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Abstract

This thesis addresses the area of spatial data structures. There are numerous hierar-
chical data structuring techniques in use for representing raster data. One commonly
used method that is based on recursive decomposition is the quadtree. Its develop-
ment has been motivated to a large extent by a desire to reduce the amount of space
required to store raster data representations of objects.

The Orientation Adaptive Quadtree (OAQ) representation is a new quadtree rep-
resentation which positions the quadtree axes centred at the object’s centroid and
aligned with the object’s principal axis of inertia. This approach is explained along
with a quick method for computing the orientation of the object.

Boolean operations on two OAQs representing two objects which differ in position,
orientation, and resolution are also presented. The method maintains the quadtree
structure, and it consists of two major operations : extracting polygons produced by
intersecting every two blocks representing two specified nodes from different OAQs,
and merging those polygons which results in an object to be represented as another
OAQ. The result of Boolean OAQ opereation has its own orientation. OAQ represen-
tations for 17 different geographical objects are compared to their standard quadtree
representations, with an average reduction of 9.5% in the number of nodes required
for their representation. Two objects were also used to test the Boolean intersection
and union operations on OAQs. OAQ representation of rectangular objects gives a

reduction in the number of nodes of more than 80%.

1



Contents

Abstract

List of Tables

List of Figures
Acknowledgements

1 Introduction

1.1 Background . . .. .. ... ...

1.2 Quadtree representation . . . . ... ... .. ... ... .. ... ..

1.3 Quadtree properties . . . . . . ... ...

1.4 Purpose of the thesis . . . ... ... ... ... .. .. .. . ... ..

1.5 Outlineof the thesis . . . ... .. ... ... .. .. ... ... .

2 OAQs

2.1 Determining the orientation of planar object . . . . .. ... ... ..

2.2 Coordinate transformation . . . . . .. . ... . ... ... ... ..

2.3 Representing a tightly closed boundary
2.4 Run Length Code (RLC) representation

2.5 Quadtree Encoding . . . . ... ... ... ...

3 Boolean operations with OAQs

i

i

vi

-~ W N

0o

18
23
27
31

41



3.1 Definition and notation . . . ... ... ... . .. . ...

3.2 Process of extracting polygons . . . .. ... ... . ... ... .
3.2.1 Recording a block of OAQBin OAQA ......... . .
3.2.2  An arbitrarily oriented block intersection . . . . ... ... . .

3.2.3 Storing polygons in a black node of the reference 0AQ .. ..

3.3 Mergingoperations . . .. ... ... ...
3.3.1 MethodI ... ... .. ... .. ... ..
3.32 Method Il . .. .. .. ... ...
3.3.3 Updatingpolygons . . . . ... ... ... .. ... .. .. ..

3.4 Intersection operation between two OAQs . . ... ..........

3.5 Union operation between two OAQs . . . . .. .. ... ... ... ..

4 Assessment

4.1 Simulated test cases . . ... .. e e e e
4.2 Realtestcases. .. .. ... ... ... .. ... ... .. .. ... ..
4.3 Analysis . .. ...

4.3.1 Analysis of intersection operation . . . ... ..........
4.4 Analysis of unionoperation . ... ................. ..

5 Conclusions

5.1 Suggestions for futher work . . . . .. ... ... . ... . ... ...

References

iv

43
44
46
50
53
35
59
67
68
73
80

91
91
93
99
106
114

117
118

120



List of Tables

2.1
4.1
4.2

4.3

The results of computing object’s orientation. . .. .. .. ... ... 18
Number of nodes for Figure 4.1. . . . . .. ... ... .. .. . .. . . 92
The execution time of Boolean OAQ operations of Figure3.8 . . . . .. 93
Encoding objects using OAQs and standard quadtrees. . . ... ... 98



List of Figures

1.1
2.1

2.2
2.3
24
2.5
2.6
2.7
2.8
2.9

2.10
2.11
2.12
2.13

2.14
2.15
2.16

Example of quadtree representation.. . . . . ... . .. .. .. ... . 4

Example of standard quadtree encoding of an object not aligned to the

quadtree axes.. . . .. . ... .. 9
Simple planar graph embedded in the plane. . . . . . . .. . . ... . 12
Evaluation of double integral. . . . . . .. .. ... .. .. ... . .. 14
Planar graph embedded in the plane with b=10. . . . . . . .. . . . . 16
Coordinate systems 1 (original) and 2 (object space). . . .. ... .. 21
Object space and imagespace. . . . . . . ... .. ... ... .. . .. 24
A closed boundary example. . . .. .. .. ... ... ... 26
State diagram of an algorithm generating TCB. . . . ... ... . .. 27
The AUGMENT algorithm for augmenting the raster boundary of a

closed polygon. . . .. .. .. ... 28
Example of RLC. . . . .. .. ... ... ... .. ... .. ... 30
The compact representationof RLC. . . . .. ... ... ... .. .. 30
An example of RLC compact representation. . . . . .. ... ... .. 30
The TO_RLC algorithm for generating a run-length coded (RLC) de-

scription of the graph. . . . . ... ... ... 31
Pascal record structure for an orientation adaptive quadtree. . . . . . 32
Morton matrix. . . . ... ... 33
An image, its maximal blocks and corresponding quadtree. . . . . . . 34

vi



2.17

2.18
2.19
2.20
2.21

2.22
3.1
3.2
3.3
3.4
3.5
3.6
3.7
3.8
3.9
3.10
3.11

3.12

3.13

3.14

3.15

Subtree in the process of obtaining a quadtree corresponding to Figure

221(b). . . 35
An oriented image, its maximal blocks and the corresponding OAQ. . 36
Linear coding for the OAQ of Fig.2.19. . . . . . . . .. . . . .. .. . 37
The QT _MAKE algorithm for controlling the final quadtree. . . . . . 37

The IMAGE algorithm for determining if image pixel (x,y) is BLACK
or WHITE. . . . ... .. .. . 38

The CONSTRUCT algorithm for constructing quadtree. . . . . . . . 39
Intersection of two standard quadtrees. . . . . .. ... ... . .. .. 42
The Pascal record structure for Boolean OAQ operations. . . . . . . . 44
An example of the intersection of two OAQs. . . . . . .. ... . .. . 47
Outer blocks of OAQ AandB. . . ... ... ... .. ... .. . .. 48
Intersection of two black blocks. . . . . ... .. ... .. ... .. .. 51
Four possible cases of clipping block. . . . .. ... .. ... . . . .. 52
The ARBOR.BLOCK.INT algorithm for extracting a polygon pro-

duced by intersecting between two specified blocks. . . . .. ... . .. 54
Intersection of two OAQs. . . . . . ... ... ... .. ... ... .. 56
The intersection of the block of OAQ A and the blocks of OAQ B. . . 57
A set of edges representing polygon R. . . . . ... ... ... .. .. 57

Steps of extracting polygons for Boolean operations with two OAQs.. 58
The MERGE_OPERATION algorithm for merging polygons for boolean
OAQoperations. . . . . ... ... ... ... ., 60
The MERGE_OPERATION B algorithm for merging all polygons which
are stored in the node of OAQ A;i.e. BLACK node for intersection

operation, WHITE node for union operation. . . . ... ... ... . . 61
The MERGE_OPERATION A algorithm for merging all polygons which

are stored in GRAY childrennodes. . . . . .. .. ... ... ... ... 62
Subtree of OAQ B with its polygons. . . . . .. ... ... ... .. . 64

vii



3.16
3.17
3.18

3.19

3.20
3.21
3.22
3.23

3.24
3.25

3.26
3.27
3.28
3.29
3.30
3.31
3.32
3.33
3.34

3.35
3.36
4.1

Possible combinations of polygon types being merged. . . . . . . . . .

The temporary subtree of OAQB. . . .. ... ... ... ... . . .
The CREATE SUBTREE algorithm for creating a temporary subtree

The MERGE_SUBTREE algorithm for merging polygons which belong
to the subtree of OAQB. . . ... .. .. ... . ... ... .. .. .

The subtree of an OAQ illustrating polygon updating.. . . . .. ...
Process of updating polygon Pand Q. .. .. ... ... .. . ... .
The UPDATE_POLYGON algorithm for updating a polygon to be a

polygon owned by its parent node. . . . . . ... ... .. .. ... ..

The INT_.CHECK_NODES algorithm for examining nodes of OAQ A
and B for intersection Boolean operation. . ... ... ... ... . ..
Intersection of two line segments. . . . .. ... .. . ... .. .. ..
A set of edges defining the result of intersection between two OAQs. .
The BOOL_OAQ_OPER algorithm for doing Boolean OAQ operations.
Unionof Aand B. . ... ... ... .. ... .. .. .. .. . . ...

The subtree of union operation between two OAQs. . . . . . ... ..
The UNION_.CHECK_NODES algorithm for extracting polygon for
union Boolean operation. . . ... ... ... ... ... ... ... .
Unionof two OAQs. . . . ... ... . ... ... .. ...
The result of Boolean union operation of two OAQs from Figure 3.32.
Example of an object encoded as OAQ, original object corner coordi-

nates are (-0.5,5), (0.5,5), (0.5,-5), (-0.5,-5). . .. ... ... ... ...

viii

81
82
83
83
84
84
85



4.2

4.3

4.4

OAQ representation of the objects A and B with object to image scale
factorsof A=2andB=1......................... 93
OAQ representation of the objects A and B with object to image scale
factorsof A=1andB=0S5. ....................... 94
The result of the Boolean intersection operation for OAQs A and B of
Figdd. . e 96

4.5 The result of the Boolean union operation for 0AQs A and B of Fig.4.3. 97
4.6 The original objects of a forest area and Tower lake. . . . . .. .. .. 100
4.7 The OAQ representations of the forest and thelake. . . . . . ... .. 10J
4.8 The result of the intersection OAQ operation of Figure.4.7, and its
OAQ representation. . . . . . v v i 102
4.9 The result of the union OAQ operation of Figure.4.7, and its 0AQ
representation, . . . ... ... .. ... P 103
4.10 An example of the intersection operation.. . . ... .......... 110
4.11 Example where the OAQ B lies inside OAQ A.. ... .. .. ... .. 113

ix



Acknowledgements

I wish to express my sincere thanks and appreciations to my supervisor Dr. Brad
George Nickerson for his useful advice, guidance, and contructive criticism given
throughout the extent of the research. Dr Nickerson initially identified OAQ as a
quadtree representation when accounting for the orientation of the object. It might
be used in spatial data processing.

I greatly appreciate and thank to the Goverment of Indonesia for the financial
support and the opportunity to study together with my husband at the University of
New Brunswick in Canada.

I would also like to express my deepest feeling of gratitude to in particular : my
husband Agus Harjoko for his wonderful support and his understanding during the
difficult hours of my work; my mother Ibu Wiryodaryanto and my parent in law Bp.

Ibu Sosrowidarsono for their moral and other support during my study.



Chapter 1

Introduction

1.1 Background

Region representation is widely used in computer graphics, image processing and
geographical information systems. Regions can be represented by converting their
boundary to chain code representation [8], or shape number representation [2]. It
can also be represented by the skeleton of the region using the medial axis trans-
form (MAT) [3]. Those representations are compact, but they are not well suited for
set theoretic operations. For binary region representation, there are several coding
techniques that can compress the data even further. A popular technique is called
run-length-encoding which is reviewed in section 2.4. This representation results in
significant storage saving since only the length information needs to be stored. An
alternative region representation, which provides a compact hierarchical representa-
tion, is the quadtree representation. It is based on a collection of maximal blocks
that are in the given region. It is convenient for performing operations such as union
and intersection, and facilitating search. In addition, it is also a useful technique
when memory size limitations preclude storing in core a 2D array corresponding to

the region.



1.2 Quadtree representation

The quadtree is a class of data structures used to represent spatial data in a plane. It
can also represent a region from a raster representation. It is based on the principle
of recursive decomposition of 2D space.

The motivation for development of the quadtree is to reduce the amount of space
required to store raster data representations of objects. It is also intended to facilitate
better performance in terms of execution speed for certain operations such as point
location and area calculation. Algorithms using quadtrees have execution times that
are dependent on the number of blocks in the object, and not on their size.

In many real-world applications the size of the quadtree representing the object
is very large due to the orientation of a regularly shaped object. Space requirements
of the quadtree representation can exceed the amount of space that is available. This
1s sometimes due simply to the relative orientation of the object and the coordinate
frame used for the quadtree.

This research attempts to find the best representation for quadtrees when ac-
counting for the orientation of the object. A method for quadtree data storage was
developed which is sensitive to the orientation of the object. This resulted in a rep-
resentation which is optimal in terms of storage requirements by accounting for large
second order moments of objects.

The quadtree representation is based on a successive subdivision of an image into
homogeneous blocks. If the image is all one color, then it is represented by a single
block, otherwise the image is decomposed into quadrants, subquadrants,- - - until each
block is homogeneous. The region can be represented by a 2D binary array. If the
array does not consist entirely of 1’s or 0’s, then the image array is divided into four
equal-sized quadrants, subquadrants - -- and so on, until blocks contain entirely 1’s
or 0’s. If the block consists of 1’s, it corresponds to the image inside the region and

is said to be ’ black ’, otherwise it corresponds to the image outside of the region



and is said to be ’ white ’. This black or white block could be a single pixel. The
relationship among quadrants are represented as a tree of out-degree four, with the
root node representing the entire image array. The four sons of the root node represent
the quadrants (labelled in order NW, NE, SW, SE) and the leaf nodes correspond
to those blocks of the array for which no further subdivision is needed. The non-leaf
nodes correspond to blocks which need further subdivision.

Each block has a standard size and position. For a 2" by 2™ image, the root node
i1s said to be at level n, and nodes in the tree represent blocks of size 2'eve! by 2level,
For example, Figure 1.1 (a) illustrates the region quadtree, which is represented by a
2% x 2% binary array image shown in Figure 1.1 (b). Consider that 1’s correspond to
image elements inside the region (pixel) and 0’s correspond to image elements outside
the region. The resulting quadtree block decomposition is shown in Figure 1.1 (c).
Figure 1.1 (d) shows the quadtree structure.

Since the quadtree representation is based on a successive subdivision of an image
into homogeneous blocks, it is a useful encoding of the spatial occupancy array, and
it is effective for representing binary images. For non binary images, the quadtree

representation may not result in significant storage saving.

1.3 Quadtree properties

The quadtree representation allows one to easily compute geometric properties such as
perimeter (28], and area, and to perform searching operations such as point inclusion
(30].

Performing operations on the quadtree representation is similar to most operations
carried out in tree structures. In fact, most tree structures provide us with two basic
steps for performing operations. The first step is either traversing the tree in a
specified order or constructing the tree. The second one is performing a computation

at each node by making use of its neighbouring nodes; that is, nodes representing
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Figure 1.1: (a) Region. (b) Its binary array representation. (c) Its block decomposi-
tion. (d) Quadtree representation of the blocks (from [25]).



image blocks which are adjacent to the given node’s block. Those two basic steps can
be carried out successively or often they can be carried out in parallel. The following
section shows us the operations carried out in the quadtree by making use of the
quadtree properties.

To determine whether a point is inside a given region or not, a traversal from the
root of the tree is required. We start from the root of the quadtree and use the
and y coordinate of the center of its node to determine which of the four subtrees
contains the given point. The center of each node can be computed by knowing the
level of the node. For example, given a 512 x 512 image, the level of the root is n = 9,
the northeast-most coordinate is (512,512), and the level of the sons of the node is
n —1 = 8. The defining coordinates of the son’s blocks can now be calculated. The
NW son’s upper right coordinate is (256,512), the NE son’s is (512,512) the SW son
’s is (256,256) and the SE son’s is (512,216).

In general, if the traversal visits non-root nodes with level k, the coordinates of
the node’s children can be calculated. For the NW node the upper right coordinates
are (2F,25%1) for the NE node (25+1,2%+1), for the SW node (2F,2%) and for the SE
node is (25*1,2%). The centre coordinates of the nodes can also be calculated easily.
Therefore the location of a point being tested for inclusion can be found easily. For
example, if both z and y coordinates of a point being tested is less than the z and y
coordinates of the center of the root node, then the point being tested is located in
the SW of subtree of the root. This algorithm is applied recursively to the SW of the
subtree of the root until it is determined that the point is inside a leaf node. If it is
white, the point is outside the region, if black, the point is inside the region.

The area calculation can be performed by summing the area over the black leaf
nodes. The area of each black leaf node can be calculated by knowing its level and

performing calculation 2" x 2", where n is the level of the black leaf node.



1.4 Purpose of the thesis

The work for the thesis is concentrated on developing a method for quadtree data
storage which is sensitive to the orientation of an object. It is also intended to result
in a reduction in the storage requirement for regular objects which are not aligned
with the quadtree frame.

This work has several objectives, as follows :

1. To develop an orientation adaptive quadtree representation to store the raster
representation of an object, along with algorithms for Boolean operations on

these orientation adaptive quadtrees.

2. To compare the storage and execution efficiency of this approach with the stan-

dard quadtree method.

3. To investigate an orientation adaptive quadtree representation of linear features

such as roads.
4. To perform an evaluation of this method using real 2D map data.

The approach to deal with the rotated image is based on the orientation of the
object. To calculate the orientation of the object, it’s second order moments were
computed before converting the object to the Orientation Adaptive Quadtree (OAQ)
representation.

Knowing the orientation of the object, the coordinate frame of the quadtree was
aligned with the principle axis of the object. The orientation of the object and
the centroid of the object become part of the OAQ data structure. The details for

representing an object as an OAQ are explained in chapter 2.



1.5 Outline of the thesis

This thesis is organized in the following way: Chapter 1 provides an overview of the
quadtree data structure. Chapter 2 details the Orientation Adaptive Quadtree(OAQ)
representation including a complete method for computing the OAQ representation.

Set theoretic operations on OAQs are discussed in chapter 3. The algorithms are
developed by maintaining quadtree properties. The details of these set operations are
presented.

Experimental work and the results of these experiments are covered in chapter
4. This includes some simulated test cases and real test cases. The investigation of
OAQ representation for linear features such as roads and the investigation of OAQ
representation methods using real 2D map data for the Fredericton area are discussed.
An analysis of the execution efficiency of OAQ algorithms is discussed as well.

Chapter 5 concludes all discussions and presents some recommendations for future

work.



Chapter 2
OAQs

Objects which are not aligned to the object space axes, and which have a large
eccentricity (see the example in Figure 2.1) may require many nodes for the standard
quadtree encoding. If the quadtree axis was aligned with the principal axis inertia,
considerable savings in the number of nodes required would result.

The OAQ representation is a quadtree representation which takes advantage of
any second order moment of inertia of planar objects by centering the quadtree axes
at the object’s centroid and aligning the quadtree axes with the object’s principal
axis of inertia.

