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ABSTRACT 

Interpolation  technique.  kcu>  been tued  far  generation  o& three 

dimensional  ¿urfaceá.  Tká  paper  iirí>t  analy¿  e¿ tile  ob jiote,  generated 

by  specified  interpolating  ¿uncZíonó.  Both linear  and non-linear 

interpolating  {¡uncJxonA  are  uAed to generate  interesting  objects.  hione 

o{¡  these objects  can be generated  ating  the. technique  surface  o(, 

revolution. 

The  paper  dis  casses various  cho<ices ¿ΟΛ. ¿fie interpolating  weighting 

(unctions  and introduces  the idea  o i  modifying  (unctions  to incorporate 

second order  non-linearity.  Several  interesting  objects,  Auch as 

those resembling  chess pieces,  vase,  goblets,  etc.,  are  planted.  The 

main (eature  o{¡  the generated  objects  ió that  they  have,  a compact 

mathematical  representation. 

Subsequently,  we consider  the reverse  process  where  the charac-

teristics  oh the desired  shape axe given  and the -Interpolating  (unctions 

(Vie  to be determined.  The  Vourier  series  expansion  is used to determine 

an interpolating  Sanction  which  gives  rise  to the desired  object  using 

non-linear  interpolation.  This  synthesis  process  is illustrated  with 

several  examples. 

CR Categories and Subject Descriptors: G.1.1 [Numerical Analysis]: 

Interpolation - Linear and Nonlinear, Fourier Series Analysis, 

1.3.5 [Computer Graphics]: Computational Geometry and Object 

Modeling - curve, surface, solid and object representation. 

General Terms: Analysis and Synthesis, Generation of 3-D Objects. 

Additional Keywords and Phrases: inbetweening, blending, and modifying 

functions. 



1.0 INTRODUCTION 

Three dimensional objects have become an integral part of computer 

graphics. Various techniques are used to generate these objects. 

Literature survey reveals use of interpolation for generation of three 

dimensional surfaces [FAUX79, F0LE82, CHAS78, MORT85, R0GE76, NEWM79], 

Linear interpolation between two specified curves is demonstrated in 

[CHAS78] whereas cubic interpolation is used by the others. Cubic 

blending functions [COON76, WIEH74] and cardinal spline basis functions 

[WU7 7] have been used for this purpose. Barnhill makes use of cubic 

spline blending functions for non-linear as well as linear interpolation 

over triangles [BARN74]. 

This paper discusses analytical generation of three dimensional 

shapes as well as synthesis of a mathematical model to generate a class 

of objects using interpolation technique. 

The paper first examines the question: what objects would be 

generated by a given set of interpolating functions; this forms the 

analysis. Several interesting objects are generated. The question is 

reversed in the later part to: in order to get a desired shape, what 

interpolating functions should be used; this forms the synthesis. Here, 

the Fourier series analysis of the desired shape is performed to compute 

the interpolation functions. 

Several illustrative examples are included. Four engineering 

views, namely front, top, side and isometric, are given. These views 

are drawn with the help of an APL package described in [GUJA84a, 

GUJA84b]. One can clearly observe the blend of the given two contours 

in the intermediate contours in all the figures. 
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2.0 INTERPOLATION METHOD 

The basic notion of interpolation [KREY78] combines the given end 

curves to form a blended surface or object. Thus, given two parame-

trically defined contours, a smooth object is generated by calculating 

the intermediate contours by a weighted combination of these given 

contours - this is called interpolation. Here, the term interpolation 

is used in a wider sense to include extrapolated objects or partially 

interpolated objects obtained by an arbitrary truncation. Both linear 

as well as non-linear interpolation is considered. Non-linear interpo-

lation, in general, could generate objects where no cross-sectional 

contour is the same as any of the given contours. The parameters of 

both the linear as well as the non-linear interpolation could be ar-

ranged such that the given contours form the caps of the generated 

object. 

There are several parameters which affect the shape of the gene-

rated objects; these include: 

a) Number: Number of points on the contours 

b) Choice: How these points are chosen, e.g. 

