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ABSTRACT 

Additive manufacturing, and more specifically laser powder bed fusion (LPBF), 

complements conventional manufacturing by producing a low volume of highly complex 

functional metallic components. The mode of laser emission, either continuous (c-LPBF) 

or modulated (m-LPBF), has a pronounced impact on the resulting component. Although 

both have merits, the c-LPBF process dominates commercial machines and academic 

efforts. To promote further exploration of m-LPBF, which has the potential to reduce 

defects and enhance microstructural control, the process must strike a balance between 

component quality and the industry’s demand for increased production. In this work, a 

multi-objective optimization framework was adopted to balance time and quality of m-

LPBF produced Ti-6Al-4V as a function of key processing parameters. Lacking an 

analytical model, Bayesian inference of Gaussian process regression was utilized to relate 

laser power, exposure time, point distance, and hatch spacing to the as-built relative 

density, serving as a proxy for quality, while batch active learning efficiently sampled the 

design space. In combination, this model accurately captured the relationship in a modest 

number of experiments and, in conjunction with the application of non-dominated sorting 

genetic algorithm II, was able to determine a non-dominated set of solutions approximating 

the Pareto front. Despite the model's accuracy, the current work highlights the need for a 

sufficiently large data set to accurately reflect the underlying mechanisms occurring in the 

m-LPBF process. 
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1. Introduction  

Since the Industrial Revolution, the manufacturing industry has continued to grow and 

evolve based on the pursuit of efficiency and scale. Most recently, the fourth Industrial 

Revolution, termed Industry 4.0, has introduced novel technologies with unprecedented 

advantages. Of these technologies, additive manufacturing (AM) has received notable 

attention for its ability to produce functional components in a variety of high-impact 

industries while providing enhanced design freedom in addition to economic and 

environmental benefits. 

Among AM technologies, laser powder bed fusion (LPBF) has emerged as a 

frontrunner for metallic materials, including the prominent titanium-based Ti-6Al-4V 

(Ti64) alloy, due to its ability to fabricate complex components with relatively high 

dimensional accuracy; however, it is characterized by a low material processing rate 

limiting its application to the small-scale production [1], [2], [3], [4], [5], [6], [7], [8], [9], 

[10], [11]. LPBF technologies can be further distinguished by their mode of laser emission: 

specifically modulated emission (m-LPBF), otherwise referred to as pulsed, which 

intermittently transfers energy to the powder bed, and continuous emission (c-LPBF), 

characterized by a continual transfer of energy [12], [13]. Despite inconclusive evidence 

on the merit of each emission mode, c-LPBF dominates commercial machines and, by 

extension, academic efforts [12], [14], [15]. This indicates a need for further research on 

its m-LPBF counterpart. 

A significant body of literature has previously established that the quality of AM 

printed components, for which porosity, or equivalently relative density, often serves as a 
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proxy, largely depends on the processing parameters. Researchers have identified four 

primary parameters as having a pronounced effect on the c-LPBF process: laser power, 

scan speed, hatch spacing, and layer thickness [5], [16], [17], [18]. Considering m-LPBF, 

the problem's dimensionality increases through independent control of exposure time and 

point distance, which in turn define an equivalent scan speed [17], [19], [20].  

At this point, it is typically suggested that improper selection of these parameters can 

result in process-induced porosity and undesirable mechanical properties, thus hindering 

the further adoption of AM in industries with demanding quality standards. Nevertheless, 

it has recently been argued that some finite amount of porosity within as-built parts may 

be acceptable under certain circumstances, for example, as in Refs. [4], [9], [21]. In these 

cases, porosity can be exchanged for increased productivity. Thus, a multi-objective 

framework can be considered that more accurately captures the competing interests faced 

by practitioners, including the balance between time and quality. 

Irrespective of what level of porosity, if any, is acceptable to the practitioner, accurate 

models for the objectives of interest are typically required to optimize the process [5]. 

Previous research has established simple analytical relationships relating processing 

parameters to build rate, representing the productivity or time of the process. Nevertheless, 

due to the complex nature of AM, there are currently no closed-form analytical process-

property relationships, and therefore, costly experimental methods are often used to 

determine appropriate processing conditions [22], [23]. To mitigate the costly nature of 

determining suitable processing conditions, researchers have developed numerous 

empirical relationships and approximations to model the LPBF process and resulting 

properties based on two distinct multi-disciplinary methods: physics-based and data-driven 
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[24], [25]. Despite being able to accurately capture the process, the computational burden 

of physics-based methods can make them unsuitable to be used with iterative optimization 

methods [26], [27]. Alternatively, data-driven approaches utilize recent progress in applied 

mathematics, statistics, and computer science. In such a manner, they are able to efficiently 

make inferences on unobserved conditions based on observed data [26], in essence 

approximating the relationship between independent and dependent variables. In 

conjunction with an appropriate optimization algorithm, these methods offer the ability to 

achieve desirable mechanical properties and an acceptable compromise between quality 

and time for a given application. 

