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Abstract

In recent years, the field of robotics has played a major role in the quest for restoring
mobility to patients who suffered a limb impairment. Particularly, the literature in
the field of bipedal robotics has provided scientific support for understanding the
biomechanical interaction between artificial lower-limbs and disabled people. How-
ever, after several decades of technological progress in actuators and sensors of biped
robots, there is still not enough understanding how to mimic the dexterity and effi-
ciency of human bipedal locomotion. There is a clear open problem in the feedback
control field that poses important challenges for decoding and reconstructing the
fundamental biological behaviour embedded in nature. In this context, the thesis
introduces a novel control architecture that is based on contraction theory and syn-
chronisation. Combining decentralized multiple nonlinear controllers (synchronised
by a virtual dynamic system) creates a mathematical abstraction of the human lo-
comotion control. This thesis is meant to prove stability of a robust controller for
an anthropomorphic walking robot. This approach is designed to minimise the risk
of falling during hard joint constraints. The outcome of this research is intended
to support control technology of walking assistants (e.g., exoskeletons) for patients
with abnormal motor pathology (e.g., spasticity disorder due to post-stroke condi-
tion). Both theoretical and validation work presented in this thesis outperformed

the results expected.
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Chapter 1

Introduction

This chapter explains the context, relevance, aims, and contributions of the research

project that is described in this thesis.

1.1 Human body restoration

Humans have explored uncountable approaches to preserving life due to their innate
vulnerability. Nevertheless, there is a long history in the quest to extend life and
compensate for the fragility of the human body. One particular evidence of this
quest was found in an Egyptian tomb where a discovery revealed that rudimentary
fibre prosthetic limbs were worn by an ancient Egyptian Pharaoh who died about
3500 years ago [77]. The discovery of this rudimentary prosthetic device might be
the first evidence of a powerful idea to restore humans’ motion.

Past and present of human’s interest converge in the same goal of preserving limbs’
functionality. However, in recent decades the motivation has been divided into two
parts: 1) Restoring biomechanical functionality and 2) Enhancing physical capacity.
This thesis is specifically focused on the first one by investigating which control archi-
tecture is the most effective strategy towards lower-limb biomechanical restoration

for returning walking functionality. Additionally, this thesis explores new ideas on



bridging the knowledge gap between the field of nonlinear feedback control and the
practical implementation algorithms for advanced walking assistant devices (i.e.,
lower-limb walking assistants). Based on the fundamental science behind biped
robots, this document outlines theoretical control tools that might contribute to

improving the clinical viability of exoskeletons.

1.2  Motivation: human mobility restoration

Humans have evolved in such fashion that during locomotion the energy consump-
tion is relatively small. Muscles are activated efficiently either for keeping an upright
pose or maintaining stable cycles while walking, running, or even jumping [1]. This
amazing dexterity is given by a synergistic combination of sensing the environment
and controlling the muscles in a very energy-efficient fashion. Recent scientific re-
search has found that biped locomotion can be modelled as an event-based hybrid
(discrete-continuous) dynamic system with a certain degree of under-actuation [101].
This interpretation of biped dynamics might be a key concept that leads to formulate
advanced forms of control that perform complex mobility tasks with great dexterity.
The great relevance of decoding the complex coordination of biped locomotion is
closely related to designing and constructing robotic counterparts which are a sub-
stitute for human legs or assist people with lower limb disabilities [68]. The need
for such robotic-leg systems is becoming important in this century based on two key
factors: world population and life expectancy. More specifically, whilst a century
ago, the world’s population was approximately 1.7 billion with an average life ex-
pectancy of 38 years, today’s population is about 7 billion and life expectancy has
nearly doubled [46]. This elderly population growth increases the rate of different
chronic diseases [46]. Specifically, stroke is one of the most deadly diseases closely

associated with age [22]; see Figure 1.1 in which the incidence rates of stroke is shown



to grow exponentially with age in various groups at selected locations around the

world.
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Figure 1.1: Incidence rate of stroke in various groups around the world, (figure taken
from [22], figure published by Medscape).

According to Foulkes et al. [23], stroke is a major cause of long-term disability in the
world and it has a huge impact on emotional and socio-economic results for post-
stroke survivals, their families, and health services. A recent study in this context
estimates that 33 million people around the world are living with the side effects
of stroke [15]. In the United States of America alone, almost 6 million people have
experienced a certain type of stroke, constituting the first cause of adult disability
in that country with a total care cost of about US$65.5 billion per year [16]. In
Canada, stroke is the third leading cause of death and currently 405,000 people
are living with long-term stroke disability [33]. The post-stroke survivors are left
with some degree of physical or cognitive impairment; between 50% and 70% of
them regain functional independence, but 15% to 30% are permanently disabled,
and 20% require institutional care for a few months [3]. The hemiparesis (partial
paralysis of one side of the body) affects the patient’s ability to walk (among other

symptoms) [17]. Based on these facts, the research towards advanced, clinically



viable walking devices for post-stroke patients is highly relevant.

1.3 Artificial lower limbs

Historically, there have been some practical inventions for restoring mobility; in
particular, lower limb impaired people have used wheelchairs, crutches, or even worn
lower-limb prosthesis. Evolution of passive prosthetic devices has been documented
[38]. However, even today, recent analyses in this field suggest that disabled people
still face significant challenges to adapt to standard human environments by using or
wearing passive walking assistants [43]. Thus, wheelchairs are remarkably the most
practical and off-the-shelf choice in the market. Unfortunately, the long term use of a
wheelchair induces unhealthy side effects. There are some studies that document how
physical activity, like walking, plays a fundamental role in humans in order to prevent
cardiovascular diseases [32, 56]. Additional consequences of remaining seated for
long periods include osteoarthritis and extreme back pain [66]. Therefore, advanced
walking assistants (e.g., active prosthetic legs, lower-limb exoskeletons etc.) could
help to recover human-like mobility and may increase the productivity and quality
of life of millions of people that want to walk again [87]. A literature review in this
field reveals that the main challenges of exoskeleton technology for rehabilitation
are focused on two general issues: 1) increasing clinical viability and 2) reducing
the cost [17, 18]. Particularly, for some diseases that induce locomotion disorders
(e.g., post-stroke disabilities) walking naturally again represents a challenge with
conflicting objectives. On the one hand, upright bipedal walking can be seen as
a complex process that oscillates between stable and unstable balance [1]. On the
other hand, post-stroke patients experience involuntary limb movement restrictions
as a sequel of the stroke [22]. Meeting the two objectives, stable walking and safe

mechanically driven movements, is still an open problem.



The next section briefly describes the history of lower-limb exoskeleton technology

and their specific applications and limitations.

1.4 Knowledge gap

A lower-limb exoskeleton is an anthropomorphic wearable technology originally de-
veloped for enhancing human capacity for military applications in the 1960s [57].
This exoskeleton technology evolved years later for people with lower limb disabili-
ties [87]. A similar technology called lower-limb orthoses are external devices tradi-
tionally used to improve motion of the legs by transferring load from one to another
area and correct deformities or prevent them [72]. The design of both, exoskeletons
and orthotic systems, requires a deep understanding of the biomechanics of humans
[19, 72, 87].

According to [18] a human biomechanical structure can be simplified as a serial me-
chanical chain of 7 degrees of freedom (DOF): 3 DOF on the sagittal plane (hip,
knee and ankle), 2 DOF on the coronal plane (hip abduction, hip adduction, an-
kle eversion and ankle inversion) and 2 DOF for hip and ankle (rotations along the
leg’s axis). Exoskeletons, as well as active orthotic devices, are designed to prevent
a physical range of movements while reducing the metabolic cost of the hip, knee,
and/or ankle joints. The leg’s metabolic cost determines the amount of energy re-
quired to perform specific tasks such as walking, running, or climbing stairs, etc. For
enhanced exoskeleton applications, the load capacity is extended while for mobility
disorder applications the metabolic human effort must be minimized or even reduced
to zero.

Although history has documented numerous wearable devices to enhance human en-
durance, mainly for military applications, the most notorious technology to enhance

force appeared in 1963 the Zaroodny US Army project; the first —modern era—



exoskeleton device with pneumatic propulsion [109]. Later in the same decade, a
full body exoskeleton called Hardiman was created by General Electric Research,
that prototype used hydraulic actuators and it was mainly designed for industrial
applications [102]. In 1986, a prototype developed by a project called Pitman re-
leased an exoskeleton called Lifesuit [18]. This prototype was probably the first
used to restore mobility to a handicapped person. Lifesuit is still an active project
and important improvements have been incorporated since its creation. Currently,
there are two exoskeleton projects from Berkley Robotics and Human Engineering
Laboratory for human impairments: eLEGS and Austin [87]. Similarly, NASA has
presented the X1 Robotic Exoskeleton which is meant to lift paraplegic people out of
the wheelchair [108]. ReWalk is an exoskeleton developed in Israel and it has helped
paraplegics to stand and walk [90] successfully. Dubbed Rex is an exoskeleton model
developed by Rex Bionics, a company from New Zealand [4]. This development has
been designed for people suffering from paraplegia. A new type of assistant walking
devices developed by Honda (riding-like mechanism) were released recently [58], the
purpose of such technology is meant to lower the strain of walking, mainly focused for
elderly people. Cyberdyne company developed HAL-5, probably the first commercial
suit exoskeleton able to enhance strength and potential use for elderly people with
physical disabilities [31]. LOPES Exoskeleton is the prototype of 8 DOF launched
from the University of Twente, on the Netherlands; this exoskeleton is designed for
people who have suffered a stroke [94].

From the previous exoskeleton survey there are some common important limitations
of those exoskeletons that can be summarized as follows: 1) lack of dexterity (human-
like dynamic balance over a wide range of gaits), and 2) large energy consumption,
and actuators load efficiency (actuator force capacity vs. total weight of the robotic
system). The current commercial exoskeletons only allow very slow movement com-

pared to a healthy human. Some of them require an external power supply since the



ratio between actuator capacity and the load is highly inefficient. For the problem of
spasticity [8], there are fewer exoskeleton designs, but none is commercially available,
for instance: [94, 45, 108] and [55]. Further investigation of the challenges to design
exoskeleton control system for patients who experience abnormal motor pathologies
is the main purpose of this research project. The control system has to deal with
contradictory goals since the balance of the person should be maintained while the
actuation level (normally given by a servo motor) must incorporate adaptive com-
pliance profile in order to avoid over stretching or tearing the spasmodic muscles
or their ligaments. An appropriate optimal weighting criterion for the exoskeleton

control system is required.

1.5 Hypothesis and objectives

This proposal has established the relevance of improving mobility for impaired peo-
ple. Additionally, a general analysis of demographics that justify this emerging
technology was previously presented. Some other relevant information related to
the current state-of-the-science of exoskeletons was briefly described. Based on the

introduction presented the following hypothesis is formulated:

1.5.1 Hypothesis

A biped robot control system can be dynamically stable and capable of
dealing with conflicting objectives if the whole control system is bro-
ken down in a set of decentralised robust controllers and synchronized
each other. The control architecture can be potentially used for walking
assistant devices for minimizing the risk of falling to patients with ab-
normal motor pathology (e.g., spasticity disorder). The analytical proof

of stability of this set of subsystems synchronized each other is based on



contraction theory. The key component of such a strategy combines both
1) a stable limit synchronization as a motion clock system for human-like
walking and 2) fast switching transitions from walking to a safe stop con-
figuration (e.g., stand up position, body support by external devices such

crutches or canes).

1.5.2 Objectives

The main goals for this thesis have been formulated during the early stage of this
research work. Both theoretical and experimental evidence of how to achieve such

goals are presented in this document. These goals are as follows:

e Elaborate an extensive literature review and analysis of the existing background
tools needed to understand the state-of-the-art of biped robot modelling and

control.

e Create a control framework for nonlinear systems (e.g., biped robot) that does
not require the notion of a specific attractor (contrary to Lyapunov’s theory).
The stability analysis is then encapsulated into a differential framework by

means of a virtual displacements approach.

e Create dynamic models of various existing biped mechanisms for analysis and

experimentation.

e Develop two custom models for the analysis proposed: 1) The first model is a 3
Degrees-of-freedom Inertia-wheel pendulum biped robot. 2) The second model

is 6 degrees-of-freedom human-like robot with 1 Degree-of-underactuation.

e Show how a control design based on contraction analysis is able to execute
arbitrary exponentially fast task transitions (i.e., from dynamic limit cycles to

equilibrium point).



e Describe a formal stability proof for the proposed biped robots.

e Present evidence of the robustness based on numerical simulation of the human-

like-biped robot model.

1.6 Organization of the thesis

Since there is an abundant overlap between biped robotics and walking assistant
technology, Chapter 2 will explore exclusively biped robot designs. Particularly,
this Chapter 2 is a summary of a vast literature review in the field regarding the
kinematics, dynamics, and control. Additional tools are explored such as model
identification and some chronology of the most remarkable architectures and stability
criteria in the field of bipedal locomotion. Chapter 3 provides a fundamental review
of the theory of contraction theory. The examples and analyses presented in this
chapter support most of the theoretical work presented in the following chapters. The
network interconnection of contracting systems is the key element for synchronization
which leads to the differential form of stability. Chapter 4 presents a biped robot
model based on an under-actuated inertia-wheel biped robot which is used as a
pilot study of the dynamic stability. The case study presented in this chapter is
a fusion between the classic compass-gait biped robot and the inverted pendulum
balanced by an inertia wheel. Due to the relatively simple dynamics, this biped
robot allows exploring fundamental concepts of the rigid mechanical system and
under-actuation control. Some important results are concluded from this chapter
since the control architecture proposed and the contraction analysis allows defining
the arbitrary and exponentially fast transition between tasks. Chapter 5 presents
another biped robot of 6-DOF (degrees of freedom) and 1-DOU (degrees of under-
actuation). A stability proof of stability is described and basic numerical simulations

based on walking coordination under specific velocities and gait patterns shown by



limit cycles and spatial plots of the limbs. An analysis of robustness is shown in
Chapter 6. Also, this chapter presents an exhaustive study to find the bounds where
the 6-DOF robot is able to keep stable gait under parameter uncertainties, external
forces and structural discrepancies. The final Chapter is devoted to elaborating the
conclusions of this work along with future work of this fascinating research study.
Appendix A includes the Euler-Lagrange formulation of the dynamic model of the
Inertia-Wheel biped robot and Appendix B describes the dynamic model of the

6-DOF Biped robot presented in Chapter 5.
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Chapter 2

Literature review

This chapter explores the fundamental contributions for robot modelling (kinematics
and dynamics) with rigid links to introduce the modelling of legged locomotion sys-
tems focused on biped robots. Properties of the dynamic system and fundamental
model assumptions related to underactuation and linearity in parameters are also
emphasized as essential theoretical tools for the work presented in this thesis. Also,
this chapter includes a literature review of the most important approaches presented
in the field of bipedal locomotion systems. A brief description of the science be-
hind biped robot control and its chronology offers a clear insight of what has been
achieved and what is missing in the quest of reaching human-like performance. The
multiple perspectives in the controller design and implementation used for biped
robots is the main interest in this chapter. There is abundant overlap between biped
robot control and walking assistant control (e.g., exoskeletons, motorized prosthetic
devices). However, this thesis only explores the robot control design that could
be potentially implemented on exoskeletons for rehabilitation. In this field, there
is sufficient evidence claiming that advanced walking rehabilitation equipment may
deal with conflicting goals (assistance for safe walking during abnormal pathologies).

This is the main motivation of this work and the controller design is described in the
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following chapters by explaining how to deal with this problem.

2.1 Robot modelling

In general, robot kinematic modelling describes the geometry of the motion without
considering the torques or forces that cause movement. A vast literature in the field
describes kinematic models in both Cartesian space and joint space (see more in [86]).
A complement modelling analysis widely studied in robotics is related to dynamics.
This analysis considers all the dynamic parameters that cause and affect movement;
some mathematical tools have been used for modelling dynamic robotics systems.
For instance, Newton’s laws are the basic equations for describing dynamic systems
commonly used for modelling simple robot configurations. Similarly, D’Alembert’s
principle deal with fundamental laws of motion and it is used to study how a number
of particles acted on by a number of external forces. Hamiltonian and Lagrange
mechanics introduce the concept of scalar quantities related to energy in order to
introduce general expressions of forces/torques, system parameters and vector states
(position, velocity, and acceleration).

Many of the principles outlined in this chapter introduces robot modelling in the
context of kinematics and Lagrangian dynamic tools. The literature reviewed in this

section is the basic tool used for obtaining the models of Chapters 3 and 4.

2.1.1 Kinematic modelling

When a biped robot is morphologically inspired by lower-limb human structure, it
could be defined as a kinematic chain articulated by joints (e.g., hip, knee and ankle
articulations). Generally, the literature in the field describes the hips as spherical
joints of (3-DOF). The knee is a revolute articulation of 1 DOF (more accurately

represented by using a 2 DOF model), as well as the ankle joint [11].
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Particularly, the foot metatarsian articulation is used to produce the propulsion of
the rear foot when humans walk, see [11] and [53] for more details.

The following equations describe the motion of the system in the context of normal-
izing the kinematic representation of the robot.

Let’s assume an n link planar robot with ¢; the relative angle between links ¢ — 1
and 7, the angles are measured counter-clockwise from the extension line of the link
i — 1 to the link i. Then, vector q = [q1, ¢z, ..., q.]*, and @ = [0y, 0,, ..., 0,]. Vector
0 is the absolute set of rotation values of the links, and vector q is the relative set
of the rotation values of the links. The relation between the two vectors is given by

the following expression:
k
0r=> aq (2.1)
i=1

where g, = 0y — 0.1, k = 1,2,...,n, thus, the linear relations between the absolute

coordinates and the relative coordinates (and vice versa) are:

#=Rq, q=R'6 (2.2)
where ) )
10 --00
11 ---00
R = (2.3)
11 11
and R™1 is: ) )
1 0 -0 0 0
-11 -0 0 O
R'= (2.4)
0 0 -~ 0 —-11

In general, the direct kinematic model is used to describe the geometrical relation-
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ship that give the Cartesian displacements as a function of the joint displacements.
The direct kinematic model can be defined using the Denavit-Hartenberg (D-H)
convention, see details in [86]. Further standard notation is given elsewhere (e.g.,
42]).

From D-H convention the general homogeneous transformation T py is given by:

Ton = (2.5)

where R is the rotational matrix transformation.

Then, the Cartesian space and the Joint space are linked by the function ¢:

[z y 2]" = p(q) (2.6)

where ¢ : R" — R3.
And the velocity relationship between the joint speed and the Cartesian space is

given as follows:

@9 2" = J(a)d (2.7)

where J(q) = 6“55;‘) € R3™. The relation between accelerations of the joint space

and Cartesian space is shown:

7 = 3@+ Ia)d 2.8)

The inverse displacement problem is defined as the function that maps the Cartesian

space with respect to the joint space, see the following equation:

[z y 2" = ¢ (q) (2.9)

where ¢! : 1) — R" and ¢ C R3.
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Note that ¢! may provide multiple solutions to the inverse kinematic problem or
not even a single solution at all (see examples in [86]).

Assuming a planar-configuration robot with only revolute joints, there is geomet-
ric relation between the absolute frame and the relative frame of each joint, see

Figure 2.1.

X

Figure 2.1: Planar robot with revolute joints: joint space representation.

2.1.2 Modelling Lagrangian dynamics

This subsection presents an overview of the Lagrangian dynamics for planar biped
robots assuming impacts on the ground and other useful concepts required to model
the biped robots in Chapters 4 and 5.

Mathematical description of the bipedal walking robot is a set of nonlinear differential
equations with discrete transitions due to impacts on the ground. There are two

main phases during walking: stance phase and swing phase. Assuming that the foot
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does not slip, then the stance phase can be modelled with standard methods used
for robot manipulators. Lagrangian dynamics (Euler-Lagrange equation) describes a
formulation related to the energy of the dynamic system that can be used to describe
the cause and effect of the generalized input vector (torques and/or forces) and the
state output vectors (e.g., position, velocity, and acceleration). The Euler-Lagrange
formulation uses both kinetic and potential energy of a set of n links where the
generalized position vector is: q = [q1,q2, ..., ¢.]T, defining the joint velocities as
q= %q and the joint acceleration vector q = j—;q.

The Lagrangian £(q,q) of a robot with rigid links and n DOF is the difference

between the kinetic energy (K) and potential energy ().
L(q,q) = K(q,q) —U(q) (2.10)

The Lagrange equation is shown as:

dt oq aq
Based on Lagrange equation, the dynamic model of an n-DOF rigid robot can be

written in a compact form,

M(q)d + C(q,q)q+ G(q) =7 (2.12)

where q € R™! is a vector of generalized coordinates, M € R™ " is the inertia
matrix, C € R™*" is the Coriolis forces matrix, G € R™*! is the gravity vector , T
€ R™! is the generalized torque/force vector.

The kinetic energy is linked to the inertia matrix by the following equation:

1

Kla, @) = 54" M(a)g (2.13)
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Another important relation links the potential energy to the gravity vector:

glq) = (2.14)

Some useful properties of the dynamic model shown in Equation (2.12) are used for
this thesis are presented here: The matrix M(q) is a symmetric positive definite

matrix and satisfies the following properties:
M(q) >k1 (2.15)

where k € R. I is the identity matrix € R™". Additionally, the matrix M(q)™*
exists and it is positive definite.
If the robot has only revolute joints there is a positive constant  such that the

largest eigenvalue of the inertia matrix is smaller than a positive real number j:

AmacM(0) < S (2.16)

where § > n(qu|Mij(9)]>, n is the size of M Additionally, there exist a positive
i.j

constant k,, such that:

IM(6a)q — M(01)q| < kiml|6a — O] [lal (2.17)
where
0M;;(0)
< 2 ij
km <n (;rfjb%:g 20, ') (2.18)

Regarding the Coriolis matrix C(q, q), there are three important properties useful
in this thesis:
First property is:

C(q,0)=0 (2.19)
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vV qeR"
Second property, when the robot has only revolute joints, there is a positive number

k. such that

1C(a, %)y [l <kllx[[lyl] (2.20)

Vq,x,y € R"
And the third, the matrix C(q, ¢) defined in Equation (2.12) is linked to the inertia

matrix M by the following expression:
x" | =M(q) — C(q,q) [x =0 (2.21)

since %M(q) — C(q, q) is skew-symmetric.

