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ORTHOGONAL STARTERS IN FINITE ABELIAN GROUP 

Abstract 

Two problems are considered. First, the conjecture that all odd 

abelian groups except ¿5, , and Φ ¿ ζ admit strong start-

ers, is reduced to finding strong starters in five types of groups: the 
k k cyclic groups of order 3p, 9p, 3 for k > 6 » 5 · 3 for k > 4, and 

+ w ^ e r e Ρ is any odd prime greater than five. It is shown 

that all abelian groups G other than such that three does not divide 

the order of G admits a strong starter. As well, strong starters are 

given in some small non-cyclic groups which were previously not known to 

admit starters. Also, a multiplication theorem for sets of pairvicc 

orthogonal starters is given. An exhaustive computer search for ortho-

gonal starters in odd groups smaller than 19 is carried out. The 

results require the construction of special permutations of some groups. 
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* 

J.D. Horton 

1. Introduction 

Starters have been very useful in the construction of many types of 

combinatorial designs. Perhaps the best known design is for round robin 

tournaments or one-factorizations of the complete graph (see Mendelsohn 

and Rosa (1985) for a good survey). Strong starters were first used by 

Stanton and Mullin (1968) to construct Room squares. Since then strong 

starters have been used to construct Room cubes, Howell designs, Kirkman 

triple systems, Kirkman squares and cubes, and Kotzig factorizations. 

(See the papers by Kocay, Stinson and Vanstone (1985), Hwang (1983), 

Horton (1983)). The major reason strong starters are important is that 

a strong starter leads to three pairwise orthogonal starters. A set of 

k pairwise ort-hogonal startets can be used to construct a Room k-design, 

or equivalently, k orthogonal one-factorizations of the complete graph, 

or k pairwise orthogonal symmetric latin squares (see Horton (1981) or 

Gross, Mullin and Wallis (1973) among others). 

In the case of Room squares and related designs, the major direct 

construction methods use orthogonal starters, and then recursive designs 

that depend upon the existence of smaller designs are used to solve the 

existence problems (Mullin and Wallis (1975), Dinitz and Stinson 

(1981a)). Thus sets of pairwise orthogonal starters play a pivotal role 

in the construction of many combinatorial designs. 
λ 

Let G be a finite abelian group of odd order, and let G = G - (θ) 

Research supported by grant A5376 of the National Sciences and Engi-
neering Research Council of Canada. 
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be the set of non-zero elements. A starter for G is a set of unordered 

pairs of elements of G such that each non-zero element occurs precisely 

once in some pair, and also precisely once as the difference of one of 

the pairs. Thus X = {{χ , y } | i = 1, 2 (n-l)/2} is a starter if 

and only if G = {J  {x^ y A and G* = (J  (x¿ - y^j, where the 

unions are performed for i = 1 to (n-l)/2. 

Although the above is the standard definition, I wish to use a 

slightly different one which is easily seen to be equivalent. First 

define D to be a halfset of the group G if: 

(i) D V -D = G* , and 

(ii) D Π -D = φ. 

Thus for any nonzero element χ in G, either χ or -x is in D but not 
* 

both. Then X is a starter if and only if there is a function χ : D G 

such that 

II - , x̂ cu+clí I d ε D). 

For X to be a starter, it is necessary and sufficient that the function 

χ satisfies the condition 
G* = (J {χ(d), x(d) + dh 

deD 

Given a starter X for a group G of order n, it is well-known how to 

construct a one-factorization of the complete graph on n+1 vertices, 

Let the vertices of be the elements of the group G, and an 

extra fixed point The set of edges F^ = X (J {°°,0} is a one-factor. 

Define for each g in G the one-factor F^ = F^ + g - {{χ + g, y + g} | 

{χ,y) ε Fq}, where the group operation + of G is extended by defining 
00 + g = 00. Then the set of all such one-factors F = {F |g ε G> is a 

S 
one-factorization of Κ 

n+1 
Suppose we have two one-factorizations generated by two different 
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starters 

Χ = {{x(d) , x(d) + d} I d e D} and 

X' = {{χ*(d) , x'(d) + d} I d ε D}, 

For the two corresponding one-factorizations to be orthogonal it is 

necessary that | F| | < 1 for any i and j in G. For i = j this 

statement means, since {°°»i} ε F^ Λ F^ , that (X + i) Λ (X* + i) = φ. 

Thus Χ Π Χ' = φ, so that x(d) ¿ xT(d) for all d ε D. For i φ j the 

condition | F £ 0 Fj | É 1 means that (X+i) ft  (X1 + j) < 1, that is 

I Χ Λ (X1 + j - i) I á 1. Hence there must be at most one solution 

x(d) , x'(d) to the equation 

(x(d), x(d) + d} = {x*(d), x'(d) + d} + j - 1. 

Thus the group elements x(d) - x'(d) must be all distinct. These 

considerations lead to the definition that X is orthogonal to X? if the 

elements x(d) - x'(d) are all distinct and non-zero. This definition is 

equivalent to thp Hef^^j.. "«».«.uu \xyoi). 

Problem 1. For a given odd abelian group G, find the maximum number of 

pairwise orthogonal starters s(G). For a given odd positive integer η 

define s(n) to be the maximum of s(G) over all abelian groups of order 

η. 

It is easy to show that s(3) = s(5) = 1, and that s(G) i 1 for all odd 

abelian groups G. 

A problem that has been investigated in many papers is to find the 

maximal number v(n) of orthogonal one-factorizations of Κ. , (Gross, 
n+1 

Mullin and Wallis (1973), Dinitz (1979), Dinitz (1981), Horton (1981)). 

The above discussion proves: 

Theorem 1.1: v(n) £ s(n). 
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2. Strong Starters 

A starter is said to be strong if the sums of all the pairs are 

distinct and non-zero. If D is a half set and the starter is 

X = Ux( d), χ (d) + d} I d ε D}, then the elements 2x(d) + d must be 

distinct and non-zero for X to be strong. The patterned starter Ρ is 

the starter in which each element is paired with its negative, 
p = Hg, -g}| g e G*}. Alternatively if D is a half set, 

Ρ = {{-d/2, d/2} I d ε D}. Then the starter X is orthogonal to the 

patterned starter Ρ if and only if the elements 

x(d) - (-d/2) = (2x(d)+d)/2 

are all distinct and non-zero, that is, X is a strong starter. 

Now consider -X = {{-x,-y}| {x,y} ε X} = {{-x(d)-d, -x(d)}| d ε D}. 

Now if X is a strong starter, then -X is a strong starter also, since 

the sums of its pairs are simply the negatives of the sums of the pairs 

of X, and so -y "rth:¿wu«l .-υ r. uut -X is also orthogonal to X 

since χ (d) - (-x (d) -d) = 2x (d) + d are all dist inct and non-zero. 

Hence we have proved the well-known result 

Theorem 2.1. If G admits a strong starter, then s(G) = 3. 

This result adds interest to finding the solution to the following 

variant of problem 1. 

Problem 2. What abelian groups admit strong starters? 

Quite a bit is known about the existence of strong starters, which 

were mainly found during the search for Room squares. Before Stanton 

and Mullin in 1968 exhibited what were effectively strong starters for 

all odd cyclic groups from 11 to 47, Room squares were thought to be 
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relatively rare. The following results from the literature are the most 

important for the purposes of this paper. 

Theorem 2.2. (Mullin and Nemeth (1969)). Strong starters exist in all 
If 

finite fields except for those of order of the form 2 +1. The only 

such prime powers are 9 and the Fernet primes 3,5, 17, 257, 65537, ... . 
Theorem 2.3: (Chan and Chong, 1974). Strong starters exist all cyclic 

2n 

groups which have order of the form 2 + 1, η > 2. 

This result left only 3, 5, and 9 as prime powers without strong 

starters. The four groups of these orders are the only non-abelian 

groups known not to have strong starters. 

The next step was to find strong starters in groups other than the 

finite fields. 

Theorem 2.4. (Horton. if c »JuiIls as strong starter and 3 does 

not divide the order of G, then Φ G admits a strong starter. 

Theorem 2.5. (Gross and Leonard, 1975). If H is a subgroup of G, H 

admits a strong starter, G/H admits a strong starter, and there is a 

permutation ττ of H such that ττ + I and π - I (I is the identity permuta-

tion) are also permutations, then K. also admits a strong starter. 