This representation provides a reduction in the number of leaf nodes necessary to
store the quadtree compared to a quadtree aligned with the object coordinate axes.

The following sections gives the details on converting a given planar graph into an

0AQ.

2.1 Determining the orientation of planar object

OAQ representation of any planar object requires a calculation of its orientation.
Several approaches to determining the orientation of a planar object exist. One such

method uses the the Hotelling transform to compute the principal eigenvectors which



Figure 2.1: Example of standard quadtree encoding of an object not aligned to the
quadtree axes.



can be used to determine principal axis orientation [5]. This method was not used
here. Instead, the second order moments for a complete planar object represented by
an embedded graph of even degree were derived in such a way that the computations
are dependent on the number of edges. The second order moment was computed
by adding the contribution of all the edges, taking into account whether or not the
edge is horizontal or vertical. This section derives the equations used to compute
the second order moments, and subsequently the orientation of the principal axis of
inertia.

In general, the two dimensional (p + ¢)th order moments of some function f(z,y)

defined on the Cartesian plane are given in terms of the following integral [11]

mpq=/_°;/_2x”y"f(z,y)dzdy (2.1)

for p,g = 0,1,2,---. For the discrete case, space f(z,y) represents a closed boundary
region R, and the moments are computed as a sum over the area within the boundary
with f(z,y) = 1.

The central moments are defined as

mo= [ [ @-2 -7 f(ey) dedy 22)

for p,¢ = 0,1,2,- -+, and where (7, 7) represent the coordinates of the centroid. In

terms of moments, the centroid is computed as

3
3

-~ _ M —
Z= , 7=

o (2.3)

3
g
3

where mgg is the area.
The central moments can also be expressed in terms of the ordinary moments [11,

1] as

Hoo = Moo = 4
Hio = pop =0

pr1 = my — Ty (2.4)



=2
H20 = Mg — ur

poz = Moy — py’
The orientation, 4, of the principal axis of inertia is computed as [11,1]

2p11

tan20 = ————
H20 — Ho2

(2.5)

In computer vision, the i5'* moments provide a measure of eccentricity or elonga-
tion [2]. For a digital image equation (2.2) is defined as
mp = 3, (z-FP(y—7) (2.6)
(r.y) in R
where (Z,7) is the mean vector of the points inside R, defined as

IR TES (2.7)

zin R yin R

8]

where k is the number of points in the entire region. The orientation, 6, is given in

equation (2.5) and the approximate eccentricity e is defined as (2]

ERY
.= (H20 — p02)? + 4puny (2.8)

area

where area is the area of the entire region. The second order moments can be cal-
culated using equation (2.6). This computation does not give an accurate result for
the orientation, 6, since the values of (z,y) are values of pixel coordinates.

Several approaches based on numerical integration such as Simpson’s rule, or
trapezoidal rule can be used to calculate the orientation, §. For example, consider
Figure 2.2. The second order moment m,o under line segment (zo,yo) - (z1,y1) is

defined from equation (2.1) as

Ty pyo+br
Mo = / / 2y dy dz (2.9)
zo Juw

If Q(z) = f°*** f(z,y) dy then

Moo = /Oxl Q(z)dzx (2.10)

11
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Figure 2.2: Simple planar graph embedded in the plane.

If Q(x) were known, any of the standard algorithms could be applied to the numerical
determination of myg, such as the trapezoidal rule or Simpson’srule. Consider the
evaluation of the function of equation ( 2.10). Let [zo, z,] be a finite interval on the z
axis which has been partioned into j subinterval called panels, [a;, aip1),t=1,--+,7.
Assume a; = 7o, and a;4; = z;,and a; < a3 < -+ < a;41. Let by = a;4y — at be
the panel widths. The evaluation of m can be computed using the trapezoidal rule

T(f) or S(f) Simpson’s rule [7] as

7(f) = 3o n L0 i) (2.11)
S() = 32 ghirte) + 47520 o o) (2:12)

The calculations of second order moments for all specified line segments can be carried
out using equations (2.10) and (2.12). These numerical approaches have the drawback
of requiring a large amount of computations to obtain accurate results, since they are
based on adding up the integrand at small intervals of the abscissa within the range

of integration. The problem is to find the integral as accurately as possible with the

12



smallest number of function evaluations of the integrand. Several experiments were
tried using numerical integration for calculating the orientation of a planar object.
The result showed that a larger number of function evaluations of the integrand gives
a higher accuracy, but this leads to longer execution.

Another method based on the classical formulation of integration was investigated.
The second order moment can be evaluated directly from equation (2.1). Double

integrals are required. Let first consider the evaluation of a definite integral

/ab f(z)de (2.13)

The integrand is a function f(x) which exists for all x in an interval a < z < b of the
abscissa. In the case of a double integral, the integrand is a function f(z,y) which is
given for all (z,y) in a closed bounded region of the zy plane.

The double integral of f(z,y) over the region R, is denoted as [13]

//];f(a:,y)d:rdy (2.14)

This double integral may be evaluated by two successive integrations as follows. Con-

sider Figure (2.3), and suppose that R can be described by inequalities of the form

a<z<b 9(z) <y < h(2)

so that y = g(z) and y = h(z) represent the boundary of R at the bottom and top.

Then
/_/Rf(x,y)dydzz/ab [/g::)f(z,y)dy] dz (2.15)

The integration of the inner integral in the equation (2.15) shows that z plays the role
of a parameter, and the result of this evaluation will be a function of z,say F(z). By
integrating F'(x) over z from a to b we then obtain the value of the double integral.

In the case of R described by inequalities of the double form
esy<d  py) <z <q(y)

13
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Figure 2.3: Evaluation of double integral.
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the double integral 2.14 can be evaluated as
d | raly)
[ [S@ydyda= [ [ » f(r,y)d:rJ dy (2.16)
We first integrate the inner integral over z and then the resulting function of y is
evaluated over y from c to d. This evaluation is depicted in Figure 2.3.

The region, R, may not be represented by these inequalities, but it can be divided
into finitely many portions which have that property. To obtain the value of the
double integral the integration of f(z,y) is carried out over each portion separately,
and the results are added together.

From the above considerations, the evaluations of the second order moment of
planar graphs can be derived from equation (2.1). This double integral is evaluated
over the region bounded by line segments. The derivation of the nt* order moment
with respect to the z axis is derived using equation (2.15), and the derivation of ntt
order moments with respect to y axis is done using equation (2.16). Consider the
planar graph shown in Figure 2.2.

The second order moment mg, of the area under line segment (zo,y0) — (z1,¥1)

can be defined as
Ty fyo+bx 2
mos =/ / y*dydz (2.17)
o Jo
Evaluating the above equation in the manner describe by equation (2.15) results in

1
1 4 _ 4
mg, = —(yi — 2.18
02 126(1/1 Yo) ( )
A similar evaluation can be carried out to compute the second moment under line
segment (zo,yo) — (2,¥2), which results in

1

m§2 = I_Zb(y; - yg) (2.19)

The second order moment under line segment (z1,y;) — (z,¥2) can be derived by

taking the difference m2, — mi,, which gives

1
mf = (vt~ v}) (2.20)
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This equation shows that the second order moments of an area under a line segment of
the boundary of a planar graph are dependent only on the slope of the line segment
and end-point coordinates. In general, the second order moment for line segment

(zi,¥i) — (Zis1,¥i+1) can be stated as
) 1
i+l 4 e |
Moy = —12b(y1+1 Y:) (2.21)

If the slope b is zero or close to zero, as shown in Figure 2.4, an alternative

formulation is used to avoid ill-conditioning. Evaluating the second order moment

/

(x1,y,) (x )
171 2+ Y
(xoryo)_ - - - z
(X4)g4)
(x3,93)
—-
X

Figure 2.4: Planar graph embedded in the plane with b = 0.

here under line segment (zo,y0) — (21, 1) gives

F1Lofu o, ] 3
Moy = / / y'dydr = / —y°dr (2.22)
o Jo o 3
Using the line segment equation y = yo + bz with b = 0 results in
1
myh = é—yg:z:l (2.23)

A similar derivation for line segment (zo,y0) — (22, y2) leads to

1
mah = §ygzg (2.24)
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: 1n 1,2 :
The difference m3} — mg} gives the second order moment Moy " under the horizontal

line segment (z1,y;) — (2, y2) as

1 1
Mozt = §y8(a:2 —z1) = §yf(zz - ;) (2.25)

since yo = y; = Y. The general expression for horizontal line segments (r;,y;) —

(Zi+1,Yi+1) can now be written as

i 1
mgp"h = gy?(l‘.‘ﬂ - ;) (2.26)

The second order moments for a complete planar object represented by an embed-
ded graph of even degree are computed by adding the contributions of all the edges,
taking into account whether or not the edge is horizontal or vertical. After similar

derivations to those shown above, the complete second and first order moments for a

planar object are as follows:

M = = | o (y:+1 —y}) forb; #0 227)
02 = _
=1 %y?(l‘zﬂ x;) forb; =0
e — zn: w(zh, —al) forb # o (228)
20 = ‘
=1 :lix (Yi+1 —yi) for b, = 0o
I Xn: sLh(y?+1 - y?) for b, 7& 0 (2 2)
t =1 ly‘Q(z' - x) for b; =0 '
= 21 1+1 'y N
= éL( +1 1‘3) for b; ;/: o0
myg = Z 16 +1 (2.30)
=1 5 (yz+1 - y;) fOI' b,’ = 00
2
= i %ﬁﬂx)—a,“ (U'W!x)_a, for b; £ 0 (231)
=1 yAT?( 12+1 —z?) for b; =0

where b; is the slope of line segment (i, 4:) — (Zig1,¥i+1), by = the slope of line
segment (z1,y1) — (T2,y2), n = the number of vertices, vertex n + 1 = vertex 1,

ai+1 = (y3, +2y0,4i+1+3y%,) and a; = (¥3. +2yo,yi + 3y?2). Notice that the expression
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for my; necessarily involves the intersection yo of the ordinate axis with the line
segment (i,Y;) — (Tit1,¥i+1). For b; = oo, there is no intersection yo, thus equation
equation (2.31) becomes zero. The orientation of any planar object represented by the
coordinates of edge vertices can be computed using these equations in conjuncti on
with equations (2.4) and (2.5). The result of computing the orientation of an object

using the three methods are tabularized in Table 2.1. Method I is a calculation of

Rotation Computed Orientation
Method 1 Method Il | Method III
Size image J
256 | 512 256 | 512
5 5.24|5.037| 4.80| 4.99 5.001
10 9.77110.02 ) 9.70 | 9.97 10.001
15 ]| 15.04 | 15.12 || 14.69 | 14.97 15.002
20 || 19.83 | 20.06 || 19.70 | 20.03 20.001

Table 2.1: The results of computing object’s orientation.

the object’s orientation using equation (2.6), method II using Simpson’s method of
equation (2.12) and method III using equations (2.28 - 2.31) in conjunction with
equations (2.4) and (2.5).

2.2 Coordinate transformation

In general, a transformation for two-dimensional homogeneous coordinates is repre-

sented as [20]

a b p
M= ¢ d ¢ (2.32)
m n s

where a,b,c, and d produce scaling and rotation; p and ¢ produce reflection and
shearing; and m and n produce translation. The homogeneous coordinates of the

!

nonhomogeneous position vector [ Ty ] are [  y h ] where z = T-and y = ¥.
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In the Cartesian plane, homogeneous coordinates of the form [ r oy 1 } are used

to represent the vector position [ r oy ] with the homogeneous coordinate scale factor
h = 1. For all affine transformations in the Cartesian plane with A = 1, the values
of p,q in the matrix transformations are set to be 0 and the value of s is set to be 1.

Equation (2.32) becomes

a b 0
Tl=] ¢ d 0 (2.33)
m n 1

Translating objects in the Cartesian plane from one position to another position
can be accomplished by properly assigning the values of @ = d = l,andb=c=01in
equation (2.33).

Scaling of an object can be done by properly assigning the scaling factors into a
and d. The scaling factors greater than 1 causes the object to be enlarged; reduction
of an object is achieved by assigning the scaling factors less than 1.

By substituting a = cosf, b = sinf ¢ = —sinf, d = cos® and m = n = 0 into
equation (2.33), the result is a transformation matrix R‘(’(I;{O) rotating the objects about
the origin through an arbitrary angle  in a fixed coordinate system. This rotation

matrix is represented as [20]

cosf sinf O
[R?g{())] =1 —sinf cosfd 0 (2.34)
0 0 1

To rotate the object about an arbitrary point (m,n) these following transformations

are performed :
¢ Translation of the object to the origin.
e Rotation of the object about the origin.

e Translation of the object back to the original center of rotation.
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Concatenating these three transformation matrices, the rotation matrix R‘(’f’,{‘n) for

rotating the object about an arbitrary point (m,n) is represented as [20]

cos @ sin § 0
[Rff,f‘n)] = —siné cosf 0
{—m (cosf —1)+n sinf} {-n (cosf —1)—m sind} 1

(2.35)

This transformation matrix performs transformations of all vertices belonging to
the object into another set of verticesin a fixed coordinate system. It may be desirable
to consider transformations as a change of coordinate system. The rotation matrix

performing a rotation of coordinate systems is represented as [20]

cos® —sind 0
[R®(8)] = | sinf cosf O (2.36)
0 0 1

The translation and rotation of coordinate systems is necessarily involved in the
process of converting planar graphs of even degrees into OAQ’s. In this case, a right
hand coordinate system is used, € indicates the counter-clockwise rotation, and the
negative value of 8 rotates the object in a clockwise direction. Consider the object de-
picted in Figure 2.5. This object has orientation 8 with respect to the z,y, coordinate
system (system 1). Once the orientation, 8, and the centroid coordinates (.4, ycq),
of the object have been determined, we wish to express the new coordinate system
aligned with the object’s principle axis of inertia. A transformation of coordinate
system is necessary. By defining T}, as a transformation from coordinate system 1 to

coordinate system 2, the transformation matrix can be represented as
T12 = T(—.‘L’Cd, _ycd) R(()) (237)

where T'(—z.q4, —ycq) is a transformation matrix performing a translation of coordinate

system 1 to a intermediate coordinate system (shown as dashed lines in Figure 2.5)
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Figure 2.5: Coordinate systems 1 (original) and 2 (object space).
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with the origin centered at the centroid of the object. This translation matrix is
defined by substituting m = —z.4 and n = —y.4 of equation (2.33), and the rotation
matrix R(6) is represented as in equation (2.36). The rotation matrix performs a
rotation of the intermediate coordinate system about the centroid of the object by an
arbitrary angle §. The result of these transformation is a coordinate system 2 shown in
Figure 2.5. To represent all edge vertices in coordinate system 2, the transformation

is performed using T},, as follows :

1 0 0 cosf@ —sinf 0
[Ti2]=1{ 0 1 0]/ sind cosd 0 (2.38)
~Ted —Yed 1 0 0 1

By carrying out the matrix product, we can rewrite equation (2.38) in the form

cosf —sin 0
[T12] = sin 6 cos 6 0 (2.39)

(=Zcq cosO — yeg sinf) (z4 sinf — y.y cos f) 1

In our discussion, we consider each object as a planar graph represented by a set
of points, defined by Pi(i = 1,2,3,--+) whose coordinates are given in coordinate

system 1, then P, can be rewritten as

P =P Ty (2.40)

Every point belonging to an object now has its position in the new coordinate system
(coordinate system 2).

For further discussion, coordinate system 2 in Figure 2.5 is called the coordinate
system 1in object space. Conversion of planar graphs (objects) to OAQs needs to
transform all edge vertices from object coordinates to image coordinates. Image coor-
dinates are used to represent quadtree block corners. Before converting the vertices
from object coordinates into image coordinates, we need to specify the size of the

object space and the size of the image space.
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The size of the object space sizo is chosen to be the smallest power of two larger
than the coordinate range belonging to the object. The size of image space sizt is
assigned depending on the required resolution. The situation shown in Figure 2.5
requires stzo = 16.

Once the size of the object space and the size of the image space has been given,
all vertices belonging to the object can be converted from object coordinates to image

coordinates using the transformation equation

" z NEEE

[P']=|"" | =ratio| 7 2 (2.41)
Yi ¥ + 552

where (z;,y,) are coordinates in coordinate system 3, also known as image space, and

(z;,y;) are coordinates of point i in coordinate system 2. The scale factor is defined

izt
stzo*

as ratio = Figure 2.6 shows the effect of the coordinate transformation, with
two spaces involved; i.e. the original object space and the differently oriented image
space. One edge of the original object is also shown. The dashed line represents unit
increments in the image space coordinate frame.

Once the planar graph has been converted from object coordinates to image co-
ordinates using orthogonal transformations (equations (2.40) and (2.41)), the raster
representation of the graph in the image space can be generated using the Bresenham

line drawing algorithm [6,19].

2.3 Representing a tightly closed boundary

The technique for representing unambiguous region boundaries and contour maps in
raster format was developed by Merrill[15]. This method is based on a well-known
topological property of a closed boundary; that is, in the case of discrete data, a point
(z,y) is inside the region if and only if there exists a test line drawn from a point
outside the region boundary to point (z,y) that crosses the boundary an odd number

of times. This property has three restrictions [15,17] as follows :
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object

Figure 2.6: Object space and image space.
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1. The boundary must be continuous and closed, in the sense that the maximum
absolute distance between successive points in the locus must be equal to the

grid element diagonal.
2. Provisions are necessary where the test line intersects the boundary tangentially.

e Constrain the test line to be horizontal.

e Augment the boundary at any local maximum and minimum, so that a tan-
gential horizontal line passes through an even number of boundary points

at each extremum.

¢ At inflection points, augment the boundary to ensure that the test line

passes through an odd number of points.

3. The closed boundary cannot intersect itself except that it must end at its start-

ing point.

A tightly closed boundary (TCB) is a boundary meeting the above restrictions.
so that continuous points in the locus are connected in the grid and it has been
augmented at extrema and inflections. The TCB, in the manner described above,
Is necessary for converting a planar graph into OAQs. Once an initial boundary
is computed using Bresenham’s algorithm, the TCB is computed, which allows the
formation of a run-length coded (RLC) version of the closed boundary and its interior.

Figure 2.7 illustrates finite point loci representing the closed boundary of an object.
This representation is produced using Bresenham’s algorithm. This figure shows the
points between A and B do not meet restriction 1, thus the ”missing” coordinates
must be inserted in the locus. Points 1, 2 and 3 in the figure are examples where
points are repeated in order to meet restriction 2.

