu - EnOS;noS;n{)S

_ Z Z Z 1672 [P (0) (Lo + Ly — My — My)!* (L, Ly)
= RPL 20 (Lot MLy — MLy + My)(Ly — M,)]

NsNt LsLt Mth

(n0 (05 0) | T, () [Xn, (Ls; )" (o (05 O | T () [ X (L5 £))”
(£my (0; ) [T, () [ Xn, (Ls; 0)) (0o (0; ) T, (P) || X, (L5 P))

0 0 )
Bt Buur, = By = By
(B.8)
Nps = = Y > > (dalVasslxm, (LaMi; &) X, (LeMy; p) X, (LuMisi )"

NNy Ls Ly Loy Mg My M,
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(03| Vi2s|Xn, (LsMy; ) Xn, (Le My; p) X, (LuMou; )

(0)
EnsLstht;”uLu o EnoS inoSing S

- Yy Y m2  [PMEM0)(Ly + Ly — My — My)*(Ly, Ly,) 2
nenu Ly Ly MM, RQLHQL”” (Lt + Me)! (L — M)!(Ly + M) (Ly — M,)!
(@nr (05 P TL, (P Xne (Lt £)) (o (03 S| T (S) I X (Lis €))
(©no (03 P TL, (P) 1 X0, (Lt £)) (s (05 )T, () | X (L S))
Enyr, + Enyr, — BV — EY)

ngS

’

(B.9)

Az = — Z Z Z <¢3|V123’an(LsM8§O')Xm(LtMt;p)Xnu(LuMmg»*

MNsNtNay LSLtLu MthMu
<¢1 ‘/123|an (LSMS; O')Xnt (LtMt; p)X”u (L“Mu’ §>>

(0)
EnsLs§ntLt§nuLu Enos oS nOS

_ m? [PM“+MS (O)(Lu + LS B Mu - MS)!]Q(LM LS)_Z
XX e (M VT TV
(g (03 )T, () Xnu (L €)) (o (05 0) [ T2 () [ X, (Ls3 )"
(0o (03 )T, ()| Xn, (L €)) (g (03 ) | T, (0) | X, (L 7))
EWnSLS + EnuLu - EnoS - EnE)S ’

(B.10)

A32 - - Z Z Z <¢3|%23|an(LsMs;O-)Xm(LtMt;p)Xnu(LuMu;g»*

nsniNy Ls Ly Ly Mg My My,

(P2| V123 Xn, (LsMy; ) X, (Le My; p) X, (LuMou; )
©)

TLQS noS TLOS

2 [PLAffLM“( )(Li + Lo — My — M)!*(Le, L)
P IPIDY R?Ltm 2 (L, + M)W Ly — M)(Ly + My)/(L, — M,)!
)

Ens LsingLysng Ly

NNy Lt Loy My My,

(2o (0; P) T, (P )Hxnt(Lt;p)> {2y (05 )1 T2, ()X (L5 6)) "
(21, (0; PITL, (P) 1 Xne (Lt P)) (g (05 )1 T, ()X (L 6))
Epr, + Enp, — EO — E©

noS ngS

I

(B.11)

Then solve this eigenvalue problem to get the eigenvalues and corresponding zero-
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order wave functions.

B.2 The Second-Order Energy Correction

The second-order energy correction is given by

AE® — _ Z Z Z (WO [Vaigs| xn, (Ls Mis; ) X, (L Mi; p) X (LuiMui; 6)) |
Enbomstvmirn — E)
NsNtNy Ls Ly Loy Mg MMy nSL57ntLt7nuLu noS;noS;néS
= Vo + Vs + Vi, (B.12)

where . (LsMs; ) Xn, (LiMy; p)Xn, (L My; 6) is an intermediate state of the system
with the energy eigenvalue E, 1. ., rimeie = En.n, + Enir, + En,r,- 1t is noted
that the above summations should exclude terms with E,,_ 1 .n.r.n.r. = Efl?smo Sinb "
Then the three additive terms in the second-order energy correction, denoted by
V1(22 ), ‘/2(32), and \/3(12 ), become respectively