The gravity vector satisfies some useful properties for the analysis of stability pre-
sented in the following chapters. The vector G(q) and the joint velocities are linked
to potential energy dissipated in a period of time 7" as can be seen in the following

expression:

/0 g(@)Tadt = U(a(T)) — Ulq(0)) (2.22)

For robots with exclusively revolute joints the vector g(q) is Lipschitz, so that:

18(6a) — &(0)[| < kyl|0a — Os (2.23)

where k; > 0 and k; > n(magc!ag"—q(jmh More information about these selected prop-
Z?]?

erties and more concepts of Lagrangian dynamics can be found in [62, 42, 63, 86].

2.1.3 Mechanical underactuation

Biological creatures have evolved in such an intriguing manner that their locomotion
manoeuvres involve a non-trivial control policy that is extremely energy-efficient.

The field of traditional robotics, as well as other technological areas, is rather more
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conservative in terms of energy consumption. For instance, static forms of opti-
mization used to improve modern aircraft efficiency may not be able to achieve the
same level of energy-efficiency as birds. Similarly, for biped robot’s autonomy it
is necessary to deal with a technological dilemma between increasing actuation ca-
pacity without increasing the weight (due to batteries and actuators). Due to this
problem, there are emerging tools that describe biped robots with a level of underac-
tuation and dynamic optimization control tools have been effectively used to satisfy
multi-objective requirements while reducing the energy consumption.

Fundamental tools have emerged to describe underactuated systems. Particularly,
mechanical underactuated systems are referred to as the mechanisms that have fewer
actuators than degrees-of-freedom. Let’s assume a second order Lagrangian dynamic

system:

q = f(q,q,ut) (2.24)

where u is the control vector. Thus an equivalent dynamic system:

q = f1 <q7 q: t) + f2(q7 q:t)u (225)

where f; is the dynamics portion with no actuation and f; is the dynamic portion
influenced by the actuator(s). The system (2.25) is fully-actuated if the control
output u is able to command instantaneous acceleration in an arbitrary direction of
q, that is,

rank[fz(q, q,t)] = dim|q] (2.26)

In contrast, an underactuated system is not able to command an instantaneous

acceleration in the direction of q, that is,

rankl|fa(q, q,t)] < dim|q] (2.27)
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See more details in [91]. Underactuated robots —in many aspects— represent a
control challenge and most of the open problems in robotics are related to this
category. Dynamic optimization of underactuation biped robots is one of the key
components to increase autonomy; nonetheless, feedback synthesis becomes more
complex than the manipulator robot control.

In order to illustrate the concept of an underactuated mechanical system the follow-
ing example is presented: the plant model is called an inverted pendulum and the
dynamics of the actuator is also included in order to consider a full realistic model.
This underactuated system has been used for didactic purposes since it is inherently
unstable and provides a demanding control task, with a simple clearly visible indi-
cation of performance. The inverted pendulum dynamic model also has been related
to human locomotion. The inverted pendulum dynamic model has two equilibrium
points, one is stable (down position) and the other is unstable (upright position).
The unstable equilibrium point is, generally, the focus of the analysis. Figure 2.2

shows the physical structure of the inverted pendulum. The dynamic model of the

Figure 2.2: Inverted Pendulum.

pendulum can be obtained by doing the following procedure: the centre of gravity
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of the rod is located at [P, P,|7,

where

P, =x+1sind
(2.28)

P, =1lcost

where [ is the length of the rod at the centre of gravity (1/2), 0 is the angle of the
pendulum with respect to the vertical axis (in radians) and x is the car position

(metres) and the rod’s inertia moment is J.

1 2
J = 5 (mP?) (2.29)

The kinetic energy of the pendulum is given by the following equation:

K="

) . J .
p= 5 (Pr+ B+ 507 (2.30)

where the mass of the rod is m. The total kinetic energy is given in the following

equation:
K = 5 i+ % [(:c + 10 cos ) + (10) sin 0)?| + 502 (2.31)
where M, is the mass of the cart. The potential energy is:
P =mglcos® (2.32)

Once the model of both kinetic and potential energy are obtained, an Euler-Lagrange

equation can be used in order to represent the general movement of the system:

d (0L oL

where q = [z 0]7, T = [F 0]T.
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Based on Equation (2.33), the dynamic model of the system is obtained as follows:

(M 4 m)i +ml cos 0 — ml@*sinf = F

ml cos i 4 (J +mi*)f — mglsinf = 0 (2.34)

A linearised model around the equilibrium point (@ ~ 0), implies that sinf ~ 6,
cosh ~ 1, 6%sinf ~ 0

then the linear model around the equilibrium point is shown as follows:

(M +m)i +milf = F

mli + (J +mi?)f — mglf = 0 (2.35)

A DC motor activates the cart displacements. The model considers force as an input
variable (F); therefore, it is crucial to find the dynamic relation between the input

voltage ug and force F', and this is:

F=-—Mi 2254 Ty, (2.36)

where J); is the inertia of the rotor of the DC motor and r is the radius of the pulley
aq and g are factors that depend on the electric characteristics of the motor. The

final model is:

(M 4+ m)i + mll + cod = crug
(2.37)

mli + (J +mi?)f — mglf = 0
where M = M, + Jy /72, c1 = a1 /7 and ¢y = an /7.
As can be seen in the model (2.37), there is only one input (ug) directly related to
the car movement, but the angular movement ¢ depends indirectly on the voltage
input.

The following subsection deals with a fundamental property that is exploited in this
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project in order to design the control strategy.

2.1.4 Model parameter identification

Robot dynamic models are not linear with respect to the variables of the system; how-
ever, the model could be linear in parameters. This is an important property widely
used in robot manipulator systems in order to design adaptive control techniques by
implementing a parameter identification algorithm. Model system identification was
originally proposed by mathematicians who tried to make system models based on
statistics, regression techniques, and many other tools. This technique establishes
a model constructed by means of an appropriate input/output map where the dy-
namic structure of the system is either fully known or partially known. Based on
the structural knowledge of a robotic system, an identification algorithm determines
real parametric values to reconstruct the full dynamic system. When the parameters
of the system are linear and do not change in time, a linear regression algorithm
inverts this map in order to estimate the parameters of the system (e.g., inertia
moments, lengths of links, friction coefficients). Although the algorithm is valid
for time-invariant cases, in practice, this algorithm may be designed to identify the
parameters online. This approach can be combined with advanced modern control
techniques such as these presented in [54, 80, 92].

The inverted pendulum example is also used to estimate its parameters in order to
show how this approach is used for underactuated systems.

Since the system in Equations (2.37) are linear in parameters, then the model can
be rewritten as a function that depends on positions and their time derivatives, such

as:

U(z,0,i,0) =71 (2.38)
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where

i? cos(0)0® —6?sin(@) & 0 0
v = o (2.39)
0 cos(f)i? —gsin(d) 0 62 6

M.+m
ml

= |+ o (2.40)

and vector 7 is given by

T = (2.41)

An estimation of ® can be called ® and it is calculated based on least minimum
square (LMS) algorithm. By reading the outputs of the system (¥) is obtained;
the estimated parameter vector ® can be estimated with the Equation (2.42). This
equation is obtained by the partial derivative of the LMS with respect the parameters

® and equalizing this expression to zero.
O = (OIW + A1 OT (2.42)

where I is the identity matrix and A is a constant regularisation parameter (where
T is ill-conditioned).
The robot modelling, properties, underactuation and linearity in the parameters are

the fundamental tools which are required for understanding the following sections.

2.1.5 Passivity analysis

Passivity and dissipativity is widely studied in [62, 21, 85]. Based on [20], this theory

is summarized.
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Let’s assume a nonlinear system of this form.

x = f(x) + g(x)u (2.43)

y = h(x) +j(x)u

x € R", y € R™, where f, g, h and j are smooth and differentiable,

Additionally f(0) = h(0) = 0 and ¥V u, V x(0) then,

/0 lw(s)|ds < oo (2.44)

where w is a supply rate function (it depends on u and y).
Equation (2.43) is called dissipative if there exists a storage function V' (x) > 0 such

that Yu, Vz(0), definition from [20].

V(z(t) — V(2(0)) < /0 w(s)ds (2.45)

When inequality (2.45) is satisfied, it indicates that the energy of the system is
dissipating the supply energy in a period of time between 0 and t. In other words,

there is no internal energy generation in the system. A system in the form like:

x = f(x) + g(x)u

(2.46)
y = h(x)
where u(t), y(t) € R™ is passive if there is a constant § such that:
Ty
/ y! (t)u(t)dt > j3 (2.47)
0

for all u and all Tf > 0. See more conditions in [20] for strictly passive systems.

25



2.2 The science behind bipedal walking

In general, walking robots developments are strongly motivated by commercial and
sociological interests [79]. A brief review of these fascinating machines is presented
in [59]. Historically, comprehension of walking locomotion is strongly attached to
lower-limb human mobility, so that, recent approaches in the field of legged loco-
motion have given the analysis tools and technology development for these types
of biped robots. Artificial biped locomotion imposes three technological challenges
related to the sensor characteristics, actuation capacity and, controller design.
Particularly, for human-like robots, the legs have a common chain called torso con-
nected at the hip joint. In order to mimic a functional human locomotion, the legs
should move in a synchronous antagonistic manner such that the contact with the
ground allows a “controlled falling” in order to perform tasks as walking, jumping,
or running. The leg in contact to the ground is called stance leg while the one is not
touching the ground is called swing leg. When the two legs are transitioning between
the stance leg and swing leg this configuration is called double support phase since
the two feet are touching the ground simultaneously. The biped robot during double
support phase is considered as an over-actuated system since there is more than one
point of contact with the ground. Recently, some biped robot configurations are
modelled with some degree of under-actuation in order to approximate the support
response transition to the human biomechanics. In a running task, the robot can be
modelled as a combination of single support, flight, and impact (alternately for each
leg).

A planar dynamic model is doubtless an accurate representation of the human struc-
ture. However, due to the complexity of 3D modelling, there are multiple challenges
to design and implement an effective control strategy [29]. Instead, literature in the
field of biped robot has considered another approach which is a lower dimension

modelling of biped structures by assuming a planar projection of the 3D model onto
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the sagital plane, see for instance [101]. For the sake of simplicity, this thesis presents

a 2D biped model.

2.2.1 Zero moment point era

A breakthrough in the field of biped control synthesis was developed by Miomir
Vukobratovi¢ in the 1970s [96]. The analysis is based on a quasi-static bipedal model
in which the centre of the mass produces inertial forces that must be compensated
by the support foot which is in contact with the ground. The so-called zero moment
point (ZMP) refers to the specific place on the ground that intersects the total inertia
force axis. This technique is probably the most explored approach for biped robot
locomotion. In fact, the algorithm to keep upright balance and walking ASIMO
Honda robot (one of the most advanced robots in the world) was developed based

on ZMP [60]. Figure 2.3 shows the main idea behind ZMP method.

/
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Figure 2.3: Zero Moment Point (ZMP) stabilization criteria, original picture from
[50].

Target ZMP, Center of ground reaction

The quasi-static control scheme that regulates the ZMP for the ASIMO robot as-

sumes the centre of pressure of the ground reaction forces is inside the footprint

27



defined as the virtual convex polygon (footprint) drawn by the foot (see Figure 2.3).
This criterion can bring as a consequence that the movements must be relatively
slow to satisfy such constraint and the foot must be flat. The controller assumes
that the centre of pressure is located inside the footprint of the support leg and the
body is balanced until the swing leg touches the ground in order to repeat the cycle.
Nevertheless, the energy requirement is considerably larger than either humans or
other artificial walker systems such as [14]. The literature has also reported control
schemes based on ZMP for running robots [40]. However, relative short strides and
very little ground clearance (jump) is achieved since dynamic stability cannot be

proven when the ZMP is outside the convex polygonal footprint [13, 34].

2.2.2 The dynamic modelling era

In the 1980s Mark H. Raibert introduced a very important contribution in the field
of walking robots providing additional insight to solve the control problem of legged
dynamic coordination [73]. Raibert developed a one-legged hopping robot that bal-
anced dynamically and proved some important concepts. This new paradigm opened
new ideas and insights into legged dynamic locomotion [74]. The control dynamic
system is designed to change the angular momentum in order to keep balance and
control attitude. Raibert’s work led to understand the control of legged systems as
feedback regulation of periodic motions (i.e., limit cycles instead of trajectories). Ad-
ditionally, Raibert’s experiments also showed dynamic models of the reaction force
when the foot impacts on the ground. Thus, the robot dynamics can be represented
by a state machine that performs a sequence of continuous dynamic models accord-

ing to a trigger event or condition. The dynamic equations of the one-legged system
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are described as follows:

mi = fsinf — T cos b
r
mzZ = fcost — T sing — mg (2.48)
r
Jo=r
where x, z is the Cartesian coordinate of the centre of the robot’s body. ¢ is the angle
of the body with respect to the horizontal. 6 is the angle of the leg with respect to

the vertical. m and J are the mass and the inertia of the body respectively. And g

is the gravitational acceleration.

j T ! Ty |
Figure 2.4: One leg dynamic system, figure modified from [73].

A one-leg system that Raibert presented in [74] was initially applicable only to sim-
ple dynamic models. However, the extension of this method presented in [75] a
quadruped-robot balances dynamically following the previous strategy. The proto-
types presented by Raibert greatly outperformed in dexterity and robustness the
most influential and advanced robots over that period of time (e.g., [50]).

Although Raibert’s seminal work represented one of the biggest achievements in
the last years, the cost-efficiency of such testbeds were largely out of the scope of
many laboratories in the field. The use of hydraulic actuators predefine the sys-

tem’s dynamics such that it is not possible to exploit the natural robot dynamics.
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Additionally, the energy cost made such technology an impractical choice [70]. Ad-
ditionally, the impacts on the ground were loosely considered since the high power
and actuators and the interplay between the passive and active components was
never described formally. Theoretical proofs of stability of those amazing prototypes
were poorly described [73]. Although the technical aspects of the mechanical and
control design were merely devoted to describe strategies based on local controllers,

for instance [74, 75, 73, 76].

2.2.3 Ballistic walkers era

The features of legged robot dynamic models represented in the 1990s new challenges
due to the inclusion of impacts during walking or running tasks. The inherent
complexity required tools that integrate continue-discrete models in a general hybrid
super set. The seminal work developed by H. S. Witsenhausen in 1966 formulated a
hybrid framework that combined dynamic modelling by using differential equations
with multi-stage piecewise elements [105]. Today, this concept of event-based hybrid
dynamics is considered fundamental for biped locomotion [29] and many other robot
applications [86, 42].

During the 1990s, an important approach explored by Tad McGeer analysed the
passive property of some simple mechanisms [52]. McGeer’s research exploited the
property of passivity as a fundamental evidence of energy dissipation during the
gait. Dissipative dynamic systems were first studied in [103] where Jan C. Willems
proposed the existence of a storage energy function which is equal to the supply
energy plus a dissipative function. The property of passivity for dynamic systems
then implies that those systems do not produce energy. T. McGeer [52], A. Goswami
and et.al. [26] opened new important concepts and insights of the human locomo-
tion, that was the birth of ballistic walker models. The planar rimless wheel and

compass-like models explained how simple biped mechanisms were capable of per-
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forming un-powered “walking” over a shallow incline plane. The crucial sensitivity to
initial conditions, stable limit cycles, bifurcations that could lead to chaotic regimes,
robustness to parametric disturbances, the potential energy with respect to steady
motions, the gravity vector and the energy shaping relation, the robustness against
external disturbances, symmetry and stable asymmetry during the gait, and other
important pilot results were presented by Ted McGeer, A. Goswami and et.al. in
[78, 100, 85, 26, 52].

The compass-gait robot model incorporates the concepts of [105] for the full dynamic
description. The hybrid dynamics of the compass-gait locomotion can be sequentially
described as follows: when the swing leg touches the ground there is a sudden speed
change of this leg since the model is not compliant (structural consideration of rigid
robot dynamics). By assuming an instantaneous transition (there is no double-
support phase) the support leg becomes the swing leg at the impact moment. The
force experienced in the foot during impact depends upon the full dynamics and the
surface characteristics (e.g., slope, structural dynamics). The reaction forces can
be expressed as a discontinuity in the velocity components. This is traditionally
expressed as:

q" =Aq) (2.49)

where ¢ represent the velocity after impact and ¢ is the velocity before the impact.
There exist a function that maps the discrete changes of velocities.

The full model of the compass-gait biped robot consists of two links connected by a
revolute joint along the hip. This underactuated robot is basically an acrobot system
described in the previous section. The motion is described in the 2-D sagittal plane.
The ¢; and g2 angles are defined positive CCW. As previous description, the gravity
force provides the energy to move the legs of the robot over the incline plane (see

Figure 2.5). The compass-gait robot can be described by 4 states: 0y, 05, 0 and

0, and q = [0, 0s)T and u = 7, the dynamics system is written as Equation (2.12)
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Figure 2.5: Compass-gait robot body diagram.

Inertia matrix M(q) € R?*?) and the elements of the matrix are:

mb? —mibcos(Os; — Osw)
M(q) = (2.50)
—mlbcos(0y — Osp)  (mp +m)l% + ma?

Coriolis matrix C(q,q) € R?*2, and the elements of the matrix are:

) 0 mlbsin(fg — Osy )0t
C(q,q) = ‘ (2.51)

mlbsin(Og — Osy )05t 0

Gravity vector g(q) € R?*!, and the elements of this vector are:

mbg sin(f,)
£() — (2.52)
—(mpl 4+ ma + mi)gsin(6,,)
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And input vector B(q) € R**! is:

B = (2.53)

Table 2.1: Parameters of the compass-gait robot

Parameter || Symbol || Value || Units Comment
Leg mass m ) kg point mass of each leg
Leg length [ 1 m length of each leg (I = a + b)
Hip mass mp 10 kg point mass of hip joint

When the foot touches the ground there is an instantaneous change of velocity since
the angular momentum is conserved. Based on this principle, the ratio between the

velocity before and after impact can be represented by.

Q" (gt =Q (Ba” (2.54)
where
Q-(8) = —mab  —mab + (myl* + 2mal) cos(2(B3) (255)
0 —mab
and
Q*(8) = mb(b — lcos(28)) mli(l — bcos(28)) + ma® + myl? (256)

mb? —mbl cos(20)

and 8 = (0sy, — 04)/2.

The slope for this simulation is 3°; so that, gravity produces the angular momentum
of the swing leg since there is no actuation on the hip joint. The purpose to study
this mechanism is to provide the basic representation of a biped structure dynamics
and the physical principles needed to analyse complex models. However, the stable

cycles range experienced by this passive robot is very limited without any control
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Figure 2.6: Angular position vs angular velocity of one of the Legs of the compass-
gait biped robot, a stable limit cycle is observed.

strategy incorporated.

2.3 Feedback control for biped robots

Feedback control is one of the most astonishing mechanisms found in nature. This
self-regulative process by which a dynamic system maintains equilibrium, by moni-
toring its own outputs and modifying appropriate inputs, has been widely studied.
Construction of systems based on these self-regulative principles more commonly
known as automatic control [24] has a long history. However, the early development
stage of such systems might suggest a lack of the use of complex theoretical tools. For
example, although the seminal work of James Watt on the fly-ball governor was com-
pleted in the 1760s [7] (and is perhaps the first self-regulative machine of the modern

era), no mathematical analysis of the machines dynamics was published at that time.
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Performance improvements of this machine were based purely on experimental work.
It was not until a century later that James C. Maxwell proposed the first non-trivial
dynamic model of the fly-ball governor [51]. This mismatch in time between the
practical invention and analytical description might be the first evidence of the gap
of knowledge between theory and practice in the field of feedback control. This
appears to have occurred because the central ideas of feedback control in practice
were developed separately from the theoretical perspective. In this context, bipedal
locomotion control has not been an exception; “there is a huge deficit in fundamental
control design concepts in comparison to the number of bipedal prototypes” [100].
For a number of reasons (limb coordination, underactuation, overactuation, dealing
with stable orbits instead of trajectories, and others [78]) the complexity to replicate
the biologic dexterity of biped creatures is clearly an open control problem. The lack
of repeatability and tuning control procedures make such experimental results diffi-
cult to replicate and/or to improve. In this context, this section explores the most
relevant and formal feedback control and architectures structures that successfully
contribute not only in the experimental but also in the theoretical justification of

biped locomotion.

2.3.1 Passivity based control

Based on the properties introduced in [103], passivity-based control (PBC) [62] and
dynamic description of the compass gait biped robot [52, 26], Mark Spong introduced
an energy shaping technique that induces sustainable limit cycles on the compass-gait
robot system. The energy-based control approach establishes that if an input-output
map is passive (incapable of power gain) there exist a state function H(z) bounded
from below, and a d(t) > 0 non-negative function, such that the energy supply to the
system is equal to the energy stored plus the energy dissipated. The compass-gait

robot is able to walk since the controller provides a torque vector that matches the
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condition of the passive walker presented in [52]. This type of control is known as
energy shaping and it provides to the hip actuator the equivalent torque as if the
robot was on a shallow slope. This virtual torque is calculated online and formally
is described in Equations (2.57) and (2.58). The biped model shown in Figure 2.5

can be written in the compact form:

d=M"'Bu-Cg- G (2.57)

where § = [G1 Go]T, & = [¢1 ¢2]T, M is the inertia matrix (Equation (2.50)), C is the
Coriolis matrix (Equation (2.51)) and G is the gravity vector (Equation (2.52)) and
B=[-10;11].