Using the three restrictions, a set of points generated by Bresenham’s algorithm
may be augmented to ensure that the topological property of a closed boundary is

fulfilled. The state diagram of an algorithm to generate the TCB is depicted in
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Figure 2.7: A closed boundary example.
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Figure 2.8, along with the algorithm shown in Figure 2.9. The algorithm uses the

even =@ not cven

Figure 2.8: State diagram of an algorithm generating TCB.

unaugmented, closed boundary as input. To generate a run-length coded version,
which will be described in the next section, the TCB is sorted using the y coordinate

as the principal sort field.

2.4 Run Length Code (RLC) representation

One of many techniques which can compress the data for binary image representation
is run-length coding. This method makes use of the fact that along any particular
scan line there will be long runs of zeroes or ones. The length of such runs can be
transmitted as numbers instead of transmitting the individual bits. There are several

techniques for representing run-length code. For the image line
0111110011000

the run-length code can be [1,5,2,2,3]. The odd positions represent the number of

zeroes in the image line, and the even positions represent the number of ones in the
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dots = record
y,X : integer; end

procedure Augment(ob : dots; nob : integer; var ab : dots: var nab : integer);
{ Augment the grid cell boundary of a closed polygon }
var even,up : boolean; { Flags for count and direction }
iJ,k,x1,y1,x2,y2 : integer
begin
x1 := ob[1].x; y1 := ob[1].y; y2 := y1;i := nob + 1;
{Trace backwards until a change in ordinate is found}
while (y2 = y1) and (i > 0) do begin
i:=1-1; y2 := ob[i].y; end;
k := i; { Marker or point of ordinate is found }
if y2 < yl then up := true else up := false;
if (( nob - k) mod 2) = 0 then even := true; else even := false;
{ Copy these initial cells to the augmented list }
}:=0;
fori:=k + 1 to nob do begin j := j + 1; ab[j] := ob[i]; end;
j =]+ 1; ab[j} := ob[1];
{ Check the rest of the boundary }
for i := 2 to k do begin
x2 := ob[i].x; y2 := obli].y;
if y2 > y1 then begin
if (not even and not up) or (even and up) then begin
J =]+ 1; abj].x := x1; ab[j].y = yl; end;
even := true; up := false; end
else if y2 < y1 then begin
if (not even and up) or (even and not up) then begin
J:=j+1; ab[j]l.x:= xlI; ab[jl.y := yl; end
even := true; up := false; end
J =]+ 1; ab{jl.x := x2; ab[jl.y := y2;
even := not even; x1 := x2; yl := yl;
end
{ Check the last (k’th) position for augmentation }
if k = nob then y2 := ob{l].y; else y2 := oblk+1].y;
if (y2 > y1 and not up and not even) or
(y2 > y! and up and even) or
(y2 = y1 and not even) then begin
j =]+ 1; ab{jl.x := x1; ab[j].y := y1; end
nab := j;
end; { of procedure AUGMENT }

Figure 2.9: The AUGMENT algorithm for augmenting the raster boundary of a closed
polygon.
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image line. The beginning of each line may be indicated by some special code, or a
convention that the line starts always with a zero or a one.

Run-length codes can be used to compute the area of the image. We use the
convention that r;; is the 7% run of the i** line, and the first run of each row is zZeroes.
Therefore all the even runs correspond to ones in the image. Supposing that m; is
the number of runs on the i, line, then this number is odd if the last runs contains
zeroes.

The area of the image is represented by the sum of the run lengths corresponding

to ones in the image.

n m/2
A= Z Z Ti25 (242)
=1 j=1
This sum is over the even runs only.
Run-length encoding can be specified in the simple form by encoding data into

two groups. The first is the intensity and the second is the number of successive pixels

on the scan line with that intensity [19].

Intensity | Run Length

Figure 2.10 illustrates a discrete binary image, along with the encoding for scan line
1,5 and 8.

A more compact run-length code scheme can be formed by including the sequential
number of a scan line, with the encoding consisting of two groups. The first group is
the scan line number, and the second group contains the starting position of successive
pixels with intensity one, followed by the end position of those successive pixels. The
compact representation is shown in Figure 2.11. For the scan line 8 of the binary
image shown in Figure 2.10, the RLC code is shown in Figure 2.12. The run-length
encoding of binary images provides a data compression that is significant not only for
saving storage space. It also saves transmission time for facsimile transmission where

run-length encoding is used extensively.
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Figure 2.10: Example of RLC.

L i | Toegin | Tend |

Figure 2.11: The compact representation of RLC.

(810 10]

Figure 2.12: An example of RLC compact representation.
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The previous section has presented all the details of conversion of the planar graph
into a tightly closed boundary (TCB) representation. Once the TCB representation
has been determined, a lexicographical sort using the y coordinate as the principal
sort field is carried out to produce a compact run-length coded description of the
graph. The run-length coded version is similar to the one shown in Figure 2.12.
The algorithm for generating a run-length coded description of the graph is shown in

Figure 2.13.

dots : record
X,y : integer; end
rlength :record
r, xb, xe : integer; end
tle : array (1..max_runlength] of rlength;
nrlc : integer;

procedure TO_RLC (ab : dots; nab : integer);
var row,coll,col2,x,y,i : integer; odd : boolean;
begin
i:=1;arlc := 0; x := ab[l].x; y := ab[l].y;
while i < nab do begin
row :=y; coll := x; odd := true;
repeat
col2 := x;1:= 1+ 1; odd := not odd;
x := ab[l].x; y := ab[i].y;
until (y # row) or ((x - col2) > 1) or (i > nab)
nrlc := nrle + 1; rlc[nrle].r := row;
rlc{nrlc].xb := coll; rlc[nrlc].xe := col2;
end; {while}
end

Figure 2.13: The TORLC algorithm for generating a run-length coded (RLC) de-
scription of the graph.

2.5 Quadtree Encoding

Once a run-length coded description of the graph has been generated, the quadtree
corresponding to it is generated using a modified Morton matrix approach [21]. To

represent an object as an OAQ), a record structure termed OAQ is necessary. This is
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a variant record with a fixed part and a variant part. The fixed part contains those
fields that are always part of the record. The fixed part contains fields QT, ORI-
ENTATION ,CENTROID,SIZI, and SIZO which are used to store a pointer to
the root of the quadtree representing the object, the orientation of the OAQ, the
object’s centroid, the image space size and the object space size respectively. The
variant part contains two fields, POLY_COUNT and POLY_LIST, which are used
to store information belonging to polygons computed from boolean OAQ operations
(see Chapter 3). These fields are required when boolean OAQ operations between two
images are carried out. To determine whether these fields are required or not, the tag
field is necessary. This tag field is declared as OP, and is set to be true to complete
the record when boolean operations between OAQs are required. The Pascal record

structure for an OAQ is given in Figure 2.14.

vertex = record
X,y : real end;

pqtree = "qtree; { pointer to a quadtree }

qtree = record { node of a quadtree }
COLOUR : (B,W,G);

NW NE,SW SE : pqtree;
PARENT : pqtree end;

OAQ = record { Orientation Adaptive }
QT : pqtree; { Quadtree }
ORIENTATION : real;
CENTROID : vertex;

SIZI : integer; {image size}
SIZO : integer; {object size}
case OP : boolean of
True :
POLY _COUNT : integer;
POLY LIST : polygon_array
end;

Figure 2.14: Pascal record structure for an orientation adaptive quadtree.

To generate the quadtree, a modification of the Morton matrix was made. The

decision about whether an image space point is interior to the object is inferred
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from the RLC. In Morton matrix fashion, the pixels are visited in the order shown

in Figure 2.15. The leaf node is only created if it is maximal, and a merge occurs

1] 21 5| 6(17(18]21]22
3| 4] 7| 8[19|20(23]24
911013 [14125[26{29(30
111121516 [ 27(28 31132
33 [34|37 3849505354
35136394051 (52]55] 56
41 |42 |45 |46 | 57 | 58 [ 61 | 62
43|44 471485960 |63 |64

Figure 2.15: Morton matrix.

if four sons of a node are either BLACK or WHITE. If all the pixels are not of
the same type no further merging can occur, and the segment of the final quadtree
corresponding to their contribution can be constructed. For example, the object
shown in Figure 2.16 is a 2% by 23 array unit square of "pixels”, each of which has
value 0 or 1. Denoting this array by A, the element array A[1,1] is inspected first,
followed by A[1,2], A[2,1],A[2,2], A[1,3] and so on. Since a leaf node is only created
if it is maximal, pixels 1,2,3 and 4 are of the same type BLACK, and they will be
represented as a node A in the final quadtree. As pixels 5,6,7 and 8 are not of the same
type (pixels 5,6 are WHITE and 7,8 are BLACK), their nodes cannot participate in
any further merge. The corresponding subtree that contributes to the final quadtree
is shown in Figure 2.17.As an example for further merges, pixels 33-48, and 49-64
are ultimately represented as nodes H and I in the final quadtree. These nodes are
created once their remaining siblings have been completely processed.

The same concept is adopted when converting objects into OAQs. Once the or-
thogonal transformations have been carried out, the unit increments associated with
the oriented image space are similar to the unit squares shown in Figure 2.16. The

object depicted in Figure 2.5 can be represented as the OAQ shown in Figure 2.18.
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(a) (b)

A B C D EFG

s 6 7 8
(©)

Figure 2.16: (a) Sample image. (b) Its block decomposition. (c) Quadtree represen-
tation of the blocks.
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Figure 2.17: Subtree in the process of obtaining a quadtree corresponding to Figure
2.16(b).

The construction of a quadtree corresponding to the given object is performed by
function QT_MAKE and procedure CONSTRUCT. Function QT_MAKE controls the
construction of the final quadtree. It returns a pointer which points to the quadtree’s
root. If the imageis all BLACK or WHITE, tilis function returns a one-node tree. The
construction of the quadtree is actually accomplished by procedure CONSTRUCT.
This procedure examines all the pixels in Morton matrix fashion. Each pixel is re-
cursively inspected by inferring from the rlc description. If the image space point
is interior to the object, this point is said to be BLACK: otherwise it is said to be
WHITE. To examine a pixel, a function IMAGE, which indicates whether a pixel is
BLACK or WHITE, is recursively invoked by using the values of northeasternmost
pixel coordinates. If these coordinates are in the run-length coded description, a
function IMAGE returns BLACK, otherwise it returns WHITE. The procedure CON-
STRUCT recursively examines all pixels and creates nodes whenever all four sons are
not of the same type. Procedure CONSTRUCT returns the result of inspecting sons,
which is stored in a record called PAIR containing the two fields termed COLOUR
and pointer POINT.

Once the process of constructing the OAQ has been completed, it is identical to an

ordinary quadtree, except for the storage of the orientation , the centroid, the image
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(©)

Figure 2.18: Construction of an OAQ (a)Sample oriented image. (b)Its block decom-
positions. (¢)OAQ representation of the blocks.

36



size space, and the object size space at the root, and the variant storage required to
carry out boolean OAQ operations. This quadtree is stored in the field of a record
OAQ which is labelled QT, and can be traversed in preorder traversal to produce a
set of codes which will be stored on disk along with the orientation of the object, the
object’s centroid, the image size space, and the object size space. 'B’ is assigned to
be the code for a BLACK node, 'W’ is assigned to be the code for a WHITE node,
and ’(’ represents a GRAY (i.e neither black nor white) node. This set of codes is
called a linear code and it is helpful for display purposes. The linearly coded OAQ

for representing the object in Figure 2.18 is shown in Figure 2.19. The functions and

((W(WWBBWB((WWBBWBW(WBW(BBWW(BW(BBWWW
Figure 2.19: Linear coding for the OAQ of Fig.2.19.

procedures, are shown in Figures 2.20, 2.21 and 2.22.

pair = record
colour = char; point = pqtree; end;
function QT_MAKE(n:integer) : pqtree;
q . pqtree;
p : pair;
begin
CONSTRUCT(p,n,2",2");
if p.colour = ’G’ then begin
p.point~.parent := nil;
QT_MAKE := p.point; end
else begin
new(q); q~.colour := p.colour;
q".NW:= ¢~ VE := ¢q~.SW:= ¢~.SE := nil;
q~.parent := nil; QT_MAKE = q;
end;
end; { of procedure QT_-MAKE }

Figure 2.20: The QT_MAKE algorithm for controlling the final quadtree.

Converting a planar graph of even degree to OAQs can be summarized as follows:

1. Calculate the orientation of the object using the method described in section

2.1.
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rlength = record
r, xb, xe : integer; end
rlc : array [1..max_runlength] of rlength;

function IMAGE (x,y : integer) : integer;
1: integer;

begin

1:=1;

while ((rlc[i].r < y) and (i < nrle)) doi =1 + 1;

3

if ((rlc[i].r # y) or (i > nrlc)) then IMAGE := 0
else begin

while (rlc[i].r = y) and (rlcfi).xe < x) doi:=i + 1; end

if ((rlc[i].r = y) and (rle[i].xb < x) and and (rlc[i].xe > x)) then

IMAGE := 1 else IMAGE := 0;

end {of function IMAGE}

Figure 2.21: The IMAGE algorithm for determining if image pixel (x,y) is BLACK
or WHITE.

o

Convert all edge vertices from object coordinates to image coordinates using

orthogonal transformations; equations (2.40) and (2.41).

Use the Bresenham algorithm [19] to obtain a raster representation of the graph

in image space.

. Obtain the tightly closed boundary (TCB) representation of this raster repre-

sentation using the augmentation algorithm of {15]. This ensures topological
consistency in that one can always infer directly from the TCB whether a point

is interior to the object represented by the graph or not.

. Sort the TCB lexicographically using the y coordinate as the principal sort field.

This produces a run-length coded (rlc) description of the graph.

Using this rlc description, generate the quadtree corresponding to it using a
modified Morton matrix approach [21]. The modification made here is that the

decision about whether an image space point is interior to the object is inferred
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procedure CONSTRUCT (var par : pair; n,x,y : integer)
var ; p: array(l..4] of pair; r,q: pqtree; level,ik : integer;

begin
if (n = 0) then begin { if block is a single pixel }
if IMAGE(x-1,y-1) = 0 then par.colour := 'W' else par.colour := 'B’;
par.point := nil; end
else begin { if block contains more then 1 pixel }
level := n-1;
CONSTRUCT(p[1],level,x-2!evel x_plevel), CONSTRUCT (p(2] level,x,y-2!evel);
CONSTRUCT (p(3},level x-2!*v*!,y); CONSTRUCT(p[4],level x,y);
if (p[1).colour # 'G') and (p[1].colour = p{2].colour) and (p[2].colour = p[3].colour) and
(p[3].colour = p[4].colour) then par := p[1]; { creates a leaf node }
else begin { creates subtree }
new(q);
for i:=1 to 4 do begin
if pli].colour = 'G’ then begin
case i of
1: q".NW := p[l].point; 2 : q~.NE := p[2].point;
3:q".SW := p[3}.point; 4 : q~.SE := p[4).point;
end; { case }
p(i].point~.parent := q;
end { if }
else begin { p[i].colour # 'G’ }
new(r); r~.colour := pli].colour;
. NW := r*NE := r*.SW := r~.SE := nil;
{ initialization of polygon list for Boolean OAQ operation }
if p(i].point~.OP = true then begin
r~.polygon count := 0; { initialize a counter of the number of polygons }
for k := 1 to max_poly do begin
r~.polygonlist(k].history[1] := r~.polygonlist{k].numlinks := 0;
r~.polygon list[k].edge list :=nil; end; { for k }
end {if OP is true} ;
case i of
1:q"NW:=r 2:q"NE:=r1; 3:q"SW:=r; 4:q~SE:=r;
end; { case }
r-.parent ;= q;
end; { else }
end; { for i}
q~.colour := 'G’;
q~.polygon_count := 0;
for k := 1 to max_poly do begin
q".polygonlist[k].history{1] := q~.polygonlist[k].num links := 0;
q~.polygon list[k].edge list := nil; end; { for k }
par.point := q;
par.colour := 'G’;
end; { else creates subtree }
end; { else if block contains more than 1 pixel }
end; { of procedure CONSTRUCT }

Figure 2.22: The CONSTRUCT algorithm for constructing quadtree.
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from the rlc description. This obviates the requirement to store a binary array

of size (m, m), where m is the maximum image space coordinate.

The orientation adaptive quadtree takes advantage of large eccentricity in an object
and accounts for any rotation of the principal axis of inertia. In this sense, it pro-
vides an optimal (in terms of space) quadtree encoding of connected planar objects.
Computing the second order moments necessary to obtain the orientation requires
O(n) time, for n = number of edges in the original object description [18]. The extra
time does not add significantly to the overall time of converting edge structures to

quadtree structures which is O(n?), for n = image space coordinate range [18].
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Chapter 3

Boolean operations with OAQs

The quadtree structure is especially efficient when set operations such as intersection
and union of two images are required. Determining the quadtree corresponding to
the intersection of quadtrees A and B simply requires a traversal of two quadtrees in
parallel [21]. Consider quadtrees A and B shown in Figure 3.1. For the intersection
operation, construction of the resulting quadtree, called I, can be computed in such
a way that if either of the two nodes is WHITE then the corresponding node in I
is WHITE. If one node is BLACK, then the node in I is set to the corresponding
node of the other quadtree. If both nodes are GRAY then the corresponding node
in Iis set to be GRAY, and the algorithm is applied to the children of A and B.
Once all the children of the visited nodes have been processed (when both nodes are
GRAY), a check must be made if a merger is to take place since all four children in I
could be WHITE. For the union operation of two quadtrees, the algorithm is applied
identically except that the role of BLACK and WHITE nodes are interchanged. The
boolean operation of two standard quadtrees is depicted in Figure 3.1.

Intersecting two OAQs is not similar to the manner of intersecting two standard
aligned quadtrees. The process of intersecting two OAQs can be divided into two

steps as follows :

1. Extracting polygons by intersecting every two blocks representing two nodes
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Figure 3.1: Intersection of two standard quadtrees (from [21)).
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from different OAQs. For the intersection operation, these two blocks represent
two BLACK nodes, and for the union operation the two blocks represent a
WHITE node of OAQ A and a BLACK node of OAQ B. The union operation
also extracts the BLACK blocks of OAQ A.

2. Merging those polygons which result in new objects.

To clarify boolean operations of two OAQs, in the manner mentioned above, we shall

now present the algorithm for performing boolean operations on two OAQs.

3.1 Definition and notation

Let the OAQ be stored as a record QT containing 6 fields. The last fields contain
a pointer to an OAQ structure which is shown in Figure 2.14. Each node in the
OAQ structure is stored as a record containing six fields. The last five fields contain
pointers to the node’s father and its four children labelled NW, NE, SW, SE, and
PARENT. The QT record is stored as the first field in the record OAQ. For the refer-
ence OAQ A, each node has two additional fields which are labelled POLY_COUNT
and POLY _LIST. As mentioned above, POLY _LIST is used to store polygons re-
sulting from the intersection between two blocks representing black nodes belonging
to OAQ A and B. The number of polygons in the list is stored in POLY_LIST.
The Pascal record structure for the POLY_LIST and POLY_COUNT is shown in
Figure 3.2. After constructing two OAQs, the orientation of each object is stored in
a field labelled ORIENTATION, the centroid is stored in a field labelled CEN-
TROID, the image space size is stored in a field labelled SIZI, and the object space
size is stored in a field named SIZO.