The condition about the permutation π in the abelian group Η seems to be 

a common one. Let us call a permutation τ of a group G strong if both 

it + I and π - I are also permutations of G. 

Problem 3. What abelian groups admit strong permutations? 

The following lemmas include what I know about this problem. 
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Lemma 2.6. For any prime power q, q 4 2 or 3, the additive group of 

GF(q) admits a strong permutation. 

Proof. Choose an element χ in GF(q) such that χ 4 0, 1 or -1. Such an 

χ exists if and only if q 4 2 or 3. Define π (g) = xg for all g in 

GF(q). The permutation π is clearly strong. 

Lemma 2.7. If G is a group of odd order n, 3 divides n, and the 3-Sylow 

subgroup of G is cyclic, then G does not admit a strong permutation. 

Proof. (Similar to a proof by Wallis and Mullin, 1973). Assume G 

admits a strong permutation π. Then taking the sums over all group 

elements i, 

Σ i 2 = Σ(ττ(1))2 

= Σ(ττ(1)+1)2 = Σ (π(i))2 + Ii2 + 2Σ±ττ(ί) 

= Σ (ττ (i)-i) 2 = Σ (ττ(ϋ)2 + It2 - 2Σίπ(ί). 

Thus, 4Σ i (π (i)) = 0, so Σ ítt(í) = 0. Hence, Σί2 = 0. 

Now let the 3-Sylow subgroup be cyclic of order k. Then G = + H. 

Then 

Σ i2 = IΗI Σ i 2 (modulo Η). 
ieG ίε , 

k 
I I o 

Since |H| is coprime with k, Σ ±Δ = 0 (modulo k) 
k 

But Σ i2 = Σ i 2 = k(k+l)(2k+l)/6 
ie i=l 

= (k/3) * (k+1)(2k+l)¡1 . 

Since k is coprime with k+1, 2k+l, and 2, then k/3 Ξ 0 (modulo k), which 

is impossible. 

Lemma 2.8. If G is an abelian group with a subgroup H, and both H and 

G/H admit a strong permutation, so does G. 
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Proof. Let (a.|ieG/H} be a set of coset representatives of H, let β be 

a strong permutation of Η and let α be a strong permutation of G/H. 

Define π(α,β): G -»· G by π ^ + h) = a a ( i ) + 0(h) for all i in G/H and h 

in H. That ß) is a strong permutation is obvious. 

Although starters do not involve groups of even order, strong 

permutations can. For completeness I include the following two lemmas. 

Lemma 2.9. An abelian group G that has only one element of order 2, 

that is its 2-Sylow subgroup is cyclic, does not admit a strong permu-

tation. 

Proof. The sum of all the elements of a group is nonzero if and only if 

there is a unique element of order 2. But summing over all elements i 

in G, Σ i = Σ ir (i) = Σ (π(i) + i) = Σ π (i) + Σ i. Thus Σ i = 0. It 

follows that any abelian group with a cyclic 2-Sylow subgroup does not 

have a stronc nprmti·««··'--. 

Lemma 2.10. Any non-cyclic group of order 2 n admits a strong starter. 

Proof: Consider the group / ζ ® Z p . k à 2, and consider the permuta-

tion defined by: 

π (0,x) = 0,2x for 0 ί χ < 2k~1 , 

it (0 ,x) = 1, 2x+l for 2 k _ 1 S χ < 2 k , 

ττ (1,x) = 0,2x+l for 0 < χ < 2 k~ 1 , 

it (1 ,x) = l,2x for 2h~* £ χ < 2 k . 

It can be easily checked that it is a strong permutation. Any finite 

non-cyclic group can be factored (in the sense of lemma 2.8) into groups 

of this form or of the form - ζ @> Ô ... @ ^ * . Hence lemma 2.10 

follows from lemmas 2.6 and 2.8. 
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One more lemma, which is needed in the proof of the sufficiency of 

the following list of conditions for the proof of conjecture 1. 

Lemma 2.11. The group φ admits a strong permutation. 

Proof. The following strong permutation was found by a computer search: 

π (00) = 00 π (ίο) = 11 π (20) = 12 
π (01) = 05 ir(ll) - 08 π (21) = 16 
π (02) = 01 *<12) = 03 π (22) = 25 
π (03) = 10 ιτ(13) = 15 ΙΪ(23) « 28 
π (04) = 14 π(14) = 26 *(24) = 02 

π(05) = 22 ιτ(15) = 20 " *<25) = 18 

π (06) = 17 π (16) = 13 "(26) 24 
π (07) = 27 π (17) = 21 π (27) = 06 
π (08) = 23 "Π" (18) = 07 ιτ(28) = 04. 
Although no more constructions of starters for anv η ι-Ή er τ η 

set of groups have been found, Dinitz and Stinson (1981b) published a 

heuristic hill-climbing algorithm they used to find starters for all odd 

cyclic groups up to 1000. The algorithm does not always find a strong 

starter, but in all cases that I know about, it has been restarted and 

successfully found a strong starter. On the basis of non-rigorous 

probabilistic arguments, as well as experimentally, the algorithm takes 

0(n2) time. Stinson has told me verbally that it has been improved to 

take 0(n log n) time, under the same non-rigorous conditions. This 

result leads to the conjectured solution to problem 2. 

Conjecture 1: All finite abelian groups of odd order admit a strong 

starter except Z^, ¿ , and 
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To prove the weaker conjecture, that there exist strong starters of 

all odd orders except 3, 5, and 9, it is necessary and sufficient to 

prove that there exist strong starters of order 3p and 9p for any prime 

ρ greater than 3. To prove conjecture 1 itself, more is required. It 

is necessary and sufficient to find strong starters in the following 

groups, where ρ represents any prime > 5: 

(1) Z 3 p = Z 3 Φ Ζ ; 

(2) ® Z ; 
i 3 ρ 

(3) Z 9 + Z p i 
(4) all cyclic groups of order 3a, a = 7,8, ... ; 

gl 
(5) all cyclic groups of order 5 x 3 , a = 4,5 

The proof of this sufficiency is straightforward although tedious. As 

an example of the type of argument required, I shall prove the following 

easier theorem, which I have not seen published in the literature. 

Theorem 2.12. Any abelian group G of odd order n, for which 3 does not 

divide n, admits a strong starter, as well as a strong permutation. 

Proof. The order η is of the form 5 q, where q is the product of primes 

greater than 5. The proof is by induction on a. For a = 0, η = Pj^ 

... p^ where the p^ are primes greater than 5. Then G can be factored 

into a sequence abelian groups F^, F^* F3» ···» ^ w t i e r e lFil = P^· By 

"factored" I mean there exists a sequence of groups G^ = G, G^, G^, ... 

, G, = {0} such that G. ./F, « G.. By theorems 2.2 and 2.3 each group κ i—i i i 
F^ admits a strong starter. By lemma 2.6 each admits a strong 

permutation. Applying Theorem 2.5 and Lemma 2.8 repeatedly, each G^ 

must also admit both a strong starter and a strong permutation. Hence 

G- « G admits a strong starter and strong permutation. 
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For a = 1, η = 5pq where ρ is a prime greater than 5 and q is a 

(possibly empty) product of primes greater than 5. Then G has a sub— 

group H of order 5p. Let G/H = F, Η = Ζ.^ Φ ¿ ζ , and |F| = q. F has a 

strong starter and a strong permutation by the induction hypothesis, H 

has a strong starter by Theorem 2.4, H has a strong permutation by 

lemmas 2.6 and 2.8, and so G has both a strong starter and a strong 

permutation. 

For a > 1, η = 52q where q is a (possibly empty) product of primes 

greater than 3 with fewer factors of 5 than η has. Then G has a sub-

group H of order 25. Both the abelian groups of order 25 admit strong 

starters: Ζ Φ is the additive group of the finite field GF(25); 

while Stanton and Mullin (1968) found a strong starter for ^25* Al s o» 

any abelian group of order 25 factors into two copies of ¿ζ» which has 

a strong permutation. Thus Η has a strong permutation. By the induc-

tion hypothesis c/w α outuiig starter and a strong permuta-

tion, so G does also. 

In order to reduce the list of conditions required to prove conjec-

ture 1 down to the above five, strong starters must also be found in 

some small groups. 