Based on [85] the PBC is described in the following expression:

u=B1G -G (2.58)

where G* is G(q*) with q* = [¢1 — 7|7 and v is the “virtual” slope. The con-
troller provides the energy to the hip actuators (redundant in this case) such that
the compass gait biped robot performs stable limit cycles as the passive robot de-
scribes in Figure 2.5 (no-actuated system) over a shallow slope. The impacts on
the ground cause the following speed change ™ = (Q")™*Q~q~ (obtained from
Equations (2.55) and (2.56) and the angular moment conservation effects interplay
the legs commutation (swing leg is transferred to support leg and vice versa). The
block diagram showing in Figure 2.7 shows the implementation of such PCB on the
compass-gait robot as preliminary work on this thesis. The limit cycle induced of this
system under the following initial conditions ¢ = [2 — 0.4]” and the PBC presented

in Equation (2.58) is shown in the Figure 2.8.
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Figure 2.8: Limit cycle generated by the right leg of the compass-like biped robot.

37



2.3.2 Time tracking trajectory control

In contrast to the PBC applied to the compass-gait presented previously, most of the
literature of control for biped robots is based on time tracking trajectories [50, 78].
In general, time tracking trajectories are determined, offline and other cases are
estimated online by a specific pattern or criteria (e.g., Zero Moment Point). These
time-dependent trajectories must be tracked by every link of the robot. The tracking
control is essential to guarantee a full sequential coordination of the legs for different
tasks (e.g., balancing, walking). The literature in this specific aspect is abundant,
however, there is a widely known technique called: central pattern generation (CPG).
This technique is inspired by the biological counterparts and the trajectories are
tracked based on different control techniques [67, 2]. The control integration between
CPG into ZMP criteria and traditional controllers (e.g., PD, PID) can be studied in
[97], and nonlinear techniques (e.g., Sliding Mode Control [93]).

Another control technique commonly implemented for biped robots using the time
tracking approach is the feedback linearisation control [80, 86]. This control tech-
nique is the generalization of the inverse dynamic approach widely used in robot
manipulators [86]. Feedback linearisation approach is based on the construction
of an inner control loop between the nonlinear plant system and a nonlinear con-
troller such that the inner loop cancels the nonlinearity of both plant and controller.
Also, an outer loop is added in order to establish the desired performance and/or a
disturbance rejection robustness scheme. This technique has been successfully im-
plemented on fully actuated robot systems [82]. However, for biped robots with a
certain degree of under-actuation, this technique cannot be applied directly. Only a
portion of the actuated dynamics can be linearised and then the remaining dynamics
is considered internal dynamics. In some cases, the properties of this internal dy-
namics must be ensured in order to guarantee the stability of the whole system. An

input/output feedback linearisation is a form of nonlinear control commonly used
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for underactuated systems [82]. This input/output feedback linearisation can be

described as follows, let’s assume a nonlinear state-space system:

i = f(2) + g(a)u

y = h(z)

(2.59)

The procedure to obtain the relative degree of the system consists to differentiate
the output y recurrently until the input variable u appears in the equation. The
number of times the output is differentiated until the input appears is called the
relative degree of the system. In some cases the relative degree cannot be found
explicitly, see details in [37, 80]. The control action u is designed such that the
internal nonlinear dynamics is cancelled out by the inverse plant approach. The first
derivative of the output is expressed as follows:

[ oh

i =5 (@) + gla)) (260

By using differential geometry tools the time derivative also can be written as:
y =Lsh(z) +Lyh(x)u (2.61)

where Lyh(x) := Vh(z)f(x) is Lie derivative of h along the vector field f The control

law for this system is:

oy (Clrhe) +0) (2.62)

if L,h(x) # 0 then y = v otherwise, the output is differentiated once more time, see

the following expression:

j = Lih(x) + LyLsh(z)u (2.63)

if LyLsh(z) # 0 that yields § = v, otherwise the process is repeated r times, then
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the control law is:
1

u=———(-L%h(x)+v 2.64
The feedback linearisation of the plant yields y™ = v
The block diagram presented in Figure 2.9 is a graphical representation of the con-

cepts of feedback linearisation.

Feedback Linearization Loop_ _ __ __ __
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Figure 2.9: Feedback linearisation control system.

The set of differential geometry tools and control strategies for tracking time trajec-
tories —assuming a level of under-actuation— on biped robots is available by [27,
37, 80, 82]. The complexity of dealing with complex flexible robot models have led to
control strategies that assume rigid robot features (e.g., joints, links). Then, due to
this assumption the inelastic interaction between legs and ground; a general hybrid
dynamic model (continuous and discrete) represents a biped robot [82, 100]. The
hybrid models imply controllers that establish a model with impulsive effects, (e.g.,
[28]). However, the time dependency of a fixed trajectory reduces the robustness
of the robot to interact with the uncertain terrain which is a requirement in au-
tonomous robot systems. Additional tools were proposed by the control community
to deal with both hybrid dynamic behaviour and time-tracking dependency as it is

described in the following subsection.
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2.3.3 Virtual mode control

Virtual mode control is the principle of virtual work and generalized forces described
by the Lagrangian mechanics (see Appendix of [100]). This approach has been the
key to advanced forms of control that recently have proved analytical and experimen-
tal success on biped locomotion control. Construction of virtual mode control has
been used to eliminate the time tracking dependency by exploiting some properties
of autonomous systems. In the early stage of virtual mode control for biped robots,
a famous robot called Spring Turkey successfully showed the effectiveness of this
technique [71]. The formal theory of virtual control for underactuated biped robots
was originally presented by Carlos Canudas de Wit [9]. Instead of time tracking
trajectories, Canudas de Wit proposed a new form of autonomous control that relies
on a monotonic variable (i.e., §) that synchronizes the gait of a pointed feet biped
robot. In this work, each joint articulation virtually depends on 6 instead of time,
so that, a time invariant controller can be designed to improve robustness against
external disturbances [54]. The relative order of the system can be reduced and
the nonlinear conventional tools of applied stability [80, 100]. Also, the concept of
hybrid dynamics proposed by [37] was later applied to biped locomotion in [101] in
order to construct a system with relative degree equals to one. The previous feed-
back linearisation tools were integrated to design an autonomous feedback control
applying the concepts of decoupling nonlinear systems and zero dynamics described
in [37]. Based on these nonlinear control tools, the approach presented in [9] en-
coded the full dynamics of the biped robot with one degree of under-actuation into
a lower dimensional system using the virtual constraints approach. For instance, an

underactuated robot dynamics f is:

4 =1(q,q,u,t) (2.65)
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where u is the control input.

If the dynamics can be written like in Equation (2.25), then

61 = f1 (qa (.L t) + fZ(qa (.L t)ll (266>

Then, if the robot is under actuated and can be described by the Equation above,
the rank of f, < dim|q|, in other words, the input u is not able to command in-
stantaneous acceleration in an arbitrary direction in q. A monotonic variable 6 is
used to synchronize each actuated joint of the biped robot so that the output of the

control system is:

y =q—hq(0) (2.67)

where q = [q1, ¢2, ---qn)” and hq(+) is a function constructed based on Bézier (time-
independent) polynomials [107].

The control law proposed by this virtual approach is:

u= [8221)1\/[1((1)]3]—1(8 (}91;2(9)9'2 I 82;Q)M1(q)(cq+ G)) (2.68)

This virtual constraint technique uses the zero-dynamic concept presented first by
Alberto Isidori [37] and revisited in [36]. The control Equation (2.68) ensures that
the output y converges towards zero when the virtual constraints are satisfied. Ad-
ditionally, when the convergence performance (accuracy of the tracking the virtually

constraint movements) is specified the control Equation (2.68) is modified as follows:

Uupp = u — [ah—@M_l(q)B] B <Kdy + pr> (2.69)

where Kq and K, must satisfy the following expression:
y+Kay +Kpy =0 (2.70)
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By reconfiguring the dynamic model of a biped robot into a system restricted by the
virtual kinematic constraints among the joint variables via feedback control Equation
(2.69) the complexity of the system is reduced, so that, a proportional-derivative con-
trol strategy can be implemented (see more details in [107]). Figure 2.10 summarizes

this approach.

Virtual
Constraints

[Qh q2, ---%]T

<
I

()—> Controller

Figure 2.10: The idea of virtual constraints and Hybrid Zero Dynamics.

2.3.4 Limit cycles instead of time-dependent trajectories

In control design of biped locomotion systems, the combinations of trajectories
among different tasks play a fundamental role to keep the robot stable. However, the
concept of stability is not well established in this area. There are several concepts
of stability and mathematical tools to define stability that may not apply in a broad
sense to mimic human locomotion. Further explanation of the concept of stability is
presented in Chapter 3.

Asymptotically stable limit cycles are referred to all trajectories sufficiently close to

a cycle that converges to that cycle as time tends to infinity (i.e., t — 00). For
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example, let’s assume the following set of nonlinear differential equations:

i=y+a[l— (2% + %) (271)

j=—z+y[l— (2 +y%)

The system of equations has a critical point at the origin, so that, the system lin-

earised at this critical point yields

= (2.72)

The eigenvalues of this linear system are 1 + 7, so that the system is unstable in the
neighbourhood of the origin. Now, if the system Equations (2.71) is transformed

into polar coordinates:

r=a?+y?
(2.73)
tanf = £
whose time derivatives are:
rr =2 + yy
) o (2.74)
fsec’ ) = LU
Then, substituting that in Equation (2.72) the system is:
7 =r(l—r?
' ( ) (2.75)
0=-1

Under this coordinate transformation, it is straightforward to see how the system
converges to a limit cycle instead of a point. In general, the analytical tools used to
guarantee stable limit cycles is defined by the Poincaré-Bedixon Theorem: “Suppose
R is the finite region of the plane lying between two simple closed curves Dy and Do,
and F is the velocity vector field for the system (2.72). If

(i) at each point of Dy and Ds, the field F points toward the interior of R, and
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(i) R contains no critical points, and then the system (2.72) has a closed trajectory

lying inside R” [88].

Figure 2.11: Limit cycle generated by the logistic oscillator (equations (2.72)), for
different initial conditions the system converges to a limit cycle of radio equals to 1.

Figure 2.11 shows the dynamic evolution of the system Equations (2.72), the auton-
omy with respect to time is an effective property to design and implement control
systems for biped robots that track limit cycles instead of time-dependent trajecto-
ries. One of the first contributions in the field of control biped robots by means of
time-invariant oscillators was [41]. A set of coupled Van der Pol oscillators provides
control to a 4-DOF biped robot called BIPMAN. Due to the complexity to deal with
nonlinear multi-link biped dynamics and the nonlinear external disturbances due to
the ground impacts, the formalization of feedback control that induces limit cycles
is still an open problem with conventional tools. However, great progress have been
achieved with the concepts presented in [9] in which a method proposed involved
a search of a family of stable homoclinic orbits that guarantee stable gait on every
stride on biped robots while walking or even during running tasks. This method
was successfully tested on control test-beds based on pointed-feet 5-DOF robots like

Rabbit and later in Mabel [100]. Experimental results in Mabel robot showed sta-
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ble limit cycles induced by the control strategy presented in Equation (2.69) that

effectively achieved robust walking and even running tasks.

2.3.5 Local stability criteria

The method to define a closed region that contains a closed orbit requires an analysis
of local stability that guarantees convergence to the limit cycle in spite of impacts.
A local stability method ensures this convergence of the robot states (positions and
velocities) into these stable orbits is based on the Poincaré approach. For an n-
dimensional autonomous system x = f(x) there is a n — 1 dimensional surface S. If
the trajectories of (x) flow through S a Poncairé map can be constructed based on

the following expression:

xplk + 1] = P(xpk]) (2.76)

where x,, is the discrete state-space at the k-th crossing of a section of the surface S.
Based on the Poncairé map the fixed points can be found by using the zero crossing
vector value of the function P(xp[k] — xp[k + 1]). One efficient way to estimate the
zero crossing vector is the gradient of the Poincaré map. This gradient is obtained
by integrating the continuous dynamics before and after the ground collision (e.g.,

t- is the time before collision and ¢t after the collision)

te [k—1]
(k4 1]) = / £(x(t))dt (2.77)
t& (k]
By including the impact dynamics yields
xplk + 1] = x(t))[k + 1] = F(x(t, [k + 1])) (2.78)
dxpk+1]

The gradient of the Poincaré map is which also depends on the initial con-

dwy[k]

dition at the time instant &k at collision x,,[k] t,[k] the linearised the Poincaré map
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gradient yields

dxplk +1]  OF(x) 1 0x(t) dt.[k + 1]
bl ox Lo T T

(2.79)

Literature has reported this local stability method for different robot configurations,
for instance, a planar robot presented in [54] used a reinforcement learning algorithm.
This paper proposed a method that learns from the model of the Poincaré map of
a periodic gait pattern. Similarly, in [92] a 3D robot used the same criteria of local

stability to maintain the robot walking.

2.4 Conclusions of the chapter

There are multiple overlaps on the research of biped robots and exoskeletons technol-
ogy; sometimes it is too complex to distinguish the boundaries of each of them. The
hardware and software of biped robots can eventually be part of a walking assistant
device that returns lower-limb mobility to disabled people. In order to address the
literature review of these overlapping fields, a brief introduction has been provided
of selected topics that have shaped the most relevant contribution for this thesis.
The first part of the chapter explored the basic literature of robot mathematical
modelling (e.g., kinematics and dynamics). The modelling tools are essential to de-
scribe an approximation of the biomechanics of human bipedal walking. Inspired by
human structure, traditionally a biped robot is modelled as a set of links connected
by revolute joints. These assumptions allow dynamic models to contain important
properties that simplify the design of advanced control algorithms. These properties
were presented in the section of modelling Lagrangian dynamics. The most im-
portant property involved the skew-symmetry condition of M(q) — 2C(q,q) which
eventually will be used for the stability analysis of this thesis.

Recent studies in the field of bio-mechanics of lower limb human locomotion have led
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to conclude that human locomotion could be modelled with a certain level of under-
actuation. For this reason, this Chapter showed a brief background of robot under-
actuation which introduces additional challenges for control design. This chapter
also included a section that chronologically described the most remarkable achieve-
ments in the last decades in the field of biped locomotion. From the ubiquitous ZMP
criterion, then by evolving to the dynamic high-gain controllers, and assuming pas-
sivity and energy-shaped control. These contributions have reshaped the modern era
of feedback control for biped locomotion systems. Several examples with numerical
implementations were used to show both the theoretical and practical usefulness for
this work.

In summary, ZMP criterion guarantees stable quasi-static bipedal walking. However,
in practice this technique is somehow conservative in terms of stride velocity and the
high-energy cost requirements conflicts with multiple technical requirements. The
technical limitations of this approach —perhaps— motivated the use of more ad-
vanced dynamic assumptions, criteria and forms of control. The notions of passivity,
inspired by humans, were the key for including additional properties and constraints
to the biped modelling. Additionally, the common approach used in robot manipula-
tor technology that performs tasks by tracking trajectories is not an efficient option
on bipedal locomotion due to the lack of synchrony. Instead, the tracking trajecto-
ries were substituted by limit cycles in which new challenges emerged in the attempt
to guarantee stable orbits that track periodic walking patterns. Moreover, litera-
ture in the field of biped robots implementations is outnumbered with respect the
theoretical designs. This motivated some researchers to formalize and unify modern
mathematical tools for dynamical modelling and nonlinear control. One of these ad-
vanced techniques is based on hybrid zero dynamics, which opened new paradigms
and forms of control. In the field of bio-mechanics and particularly partial limb sub-

stitution great progress has been done in the same field [27]. The simulations and
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experiments of this approach could provide clinical viability by using this unified con-
trol strategy based on biomimetic, robust ankle movements. Nevertheless, when the
whole body dynamics is integrated with an artificial walking assistant device it may
require further exploration of the complex interaction between human and assistant
device. The problem becomes more difficult when uncertain pathology affects the
subject gait since multiple and conflicting objectives have to be satisfied. The main
restriction to extend the biped robot control into the exoskeleton technology is the
structural difference. The design of an advanced exoskeleton deals with non-trivial
bio-mechanical models that interact with robotic components along with complex
control strategies. One example of this problem was presented in a bio-mechanical
prosthetic foot [110]. Furthermore, the real-time computational load and the com-
plexity to extend this technique to 3D robot structures has limited the progress of
such remarkable approaches.

The next chapter unifies the previous concepts and ideas in order to describe control
tools and experimental validation work that is used to define the control architecture

of this thesis.
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Chapter 3

Stability, contraction theory and

synchronization

This chapter provides the description of contraction theory used to prove a new form
of differential stability of an artificial walker biped robot. The main contribution of
this thesis is related to finding a suitable control architecture that keeps the dynamic
system stable over the largest artificial attraction region. One of the most remarkable
consequences of the contraction is the synchronisation of multiple dynamic systems,
which is the main feature used in this thesis to prove differential stability of the

biped models proposed in Chapters 4 and 5.

3.1 Stability concept

Stability is an essential concept for this work; a historical review of its definition
is presented in this section. The profound relevance and complexity of this formal
notion of dynamic behaviour have been widely studied. For systems that can be
modelled with linear dynamical models this notion of stability implies unique and
constant equilibrium. Then, stability depends directly on the poles of the transfer

function (i.e., the relation between output and input). When the system is multi-
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variable and is written in the following differential-equation form:

x = Ax (3.1)

where x is the state vector and A is a matrix with constant coefficients.

Then, the system is said to be stable if the eigenvalues of A are strictly negative
(asymptotically stable if eigenvalues are eigA < 0).

Due to the fact that most of the real dynamic systems can not be accurately modelled
as a linear system, advanced tools are required to provide a broader concept of
stability. The following paragraphs give a sequential evolution of the concept within

the context of bipedal modelling and design of stable controllers.

3.1.1 Stability of nonlinear systems

A formal notion of stability in the context of dynamic systems was proposed by
the mathematician Johann Peter Gustav Lejeune Dirichlet. In 1858, Dirichlet pre-
sented some evidence of the stability derivation from his studies on celestial bodies.
Some years later, Henri Poincaré wrote “Les méthodes nouvelles de la mécanique
céleste” where in Chapter 26 he proposed the first definition of stability based on
previous work of Dirichlet and Joseph-Louis de Lagrange. Almost simultaneously in
1892, Alexandr Mijailovich Lyapunov proposed in his doctoral thesis an elegant set
of definitions and theorems that mathematically implies strong stability conditions
which are predominant and systematically used until now. Lyapunov established the
relationship between a set differential equation which described a dynamic system
with a positive scalar function V' (V' for virtual). In order to guarantee stability,
the function V should be positive definite and its derivative V negative definite [80].
For example, for a given dynamic mechanical model, V' could be formulated based

on the energy of the system [99] so that the negative rate of change of energy (V)
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is seen as mechanical energy dissipated through time. According to the theory of
Lyapunov, stability depends on several criteria and domain issues (local or global).
However, the central point of the analysis of stability proposed by Lyapunov estab-
lishes that a system is stable either when the space-state dynamically converges to
the equilibrium (at the origin) or when the state-space remains relatively close to
the equilibrium in a bounded region. This definition can be extended to a general
case by including the notion of a trajectory instead of an equilibrium at the origin.
Mathematically it is described as follows: a system represented by means of a dif-
ferential equation: % = f(x) where x € R" and f is a vector field. The concept of
stability in the sense of Lyapunov states that an autonomous (time-invariant) non-
linear system is stable if the system trajectory can be kept arbitrarily close to the
equilibrium at the origin. If the state-space converges to an equilibrium the stability
is called asymptotic stability. When the convergence rate towards the equilibrium

t where A > 0, the system’s stability is defined as expo-

point is modelled as e
nentially stable. According to the region (local or global) where the systems satisfy
such conditions (stability in the sense of Lyapunov, asymptotic stability and expo-
nential stability) the domain where the system is stable can be locally or globally
stable. A relaxation theorem can extend the stability criteria proposed by Lyapunov
by considering that V <0 ( negative semi-definite V) in order to ensure asymp-
totic stability. This is restricted to autonomous systems and it is known as LaSalles
Invariant Set Theorem. Another important extension of the Lyapunov theory was
proposed with the theorems: 1) Barbalat’s Lemma and 2) LaSalle-Yoshizawa which
make possible to prove stability for non-autonomous systems. All details of such
results are presented in all nonlinear systems books and nonlinear control textbooks
published around the world, see [44, 80, 95].

These notions of stability have been used as fundamental control design tools for

several decades. Nevertheless, contraction theory is a novel concept closely related
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to stability, which in contrast to Lyapunov’s theory does not require given initial

condition or fixed point to converge.

3.2 Introduction to contraction theory

Contraction theory is the study of the convergence of state-space trajectories for a
given dynamic system. This theory is extended to both autonomous systems (do
not depend explicitly on time) and nonautonomous systems, as well as linear and
nonlinear systems. The general idea of contraction is closely related to Riemannian
geometry [39]. The seminal paper of contraction theory was presented by Lohmiller
and Slotine in 1998 [48]. Since then, these and other papers have been published
in order to explain and extend this powerful tool [5, 39, 81]. In a general context,
contraction theory studies the evolution on the variational between a virtual dynamic
system and a real dynamic system. When the trajectories of the virtual and real
systems converge with respect to one another regardless of the initial condition then
the system is said to be “contracting”. The following Equation (3.2) has an x state-

space n-dimensional vector and f is a field vector nonlinear function.
x = f(x,1) (3.2)

The analysis of stability proposed by the theory of contraction is inspired by mechan-
ics of fluids where the trajectories of a set of particles confined in a fluid are largely
influenced by each other. When these particles converge into a single trajectory the
geometrical relation among them can be differentially concurrent. In order to anal-
yse analytically such behaviour, a study explores the infinitesimal change of % via
variational analysis. In this context, a virtual kinematic displacement of state-space

variables can be represented by the Equation (3.2) as its first variation as follows:
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. of
0% = of = &(x7 t)ox (3.3)

In general, the first variation is defined as: dg(y,h) = lim M when € — 0 The
infinitesimal change in time of the square distance between a virtual displacement
and the real one is obtained by taking the first time derivative of the norm distance
of the two.