W = Y S S 2 [P O b - M, - ML, L)
12 R2LsF2Lt2 (Lo + M) (Ls — M)/ (Ly + My){(Ly — M,)!

nsne LsLy Mg My

{0y (05 )|, (@) [ X (Ls3 ) ({20 (0 ) T2, () | X, (L )
ETLSLS + EntLt - E?S(;)S - qu(/))s
0

Y Y 10 PR O+ L= My - MLy L)
R3LsF2Le42 (Lo M) (Ly — My)Y(Ly + My){(Ly — M,)!

nsnt LsLy MMy

{000 (0; @)1 T2 (@) X0 (Ls3 @) P [ {0, (0; P) I T2, (P) | X, (Les )

0 0
ETLSLS + EntLt - E?SO)S - qua)s

P Y 10 PR O+ L= My = M)P(L L)
R3LsF2Let2 (Lo M) (Ls — My){(Ly + My)!/(Ly — M,)!

nsnt LsLy MMy

[(2no (05 )| Tr, (0) | Xne (Ls; )10 (05 )| T, (0) | X, (Lt p)) |
En1. + Epy, — 2EY

noS
- S Y [PYM (0) (L + Ly — M, — M)!(Ly, L)
R2Ls 202 (Lo + M)V (Lg — My)/(Ly + M;)((L, — M)

nsnt LsLs Mg My
(0ny (0;0) | T, (0) I X0, (Ls; 0))(no (05 P T, (P) [ X0 (L5 2))*
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(00 (0; @) | TL, () [ Xn, (Ls; 0)) (g, (0; p) [ T, (0

MXn (L P))

0 0
EnsLs + EntLt - E'I(ZO)S - ET(Lé)S
PMSJFMt

Ls+L¢ (0)(L8 + Lt - Ms - Mt)']2(Lsa Lt) -2

2
ba Z Z Z R2Ls+2Lt+2 |

NsNt Lg Lt M Mt

(0 (0; @) | TL, () [ Xn, (Ls; @)

(0my (0;0) | TL, () [[Xn, (Ls; @) {9y (05

MWLy + M)\ (Ly — My)!

)" (%O( P, (P) [ xn, (L5 0))"

PTL.(p)l[xn, (Li; P))

ETLSLS + ETLtLt -

(0) (0)
ETLOS - En IS

Kl n57 Ny, Lsa Lt
P

nsnt LgLt

K2 nsunt7L87Lt
|C‘ E E : RQL +2Li+2

nsnt LsLt

Kl ntan57LtaL)
Lpe sy Bl

nsne LsLy

* K3 nsyntvLsuLt)
bz Z RZL s+2L++2

nsnt LsLt

55 My Lis, L
va Y 3 St L

nsnt LsLy

[P (0) (L,
2

(B.13)

+ Lu - Mt - Mu)|]2(Lt7 Lu)_2

2
—|al* ZZ Z R2Lt+2L ot

NNy Lt Loy My My,

L + Mt)!(Lt -

[{£n0 (03 P T2, (P) X0, (L5 £))I*] {0 (03 )| T ()Xo (L ))

EntLt + EﬂuLu - 2E’£L(()))S
PMAM0)(Ly + Ly — My — M,)!|*(Ly, L) 2

2
|b‘ Z Z Z R2Lt+2Lu+2[

NNy Lt Ly My My,

L + Mt)!(Lt -

MLy + M) (L — M)

[{£n, (05 )T, (P) X0, (L5 ) *] {0 (0 )| T ()Xo, (L 6)) [

EntLt + E?’LuLu - E(O)

7O

noS ngS

PMAEMA0)(Ly + Ly — My — M) *(Ly, L) 2

|C‘ Z Z Z Rth+2L +2[

NNy Lt Loy Me My,

(Ly + My)NLy —

[{£n0 (05 )T, (£) X0, (L5 £))*] {0, (0 )| T ()Xo (L 6)) [

EntLt + E?’LuLu - E(O)