Lemma 2.13. All abelian groups of orders 33, 34, 35, 5·32, 5·33, 52·3, 
2 2 
5 ·3 admit strong starters. 

Strong starters for all abelian groups of these orders, excluding 

cyclic groups and Finite Fields, are listed in the appendix. These 

strong starters were found using the Dinitz and Stinson (1981) hill-

climbing algorithm. I did not find the algorithm as reliable as Dinitz 

and Stinson did. I stopped more than half my runs for taking longer than 
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I thought reasonable. For some groups, 1 restarted the algorithm five 

or six times before it found a starter. In contrast, Dinitz and Stinson 

had only a ten percent failure rate. A possible reason for the algo-

rithm^ poorer performance for me is that the non-cyclic groups contain 

a lot more small subgroups. Dinitz and Stinson only applied the algo-

rithm in cyclic groups which do not have many small subgroups. The 

algorithm can get "trapped" in a subgroup by having all or most of the 

"active elements" coming from a subgroup that has no strong starter. I 

did not verify this surmise in my computer runs. 
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3. Larger sets of orthogonal starters 

The determination of s(G) and s(n) is a difficult problem. Most of 

the published results have been lower bounds found by exhibiting sets of 

orthogonal starters. Although Gross, Mullin, and Wallis (1973) showed 

that v(2n+l) + 00 as η ·*· », no equivalent result is known for s(2n+l). 

The first improvement on the strong starter result was in Horton1s 

thesis (1971b), where s (q) was shown to be at least (q-1) ¡2 for q a 

prime power and q = 3 (modulo 4). This result was generalized by Dinitz 

(1979). Although Dinitz's proof itself is not difficult, the following 

proof is still easier. 

k 

Theorem 3.1. (Dinitz 1979) If q is a prime power, q = 2 t + 1, and t 

is odd, then s(GF(q)) £ t. 

* k-1 

Proof. Let w be a generator of GF(q) and let Δ = 2 . Then q = 2^t+l 
At 

and w = -1. Define 
C ± = { w 2 A s + i I s = 0,1,2, .... t-l) 

for i=0,1,..., 2Δ-1. Note that C± = -C ¿ + i and that C i = GF(q)*. Thus 

K  = CQU  Cχ U ... V 

is a half set. Also note that if a£C¿, then aH=-H. Define x(d) = 

d/(a-l), for all d in H. Then H is a starter since: (1) H is a half 

set; (2) as d runs through H, d/(a-1) runs through the half set 

H/(a-l); and as d runs through H, d/(a-l) + d = ad/(a-1) runs through 

the complementary half set aH/(a-l)=-H/(a-1). 

Also a and b in C^ implies that S^ is orthogonal to S^, since 

d/(a-l) - d/(b-l) = d(b-a)/(a-1)(b-1) are all distinct and non-zero for 

d ε H. Thus we have constructed t pairwise orthogonal starters. 
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Dinitz improved on this bound for numerous small values (1981 and 

undated). In fact, he suggests that for any prime power q = 1 (modulo 

4), except q - 5, this lower bound can always be improved. 

For non-prime powers, other than small numbers, nothing has been 

published yet. However, the following generalization of Theorem 2.5 is 

easy to prove. First, we define two permutations α and Β of a group G 

to be orthogonal if α - β is also a permutation. 

Theorem 3.2. Let G be an odd abelian group with subgroup H. Then 

s(G) £ min {s (h) , s(G/H), p(H)-l) 

where ρ(H) is the maximum number of pairwise orthogonal permutations of 

H. 

Proof: Let X = {(x(d), x(d)+d}| d ε D} where D is a half set, be a 

starter for H. Let Y = {{H+y(c), H+y(c)+c}| c ε C} where C is a half 

set of G/H, be a starter for G/H. Let ττ be a permutation of Η such that 

T-I, where I is the identity, is also a permutation. Define 

W(X,Y,tt) = Xtl ΗπΟΟ - h + y (c), π (h) + y(c) + c}| h ε H and c ε C}. 
W(X,Y,tt) is a starter since: (1) Du (H + C) is a halfset of G; and 

(2) W(X,Υ,τ) = ((/Χ) f {(ir-I)h+y (c) j hcH, cεC} U {n(h)+y (c) |h£H, cεC} 

= H* U {H+y(c)|ceC} 0 {H+y(c)+c|ceC} * 
= G . 

Now let Χ* = {{χ* (d),x'(d)+d} I d ε D} be a starter for H orthogonal to 

X, let Y1 = {{y(c)+H, y'(c) + c + H} | c ε C} be a starter for G/H 

orthogonal to Y, and let u' be a permutation of Η such that ττ1 - I and 

π' - π are also permutations of H. Then W(X,Y,ir) and νΚΧ',Υ',π') are 

orthogonal starters for G, since 
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(ïï(h) - h + y(c)) - (tt'OO - h +- y'(c>) = (π - ir')(h)+(y(c) - y' (c)) 

are ail distinct and not in H for ail h in H. 

To complete the proof, we must apply the construction to k pairwise 

orthogonal starters of H, k pairwise orthogonal starters of G/H, and k 

orthogonal permutations of H such that each permutation is also 

orthogonal to the identity. But a maximal set of pairwise orthogonal 

permutations can be modified to include the identity by applying the 

inverse of one of the permutations to all the permutations. 

To apply the theorem, it is necessary to find the appropriate sets 

of permutations. But these orthogonal permutations can generally be 

found easily. 

Theorem 3.3. For the additive group G of the finite field on q ele-

ments, p(G) S q - 1. 

Proof: For each λ in G, λ Φ 0, define ^(h) = Xh. Clearly these q-1 

permutations satisfy the required conditions. 

Theorem 3.4. If Η is a subgroup of abelian group G, then ρ (G) > min 

(p(H),p(G/H)}. 

Proof. Let íâ l i ε G/H) be a set of coset representatives of H, let $ 

and ß ' be permutations of Η and let α and α ' be permutations of G/H. 

Define ττ(α, 6) and ττ(α', β') as in the proof to lemma 2.8. If α - a' and 

ß - ß' are permutations of G/H and Η respectively, then it (et, β) - ir (α ', 

ß') is a permutation of G. Hence sets of k pairwise orthogonal 

permutations for H and G/H can be used to produce k pairwise orthogonal 

permutations of G. 

We cannot do better than theorem 3.3 for finite fields. 
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Theorem 3.5. For any finite abelian group, p(G) Ú |g| - 1. 

Proof ; Take a permutation ττ of a group G and make it the first row of a 

square |g| by |g| array. For each element of G, add that element to 

each entry in the first row, and enter the new values into another row. 

The result will be a latin square. As well, orthogonal permutations 

will result in orthogonal latin squares. Thus p(G) á |g| - 1, since the 

maximum number of pairwise orthogonal latin squares is one less than the 

length of the side. 
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4. Computer results 

Exact values of s (n) were found for n S 19 using exhaustive 

computer search by Joseph Culberson in 1982, under my direction. First 

an exhaustive search for starters was undertaken in the cyclic group of 

the appropriate order. Then a graph was defined in which two starters 

were considered connected if the starters were orthogonal. Finally an 

exhaustive search for maximal cliques was undertaken in the resulting 

graph. The major results are summarized in Table 1. 

to find by hand that there are 9 starters, none of which are orthogonal 

to any other. 

The number of starters seems to be growing more than exponentially, 

with the ratio between consecutive values being roughly η/3. I have no 

reason other than this table for believing that this growth will con-

tinue for larger values of n. 

The value of s(n) was already known to be at least the values in 

Table I (Gross (1975), Dinitz (1979), and Dinitz (undated)). 

I conclude with a table of the known lower bounds s(n) for small n. 

These are also the known lower bounds for v (n) except for η = 9, where 

v(n * 3. (Dinitz and Stinson, 1981a). I have indicated the earliest 

source for all values not determined by Theorem 3.1 or the strong 

starter construction. 

The only non-cyclic group It is easy 



Table I. Computer results for small η. 

Order of Number of Size of Maximal Number of 
Cyclic Group Starter Clique Maximal Clique 

s (11) 
3 1 1 1 

5 1 1 1 

7 3 3 1 

9 9 2 6 
11 25 5 1 

13 133 5 2 

15 631 4 144 

17 3857 5 72 

19 29505 _ _ 



-18-

Table II. Known lower bounds on s(n). 