To compute the intersection of two OAQs, we carry out the two steps mentioned

above. These are discussed in more detail in the next section.
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type
abyte = array[l..maxlevel] of byte;
edge_ptr = “polygon_edge;
polygon_edge = record { edge of polygon }
vertl,vert2 : vertex; edge.ID : packed array[1..2] of char; level : integer; next : edge_ptr;
end;
polygon = record
history : abyte; depth : integer; edge_list : edge_ptr ; end;
polygon.array = array(l..max_poly] of polygon;
polylist : polygon;

Figure 3.2: The Pascal record structure for Boolean OAQ operations.
3.2 Process of extracting polygons

This process extracts polygons produced by the intersections between two blocks,
each representing nodes of two different OAQs, A and B. For the intersection OAQ
operation, the two blocks represent BLACK nodes. For the Boolean union of two
OAQs, the polygons come from black blocks of OAQ A and the intersections between
blocks representing WHITE nodes of OAQ A and BLACK nodes of OAQ B. This
process requires a record for four corner points of every block of OAQ B in the OAQ
A reference frame. The computation of corners points of the block involves a rotation
and translation operation, which is explained in the following subsection. Extracting
polygons requires the examination of nodes of OAQs A and B by traversing them in
parallel starting from their roots. If both blocks representing the root nodes of A and
B intersect, then an examination between each child of the root of node A and all
children of the root node of B is carried out recursively. If the two blocks representing
the root nodes of OAQs A and B do not intersect, then no operations are performed
since the two OAQs are disjoint.

Boolean OAQ operations require a test to decide whether two blocks representing
the specified nodes of OAQ A and B intersect or not. For the intersection operation
the specified nodes are BLACK nodes of OAQ A and OAQ B. If the two blocks inter-

sect, the resulting intersection is a polygon, which is stored in the node belonging to
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the reference OAQ A. The way to extract the polygon will be explained in subsection
3.2.2. If the blocks being examined are coincident, then one of them is extracted as a
result of the intersection. If the blocks are completely disjoint, then no resulting in-
tersection 1s extracted. When the examined block of OAQ A lies inside the examined
block of OAQ B, then the result is the complete node of OAQ A.

For the Boolean intersection, if both examined nodes are BLACK, then a test is
carried out to see if the corresponding blocks intersect. If one of the nodes is GRAY
and the other is BLACK, then the process described above is carried out recursively
to the children of these nodes. If both nodes are GRAY, then the same process is
carried out recursively to the children of both OAQs. If one of the nodes is WHITE,
then no action is taken.

For the Boolean union, when the process of examining two nodes of OAQ A and
OAQ B visits a BLACK node of OAQ A, then the block representing this node is
directly stored in the node of OAQ A. The block of OAQ A is always extracted in
the union operation of two blocks representing the BLACK nodes of OAQs A and B.
When the process visits a WHITE node of OAQ A and a BLACK node of OAQ B, the
intersection of the corresponding blocks is taken, since the intersection contributes
to the result of the union. When a WHITE node of OAQ A and a BLACK node of
OAQ B is found and their blocks intersect or coincident, then the resulting polygon
is extracted and stored in the node of OAQ A.

When a polygon resulted from the operation of two blocks has been extracted,
it is stored in a node of reference OAQ A, along with the path where the blocks
representing a node of OAQ B came from. The process of storing the polygon will be
discussed further in subsection 3.2.3.

After extracting all polygons of intersection between two blocks representing nodes
of OAQs A and B, and having the results stored in reference OAQ A, OAQ Bis no
longer considered. Reference OAQ A is now traversed in post order, and a merge

operation is carried out to merge all polygons stored in the leaf nodes of the reference
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OAQ A. For the intersection operation, the polygons are stored only in the BLACK
leaf nodes of the reference OAQ. For union operation, the polygons are stored not
only in the BLACK leaf nodes, but also in the WHITE leaf nodes of OAQ A.

The result of this merge process is polygons which are stored in the node of
the reference OAQ. When a process of traversing the OAQ visits a GRAY node, a
merge process 1s carried out to merge all polygons stored in its children nodes. This
process is done recursively up to the root. After finishing the traversal, the root node
will have the resulting polygons of two intersecting OAQs. These objects can be
represented into OAQs by transforming back to object coordinate space, calculating

the orientation of the objects and forming the OAQs as described in chapter 2.

3.2.1 Recording a block of OAQ B in OAQ A

This process is intended to record corner points of a block represented by a black node
of OAQ B in OAQ A’s reference frame, using the information brought by OAQ B.
Figure 3.3 shows two intersecting OAQs. The orientation of the object, the object’s
centroid, the image space size and the object space size are the information that are
brought by OAQ.

Each block representing nodes of OAQ B can be known directly from its node
position in the OAQ, but they are not known in OAQ A’s reference frame. A calcu-
lation of the distance between centroid of A and centroid of B in A’s reference frame
is necessary to compute any block of OAQ B in the A reference frame. Figure 3.4
depicts blocks of 0AQ A and OAQ B of Figure 3.3. Knowing A’s and B’s centroid
in object common coordinate frame, the length of §, and &, shown in the figure can

be calculated using the relation

6 = rcos(a — 6,4) (3.1)
by = rsin(a — 6,4) (3.2)

where « is arctan(%ﬁfzc—‘:é%. The values of 6z and 8y are computed in the image
cep ccq
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Figure 3.3: An example of the intersection of two OAQs.
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Figure 3.4: Outer blocks of OAQ A and B.
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space coordinate of A by multiplying éx and §y with A’s scale factor ratio, = ;’;’25:7:
Knowing 6z and 6y, the computation of corner points of OAQ B in OAQ A requires
a coordinate transformation from B’s image space coordinate system to A’s image
space coordinate system. This is an orthogonal transformation accounting for the
centroid difference (6., 8y), orientation difference (45 = 85 — 64) and scale difference
(ratiosp = %) for the two OAQs.

Two transformations are necessary to compute a corner point of a block of 0AQ
B in OAQ A’s reference frame. The first is a scale transformation of the block of
OAQ B by scale difference ratiosp, and the second one is the rotation transformation
of the block of OAQ B about its centroid, through 6 45.

When the second transformation is carried out, the following transformations are

involved [6].

Translation of the block to the origin.
Rotation of the block about the origin.

Translation of the block back to the original center of rotation.

In order to record a block of OAQ B in OAQ A’s reference frame, the block is
translated back to the center of OAQ B, which is (CE,CB) = (0.5si2ip,0.5sizip).
We take into account the fact that OAQ B’s centroid is recorded in OAQ A’s reference
frame, which is (CB4, CB4) = (0.5 x sizig + 62,0.5 x sizig + 6y).

By defining Tp4 as a transformation from image space coordinate system B to A,

the transformation matrix can be represented as
TBA = S(T‘atiOAB) R(GAB) (33)

where S(ratioss) is a scaling matrix defined as in equation ( 2.33) with the values

a =d = ratioap, and R(f,4p) is a rotation matrix defined as

1 0 0 cosfap sinfup 0 1 0 0
[R(0aB)] = 0 1 0 —sinf4p cosfuag O 0 1 0 (3.4)
-CB -—Cf 1 0 0 1 CcE Cf 1
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By carrying out the matrix product in the homogeneous coordinates, equation (3.3)

can be written as

tio 0 0 cosfap sinf g 0
ralioapg
—s8inf cosé (0]
[Tas]l = 0 ratioag O AB AB (3.5)
0 o ) —(CBcosbp+ —(CEBsin6,p- 1
CEsinfap + CBA) —CPlcosbap +CP4)
rapcosbpg —sinf,p 0
(Tap] = sinf,p rapcosfsp 0 (3.6)
AB] = )
—(Cfcos0A3+ —(CzBsingAB— 1
CPsinfap + CEA) —CfcosGAB+CfA)

Let Fi(¢ = 1---) be a set of corner points of any block of OAQ B. The point coor-
dinates are known directly from the node position in the OAQ. Consider Figure 3.3.
The two OAQs represent sizi X sizi binary images. The root of OAQ B represents a
binary image of size 2*x2*. The coordinates of the upper right , upper left, lower left,
and lower right corner points of the NE block of OAQ B are (2¢,2%),(23,24), (23,23)
and (2%,2°) respectively. These coordinates are in the OAQ B’s image space. By
applying equation (3.6) to P;, then

P';=P; Tg4 (3.7)

We now have a set of coordinates defining each block of OAQ B in OAQ A.

3.2.2 An arbitrarily oriented block intersection

The process of extracting polygons of two intersecting blocks is similar to a process
of clipping one rectangular window against another rectangular window, except for
defining the clipped polygon. Knowing the level of nodes from OAQ A and OAQ
B, the position of blocks of A and of B can be properly calculated in A’s reference
frame. The process of intersecting two blocks representing a node of OAQ A and one
of OAQ B is done by keeping track of the edges defining the polygon. Figure 3.5
depicts an intersection between two blocks that represent two black nodes. The

position of four corner points of block A and block B have been recorded in A's
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Figure 3.5: Intersection of two black blocks.

reference frame. The algorithm to extract the polygon is modified from Sutherland-
Hodgman’s algorithm [6] and Weiler’s algorithm [34]. The output is designed to
keep track of edges defining the polygon. Sutherland-Hodgman’s algorithm accepts a
series of polygon vertices and outputs another series of vertices defining the clipped
polygon. The Weiler algorithm results in a set of vertices defining a polygon using a
complicated Euler graph data structure, with each edge represented by a winged-edge
data structure. The algorithm uses a set of successive vertices v;, v, v3, v4 in order
lower left, lower right, upper right and upper left of the corresponding nodes. The
polygon edges are from v, to v,, v; to v3, v3 to v4 and v4 to v;. These edges are labelled
respectively as AS, AE, AN, and AW for block A, and BS, BE, BN, and BW for block
B. Each edge is taken associated with the position of the edge bounding the block; i.e,
AE is an edge bounding block A on the East. To extract the intersection, a block of B
is clipped against a single clip boundary. Successive clips against four boundaries are
carried out to extract an edge list defining the result. The algorithm traces around
block B from v; - - - v4, each step examining the relationship between two successive

vertices and the clip boundary of block A, keeping track of the edges formed by those
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two successive vertices. If one edge contributes to the clipped polygon, the endpoints
and the edge names are added to the output list.
Figure 3.6 depicts the possible cases of two successive points clipped against a clip

edge. In the case of an edge inside the clip boundary, (case 1), the two points form

p
$ int p
S
save an edge s-p save an edge int-p
keep int
case 1 ) case 2
§ p .
nt N
P
no edge saved save an edge s-int
keep int
case 3 case 4

Figure 3.6: Four possible cases of clipping block.

an edge, and it is added to the output list along with the corresponding edge’s name.

In case 2, the polygon edges intersect the clip boundary, and the intersection point
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and the endpoint which lies inside the clip boundary form an edge contributing to the
clipped polygon. The two endpoints and the corresponding edge’s name are added to
the output list. It should be noted that if the intersection between the polygon edge
and the clip boundary is found, then the intersection point is kept as a first point of
one of the edges comprising the clipped polygon. A similar method is used for case
4; here the intersection point is necessarily kept as a second point of the edge. The
appropriate name for this edge is easily identified by checking the relative position
of its two vertices, and the clip edge. The complete block intersection algorithm is
shown in Figure 3.7. Procedure ARBOR_BLOCK_INT depicted in the figure uses
an array of edges in_e defining the block being clipped, and creates another array of
edges out_e defining the clipped block. It uses procedure OUTPUT to place an edge
into array out_e. The function LINEINTERSECT calculates the intersection of the
polygon edge from vertex s to vertex p with a clip boundary which is one of the edges
defining the clip block. The function INSIDE returns true if a vertex lies inside (to
the left) of the clip boundary. This test is based on the cross product of the vector
P, to P, representing the clip edge, with the vector from P; to the vertex P;. This
cross product is a vector magnitude z,y,, — YTy perpendicular to the plane defined
by P, P, and Ps, where v = (24, ¥y) (vector from P; to P,), and w = (z, Yw) (vector
from P, to P3). The tested point is inside when TyYw — YuTw has a negative value,

otherwise the tested point is not inside the clip boundary.

3.2.3 Storing polygons in a black node of the reference OAQ

As discussed in the previous section, the node in reference OAQ (A) has two additional
fields which are labelled POLY_COUNT and POLY_LIST. The first field is used
to store the number of polygons defining all pairs of intersecting black blocks. The
second field is used to store the polygon information about two intersecting black
blocks from two different OAQs (i.e the output from ARBORBLOCK_INT). This
field is an array of record structure termed POLYGON. The Pascal structure for
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procedure ARBOR BLOCK_INT(level A level B : integer; var polygon : edge ptr);

var i,j,k,num.int,in length,out length : integer; first_in, first out : boolean;
in_e,out.v : array[1..10] of edge; int,p,s,keepl keep2 : vertex;
begin
fori:= 1 to 4 do begin
with in_e[i] do begin
vertl := corners B[i]; if i = 4 then vert2 := corners B[1] else vert2 := corners B{i+1];
case i of 1: edgeID := 'BS’; 2 : edgeID := 'BE’; 3 : edge D := 'BN’; 4 : edgeID := 'BW’; end;
end; { fori:z=1to 4}
inlength := 4;
fori:=1to 4 do begin
ifi=4thenm:=1lelsem:=i+ 1;
num.int := k_out := out_length := 0; first_in := first_out := false;
for j := 1 to indength do begin
s := in_e[j].vertl; p := in_e[j].vert2;
if INSIDE(p,comers_Ali], corners A[m]) then
if INSIDE(s,corners_Al[i],corners_A[m}) then
OUTPUT(level_A,Ievel.B,s,p,out.length, out.v,in_e[j].edge ID)
else begin { going in }
LINEINTERSECT(s,p,corners A[i], corners A[m],int,found,1);
OUTPUT((level A level B,int,p, out length,out_v, in.efj].edge ID):
keepl := int; { keep first intersection point }
numdint := num.int + 1; k_out := out.length; if not first out then first_in := true; end
else { going out }
if INSIDE(s,comers_A[i], corners_A[m]) then begin
LINE_INTERSECT (s,p,corners_A[i], corners_A[m],int);
OUTPUT(level A level B,s,int, out length,out_v,in_e(j].edge_ID);
keep2 := int; { keep second intersection point }
num.int := num.nt + 1; if not first_in then first_out := true; end;
if num.int = 2 then begin { form keepl keep2 as an edge }
case i of
1: if keep2.x > keepl.x then {south boundary of block A }
OUTPUT(lewel A )level B keepl keep2, out length,out_v,’AS’); else
OUTPUT (level A level B keep2, keepl,outlength,out_v,’AS’);
2 : if keep2.y > keepl.y then { east boundary of block A }
OUTPUT (level A level B ,keep?2, keepl,out.length,out.v,‘AE’) else
OUTPUT (level A level B keep1 keep2, outlength,out_v,’AE');
3 : if keep2.x > keepl.x then { north boundary of block A }
OUTPUT (level A level B keep?2, keepl,outlength,out_v,’AN’) else
OUTPUT(level_A,IeveLB,keepl,keep2, out length,out_v,’AN");
4: if keep2.y > keepl.y then { west boundary of block A }
OUTPUT (level A level B keepl, keep2,outlength,out_v,’AW’) else
OUTPUT(level A level B keep2, keepl,outlength,out_v,’AW’);
end; { caseiof }
num.int := 0; { initialize the number of intersection points }
end; { if num.int = 2}
end; { for j := 1 to inlength }
if first_out then swap edge kout with edge kout+1
in_e := out_v; in_length := out length;
end; {fori:=1to4}
polygon «— out._v;
end

Figure 3.7: The ARBOR BLOCK.INT algorithm for extracting a polygon produced
by intersecting between two specified blocks.
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the invariant part of a record OAQ is given in Figure 2.14 and Figure 3.2.

Consider Figure 3.8. This figure depicts an intersection between two OAQs along
with their OAQ representation and their block decompositions. Each of the nodes is
labelled 1,2,3,4 in order NW, NE, SW, SE respectively, and the root node is labelled
0.

Consider a black leaf node of the NW subtree of OAQ A (node 4 at level 2). Its
block represented by the node with specified path 014 intersects with blocks repre-
sented by black leaf nodes of the SW subtree B of OAQ B level 2 and 1. These black
leaf nodes have specified paths from the root node of B such as 0314, 0332, 0334 (at
level 1) and 032, 034 (at level 2). Thus, they result in a set of polygons labelled in
Figure 3.8 as P, R, V, Q, and T respectively. The intersection of the block of 0AQ
A and the blocks of OAQ B is shown in Figure 3.9. The polygon R is symbolically
represented as shown in Figure 3.10. The information about each edge contains the
level number of the node where the polygon came from. This is necessary when
merging polygons to the parent node. The details of merging polygons is discussed
in section 3.3. After storing all polygons defining all intersections between two blocks
from different OAQs, OAQ B can be ignored, and the merging operation is carried
out in OAQ A using polygon information stored at every black node of OAQ A. The
algorithm for merging polygons follows the OAQ data structure by making use of edge
information shown in Figure 3.10. The process of extracting polygons for Boolean

operations with two OAQs can be summarized as shown in Figure 3.11.

3.3 Merging operations

This merging process is intended to merge all polygons which are produced by inter-
secting pairs of blocks represented by black nodes of different OAQs.
This process is done recursively by traversing the reference OAQ A in post order.

For the intersection operation, when a process of traversal visits a BLACK node,
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Figure 3.8: Intersection of two OAQs.
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Figure 3.9: The intersection of the block of OAQ A and the blocks of OAQ B.
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Figure 3.10: A set of edges representing polygon R from 3.9.
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Intersection operation
1. Record each block of A and of B in the reference frame of A.
2. If node A and B are BLACK nodes then
{ Do a process of examining nodes }
if block A and B intersect then
Extract polygon intersection by invoking the ARBOR_.BLOCK_INT procedure.
else if block A and block B are disjoint no extraction polygon is carried out.
else if block A and block B in the same position then polygon — block A or block B.
else if block A is inside block B then polygon — block A
else if block B is inside block A then polygon — block B.
store polygon in black node A.
3. If node A is BLACK and node B is GRAY then apply the process of examining nodes
to the children of node B.
4. If node A is GRAY and node B is BLACK then apply the process of examining nodes
to the children of node A.
5. If both nodes A and B are GRAY then
if the root nodes are disjoint then no further operation is carried out.
else apply the process of examining nodes recursively {step 2 above)
to the children of node A and node B.