- equidistant along the periphery 

- at equiangular positions with respect to some chosen 

origin 

some other scheme including multiple occurrences of a 

point 

a random scheme 
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c) Generation technique - the method by which the contours are 

generated, e.g. linear, quadratic, cubic or by some 

other curve fitting technique. In this paper, 

contours are assumed to be generated by joining the 

selected points, in the specified order, by straight 

lines. Thus, more points are required to approxi-

mate sharply bending curves. 

d) Connectivity selection - which point is connected to which 

point, e.g. if points are numbered 1 to Ν on both 

the contours, one may join points p, p+1, p+2,..., 

from one contour to the points q, q+1, q+2,..., 

respectively on the second contour with the assump-

tion that points 1 to Ν are arranged cyclically in 

the sense, point 1 follows point N. Several other 

obvious variations are possible. 

e) Connectivity method - How the corresponding points are 

connected, e.g. the points can be connected by 

straight lines, resulting in a linear interpolation 

or may be connected by some curve other than a 

straight line, giving rise to a non-linear interpo-

lation. 
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2.1 Mathematical Notation 

Let the parametric equations of the two contours be 

χ = fx(t), y = f2(t), ζ = f3(t)» and 

χ = gx(p)» y = g2(p). z = S3(P). 
where f^ and g^ (for ne{l,2,3}) are functions of parameters t and ρ 

respectively. Now we can consider the two connectivity methods, namely, 

linear and non-linear interpolation. 

2.2 Linear Interpolation 

For linear interpolation, the formulae are: 

χ = ax · f1(t) + by · gx(p) 

y = a 2 - f2(t) + b 2 · g2(p) 

ζ = a 3 · f3(t) + b 3 · g3(p) 

where a^ and b^ are interpolation weighting parameters, for ηε{1,2,3}, 

varying linearly, independent of t and p, in some range. In practice, 

one would often choose a = a^ = a 2 - a 3 and b = b^ = b^ = b^. Then one 

would get either an extrapolated, partially interpolated or interpolated 

object depending upon the values of a and b. For example, for a case 

where 0 <_ a <_ 1 and b = 1-a, one can see that the curve generated when 

a = 0 is the g contour while, when a = 1, f contour is generated. Thus 

the given two input contours form the caps of the generated object. 
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2.2.1 Examples 

In all the examples presented, we assume that a. — a and 

b ± = (1-a) for i e{l,2,3) with 0 _< a _< X. Figure 1 shows an object 

generated by linear interpolation between a circle at one end and an 

ellipse at the other end. The object looks like a truncated cone. The 

points on both the contours are chosen to be at equiangular positions. 

The equations of the contours are 

χ = r cos Θ , y = r sin Θ , ζ = 0 and c o 
χ = r_ cos Θ , y = r sin Θ , ζ = ζ 

e m 
where the following values are chosen: r = 5, r_ = 1, r = 2, ζ = 10. 

c L· e m 
The equation for the object is: 

χ = (1-a) · r c · cos 9 + a · r ß · cos Θ 

y « (1-a) · r · sin Θ + a · r · sin Θ 
c e 

ζ = a · ζ 
m 

with 0 Θ _< 2IÏ to generate whole object. It can be seen that the 

corresponding points between these contours are joined by straight 

lines. 

A pipe connector connecting a square and a circular pipe is 

generated by linear interpolation between a circle and a square (Fig. 

2). Here the parametric equations of the contours are: 
χ = r cos Θ , y = r sin Θ , ζ = 0 and c c 2 2 χ = r cos Θ , y = r sin Θ , ζ = ζ s 3 s m 

The values of r = 1, r = 5 and ζ =10 are chosen, e s m 
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The equation of the object becomes 
2 χ = (1-a) · r · cos Θ + a • r · cos Θ c s 
2 y = (1-a) · r · sin Θ + a · r · sin Θ c s 

ζ = a · ζ 
m 

for 0 Θ <_ ̂  in the first quadrant. The entire object is 
2 

generated by a flip about the x-axis followed by a flip about the y-axis 

as described in [GUJA84a]. 

Linear interpolation between a circle and a spline is shown in 

Fig. 3. Equations of the contours are 

χ = r cos Θ , y = r sin θ , ζ = 0 c J c 
χ = 10t3-8t2-2t, y = 12t3 - 25t2 + 13t, ζ = ζ . 

m 
The parameters 0 and t are connected with the relation Θ = 2IIt. 

The equation of the object then becomes 

χ = (1-a) · r c • cos θ + a · (10t3 - 8t2 - 2t) 

y = (1-a) · r c · sin Θ + a · (12t3 - 25t2 + 13t) 

ζ = a · ζ 
m where, 0 < t < 1 generates the entire object. The values of r and ζ ~~ — c m 

are 7 and 10 respectively. 