η s (η) η s (η) η s(n) 

3 1 37 ** 
15 71 35 

5 1 39 ** 
5 73 9 

7 3 41 ** 
9 75 3 

9 2 43 21 77 3 
11 *** 

5 45 3 79 39 
13 5 47 23 81 5 

15 * 
4 49 3 83 41 

17 ** 
5 51 3 85 3 

19 9 53 17 87 3 
21 ** 

5 55 3 89 * 
11 

23 11 57 3 91 3 
25 * 

7 59 29 93 3 
27 13 61 * 

21 95 3 

29 * 
13 63 3 97 3 

31 15 65 3 99 3 
33 ** 

5 67 33 101 ** 
31 

35 ** 
5 69 3 103 51 

* From Dinitz (1979) 

** From Dinitz (undated) 

*** From Gross (1975) 
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23 + Z9 

1 8 0 4 
1 0 0 6 
1 6 2 5 

APPENDIX 
STRONG STARTERS IN SPECIFIC SMALL GROUPS 

0 5 0 3 1 5 2 7 2 8 1 7 0 7 2 1 1 2 2 2 
0 1 2 3 0 8 0 2 1 4 1 3 1 1 2 6 2 0 2 4 

23 + 227 

0 13 
1 1 

3 
8 
19 
6 
10 
16 
20 
17 

0 17 
1 

11 
13 
15 
0 
8 
12 
3 
18 

1 
1 
0 
2 
0 
1 
1 
2 
0 
1 

14 
18 
4 

25 
10 
25 
13 
1 

26 
20 

21 
5 

22 
7 
5 

23 
19 

0 23 
0 8 
2 21 

6 
5 
6 

24 
11 
19 
23 
25 
24 
16 

12 
22 
9 
0 

26 
12 
24 
9 

11 
2 

2 4 
2 2 
2 7 
2 26 
2 10 
0 18 
2 20 
1 4 
1 7 
0 14 

1 
2 
1 
2 
0 
0 
1 
0 
0 
0 

2 
14 
17 
15 
3 

21 
9 
16 
15 
22 

29 + 29 

0 
6 
8 
2 
5 
5 
3 

1 3 3 6 3 4 6 5 5 2 5 2 0 1 7 6 4 7 8 2 8 5 0 1 5 6 0 4 0 2 4 1 8 1 3 1 1 8 2 1 6 5 2 2 6 4 1 4 2 0 3 1 0 7 6 3 0 4 5 3 5 3 7 7 0 0 6 6 7 6 8 0 1 0 5 5 7 8 6 6 4 5 6 0 2 7 2 4 8 1 4 7 7 8 1 6 3 2 3 1 2 6 2 8 0 8 4 8 3 
8 

23 + Z3 + 29 

2 8 
0 8 
2 5 

5 
8 
7 
1 
1 
4 

1 0 
1 2 

5 
4 
3 
3 
7 
3 

8 2 2 7 1 0 5 2 2 5 2 0 3 0 2 0 2 2 2 2 2 0 0 2 1 5 0 .0 2 .0 2 2 1 1 5- 0- 1 2 3 1 0 7 0 2 7 0 1 7 1 1 6 2 0 7 0 2 3 0 1 2 1 0 1 8 0 2 1 0 0 4 0 0 3 2 1 4 0 1 1 4 1 2 3 2 1 0 2 2 6 2 0 2 1 2 7 5 2 1 6 1 2 2 2 0 4 0 0 6 1 0 4 0 1 3 4 1 0 6 2 0 1 1 1 7 0 2 4 2 2 1 0 0 8 8 1 0 2 2 1 1 0 0 5 0 0 7 1 1 2 2 2 3 3 0 1 1 1 2 6 2 0 8 2 0 5 0 2 8 1 2 4 5 2 2 4 2 0 6 1 0 1 2 1 7 0 2 6 0 0 1 

8 8 
7 5 
4 
5 
2 
8 

23 + Z81 

0 39 2 0 
2 80 1 4 
0 48 1 62 
0 23 0 66 
1 18 2 48 
2 72 0 38 

1 42 2 20 
1 2 0 9 
1 7 1 36 
1 65 2 8 
1 49 1 51 
2 16 1 8 

0 26 1 37 
1 5 0 29 
2 9 2 75 
0 42 2 17 
0 43 2 44 
1 11 0 44 

0 2 1 67 
1 73 1 55 
1 45 0 22 
2 15 2 59 
0 40 0 72 
0 17 1 39 
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2 55 2 34 
1 56 1 70 
2 7 3 2 47 
0 7 7 0 57 
2 2 3 2 64 
1 54 0 7 3 
2 36 1 20 
2 4 3 0 41 
0 18 0 74 
2 12 2 5 
1 3 0 79 
0 51 2 78 
1 3 8 1 25 
1 0 2 45 
2 26 1 14 
2 66 2 3 3 
2 5 3 1 12 
1 7 4 2 6 
1 6 0 3 
0 59 1 41 
0 49 2 62 
1 68 1 63 
2 68 0 45 
2 50 1 40 
0 10 0 16 

Z9  + Z27 

5 5 2 19 
0 15 2 17 
5 4 8 22 
4 2 1 9 
8 9 7 16 
1 1 4 17 
7 0 2 6 
3 16 4 18 
4 13 0 11 
7 22 3 17 
5 0 4 16 
1 7 7 11 
0 1 6 16 
0 13 3 19 
2 4 0 7 
7 20 7 12 
6 13 5 13 
5 1 8 16 
6 2 3 12 
5 2 6 26 
2 15 6 8 
8 20 8 15 
1 19 6 22 
4 14 8 25 
8 12 3 24 
3 18 5 23 

0 37 1 64 
0 27 1 10 
2 24 1 76 
2 42 0 75 
0 5 2 3 
0 6 0 70 
1 53 2 22 
0 1 0 13 
0 4 1 75 
0 63 0 24 
2 40 2 71 
0 76 1 27 
0 56 2 4 1 
1 47 0 7 
1 9 2 27 
2 49 2 60 
0 32 2 69 
2 57 0 19 
0 69 2 6 3 
2 77 2 19 
2 2 1 46 
1 66 2 13 
0 11 2 14 
0 53 1 3 3 

1 15 8 3 
1 6 0 12 
6 12 5 6 
3 14 8 19 
2 10 7 3 
4 26 8 7 
7 26 0 10 
1 2 4 8 4 
3 15 5 25 
8 0 2 25 
5 22 7 4 
1 20 7 17 
3 13 3 26 
3 5 4 0 
3 1 5 24 
1 5 8 17 
7 13 6 5 
8 21 2 16 
0 8 5 7 
8 18 6 17 
7 1 3 7 
4 20 1 11 
5 20 2 23 
6 25 7 8 
6 23 6 20 
0 6 8 24 

2 7 4 0 28 
2 38 0 80 
2 51 1 57 
0 65 1 69 
1 4 3 2 18 
1 28 1 32 
2 10 1 19 
2 11 2 70 
0 30 2 58 
1 34 1 31 
0 14 2 35 
0 52 1 26 
0 58 1 58 
1 29 2 65 
2 3 2 1 23 
0 71 0 61 
1 77 0 25 
0 55 2 67 
0 47 1 48 
2 7 2 31 
0 46 2 25 
0 21 1 52 
1 22 1 30 
0 68 0 34 

0 20 0 14 
6 7 8 6 
1 21 2 20 
8 5 4 6 
4 4 1 2 
6 24 5 17 
8 13 1 26 
3 0 6 21 
6 3 7 19 
8 10 1 0 
6 15 0 22 
7 18 7 9 
5 10 7 5 
6 19 0 23 
5 9 5 19 
4 12 4 19 
6 9 8 1 
2 0 3 3 
4 23 2 5 
1 8 2 22 
0 17 5 26 
3 4 3 20 
4 7 7 15 
5 21 0 3 
6 1 4 3 
5 18 1 3 