Union operation
1. Record each block of A and of B in the reference frame of A.
2. If node A is BLACK then polygon «— block A.
3. If node A is WHITE and node B is BLACK then
if block A and B intersect then
Extract polygon intersection by invoking the ARBOR_BLOCK_INT procedure.
else if block A and block B are disjoint no polygon extraction is carried out.
else if block A and block B in the same position then polygon — block A or block B.
else if block A is inside block B then polygon — block A
else if block B is inside block A then polygon «— block B.
store polygon in black node A.
4. If node A is WHITE and node B is GRAY then apply the process of examining nodes
to the children of node B.
5. If node A is GRAY and node B is WHITE then apply the process of examining nodes
to the children of node A.
6. If both nodes A and B are GRAY then
if the root nodes are disjoint then no further operation is carried out.
else apply the process of examining nodes recursively (step 2 above)
to the children of node A and node B.

Figure 3.11: Steps of extracting polygons for Boolean operations with two OAQs.
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the stored polygons are merged, which results in another polygon which is stored
in the same node. For the union operation, if a process of traversal visits either a
BLACK or a WHITE node, the same action is taken. If a traversal visits a GRAY
node, the polygons which are stored in children nodes are merged. For intersection,
the polygons to be merged are stored in the BLACK children nodes. The resulting
polygons are stored in the GRAY node. Finally, after visiting all children nodes, the
traversal visits the root node and merges all polygons which are stored in the children
nodes. The final result is one or more polygons which can be represented into one or
more OAQs.

This algorithm is depicted in Figure 3.12, and shows that if the traversal visits
a BLACK node, the stored polygons are merged by calling procedure MERGE .-
OPERATION B, which is depicted in Figure 3.13. If a traversal of OAQ A visits
a GRAY node, then the algorithm merges all polygons stored in the node’s chil-
dren by invoking procedure MERGE_OPERATION_A. This procedure is depicted in
Figure 3.14.  The details of the MERGE_OPERATION B, known as method I, is
discussed in section 3.3.1. Another merging method, known as method I1, is discussed

in section 3.3.2.

3.3.1 Method 1

This subsection details the process of merging polygons which are stored in a BLACK
node of the reference OAQ A, without considering OAQ B anymore. The information
of each polygon stored in the HISTORY and DEPTH fields are necessary to merge
polygons and result in another polygon.

To clarify this algorithm, consider Figure 3.8. This figure depicts intersection
between two OAQs. A block representing a black node of OAQ A with path 014 from
the root intersects blocks representing nodes of 0AQ B with paths 0314, 032, 0332,
0334, and 034 respectively. Thus POLY _LIST stores the result of those intersections
as polygons with HISTORY and DEPTH in the order
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depth_A := 0;
procedure MERGE.OPERATION(var head : pqtree);

var p,q : pqtree; ql : edge_ptr; k : integer;
begin
p := head;
if p # nil then begin
depth_A := depth A + 1;
history_A[depth_A] := 1; MERGE.OPERATION(p~.NW);{ traverse to NW son }
history _A[depth_A] := 2; MERGE.OPERATION(p~.NE); { traverse to NE son }
history_A[depth.A] := 3; MERGE_OPERATION(p~.SW); { traverse to SW son }
history_A[depth_A] := 4, MERGE_.OPERATION(p~ SE);{ traverse to SE son }
depth_A := depth A - 1;
if (p~.colour # 'G’) {"B’ for intersection, "W’ for union } and (p~.poly_count > 0) then
begin
if p=.poly_count > 1 then begin { merge the stored polygons which are from OAQB}
MERGE_.OPERATION B (p~.poly list,p~.poly_count);
p~.polylist[1].history := history_A;
p~.polylist[1].depth := depth_A; end;
if (p~.colour = 'G’) then begin
for k := 1 to 4 do begin
casekof 1: q:=p"NW;2: q:=p".NE; 3: q:=p~.SW;4: q:=p-.SE; end;
if q~.poly_count > 0 then begin { if only one polygon found in the son nodes }
p~.poly_count := p*.poly_count + 1;
p~.polylist[p=.poly_count] := q~.poly list[1]; { store polygon in the GRAY node }
end
end;
if p°.poly.count > 0 then { more then one polygons found }
MERGE_OPERATION_A (p~.polylist,p~.poly count,’A’); { merge polygons }
end;

end; { of MERGE.OPERATION }

Figure 3.12: The MERGE_OPERATION algorithm for merging polygons for boolean
OAQ operations.
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procedure MERGE_OPERATION B (polyJist : polygon_array; var poly.count : integer; )
var S_F : array {1..10,1..2) of integer;
astart : array [1..10] of integer;
ij,k key,limit,maxS_F start,finish,parent,c : integer;
begin
limit := 0;
SORT_POLYGON LIST(poly list,poly.count);
repeat; ¢ := 0;
GROUP_POLYGON_LIST (poly.list,poly_count,S_F, maxS_F);
for i := 1 to maxS_F-1 do begin
SORT_PARENT(poly list,S_F[i,1],S F[i+1,1]-1);
for parent := 0 to 4 do begin
GETSAME_PARENT_POLYGONS (polylist,S_F[i,1],S_F[i+1,1}-1,parent, start finish);
if (finish # 0) and (poly.count > 1) then begin { more than one polygon found }
¢ := ¢ + 1; astart[c] := start;
if (finish - start) > 1 then begin { merge polygons whose the same parent nodes }
MERGESAME_PARENT_POLYGONS (start,finish-start+1,poly_list,’B’);
for j := start+1 to finish do begin
dispose(poly_list[j].edge list);
poly list[j] .edge list := nil;
end;
end
else begin { if only one polygon found }
key := poly list[start].history[poly list[start].depth);

UPDATE_POLYGON (key,poly list[start].edge list,’B’, poly list[start].depth)
end;
poly list[start].depth := poly_list[start].depth - 1;

end { if more than one polygons found }
end; { for parent }
end; { fori }
for k := 1 to ¢ do poly list[k] := poly list[a_start(k]]; { update polygon list }
poly.count := ¢;
limit := limit + 1;
until (poly count = 1) or (limit = maxlevel)
end; { of procedure MERGE.OPERATION B }

Figure 3.13: The MERGE_.OPERATION B algorithm for merging all polygons which

are stored in the node of O0AQ A; i.e. BLACK node for intersection operation, WHITE
node for union operation.
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procedure MERGE_.OPERATION _A(var poly.list : polygon.array; var poly.count : integer);

var j.key : integer; q1 : edge_ptr;
begin
if poly_count > 0 then begin { Check if there is/are polygon(s) to be merged/updated }
for j ;= 1 to poly_count do begin { Update each polygon which is stored in each son node }
key := polylist{j].history[poly list{j].depth];
UPDATE POLYGON (key,poly list(j].edge list,” A’ poly list[j].depth);end
end;
if poly_count > 1 then begin { merge all polygons which are stored in the son nodes }
MERGE SAME_PARENT_POLYGONS(1,poly_count, polyJist,’A’);
for j := 2 to poly_count do begin
dispose(poly dist{j].edgedist);
poly list[j].edge list := nil;
end;

end
end; { of procedure MERGE_.OPERATION A }

Figure 3.14: The MERGE_OPERATION_A algorithm for merging all polygons which
are stored in GRAY children nodes.

HISTORY DEPTH POLYGON

0314 4 P
032 3 Q
0332 4 R
0334 4 \
034 3 T

HISTORY shows the path where the polygon came from , and DEPTH shows the
number of nodes traversed on the path from the root node to this node. If the polygon
belongs to the OAQ root, the DEPTH is 1. The idea of merging the stored polygons
in black nodes of reference OAQ A is taken directly from the idea of traversing OAQ
B in post order traversal. When the merge algorithm visits a GRAY node, it merges
all polygons belonging to children of the node. The polygons to be merged are stored
in a node of OAQ A as a list of polygons, and OAQ B is no longer considered.
Figure 3.8 shows that the polygons labelled P, R, and V belong to nodes of 0AQ
B with paths from the root 0314, 0332, and 0334. These three nodes are in the first
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level of OAQ B. The polygons labelled Q and T belong to the nodes of OAQ B with
paths from the root 032 and 034. They are in the second level. The information
about which polygons in the list belong to nodes of OAQ B with the same level can
be taken from the DEPTH field. The information about which polygons in the list
belong to nodes of 0AQ B which have the same father in the same level, can be taken
from the HISTORY field.

From the list of polygons, we can group all polygons which belong to nodes in
OAQ B with the same level, by sorting the list using DEPTH as the principal sort
field. In our example, the list of polygons which is stored in a black node of OAQ A
comnsists of two groups. The first group consists of polygons P, R and V. The second
group has polygons Q and T. Each group is now classified to get polygons which
belong to nodes of OAQ B with the same parent. This is done by sorting the group
using DEPTH — 1 as the sort key. This allows merging of polygons which belong
to nodes with the same parent. As an example, the first group of the list of polygons
stored in the black node of OAQ A with path 014, consists of polygons P, R and
V belonging to nodes of OAQ B with paths 0314, 0332, 0334. These polygons are
classified into two groups by sorting the HISTORY field using its third element as
the principal sort key, since the DEPTH field has the value 4. The result is a group
consisting of polygon P, and another group consisting of polygons Q and V. Polygons
which belong to the same parent node are merged, and the corresponding HISTORY
is updated to be the HISTORY of the parent node by taking off the last HISTORY
element and decrementing DEPTH by 1. The information belonging to polygon P
is updated to the higher level, since there is no polygon with the same parent node to
be merged. Updating the information is explained in subsection 3.3.3. The updated
polygon P now belongs to the node with path 031, and a merged polygon R and V
belongs to node 033. These two polygons are merged and stored in the first element

of the list of polygons.

After finishing this process, the corresponding result is a polygon which is stored
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in the node of OAQ A. HISTORY and DEPTH are changed to reflect the structure
of OAQ A. Then, OAQ A is traversed in post order. If a traversal visits a GRAY
node then merge all polygons stored in the node’s children . The method to merge

the polygons is similar to that discussed above.

3.3.1.1 Merging polygons belonging to nodes with the same parent

A group of polygons which belong to nodes of an OAQ with the same parent, can
now be merged. The information about which edges are coincident, can be found
by making use of the DEPTH and HISTORY fields. For example, polygon R and
V (see Figure 3.8) belong to nodes of OAQ B which have the same parent. The
fourth element of HISTORY of polygon R is HISTORY([4] = 2 and for polygon V
HISTORY [4] = 4. Knowing these numbers, we know that these polygons belong
to the NE node and the SE node without knowing exactly the picture of OAQ B.
Figure 3.15 shows a subtree of OAQ B and its children as well as the block of OAQ A

Figure 3.15: Subtree of OAQ B with its polygons.
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containing polygons R and V. A 'BS’ edge of polygon R coincides with a 'BN’ edge
of polygon V. To get the resulting merged polygon, polygon R must be linked to
polygon V by removing the 'BS’ edge of polygon R and the 'BN’ of polygon V. A
similar manner is taken when merging polygons belonging to the same parent.

There are nine possible combinations of types of polygons with the same parent
node being merged. If the polygons being merged belong to an OAQ’s node which is
labelled 1 and 2 or 3 and 4, say polygon types 1 and 2 or 3 and 4, the possible edges
to be removed for merging them are an ’E’ (east) edge for polygon types 1 and 3, and
"W’ (west) edge for polygon types 2 and 4.

If polygons to be merged are types 1 and 3 or 2 and 4, then the possible edges to
be removed are ’S’ (south) edge for polygon types 1 and 2, and ’'N’ (north) edge for
polygon type 3 and 4.

If polygon types 1, 2 and 3 are being merged, then the corresponding edges to be
removed are 'S’ and 'E’ edges for polygon type 1, and "W’ edge for polygon type 2,
and "N’ edge for polygon type 3. If polygons types 1, 2 and 4 are being merged, then
the possible edges to be removed are "E’ for polygon 1, ’S’ and "W’ for polygon type
2, and "N’ for polygon type 4. If polygons to be merged are of types 2,3 and 4 then
the possible edges to be removed are ’S’ edge for polygon type 2, 'E’ edge for polygon
type 3, and 'N’ and "W’ edges for polygon type 4.

If polygons types 1,2,3 and 4 are being merged then the possible removed edges
are 'S’ and 'E’ for polygon type 1, "W’ and ’S’ for polygon type 2, N’ and 'E’ for
polygons type 3, and "W’ and 'N’ for polygon type 4.

The type of each polygon is known directly from the last element of its HIS-
TORY which is known as HISTORY[DEPTH]. The possible combinations of poly-
gon types to be merged are depicted in Figure 3.16.
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4 3 4

polygons in nodes 3 and 4 polygon in nodes 1 and 2 polygons in nodes 1 and 3

3

polygons in nodes 2 and 4 polygons in nodes 1,2 and 3

3

polygons in nodes 1, 2 and 4 polygons in nodes 2, 3 and 4 polygons in nodes 1, 2, 3 and 4

Figure 3.16: Possible combinations of polygon types being merged.

66



3.3.2 Method II

In general, a process of merging a set of polygons resulting from operations between
two OAQs requires a traversal of the reference OAQ A in post order. When traversal
visits the non-GRAY node ( BLACK node for the intersection operation and BLACK
or WHITE node for the union operation ) which has a collection of polygons, the
polygons are merged and stored in the same node. When the traversal visits a GRAY
node, then the polygons which are stored in the children of the GRAY node are
merged. The root of the reference OAQ A stores the final result.

For example, consider Figure 3.8, where a traversal of OAQ A visits a node with
path 014, and the polygons stored in the node are merged. The first method makes
use of the DEPTH field as principal sort key to classify the polygons into sets of
polygons which belong to the same level node of 0AQ B. Knowing the set of polygons
which belong to the same level nodes of OAQ B, this set is classified into groups of
polygons which belong to the nodes of OAQ B with the same parent. This is done
by sorting the set of polygons using HISTORY[DEPTH - 1] as the principal sort
key. Knowing the class of polygons which belong to the same parent node of OAQ
B, the polygons are merged. The method of merging polygons by sorting the set of
polygons has been discussed in subsection 3.3.1.

The second method does not require any sorting. Instead, a temporary subtree
of OAQ B which contributes to the collection of polygons is created. For example,
when a traversal of OAQ A visits a BLACK node, then the polygons P,Q,R,V and T
stored in the node are merged. Using the HISTORY and DEPTH information, a
temporary subtree of OAQ B is made (see Figure 3.17). After creating the temporary
subtree, it is traversed in post order. When a traversal visits a GRAY node of subtree
A, then the process merges the polygons which are stored in the children nodes. If
only one polygon is found then the polygon is updated to the GRAY node. If more
than one polygon is found in the children of the GRAY node of the subtree, then

they are merged using the method of merging polygons with the same parent nodes,
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Polygon History
0314
032
0332
0334
034

< DO

Figure 3.17: The temporary subtree of OAQ B.

which has been discussed in section 3.3.1.1. The algorithms for creating a temporary
subtree of OAQ B, and for merging polygon‘s which belong to the subtree are shown
in Figures 3.18 and 3.19.

3.3.3 Updating polygons

The process of updating polygons is needed in case only one polygon is found in the
node. Polygon P belonging to the node of path 0314 of OAQ B, which as shown in
Figure 3.8, cannot be merged with any other polygons belonging to the same parent
node. Thus, this polygon is updated to be a polygon belonging to its parent node
(031).

As shown in Figure 3.15, polygon P has an edge list with edge identifications,
AN, BS, and BE, respectively. Its edge levels are 2, 1 and 1 respectively. Once this
polygon is updated, it is owned by the node 031 which is the parent node of node
0314. The BS’s and BE’s edge levels are assigned the value of the parent node’s
level. The type of polygon to be updated is known directly from the last element of
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procedure CREATE SUBTREE(var r : pqtree; poly list : polygon_array; var count : integer);

var root,p,q : pqtree; k,n,depthA : integer; historyA : abyte;

begin
new(root); root~.NW := nil; root~.NE := nil; root~.SW := nil; root~.SE := nil;
root~.colour := 'G’; root".count := 0;
for k := 1 to count do begin
p := root; q := root;

for n:= 2 to polylist[k].depth do begin { create subtree }
case poly list[k].history[n] of
1: begin q:=p;p:=p .NW;end;2: begin q:=p;p := p~.NE; end;
3 : begin q :=p; p := p~.SW; end; 4 : begin q := p; p := p~.SE; end; end;
if p = nil then begin
new(p); { allocate a new node }
p~.NW := nil; p~.NE := nil; p~.SW := nil; p~.SE := nil;
p~.colour :="G’; p~.count := 0; end;
case polylist[k].history[n] of { link the node to it’s parent }
1:q"NW:=p;2:q"NE:=p;3:q".SW:=p;4: q~SE := p; end;
end;
{ at leaf node store the k*» polygon }
p~.polylist[1] := polylist(k]; p~.count := 1; p~.colour := 'B’;
end; { fork =1}
depth_B := 1; history_B[depth_B] := 0;
MERGE_SUBTREE(root); { merge all polygons stored in subtree }
r.count := root~.count; for k := 1 to root~.count do
r~.poly list(k] := root~.poly list[k}; { result of merging }
end; { of procedure CREATE SUBTREE }

Figure 3.18: The CREATE SUBTREE algorithm for creating a temporary subtree
of OAQ B.

69


http://root~.SE
http://p~.SE

procedure MERGE.SUBTREE(var head : pqtree);

var p,q,r : pqtree; ki key : integer;
begin
p := head;
if p # nil then begin
depth_B := depth_B + 1;
history_B[depth_B] := 1, MERGE_SUBTREE(p~.NW); { traverse to the NW child }
history_B[depth_B] := 2; MERGE_SUBTREE(p~.NE); {traverse to the NE child }
history_B[depth_B] := 3; MERGE_SUBTREE(p~.SW); { traverse to the SW child }
history_B[depth_B] := 4, MERGE_SUBTREE(p~.SE); { traverse to the SE child }
depth_B := depth_B - I;
if p~.colour = G’ then begin
p~.count := 0;
for k := 1 to 4 do begin { copy the stored polygons from it’s children }
casekof 1 : q:=p"NW;2:q:=p~.NE;3:q:=p~.SW:4: q := p~.SE; end;
if q # nil then for i := 1 to q".count do begin
p~.count := p~.count + 1; p~.poly list[p~.count] := q~.poly list[1]; end;
end; { of copying }
if p~.count > 1 then begin { merge polygons in the GRAY node of subtree }
new(r); r~.count := 0;
MERGE_OPERATION _A(r,p~.poly list, p~.count,’B’);
for k := 1 to r~.count do begin
p~.poly list[k] := r~.polylist[k]; p~.count := r*.count; end
end
else if p~.count = 1 then begin { only one polygon found }
key := p~.poly list[1].history[p=.poly list.depth]; { update polygon }
UPDATE_POLYGON(key,p~.poly list[1],’B’, p~.polylist{1}.depth);
p~.polylist[1].depth := p~.poly list[1].depth - 1; end;
end; { if colour = ’G’ }
end;

end; { of procedure MERGE_SUBTREE }

Figure 3.19: The MERGE_SUBTREE algorithm for merging polygons which belong
to the subtree of OAQ B.
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HISTORY, that is HISTORY[DEPTH].