An object generated by linear interpolation between a circle 

and a star-shaped contour is given in Fig. 4. Here, the points on the 

star-shaped contour are given as multiply occurring points. 
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2.3 Non-linear Interpolation 

For non-linear interpolation, the formulae are: 

χ = Wx(u) · fj(t) + S^v) · gl(p) 

y = W2(u) · f2(t) + S2(v) · g2(p) 

ζ = W3(u) · f3(t) + S3(v) • g3(p) 

Here, W^ and S^ (for η ε{ΐ,2,3}) are weighting functions of para-

meters u and ν respectively. 

One specific case deserves a mention. For example, one may choose 

W=W1=W2, 8=8^82 with u=v and W3=a, S3=(l-a) with 0<a<1 ; then the 

equations become: 

χ = W(u) - fx(t) + S(u) · 8 l(p) 

y = W(u) · f2(t) + S(u) * g2(p) 

ζ = a · f3(t) + (1-a) · g3(p). 

Now it can be seen that there is non-linear interpolation for χ and y 

while ζ has a linear interpolation. If, in addition, W(u) = 0 when S(u) 

= 1 and W(u) = 1 when S(u) = 0, then the original input contours form 

the caps of the generated object. 

The choices of W(u) and S(u) provide a wide range of possibilities 

for the generated objects. 

It is possible to choose some base weighting functions W(u) and 

S(u) and apply a modifying function M(u) to these functions in some 

manner so that new weighting functions become W(u)©M(u) and S(u)®M(u) 

where Φ is some operation such as multiplication, addition, etc. 

Interesting objects are formed using this concept. 
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2.3.1 Examples 

Figures 5 and 6 are the examples of nonlinear interpolation 

between a circle and an ellipse. Figure 5 represents a glass while Fig. 

6 shows a funnel shaped object. 

The equations of the contours are 

χ = r · cos θ , y = r · sin Θ , ζ = 0 and ο c 
χ = r_ · cos θ , y = r · sin Θ , ζ = ζ 

t e m 
The weighting functions W(a) « cosY a and S(a) = sinY α are used, giving 

rise to the following equation for the object: 
ν γ 

χ = cos α · r · cos Θ + sin α • r^ · cos Θ 
c Ε 

Ύ Ύ y = cos α · r · sin θ + sin α * r · sin θ c e 
ζ = a • ζ 

m 
where, 0 <_ a 1 controls the linear interpolation of ζ coordinate 

α = a * 11/̂  , parameter for the weighting functions, 

γ = factor controlling the non-linearity, 

0 θ _< 2Π for the entire object. 

Figure 5 is generated with γ = 1, while γ = 7 is used for Fig. 6. It 

should be noted that W(0) = 1, S(0) = 0 and W(z ) = 0, S(z ) = 1, imply-
m m 

ing that the given contours form the caps of the generated objects. 

Figure 7 demonstrates an object generated by non-linear 

interpolation between a circle and a square with weighting functions 

W(a) = cos7a and S (a) = sin7a. Figures 8 and 9 show non-linear 

interpolation between an ellipse and a star-shaped contour where 

multiple points are specified for the later contour. The weighting 
ct ct functions W(u) = u and S(u) = (1-u ) are used with α = 0.6 for Fig. 8 

and α = 3 for Fig. 9. 
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2.3.2 Examples of Use of a Modifying Function 

As stated before, one can alter the basic weighting functions 

by means of a modifying function. Several examples of objects generated 

using this technique are given in this section. 

The basic weighting functions W(a) » cosY a and S (a) = sinY a 

are used. 
2 

For Figs. 10 and 11, the modifying function (0.1 + sin m α) 

is used in a multiplicative manner. Thus, the resultant weighting 

functions are: 
Y 2 

W(a) = cos' a · (0.1 + sin m a) 
Y 2 

S(a) = sin a · (0.1 + sin m a). 

Fig. 10 resembles a chess pawn and is generated with γ a 3 and m = 3, 

while Fig. Iiis generated with γ = 3 and m = 5. The value of m 

controls the number of half lobes in the resulting object indicating the 

effect of the modifying function clearly. 

Effect of an additive modifying function is illustrated in 

Figs. 12 and 13; these objects represent variations of pieces of the 
g 

game of chess. Here, the modifying function M(ct) = 2 sin 3a is used 

resulting in the following weighting functions: 

W(a) = cos3a + 2 sinß3a 

S(a) = sin3a + 2 sin^3a. 

Values of β = 2 and 10 are used for Figs. 12 and 13 respectively. 
2 

Another multiplicative modifying function (0.1 + cos 2a) is 
used for Fig. 14 for which the weighting functions are: 3 2 W(a) ® cos a · (0.1 + cos 2a) 3 2 S(a) = sin a · (0.1 + cos 2a). 
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The object in this figure resembles a goblet with square at one end and 

a circle at the other. 