The time derivative of the square distance is:

%(&{Téx) = 26x" 6% (3.4)

where 0x = Jox, and if \,,,; is the largest eigenvalue of the symmetric part of the
Jacobian (J), thus
6xTJ(%,1) < Apaxdx’ 60X (3.5)

If Az (2, t) is strictly negative in a bounded region C, then the norm ||0x|| converges
to zero exponentially so that neighbour trajectories tend to get closer to each other

as follows:

9x]| < [|6xp||efo Amasx)dt (3.6)

In order to generalise this trajectory convergence a virtual vector field z is introduced
into the previous result. A differential coordinate transformation (®) is defined be-

tween the real trajectory x and the virtual trajectory z, see the following expression.
iz = Odx (3.7)

where ©(x,t) is a positive definite square matrix. Then a quadratic of the Euclidean

distance between the real and virtual trajectories as:

62" 6z = ox Méx (3.8)
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where M(x,t) = @70 is a symmetric and continuously differentiable metric.

The first derivative of the norm 6z 9z is given as follows:

i(ézTéz) = 262" 6% (3.9)
dt
and since 0z = ®dx then:
0% = ©6x + Ok (3.10)

Therefore, according to the first variational (see Equation (3.3)) Equation (3.10)
becomes:
of

0z = OFx + O ox (3.11)

Furthermore, 0x = @~ 1§z, the general expression is:

. g - —1
bz = <@ax + @) 0 !4z (3.12)

A generalized Jacobian F = (@% + ®)O ! describes the rate of change of the first
variational dz. If the generalized Jacobian is uniformly negative definite in a region
C' the system (3.2) is contracting in C' as long as there exists a positive definite

metric M(x,?) in the region C'.

3.2.1 Example: a simple pendulum

A single pendulum is probably the most common dynamic system presented in the
literature of nonlinear dynamic systems. However, because contraction theory is a
relatively new field, this example is still missing in the literature. This subsection
shows the procedure to analyse the differential stability of such a system as a reference
frame for this thesis.

Figure 3.1 shows a graphical representation of a mass m attached to a massless rod

(length 1) which is attached to a fixed frame in the top. The pendulum is modelled

5}



Figure 3.1: Simple Pendulum.

by the following nonlinear differential equation:

mi%0 + bl + mglsin(6) = 0 (3.13)

where m is the pendulum’s mass, [ is the length of the pendulum, and b is the friction
coefficient at the rotational joint. If 21 = 6, 20 = 0, x = [21, 25]7 then the system

can be expressed in the form x = f(x) as follows:

T2
X = (3.14)
—Zsin(zy) — 25 ws

Then the Jacobian of Equation (3.13) is:

J= (3.15)

—%cos(z1) —25
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A positive definite metric M that satisfies the contraction analysis is found by solving

the following equation:

JTM+MJ = -1 (3.16)
where I is the identity matrix.
Assuming 5, = —% and 8, = —# In the interval from —% to 7 a positive definite
metric is found as:
(cos(6))?B12—B1 cos(6)+B22 1
M — B21 cos(0) B1 cos(9) (3'17)
1 B1 cos(6)—1
B1 cos(6) B2B1 cos(6)

Once the metric is obtained an associate matrix @ is obtained by solving M = @T@.

So that © is shown as:

\/1+(cos(9))2612—2 B1 cos(0)+B22 0
8 . 2 3251 COS(Q)_252 1 (318)
N 1 __ 2B1cos(0)—-1 __ Bicos(6)—1
231 cos(0) ( B2B1 cos(0) ) 23231 cos(6)

The generalized Jacobian (F = (©J + ©)©1) is F = @JO ! since the system is

autonomous, so that the symmetric part of F is called Fg where

Ba —iv/B1+/cos(6) B2

F. — T B cos(0)—1 (B1 cos(@)—l)\/(cos(ﬁ))2612—2 51 cos(0)+522+1
s —iv/B14/ cos(0) 5” B2/31 cos(0)
(B1 cos(@)—l)\/(cos(ﬁ))2512—2 B1 cos(0)+B22+1 P cos(d)—1
(3.19)

The eigenvalues (A; and \y) of Fy are

((005(9))2ﬁ12—2 B cos(0)+822+1/ (cos(0)) B+ (2 622—2)ﬂ12(605(9))2+(B22+1)2+1) Ba

2 (cos(0))2B12—4 B1 cos(0)+2 B22+2 (320>
((005(9))2512—2 B 005(9)+522—\/(COS(G))4514+(2 622—2)512(605(9))2+(522+1)2+1) B2

2 (cos(0))2B12—4 B1 cos(8)+2 B22+2

)\1:

)\2:

If the eigenvalues shown in the Equation (3.20) are strictly negative then the system
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is contracting in a region where the metric M is positive definite. Due to the non-

linear expression of (3.20) a numerical evaluation of the eigenvalues are presented in

Figure 3.2. The values proposed for this estimation are: g = 9.81m/s?, m = 0.25kg,

[ =0.3m and b = 0.1kgm/s.
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Figure 3.2: In (a) A; is evaluated along the interval fy € [0, —10] and 0 €] —7/2,7/2].
In (b) Ay is evaluated along the interval 5 € [0, —10] and 0 €] — 7 /2, 7/2].

The eigenvalues are strictly negative in the interval 6 €| — 7/2,7/2[ for the given

parameters.

The phase portrait of 0x and ¢z are shown in Figure 3.3; the evolution of the dif-

15 ,
l |-
-, -
L d
4
osF !
\
~
~
N s ~
-~ oFf
NS
05
R
15 :
-4 3

Figure 3.3: The phase portrait x = [z |7 and dz = [z 2]T, dz = Odx.
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ference between dx and ¢z is shown in Figure 3.4. This example has shown the

051
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Figure 3.4: The phase portrait of the difference between the real state-space vector
and the contracting base.

methodology of the contraction analysis for a simple pendulum where the contrac-
tion is numerically validated. The decreasing behaviour between the real and virtual
base is the key concept to conceive contraction as a new concept of an incremental

form of stability. See more in [39)].

3.3 Partial contraction of nonlinear dynamic sys-
tems

The concept of partial contraction is the generalization proposed by Slotine et al. in
[81] in order to extend the contraction analysis to specific behaviour and enhanced
properties. Partial contraction is described as follows, if a nonlinear system can be

described in the following form:

x = f(x,x,t) = c(x,t) + d(x,t) (3.21)
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and an auxiliary system in this form:

y =f(y,x,t) = c(y,t) + d(x,t) (3.22)

where c is a contracting function vector with a constant metric.

The auxiliary system is contracting with respect to y “if a particular solution of the
auxiliary y-system verifies a smooth specific property; then all trajectories of the
original x-system verify this property exponentially. The original system is said to
be partially contracting.”. (paragraph is taken from [81] and the mathematical proof

is found in the same reference).

3.3.1 Example: a rigid link robot manipulator

Robot manipulator dynamics are commonly modelled as a set of rigid links connected
either in series or parallel [86]. The classic dynamic model representation of the robot

is commonly presented as follows:

M(q)d + C(q,4)q + G(q) = 7 (3.23)

Based on an energy-based controller (see [21]), the input vector is:

7 =M(q)d + C(a, 4)4 + G(a) — K(q — &) (3.24)

where K is a positive definite matrix, ¢, = qq — A(q — qq). Similar to Equation (3.22),

the virtual y-system is:

M(q)y + C(q,q)y + G(q) - K(g—y) =T (3.25)
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The close-loop system is written in differential displacement as follows:
M(q)dy + C(q,q)dy + Kdy =0 (3.26)

where ¢ and @, are particular solutions for the virtual system [49]. The differential
norm analysis is depicted as follows:

%wyTM(q)‘sY) =28y " M(q)6y + 6y’ M(q)dy) (3.27)

and Mdy = —C(q,q)qdy — Kdy. Additionally, because M(q) —2C(q,q) is skew-

symmetric, then the differential length is:

d
-0y " M(q)dy) = —2dy Koy (3.28)

The virtual system is partially contracting with K > 0 and A > 0, according to
the theorem of partial contraction ([48]); both velocity tend to desired velocity and

position tend to the desired position exponentially (q — ¢, and q — qq).

3.3.2 Architectures of contracting systems

Based on Popov analysis [95] some combinations of contracting systems can shape
new architectures in order to expand the applicability of this field. A parallel archi-
tecture is one of the basic combinations and it is described as follows, more details
in [48].

Assume two systems of the same dimension: X; = f1(xy,t) and %o = fa(x2,t), and
the corresponding virtual dynamics: 0z; = F10z and 0z, = Fa0z. If the systems f;

and fy are connected in parallel and they contract in the same metric, the parallel
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combination satisfies any uniformly positive superposition principle:
(o5} (t)5Z1 + ag(t)ézg (329)

where 3 o > 0, V¢ > 0 and «a;(t) > a. A feedback combination of two systems f;
and f; with possible different dimensions, can be expressed as:
d |dz F G 0z
4 1 11 1 (3.30)
t 0Zo —GT Fa| |02z
This feedback system shown in Figure 3.5 is contracting as long as F; and F, are

contracting individually.

0Z9 Az + 021 0z
+ f 2 f 1

+ =

A

—GT

Figure 3.5: Feedback control combination.
For hierarchical combination a virtual dynamic system can be considered:

d (5Z1 Fll 0 (5Z1

6Z2 F21 F22 6Z2
If F11 is contracting and it does not depend on system 2 that implies that dz;
converges exponentially to zero. Additionally, if Fa; is bounded and Fa5 is contract-

ing then the dynamic of system 2 (dzy) is decaying exponentially. This result can

be extended by recursion for more than two systems connected hierarchically (see
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Figure 3.6: Hierarchical control combination.

Figure 3.6).

3.4 Synchronization studied by contraction

Synchronization is perhaps the most astonishing phenomena in nature; it may explain
the self-spontaneous order of the universe [89]. The research in this field has been
widely explored in different areas of study: biology, mathematics, physics, sociology
and many others. Nevertheless, despite the extensive collection of scientific evidence
in this field, synchrony is still poorly understood in many physical phenomena, bio-
logical systems, and even human behaviour. In contrast, synchrony in the context of
engineering is, most likely, the most applied field so far explored. Synchrony implies
a trigger mechanism that coordinate actions to lead to either common actions or
anti-common actions. There are many examples to cite: the simultaneous lighting
of fireflies in unison, the breathing mechanism of biological species that coordinates
oxygen requirement according to the physical or emotional demand and the oscilla-
tion that can lead to a suspended bridge collapse. All of them are dynamic systems

with a common synchronised behaviour. In this context, this section describes syn-
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chrony analysed from the contraction theory perspective. The direct consequence of
having a set of coupled dynamic systems that are contracting independently leads
to a global synchronized super set dynamic system.

In the field of mechanical systems, it is likely that the first reported observation of
this synchronization was written by Christian Huygens in the 17 century (in [89]
a modern description of C. Huygens work and the links with modern science is pre-
sented). This notorious observation of Huygens was described in a paper named
“odd kind of sympathy” where there is mechanical evidence of synchronization of
two pendulum clocks hanging on the same wall, due to some sort of interaction be-
tween them. The independent dynamic of each pendulum has an influence on each
other, this relative small interaction is able to coordinate the two pendulums to os-
cillate in phase or antiphase according to some structural and mechanical factors.
The dynamic interaction of two oscillators connected with a bilateral coupling can
reproduce the dynamic behaviour reported by Christian Huygens. The following ex-
ample shows how two contracting systems linearly coupled can guarantee exponential

contraction and synchronization as a consequence of the coupling.

3.4.1 Network coupling of nonlinear systems

In the field of nonlinear networks analysis, contraction analysis is an effective tool
that systematically guarantees convergence according to different coupling configu-
rations. Particularly, in coupled oscillators, there are several configurations that in-
duce synchronization. Similarly, an anti-synchronization behaviour can be designed
by another structural coupling. Unilateral coupling is a configuration that involves
one-way influence from one system to another. The following Equations show this

conceptual idea:

H =00 (3.32)
Xy = f(X27t> + u(X1) - u(x2)
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where x1, X2 € R" are state-space vectors, (x;,t) are coupled by u(x,) —u(x,). Sim-
ilarly, the bilateral coupling is another configuration between networks and provides
stronger interaction with respect to the unilateral case. The general representation

of bilinear coupling can be shown as:

%1 = f(x1,t) + g(x2) — &(x1) (3.33)

X = f(x2,1) + g(x1) — g(x2)

Based on synchronization presented in Equation (3.33) the state-space x; and x»
can be synchronized to each other in phase. However, by modifying the coupling
function g(x;) anti-synchronisation between the states is achieved. For example, if
the system f has stable limit-cycle dynamics, the direct coupling with another system
with the same dynamics but different initial conditions means the two systems tend
to synchronize the state-space vectors exponentially. In contrast, if the two dynamic
systems are uncoupled then the states show antagonist oscillations. The following
example shows two Van der Pol oscillators connected by a bilinear coupling and
showing synchronized limit cycles regardless of initial conditions. See more details

in [98]. Let’s assume the two Van der Pol oscillators are coupled as shown:

il + Oé($12 — 1).’13'1 + w2x1 = Oékl(j?Q — 1‘1)
(3.34)
iQ + CK($22 — 1).’13'2 + w2:1:2 = Ckkg(.i'l — 1’2)

The vector at the right in Equation (3.34) is the bilateral coupling of the two oscil-

lators. Adding the two rows of Equation (3.34) yields:

i’l + Oé(ZL'12 + k?l + k?Q — 1)1‘1 + w2x1 = i’g + Oé(ZE22 + k?l + k?g — 1)1‘2 + CUQZL'Q (335)
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By including the following virtual system:

G+ a(y? + ki + ko — 1)y + w?y (3.36)

then, according to the partial contraction theorem, the two variables x1(t) and z5(t)
tend to each other if k; + ko < 1. Figure 3.7 shows how two Van der Pol Oscillators
converge towards each other exponentially when the previous condition is satisfied.

Anti-synchronized oscillations can be achieved by changing the coupling function as

Amplitude
o

6 1

8 0.5 N2

t -
10 0 >

Figure 3.7: Two Van der Pol Oscilators synchronized by a bilateral coupling, the
signals converge exponentially each other if ky + ko < 1.

follows:
Uy = —(1/]{51(1"2 — ZL’1>
(3.37)
U9y = —Ckk’z(i’l — 1‘2)
Figure 3.8 shows the anti-synchronized oscillations of the two Van der Pol oscillators
by including the Equation (3.37) coupling policy. Similarly, if the coupling function

is designed in order to guarantee the whole contraction towards the equilibrium point

then the limit cycle condition turns into a dissipative system. The coupling condition
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Figure 3.8: Two Van der Pol Oscillators anti-synchronized by a bilateral coupling,
the initial conditions are: x = [0.5,5], « = —1 and k; + ko = 2.

that induces such a transition is described as follows:

Ul = Oék?(ftg — l’l)
(3.38)

Uy = Oékf(—jjl — Ig)
where k£ < 1 in order to state transition from the limit cycle into fix point. Figure 3.9
shows exponential convergence for the coupled Van der Pol oscillators presented in
previous experiments. In summary, the Van der Pol oscillators coupling approach
modifies the behaviour from syncronization, anti-syncronization and fixed conversion
to an equilibrium point. This feature is one of the key concepts for the hypothesis

presented in this thesis.

3.5 Hybrid contracting systems

The existing methodologies to design nonlinear controllers are based on models that
ignore fast transitions [61]. In Chapter 2 hybrid dynamic models were presented in

the context of bipedal robots that produce instantaneous speed transitions at the
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Figure 3.9: Two Van der Pol Oscilators transition from oscillation into fix equilibrium
point, the initial conditions are: x = [0.5,5], « = 1 and k = 2.

ground impact. Analysis of stability and control for such hybrid models has been
commonly studied as systems with impulsive response. See more details in [61]. The
design of stable controllers for hybrid systems can be analysed by Lyapunov’s tools
in which the continuous-time part and and switching operative conditions required a
resetting control strategy. However, the resetting actions may induce uncertain sta-
bility boundaries. Contraction theory provides a step beyond by providing stability
boundaries of hybrid systems. The conditions that guarantee hybrid contraction are
described as follows.

Let’s consider the following equations:

x = f(x,t) (3.39)

This model can be converted into a discrete system like this:

Xk+1 — fk(Xk,l{Z) (340)
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with a sampling time T, and assuming that both the continuous and discrete models

have the same metric © and the largest eigenvalue (\) of the symmetric part of the

generalize Jacobian (Fg). The length dynamics over discrete step k is bounded by:
024,10z 11 < e o oz} oz, (3.41)

The hybrid system is contracting if:
0< Mo < 1 (3.42)

The following chapters show two hybrid dynamic models of biped robots and the

practical considerations for the control implementation.

3.6 Conclusions of the chapter

This chapter described the key elements of contraction theory as the main tool for
the problem presented in this thesis. Contraction theory can be seen as a general-
ization of Krasovskiis theorem [99].

Contraction analysis can be used to design a control system that can be differentially
stable, a more general sense of stability. The possibility of connecting contracting
systems opens the possibility to analyse big and complex nonlinear systems cou-
pled in networks. Those possible connections are one-way coupling, two-way cou-
pling, parallel, hierarchies, feedback etc. The synchronization becomes a natural
consequence of partial contraction, which is a generalization of contracting dynamic
systems. Bilateral coupling can be chosen to achieve a specific dynamic behaviour
such as synchronization, anti-synchronization or exponential convergence to a fixed
point. That coupling consequence is a key concept for the following chapters where

the biped devices change the tasks (e.g., from walking to a full stop). Addition-
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ally, contraction theory is extended to the discrete and continuous time analysis

simultaneously (e.g., hybrid systems).
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Chapter 4

Stable controller design I:

inertia-wheel biped robot

4.1 Introduction

This chapter presents a case study of a control strategy applied to a bipedal me-
chanical system that is used to evaluate the stability analysis based on contraction
theory. The introductory notions of the methodology used in this chapter will be the
framework for another human-like dynamical system presented in the next chapter.
This chapter starts with the motivation that has led this research, which is related
to return lower-limb mobility. In an effort to construct a new control framework that
guarantees a differential form of stability, this chapter describes a dynamic model
inspired by an inertia-wheel pendulum and a compass-gait robot. This combination
allows the introduction of a bipedal locomotion control design from well established

mechanical systems.
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4.1.1 Problem description

Understanding the control scheme of human locomotion is a complex and still un-
solved puzzle. However, research in the field has provided important insight to
model and implement advanced forms of control architectures. Due to limitations of
linear control techniques available in the nineties dealing with the nonlinear complex-
ity (e.g., biped machines), researchers explored new control strategies for nonlinear
plants. In the quest of advanced forms of control, a strategy that is based on feed-
back electric signals from the human body was categorized from invasive and non-
invasive techniques [47]. Electromyography signals (EMG) were successfully used for
lower-limb exoskeleton systems. Tasks such as standing up and walking were calcu-
lated based on EMG signals [35]. However, one of the main challenges was related
to predicting human intention in order to anticipate response [47]. Transitions be-
tween tasks and the complexity to predict human intention combined with important
limitations with sensor positioning and calibration made such type of approach an
unreliable choice.

Another control approach based on force measurement interaction uses an external
sensor (i.e., load cells) to command assisting torque on the joint articulation and
provide some augmented force action. In [94], this approach was successfully tested
with healthy subjects. However, the work in this thesis is going towards providing
support, in the control field, for walking assistant used for disabled people (e.g.,
post-stroke patients with lower-limb disability).

A third important way of control bipedal assistant devices is based on computer
estimation of the human intention [18]. This technique does not rely either on the
human EMG signals or force sensor from muscle interaction. Instead, the walking
assistant (e.g., exoskeleton, orthosis device) based the control actions on models of
the human body and/or the assistant device [35]. This category of control would al-

low a full recovery of lower limb capabilities. Transition among walking phases and
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gravity compensation have been studied and experimentally evaluated. However,
there are multiple challenges to overcome before such experimental validation be-
comes clinically viable. Some of these challenges are related to the low sensitivity of
the sensors and unrealistic human-machine models. Due to the complexity to design
rapid transitions among tasks (e.g., transition from walking to stop and remaining

standing-up) this technique is still under development.

4.1.2 Methodology description

Understanding the complexity of designing a controller for systems with multiple
constraints and hybrid nonlinear dynamics is not trivial. This subsection describes
briefly how to address this problem by defining the design criteria of a controller
that theoretically guarantees stable limit cycles during walking and exponentially
fast transition to an equilibrium point. The method used for this biped robot is
based on a decentralized control strategy that is able to communicate via a synchro-
nization approach. This approach defines a coupling dissipative function between
the two subsystems in order to induce an anti-synchronizing gait pattern. Analysis
of contraction is the main tool used to guarantee exponential differential stability
which is at the core of this thesis.

A decentralised control approach is connected hierarchically in order to satisfy the
contraction condition for the full closed loop dynamic system. Fundamental Lya-
punov stability conditions are established for each sub-stage system as a prerequisite
for the theorems established in contraction theory. These conditions also guarantee
finite boundaries of the coupling dynamics between the inertia-wheel subsystem and
the second leg (pendulum subsystem). The hypothesis was formulated in order to
obtain a general controller able to coordinate the legs, such that, a stable and sus-
tainable limit cycle can a) make the robot walk and b) exponentially transfer to a

full stop without changing the structure of the controller.
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The robot proposed for demonstrating this is an under-actuated 3-DOF robot, two
legs and a rotating mass at the hip, the first controller is meant to control one leg
and the rotating mass (the well-known inertia-wheel control problem) and the other

subsystem is a based on the other leg (the well known pendulum control problem).

4.2 Stability analysis

This section provides a general description of the biped mechanism as well as the
analysis of stability and control synthesis the subsystem I (inertia wheel pendulum)
and subsystem II. The full model analysis of contraction and stability is described

at the end of the section.

4.2.1 General description of the mechanism

The biped robot presented in this chapter is a 3-DOF mechanism with 1-DOU. The
robot is shown in Figure 4.1. The robot has two legs and a hip, where the angles
of the legs measure counter clockwise (ccw) with the reference being the vertical
upright direction, these are ¢; and ¢o. At the hip is the inertia-wheel of the robot
and the angular position is ¢;, also measured as the leg angle. The parameters of the

system are shown in Table 4.1 and the variables of the system are in Table 4.2.