_ E((,))

noS ngS

Lu - Mt - Mu)']Q(Lta Lu)_2

b 167 Pg{fLMu( )(Le +
D3I RELF2LF2 (L, + M) (L —

NNy Lt Ly Me My,

(g (03 ) 1T, ()X (Lit; £)) (P (03 )N T L, ()1 Xn (L €))
(@no (0; )T, (P) X0 (L5 £)) (g (05 )| T, (€)X (L §))

E?’LtLt + EnuLu

(0) (0)
- K o Enf)S'

noS

P (0)(Ly +

Lu - Mt - Mu)']Z(Lta Lu)72

1672
¢ bZ Z Z R

NtNay LtLu MtM

(Ly + MWLy —
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(@no (0; 1T, (P X (L5 £)) (s, (03 )1 T, () IXr, (L3 6))
(@ (0; ) T, (P X, (Lt £)) (P (05 )| T, ()Xo, (L )
En1, + Epo1. — E,gog EY,

ngS
|a| Z Z KQ ntanutha |b| Z Z Kl ntynuaLtyL )
R2Lt+2Lu+2 R2Lt+2Lu+2
NNy Ly Ly, NNy Li Ly
| | ZZKl nuantaLuaLt 1 be ZZKg Ny Moy Ly, Ly, )
R2Lt+2Lu+2 R2Lu+2Lt+2
NNy LtLu NNy Ly Ly
*bz Z ntvnu7Lt7L )} (B 14)
R2Lt+2Lu+2 ) :
Nty L Loy,

PMAM(0)(Ly + Ly — My — M) *(Ly, L)~

[
RiPIPIDY RzL e (L + M)y — Mo)V(L, + ML, — M,)]

NsNy LgLy MsM,y,
{0 (03 ) T, (&)X, (Lis; ) P {0 (0 ) 1T ()X, (L 6)) 2
EnsLs + Enyr, — Engs — By s
[Pé\/[iiMs (O)(Lu + Ls - Mu - MS)!]2(Luv L5)72
LD R?L 2Lt (L, + M) (Ly — M) (Ly + M)(Ly — M,)!

NgNy LgLy MgsM,y,

[{no (0: )| Tr, () X0 (L ) P[{0 (05 )1 T () [[ X (Lo 6))
EnsLS + EnuLu 2EnOS

[P AM(0)(Ly + Ly — My, — M))*(Ly, Ls) ™2
LIS R2L5+2Lu+2 (L + M) (L — M)/ (Ly + My)!/(Ls — M,)!

NsTy Ls Ly MsMy

{0 (05 )| T2, () [ Xy (Ls3 ) * {00 (05 ) 1T () [ X (L 6)) [
EnsLs + En,r, = Engs — En{)S
[Proi* (0)(Ly + Ls = My — My)!]*(Lu, Ls)
ca), d. D R?La+2Lu+2 (Lo + MLy — ML, + ML, — M,)!

NsNy Ls Ly MsMy,

(g (03 )T, ($)[1Xn (Lu; €)) (o (05 0) | T2 () [ X, (L3 )"
(00 (03 )T, () IXn, (Lui; €)) (g (03 0) | T, (0) || X, (Ls; 7))
EnSL‘ T En, — Fpys — Buys
[PMu+Ms (0)(Ly + Ly — My — M)]>(Ly, Ly) ™2
XD R2L5+2Lu+2 (Lo + MLy — MLy + ML, — M,)!