Recall that each GRAY node of an OAQ’s subtree has 4 blocks representing the
children nodes (see Figure 3.20). The blocks have outer boundaries labelled N,W
edges for NW block, N,E edges for NE block, S,E edges for SE block, and S,W edges
for the SW block. For a polygon to be updatable, the following criteria must be

N N
w NW NE E
\' Sw SE E
S S

Figure 3.20: Blocks representing a GRAY node.

fulfilled.

If the polygon to be updated belongs to NW node, then the edge level of NJW
edges must be updated by assigning them the value of the level of the parent node.
For a polygon which belongs to a NE node, the updated edges are those labelled N,E.
For a polygon which belongs to SW node the updated edges are S,W. For a polygon
which belongs to a SE node, the updated edges are S, E.

The process of updating polygons is repeated until other polygons belonging to
nodes in the same level are found or until the maximum level of the OAQ is reached.
Consider a subtree of OAQ A along with the merged polygons represented by blocks
P,Q, and R shown in Figure 3.21.

Polygons P and Q belonging to nodes 0322 and 0323, cannot be merged directly
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Figure 3.21: The subtree of an OAQ illustrating polygon updating.

with the SE block R in level 3, which belongs to a node 04. Polygons P and Q must
be updated twice, resulting in them being ow.ned by node 03. Polygon P in the figure
has HISTORY values 0322 and polygon Q has HISTORY values 0323.

Polygon P, which belongs to node 0322, has successive edge identifications and
their edge levels represented as a list of (BW, 1), (BS, 1), (BE, 1) and (BN, 1). The
HISTORY of polygon P has a value of 0322, and the DEPTH value is 4. The last
DEPTH element of HISTORY gives the type of the polygon (2 or NE). To update
this polygon to be a polygon belonging to its parent node, the N and E edges must
be updated by assigning the level of the parent node to the edge level of N and E
edges. This process is repeated level by level, until the polygon can be merged with
other polygons belonging to a node in the same level. In our example, polygon P is
updated twice, and the steps of updating the polygon are shown in Figure 3.22. The
same process is taken to update polygon Q, and this is also shown in Figure 3.22. It
should be noticed that the second process of updating polygon Q changes the AE and
AN edge levels to be 3. Since the difference of edge levels before and after updating

is greater than 1, the polygon cannot be updated. Furthermore, the polygon cannot
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Polygon P
HISTORY ID level ID level ID level ID level updated

0322 AW 1 AS 1 AE 1 AN 1
! |

032 AW 1 AS 1 AE 2 AN 2 1%t
l !

03 AW 1 AS 1 AE 3 AN 3 2nd

Polygon Q

HISTORY ID level ID level ID level ID level updated

0323 AW 1  AS 1 AE 1 AN 1

l l

032 AW 2 AS 2 AE 1 AN 1 1t
|

03 AW 2 AS 2 AE 3 AN 3 2nd

Figure 3.22: Process of updating polygon P and Q.

be merged with any other polygons which belong to nodes in the same level (see
Figure 3.21). The information from the previous updating is kept until the process
of merging polygons reaches the OAQ root.

The algorithm for updating polygons shown in Figure 3.23.

3.4 Intersection operation between two OAQs

In discrete mathematics, intersection is one of the operations on sets, which is defined
as [33]

A B = {z|zeA and zeB} (3.8)
The Venn diagram is shown in Figure 3.4, the interior of the large rectangle represents
the universal set, U, while the shading is used to represent particular sets. The Venn

diagram of the intersection of A and B is shown as the darker shaded portion.

The same concept is used when computing the intersection between two OAQs.
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procedure UPDATE_POLYGON(key : integer; var poly : polygon; ¢ : char; depth : integer);

var update.edge : packed array[1..2] of char; i,newlevel : integer;
p : edge_ptr; foundl,found2 : boolean;
begin
foundl := false; found2 := false;
case key of 1 : update_edge := '"NW’; 2 : update_edge := 'NE’;
3 : update_edge := 'SW’; 4 : update_edge := ’SE’; end;
newlevel := maxlevel - depth + 2; {update edge level }
p := poly.edgelist; i := 0;
repeat
1i=1+ 1
if(p~.edgeID[1] = ¢) and
((p~.edge_ID[2] = update_edge[1]) or (p~.edgeID[2] = update_edge(2])) then begin
if(newlevel - p-.level) = 1 then
p~.level := newlevel; { assign updated level }
if not foundl then foundl := true else found? := true; end;
p := p~.next
until (p = poly.edge.list) or (found?2);
end; { of procedure UPDATE_POLYGON }

Figure 3.23: The UPDATE_POLYGON algorithm for updating a polygon to be
polygon owned by its parent node.

Figure 3.24: The Venn diagram of the intersection of A and B (from {33]).

74



Knowing the OAQ representations of two objects, the intersection operation between
two OAQs can be carried out. The first step is to traverse both OAQ A and B in
parallel while examining the nodes of OAQ A and OAQ B, following the steps outlined
in Figure 3.11. This process is intended to extract all pairs of intersections of black
blocks with each pair represented by two BLACK nodes, since there is no intersection
between two blocks representing WHITE and BLACK nodes. If each pair of BLACK
nodes of OAQ A and of OAQ B represent the intersection of two blocks, then the
resulting polygon is extracted. The method of extracting polygons of two intersecting
blocks has been discussed in subsection 3.2.2. If the blocks are disjoint then there is
no extraction polygon. If the one of the blocks lies inside the other then the resulting
polygon is the one which is inside the other. If the blocks coincide, then one of them
is the resulting polygon.

The algorithm for examining all pairs of BLACK nodes of 0AQ A and OAQ B is
shown in Figure 3.25. Procedure RECORD_CORNERS records four corner points of
a block of OAQ B in the OAQ A reference frame. The method of recording has been
discussed in subsection 3.2.1. Function A_BINTERSECT is used to check whether
a block of OAQ A and a block of OAQ B intersect or not. The test is based on
the line segment intersection test. Each edge of block of OAQ B is tested against
four successive edges of block of OAQ A. If one of the edges of block B and one of
the edges of block A intersect then the function returns true, otherwise a check is
repeated until all the edges of the block of OAQ B have been tested. The test for
line intersection is based on the parametric method. This technique is one of the
most effective for determining whether two line segments intersect or for detecting
singularities (colinearity, parallelism) [10]. Consider Figure 3.26. The figure depicts
the intersection between two line segments.

The position of point (z,y) on the straight line is indicated by the value of the

parameter. The line segment to which they belong are defined parametrically [10].
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procedure INT . CHECK_NODES(ql : pqtree; q2 : pqtree; level A x1,y1, level B,x2,y2 : integer);
var i,k,num.edge : integer; polygon : edge_ptr;
block_intersect,found, disjoint,same_block,A_in_B,B_in_A : boolean;
begin
found := disjoint := same_block := A_in_B := B_in_A := false;
RECORD_CORNERS(leveLA,xl,yl,]evel.B,x?,y?);
if (q1".colour = ’B’) and (q2-.colour = 'B’) then begin
depth_A := depth_A + 1; depth_B := depth_B + 1; new(polygon);
if ALBINTERSECT then begin
{block of OAQ A and block of OAQ B intersect }
ARBOR_BLOCK.INT(level A level B polygon,num_edge); found := true; end
else begin {quad A=quad B or quad A inside B or quad B inside A }
CHECK_BLOCKS(disjoint,same_block,A_in_B,B_in_A, level_A level B);
if disjoint then found := false
else begin EXTR_.BLOCK(level A level B ,same_block, A_n_B,B.in_A,polygon);
found := true; end;
end;
if found then begin { store a polygon in the node of OAQ A }
with q1- do begin
poly_count:= poly_count+ 1; POLY_LIST[poly_count].edge_list := polygon;
POLY _LIST[poly_count].depth := depth_B;
POLY _LIST[poly_count].history := history_B; end;
end; end;
if (q1.colour = ’B’) and (q2-.colour = ’G’)
for the four children of q2 do call INT_.CHECK_NODES;
if (q1".colour = ’G’) and (q2-.colour = 'B’);
for the four children of q1 do call INT_.CHECK_NODES;
if (q1~.colour = ’G’) and (q2".colour = ’G’) then begin
level A := level A - 1; level B := level B - 1; block_intersect := false;
if A BINTERSECT then block_intersect := true;
else CHECK_BLOCKS(disjoint,same_block,A in_B, B_in_A level A level B);
if block.intersect or same_block or A_in_B or B_in_A then begin
depth_A := depth_A + 1; depth_B := depth_B + 1;
for the four children of q1 do
for the four children of do call INT_.CHECK_NODES; end
end
else if (level A = maxlevel A) and (level B = maxlevel B) then
writeln ("Images are completely disjoint °);
end; { of procedure INT_.CHECK_NODES }

Figure 3.25: The INT_.CHECK_NODES algorithm for examining nodes of OAQ A

and B for intersection Boolean operation.
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Figure 3.26: Intersection of two line segments.

17



For the line segment AB the parametric equation is defined as

Ta+ (z —za)ty

ya+ (yB —ya)ts

(3.9)

where (7 4,y4) is the first endpoint of the line segment AB, and (zB,yB) is the second

endpoint of the line segment AB. For the line segment CD the parametric equation

is defined as

zc + (zp — z0)t2

yc + (yp — yo)ta

(3.10)

where (z¢, yc) is the first endpoint of the line segment C D, and (zp,yp) is the second

endpoint of the line segment C D.

If the line segments AB and C D intersect, then the coordinates of the intersection

point (z,y) are defined as

T = x4+ (JJB - .’EA)tl
= zc+ (zp — z0)ty (3.11)
Yy = ya+(yp—ya)a
= yo+ (yp — yo)tz (3.12)
The solution of the above equations is :
t, = @o=za)lyc —yp) - (2¢c — 2p)(yC ~ ya)
(5 = z4)(yc — yp) = (2c — 2p)(yB — ya)
_ (=B —24)(yc —ya) = (o —z4)(zB — y4)
t, = (3.13)
(zB — 24)(yc — yp) — (z¢ — zp)(yB — ya)

For determining colinearity or parallelism of two line segments, the algorithm

makes use of denominator’s value of equation (3.13). If this value is zero then the

line is parallel, or colinear; otherwise one of the following conditions is fulfilled. If
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ti<0Oorty >1ort; <0ort; > 1 then the line segments do not intersect. If t1 =0
then the intersection point is at point A, the first endpoint of the line segment AB.
If t; = 1 then the intersection point is at point B, the second endpoint of the line
segment AB. If t; = 0 then the intersection point is at point C, the first endpoint of
the line segment CD. If t; = 1 then the intersection point is at point D, the second
endpoint of the line segment CD. If none of the above conditions are fulfilled then
the line segments do cross, with the intersection point (z,y) whose coordinates are
computed from equations (3.11) and (3.12).

The above method is used to check if the block of OAQ A and the block of 0AQ
B intersect. Once the intersection of two edges from a block of OAQ A and a block
of OAQ B is found, then the function A_BINTERSECT returns true. If a block of
OAQ A and a block of OAQ B do not intersect, the blocks must be tested to ensure
whether they are disjoint, coincident or one block lies inside the other.

This action is done in procedure CHECK_BLOCKS. The test is based on the
width of the blocks of OAQ A and OAQ B. The width of the OAQ A’s block is
(2'ev¢!4) and the width of the OAQ B’s block is (2'eve!B). If these values are the same,
then a check must be made to determine whether they are coincident or disjoint. If
they are coincident then the resulting polygon is one of them.

If the width of the block of OAQ A is less than the width of the block of OAQB
and the center of OAQ A’s block lies inside ( to the left) of the edges of OAQ B then
the block of OAQ A is inside the block of OAQ B, otherwise it lies outside of OAQ
B. The same method is taken when the width of a block of OAQ B is less then the
width of of the block of OAQ A; the point to be tested is the center of the block of
OAQ B.

After examining each pair of nodes of OAQ A and OAQ B, then if both blocks
intersect there is a polygon extraction resulting from calling procedure ARBOR _-
BLOCKS.INT (see subsection 3.2.1). If the blocks are coincident or one block lies
inside the other procedure EXTR_BLOCK extracts one of the blocks which lies inside
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the other or one of the coincident blocks as a resulting polygon of intersection between
two blocks. This polygon extraction is done by forming a linked list of edges with
their corresponding edge names. Each extracted polygon is stored in the visited black
node of OAQ A.

The second step of the intersection operation is to merge the stored polygons. This
is done by traversing the OAQ A in post order. When a traversal visits a BLACK
node, the stored polygons are merged, and the resulting polygons are saved in the
same node. If a traversal visits a GRAY node then the polygons stored in the children
nodes are merged, and the resulting polygons are stored in the visited node. Finally,
after visiting all nodes, the traversal visits the root node and merges all polygons
stored in the children nodes. The final result is one or more polygons which can
be represented into one or more OAQs. For example, the result of the intersection
between the two OAQs shown in Figure 3.8 is a set of edges defining a polygon with
corner points JKLMNO and it is shown in Figure 3.27. To represent this object into
another OAQ, this object needs to be transformed to object space coordinates to
facilitate the computation of the orientation of the object. This is done by applying
the inverse of the orthogonal transformation of equation (2.40). The second order
moments are calculated using the method discussed in section 2.1. The object now
can be represented into another OAQ using the steps discussed in chapter 2. The top

level algorithm for performing Boolean OAQ operation is shown in Figure 3.28.

3.5 Union operation between two OAQs

The union operation is defined as [33)
A|JB = {z|zeA or zeB} (3.14)

In this definition, "or” means = belongs to either A or B or both. The Venn diagram

of A union B is shown in Figure 3.29. As we see in the diagram, the interior of the
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Figure 3.27: A set of edges defining the result of intersection between two OAQs.
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ratio_A ratio.B,t_AB: real; depth_A,depth_B : integer;
; history_A history_B : [1..maxlevel] of byte

procedure BOOL_.OAQ.OPER(var OAQA : OAQ; OAQB : OAQ);

vari : integer; Bool_Int,Bool_Union : boolean;
begin
depth_A := 1; depth B := 1;
history_A[depth_A] := 0; history_B[depth_B] := 0;
ratio A := OAQ_A sizi / OAQ_A sizo; ratio B := OAQ_B.sizi / OAQ_B sizo;
ratio_.AB := ratio_A / ratio_B;
maxlevel A := MAX_DEPTH(2,0AQ.A sizi);
maxlevel B := MAX_DEPTH(2,0AQ_B sizi);
if Bool Int then begin
INT_.CHECK_NODES(OAQ_A.qt,0AQ_B.qt, maxlevel A,0AQ_A sizi,0AQ_A sizi,
maxlevel B,OAQB sizi, 0AQ_B .sizi);
MERGE_OPERATION(OAQ.A qt); end;
if Bool_Union then begin
UNION_CHECK_NODES(OAQ_A.qt,0AQB.qt, maxlevel A,0AQ_A sizi, 0AQ_A sizi,
maxlevel B,OAQ_B.sizi,0AQB sizi);
MERGE_OPERATION(OAQ-A .qt); end;
for k := 1 to OAQT1.qt".count do begin
ck := OAQ_A . qt"~.poly list[k].edge list;
{ Transform object to object space coordinate }
IMG_TO.OBJ(ck,corners,pts,theta A ,xc_A,yc.A);
sizo := OBJECT_SIZE(corners,pts);
readln(sizi);
{ Orientation calculation and OAQ representation }
OAQREP(OAQA pts,corners);
end;
end; { of procedure BOOL.OAQ_OPER }

Figure 3.28: The BOOL_.OAQ_OPER algorithm for doing Boolean OAQ operations.
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Figure 3.29: Union of A and B.

large rectangle represents the universe which is called U.

The complement of A in U is defined as
A=U- A= {z|zeU and ztA} (3.15)

The Venn diagram of 4 is depicted in Figure 3.30. Figure 3.31 shows the intersection

Figure 3.30: The complement of A.

of A and B. AU B can now be defined as

AlUB=AJANB) (3.16)
The Venn diagram of A{J(AN B) is shown in Figure 3.32. The same concept is
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Figure 3.31: The intersection of the complement of A and B.

Figure 3.32: The union of A and (AN B).
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adopted to compute the union of two OAQs. 4 and B represent the BLACK blocks
of OAQ A and the BLACK blocks of OAQ B. A represents the WHITE blocks of

OAQ A. Consider Figure 3.33. This figure depicts the subtree of a union operation

Figure 3.33: The subtree of union operation between two OAQs.

between two OAQs and the corresponding images. If a process of examining nodes
visits 2 NW node of a subtree of OAQ A, the block representing the node is extracted
and stored in the same node as a polygon called P. A similar action is taken when
the process visits the SW node of a subtree of OAQ A. This polygon is denoted as
Q in Figure 3.33. When the process of examining nodes meets the NE white node of
subtree A, and the NW black node of subtree B, the intersection of the corresponding
blocks is extracted and stored in the white node of subtree OAQ A, as a polygon
called R. The same process is taken when the SE white node of subtree of OAQ A
and the NW black of a subtree of OAQ B are met. The extracted polygon is denoted
as V in the figure.
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When the polygon extractions are complete, then OAQ A is traversed. When a
traversal meets the root node of subtree OAQ A, then polygons P,Q,R and V which
are stored in the NE, NW, SE, and SW nodes respectively, are merged and the result
is a polygon defining the union operation between subtree of OAQ A and subtree of
OAQ B.

Knowing the OAQ representation of two objects, and the above definition (3.16),
the union of two OAQs can be computed by extracting the blocks of OAQ A and also
extracting the intersection between white blocks of OAQ A and black blocks of 0AQ
B. All the intersections between white blocks of OAQ A and black blocks of OAQB
are equivalent to A B in the equation (3.16).