Table 4.1: Parameters of the system

Param Description Value || Units
my Mass of the leg 1 0.2 kg
mo Mass of the leg 2 0.2 kg
my Mass of the inertia-wheel 3 kg

Iy Length of leg 1 1.2 m
Iy Length of leg 2 1.2 m
le, Distance to the centre of mass leg 1 0.6 m
le, Distance to the centre of mass leg 1 0.6 m
Ji Moment of inertia of leg 1 0.104 || kg m?
Jy Moment of inertia of leg 2 0.104 || kg m?
Ji Moment of inertia of the inertia-wheel 0.06 kg m?
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T

Figure 4.1: General description of the biped robot based on inertia-wheel pendulum
system.

Table 4.2: Variables of the system

Variable Description Units
Q1 Angular position of leg 1 rad
g2 Angular position of leg 2 rad
qu Angular position of the inertia-wheel rad
Ty Torque applied to the leg 2 Nm
TH Torque applied to the inertia-wheel Nm

According to the full dynamic model equation presented in Appendix A, the inertia

matrix (M(q)) is:

mi mi2 Ju
M(Q) = | my IEmy+J, 0 (4.1)
Jy 0 Jy

where mi1 = JH + (mg + mH) l12 + m1l012 + Jl, mMi2 = M9y = COS (Q1 — QQ) l1l62m2
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The Coriolis matrix (C(q, q)) is:

0 C12 0
C(q> él) = 1 0 0 (42)
0 0 0

where ¢19 = ¢o1 = sin (q1 — q2) l1lcamago

And the gravity vector is:

—g (myly +myley + moles) sin (qq)
G(q) = 0 (4.3)

0

The model described here assumes that transition is instantaneous and a non-sliding
and inelastic ground contact is produced. Based on this, the sudden change of q (the
velocity vector ) can be estimated to the following general expression: ¢* = Hq ™,
where H is the transition matrix that describes the change of speed before (—) and

after (+) the impact assuming the conservation of angular momentum.

hin h
oo | M2 (4.4)
ho1 hao

where

hll :—ll+211COS(204)

) li (301 — licos (2a)) (4 cos (2a)my + 4 cos (2a) my, —my)

hiy = —
my
Ly maly (Ip —1/211 cos (2a)) + 1/4m1l12 + mply? (4.5)
m1l1
hor =—1
L2 (4 2 4 2 —
hap = — = (4 cos (Za)m, 14 cos (2a) mp —m) + 21 cos (2 )
my
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and o = |¢1 — ¢o|/2.
A prismatic retraction in leg 1 and 2 provides the foot clearance, this relative small

retraction is not considered in the dynamic system for the sake of simplification.

4.2.2 Subsystem I: inertia-wheel

The inertia-wheel pendulum was introduced in [84]. The didactic features of this
nonlinear underactuated system soon became popular among scholars in the field of
advanced control schemes. In this application, the inertia wheel pendulum is used
to provide a stable limit cycle to establish a continuous gait between the interaction
of the pendulum (support leg) and a simple pendulum (swing leg). Additionally, the
algorithm is designed to commutate between systems in order to guarantee stable
gait and exponentially fast transitions. Figure 4.2 shows a sketch representation of

the inertia wheel pendulum system used in this analysis.

Figure 4.2: Sketch of the inertia-wheel pendulum system.

The inertia wheel pendulum dynamic model can be written as:

mila® +mgl® + 1+ Jo S| | @ —mogsin(q) 0
- = (4.6)

Jo Jo CjH 0 TH
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where mg = mqle +mgly, J1 = (1/3)mili?, Jo = (myr?)/2, and r is the radio of
the inertia wheel.

In compact form, the system [ is described as follows:

Mud +gu(q) = T (4.7)

where q € R?*! is a vector of generalized coordinates, My € R?*? is the inertia
matrix, gg € R**! is the gravity vector, and 7g € R?*! is the vector of control.

The proposed Lyapunov function is:
L, .
V= §(qu\/IHq +q"K,q) (4.8)

V' is a scalar positive definite function since My is a symmetric positive definite
1
matrix and qTK,q is §(q%kp1 + ¢3k,,) which is positive as long as k,, and k,, are

positive numbers. The control strategy is proposed as follows:

where € = dq — q, e = qq — q and gy(q) is an estimation of the gravity vector.

The time derivative of V is:

Assuming qq is the origin and § = My *(tq — gu(q))

V= —ky§? — kg7 (4.11)

The system is stable as long as k,, and k,, are positive numbers and the gravity

estimation is close to the real value. The vector q is O if the system is around the
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equilibrium point (upright position), since gu(q) = [mogsin(q;) 0]7, so that, the
gravity influence is zero when ¢; = 0, £m, 27, ... £+ nr.

Vs negative semi-definite, thus, by applying Lasalle’s principle, the goal is to find
the largest invariant set, such that Q.M {q: V= 0}. The meaning of having V=0
is either the system is in an equilibrium point (e.g., up right position) or the states
dynamically have reached a stable limit cycle (the inertia-wheel has converged to
a homoclinic orbit) so that, the total energy keeps constant (e.g., interchanges of
kinetic and potential energies take place) during the dynamic evolution of the limit

cycle.

4.2.2.1 Contraction analysis of the inertia-wheel pendulum

If 21 = q1, T2 = q and x = [z &1 @9 )7 the system (4.7) can be re-written as:

0 1 00 0
M. —M
g |main™os 00 0F  Haah) (4.12)
0 0 0 1 0
i d;%ﬁ) mog 0 0 0] i dej\f(l!\l@ i

If the control strategy is 7y = —Kx, where K = [k; ko k3 k4] then the Jacobian of

the system (4.12) is:

0O 0 1 0

0 0 0 1
J= (4.13)

J31 J32 J33 J34

J41 J42 J43 J44_

where
ng _ g (llm;; -+ lClml)QCOS (1'1) + kl <414)
ll my, + lCl mi + Jl
k
Jso 2 (4.15)

N l12mh -+ 1012m1 + Jl
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ks

Jaa = 4.16
5 I2my, + ley®my + 4 ( )
k4
Jag = 4.17
5 l12mh + l012m1 + J1 ( )
J o —th (llmh + lclml) COS ((L’l> — (l12mh + lcl2m1 + Jl + Jh) kl (4 18)
e Jhl12mh + 1012m1 + Ji .
— (*mp + led®my 4+ J1 + ) k
Jig = ( 1 Mp C1 1y 1 h) 2 (4.19)

Jnli2my, + ley*my + Ty

— (1,2 leq? Jo+ ) k
T — (1 mh2+ c1 m12—i— 1+ h) 3 (4.20)
Jhll mp —+ lCl ma + Jl

— (1,2 ley? Jy+ Jn) k
T = (1 mh2+ c1 m12+ 1+ h) 4 (4.21)
Jhll mp + lCl mi + Jl

According to the generalized contraction theorem, if the Jacobian:

F=[0J+0]0! (4.22)

is uniformly negative definite (UND) in a region ||0z|| then [|dx]|, converges to zero
exponentially in that region, thus the system converges to a single trajectory re-
gardless the initial condition. This region depends on the positivity of metric M.
If M is bounded, then the virtual displacements dx leads to squares infinitesimal

displacements dx? Mdx, Thus

|62|]* = 0z 6z = ox" Mox (4.23)
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By taking the derivative with respect to time:

%(&wa) = 0xT(I™™ + M + MJ)ox (4.24)

If the system is contracting, the metric variation JTM + M + MJ must be UND

matrix. Additionally 9 g > 0 such that:
(JTM + M + MJ) < — M (4.25)

Due to dimensionality issues, finding a metric M that satisfies the criteria is highly
complex. An alternative solution to this problem uses an advanced tool based on
the sum of squares (SOS). This method was recently introduced [69] and it is briefly
described as follows. The SOS technique is based on semi-definite programming
which is a subset of convex optimization tools for linear objective functions subject
to linear matrix inequality (LMI) constraints [69]. An interest to find Lyapunov
functions was presented in [65] and more recently for contraction theory via SOS
relaxation in [5].

SOS can handle a relaxation analysis for non-negativity in a multi-variable frame-

work. A set of polynomials f;(x) for i = 1...n € R[x] is a SOS if:

px) = > 1) (4.20)

The existence of such polynomial is a sufficient condition to guarantee non-negativity
(p(x) >0V xeR").

When the metric M is time invariant, it is strictly SOS M(x) as well as —J7
M + M + MJ; these are sufficient conditions to demonstrate contraction over that
metric M(x). This relaxed (approximated) definiteness condition allows using SOS

tools for a numerical search of the coefficients of the metric. For instance, instead
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of searching an UND metric M(x,t), the relaxation condition allows to search for a
particular metric that satisfies this inequality M (x) — eI < 0. The same strategy is
used for R(x) where € is an arbitrarily small parameter. Therefore, sufficient condi-
tion of contraction can be ensured based on these assumptions. A lemma (number
26) taken from [5] establishes:

“FEzistence of a strict SOS matriz M(x) and a strict SOS matriz

~R(x) = —(J™™ + MJ + M) (4.27)

is a sufficient condition for global contraction of an autonomous system %X = f(x)
with polynomaial dynamics”.

Since the dynamics presented in this application are not polynomial, then, an algo-
rithm is introduced in order to guarantee contraction over a region. This is described

as follows:

1. Get the Lagrangian model of the system

T = M(q)4 + C(q,q)q + G(q) (4.28)

2. Obtain the expression of the acceleration of the system:

d =M(q) [t — C(q,q + G(q)] (4.29)

3. Transform the system to the state-space notation: X = f(x). In this case this

eXphCItly iIsx = [i’l,(’tg,.’l‘fg, jf4], where jl'l = ql, l"g = QQ, 51'3'3 = (jl and .i'4 = QQ

4. Matrix A is obtained based on the Jacobian of f(x) with respect to x and B

is obtained on the Jacobian of f(x) with respect of 7.

5. Based on an operation point (along with the desired contracting region) an
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10.

autonomous control approach is used to stabilize the linearized system. That

could be (a linear quadratic regulator (LQR), Hw, etc.), see an example in [6].

Set € an arbitrary small positive value and I is defined as an identity matrix €

R™ " where n x n is the size of A.

Find an initial metric M by initializing a polynomial n x n matrix based on
SOS tools. This procedure can be done with MATLAB toolbox SOS described

in [64], and examples in [5].

. Relax the SOS matrix constraint by finding a suboptimal metric:

M;(x) = M(x) — el (4.30)

Get R(x) by using the close-loop linearised system:

R(x) = [Aa ()] "M, (x) + My(x)Aa(x) (4.31)

Find the largest contracting region by changing the operation point (go to

step 5) and ensuring positiveness of Mg(x) and negativeness of R(x).

This procedure is also used for the subsystem II described in the next subsection.

4.2.3 Subsystem II: swinging pendulum

The second control strategy is designed to keep the other segment (leg 2) of the

biped robot stable, and the following equation describes its dynamic model:

D,,G + Ppg + Py sin(q) = 1 (4.32)

where ¢ is the angular position, ®,, = maly, ®, = by, and @, = mygl, are parameters

of the model.
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A Lyapunov candidate is proposed as:
1 .
V = (@ + ko) (433)

where V' is positive as long as ®,,, > 0 and &,, > 0.

The control strategy proposed is:
Ty = —kyyo + kpyes + Py sin(qy) (4.34)

where ey = ¢og — ¢2, and (fg is an estimation of the gravity coefficient. Then, the

derivative of V is obtained as follows:

: oV oV
V=|=—, —| g, & (m — Opg+ D, s T 4.35
o o] e @ i+ @y sine) (1.3
Therefore, V is:
V = = (kvy + @) (4.36)

In practice, V is negative definite as long as the the gravity parameter is closely
approximated to the real value (i.e., when Ci)g — ®&,) and the viscous friction

coefficient (®p) is positive and k,» is also positive.

4.2.4 Stability and synchronization of subsystems I and II

Subsystem I and II are independently contracting based on the analysis presented
previously. According to the control design the gains meet the contracting condition
are listed as follows:

Controller A) the gains are: k,, = 3514.0 Nm/rad, k,, = 1265 Nm/rad/s, k,, =
5.5 Nm/rad, and k,, = 9.5 Nm/rad/s.

Controller B) the gains are: k,, = 100 Nm/rad and k,, = 6 Nm/rad/s.
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The final control system is:

T2 :kPZ(qu - qQ) - kaQZ + Sl
TH = — ky, (23, — q1) = ko1 — Kpuqu— (4'37)

kaQH + SZ

The next step is to analyse the condition of contracting for the full dynamic sys-
tem in a closed loop. A feedback combination architecture (previously described in

Chapter 3).

+ 522 f 029 + 021 f 021

+ +

Sysr1 Sys1

Ajo [«

Figure 4.3: Feedback control combination of subsystem I and II.

The full system is contracting since both G5 and G, are bound. The potential en-
ergy due to the gravity vector property (2.22) is dissipative. Additionally, the M(q)
is positive definite and according to Equation (2.17) the inertia matrix is bounded
and the inverse therefore exists. In the interval of [—7/2 pi/2] for both ¢;, and ga,
the two subsystems are contracting, so that the property given in Equation (2.17) is

fulfilled over this finite interval. The coupling components Aj5 and Ag; are:

- l 1
Apola—@h 1 oG (4.38)

AZCQ A

and

cos(q1 — q2)l

Aoy —
2 _AZCQ

72— Cagu (4.39)
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where A = cos(q1—q3, [?my — L2, ma—1 2 mp—male > —Jy, Cra = Cgy = sin (g1 — @) l1lcamago
and Gy = —g (mgly + mylc; + maley) sin (qp).

Furthermore, a dissipative function between the two subsystems is added in order

to establish an anti-synchronised leg movement. The synchronization strategy is

proposed by the following structure:

51,2 = 04(6}1 - 612)3 (4-40)

where « should be greater than 0 and the value chosen is 0.5 Nm/rad/s.
Since the system is under-actuated the control system cannot track arbitrarily tra-
jectories. The controller A will provide the output 7 (attached to the inertia-wheel)
such that, it tracks a monotonic self-induced trajectory command. The controllers
added a signal proportionally to both a coupling synchronization parameter a;, and
the velocity difference between the legs. Once the legs are coupled, the speed dif-
ference is zero and no additional signal is added. The external control signal is
proportional to the lack of synchronization. The block diagram shown in Figure 4.4
explains graphically the control system, synchronization and virtual concepts previ-
ously presented in Chapter 3.
The trajectories of ¢; and g9 are constructed by the following nonlinear equations
(4.41).

i =yi + w1 — (27 + )]

(4.41)

Yi = — i + il — (27 + 7))
where z; = q1 + ¢z and y; = ¢1 + ¢o.
According to what leg is acting a support leg the variable ¢ will be used to switch
between leg 1 and leg 2. The trajectory generated by x; will be tracked by the joint
angle between legs. A synchronised sequence of ¢; and ¢ is established by a bilateral

coupling between the nonlinear oscillator in Equation (4.41) and an auxiliary virtual
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Figure 4.4: Conceptual Block diagram of the system design.

one.
The 2D projection of the robot phase portrait shows a close trajectory between the

position and speed of one leg, see Figure 4.5.

4.3 Results and discussions

Figure 4.5 shows the phase portrait of ¢; and ¢;. The initial states, position and
velocity of leg 1 are zero. Moreover, the other leg and inertia-wheel start also at
zero speed and position. The 2D projection of the 6 dimension map of this robot
exhibits an stable limit cycle between position and velocity. Figure 4.6 shows the
difference between the system synchronized by velocity feedback between ¢; and ¢s.
The antagonist movement during gait suggest an evidence to design robust control
based on this coupling of the independent control systems.

The robot without synchronization exhibits irregular limit cycles that eventually

recover the original gait. This low performance limit cycle, in practice implies an
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Figure 4.5: 2D map of the phase portrait of leg 1.

abnormal trajectory that drags legs during the gait.

4.3.1 Transition task: from walking to full-stop

The motivation for finding a control strategy for rapid transitions stems from the
recent use of biped machines and associated technology on exoskeletons and other
wearable technologies. In such walking assistant devices, rapid task transitions might
be the key towards formulating a robust control strategy capable of meeting multiple
objectives simultaneously. One example of this multi-objective function is usually
found when a walker assistant (e.g., exoskeleton device) should minimize the risk of
falling while both muscles, and tendons are not stretching abruptly.

Particularly, this subsection shows the numerical results when the system changes
from a stable dynamic walking sequence to full stop. This test is performed to
estimate the efficiency of the proposed method for such a control problem. In these
simulations, there was no change of gains or structure of the controller, only the
set-point switch to the equilibrium point (i.e., upright position of the legs).

In Figure 4.7 the stop transition was commanded at 2.5 seconds. However, during the
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Figure 4.6: Comparison with the system synchronized controllers and non-
synchronized. (solid-line ¢; dash-line ¢5).

study of this approach, the system was able to find, exponentially, the equilibrium
point. The gains of the controllers and synchronization parameter do not change
during task transition. The Controller is able to maintain the support leg on the
ground while the swing leg position goes to zero exponentially.

It is evident that the inertia-wheel does not represent exactly the dynamic human
behaviour (see Figure 4.9). However, the model proposed with pointed feet and
this compass-gait configuration requires a non-trivial control technique to establish

dynamic stable limit cycles and fast transitions.
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Figure 4.7: Sudden change of task, from walking to full stop at 2.5 s, positions ¢;
and ¢ (solid-line ¢; dash-line ¢3) with respect to time.

4.3.2 Local stability

Contraction theory provides a systematic methodology to ensure stability to hybrid
dynamic systems as it was shown in the previous chapter (see Equation (3.42)). This
condition guarantees convergence towards a single desired trajectory, i.e., the homo-
clinic orbit of ¢; by means of a synchronization approach. However, the discrete
speed transition caused by the ground impacts leads to highly uncertain map transi-
tions, so that, it is unable to satisfy the contracting condition (see Equation (3.42)).
One practical solution to this problem is to study the local stability of the linearised
Poincaré return map [52]. The numerical version of this methodology consists of tak-
ing the state variables either before or after impact and estimating the recurrence
of the states within a specific subspace. When a nonlinear system is asymptotically

stable to the origin then the local stability problem can be studied according the
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Figure 4.8: Phase portrait of Leg 1 when sudden change of task, from walking to
full stop at 2.5 s.

Latest Resuits -

Figure 4.9: 3D view of the inertia-wheel-Biped-Robot walking on the sagittal plane
(X —Y). Simulation performed in MapleSim.
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theorem presented in [30]:

“Theorem: Let 0 be a fized point of a discrete dynamical system based on a C*
mapping g: w — w. If the eigenvalues of the mapping T = g,(0) are less than one
in modulus, then the fized point is asymptotically stable”.

Similarly, for close trajectories a local criterion of stability leads to an estimation
of the sustainability of the limit cycle, see a practical example in [91]. The local
stability of the system can be evaluated experimentally as well as convergence to a
close orbit regardless initial conditions.

The state-space vector of the robot is built as follows:

X = [QDQ%QHaq'laq'??qH]T (442)

Thus, the return map has dimension 5. For this preliminary test, the return map
is taken after the impact and the hyperplane constructed is taken when ¢; = 0 and
g1 > 0. A few initial conditions are set for these simulations. A broad study of

robustness analysis is provided in Chapter 6. The Poincaré return map is given by:

xia(k + 1) = Pxya(k) (4.43)

where x;4 is the lower dimension state-space vector. Eigenvalues of P provide the
numerical evidence of local stability based on the criteria presented in the section

2.3.5.
e Simulation 1: initial conditions x = [-0.1,0,0, —0.5,0,0]”
e Simulation 2: initial conditions x = [-0.1,0,0, —0.25, 0, 0]"
e Simulation 3: initial conditions x = [0.1,0,0.5,0,0,0.12, —0.2]7

e Simulation 4: initial conditions x = [0, 0, 0,0, 0, 0]"
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Figure 4.10: Simulation 1: Graphical representation of Poincaré first-return map for
Q1

The practical implications of generating a set of initial conditions that satisfy stability

require the analysis of the basin of attraction map that requires additional robustness

control implications not described in this chapter.

4.4 Conclusions of the chapter

The dynamic model presented in this chapter is an advanced version of a compass-
gait robot and it was an introductory way to present the potential use of synchro-
nized control. The biped control problem presents many challenges for standard
Lyapunov analysis since it is limited to a specific attractor. The differential frame-
work of contraction creates a novel platform for tracking control convergence. The
system presented in this chapter is studied in parts and a decentralised control ap-
proach guarantees the the partial stability of the subsystem. The property of control
combination allowed to integrate the two subsystems in one full model that is able to
achieve global contraction. The interaction between subsystems must be bounded.

However, in practice, this dynamical interaction plays an important role in general
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Figure 4.11: Simulation 2: Graphical representation of Poincaré first-return map for
Q1

performance as it was shown. The inertia-wheel-biped system was tested to achieve
arbitrarily exponentially fast transitions between walking and stopping tasks. The
under-actuation of this system increases the complexity to guarantee arbitrarily con-
vergence. Despite the fact that a compass-gait robot is extremely sensitive to initial
conditions, the inertia-wheel proposed in this application showed to be stable by
all realistic (at least one foot touching the ground) initial conditions assumed. A
Poincaré analysis reflected stable limit cycles due to the map between support leg
and its velocity. The hybrid nature of the model system limits this analysis from

considering a running task; potentially future work on this system.
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¢

95



Chapter 5

Stable controller design II: 6-DOF

biped robot

5.1 Introduction

This chapter presents a case study of a 6 degrees-of-freedom anthropomorphic-like
biped robot stabilized by an autonomous controller using contraction analysis. The
dynamic model has one-degree of under actuation and different support phases of
the model (e.g., single-support phase double-support phase). The dynamic model
includes a torso as a part of the biped simulation but not part of the biped control
and synchronization scheme. The purpose to have an independent control for the
torso is meant to emulate the upper-side of the reaction forces of a human torso,
which remain under the control of the human agent. The purpose of this system
is to define a control bipedal coordination scheme with realistic reaction forces in
order to ensure a potential use for rehabilitation purposes. The dynamic model is
described in the Appendix B. This chapter defines the control strategy to guarantee
differential stability on the biped model and also describe the transitions between

tasks.
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5.2 Biped robot control design modelling consid-
erations

In Chapter 2, the literature review presented the current limitations of bipedal walk-
ing robots and the complexity to design a controller to ensure stability of the machine
during standing, walking and transition between the two tasks. In order to enhance
safety in this technology, additional considerations must be taken into account, for
example model uncertainties. When the dynamic parameters of the model are not
accurately known some of the approaches proposed in the literature review may not

be a practical choice to be effective in this safety critical application.