0 67 1 59 
2 3 7 2 56 
2 54 0 50 
1 4 4 1 7 2 
1 35 1 8 0 
0 54 2 2 8 
0 62 1 7 9 
0 12 1 50 
1 2 4 0 3 5 
1 21 0 36 
1 60 2 79 
1 71 0 20 
2 76 2 46 
0 8 2 1 
2 29 0 7 8 
0 6 4 2 3 0 
0 15 1 6 1 
1 17 0 3 1 
1 13 1 7 8 
2 4 2 3 9 
0 3 3 0 60 
1 15 1 16 
2 61 2 5 2 
2 21 1 1 

8 2 3 3 6 
4 9 0 19 
8 8 0 9 
5 15 3 11 
8 14 6 6 
5 14 1 2 2 
0 25 3 2 5 
6 10 3 9 
4 25 6 4 
7 24 0 4 
5 8 3 2 1 
2 21 1 4 
3 2 7 25 
2 2 1 25 
1 16 2 1 
4 8 8 11 
2 8 7 21 
2 24 3 22 
2 18 8 26 
4 5 4 1 
5 12 0 16 
2 7 2 9 
8 2 7 14 
0 18 1 14 
4 24 2 3 
7 2 4 15 
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10 
10 
7 
23 
0 

26 
22 
12 
10 
11 

3 θ 
6 18 
1 18 
1 10 

4 21 
0 2 
5 16 
0 5 

7 6 
3 2 3 
2 14 
2 12 

5 3 
1 23 
2 13 
5 11 

2 11 
6 14 
1 13 
0 26 

6 11 
0 24 
0 21 
1 17 

Ζ3 + Ζ3 + Ζ27 

1 0 22 0 1 21 0 2 7 0 1 2 
0 0 23 0 1 8 1 2 1 2 0 7 
2 2 25 0 2 14 2 1 19 1 1 2 4 
1 1 10 2 2 1 2 2 12 2 0 23 
0 0 3 2 2 3 0 2 23 0 1 2 3 
2 1 7 1 2 21 2 1 4 2 1 2 
0 0 9 2 2 17 2 2 9 2 2 19 
0 0 5 1 2 26 2 1 12 0 2 1 
1 2 15 2 0 13 0 2 0 2 1 15 
2 2 0 1 2 22 2 1 5 2 1 20 
1 0 10 0 1 12 1 1 19 0 0 8 
1 2 24 1 1 5 0 1 20 2 2 11 
1 2 2 3 1 1 7 2 2 23 2 2 2 
1 1 3 1 2 9 0 1 24 0 1 6 
0 2 9 2 0 21 1 1 26 2 1 14 
1 0 24 0 0 1 0 2 15 1 1 21 
0 1 19 0 2 5 2 2 24 1 0 2 
0 1 5 2 2 5 2 2 6 2 0 8 
0 1 15 2 0 12 2 0 4 2 1 0 
0 0 2 2 0 25 2 1 17 0 2 16 
1 1 1 1 0 20 2 0 5 1 1 9 
1 1 11 0 2 22 1 2 17 0 0 7 
2 1 26 1 1 25 0 0 4 1 0 3 
2 0 24 2 2 26 0 2 25 2 0 11 
1 2 5 2 0 26 0 1 13 0 1 26 
0 0 21 0 2 20 0 1 0 0 0 20 
1 1 18 1 1 2 1 2 14 2 0 19 
0 0 6 2 0 3 0 0 18 2 1 10 
2 2 20 1 1 0 1 2 11 1 0 4 
1 0 16 0 0 10 2 2 13 1 0 14 
2 1 25 1 0 12 1 2 4 0 2 17 
0 1 14 0 2 4 0 2 8 0 1 25 
1 0 5 0 1 1 0 2 2 1 1 14 
2 0 14 2 1 m 2 0 16 1 0 26 
1 1 15 1 0 18 2 2 7 2 0 10 
2 1 3 1 0 6 2 2 18 2 1 9 
0 2 18 0 2 11 2 0 15 0 1 16 
2 1 11 1 2 18 1 2 7 1 4 

χ 
13 

0 2 10 0 1 22 2 0 18 0 0 26 
2 1 24 1 2 6 0 0 13 1 0 25 
1 1 4 1 0 9 0 1 11 1 0 8 
1 0 13 1 1 12 2 0 20 1 2 16 
2 2 16 2 2 8 1 2 8 0 2 26 
1 0 0 1 0 23 2 0 1 0 2 3 
1 0 15 0 2 13 1 0 7 2 1 21 
1 1 16 0 2 24 0 2 19 2 0 2 
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2 1 22 0 2 12 
1 1 17 2 0 22 
1 2 25 0 1 17 
0 0 11 1 0 11 
0 1 4 1 1 22 
0 0 12 1 1 8 
2 0 17 1 1 6 
0 0 14 1 0 21 
1 0 17 2 0 9 
0 0 16 0 1 3 
1 2 3 1 2 2 
2 0 6 0 0 19 
1 2 0 2 2 21 
1 2 19 0 2 21 
0 0 17 1 1 0 1 

Z3 + Z9 + Z9 

2 6 2 2 1 3 2 7 8 
1 5 3 1 7 5 2 6 7 
0 7 8 1 2 5 2 6 1 
0 6 3 0 4 0 2 3 2 
1 0 6 2 2 4 2 1 6 
1 0 8 1 5 2 0 1 3 
1 0 1 0 4 6 2 0 1 
1 6 6 0 3 8 0 3 3 
1 4 8 0 2 0 1 8 2 
0 8 4 1 6 0 1 8 4 
2 6 5 0 2 8 0 5 3 
2 5 2 2 2 8 0 4 8 
2 4 8 1 5 7 0 0 6 
2 4 0 2 5 0 2 8 7 
2 6 8 2 1 1 1 0 2 
0 7 7 2 3 4 0 3 6 
1 4 6 1 6 2 1 2 0 
1 7 1 0 5 5 2 7 2 
0 3 0 1 8 6 1 1 3 
2 6 0 1 0 0 0 3 2 
1 8 5 0 0 2 0 0 7 
1 7 2 0 4 2 0 0 3 
1 7 7 2 7 7 1 5 1 
2 4 5 1 6 8 2 3 6 
2 7 4 1 4 7 0 6 8 
1 4 0 0 2 7 1 0 4 
2 4 1 0 2 5 0 1 6 
1 4 1 1 3 8 2 7 5 
0 8 6 0 7 1 1 5 6 
2 5 8 1 5 0 1 3 2 
2 0 7 1 0 5 

Z3 + Z3 + Z3 : + Z9 

2 2 15 0 0 24 
1 2 13 0 1 18 
0 0 25 2 2 10 
0 2 6 2 2 4 
2 1 6 2 1 1 
1 0 19 0 0 22 
2 1 8 0 0 15 
1 1 23 1 1 20 
2 1 16 0 1 9 
0 1 7 2 0 0 
2 1 13 1 2 10 
0 1 10 1 2 20 
2 2 14 2 1 2 3 
2 2 22 1 2 12 

2 1 0 1 6 1 1 4 4 0 3 4 0 8 8 
2 1 5 2 2 6 2 6 6 2 8 8 0 2 4 
2 8 5 0 7 0 2 0 8 2 4 4 0 1 1 
2 3 7 1 7 8 0 6 4 2 0 3 2 0 4 
0 5 2 1 6 3 2 2 1 0 0 4 2 5 5 
1 2 1 2 0 5 2 1 2 2 3 3 0 6 6 
0 7 3 0 7 4 2 6 3 2 8 1 0 5 0 
2 1 8 2 1 4 1 2 2 0 5 6 0 6 1 
2 7 1 1 2 7 0 8 3 1 5 8 1 2 6 
0 3 5 2 6 4 2 5 1 0 6 5 0 1 4 
2 8 0 2 0 6 1 3 1 2 8 3 1 1 4 
0 6 7 1 8 0 1 3 3 0 5 8 0 5 1 
1 3 5 0 1 8 0 4 5 1 4 2 0 4 7 
2 2 5 2 2 3 0 7 5 0 8 2 2 7 0 
0 5 7 0 2 1 2 4 3 0 0 8 1 3 0 
2 3 8 1 6 4 2 5 4 2 4 7 2 7 3 
0 2 6 1 8 1 2 5 3 0 3 7 0 1 0 
0 2 2 2 4 2 0 8 0 2 2 0 0 6 2 
2 2 2 1 6 5 2 8 6 1 1 0 . 0 2 3 
1 0 3 1 2 4 2 5 6 0 0 5 1 1 8 
1 8 3 1 5 5 0 5 4 2 3 5 1 1 5 
1 5 4 2 0 2 2 8 4 2 1 7 0 8 7 
0 0 1 0 4 3 1 1 7 2 7 6 2 4 6 
2 3 0 0 3 1 2 5 7 0 8 1 1 8 7 
2 2 7 1 7 4 1 2 8 1 3 4 1 4 3 
2 8 2 1 6 7 0 4 4 0 4 1 2 3 1 
1 1 2 1 1 1 1 7 6 0 1 5 0 8 5 
0 6 0 1 8 8 0 7 2 1 2 3 0 1 7 
1 4 5 1 3 7 1 1 6 2 0 0 1 7 3 
0 7 6 1 7 0 0 1 2 1 3 6 1 0 7 