Effects of the same modified weighting functions as in Fig. 14, are 

shown in Fig. 15 where the end contours are a circle and a star-shaped 

contour; the result is a goblet having a star shaped base which slowly 

blends into a circle at the top. 

3.0 SYNTHESIS USING FOURIER SERIES 

Thus far we have considered the effects of the specified linear and 

non-linear interpolating functions on the given contours. Now we will 

consider the reverse process where the characteristics of the desired 

shape are given and the interpolating functions are to be determined. 

Assume that the two end-contours and the characteristics of the 

desired shape of the object in z-direction are known; no generality is 

lost by this assumption since one can always arrange the coordinate 

system to conform with this requirement. Using Fourier Series, one can 

compute the interpolating function which would give rise to the desired 

object using non-linear interpolation. Various schemes could be used to 

split this interpolating function into weighting functions W and S. 

Let the characteristics of the desired shape function, s(z), be as 

in Fig. 16. This is the form of a desired cross sectional contour along 

the z-direction. Note that this simply indicates the form and not the 

exact shape of every cross sectional contour in the z-direction. 
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Now one can find the Fourier series for the given function s(z) by 

considering an even extension (Fig. 17a), or an odd extension (Fig. 17b) 

of the given function. The Fourier series expansion contains infinite 

number of terms; however, higher order terms become smaller and smaller 

and hence can be omitted in actual implementation without introducing 

significant errors. Obviously, more the number of terms, better is the 

approximation. 

Even though one could consider either even or odd extension 

[KRYS78], the end values at ζ a, 0 and ζ • z^ are better approximated by 

an even extension (Fig. 17a) than an odd extension (Fig. 17b) when the 

same number of terms from the corresponding Fourier series expansions 

are taken; hence an even extension is used. (In fact, since an odd 

extension contains sine terms, end values at ζ = 0 and ζ = ζ are always 
m J 

zero). 
For finding the Fourier series expansion, the shape function may be 

broken down into piecewise linear (or piecewise curvilinear) segments. 

The Fourier series will be 
CO 

F = C + Σ C cos — ο , η ζ n=l m 

In order to interpolate between two contours this function F can be used 

to generate the weighting functions W and S which can be chosen as: 

W « a · F and S = b · F , where a and b are interpolating parameters. 

When b=l-a for (0.fa<l), W+S becomes F, thus generating given charac-

teristic of the shape; value of a = z/z satisfies these conditions 
m 

assuming ζ varies between 0 and ζ . These weighting functions can then 

be used in conjunction with the given contours to form the equation of 

the object as 
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X = W · f1(t) + S - gl(p) 

y = W · f2(t) + S . g2(p) 

ζ = ζ . 

It is possible to choose a and b as some functions of one (or more) 

parameters with the restriction that a + b = 1; this introduces second 

order of non-linearity in the choice of W and S. 

3.1 Examples 

Figure 18 shows the desired piecewise linear shape function 

s(2) and the computed weighting functions W(z) and S(z). The 

computations of the Fourier series involve the evaluation of the 

integral of the following form: 

b 
r . \ nJIz , Zm (pz + q) cos dz -

ζ nlî m 

2 
pz 
r m 

η Π 

(pb + q) s m (pa + q) sm 
ζ ζ m m 

cos nïïa - cos nïïb 
ζ ζ m m 

An APL function is written to compute the first η terms of the 

Fourier series, F, given the x-y coordinates of the end points of the 

piecewise linear function, s(z). Figures 19, 20 and 21 are drawn using 

this Fourier series as the interpolating function; the weighting 

functions W and S are derived using the linear break-up scheme, i.e. 

W = a · F and S = (1-a) · F, 0 £ a _< 1. The end contours for Figs. 19 

and 20 are a circle and a square; first 5 terms of the Fourier series 

are used for Fig. 19 while effect of first 50 terms is shown in Fig. 20. 

It is clear that more terms from the Fourier series produce better 

results. It is interesting to note the shape generated using only first 

five terms - even the errors introduced are sometimes attractive! 
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Figure 21 shows an effect of blending between a Lissajous 

figure and an ellipse using first 50 terms from the Fourier series 

expansion of the shape function given in Fig. 18. 

Figures 23, 24 and 25 contain three objects synthesized to 

conform to the characteristics of the shape given in Fig. 22; first 50 

terms of the Fourier series expansion are used for these figures. These 

objects resemble a vase. The end contours are circle and a square for 

Fig. 23, while an ellipse and a Lissajous figure are used for Fig. 24. 