5.2.1 General reaction forces

The ground reaction force is another relevant constraint to be considered in the
modelling process. In [101] a pointed feet approach is used so that the dynamic
interaction between the robot and the ground is rigid. In contrast, more recent
approaches use a multi-body foot-ground contact that provides a certain degree of
compliance between the feet and ground. In [53] a multi-body model system is
based on spherical surfaces that represent three-foot segments (hindfoot, midfoot,
and forefoot). The control presented in this thesis assumes this type of model.
An accurate dynamic model of the foot leads to an accurate and realistic dynamic
simulation towards a cost-effective prototype implementation.

According to previous analysis, the biped model described in this chapter is described
as follows:

M(a)d + C(q, 4)4 + G(q) = 7 + Text (5.1)

where the new term I'ey is the generalized vector of the external reaction forces

(ground forces, human-like torso model interaction etc.). This vector of generalized
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external forces is described generally as follows:

Fext = J(q)T)‘(qv (.I) (52)

where J(q) is the Jacobian matrix of the points where the external forces are acting
against the movement. A(q, q) is the expression for the Lagrangian multipliers which

represents the amplitude of the generalized reaction forces:

A=A, AF (5.3)

where ), and \; are the normal and tangential components of generalized forces.

5.2.2 2D Model assumption

Planar Biped robots is a common assumption in many publications, see for instance:
[26, 28, 101, 12, 107]. The models based on planar robots are projections of 3D
dynamic systems which are meant to simplify the dynamic complexity into a lower
dimension scheme. However, for real implementation, the 2D robot modelling and
control design should be experimentally validated in a 3D force environment. In [100]
a detailed description is provided of a supporting system based on a bar attached to
the hips in order to prevent the robot from leaning sideways. This support system
is not intrusive and allows a 2D experimental validation in a 3D setup. The robot
can freely walk on a circular support and the control is focused on maintaining
stable walking in a 2D mechanically constraint system. A counter weight is used
to compensate the gravitational effect of the bar so that the robot is only affected
by its own gravity forces. Previous experimental testbeds for 2D control approaches

were presented for different bipedal machines (e.g., [71]).
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5.3 Modelling

The following subsections show the models of ground reaction forces, the subsystem
I and II. This section is similar to the methodology used in chapter 4. In this case,
the subsystem I is a robot gymnastic model which is used to define the dynamics
of each leg. The two legs have the same dynamics and the parameter identification
method is the same. Subsystem II is composed by a torso which is used to provide
external disturbances to the legs during the walking gait.

A full model of 7-DOF and 1-DOU (1-Degree of Underactuation) robot is provided
in the Appendix B. Experimental simulation is based on the full model, and the

decentralized control and subsystems studied are particularly used for analysis.

5.3.1 Ground reaction forces model

Estimation of the ground reaction forces is based on the experimental acquisition
of real data. The data is taken from an array (i.e., force cells) of pressure sensors
that produce electric signals which provide an estimation of the forces (normal and
shear) during human walking over the force cells. Some authors have reconstructed
an inverse dynamic model from these reaction forces (e.g., [104]). However, this
reconstruction may lead to error propagation in the model identification and also
may produce difficulties to identify external disturbances.

Ground reaction forces for this application assumes a 2D model where the forces
are only over the sagittal axis = and longitudinal axis y (i.e., sagittal plane) are

calculated based on the following nonlinear model:

| Fn (8)] tanh (kmu Vf(2)) 2 (1)
VF(t) + €

Ffo (t) = (5.4)

and for the

V() = V() +5(t)? (5.5)
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and

{_y(t)c —g(t)d  y(t) <0 (5.6)

0 otherwise
The following table contains the initial values taken for the dynamic simulation:

Table 5.1: Ground reaction model parameters

Parameter Symbol || Value || Units
Friction force coefficient 1 mu 0.6 -
Friction force coefficient 2 € 0.01 m/s
Friction force coefficient 3 kmu 10 -
Normal stiffness coefficient c 100000 || N/m
Normal damping coefficient d 5000 | Ns/m

where c is the stiffness and d is the damping. The model includes two sensors located
at heel and toe. This array allows for estimating heel touchdown and the toe sensor

at the end of the support phase before the take-off.

5.3.2 Subsystem I: 3DOF gymnastic robot (Dynamic model

of a single leg)

The gymnastic robot is an underactuated system pendubot-like type. This subsystem
is part of the full biped robot (i.e., a 3-DOF leg) which corresponds anatomically to
the thigh, shank and foot. Each leg will have the same structure and one-degree of
underactuation is assumed during the vaulting of the support leg. A fully actuated
2-DOF dynamics is considered on the supporting leg when the biped is on early
stage phase of the supporting leg. Two dynamic models are assumed during the
early and late stage of the supporting leg phase. In the context of control synthesis
for this robot architecture, there has been increasing interest in proposing new forms
of control. In the 1990s passivity based control was first evaluated for this robot,
see [83]. Later described more in depth on [21] and recently in [106]. Figure 5.1

shows a diagram of the gymnastic robot structure.
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The dynamic model of the Gymnastic model presented in Figure 5.1 is divided into
two parts: 1) A 3-DOF and 1-DOU model when the gymnastic robot is in tiptoe
configuration. The supporting leg is in the last stage of the phase. 2) A 2-DOF
fully actuated when the foot of the supporting leg is on the ground. The supporting
leg is in the early stage of the supporting phase. The following equations define the

subsystem during the early stage of the supporting leg.

M(q)d + C(q, )q+ G(q) +f(q) =7 (5.7)

where: ¢ is a 2 x 1 angular position vector, ¢ is a 2 x 1 angular velocity vector, ¢ is a
2 x 1 angular acceleration vector. M(q) is a 2 X 2 inertia matrix whose components

are described as:

malca + ms(13 + Ic2 + 2lalcs cos(qz) + Jo + J3)  ma(lc3 + lales cos(gs) + J3)

M(q) =
ma(lc3 + laleg cos(qs) + J3) malci + Js
(5.8)
C(q,q) is a 2 x 2 Coriolis matrix term:
) —mslylessin(gs)gs  —mslales sin(qz)(Ge + G3)
C(q,q) = (5.9)

m3l2103 Sin(qig)(b 0

g(q) is a 2 x 1 gravity vector:

males + malagsin(ge) + maleg sin(ga + ¢3)
glq) = ‘ (5.10)
msle3gsin(qa + g3)

and f(qg) is a 2 x 1 vector that represents both Coulomb and viscous friction torques:

() = bado + fer891(G2) (5.11)
b3z + fess9n(qs3)
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A large study conducted by David A. Winter shows a summary of the human biome-
chanical structure which is parametrised according to total body mass and height
of the individual [104]. These human parameters are used in this analysis as the
first approximation for the parameter identification algorithm. This algorithm uses
a lumped parameters approach in order to extract the real parameter values. Ac-
cording to Dempster et.al. the following proportions of each segment are shown as

follows, see more details in [104].

Table 5.2: According to [104] initial values suggested

ly I3 leg || le3 mao msg
0284 || 024H || 2 || & | 0.046M7 || 0.1M7

The height and the total mass of the subject are: H = 1.8 m and My = 80 kg.
The inertia moment is estimated by using the formula of a cylinder bar and centre
of mass located at the mid point of the bar. The initial estimation J, = %mll% kg

m? and the gravity is g = 9.81 m/s°.

Figure 5.1: Conceptual diagram of the Gymnastic Robot.

The equations for the gymnastic model during the last stage of the supporting leg
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phase are based on a 3-DOF and 1-DOU.

M(q)gG+ C(q,q)q+ G(q) +f(q) =T (5.12)

where

mi; Miz M3
M(q) = M1 Moy Tas (5.13)

m3z1 M3z 1M33

and myy = 21ylegms cos (g2 + q3)+2 11 (Ilamg + leama) cos (q2)+2 l2lezms cos (q;3)+(l12 + 1% + 1032) ms+
lei’my + lea®ma + WPma + J1 + Jo + J3
mia = may = l1lcsms cos (g2 + q3)+11 (lamg + leama) cos (g2)+2 laleczmg cos (q3)+(l22 + l032) ma+
leo’my + Jo + J3
mi3 = m31 = lalesms cos (q3) + l1lcamsg cos (g2 + q3) + les®ms + Js
mag = 2lalesma cos (q3) + lo>ma + les>ms + leg’>my + Jo + J3
ma3 = m32 = lplesms cos (q3) + les®>ms + Js
maz = les®mg + J3

ci1 c12 €13

Cla,4) = |co1 c20 23 (5.14)

€31 €32 €33
c11 = (—2lilamsquy — 211lcamaquy) sin (q2) + (=211 lesmaquy — 211 lesmsqus)
sin (g2 + q3) — 2laleamsqus sin (g3)
c12 = (—lilamsquy — l1lcomaqus) sin (g2) — sin (g2 + g3) l1lesms qus
c13 = —sin (g2 + g3) l1lesms qus — lalesma qug sin (g3)
co1 = (lilamsquy + lileamaquy) sin (q2) + sin (g2 + q3) l1lesms quy
ca2 = —2lalcamsqus sin (g3)
ca3 = —laleamaqussin (g3)
c31 = sin (g2 + ¢3) lilesmsquy + sin (g3) lalesma quy

c32 = lalcams sin (q3) quy
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c33 =0
g1
G(a) = | ¢ (5.15)
g3
g1 = (legms cos (g1 + g2 + q3) + (lams + leama) cos (q1 + ¢2)) g
(+ (lima + lymg + leyma) cos (q1)) g
g2 = (lesms cos (q1 + g2 + q3) + (lams + lcama) cos (g1 + q2)) g

g3 = leamszcos (g1 +q2+¢q3) g

f(q) is
bigr + feysgn(dn)
£(&) = | bago + fepsgn(do) (5.16)
b3gs + fessgn(ds)
Table 5.3: According to [104] initial values suggested
ly ly l3 le | lea || les my ma ms
0.15H | 0.28H [[024H || & [ &2 || & [ 0.014M7 || 0.046M7 || 0.1Mr

Figure 5.2 represents the 3-DOF gymnastic model seeing from the sagittal plane.

The lower-leg description of the biped robot is giving by 2 gymnastic robots acting
each of them as independent legs. Each leg then is a 3-DOF during swinging leg
phase and a duality configuration between 2-DOF and 3-DOF during the supporting
leg phase. The system is designed to have an actuator for each joint independently
of transitions when these joint remain passive during the ground flat contact period.
However, the upper body dynamics must be taken into account in order to have a
realistic scenario during the walking gait sequence. The following subsection deal

with that part of the dynamic system.

5.3.3 Subsystem II: Torso dynamics

Subsystem II is used to provide the upper body load for the lower-limb biped system.

The external forces acting upon the legs are inevitable and the lack of synchronization

104



Figure 5.2: Conceptual diagram of the 3DOF Gymnastic Robot.

between the upper body and lower body increases the energy demand during gait.
The dynamic equation for a simplified torso is based on Euler-Lagrange equation
previously introduced in Chapter 3 and now incorporating a realistic mechanical
description:

[J+ le]c'jt + frde + [mele + ml]gsin(q) = 7 (5.17)

and

f(ar) = bege + fe,sgn(de) (5.18)

The values proposed for this upper load are shown in Table 5.6.

A suitable arrange of sensors are mounted and absolute angular speed and position
are estimated. A Proportional+Derivative+Gravitational compensator is used to
maintain the upright position in all the phases and tasks of the biped gait sequence.

The dynamic compensator and its stability proof are provided elsewhere, [86], [42].
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Table 5.4: Leg’s parameters suggested

Parameter Symbol || Value || Units
Length link 1 [ 0.27 m
Length link 2 Iy 0.51 m
Length link 3 l3 0.44 m
Mass link 1 my 1.16 kg
Mass link 2 mo 3.72 kg
Mass link 3 mg 8.0 kg
CoM Link 1 le 0.1368 m
CoM Link 2 leo 0.2565 m
CoM Link 3 les 0.220 m
Inertia Link 1 J1 0.028 | kgm?
Inertia Link 2 Jo 0.326 || kgm?
Inertia Link 3 J3 0.518 || kgm?
Viscous coeflicient 1 by 0.6 Nms
Viscous coefficient 2 by 0.25 Nms
Viscous coefficient 3 bs 0.25 Nms
Coulomb coefficient 1 fa 1 Nm
Coulomb coefficient 2 feo 0.75 Nm
Coulomb coefficient 3 fe3 0.75 Nm
Gravity g 9.81 m/ s>

Table 5.5: According to [104] the following antropomorphing values are suggested.

m [
0.223M || 0.43H

o~
o

Mme

0.11M

N | =~

5.4 Parameter identification

Previously, this thesis has shown the importance of having knowledge of the dynamic
system in order to impose any of the stability criteria. For a relatively simple biped
mechanical system (e.g., rabbit [10]) that still represents human bipedal walking,
there are multiple challenges to implement partial feedback linearisation and impose
virtual constraints on real-time. These challenges become overwhelming when more
degrees of freedom are incorporated.

Parameter identification emerged as a useful tool to determine the real parameter
values when the structure of the plant does not change. The plant dynamic system

may be nonlinear in terms of the state-space vector, but can be linear in parameters.
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Table 5.6: Real values suggested for torso.

Parameter Symbol || Value || Units
Length link l 0.7 m
Mass link my 1.5 kg
CoM Link l, 0.7 m
Inertia Link J1 0.028 || kgm?
Viscous coefficient b, 0.6 Nms
Coulomb coefficient fa 1 Nm
Gravity g 9.81 m/ s>

This feature allows to the designer to identify lumped parameters in a certain level of
precision such that the model can be dynamically reconstructed. The control design
can achieve high performance and potentially can add adaptability features. Due to
this potential a parameter identification method is shown for the subsystems I and 11
in order to include such approach to the whole design. The importance of parameter
identification for this biped robot application is fundamentally motivated by the fact
that motorised bio-mechanical artefacts deal with uncertain and variable dynamic
parameters. An adaptive approach may lead to a more cost-effective solution in this

rehabilitation-oriented application.

5.4.1 Parameter ID: Subsystem I

Since the system in Equation (5.7) is linear in parameters, the model can be rewritten

as a function that depends on positions and their derivatives. That is:

M(q)§+ C(q,q)¢ +g(q) +f(q) = Y(¢, ¢, )P =7 (5.19)
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where © = [¢1, o, ¢3, P4, &5, B, Pr, ds, do]” can be defined by:

mylZ + malf + molly + L 4 I

lymales

mol%, + I
g(leymy + maly)

¢ = gmales
b
by
e
e

(5.20)

Based on Equation (5.7) and the lumped parameters proposed in Equation (5.20),

Y(q, ¢, §) corresponds to Equation (5.21) which is a 2 x 9 matrix:

o Y11 Y12 Y13 Y14 Y35 Yie Yi7 Yig Yig
Y(q.4,¢) =
Y51 Yoo Yoz You Yo5 Yog Yor Yag Yog

where

Yii=aq

Yi2 = 31 cos(g2) + 1 sin(g2)(¢1 — 2¢2)
Yis=aq

Y14 = sin(q)

Yi5 =sin(q1 + ¢2)
Yie = ¢1

Yiz=0

Yis = sgn(qi)
Yio=0

Y51 =0
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Yoy = G cos(qa) — sin(ga)¢?

Yo3 = 24
Yo, =0

Yo5 = sin(q1 + ¢2)

Yo =0
Yor = ¢o
Yos =0

Yag = sgn(do)

The identification system is evaluated using values similar to those in [42].

An estimation of ® can be called ® and it is calculated based on Least Mean Squares
(LMS) algorithm. Minimization of the LMS difference between the parameters ®
(obtained experimentally by the output signals in matrix Y') and the estimation of
the model. A partial derivative of the LMS with respect the parameters ® equalized

to zero gives the parameter estimated from:

o= (Y'Y, + \)7'Y,m, (5.22)

where I is the identity matrix, ) is a constant regularization parameter (when Y]'Y;
is ill-conditioned), i = 1...Ng (with Ng being the number of the samples, Ng = Sim-

ulationTime/SampleTime and Y; is 2i x 9 and 7; is 2i x 1.
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The system can be described with the following model based on vector ®:

N ¢1 + 202 cos(qz) @3 + 2 cos(qz)

Ni(q) = (5.23)
I $3 + ¢2 cos(q2) ¢3
Ela.q) — —2¢ysin(q2)Ge  —p2sin(q2)g2) (5.24)
P2 5in(g2) 0

5 — pasin(qr) + dssin(qr + g2) (5.25)
¢s sin(q1 + ¢o)

B = [ d6G1 + Pssgn(qr) (5.26)
L P72 + dosgn(ga)

The vector 7 = [1; T»]7 is the excitation signal given by:

71 =3.53[(1 — exp ®) + sin(10.8¢) + 0.5sin(24.6t) + 0.25 sin(43.2¢)
(5.27)

75 =0.81[(1 — exp %) + cos(2.2t) + 0.405 cos(4.44t) + 0.201 cos(8.88t)

Equation (5.27) are signals that improve the conditioning of the identification matrix,
these values were similar to values chosen in [42]. For the 3-DOF identification with

1-DOU the vector parameters ® and Y is shown in Appendix B.

5.4.2 Parameter ID: Subsystem II

The subsystem model identification algorithm is designed to find the parameters of
torso dynamic system presented previously. In general, the second subsystem and

its actuator can be written as:

(J +ml*)§ + frg+ (mply +ml)gsin(q) = 7 (5.28)
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JL . fL KaKb . kL . Ka
(25 )it (e 2+ BB ) g Bsint) = T2or 529)

where k; = g(myply + ml)
Equation (5.29) can be rewritten as a linear map between the input voltage vr and

the output vector Y(q, 4, §) as follows:

K,
Y(q.q,G)® = 5.30
(¢,4,4) BT (5.30)
where ® = [y, ¢, ¢3]7 can be defined by:
Jm + 2%
b = fm + J:_é + K]t%fb. (531)
kp

r2

and Y(q, ¢, §) is written based on Equation (5.29), so that Y is proposed as follows:

Y(Qadad):{sin(q) g q] (5.32)

The following section describes the main contribution of this thesis.

5.5 Stability analysis

Stability of the biped robot presented in this chapter is studied in the same manner
as for the inertia-wheel biped robot formulated in Chapter 4. The main reason
to find the closed-loop conditions that guarantee differential stability is meant to
ensure convergent limit cycles during motion and smooth transitions towards the
balanced stand-up position. Contraction theory is used as a fundamental tool to

guarantee this type of stability but also to establish synchrony among the moving
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parts. The method to establish stability criteria is divided into two parts, first
passivity property is shown for each component of the biped robot in order to use
the closed-loop differential analysis that leads to partial contraction.

In order to verify passivity condition of the subsystem I (3-DOF and 1-DOU) the

total energy is calculated as follows:

F = J4"™™(a)d + P(a) (5.33)

where: P(q) is the potential energy of the system.

P(q) = (malig + mzlig +malcig) sin (q1) + (lamag + leamag) sin (g1 + g2)
+mglezgsin (g1 + g2 + g3)

Therefore, from Equations (2.22) and (5.12) the first derivative of F is obtained as
follows:

B = 4"™M(@)d + 2a"M(@)q + G(a) g (5.34)

since § = M(q)~![r — C(q, §)4 — G(q))]

and by compensating the viscous friction torques:
Cla.@)a = C(q, @)q + F(4) (5.35)
Then, E yields

B =47 — C(a,@)d — G(a) - F(@)] + 56™NM(@)d + §"Gla)
(5.36)

Thus, there exist an energy shape controller in order to keep the passivity properties
of the system, see [21]. A PD control strategy ensures such a condition so that

differential stability via contraction can be applied directly.
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5.5.1 Contraction analysis

Based on the previous results the contraction analysis shows the conditions to achieve
contraction on the gymnastic dynamic model that describes one leg of the biped
robot. Then, the coupling dynamics boundaries are guaranteed in order to induce
contraction of the dual gymnastic models (legs). These two models are coupled by
a feedback combination as described in [81]. According to [48] “contraction analysis
may be used as a more precise alternative to zero-dynamics analysis [37]. Consider
an n-dimensional system x = f(x, u,t) with measurement y = h(x, t). Assume that
repeated differentiation of the measurement leads to y(p) = g(x, u,t) with p < n,
where one can choose a control input such that the whole dynamics behaves as a
contracting linear design in y, ..., y(p).”

The stability analysis for this system is based on what has been treated in Chapters 3
and 4. Therefore, based on a dynamic model (5.12) there exist a metric variation
UND like ((4.25)) such that a contraction of the system is ensured. Due to the
complexity of calculating contraction conditions (same issue presented in Chapter 4);
the linearised Jacobian and SOS tools find the largest region of contraction to satisfy
the existence of (Equation (4.27)). This process is numerically calculated by using

the following sequence:
1. Declare symbolic variables of the model Equations (5.12).
2. Define § in terms of the other variables, (see Equation (4.29)).