2 1 0 2 1 1 1 8 
0 0 2 3 0 0 0 7 

2 1 0 3 0 0 2 8 
2 2 1 7 2 1 0 1 
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1 1 2 0 2 0 2 2 
2 1 1 6 2 1 0 0 
2 0 0 4 1 0 2 8 
1 1 1 4 1 2 0 7 
1 1 0 0 2 0 1 0 
2 0 1 4 2 2 1 0 
1 2 2 8 0 2 1 1 
0 2 0 4 0 0 1 4 
Û 1 2 2 1 1 2 8 
0 1 2 1 0 0 0 3 
2 0 1 3 1 1 0 2 
2 1 2 0 0 0 2 4 
1 0 0 3 2 1 0 5 
1 1 0 8 0 2 1 4 
0 1 2 7 2 2 2 8 
1 2 1 7 0 2 1 2 
2 2 1 2 1 0 0 5 
2 0 0 2 1 0 2 3 
2 2 1 3 1 0 2 2 
1 2 2 5 2 2 0 5 
1 2 1 3 0 1 1 6 
2 1 2 1 0 1 1 8 
0 0 0 5 0 0 1 7 
1 0 1 5 1 0 0 7 
1 0 0 0 0 1 1 0 
2 0 0 6 1 0 2 5 
2 2 1 8 0 0 2 0 
0 2 2 7 2 2 2 4 
0 2 2 4 0 0 1 3 
0 0 2 5 1 0 2 6 
1 2 1 1 2 0 2 1 
1 1 2 5 2 2 0 2 
0 1 0 0 2 1 2 7 
0 0 2 1 1 1 0 3 
2 2 1 5 1 2 1 6 
2 1 1 1 1 1 1 1 
1 1 2 3 2 2 1 4 
0 1 0 4 0 1 2 4 
2 1 0 7 0 2 0 2 
1 1 0 1 2 1 0 8 
1 0 1 1 0 2 2 5 
0 0 Χ 0 0 2 1 3 
2 0 0 1 2 0 0 7 
2 1 1 8 0 2 1 6 
0 2 0 6 1 1 0 4 
2 0 2 0 2 2 0 3 
1 0 0 2 1 2 0 4 
0 0 1 1 1 1 1 0 
2 0 2 8 1 1 2 2 
1 0 0 1 2 0 1 5 
0 1 2 3 1 0 1 0 
0 0 0 4 0 1 0 3 
0 1 2 5 1 0 2 1 
1 2 0 5 0 1 1 2 

2 0 1 2 2 2 0 1 
2 2 1 1 0 2 0 0 
1 2 2 7 2 0 0 3 
1 2 1 2 2 1 1 2 
2 2 2 3 2 0 2 5 
0 2 0 7 1 1 2 Χ 
0 1 1 1 0 2 2 3 
1 2 1 4 1 2 1 0 
0 2 1 5 0 2 2 6 
1 1 0 5 0 0 2 6 
2 1 2 8 2 2 0 7 
0 1 0 1 2 0 2 7 
0 0 0 2 2 0 Χ 7 
2 2 2 7 0 2 2 2 
1 2 1 8 1 0 Χ 2 
0 0 2 7 0 0 Χ 8 
2 0 2 3 1 2 0 3 
2 1 0 6 2 2 2 Χ 
1 0 1 7 0 0 2 2 
1 0 0 6 0 1 2 8 
2 2 2 5 1 0 1 3 
1 1 0 6 0 2 1 7 
2 0 0 0 0 2 Χ 8 
2 1 2 5 2 2 0 8 
0 0 1 S 2 0 0 8 
2 2 1 6 1 2 2 4 
0 2 0 5 2 2 2 2 
1 1 1 2 0 0 1 6 
2 1 2 3 1 0 2 0 
1 2 0 2 1 1 2 7 
2 2 0 4 1 1 1 5 
0 1 0 2 1 2 2 0 
2 1 1 7 1 1 2 6 
2 0 0 5 0 2 Χ 0 
1 1 1 7 2 2 0 0 
2 1 0 4 0 2 2 8 
0 1 1 4 0 1 Χ 3 
1 2 0 6 0 1 Ö 5 
0 0 0 1 0 Χ 2 6 
2 1 1 3 0 1 Χ 5 
2 2 2 6 2 0 1 6 
0 2 0 8 1 0 1 6 
1 1 1 3 1 1 0 7 
0 0 0 8 1 2 2 1 
1 2 0 0 1 2 2 6 
1 2 2 2 2 1 1 0 
1 1 1 6 0 2 0 3 
1 0 1 8 0 Χ 1 7 
1 2 2 3 1 0 0 8 
0 0 0 6 0 Χ 0 6 
2 1 1 4 2 2 0 6 
1 1 2 4 0 1 0 7 
0 2 0 1 1 0 2 7 
1 0 1 4 0 1 0 8 
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1 2 0 8 1 2 
1 2 1 5 0 0 
0 1 2 0 0 2 
1 0 0 4 2 0 
0 2 2 0 2 1 

Z3 + Z15 

0 1 2 0 1 
1 2 2 0 2 
2 1 1 0 2 
2 4 2 0 1 
1 5 

8 2 1 2 6 
6 2 1 2 2 
4 2 1 2 4 
1 2 2 2 0 

2 6 0 13 1 13 2 10 
2 14 1 3 0 3 0 4 
1 5 0 5 0 10 2 1 
1 2 0 1 2 0 1 10 
2 5 2 11 0 11 1 9 
1 8 2 3 1 14 2 13 

Z3 + Z45 

2 7 0 25 2 3 1 3 8 
0 28 0 3 7 0 12 1 18 
1 37 1 2 0 22 0 14 
0 3 4 1 8 2 3 2 0 8 
0 4 2 27 2 21 2 26 
1 4 2 6 0 36 0 7 
2 31 0 20 1 40 2 36 
1 19 0 41 1 28 1 6 
2 24 2 4 2 19 1 7 
2 17 0 30 0 24 1 11 
2 42 1 14 1 25 0 3 3 
1 36 2 22 2 15 2 30 
2 8 2 25 2 20 1 32 
1 10 1 3 1 5 0 6 
1 9 2 39 1 1 2 5 
0 13 2 2 1 2 3 0 4 3 
2 16 0 19 2 2 3 1 26 

Z3 + Z3 + Z15 

0 2 1 6 0 6 0 8 
2 9 2 2 0 9 2 7 
0 14 2 8 0 7 0 12 
2 4 1 1 1 4 2 12 
1 7 1 11 1 12 1 0 

0 5 0 11 1 4 4 2 3 8 
0 23 2 14 2 0 2 18 
0 40 0 38 2 12 0 29 
2 41 0 3 2 29 2 4 3 
2 28 1 12 2 1 0 2 
1 29 0 9 0 18 2 37 
2 33 2 4 4 0 21 0 4 2 
1 35 1 3 4 2 11 0 1 
2 10 1 15 0 31 1 0 
0 4 4 1 42 1 2 4 1 21 
1 22 2 13 1 39 1 13 
1 4 3 0 16 0 17 1 17 
1 20 1 3 3 1 16 0 3 2 
1 30 2 9 1 3 1 0 26 
0 27 0 15 2 35 1 27 
2 40 0 10 0 39 0 3 5 
1 41 2 3 4 