The equations of the contours are: 

χ = r-cosO , y = r sinO , ζ = ζ , and ϋ e m 
2 

χ = rLcos Θ, y  - r^sinOcosO, ζ • 0 , 
where, r_ = 2 , r = 1 , r_ = 1 , ζ =10 with 0 < θ < 2Π. h e L m — — 
Two orthogonal Lissajous figures are used in Fig. 25 to produce a vase 

which has a split as well as a twist; the equations of the contours for 

this object are: 
2 

χ « r^cos 0 , y = r^sinOcosO , ζ = 0 
2 χ = r.osinOcos0 , y = rT «sin Θ , ζ = ζ LZ LZ m 

where, rT, = 1 , r. 0 = 2, ζ =10 with 0 < θ < 2Π. LI LZ m — — 

4.0 CONCLUSION 

This paper has discussed the process of analysis as well as synthe-

sis of generating three dimensional objects. 

Given two contours, closed or open, we use interpolation to form a 

3-D object (surface) formed by blending of the given contours. Both 

linear as well as non-linear interpolating functions are used. Effects 

of various non-linear interpolating weighting functions are analysed. 

These weighting functions can further be changed by using some modifying 
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functions; this concept introduces second order of non-linearity for the 

interpolating function. Several interesting objects are generated using 

this concept. These objects include goblets with square base and 

circular top (or star shaped base and elliptical top), vase with figure 

of eight at the bottom and/or top, pipe connector for a square and a 

circular pipe, odd shaped funnels, truncated cones (resembling interes-

ting party hats), variations of chess pieces, etc. None of these 

objects can be generated by surface of revolution. 

Subsequently, we examine how one could compute weighting functions 

to generate objects with characteristics of desired shape. Fourier 

series expansion is used to represent arbitrary curves generated by 

piecewise linear function. The use of Fourier series limits the shapes 

to be single valued functions of 2; use of other mathematical techniques 

to overcome this limitation is under investigation. 
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Figure 1: 
Linear interpolation 
circle & ellipse 

Figure 4: 
Linear interpolation 

circle & star 
with multiple points 

ψ L̂fw φ ν < 7 ^ '  ' ψ 
Figure 7: 

Nonlinear interpolation 
circle & square (γ = 7) 

Linear interpolation 
circle & square 

Figure 5: 
Nonlinear interpolation 
circle & ellipse (γ = 1) 

Figure 8 : 
Nonlinear interpolation 

circle & star with 
multiple points (a = 0.6) 

Ä 
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Ä Ä ff¿í 
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Figure 3: 
Linear interpolation 
circle & spline 

circle & ellipse (γ = 7) 

Jfü if if í— tjr 
f 

Figure 9: 
Nonlinear interpolation 

circle & star with 
multiple points (α « 3) 
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Figure 10: 
Nonlinear interpolation 

circle & square 
multiplicative modifying 

function 0.1+sin23« 

Figure 11: 
Nonlinear interpolation 

circle & square 
multiplicative modifying 

function 0.1+ sin25« 

Figure 12: 
Nonlinear interpolation 

circle & square 
additive modifying 
function 2 sin23« 

φ f 
Figure 15: 

Nonlinear interpolation 
circle & star 

Figure 13: 
Nonlinear interpolation 

circle & square 
additive modifying 
function 2 sin̂ °3<¿ 

Figure 14: 
Nonlinear interpolation 

circle & square 
multiplicative modifying 

function 0.1 + ¿os22<= 
multiplicative modifying 

function 0.1 + cos22« 

Figure 16: 
The Shape Function s(z) 

vs ζ 
Figure 17a: 

Even extension of s(z) 
Figure 17b: 

Odd extension of s(z) 
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<é> f? χ i Figure 18: 
Desired s(ζ) and 

Calculated W(z) &yS(2), 

Figure 19: 
Synthesized Object 
Circle & Square 

5 terms 

f -h-RÍ i Figure 20: 
Synthesized object 
Circle & Square 
50 terms 

Figure 21: 
Synthesized Object 
Lissajoué figure & ellipse 

50 terms 

Figure 22: 
Desired s(z) and 

Calculated W(z) & S(z) 

Figure 23: 
Synthesized Object 
Circle & Square 
50 terms 

Figure 24: Figure 25: 
Synthesized object Synthesized Object 

Ellipse and Lissajous figure Two Orthogonal 
50 terms Lissajous figures 

50 terms 
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