3. Obtain the state-space model based on the following MATLAB code:

1 fx=[gvl;qv2;gqv3;qa(l,1);qa(2,1);q9a(3,1)1;
2 x=[gl,q2,93,9vl,qv2,qgv3];

3 U=[ul; u2; u3l;
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4. Set the initial condition xy and obtain the Jacobian:

1 As=subs (jacobian (fx,x));
2 Bs=subs (jacobian (fx,U));
3 C=[1 00O0O0O0;0100O0O0;0010P0O01;

4 D=[0;0;0];

5. Obtain a multivariable controller (via LQR, H-oo, NMPC), see an example

in [6].
6. Define € and I in R**4,

7. Start an SOS structure and obtain initial Metric M:

1 SYS = sosprogram(x);
2 [SYS,M]=sospolymatrixvar (SYS,monomials (x,0), ...\

3 [4,4], 'symmetric');

8. Obtain the structure of SOS by relaxing the suboptimal metric:

1 SYS = sosmatrixineq(SYS,M—eps*I, 'quadraticMineq');

9. Get R(x) based on the system in closed loop from the Equation (4.31):

10. Find the structure of SOS so that satisfy the negativity constraint of R(x) (use

the following code):

1 SYS = sosmatrixineq(SYS,—R—eps*I, 'quadraticMineq');

11. Verify the largest region in the state-space where the system is contracting.
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5.5.2 Control combination

As well as the previous bipedal analysis a feedback combination is used in this 6-DOF

mechanism in order to guarantee the full model contraction. See Figure 5.3. The

+ / ’ As PO— J -

+ +“

Legg Lega

Aq2

7

Figure 5.3: Feedback control combination of dynamic model of Leg A and Leg B.

condition for general contraction requires that Ao, and Aq, are bounded. According
to (2.17) matrix M is bounded when the joints are revolute type. In this system,
the Coriolis matrix is highly coupled between system LegA and LegB. Coriolis cross-
terms grow exponentially to the joint speeds. There exist a number kC}; > 0 such
that:

1C(a, x)y [l < kCul|x]l[ly]] (5.37)

For all q,x,y € R”, see more details in [42]. The quadratic growing of the cross terms
represents important interaction torques among joints that, in practice, produce
detrimental performance in the dynamic balancing. For runner robots, this may be
one of the main reasons the joint compliance plays an important role in reducing

such joint interactions caused by Coriolis effects.

5.5.3 Walking coordination details

The synchrony of each segment of the leg can be coordinated by using a virtual

constraint approach which requires dynamic stable orbital homoclinic oscillations
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in synchrony. The purpose of dealing with virtual constraints is meant to simplify
the control problem by assuming a lower dimensional system. When the system
is virtually reduced the inherent complexity of a nonlinear model depends on a
single limit cycle that coordinates the whole system. In this context, the controller
computes a feedback joint actuation for multiple links during different tasks and
their transitions based on this periodic limit cycle.

In the last years, a formal analysis of this concept of virtual constraints was presented
by [9] and then explained extensively in [100] and used in different publications (e.g.,
[25]). Based on these previous publications this thesis proposes a similar multi-
link coordination approach based on virtual holonomic constraints and the inherent
synchronization condition given by contraction theory. Omne of the challenges for
this approach is the inclusion of feet, in comparison with previous publications, e.g.,
[10, 9, 25]. The extra complexity of the model presented in this thesis assumes 1-
DOU implies difficulty since it is not feasible to find a periodic solution during the
toe support phase. Nevertheless, the proximity of the trajectory planned online is
sufficient to keep the system recovered on each step. A biped stable walking gait
task is considered “a controlled falling” (coined by Greg Faxon, June 2014). In the
same logic, the dynamic stability is recovered on each transition by taking over the
support leg in a synchronized manner. Each leg during both phases requires a time
invariant trajectories for performing minimum energy consumption on each step.
Previously, [25] shows how to achieve invariance condition based on a set of Bézier
polynomials for a compass-gait biped robot under virtual constraints analysis. A

one-dimension of M degree Bézier parametric curve is defined as follows:

M
M-k
;a’“k'M ol sh(1 — s) (5.38)

where the interval b; : [0, 1] € R defined by M + 1 coefficients a4. A simple imple-
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mentation program for Bézier parametric curve is shown as follows:

1 %Control Points

2 x=[0 1 2 31];

3 y=[0 =2 4 3];

4 Ts=0.01; % Resolution
5 s=0:Ts:1; % s=[0, 1]

[

6 % Bezier Algorithm (cubic curve n=3)

7 % B(n,t)= sum [(1—t) " (n—1) ][t 1i]*wi; i=0..3

8 Px = (1—s). 3%xx(l) 4+ 3xs.x(l—s). " 2*x(2) + 3xs.72.%x(1l—s)*x(3) +
s. 3%x(4);

9 Py = (1—s). 3%y (1) + 3%s.%(1l—s)."2xy(2) + 3xs.72.%x(1l—s)*y(3) +
s. 3xy (4);

10 figure(1l);

11 plot (Px,Py,'b', 'LineWidth',2); %Points of the arametric curve

12 xlabel( '${s}$', 'interpreter', 'latex', 'Fontsize', font)
13 ylabel ( '$BS$', 'interpreter', 'latex',6 'Fontsize', font)
14 grid

15 hold on

16 plot(x,y,'r+', 'LinewWidth',2); %$Control points

17 hold off

The following Figure shows the Bézier curve generated with the code previously

presented.

5.6 Results and discussions

Based on the exhaustive search of a Metric M presented in section 5.5.1, the con-

troller gains that guarantee the largest basin of attraction are shown in the table 5.7
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Figure 5.4: One dimension Bézier curve Degree M = 3.

and the control law for each leg is shown in equation 5.39.

q2

ki ke ki k g

Weg,, = 11 12 13 14 2 (5.39)
ka1 koo kog Koy q3

3

The coupling control uyg is shown is shown in equation 5.40.

ug = kp,qu + ki, qu (5.40)

where k,,, = 200 and k4, = —50 are chosen based on the condition presented in the
contraction analysis. A simple gait test of the whole system is shown in the following
simulation. A gait sequence experiment is performed at a walking rate of 5 steps/10
seconds, the velocity obtained at this rate is 0.325m /s according to the size proposed
and standard normalized values shown in table 5.4. The Figure 5.8 shows the ankle

angular and velocity joint evolution through time. Similarly, Figure 5.10 shows the
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Table 5.7: Control Gains for each Leg

Gain Description Value Unit
k11 || Gain to join 1 (due to position 1) || -731.06 || Nm/rad
k1o || Gain to join 1 (due to position 2) || -198.63 || Nm/rad
ki3 || Gain to join 1 (due to velocity 1) || -189.63 || Nms/rad
k14 || Gain to join 1 (due to velocity 2) || -53.48 || Nms/rad
k21 || Gain to join 2 (due to position 1) || -46.23 || Nm/rad
koo || Gain to join 2 (due to position 2) || -469.32 || Nm/rad
ko3 || Gain to join 2 (due to velocity 1) || -14.56 || Nms/rad
kas || Gain to join 2 (due to velocity 2) || -116.9 || Nms/rad
kn1 Gain hip (position) -200 Nm/rad
ka4 Gain hip (velocity) -116.9 || Nms/rad

Latest Results

Figure 5.5: 3D projection of the 6-DOF Biped-Robot walking in straight line.

knee position and velocity evolution through time. The hip joint presented on Figure
5.12 as well as the Figure 5.13 presents the evolution of the hip joint evolution in
time and its phase portrait respectively. The close trajectories of the Poincaré maps
are the practical evidence of the local stability of the three joints independently. The
leg commutation induces a discrete change of velocity for each joint. The changes are
caused every time the foot touches the ground and since each foot has two sensors
the discrete transitions occur four times each stride. The simulation also reveals an
adjustment of the desired trajectory in order to keep dynamic balance on each stride.

A plot of the vertical position and velocity of the hip joint is shown in Figure 5.6.
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Figure 5.6: Limit cycle of the hip joint (position vs. velocity) of the Y-axis during
10 seconds of simple walking gait.

Figure 5.7: Horizontal Position of the Ankle Joint for three different speed com-
mands, (blue-low speed, red (dash-dot)-medium speed and black (dash-dash)-high
speed).

The cyclic behaviour of the stable gait is preserved even though the discontinuous

transitions due to impacts on the ground. For different velocities on the gait cycle,

the Figure 5.7 under the same dynamic model and controller conditions shows the
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evolution of the foot horizontal position (X-axis) over time. It is shown transitions

between the stance and swing phases of the right foot (ankle joint).

0 1 2 3 4 5 6 7 8 9 10

Time (s)

Figure 5.8: Time evolution of ankle position and velocity during the gait.
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Figure 5.9: Phase portrait of ankle joint evolution during the gait.

Walking gait over different circumstances requires adjusting the height of the step in

order to prevent collisions over rough terrain. The control action requires a change in
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Figure 5.10: Time evolution of knee position and velocity during the gait.
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Figure 5.11: Phase portrait of knee joint evolution during the gait.

order to generate stable limit cycles that guarantee feet clearance in a range of values.
The simulation presented in Figure 5.14 shows a family of curves drawn by the right
foot in order to avoid a collision in a range of height values. The various changes
of the gait for feet clearance also modified the limit cycle of the vertical position of

the hips, and Figures 5.15, 5.16, 5.17, 5.18 show how the controller adjusts to this

122



Time (s)

Figure 5.12: Time evolution of hip position and velocity during the gait.
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Figure 5.13: Phase portrait of hip joint evolution during the gait.

condition automatically.

One of the major achievements of synchronise the dynamic movements during the
gait is related to improve fast transitions towards equilibrium. Arbitrarily and expo-
nentially fast transitions is one of the fundamental characteristics proved with con-

traction theory. The following simulations shows the system transition from walking

123



0.251

0.2r

0.1r

0.051

Figure 5.14: Family of trajectories that guarantee feet clearance over a range of
values. (blue-dot 0.3m, x-black 0.2m, —red 0.15m, solid-black 0.1m, solid-blue 0.05m.
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Figure 5.15: Hip limit cycles during walking gait with a foot clearance of 0.05m.
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Figure 5.16: Hip limit cycles during walking gait with a foot clearance of 0.1m.
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Figure 5.17: Hip limit cycles during walking gait with a foot clearance of 0.2m.
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Figure 5.18: Hip limit cycles during walking gait with a foot clearance of 0.3m.

to stopping in a safe double stand configuration. Figure 5.19 shows the vertical po-
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Figure 5.19: Vertical Position of the hips (ypips) vs. time when a fast transition
from walk to full stop is induced by the program at 5 s.

sition of the hips transition from walking to full stop. The program induces the stop
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at 5 s. In previous simulations when the robot stops spontaneously the reason is

caused by the lack of synchronization.
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Figure 5.20: Vertical Position of the right foot (yfoot) vs. time when a fast transition
from walk to full stop is induced by the program at 5 s.

Note that both Figure 5.20 and 5.19, the robot completes the stride before stopping.
A double stand is a safe configuration for a sudden stop, however the algorithm can
be designed to transition to single support.

A simple comparison between human gait and the biped robot presented in this
chapter is shown in the Figures 5.21, 5.22 and 5.23. These comparisons show the
evolution of two strides of both human data taken from [104] and the biped robot
presented in this thesis. The differences between clearly introduced the requirement
of further analysis between the human dynamic interaction and the robot dynamic

control approach has been presented.
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Figure 5.21: Ankle angle evolution of both: human ankle (dash line) vs robot ankle
evolution (blue), human data taken from [104].
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Figure 5.22: Knee angle evolution of both: human knee (dash line) vs robot knee
evolution (blue), human data taken from [104].

5.7 Conclusion of the chapter

This chapter presented the major finding in this thesis; the analysis of contraction in

closed loop establishes a control design methodology to maintain a differential form of
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Figure 5.23: Hip angle evolution of both: human hip (dash line) vs robot hip evolu-
tion (blue), human data taken from [104].

stability. Similar to Chapter 4 a systematic method that estimates local controllers
and coupling components was depicted in detail. The first part of the Chapter
subdivides into three subsystems the whole anthropomorphic biped robot dynamic
model. Some model assumptions are considered in order to simplify the control
design. However, the full model is described in Appendix B by using Euler-Lagrange
equations approach. Since the system is linear in parameters a strategy to estimate
a set of lumped parameters for subsystem I and II is proposed. The main advantage
of this strategy that it is effective for an online identification control approach. The
control design was synthesised by analysing each subsystem via contraction analysis
and its theorems on combinations. A method is proposed to calculate a multivariable
controller in order to keep contraction and minimization of the control action during
the gait. A SOS tool was used to guarantee positiveness of the metric and UND
generalised Jacobian. Rapid transitions from stable dynamic walking to full stop
among some other numerical experiments validated the theoretical results. The

system preserved stable limit cycles during the gait despite the complexity of the
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nonlinear model, nonlinear ground reaction forces and the external disturbances. In
summary, this control approach reshapes the dynamics the two-leg model, which is

inherently unstable and has proven difficult to make fast transitions.

130



Chapter 6

Robustness analyses of the control

architecture

6.1 Introduction

Bipedal locomotive systems are a class of complex dynamic systems with clear open
control problems [29]. In particular, anthropomorphic robots with a few degrees of
freedom are quite different to their biological human counterparts with nearly 350
muscle pairs [96]. However, a step forward in the design of such biped machines is
related to analyse the robustness of the system in closed loop. A robust control strat-
egy ensures stability regardless of parametric, structural and external disturbances.
The problem to design a robust control for parametric uncertainties represents a big
challenge. By adding external and structural uncertainties the stability is compro-
mised unless the controller systematically ensures stable performance over specific
boundaries. This chapter presents a set of numerical validation of the robustness of

the control system presented in the Chapter 5.
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6.1.1 Robust control

A formal definition of robustness is given in [80]:

“Robustness is the sensitivity to effects which are not considered in the design, such
as disturbances, measurement noise, unmodelled dynamics, etc. The system should
be able to withstand these neglected effects when performing the tasks of interest”.
The classic PID control is well known as a robust control in the industry since it
can withstand disturbances as well as input-output noise, and unmodelled dynam-
ics. However, To the best of the author knowledge, there are no analytical proofs
of robustness when PID control is applied to nonlinear systems. In contrast, Sliding
mode control (SMC) is an advanced form of control that provides analytic bound-
aries by means of a set of inequalities on the design stage. The bounds where the
controller ensures stability depend on certain gain margins. If the controller deals
with parameter uncertainties, a prior knowledge of the boundaries of such parame-
ters is required. Similarly, H,, control requires some level of structural information
of the plant to be effectively implemented on the plant. For this application, due
to the complexity of the system, the control robustness is numerically evaluated as

preliminary results of this research.

6.2 Evaluating parametric uncertainties

This section explores the capacity of the controller to withstand parametric changes
of the system. In order to be congruent with the model, the parametric changes
proposed are similar to the parameters variations that a human experiences on a
daily basis. For example, the mass on the torso can be changed and explore the
boundaries where the control looses stability during normal gait excursions. Since
the torso is modelled as a simplified version of a human torso, additional parameters

can be changed in order to produce human-like external disturbances along the hip
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joints.

6.2.1 Head mass uncertainties

The following numerical simulations show the control performance for a set of head

mass variations. The values selected for these simulations are 0.5kg, 1kg, 2kg,4kg,8kg

and 11.25kg.
0.2
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Figure 6.1: Hip limit cycles during walking gait when the system experiences mass
variations over the head: 0.5kg.

Figures 6.1, 6.2, 6.3, 6.4, 6.5, and 6.6 plot a Poincaré map of the vertical position and
velocity (Ynip — Unip) on the hips. Additionally, Figure 6.7 describes the trajectories
that the right foot performs over the previous 6 numerical simulations.

In this set of simulations, the gait sequence maintains stable limit cycles over a
relatively large range of mass variations. The frequency of the cycles is adjusted by
the controller according to the mass. Autonomy of the control strategy allows this
adjustment with no additional programming code. There is an inverse proportional
ratio between the mass (added to the head) and the gait speed over the cycles. Once

the control strategy is not capable to cope with large mass variation the gait sequence
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Figure 6.2: Hip limit cycles during walking gait when the system experiences mass
variations over the head: 1lkg.
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Figure 6.3: Hip limit cycles during walking gait when the system experiences mass
variations over the head: 2kg.

is lost at 11.25 kg. Additional strategies can be added to the control programming
code in order to avoid falling (e.g. emergency stop). However, this set of simulations

presents a primitive strategy that can be used as a general control framework.
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Figure 6.4: Hip limit cycles during walking gait when the system experiences mass
variations over the head: 4kg.
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Figure 6.5: e) hip limit cycles during walking gait when the system experiences mass
variations over the head: 8kg.

6.2.2 Torso length uncertainties

Similar to the head mass uncertainties the following simulations show the control

robustness when the system has large uncertainties of the torso length (see Figures
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Figure 6.6: hip limit cycles during walking gait when the system experiences mass
variations over the head: 11.25kg.
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Figure 6.7: Family of trajectories of the Ankle joint position for head mass variation.
(solid-black 0.5kg solid-blue 1kg solid red 2kg x-black 4kg dot-blue 8kg.

6.8, 6.9, 6.10, and 6.11).
According to the standard measures proposed in this work, the torso is proportional

to a man of 1.8 m tall. The initial torso length is 0.75 m and selected values were
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Figure 6.8: Hip limit cycles during walking gait when the torso has a length of 1m.
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Figure 6.9: Hip limit cycles during walking gait when the system has a length of
1.5m.
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Figure 6.10: Hip limit cycles during walking gait when the torso has a length of
1.75m.

used to evaluate the maximum length that keeps the system both dynamically stable
and upright position.

An interesting result of this simulation is the fact that the system stops the gait
at some point when the length of the torso is 2.12 m. The gait synchronization is
unable to establish the coupling condition among subsystems, which is not satisfied.
In the Figure (6.11) simulation shows an unstable behaviour when the system has a
torso of 2.25 m. Further study must be carried out to find analytically the bounds
of this coupling condition. SMC and Nonlinear Model Predictive Control (NMPC)
are alternatively control methods that can be incorporated during future studies in

order to define close results.
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Figure 6.11: Hip limit cycles during walking gait when the torso has a length of
2.25m.

6.3 Evaluating structural discrepancies

During all previous simulations, the torso was assumed a link with length Iy, a
mass my4 and a centre of mass l.4. For the following set of simulations, the torso is
connected to a couple of links (arms) in order to provide a structural discrepancy in
the whole dynamics. The two links attached to the torso are modelled as other links
of the model. Further details are presented in Appendix B. A 3D view of the biped
robot with arms is presented in Figure 6.12. The masses in the COG of the arms
weight 1 kg and the length of the arms is 0.6 m each. The oscillation of the arms is
in synchrony with the legs moving. When the oscillation of the arms is intentionally
anti-synchronised with the legs moving the algorithm stops the cycle at some specific
point in order to maintain balance. Figure 6.14 shows a truncated limit cycle due
to the induced stop after losing synchrony across the whole dynamic system. The

arms movements and stable fix positions were tested in the model over a large range
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Figure 6.12: 3D view of the 6-DOF biped-robot with arms walking in straight line.
Simulation performed in MapleSim.
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Figure 6.13: Limit cycle of the hip joint (position vs velocity) of the Y-axis during
10 seconds of simple walking gait and arms attached to the torso in synchrony with
the legs movement.

of frequencies and positions and the robustness of the controller neglected all these
disturbances. The only important effect was the lack of synchrony that commands

a full stop and keeps the balance in the upright position.
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Figure 6.14: Limit cycle of the hip joint (position vs velocity) of the Y-axis during 10
seconds of simple walking gait and arms attached to the torso anti-synchrony with
the legs movement.

6.4 Evaluating exogenous disturbances

External forces acting against the movement may be related to rotational torque
on the hips, forces and torques acting on the joints and terrain disturbances. The
following simulations show the response to such external disturbances in a range of

values in order to approximate the basin of attraction of the system in closed loop.

6.4.1 External force disturbance to the head

The following set of simulations induces an external force giving by the following

expression:

Flp = Ae " sin(2nft + ¢) (6.1)
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where A is the amplitude of the force, b is the damping coefficient, f is the frequency
and ¢ is the phase of the signal in radians. The simulations start with an amplitude
A = 5N, frequency of f=1Hz, damping coefficient of b = 257! and ¢ = 0. The external
force starts at t=2s. The amplitudes considered for the following simulations (Figures

6.15, 6.16, 6.17, and 6.18) are 5N, 10N, 15N, and 20N respectively.
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Figure 6.15: Hip Limit cycles during walking gait when the system experiences a
horizontal external force of 5N towards the head.

A larger amplitude of external disturbance to the head causes instability of the
system when the gait is on the early stage of the stride. An exhaustive set of
simulations shown that the system remains stable for higher disturbances (above

20N) when the system is over 50% of the stride cycle.

6.4.2 External force disturbance on the hips

The following simulations include a set of simulations of an external forces acting

directly on the hips of the biped robot. The force for each simulation is constant and
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Figure 6.16: Hip Limit cycles during walking gait when the system experiences a
horizontal external force of 10N towards the head.

it is applied towards the movement and against it. The first set of forces is presented
in Figures 6.20, 6.21, 6.22, and 6.23.

A pulling force above 10N causes the system looses synchronization and an inevitable
fall. However, further strategies can be added in order to avoid such conditions,
for instance: a larger stride could enhance the range of endurance from external
pulling forces (similar to human-like reflexes). The Figures 6.24, 6.25, 6.26, and 6.27
show similar results to the previous pulling simulations, but in contrast, the force is
applied backwards so that the hips are moving against the movement.  Similar to
the previous disturbances, additional strategies could be considered in a future work
in order to increase the stride proportionally to the external force. This approach

requires additional sensor architecture to enhance the robustness of this approach.
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Figure 6.17: Hip Limit cycles during walking gait when the system experiences a
horizontal external force of 15N towards the head.

6.4.3 External disturbance to the foot

The simulations shown in this subsection are taken from external disturbances ap-
plied to the swing leg during the gait at 3s of the simulation time, see Figure 6.28.
Similar to Equation (6.1) the amplitudes selected for simulation 6.28 are A=50...250,
the frequency is f=2Hz and b = 10s~!. Even with the large disturbance the system

remains dynamically stable and returns to the original gait cycle.

6.5 Joint external torques

This section shows the control response to external torques applied continuously to
one of the knees during the swing phase and remain the full simulation analysis.
Additionally, the ankle is also constrained by external torques in order to simulate

an abnormal gait pathology.
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Figure 6.18: Hip Limit cycles during walking gait when the system experiences a
horizontal external force of 20N towards the head.