2 2 12 0 2 6 
0 1 1 2 2 14 
0 2 0 1 0 10 
0 1 9 1 1 10 
1 2 4 1 1 13 
1 2 11 0 1 8 
2 0 1 2 0 5 
1 0 1 1 2 12 
2 1 1 1 2 1 
2 2 5 2 2 3 
0 0 10 0 1 2 
0 0 3 2 2 7 
1 0 11 0 0 1 
2 2 13 2 1 0 
0 1 6 2 1 3 
1 1 12 1 1 3 
0 1 10 2 1 8 

0 0 2 0 2 7 
1 2 2 2 2 8 
2 0 12 1 2 8 
1 1 0 1 1 7 
1 1 14 2 0 9 
1 0 14 1 0 0 
2 1 10 1 0 5 
1 2 5 2 2 1 
2 0 14 0 1 13 
2 0 4 0 0 12 
1 1 5 1 0 8 
1 1 6 2 1 13 
0 0 13 1 2 10 
2 1 4 2 0 10 
1 1 4 2 0 0 
0 0 4 1 2 3 
2 1 5 0 0 6 



2 0 8 0 2 12 
1 0 13 2 0 13 
0 1 3 2 0 3 
0 1 7 0 0 11 
0 0 5 1 2 13 
1 0 6 2 2 0 
1 0 4 0 0 14 
2 0 2 2 1 7 
0 1 4 1 0 2 
0 ι 14 2 2 11 
0 2 3 1 2 0 
0 2 10 1 2 9 
0 0 9 1 1 1 
2 0 6 2 1 14 
2 1 2 0 2 11 
0 2 2 0 2 5 
2 0 7 2 2 4 

i + Z15 

1 9 4 12 3 2 
0 6 2 11 4 4 
1 7 1 8 1 12 
2 6 3 8 1 3 
3 6 0 4 3 10 
1 5 0 13 2 4 
2 9 4 8 0 2 
4 0 0 14 3 12 
0 11 3 4 2 12 
2 2 1 4 

t + Z75 

1 11 0 4 1 2 45 
Χ 69 1 35 1 67 
0 18 1 26 1 65 
2 9 2 69 0 35 
2 18 2 51 2 7 
0 40 0 2 4 1 52 
0 26 0 52 2 8 
1 47 0 38 1 59 
1 4 2 3 2 2 70 
0 2 1 9 0 72 
2 68 1 39 1 24 
1 63 0 19 0 15 
0 53 1 2 1 18 
1 6 2 4 2 29 
1 46 0 68 1 38 
1 70 1 66 1 23 
0 58 2 55 2 35 
1 4 1 0 66 0 56 
2 4 1 0 36 1 71 
2 56 0 23 1 13 
2 25 1 37 1 22 

1 1 11 2 2 2 
1 1 9 0 1 11 
0 2 13 0 1 12 
0 0 7 1 2 14 
2 2 10 0 2 14 
0 2 8 0 0 8 
1 0 12 0 2 4 
0 1 0 2 2 9 
1 0 7 2 1 9 
0 2 1 2 0 11 
1 1 8 2 2 6 
0 1 5 1 2 6 
1 0 3 1 1 2 
1 2 7 1 0 9 
2 1 11 2 1 6 
2 1 12 0 2 9 

4 2 1 14 2 
4 1 4 10 2 
0 9 2 1 4 
0 8 4 9 1 
0 12 3 3 2 
0 10 2 7 2 
4 6 0 7 0 
2 0 1 13 3 
3 1 2 3 2 

2 65 0 22 2 
1 58 0 8 2 
2 54 2 71 1 
2 38 2 61 0 
1 51 2 21 1 
0 47 2 57 2 
2 58 1 54 1 
1 30 1 55 1 
0 20 0 25 2 
2 31 0 6 3 0 
0 69 1 0 2 
2 34 1 16 0 
2 19 2 36 2 
1 45 1 53 1 
0 65 2 26 0 
2 2 2 52 2 
1 31 0 14 0 
0 45 0 3 4 0 
2 15 0 29 2 
1 4 3 1 14 2 
2 16 2 20 1 

5 3 11 1 1 
10 4 11 0 5 

7 4 14 3 13 
2 4 5 4 3 

13 3 7 1 6 
14 1 11 1 0 

1 3 5 4 13 
9 0 3 3 0 
8 1 10 3 14 

10 2 5 1 4 8 
12 2 1 0 12 
32 0 67 0 2 8 
13 0 54 2 7 2 
19 1 7 4 0 3 1 
4 3 1 68 1 12 
61 2 2 4 2 30 
7 2 0 11 1 62 
67 0 4 8 1 4 0 
64 0 51 0 16 
14 2 3 3 0 50 

1 1 4 4 2 60 
48 1 56 2 3 

1 1 36 2 7 4 
44 0 27 1 10 
49 1 3 4 1 7 

9 1 60 0 3 7 
21 2 50 0 49 
64 2 7 3 0 59 
63 1 20 0 6 1 
27 2 66 2 4 2 



1 5 2 11 0 
0 30 2 17 1 
2 53 0 3 3 1 
0 3 2 0 60 0 
2 2 3 2 13 1 
1 49 1 17 2 
0 3 1 50 2 

Z5 + Z45 

2 23 1 36 1 
0 9 2 15 0 
0 3 2 0 11 4 
1 27 1 13 0 
1 8 1 1 3 
0 21 3 12 3 
4 25 3 6 3 
1 30 2 4 3 0 
4 3 8 4 4 4 1 
1 24 3 4 3 1 
1 6 0 39 1 
4 36 0 4 3 3 
0 2 0 27 1 
0 14 3 10 2 
2 14 1 4 3 2 
3 26 4 4 1 3 
0 30 1 9 2 
4 26 1 3 3 3 
0 7 3 39 2 
4 22 0 4 1 
1 14 4 2 4 3 
3 17 3 9 3 
4 30 1 35 2 
2 29 3 35 0 
1 3 2 4 35 1 
4 13 2 5 0 
1 25 3 19 2 
3 29 3 2 4 4 

Z15 + Z15 

11 9 0 8 3 
0 1 10 13 9 
δ 8 2 8 7 

14 13 0 3 9 
2 10 13 6 9 
9 3 14 7 12 

14 14 Π 1 6 
6 3 14 12 11 
4 0 4 2 12 
6 11 3 9 14 
8 11 6 0 11 
3 10 2 1 1 

12 10 14 10 14 

-29-

55 1 15 0 6 0 
25 0 4 0 46 2 
64 1 3 3 2 47 0 
74 2 37 0 71 1 

8 1 29 0 39 . 0 
27 0 17 0 7 1 
28 1 28 2 0 0 

12 0 35 3 38 1 
17 2 28 4 20 3 
15 2 20 1 37 4 

3 1 21 0 4 4 1 
14 1 11 3 4 2 0 
32 2 36 0 6 2 

1 0 24 0 4 2 3 
28 4 27 1 5 4 
16 0 40 3 3 4 
29 1 0 3 27 1 
22 2 26 1 4 2 
40 1 28 3 11 3 
19 4 9 0 3 8 4 
27 2 12 4 21 3 

2 3 4 0 3 1 1 
0 0 4 1 0 29 2 

3 4 4 14 1 2 3 4 
37 2 4 3 3 3 2 

3 4 3 0 3 4 4 
31 3 18 3 2 1 3 

5 4 3 3 0 16 3 
23 2 30 4 4 4 
32 0 1 3 2 2 
10 2 3 1 3 36 4 
40 3 4 1 3 3 1 4 
15 4 16 2 4 4 0 
17 2 16 0 25 4 
28 2 40 3 7 4 

4 0 10 10 5 4 
14 1 11 7 13 10 
14 4 11 3 6 2 

7 3 14 5 9 4 
12 8 6 9 2 9 

8 6 7 10 7 14 
6 11 4 1 2 6 
6 4 5 11 3 6 
7 10 1 11 0 3 
4 3 0 11 14 7 
5 8 5 9 6 2 

10 11 13 5 8 14 
2 6 12 0 4 1 

43 1 57 0 5 
59 0 6 2 0 7 0 
7 3 2 4 4 2 4 6 
42 2 39 1 3 
57 0 4 2 2 2 2 
7 3 2 62 2 40 
10 1 21 2 6 

18 4 2 0 3 3 
28 1 41 0 18 
23 3 15 2 1 
10 2 19 0 3 6 
26 1 26 1 3 8 
22 2 10 2 6 
16 3 3 0 0 12 