The algorithm for computing the union operation between two OAQs is similar to
the algorithm for computing the intersection, except that the process of examining
nodes for the union operation do not extract the intersection between two black blocks
representing black nodes of OAQs A and B. Instead, it extracts the black blocks of
OAQ A and stores them in the nodes of OAQ A, and it also extracts the intersection
of white blocks of OAQ A and black blocks of OAQ B and stores them in the nodes
of OAQ A. This algorithm is shown in Figure 3.34. When a traversal of both OAQs
in parallel is carried out, a test to determine wether two blocks representing the two
visited nodes intersect or not is conducted in a similar way to the method mentioned
for the intersection above. If the two blocks do not intersect then the same test for
coincidence or inclusion is carried out. The process to extract the resulting polygon
is identical to the manner discussed above for intersection.

Having the list of polygons stored in BLACK and WHITE nodes of OAQ A, the
next step is traversing the reference OAQ A. When a traversal visits either a BLACK
or WHITE node, the stored polygons are merged, and the resulting polygons are saved
in the same node. If a traversal visits a GRAY node then the polygons stored in the
children nodes are merged, and the resulting polygons are also stored in the same

node. Finally, after visiting all nodes, the traversal visits a root node and merges all
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procedure
UNION_.CHECK_NODES(ql : pgtree; q2 : pqtree;level A, x1,y1, level B,x2,y2 : integer);

var i,k,num_edge : integer; polygon : edge_ptr;
block_intersect,found : boolean; disjoint,same_block,A.in_B,B.in_A : boolean;
begin
found := disjoint := same_block := A_in_B := B_in_A := false;
RECORD_CORNERS(level A x1,y1 level B,x2,y2);
if (q1-.colour = 'B’) and (q1~.poly_count = 0) then begin
same_block := true; A_in.B := false; B_in_A := false; new(polygon);
{ Extract block of OAQ A }
EXTR_BLOCK(level_A level B same_block,A_in_B, B_in_A polygon); end,;
if (q1~.colour = 'W’) and (q2".colour = 'B’) then begin
if A.BINTERSECT then begin { block of OAQ A and B intersect }
new(polygon); ARBOR.BLOCK_INT(level A level B,polygon,num_edge);
found := false else found := true; end
else begin { A = B or A inside B or B inside A }
CHECK_BLOCKS(disjoint,same_block,A_in_B,B_in_A, level_A level B);
if disjoint then found := false else begin
EXTR_BLOCK(level_A level B same_block, A_in_.B,B_in_A,polygon);

found := true; end;
end; end;

if found then begin { store a polygon in the node of OAQ A }
with q1~ do begin
poly_count := poly_count + 1; POLY_LIST[poly_count}.edgelist := polygon;
POLY_LIST[poly_count].depth := depth_B;
POLY_LIST[poly_count].history := history.B; end; end;
if (q1~.colour = '"W’)and (q2~.colour = 'G’) then
for the four children of q1 do call UNION_.CHECK_NODES;
if (q1~.colour = ’G’) and (q2".colour = 'B’) then
for the four children of q1 do call UNION.CHECK_NODES;
if (gq1~.colour = ’G’) and (g2~ .colour = 'G’) then begin
level A := level A - 1; level B := level B - 1; block_intersect := false;
if A BINTERSECT then { block of OAQ A and B intersect }
else CHECK_BLOCK(disjoint,same block,A_in_B,B_in_A, level_A level B);
if block_intersect or same_block or A_in_B or B.in_A then begin
depth_A := depth_A + 1; depth.B := depth_B + 1;
for the 4 children of q1 do
for the four children of q2 do call UNION_.CHECK_NODES; end
end
else if (level A = maxlevel A) and (level B = maxlevel.B) then
writeln(’Images are completely disjoint ’);
end. { of procedure UNION_.CHECK_NODES }

Figure 3.34: The UNION_.CHECK_NODES algorithm for extracting polygon for

union Boolean operation.
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polygon which are stored in the children nodes. This results in one or more polygons
which can be represented into one or more OAQs. The method of merging polygons
has been discussed in section 3.2.

The union operation of two OAQs involves the extraction of black blocks of OAQ
A and all pairs of intersections between white blocks of OAQ A and black blocks of
OAQ B. The black blocks of OAQ B which lie outside the root block of OAQ A need
also to be considered. Consider Figure 3.35. The part of the black blocks of OAQ B

A 0OAQB
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N .“\\~\\\
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%Y,

3

%
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Figure 3.35: Union of two OAQs.

Y
which lie outside the root block of OAQ A is a polygon whose vertices are denoted
by I E F G H. This portion should be included in the union operation between the
OAQs in order to get the correct result. Consider a union operation between the
OAQs shown in Figure 3.35. The result of the union operation between these OAQs
is a polygon bounded with the darker line. The union operation only results in a

polygon which lies inside the root block of OAQ A (in this case, the polygon with
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corner points G,H,I,J,K,L,M,N). This polygon is not the correct result. To get the
correct result, the OAQ A needs to be expanded to cover all black blocks of OAQ B.
This is done by enlarging the object space size of OAQ A.
Figure 3.36 depicts the result of the union operation when OAQ A is properly
enlarged. The shaded polygon shown in the figure is the result of the union operation.
The analysis of the complexity of the algorithms for doing set theoretic operations

of two OAQs will be discussed in the next chapter.
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Figure 3.33: The result of Boolean union operation of two OAQs from Figure 3.32.
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Chapter 4

Assessment

The work of this thesis has been assessed using data from a digital dataset representing
a 1:50,000 scale map of the Fredericton area. The test was also augmented with
simulated data in order to test the other cases. This assessment was based on the
requirement for a suitable comparison of computing the number of nodes in both
Standard and OAQ quadtrees. The selection requirement was based on placing the
standard quadtree axes in the object’s centroid, since one of the quadtree’s features
is that they are variant under translation and rotation, and the OAQ property is that

the OAQ axes are aligned with the principle axes of inertia of the objects.

4.1 Simulated test cases

The long skinny object shown in Figure 4.1 was encoded using both OAQs and stan-
dard quadtrees. This object was rotated by increments of -10° from 0° to —50°. Image
space size of 16 by 16 up to 512 by 512 were used to encode the object. The result
are tabularized and shown in Table 4.1. Note that the different number of nodes
resulting for the OAQ representations at an image size of 16 are due to rounding
errors when computing the integer coordinates required by the Bresenham algorithm.

Other simulated data have been encoded into OAQ representations. The results of
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Figure 4.1: Example of an object encoded as‘OAQ, original object corner coordinates
are (-0.5,5), (0.5,5), (0.5,-5), (-0.5,-5).

>

0AQ Image Size

0 16x16 | 32x32 | 64x64 | 128 x 128 | 256 x 256 | 512x512

0 65 181 181 181 181 181
-10 65 181 181 181 181 181
-20 77 181 181 181 181 181
-30 77 181 181 181 181 181
-40 45 181 181 181 181 181
-50 65 181 181 181 181 181
St.Q Image Size

0 16x16 | 32x32 | 64x64 | 128 x 128 | 256 x 256 | 512x512

0 53 181 181 181 181 181
-10 73 141 245 525 1053 2117
-20 65 131 285 573 1149 2341
-30 73 141 309 613 1237 2493
-40 61 101 333 621 1261 2597
-50 69 137 317 613 1285 2565

Table 4.1: Number of nodes for Figure 4.1 object encoded as an OAQ and as a
standard quadtree (St.Q).
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OAQ representations of the two objects with different object to image scale factors
are shown in Figures 4.2 and 4.3. These OAQ representations have been tested to
compute the Boolean OAQ operations. The result of computing the intersection has
been encoded into an OAQ and is shown in Figure 4.4, and the result of the union
operation is shown in Figure 4.5. The result of Boolean OAQ operations can be
encoded into another OAQ which may differ in resolution.

Table 4.2 shows the time response of computing the Boolean OAQ operation of
OAQs of Figure 3.8 with object space sizes of OAQ A and B is 16. The image space

size varies from 16 up to 256.

Image size | Intersection | Union
second | second

16 x 16 1.43 3.19

32 x 32 1.85 5.10
64 x 64 2.25 7.25
128 x 128 2.70 9.12
256 x 256 2.87 10.54

Table 4.2: The execution time of Boolean OAQ operations of Figure 3.8.

4.2 Real test cases

Several data have been extracted from Fredericton map data, and they have been
encoded using OAQ and standard quadtrees. The result are tabularized and shown
in Table 4.3. For the linear road objects, areas were formed by tracing a polygonal
band around the center-line {17].

In summary, the average savings in the number of nodes required for the OAQ
over all 17 objects in Table 4.2 are 8.5 % for 128 x 128 image size, and 9.5% for
256 x 256 image size compared to the standard quadtree.

The Boolean OAQ operations approach have been assessed using both simulated

data discussed above, and data which was extracted from the Fredericton map dataset.
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Regions A and B

A
&

DAQ A 0AQ B
Nodes : 37 Nodes : 53
Wwhite : 24 White : 16
Black : 4 Black : 24
Theta : 0.00 Theta : -38.50
0O Size: 32 0 Size: 16
1 Size: 16 I Size: 16
Time :0:0:0.11 Time :0:0:0.11

Figure 4.2: OAQ representation of the objects A and B with object to image scale
factorsof A =2 and B = 1.
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Regions A and B

QAQ A OAQ B

Nodes : 21 Nodes : 53

Wwhite : 12 White : 16

Black : 4 Black : 24

Theta :0.00 Theta : -38.50

O Size: 16 0O Size: 186

I Size: 16 I Size: 32

Time :0:0:0.11% Time :0:0:0.22

Figure 4.3: OAQ representation of the objects A and B with object to image scale
factorsof A =1 and B = 0.5.
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Intersection

0AQ A

Nodes : 801
White : 327
Black : 274
Theta : -41.73
Size 128
Times :0:0:3.19

Figure 4.4: The result of the Boolean intersection operation for OAQs A and B of
Fig.4.3.
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Union

0AQ A

: 693
: 279
1 241

Nodes

White
Black

: —40.16
: 128

Theta
Size

:0:0:4.6

Times

Figure 4.5: The result of the Boolean union operation for OAQs A and B of Fig.4.3.
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Name OAQ Size OCAQ | STQ || OAQ | STQ 0AQ | STQ
(location) 6) image total | total leaf leaf || time time
nodes | nodes || nodes | nodes || second | second
Ball Park 35.09 | 128 x 128 509 621 382 446 || 2.53 3.19
(French Village) 256 x 256 1069 | 1297 802 973 || 16.70 | 21.37
Park -5.95 || 128 x 128 665 667 492 508 || 2.14 2.36
(Silverwood) 256 x 256 1389 | 1365 1042 | 1024 || 12.58 13.90
Park 5.36 || 128 x 128 733 745 550 559 || 2.59 2.75
(Skyline) 256 x 256 1557 | 1517 1168 | 1138 || 15.88 17.69
Park 17.08 | 128 x 128 657 761 493 571 || 2.96 3.24
(Devon) 256 x 256 1349 | 1485 1012 | 1114 || 18.96 | 21.37
Park -69.65 || 128 x 128 785 969 589 727 || 5.22 5.16
(South Devon) 256 x 256 1565 | 1957 1174 | 1464 || 36.73 | 36.30
Officer Square -78.52 || 128 x 128 709 725 532 544 || 3.62 3.84
(Fredericton) 256 x 256 1417 | 1565 1063 | 1174 |j 24.11 | 26.80
Park -83.7 || 128 x 128 1097 | 1029 823 772 || 5.44 5.33
(Marysville) 256 x 256 2229 | 2209 1672 | 1657 || 37.62 | 37.64
Park -78.90 || 128 x 128 913 | 1009 685 757 || 4.83 4.99
(Lincoln St) 256 x 256 1853 | 1937 1390 | 1453 |} 34.58 | 34.82
Park 64.62 || 128 x 128 501 641 376 481 || 3.37 3.52
(Oromocto) 256 x 256 1113 | 1337 835 | 1003 || 19.94 | 23.67
Ball Park 41.30 || 128 x 128 837 881 628 661 {| 2.91 3.37
(Oromocto) 256 x 256 1589 | 1853 1192 | 1375 | 3.52 4.45
Queen Square -41.30 || 128 x 128 593 665 445 514 || 2.91 3.37
(Fredericton) 256 x 256 1189 | 1365 892 | 1024 || 18.66 | 22.69
Airfield 1.16 || 128 x 128 453 477 340 358 1| 1.13 1.16
(Fredericton) 256 x 256 629 789 472 592 || 4.57 4.97
Kelly Creek 7.64 || 128 x 128 457 505 373 379 || 3.69 3.62
Basin 256 x 256 1077 | 1049 808 787 || 14.63 15.53
Tower Lake -60.39 || 128 x 128 909 | 1093 682 820 || 6.34 5.78
256 x 256 1929 | 2189 1447 | 1642 || 43.47 | 38.72
Scotch Lake -11.07 |} 128 x 128 1163 | 1161 871 871 || 6.87 6.54
256 x 256 || 2481 | 2485 1861 | 1864 || 44.38 | 42.24
Road (1) -57.33 || 128 x 128 725 793 544 595 || 4.95 4.56
256 x 256 1441 | 1625 1081 | 1219 || 34.39 | 30.96
Road (2) -28.53 || 128 x 128 589 633 442 475 || 4.39 4.12
256 x 256 1061 | 1301 796 976 || 30.15 | 27.41

Table 4.3: Encoding objects using
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To carry out Boolean OAQ operations with real data, two sets of data are overlapped,
and encoded into OAQs.

Two different objects (one representing a forest area, the other being Tower lake)
were taken from the Fredericton map data set and overlapped by shifting the data so

that one intersects the other. Figure 4.6 shows the objects to be represented as OAQs

)

and Figure 4.7 depicts the OAQ block decompositions of the two objects, where one
has been overlapped with the other. After having the data sets, the intersection and
union operations are computed and the results are shown in Figures 4.8 and 4.9.
The work of this thesis was coded using the TURBO PASCAL 5.0 on an IBM
Personal System/2 Model 70 386, and the code is about 10,000 lines. Since the
maximum heap can only be set to 64KB, the encoding of real data into both OAQs
and quadtrees can only reach a maximum size image of 256 x 256; otherwise the

program will not execute properly.

4.3 Analysis

Quadtrees provide a relatively compact representation for regions. They also provide
set theoretic operations, such as union, and intersection. Boolean quadtree algorithms
are simply preorder traversals of normal quadtrees, and the execution time is generally
a linear function of the number of nodes in the quadtree. It does not depend on the size
of the image. This section discusses the execution time analysis of OAQ algorithms.

The most natural way to analyse the execution time of the functions involved
both in OAQ constructions and Boolean OAQ operations is in terms of the number
of nodes that must be visited during the operations.

The algorithm for converting a planar object into an OAQ depends on the number
of times procedure CONSTRUCT is invoked (see Figure 2.22). Each pixel is recur-
sively inspected by inference from the RLC description. The execution time of the

algorithm is proportional to the number of pixels in the image, O(n?), where n =
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Figure 4.6 The original objects of a forest area and Tower lake.
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Figure 4.7: The OAQ representations of the forest and the lake.
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image space coordinate range [26]. The computation of the orientation of the object
is proportional to the number of edges in the original object description [18]. This
extra time does not affect the time efficiency of OAQ construction.

OAQ representation makes use of second order moments to reduce the number of
nodes. In the standard quadtree, the number of nodes representing a region is lin-
early proportional to the resolution of the image. Table 4.3 shows that doubling the
resolutions, leads to a significant increase in the number of nodes. In most OAQ rep-
resentations, if the resolution doubles and hence the number of nodes is less than that
of the standard quadtree, it may be constant for varying resolutions and orientations
(see Table 4.1).

Quadtree representations allow set theoretic operations to be performed efficiently.
For standard quadtrees, performing set operations of two aligned quadtrees is sim-
ple to implement. Both of the quadtrees are traversed in parallel, each step in the
traversal investigating the colour of both nodes in order to decide the colour of the
corresponding node in the resulting quadtree. The worst-case execution time of the
algorithm for doing set theoretic operations, reviewed in chapter 3, is proportional
to the sum of the number of nodes in the two input quadtrees [25]. This algorithm
does not provide a way to perform boolean set theoretic operations of quadtrees
representing objects which are not aligned.

OAQ representation provides a way to perform set theoretic operations between
two differently oriented regions with different OAQ centers, and different object to
image scale factors. As mentioned in chapter 3, the Boolean OAQ operation requires
steps of extracting polygons produced by intersection of pairs of BLACK nodes of
different OAQs, or pairs of WHITE nodes of OAQ A and BLACK nodes of OAQ B,
and a step of merging those polygons which can result in polygons to be represented
as other OAQs. The top level algorithm for doing Boolean OAQ operations is shown
in Figure 3.28.

The step of extracting polygons requires a traversal of both OAQs in parallel
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which is done in procedure INT_.CHECK_NODES or UNION_CHECK_NODES. The
examination of all pairs of nodes may be required to extract the polygons resulting
from Boolean operations between two nodes from different OAQs. The most natural
way to analyse the execution time of Boolean operations is in terms of the number
of nodes that must be visited while computing the desired set operation between two
blocks representing two specified nodes from different OAQs.

Procedures INT_CHECK_NODES, and UNION_CHECK_NODES shown in Fig-
ures 3.25 and 3.34 of section 3.4 and 3.5 represent the implementation of steps of
extracting polygons of Figure 3.11. For the intersection or union operation, if both
nodes of OAQ A and B are GRAY and they intersect, the algorithm is applied recur-
sively to the children of the nodes of A and B to test whether two nodes of OAQ A
and B intersect or not. Assuming that the children of nodes of A and B have GRAY
nodes, and each pair of GRAY nodes being tested intersect, the algorithm is applied
again to the children of OAQs A and B. The process of examining nodes to know
whether the corresponding blocks intersect or not requires a traversal two OAQs in
parallel and block intersection test for pairs of GRAY nodes and pairs of BLACK
nodes. This process will reach the worst-case whenever all pairs of the GRAY nodes
of OAQ A and B intersect.

The algorithm for examining nodes to extract the intersection between two nodes
takes advantage of the fact that if two GRAY nodes from different OAQs do not
intersect then the algorithm is not applied to the subtree of those nodes. In this
case, the number of operations will decrease significantly. In most cases of boolean
OAQ operations, the time efficiency will not reach the worst-case execution, since not
all nodes in the same level are GRAY nodes, and also not all pairs of GRAY nodes
intersect.

The best case happens when two OAQ roots do not intersect, then no further

action is taken. The execution time is proportionally to the constant value 1, Q(1).
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4.3.1 Analysis of intersection operation

As mentioned above, the process of examining nodes to know whether blocks intersect
or not requires a traversal two OAQs in parallel and block intersection tests for pairs
of GRAY nodes and pairs of BLACK nodes.