NsNy Ls Ly MsMy,

<90n0(0a0')”TL( )| Xn. (Ls; )" {@no (03 )| TL, () I Xtn, (Lus §))

(£no (0; )| T, (o) Xns (Ls3 )2 (03 ) T, ()X (L 6))
EInSLS + EnuLu En()S E’n’S

Ki(ng,ny, Ls, Ly,) Ky(ng,ny, Lg, Ly,
{|a| Z Z 1;2L:L+2L T2 + [0 Z Z 2;2L?+2Lu+2 )

nsNy LsLy nsNy LsLy
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Kl nuan57LuaL K3 nwnmLu’L )
+ el Z Z R2LF2Lut2 Z Z R2LF2Lut2
NsNy L Lu NsNy LgLy
3 (M, Mgy Ly, L)
+ ca Z Z R2L-+2Lus2 } ’ (B.15)

NNy L Lu

In the above, the K; functions are defined by

Kl(n87nt7LsaLt) = G1<L87Lt)

(g (0; @) I T, ()1 Xns (Ls; @)1 {Pn0 (05 )| T, (P) | X, (L5 p)) |2
EnSLS + EntLt . E(O) E((,])

noS nyS

)

(B.16)

KQ(nS7nt7LSJLt) - G1<L87Lt)

[(no (03 0)| T, () | Xny (Ls; 0)) 2[00 (0; )| T2, (0) | X, (L5 p))|?
En.1. + Enr, — 2EY)

noS

)

(B.17)

K3(ns,ne, L, L) = Gi(Ls, Lt) (g (0; )| TL ()| Xn, (Ls; )" (@ (05 p) | T, (0) [ X (L £))
{ony (0;0) |0y (0 )Hxns(LsaJ))(‘pno(o;p)HTLt(p)HXm(Lt;p)).

0 0
EnsLs + E'ntLt - E’EL())S - E’r(zé))s

(B.18)

where G1(L;, L;) is further defined by:

[PEP (0) (L + Ly — My = My)))?
i+ M) (L — M)\(L; + M)\(L; — M;)!”
(B.19)

Gl(Li7Lj) = ]_67T2(LZ‘,LJ‘)_2 Z (L

M; M;
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Then the second-order energy correction is simplified as,

(12) (23) (31)
C2n CQn CQn ) ] (BQO)

AE® = — (
2 Rl " i R

where C’éi‘]) are the additive dispersion coefficients. These coefficients can be ex-

pressed as

CyY = 1aPY "> Ki(ng,mi, L L) + B2 Y Ki(ng,ng, Li, Ly)

nsne LsLt nsne LsLt

+ ‘C|2 Z Z KQ(nsu g, L87 Lt) + a/*bz Z K3(n57 N, L87 Lt)
nsnt LsLy nsne LsLy

+ bay Y Ki(nen, L, L), (B.21)
nsnt Ls Lt

Céig) = |CL|2 Z Z KQ(ntvnu’ Lt’ LU) + |b|2 Z Z Kl(nbnuv LtvLu)

NNy L Loy NNy L Ly,

+ 1PN Ki(nune L, L) +57¢ Y Ky(ne, nu, L, Ly)

NNy Ly Ly NNy Lt Ly,

+ by > Kj(neng, Ly, Ly) (B.22)

NtENy, Lt Lu

i = |af? Z Z Ki(ng,ny, Ls, Ly,) + |b]? Z Z Ks(ns,my, Ls, Ly,)

NsNy LsLy

NsNy LsLy

+ e? Z Z Ky (ny,ns, Ly, Ls) + a*c Z Z K} (ny,ng, Ly, L)
NsNy Lsly NsNay Lglay,

+ ca) Y Ks(ny,ng, Ly, L), (B.23)
NsNy LsLy
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Appendix C

Cy, Coefficients for
A(nyS)-A(nyS)-AT(n],S)

The non-degenerate ground state of the unperturbed system may be written as,

(W) = [0, (0; ) (05 p)tbr (056)) - (C.1)

Where o, p, and ¢ represent collectively the coordinates of each particle.