6.5.1 Knee torque disturbance

The knee is an essential joint to perform stable gait on this kind of application. The
purpose of inducing an external torque on this joint is meant to mimic a viscous
friction of several levels. The Figure 6.29 shows a limit cycle divided onto two sub-
cycles, indicating that the gait experiences uneven pattern due to the restricted
motion of one of the legs. Similarly, humans have to adapt gait during similar
conditions (e.g. muscular cramp). The range of external torques where the system
remains dynamically stable is relatively large (0-100Nm), so that, it could prevent
falling for a large set of disturbances. Similar to the previous simulation presented in
Figure 6.29 the time for the initiation of knee torque is at 6.3s. Since the disturbance
started on the second third of the simulation time, the limit cycle looks different from
the previous simulation. The gait evolved without disturbances and only one-third

experiences a stable but uneven gait.
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Figure 6.19: An xy position of the foot when the system experiences external force
disturbances. (black-A=5N, blue-A=10N, dash red-A=15N, dash black-A=20N).

6.5.2 Ankle torque disturbance

For these simulations, a set of values was selected and the simulation presented in
Figure 6.31 is the maximum bound that keep the system stable. An external torque
creates an important disturbance to the gait, the stage of the gait phase is critical to
ensure stability and more analysis and additional strategies must be carried out to
avoid falling. During the swinging phase, the external force is applied and the system
remains dynamically stable. In contrast, when the torque is applied during the
support phase the system is not able to keep the balance for such a large disturbance
(105Nm) (See Figure 6.32). It is clear that in simulation 6.32 the stability of the
system is lost since the support leg experiences this external torque at the early stage
of the stride. This indication clearly proves that prevent this situation requires a
combination of strategies to ensure balance to the closest equilibrium standing up

position.
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Figure 6.20: Hip Limit cycles during walking gait when the system experiences a
pulling force of 1N attached on the hips.

6.6 Conclusions of the chapter

This chapter presented several experimental simulations of the control design pro-
posed in Chapter 5. The simulations were selected to validate the capacity for
rejecting both parametric and structural disturbances. All numerical simulations
have the same controller gains presented in Chapter 5. There were no additional
adjustments of the controller gains in order to validate the effectiveness of the de-
rived control design. This control architecture opens the possibility of extending this
approach not only to adaptive control techniques but also to intelligent self-learning

approaches.
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Figure 6.21: Hip Limit cycles during walking gait when the system experiences a
pulling force of 2N attached on the hips.
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Figure 6.22: Hip Limit cycles during walking gait when the system experiences a
pulling force of 4N attached on the hips.
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Figure 6.23: Hip Limit cycles during walking gait when the system experiences a
pulling force of 8N attached on the hips.
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Figure 6.24: Hip Limit cycles during walking gait when the system experiences a
pushing force of 1N attached on the hips.
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Figure 6.25: Hip Limit cycles during walking gait when the system experiences a
pushing force of 2N attached on the hips.
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Figure 6.26: Hip Limit cycles during walking gait when the system experiences a
pushing force of 4N attached on the hips.
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Figure 6.27: Hip Limit cycles during walking gait when the system experiences a
pushing force of 8N attached on the hips.
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Figure 6.28: An xy position of the foot when the system experiences external force

disturbances. (black-A=50N, blue- A=100N, red-A=150N, dot black-A=200N and
dash blue-A=250N).
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Figure 6.29: A limit cycle on the hips during the gait when a sudden external torque
of 100N strikes the knee joint at 3.8s.
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Figure 6.30: A limit cycle on the hips during the gait when a sudden external torque
of 100N strikes the knee joint at 6.3s.
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Figure 6.31: A limit cycle on the hips during the gait when a sudden external torque
of 105Nm strikes the ankle joint at 6.8s.
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Figure 6.32: A limit cycle on the hips during the gait when a sudden external torque
of 105Nm strikes the ankle joint at 4.8s.
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Chapter 7

Conclusions

This chapter concludes the thesis. It is divided into three parts. The first part shows
the findings relate to the general aims proposed in the introduction. The second part
deals with the relevance of the principal contributions of the thesis. The third part

presents specific recommendations for further research.

7.1 Description of the main results

The primary motivation for this work was deeply inspired on human walking restora-
tion. After a few years working on this problem, one of the most significant findings is
related to understanding the biomechanical and feedback control description based
on a relatively new area of contraction analysis. Advanced technology for replac-
ing or assisting human-limbs; it is important to mimic the control actions of biped
species, particularly, humans. The science involved in this subject is vast; however,
the full understanding of this topic is still beyond the current knowledge. The work
proposed in this document is meant to provide a new framework to explore human-
like versatility by using a decentralized form of control under a dynamic policy of
synchrony.

The preliminary conclusion was integrated at the end of each chapter in order to
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provide an essential summary of isolated findings. Taken as a whole, this chapter
concludes the thesis by summarising the important links between these findings.
The goals proposed and achievements reached are analysed in order to show any
limitations of the research. Methodology to achieve the contributions was presented

in the following order:

e A large literature survey summarized in this thesis allowed to define the state-
of-the-art in the field. Both advantages and disadvantages of previous control

and architectures proposed were analysed.

e The theory of contraction analysis was used to define the stability for this
contribution that enables to maintain the system dynamically stable by getting
attraction to a stable homoclinic orbits while walking and upright position

during stand up equilibrium points.

e The dynamic models of two biped robots were introduced in this thesis in
order to study what type of feedback control approach is suitable for particular

conflicting goal problems existing on walking assistant technology.

e The contraction analysis was the key component to formulate the conditions

for stability on the two biped models introduced in Chapters 4 and 5.

— The first model is an inertia-wheel biped robot originally modelled and
proposed in this document and an analysis of contraction was also unique.
The main contribution of this part was related to find the proof of a
new form of differential stability. The relatively simple dynamic features
of this model show a unique path of analysis for the forthcoming work.
The hybrid and under-actuation model of the Inertia-Wheel Biped robot
presented important challenges in the feedback control design. A method
was proposed to make a control synthesis that guarantees a large basin of

attraction that was numerically validated.
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— The 6-DOF biped model (human-like) is an advanced form of biped lo-
comotion system and its model was proposed in this document as well as

the ground contact model parameters.

— The methodology proposed a decentralized control linked with coupling
subsystems in order to synchronize tasks. This approach simplifies the
control burden and allows to design exponentially fast transitions between

tasks.

e The synergy of the controllers synchronized the whole dynamic system; this
guaranteed the stability criteria imposed in the design and advanced simulation

work validated these findings.

e A set of simulations showed the evidence of both parametric and structural
robustness of the system under the proposed control strategy. The system
control presented is a basic core able to withstand and neglect disturbances or
parametric uncertainties. All simulations explored each uncertainty separately

in order to find boundaries the uncertainties or external disturbances.

e Overall, the system shows a dynamic behaviour similar to a human gait despite

the fact that sensor capacity is highly inferior to the human counterpart.

7.1.1 Goals and achievements

This thesis found scientific evidence that demonstrates that there exists a robust
control strategy able to deal with conflicting objectives. In principle, using the
biped robot models and constrain those models with conflicting goals was a suitable
starting point in order to find this theoretical evidence. The findings conclude that
when an abnormal gait pathology constrain the movement of one leg, the control
system should be able to provide a fast transition to the equilibrium point by moving

the unconstrained leg. The literature on this specific problem did not provide a clear
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evidence how to deal with this problem. However, this thesis showed an effective
strategy to address this specific problem.

The literature review, background knowledge and dynamic nonlinear control tools
and simulation work presented in this document provides a basic framework for a

better understanding of the biped locomotion control problem.

7.2 Relevance of the achievements

During the course of this research project, non-trivial tools were studied and sim-
ulated. Previous contributions guided the achievements of this thesis and provided
a unique method to simplify the control problem. In this context, the core of this
control architecture allows multiple combinations for improving robustness features
in a simpler manner compared with previous techniques. For example, previous
approaches like PBC was extremely sensitive to initial conditions [52], [85]. Dy-
namic stabilization [74] require very large amount energy to keep balance as well as
techniques based on ZMP [96]. Virtual constrained approach in currently in explo-
ration [101], however the large computational burden exponentially grows with the

complexity of the dynamic model.

7.2.1 Contribution

This thesis contribution is built upon the bipedal control contributions described
in Chapter 2. The bipedal synchronization technique proposed was inspired by the
contribution of Westervelt E.R. and Grizzle J.W. [101], described extensively in the
book [100]. A monotonic virtual signal synchronizes the coordination of the entire
biped robot by applying partial feedback linearisation tools and concepts of zero
hybrid dynamics.

In the context of control design, this work was based on contraction analysis theory
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[48].

The main contribution of this work was the novel methodology to integrate synchro-
nization as a consequence of contraction while a new form of stability is established.
This new form of stability put the dynamic system into a differential framework such
that each link of the biped robot tend to remain on stable orbits synchronised in
such fashion that produces stable upright walking gait. The whole dynamic system is
analysed in parts in order to simplify the analysis. However, the close loop controller
should guarantee local contraction. Then, by using the ‘combination’ property for
contracting systems, there exists a bounded couple function that interconnects all
the subsystems that guarantees that the whole system contracts. The control sys-
tem architecture is able to keep dynamic stability during a walking task and also is
robust enough to endure structural uncertainties and external disturbances. Both
theoretical and simulation work proved that the proposed hypothesis was correct.
The theory proved that arbitrary exponentially-fast transitions can be executed re-
gardless of the initial conditions. However, in practice both actuators and sensors
capabilities define the real boundaries of these fast transitions. Experiments on a
real robot can provide further results over this subject.

Based on the results obtained, the computational resources required to implement
this control strategy are fewer than those presented in previous approaches. A sim-
ple change of parameters can modify the entire dynamic behaviour of the bipedal
mechanism in order to switch tasks.

The purpose of this work is to support future exoskeleton technology in order to
deal with motor disorders pathologies. One of the most important achievements
of this strategy and architecture control proposed is the capacity of the system to
adapt (linear parameters assumption), that in practice means that identification
parameters would make this approach clinically viable (i.e., no need for tuning every

patient on every condition).
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The key concept of synchrony addressed in this application played a fundamental
role for simplifying the control and minimize the energy used during the walking

sequence. This may be the most relevant achievement presented in this work.

7.3 Potential future work

The scope of this thesis was focused initially to investigate what stability criteria
allows a biped walking assistant to deal with conflicting goals. However, due to some
adjustments, a biped robot model was the ideal choice to analyse the complexity of
the problem. Without any doubt, the future work must aim to design and build the
physical models described in Chapters 4 and 5.

The advanced numerical simulations presented in this thesis have played enormous
insight by connecting the theoretical results and numerical validations. A physical
testbed is clearly the next goal and proposing the strategies to transfer from 2D
design into a 3D is still a challenge.

Extending these results for a 3D design is also a theoretical challenge for a future
work. Some of the preliminary work in this part were not presented in this thesis.
The main challenge projected as a potential future work is the analysis for running
bipedal motion based on contraction theory. The main limitation so far is the cou-
pling models which allows contraction for combined subsystems. The property of
such coupling systems allows certain bounds were the system remain contracting.
A specific problem is related to find how to extend these boundaries for relatively
high-speed interaction among subsystems. When the mechanism to increase the
higher speed interaction in understood the transition from walking to running will
be possible. Currently, the complexity of the dynamic model represents the main
challenge to find this dynamic coupling that minimize the boundaries of this inter-

action.
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Appendix A

Dynamic model of the
Inertia-Wheel biped robot with

one-degree of under-actuation

A.1 Lagrangian

Kinetic energy of the biped robot:

K= () (G0) s (0) - 0 () hieamat

1/2 (JH + (mg + mH) l12 +m1lC12 + Jl)

(%ql <t>)2 s (%q (t)) Lo () +1/2
(lea®ma + o) (%QQ (t))2 +1/2Ju <%QH (t))

2

Potential energy of the robot is:

P = (mpgly + myley + maley) gcos (qr (1))
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The Lagrangian of the system is:
L=K-P

By using Euler-Lagrange’s formulation:

_doL) oc

dto(q) Jq

where

=07 1a|"

A.2 Torque vector calculation

The torque 7(1) is:

2
0=cos(q (t) — ¢ (1)) l1l02m2@q2 (t)+

. d 2
sin (g1 (t) — g2 (t)) lileams (EQQ (t)) +
d2
(Ju + (mo 4+ mu) L+ maler® + Jh) el ()
2
+ JH@C]H (t) — gsin (g1 (t)) (muly +myley + maley)

The torque 7(2) is:

. d 2
Ty = — SIn (Ch (t) — ({2 (t)) lll02m2 (qu (t)) +
d2
cos (g1 (t) — 2 (1)) lllcgmgﬁql (t) +
d2 d2

l022m2@qg (t) + JQ@qQ (t)

The torque 7(3) is:
2 2

d
T™H — JH@ql (t) + JHﬁqH (t)
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Appendix B

Dynamic model of a 6-DOF
human-like biped robot with 1

degree of under-actuation

B.1 Inertia matrix coefficients

The following equations are the elements of the Inertia matrix of the robot: Dynamic

model of the Biped robot

M(q)d + C(q,9)q+ G(q) =7 (B.1)
where
mi; Mz ... May
Mq) = Ma1 Moy ... (B.2)
|y M2 - 7T
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Ci1 C12

Claa=| "™
_071 Cr2

g1

G(q) = ”

_97_

175

C17

Cr7

(B.5)



Inertia Matrix coefficients.

mar =l12ma + 2mg + 1 2mg + 1 2ms + 2me + L2mr + male? + 4
miz = — lilams cos (ga + q1) — cos (qa + q1) lilams
—cos (g2 + q1) lilomy — cos (g2 + q1) l1lame—
cos (qa + q1) lilomy — cos (g2 + q1) l1lcams
maz = (((ma +me + my) I3 + mslcs) cos (—gz + q1)) +
(I3ms (cos (g3) cos (g1) + sin (¢1) sin (g3))) Iy
myq = — sin (g4) sin (q1) L1 lesms — cos (g4 + q1) lileamy

mys = — Iy (Is (mg + mz) cos (—g5 + q1) + cos (q1) cos (g5 (t)) lesms)

myg = — cos (1 — ge) L1 (lemr + legms)
my7 = — COS (C_Il - Q7) lilezmy
Mmao1 =M12

Mas =lo>ms + 2my + ls>ms + lo>me + °mr + les*ms + Jo

Moz = (—lalzmy — lalsme — lalsmy — lalesms) cos (g3 (t) + q2) +
sin (g3) sin (gq) lalsms — cos (q3) cos (qz2) lalsms

Mmaog = — Iy (sin (q4) sin (g2) lesms — cos (—qa + q2) leamy)

mas = (lalsme + lalzmz) cos (g5 + q2) + cos (gs) cos (g2) lalesms

mag = (lalgmy + lalcgme) cos (g2 + qe)

mar = cos (q7 + q2) laleymy

m31 =3

M3z =Ma3

mas =l3*my + ls*ms + 13°me + l3°my + les®ms + J

may = — I3 (sin (g3) sin (q4) lesms + cos (g4 + q3) legmy)
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Second part of the Inertia matrix coefficients:

mgs = — I3 (I5 (mg + my) cos (—gs + q3) + ms cos (gs) lcs cos (g3))

mse :lg (l6m7 + chmgg) COS (—q6 + Q3)

mgy = — cos (—q7 + q3) lsleymy
My =M1yg

My =My

My3 =134

myg = — (COS (Q4))2 m5lc52 + m4lC42 + TTL5ZC52
mMys =0

Mye =0

may7 =0

ms1 =Mjs

Mg =Mas

Mms3 =M3s5

M54 =Mys5

mss = (cos (%))2 les®ms + (me +mz) ls* + Jy + Js
mse =ls (lemr + lcgme) cos (g5 — ¢e)

msr = cos (—q7 + qs) lslermy

mMe1 =M1e
Me2 =Mae
Me3 =136
Meq =Mye
Mes =Ms6

Mee :lﬁ2m7 + l062m6 + JQ
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Third part of the Inertia matrix coefficients:

mer = cos (—qr7 + qg) lelcrms

mm =miy
Mra =Ma7
M3 =M37
M4 =My7
mrs =Ms7
mre =Me7

2
Moy :lC7 mqy + J7
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B.2 Coriolis matrix coefficients

Coriolis matrix coeflicients:

c11 =0

c12 =Galy ((mg + myg + ms + mg + my) la + leams) sin (g2 + ¢1)

c13 =ligs (((me + m7 4+ my) I3 + legms) sin (q1 — q3) — lsms (sin (g3) cos (q1)))
(—cos (g3) sin (q1))

c14 = (—msly cos (qq) lessin (qr) + sin (g1 + qq) l1lcamy) s

c15 = (msly sin (gs) les cos (q1) — Lils (me + mr) sin (—g5 + q1)) g5

c16 = — lige (lsm7 + leeme) sin (¢1 — o)

a7 = —sin(q1 — gq7) lileymagy

o1 = (11 ((me + Mz + myg + m3) Iy + lcams) sin (g2 + 1) + msly sin (q2) Iy cos (q1))
(+msly cos (g2) I2sin (q1)) G

Co9 =0

ca3 = (msly sin (gs) 3 cos (g2) + msla cos (gs) I3sin (g2)) 43
(++ (Ism7 + (my + mg) I3 + lezms) la sin (g2 + ¢3)) ¢3

Cog = (—msly cos (qy) les sin (go) + sin (ga — qa) laleamy) 4y

co5 = (—msly sin (gs) les cos (qa) — lals (mg + my7) sin (g2 + ¢5)) ds

co6 = — Iy (lgmy + legme) sin (g2 + q6) s
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Second part of Coriolis matrix coefficients:

cor = — sin (g2 + qr) lalermagy
cz1 = — (((mg +mz +my) I3 + legms) sin (¢1 — g3)) ¢1la
(—l3ms (cos (q1) sin (g3) — sin (q1) cos (¢3))) 41l
cs2 =laqz (((mg + m7 + ma) ls + lesms) sin (g2 + g3) + lsms (cos (g2) sin (g3)))
+ lad (sin (go) cos (g3))
c33 =0
C34 = — qal3 (sin (g3) cos (qu) lesms — sin (qa + g3) leama)
¢35 = (I3ms sin (gs) les cos (g3) — I3ls (me + my) sin (—gs5 + ¢3)) g5
cs6 = — Gols (lemr + lceme) sin (—q6 + ¢3)
37 = — Grsin (—gq7 + g3) l3lermy
cq1 = (—msles cos (q1) 1y sin (qq) + sin (q1 + qq) lileamy) ¢
car = (—msles cos (g2) l2 sin (g1) — sin (g2 — qa) l2lcama) G
cy3 = (—lesms cos (g3) I3 sin (qq) + sin (g4 + g3) lslcamy) g3
Caa =Gy 08 (qs) msles? sin (qy)
ca5 =0, c46 =0, c47 =0
cs1 = (lils (me + my) sin (g1 — g5) + lesms sin (q1) 1y cos (g5)) ¢
cs2 = (—lals (mg + mz) sin (ga + q5) — lesms sin (ga) Iz cos (g5)) Go
cs3 = (I3l5 (me + my) sin (—qs + q3) + lesms sin (gs3) I3 cos (g5)) 43
cs54 =0
55 = — cos (gs) les*msds sin (gs)

cs6 =qsls (lemr + legme) sin (q5 — gg)
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Third part of Coriolis matrix coefficients:

Cs7 =@7sin (g5 — qr) lslezms
ce1 =1 (lemy + legme) sin (g1 — ¢6) @1
cea = — la (lgmr + legme) sin (¢2 + gs) Go

ces =l3 (lgm7 + legme) sin (—qs + ¢3) G3

ceq =0
ces = — l5 (lgmr + legme) sin (g5 — q6) G5
Ce6 =0

cer =qrsin (—qr + gs) lglermy
e =sin (¢ — g7) lilermardq
cra = — sin (g2 + q7) lalermeags

crs =sin (—qr + q3) lslermeags

cra =0

75 = — sin (g5 — qr) lslermiags
76 = — sin (—q7 + g6) lelermage
crr =0
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B.3 Gravity vector coefficients

Gravity vector coefficients:

g1 = (— (ms +m7 +mg +mg3)ly — leymy) gsin (¢1) g+
(—mzsin (g1 + g2 + g3 + g5 + g6 + q7) le7) g—
(malgsin (q1 + g2 + g3 + g5 + gs) — (Ismg + lesms) sin (g1 + G2 +q3 +G5)) g
(= (Isms + lsmz + legmg) sin (1 + g2 + ¢3)) 9—
((loms + lams + lomy + leama) sin (g1 + q2)) g
g2 = (—=mzsin(q1 + g2 + g3 + g5 + g6 + q7) ler — mrlgsin (1 + @2 + g3 + G5 + ¢6)) g+
(= (Ismz + lesms) sin (1 + g2 + g3 + ¢5)) g—
(Isms + lsmz + leam) (sin (¢1 + ¢2 + g3)) g+
(— ((mg + ms 4+ my7) Iy + legma) sin (g1 + q2)) g+
93 = (= (Ismz + lesms) sin (q1 + g2 + g3 + q5)) g+
(= ((m7 +ms) I3 + legms) sin (1 + g2 + g3)) g+
(=mzsin (g1 +qa + g3 + g5 + g6 + q7) ler — mrlssin (1 + @2 + g3 + 45 + G6)) g
g1 = — mylcygsin (qq)
g5 = (=mzsin (¢ + g2 + 3 + g5 + g6 + q7) ler — malgsin (g1 + ¢2 + q3 + g5 + g6)) 9+
(= (lsmz + lesms ) sin (g1 + g2 + 43 + ¢5)) 9
g6 = (—mzsin (q1 + g2 + g3 + g5 + g6 + q7) ler — mrlgsin (g + g2 + @3+ ¢5 + ¢6)) 9

g7 = — mylergsin (g1 + g2 + q3 + ¢5 + g6 + q7)
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