6 2 3 3 2 7 
12 3 3 4 2 3 7 
42 3 25 2 4 1 
39 3 22 1 2 0 
20 4 3 7 0 3 7 

8 2 2 4 2 2 1 
13 1 15 4 4 2 

3 4 40 4 5 
θ 2 18 2 3 5 
1 4 18 2 2 5 

13 2 3 8 0 2 3 
39 0 20 0 2 2 

8 4 4 3 4 3 2 
4 4 1 2 2 0 
31 4 29 4 7 
42 1 7 0 1 3 
17 1 3 4 4 0 
11 1 4 4 2 9 

8 0 19 2 11 
3 4 0 5 1 3 9 
10 4 19 1 17 

10 3 11 9 0 
2 0 2 1 14 
7 9 11 10 3 
6 2 12 8 9 
9 9 1 7 9 
9 8 12 1 9 
4 2 14 7 0 
8 1 13 5 3 
7 5 0 10 14 

11 13 9 1 0 
13 8 1 7 3 

1 6 1 2 3 
8 4 14 12 3 



-30-

7 2 7 8 7 12 10 11 
5 1 11 7 3 12 3 13 
5 12 8 2 7 5 10 0 
9 13 13 13 5 6 5 11 
0 11 6 9 5 14 10 8 
3 1 12 5 13 12 11 10 
5 10 10 10 0 6 7 6 

13 7 10 6 12 14 14 8 
11 12 10 12 8 10 11 2 
13 10 6 5 14 5 2 2 
12 4 1 12 12 6 8 14 

9 θ 13 5 0 14 2 0 
0 9 13 4 4 9 1 1 
0 5 13 2 8 13 14 3 
1 6 5 7 10 4 8 0 

0 13 5 5 1 3 14 9 4 
13 8 1 4 4 3 2 4 

1 5 7 4 4 1 3 8 
7 10 9 5 13 1 6 2 

10 9 5 4 2 9 0 12 
12 9 3 3 8 3 6 10 
14 0 5 2 4 12 4 8 
11 8 2 11 12 12 11 11 

2 6 3 2 12 13 4 7 
7 7 12 0 6 1 3 1 7 
8 4 4 13 7 1 6 1 4 

14 11 3 5 14 6 9 10 
4 4 12 2 8 7 1 3 
2 5 0 7 12 1 1 3 11 

12 11 5 13 1 3 3 1 3 0 



TECHNICAL REPORTS 

SCHOOL OF COMPUTER SCIENCE 

Number Date 

TR74-001 Feb 1974 

TR74-002 

TR74-003 

TR75-004 

TR75-005 

TR75-006 

Oct 1974 

Oct 197Í+ 

Apr 1975 

Jul 1975 

Aug 1975 

TR75-007 Aug 1975 

TR75-008 Sep 1975 

TR75-009 Oct 1975 

TR76-010 Jan 1976 

TR76-011 Jan 1976 

TR76-012 Mar 1976 

TR77-013 Dec 1976 

TR77-014 Jan 1977 

TR79-015 May 1979 

Author 

L.F. Johnson 

W.D. Wasson 

U.C. Gujar 

U.C. Gujar 

L.E. Carey 

D.M. Fellows 

L.E. Carey 
M. LeBlanc 

L.F. Johnson 

D.M. Miller 

L.E. Carey 

U.C. Gujar 

P.P. Emin 

U.C. Gujar 
J.A. Fitzgerald 

U.C. Gujar 
D.M. Fellows 

U.C. Gujar 
J.M. DeDourek 
M.E. Mclntyre 

No.of 
Title Pages 

A Search Algorithm for the Simple 33 
Cycles of a Directed Graph 

A New Spanning Tree Algorithm 15 
R. Mcfssaac 

Remote Job Entry and Output 13 
Through APL 

Subroutines with Variable 17 
Numbers of Arguments 

Block Methods for Nonlinear 16 
Volterra Integral Equations 

Comments on "A General Fortran 13 
Emulator for IBM 360/370 
Random Number Generator 'RANDU'" 

Quadrature Formulae for 22 
Functions of Two Variables and 
Applicati ons 

Determining Cliques of a Graph 14 

An Algorithm for Determining 21 
the Chromatic Number of a Graph 

Step by Step Methods for the 27 
Numerical Solution of Volterra 
Integro-Differential Equations 

A device Independent Computer 21 
Plotting System 

A Partition Monitor for Fast- 54 
Batch-Processing with Limited 
Execution (Fable) 

A Driver for Raster-Like 24 
Plotting Devices 

Automatic Job Scheduling in HASP 30 

A Method for Designing a 
Lexical Analyzer 

30 

Price 

$1.65 

$0.75 

$0.65 

$0.85 

$0.80 

$0.65 

$1.10 

$0.70 

$1 .05 

$1.35 

$1.05 

$2.70 

$1 .20 

$1 .50 

$1.50 



Number Date 

TR79-016 Jun 1979 

TR79-017 Jun 1979 

TR79-018 Jul 1979 

TR79-019 Aug 1979 

TR79-020 Aug 1979 

TR79-021 Sep 1982 

TR83-022 Jun 1983 

TR83-023 Aug 1983 

TR84-024 Jun 1984 

TR84-025 Jul 1984 

TR84-026 Aug 1984 

TR84-027 Sep 1984 

TR84-028 Nov 1984 

TR85-029 Sep 1985 

TR85-030 Dec 1985 

TR86-031 Jan 1986 

TR86-032 Jan 1986 

TR86-033 Feb 1986 

Author 

U.C. Cujar 
A.R. Nagesh 

Τ.A. Middleton 

T.A. Mîddleton 

T.A. Middleton 

T.A. Mîddleton 

J.D. Horton 

J.D. Horton 

U.C. Gujar 
F.W.L. So 

J.D. Horton 

U.C. Cujar 

J.D. Horton 

L. Goldfarb 

W.R. Knight 

U.C. Gujar 
C.A, Crawford 

V.C. Bhavsar 
J.R. Isaac 

N.N. Datar 
U.C. Cujar 
V.C. Bhavsar 

T.A. Tassou 

L.A. Lambrou 

Title 

•JiSCUBA A Buffered Core Graphics 
System 

A Transformation Approach to 
Implementing Aggregate Operations 

On Assignment Between Data Paths 

On the Use of "Fixed" Data 
Paths for Assignment 

Representing Data Paths 
by Program Structures 

Sets With No Empty Convex 7-Cons 

Resolvable Path Designs 

Computer Display of Characters 

A Lower Bound on the Number 
of One-Factors in Bicubic Graphs 

3-D Graphics in APL: User 
Perspective 

A Polynomial-Time Algorithm to 
Find the Shortest Cycle Basis of 
a Graph 

The Design of Efficient Pattern 
Recognition Systems 

A Fortran to PL1 Dictionary 

Computer Processing of Musical 
Scores 

Design and Analysis of Parallel 
Monte Carlo Algorithms 

Analysis and Synthesis of Inter-
polating Functions for 3-D Objects 

Adaptation of a Monte Carlo 
Radiation Transport Code to 
Supercomputers 

Pseudo-Random Number Sequences 
For Parallel Computers 

No.of 
Pages 

33 

30 

40 

25 

35 

10 

29 

62 

22 

27 

16 

19 

15 

40 

49 

22 

143 

Price 

$1.65 

$1.50 

$2.00 

$1.25 

$1.75 

$0.50 

$1 .10 

$3.10 

$1.10 

$1 .35 

$ .80 

$0.95 

$0.75 

$2.00 

$2.45 

$1.10 

$7.15 

209 $10.45 



Number Date 

TR86-034 May 1985 

Author Τ i tie 

U.C. Gujar A Computer Aided Design And 
L. Slipp Tutorial System (CADETS) 

No. of 

Pages Price 

23 $1.15 

TR86-035 Jun 1986 T. Tassou 
V.C. Bhavsar 
E. Hussein 
K.A. Gal 1 ivan 

Monte Carlo Neutron Transport 
on the Al 1 i ant FX/8 

25 $1.25 

TR86-036 Oct 1986 U.C. Gujar User Interface to a Flexible 
Character Generator 

18 $0.90 

TR87-037 Apr 1987 J.D. Horton Orthogonal Starters in Finite 
Abel i an Groups 

31 $1.55 

scs4-08a 