Consider the process of examining nodes for performing Boolean intersection op-
eration shown in Figure 3.25. Since the block intersection tests are carried out only
for pairs of BLACK blocks and pairs of GRAY blocks, and no action is taken when a
WHITE block of OAQ A is visited, then the process requires O((G 4 +B4)x Ng+W),)
time where G4, B4, and W4 are the the number of GRAY, BLACK, and WHITE
nodes of OAQ A respectively, and Np is the number of nodes of 0OAQ B.

If the nodes being examined are BLACK nodes then a test is carried out to know
whether they intersect or not. This is done by calling function A_B_INTERSECT,
since the test is based on the line intersection test, where each edge of the block of
OAQ B is tested against four successive edges of OAQ A until one intersection is
found. The worst-case execution time of the algorithm is a constant value, denoted
as j1 (i.e. 16 line segment intersection tests).

After knowing that the block representing the BLACK nodes intersect, then the
polygon extraction is carried out by calling procedure ARBOR_BLOCK_INT shown
in Figure 3.7. The worst-case complexity of the algorithm is a constant value (8
output edges), and denoted as j,.

To extract the intersection of two BLACK blocks representing two nodes, func-
tion and procedure A BINTERSECT and ARBORBLOCK_INT are called. Their
execution time is a constant value j = j; + j,. Supposing ki is the number of inter-
sections of pairs of BLACK blocks, then extracting all the corresponding polygons
requires O(k; X j) time. This execution time is proportional to the number of pairs of
BLACK nodes intersecting, O(k;). In the worst case, all BLACK blocks of A intersect
BLACK blocks of B.

If the two BLACK nodes being tested do not intersect, the corresponding blocks
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are checked to know whether they are concident or not, or one block lies inside the
other. This is done by calling procedure CHECK_BLOCKS shown in Figure 3.25.
The test is based on the level number of OAQs and the block centers. One of the
centers is tested to see whether it lies to the left of all four edges of the other block.
The execution time of the algorithm is a constant value denoted as L.

When a test is complete, then the block which lies inside or coincides with the
other is extracted by calling procedure EXTRACT BLOCK whose execution time is
a constant value denoted as ;. After knowing the location of two BLACK nodes by
traversing both OAQs in parallel, to extract the intersection of two BLACK nodes
from two blocks which are coincident or one lies inside the other, the procedure
CHECK_BLOCKS and EXTRACT BLOCK are called. The execution time is a con-
stant value | = I; +{,. Suppose k; is the number of pairs of BLACK blocks which
are coincident or where one block lies inside the other. Extracting all the polygons
resulting from the blocks which are coincident or where one lies inside the other
requires O(k; x I) time. This execution time is proportional to the number of pairs
of BLACK nodes which are coincident or where one block lies inside the other. Since
the value of k; is a constant, the execution time is denoted as O(k,).

Once the polygon extractions are complete, in which the algorithm requires O((G 4+
Ba) x Ng + Wy + ki + k;) time, then the OAQ reference is traversed in post order

to merge the stored polygons.

4.3.1.1 Method I

The merging operations of method I discussed in section 3.3.1 has the algorithm
shown in Figure 3.12. This algorithm shows that when a traversal visits leaf nodes,
(only BLACK nodes for intersection), then the stored polygons are merged by calling
procedure MERGE OPERATION B. When a traversal visits GRAY nodes then the
algorithm merges the polygons which are stored in the GRAY children nodes. Thus

the execution time of the merging polygons algorithm in terms of the number of nodes
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that must be visited during operation is proportional to the number of nodes in 0OAQ
A.

The proportional constant is determined by the time complexity of the proce-
dures MERGE_OPERATION B and MERGE_OPERATION_A. The first procedure
is shown in Figure 3.13. The time required to merge all polygons stored in any
BLACK node of OAQ A is O(s + p), where s is the time required for sorting the list
of polygons which are stored in the BLACK leaf node, and p is the time required for
merging polygons which are stored in the BLACK leaf node which is proportional
to the number of polygons. MERGE_OPERATION B requires sorting processes, the
first sorting is used to group polygons which belong to the same level of nodes of 0AQ
B. The second one is used to sort the polygons which belong to the same parent nodes
of OAQ B. The MERGE_OPERATION_A algorithm shown in Figure 3.14 requires
O(r) time, where r is the number of polygons which are stored in the GRAY children
nodes.

Denote N4 as the number of nodes of OAQ A, then the MERGE_OPERATION
algorithm requires O(N4 + Ba(p + s) + G47) time.

The worst-case execution time of the algorithm to carry out Boolean OAQ inter-

section operation using method I is O(e + m,) , where
GZ(GA+BA)XNB+WA+]€1+IC2 (41)

and
my = Ng+ Ba(s + p) + Gar (4.2)

1s the worst-case execution time of merging polygons using method 1.

4.3.1.2 Method II

The algorithm for Boolean OAQ operation using method II is similar to method I,
except for the process of merging polygons. The process of extracting polygons is

the same as the one which is used in the method I. The process of merging polygons
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is similar to the one shown in Figure 3.12 except for calling procedures CREATE -
SUBTREE and MERGE_SUBTREE shown in Figures 3.18 and 3.19 rather than
calling procedure MERGE_.OPERATION B shown in Figure 3.14. Therefore the
algorithm of merging polygons does not require any sorting; instead, it makes a
temporary subtree of OAQ B which have nodes intersecting with the visited BLACK
node of OAQ A (see Figure 3.17). When OAQ A is traversed in post order, and a
BLACK node is visited, then the algorithm creates the subtree of OAQ B, and it
traverses the subtree in post order. If the traversal visits GRAY node of the created
subtree, then all polygons which are stored in the children nodes are merged. The
merging process is done in procedure MERGE SUBTREE. This algorithm requires
O(t) times, where ¢ is the number of polygons which are stored in the GRAY children
nodes of subtree of OAQ B. The algorithm for creating the subtree requires O(p)
times, where p is the number of polygons which are stored in the BLACK node of
OAQ A. The MERGE_OPERATION algorithm using method II requires O(N4 +
Ba(p+1t) + Gur) time.

The worst-case execution time of the algorithm to carry out Boolean OAQ inter-

section operation using method II is O(e + m;) , where
e=(GA+BA)XNB+WA+k1+k2 (43)

and

my = Ng+ Ba(p+1t)+ Gyur (4.4)

is the worst-case execution time of merging polygons using method II. Overall, the
worst-case execution time for performing Boolean OAQ intersection using method I

or Il is dominated by the time required for extracting polygons.

4.3.1.3 An example where all BLACK blocks intersect

This subsection gives an example of the analysis for the intersection operation. Con-

sider Figure 4.10. This figure depicts the intersection between two OAQs. As
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Figure 4.10: An example of the intersection operation.
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mentioned above, the worst-case execution time for polygon extraction algorithm
is e = (Ga+ Ba) x Ng + W4 + ky + k;. Since all pairs of GRAY blocks of different
OAQs intersect, and all pairs of BLACK blocks intersect, then G4 is total number of
GRAY nodes of OAQ A = 5, and By is the total number of BLACK nodes of 0AQ
A =8, Ng =21, and W4 = 8. The term ky is the time required for extracting the
intersection between two BLACK blocks which is proportional to the number of pairs
of BLACK nodes intersecting. This example shows that each BLACK block of 0AQ
A intersect with at most 4 BLACK blocks of OAQ B. Thus we assume that in the
worst-case each BLACK node of OAQ A stores 4 polygons. Since there is no BLACK
block of OAQ A that lies inside the other or vise versa, then k; = 0. The algorithm
for extracting polygons requires (5 + 8) x 21 + 8 + 4 = 285 high-level operations.

The algorithm for merging polygons using method I requires O(N4 + By(s +
p) + Gar) time. The term s is the time required for sorting the polygons which are
stored at any BLACK node of OAQ A. This execution time is based on which sorting
algorithm is used. Since the number of polygons is not large (4 polygons), a simple
sort algorithm like the Bubble Sort can be chosen.This algorithm requires O(¢?) time,
where ¢ is the number of elements being sorted. In this \case, the number of polygons
to be sorted are p = 4, thus s = 42. Once polygons in the visited BLACK node of
OAQ A are sorted, these polygons are then merged, for which the algorithm requires
O(p) time. The term r is the time required to merging the merged polygons which
are stored in GRAY children nodes, which is proportional to the number of merged
polygons stored in the GRAY children nodes. In this example each GRAY child node
has one merged polygon, r = 1. The worst-case algorithm for merging polygons using
method I requires 21+8(4? +4) = 181 operation high-level. This worst-case execution
time is dependent on the chosen sort algorithm, if the quick sort algorithm is used,
the algorithm requires only 21 + 8(4log4 + 4) = 72 high-level operations.

The algorithm for merging polygons using method II requires O(N4 + Ba(p+1t) +
Gar) time, where p is the time required for copying the subtree of OAQ B which its

111



nodes intersect with the visited node of OAQ A. This execution time is proportional
to the number of polygons stored in any BLACK node, p = 4. The term t is time
required for merging polygons which are stored in GRAY children nodes of the subtree
of OAQ B, which is proportional to the number of GRAY children nodes of subtree
of OAQ B. Since each BLACK of OAQ A intersect all BLACK blocks of OAQ B, the
created subtree has the same position BLACK nodes as that of the OAQ B. Each
GRAY node of the subtree has two BLACK nodes, therefore t = 2. The algorithm for
merging polygons using method II requires 21 + 8(4 + 2) = 69 high-level operations.

The values discussed above show that the execution time for the intersection OAQ

operation is dominated by the execution time for extracting polygons.

4.3.1.4 An example for all blocks of OAQ B inside one block of OAQ A

This subsection discusses another example of analysis of the execution time. Consider
Figure 4.11. The figure gives an example for the case of one OAQ of B lies inside the
OAQof A. As mentioned above, the worst-case execution time for polygon extractions
e=(Ga+ By)x Ng+ Wy + ky + k,. Since the algorithm requires to know whether
pairs of GRAY blocks of OAQ A overlay pairs of GRAY blocks of OAQ B, no action is
taken in OAQ B when WHITE node of OAQ A is visited, then the algorithm requires
only O((1 43 x 4) + B4 x Ng + W,) time.

For the case that all OAQ B is inside one block of OAQ A, then k; = 0. Since
all BLACK blocks of OAQ B lie inside one block of OAQ A, then k; is equal to the
number of BLACK nodes of 0AQ B, Bg = 8 (see Figure 4.12). This example shows
that only one BLACK node of 0AQ A stores polygons, therefore By = 1. The number
of polygons stored in the BLACK node is equal to the number of BLACK node of
OAQ. The polygon extraction algorithm requires (1 +3 x4)+1 x 21 +8 + 8 = 50
high-level operations.

As mentioned in the first example, the algorithm for merging polygons using

method I requires O(N4 + Ba(s + P) + G4r) time. In this example s = By = 8? and
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Figure 4.11: Example where the OAQ B lies inside OAQ A.
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p = 8. In this algorithm, since only one BLACK node of OAQ A stores the polygons,
the value of B4 is 1. Since only one GRAY child node stores the merged polygons,
the values of G4 and r are 1. The value of N4 = 5. The algorithm for merging
polygons using method I requires 21 + 1(82 + 8) 4+ 1) = 94 high-level operations.

As discussed in the previous example, the algorithm for merging polygons using
method II requires O(N4 + Ba(p+1t)+G4r) time. In this example, p = Bg = 8, since
all BLACK blocks of OAQ B lie inside one of blocks of OAQ A. The value of t = 1,
since only one GRAY child node of the subtree of OAQ B exist. The algorithm for
merging polygons using method II requires 21 + 1(8+1)+1 = 31 high-level operations.

This example shows that the execution time for merging polygons using method

I dominates the execution time of the polygon extractions.

4.4 Analysis of union operation

As mentioned in the analysis of intersection, the worst-case execution time of the
polygon extractions for intersection is e = (Ga+Ba)x Ng+ Wy + k + ky. The
execution time of polygon extractions for union operation is obtained in a similar to
the manner described above. Consider the process of examining nodes for performing
Boolean union OAQ operation shown in in Figure 3.34. Since the block intersection
tests are carried out only for pairs of GRAY blocks and pairs of WHITE blocks OAQ
A and BLACK blocks of OAQ B, and no action in OAQ B is taken when BLACK
nodes of OAQ A are visited, the process requires O((Ga + W4) x Ng + By) time.
To extract all polygons resulting from all pairs of intersection between WHITE
blocks of OAQ A and BLACK blocks of OAQ B requires O(u;) time. Extracting
all polygons resulting from pairs of WHITE blocks of OAQ A which lie inside the
BLACK block of OAQ B or vise versa requires O(uz) time. The term us is the time
required to extract the BLACK blocks of OAQ A. Thus the algorithm for extracting
polygons requires O((G4 + W4) x Ng + By + u1 + U + u3) time. The complexity of
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merging polygons for the Boolean OAQ union operation is analogous to the execution
time of the merging polygons for Boolean intersection operations, except that the
value of By in equation (4.2) and (4.4) is replaced with W, depending on which
algorithm is used. Therefore the worst-case execution time of merging polygons using
method I for the Boolean OAQ union is obtained by substituting W4 to B, for
equation (4.2), which gives

O(Na+ Wa(s+p) + Gyur) (4.5)

The worst-case execution time for merging polygons using method II is obtained

by substituting W4 to By for equation (4.4), which gives
O(NA +WA(p+t)+GA7‘) (46)

The overall time required for Boolean OAQ union operations is O(e + m), where
O(e) = O(Ga+ Wu) x Ng+ B +u; +ug + ug is the time required for the polygon
extraction algorithm, and O(m) is the time required for merging polygons which is
equal to equation (4.5) for method I, and (4.6) for method II. Overall, the worst-
case execution time for performing Boolean OAQ operations using method I or II is
dominated by the time required for extracting polygons.

Earlier it was mentioned that the best case for process examining nodes for poly-
gon extraction has execution time Q(1). The execution time for performing OAQ
operation using method I or method II ranges from 1 to (Ga+Ba)x Ng+ W,y for the
intersection operation, and from 1 to (Ga+ Wy4) x Ng + By for the union operation.

OAQ representation allows Boolean OAQ operations between any two regions
with different orientation, centroid, and resolution. The worst-case excecution time
is closely related to the product of the number of BLACK and WHITE nodes of 0OAQ
A, and the number of nodes of 0AQ B. The excecution time is mainly contributed by
the execution time of polygon extractions. Once the polygon extractions is complete,

then the polygons are merged in where the worst-case execution time is proportional

to the number of nodes of OAQ A.
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For Boolean intersection operations, the extracted polygons are taken from all
pairs of intersecting BLACK blocks representing BLACK nodes from different OAQs.
For union operation, extracted polygons are taken from all pairs of intersecting
WHITE blocks of OAQ A and BLACK blocks of OAQ B, and all BLACK blocks
of OAQ A. These considerations do not involve the BLACK region of B which lies
outside the outer block of A (required for the computation of the Boolean OAQ union
operation such as shown in Figure 3.35). As a consequence, to include the part of
BLACK blocks of OAQ B which lie outside of OAQ A, object space coordinate range
of OAQ A needs to be enlarged. OAQ A will be larger, and all BLACK blocks of
OAQ B will be inside the OAQ A (see Figure 3.36). The polygon extractions now
are carried out to obtain all pairs of intersection of WHITE blocks of OAQ A and
BLACK blocks of OAQ B, and all BLACK blocks of OAQ A.
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Chapter 5

Conclusions

The work for this thesis examined an alternative for storing the raster representation
of an object. As a result, the algorithm for converting connected planar objects to
OAQ representation was proposed and tested ( chapter 2, and chapter 3 ), and the
approach was implemented. The results of the research have been satisfactory, and the
objectives outlined in section 1.6.1 have been met. In general, the accomplishments

can be stated as follows :

1. A unique OAQ representation was established which takes into account large
eccentricity and aligns the quadtree to the object’s principal axis of inertia. It
provides a near optimal ( in terms of the number of nodes ) quadtree encoding

of connected planar objects, which are rectangular.

2. It was shown that OAQ representation does not require significant extra time

to compute the orientation of the object being represented into an OAQ.

3. It was shown that the number of nodes for the OAQ can be constant for varying
image size and orientation, but the number of nodes for the standard quadtree

basically doubles for every doubling of the image space coordinate range.
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4. Boolean OAQ operations have been designed, implemented and tested for OAQ

representations of regions which differ in orientation, centroid, and resolution.

5. It was shown that Boolean OAQ operations requires O(e+m;) time, where O(e)
is the time required for polygon extractions, O(my) is the time required for merg-
ing polygons, and k = 1,2 are the index for the polygon merging method chosen.
In general, the main contribution of time complexity comes from traversing both
OAQs and extracting polygons from the intersecting blocks, which is O(e) time.
The term e is approximately N4 X Np, or roughly O(n?) for n = the number

of nodes.

6. The Boolean OAQ operations are designed to produce edge structures repre-
senting objects, which can be converted into OAQ representation. In this sense,

the algorithms given here are complete.

7. Experimental results show that the saving in the number of nodes ranged from
0% to 19%. For ideal cases, such as the rectangle shown in Figure 4.1, the

saving in the number of nodes can be dramatically increased.

5.1 Suggestions for futher work

OAQ representation is one of the approaches for representing regions. It takes ad-
vantage of any second order moment of inertia of planar objects by centering the
quadtree axes at the object’s centroid and aligning the quadtree axes with the ob-
ject’s principal axis of inertia. Boolean OAQ operations can be performed between
two OAQs representing two objects which have different resolutions, centroids and
orientations. Some other Boolean operations, such as set difference and exclusive or,
can be carried out using the methods developed in chapter 3. The set difference of
OAQs A and B can be found by extracting the intersection between pairs of BLACK
blocks of OAQ A and WHITE blocks of OAQ B. For set difference between OAQ B
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and OAQ A, the polygon extractions are carried out when WHITE blocks of OAQ
A intersect with BLACK blocks of B. For exclusive or OAQ operation the polygon
extractions are carried out when pairs of BLACK blocks of OAQ A and WHITE
blocks of B are intersected, and also when BLACK blocks of OAQ B intersect with
WHITE blocks of OAQ A.

In computer vision, one of the approaches of determining shape properties is to
compute the shape number [2|. The algorithm for making a shape number of a
specified order is explained in [2]. Computing the shape number requires placing
the chain-code directions to be aligned with the principal axis of inertia. The OAQ
representation could be used to advantage since it is already aligned this way. The
chain code representation can be directly constructed from the OAQ representation,
and then the first difference of the chain code can be computed as well as the shape
number. Having the OAQ representation, the orientation and scale independent shape
number is easily computed.

The OAQ representation can be extended into Orientation Adaptive Octree Rep-
resentation which can represent three dimensional objects. The computation of the
orientation of the objects can be computed using methods similar to the methods

developed in section 2.1 and extended for three dimensional objects.
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