C.1 The Second-Order Energy Correction

The second-order energy correction is given by

AE®D = - % (OO Vi | X, (LsMy; &) X, (LiMy; p) i, (LuM.y; )|
o (0)
stzizmi EnsLs;ntLt;nuLu  “noSineSink S
MM, M,
= Vi@ +Vvd + vy, (C.2)

where Xy, (LsMs; &) xn, (LiMy; p) b, (L My; 6) is an intermediate state of the system

with the energy eigenvalue E, 1. .. rinui = Enor, + Enin, + En,r,. It is noted that
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: : (0
the above summations should exclude terms with Ey, Lo, L. = E gn Sinb s

The

three additive interaction terms, denoted by V1(22 ), ‘/2(32), 1/3(12 ), become, respectively,

1672
By o= =23 > %Tgmz

nsnt LsLy Mg My

[Pt M (cos O12) (Ls + Ly — My — M)|*(Ls, Ly) 2

X
(Ls + M) (Ls — M)\ (Ly + M)\ (Ly — M;)!
o (2o (03 ) TL. (@) xn, (Lsi &) [*(n (05 )IT . (P) [ Xri (L3 P)) I
EnsLs + EntLt - 2E7(z(()))5
Fl(nsa Ny, L57 Lt)
- Z Z R2Ls2LiA2 (C.3)
NsNt LsLt 12

1672
vy = —ZZZWZLM

NNy Lt Loy My My,

[P M (cos Oa3) (Ly + Ly — My — M,)!1*(Ly, L)~

X

(L¢ + MLy — My)N(Ly + M) (L, — M,)!
y {00 (0 P T, (P, (Les P[0y (03 )1 T, (S) | D, (L 6))1?

0 0
EntLt + EnuLu - E’I(lo)s - E’r(L{))S
FQ(nta TNy, Lta Lu)
- Z Z R2Let2Lut2 (C4)
NNy Ly Ly 23

1672
Vi = —ZZZ%TZMH

NNy Ls Ly MsMy,
[P M (cos 031) (Ly + Ls — My — M)!|*(Ly, L)~
(Ly + M) (Ly — M)/(Ly + M)\ (L, — M,)!
[(on (03 )T () [, (L 0)) 400 (03 )N T2, (), (Lui )
0 0
Bt Bnur = Bpgs = By
FQ(nsa Ny, L87 Lu)
- Z Z RglLs+2Lu+2 )

nsNy LsLy
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C.2 The Third-Order Energy Correction

The third-order energy correction is given by

AP VD SD SED VD DD Il

nsNtTy LsLt Ly Mg MMy n’sn;n@ LgL;L& M;M{M{t

= Vi Ve + Vi + Vight + Viths + Vi b (C.6)
where B and D are

B = <\Ij(0)|VlQ3|an(LsMs§U)Xnt(LtMt§P)anu(LuMu;C»
X (Xno (LsMy; 0) X, (Le My; p) b, (LuMy; §)[Vizs| X, (LiMy; 0) Xt (L M5 p) oy, (L M5 6))

X Xy (LML 0) X (LM} )iy (L, M 6) | Vias |0 | (C.7)

_ (0) (0)

where Xy, (Ls Ms; &) Xn, (LiMy; p)bn, (LuMy; ) and X, (LMY 0) Xy (L M5 )Py, (L, M5 S)
are intermediate states of the system with the energy eigenvalues E,, 1 ., Linal. =
En.r. + Enp, + Enr, and Eyprrpinnn, = Enp + By + B rr, respectively.
It is noted that the above summations should exclude terms with E,, 1 .n.r.n,L. =

0 0
E\) and By 11 Lyn, 1, = By

noSinoSinl, S noSimoSind,S° The three additive interaction terms,

denoted by \/1(23 ), VQ(?? ), V})(f’ ), become, respectively,

3
V(3) _ § : 2 : Z 64
12 RLS+Lt+L/S+L;+£’1+£/2+3
12

nsnenlyny LsLy L L4505 My My M. Mm/)m,

PMtMe(cos 019)(Ls + Ly — My — My)!(Ly, Ly) ™
[(Ls + M)!(Ls — M)!(Ly + M)\ (Ly — M;)!]1/?
P (cos 10) (L + Ly — M, — ML, L)~
(L + MONLL — M)NL; + MWL, — M2

X
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X

X

Py 008 1a) (0 + 0 — ik — mb)!(¢), )™

(€7 +m)H(&y — m) Nl + mi)! (L — my)!]H/2
(Xn, (Ls; 0)[| T, (o)1 Xnt, (L5 0)) (X, (L P T, () 1y (L33 P))
(o (0; )T, (o) I X0, (Ls; 7)) (P (0; )1 T, (P) [ Xns (Lt P))
Bryr, + B, — 2B
(Xt (Li; 0)| T (0) |00 (03 ) X, (L P T, (P) |00 (05 p))
En i, + By — 2BV

noS

L, ¢ L L ¢ L

!/ / / /
~M, —m} —M M, —ml —M]

/ / / / ! !
F3(n$7 T, Mg, Ty, L87 Lt7 Lsu Lt7 617 62)
E : 2 : RLS+Lt+Lg+L;+Z’1+£’2+3 !
ngngniny LsLi L, L0 ¢, 12

6473
Z Z Z RLt+Lu+L;+L;+£’2+€’3+3
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Pyl (cos Os1) (L, + L — M, — ML, L)~

[(Ly, + ML, — M)ULL + M)NL, — M2
By (cos 051) (65 + £ — mly — mi)1(¢5, 6)72
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Similarly, the three nonadditive terms are
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Bryr, + Enyr, — 2B
(Xno (Ls; )| Ty, ()| X, (L3 0)) X, (L3 0) [ T2 (0) || 0 (05 07))

©
Enp, — By s

X

327 —1)a—M:
I U DI Y - . et

2L¢+Ls+LL+2
e t s s
nsnlyne Ls L', Lt} Ms M. Mm), VT R, Rg

Pfff#(cos 012)(Lg + Ly — My — M)!(Lg, Ly) ™!

[(Ly + ML, — MLy + MLy — My)]72
PN (cos 1a) (L, + Ly — M! — ML, L)~

(L, + ML, — MON(Ly + M) (L, — M)/

P(eos )6 —m)e) > (Lo 0

explim)a]
(R T A LR R VR :
o (2o (03 DI T, (P) X (L5 P))* (o (05 )| T, ()| X, (L5 )
EjnsL5 + ETLtLt - 2E7(1[()))S
(Xn. (Ls; )| Te (o) [ X, (L; 0)) {Xnt, (L )| T, (0) [0 (03 7))
By + Enyr, — 2B
_ Z F5(nt>nsan/saLtaLs>ngaéllaMtaM&M;?m,l)COS[M;Oé]
2Lt4Ls+014+2 L0 +1
nsning Rth ! R31Jr
Ls L. L0,
M; Mym!, M!
+ Z FG(nbnsan{gaLtaL57L,57€/17MtaMsaMéam/l)eXp[imlla]
negning R?é/tJrLSJrLngzRgll—’_l
LsL. Lt}
M; Mym!, M!
(C.13)
3
Vi a1

174



2567T 1)L st+Li+Ly
- Z Z Z RL; +Lt+1RLt+Lu+1RLu+L )

TLgTLtTLuL LtLu MthM
(Ls+ Ly — My + My)(Ly + L, — My + M,)! (L, + Ls — M, + Mj)!
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In the above, the F; functions are defined by
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(C.15)
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where G1(Li, L), Go(Li, Lj, by, £y,,; L, M), and Gs(L;, M;; L, M) are further defined
by:
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(C.26)
Then the second-order energy correction is simplified as,
0(12) 0(23) 0(31)
AE(Q) - _ ( 2n + 2n’/ + Qn’/ ) 7
2 hir R
(C.27)

where CéiJ)(L, M) are the additive dispersion coefficients. These coefficients can be

expressed as

Cé:f) = Z Fl(”sy nt7 L57 Lt) 3 <C28>

nsng;Ls Ly
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ngny; L Ly
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)= Y Flngne L L) (C.30)

nsMu;Ls Ly
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Then the third-order energy correction is simplified as,
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where C’éni}r?) are the additive dispersion coefficients, and C’ém Y3 C’ém Y3 ) are

the nonadditive dispersion coefficients. These coefficients can be expressed as
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