The essence of the above is captured in Figure 1, from which this work lies at the 

intersection. Despite insufficient evidence to suggest a favorable mode of laser emission 

under all circumstances, c-LPBF dominates the commercial market, and by extension, 

limited exploration of m-LPBF has been performed. To promote further exploration of the 

m-LPBF process, an understanding of the effects of processing parameters on qualities of 

interest must first be established. Although the most prominent quality of interest is relative 

density, recent work, including Refs. [4], [21], suggests that the industry may be willing to 

prudently sacrifice relative density in certain cases in exchange for increased productivity. 

Considering this as a multi-objective optimization problem, each objective must be 

expressed as a function to determine the complete tradeoff between quality and 

productivity. A simplified analytical function can be used for build rate as a proxy for 

productivity; however, data-driven models must be established for relative density. 

Supervised data-driven methods rely on large quantities of labeled training instances, 

which may be prohibitively expensive for metal-based AM processes. This promotes the 
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application of active learning, a method of intelligent and intentional sampling, as a 

strategy to efficiently establish an effective model with limited data. To this end, it is 

hypothesized that the integration of data-driven modelling, active learning, and multi-

objective optimization will be able to determine the tradeoff between productivity and 

quality of m-LPBF printed components and promote the further exploration of this form of 

LPBF. 

 
Figure 1. Summary of research motivation and gap. 

1.1 Research Purpose, Significance, and Objectives  

The double-edged sword of AM is that the complexity that allows the economic, 

design, and environmental benefits of the process also leads to a limited understanding of 

the phenomena taking place and their effects on the resulting mechanical properties. For 

metal-based AM, significant effort has been devoted to c-LPBF leading to increased 

technological maturity; however, limited research has been devoted to its m-LPBF 

counterpart. As a result, it could be argued that the potential applications of m-LPBF 

remain relatively unexplored. Trends within literature have arguably suggested that the first 
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step towards technological maturity for c-LPBF has been mitigating process-induced 

defects. In fact, Ref. [28] suggests that this should be the first optimization step in material 

research and development when considering LPBF. Nevertheless, as mentioned above, it 

has also been suggested that an acceptable level of porosity may exist in exchange for 

increased productivity. To this end, to further promote the exploration of m-LPBF it is 

necessary to determine the relationship between quality and time of m-LPBF manufactured 

components.  

This work addresses this gap by leveraging recent progress in LPBF process modelling. 

With the overarching objective of determining the relationship between quality and time 

in m-LPBF Ti64 as-built components, this work can be decomposed into the following 

sub-objectives: 

• Efficiently develop a data-driven surrogate model to relate key m-LPBF processing 

parameters to relative density, a proxy for quality, of Ti64 as-built components 

using an active learning framework. 

• Interpret the data-driven model with respect to the literature's current understanding 

of the physical process to determine its ability to capture the expected underlying 

mechanisms. 

• Determine the relationship between the quality and processing rate of Ti64 as-built 

components using a multi-objective optimization framework. 

1.2 Research Limitations  

Although significant progress is enclosed within the following dissertation toward its 

objectives, the following principal limitations are noted for the current study: 
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• In this study, the project timeline and allocated resources constrained active 

learning to a total of three iterations, including the initial sampling. Thus, the effect 

of additional iterations can only be hypothesized as in Section 4.4.1. Furthermore, 

without additional resources, samples from the obtained non-dominated set of 

solutions could not be printed. Thus, the accuracy of the obtained solutions can only 

be estimated by the accuracy observed on the testing and validation data sets.  

• Archimedes method is a cost-effective technique to obtain bulk measurements of 

the relative density of metal-based AM components. Nevertheless, its 

implementation is often complicated by the surface roughness of the printed 

component, which, in conjunction with the properties of the measuring fluid, can 

cause variability in experimental measurements. In the current work, the design 

space considered includes undesirable process parameter combinations, which are 

expected to result in unstable prints and increased surface roughness, further 

amplifying the limitations mentioned above. X-ray CT is an alternative approach 

for considering bulk density; however, this method is prohibitively expensive for 

the current study and introduces its own limitations. 

• The Gaussian process regression model utilized in this work assumes independent 

and identically distributed normal noise on the transformed observations. Although 

commonly used, incorporating a more flexible error structure that accounts for 

heteroskedasticity, and potential non-normality could enhance the predictive 

performance of the Gaussian process model. 

• Lastly, in the current practical application of active learning, it is not possible to 

observe whether the obtained results outperformed other query strategies or even 
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baseline random sampling. An interesting discussion related to determining a 

suitable active learning strategy for practical implementation can be found in Ref.  

[29]. Furthermore, the active learning process involves a degree of randomness. In 

the current study, sources of randomness include generating the posterior 

distribution through sampling and creating a subpopulation from the larger 

unlabeled pool. As a result, variability is expected between replicate experiments. 

On its own, it cannot be concluded whether the expected behavior of the chosen 

query strategy is superior to alternative active learning strategies, and the efforts 

required to draw such conclusions are prohibitively expensive. 
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2. Literature Review 

2.1 Additive Manufacturing  

Society has been using layer-wise construction for thousands of years; however, 

Beaman and their co-authors argue it was not until the early 20th century that any process 

resembles what we currently consider AM [1]. Beaman, a pioneer in the field of AM and 

an early developer of powder bed fusion, provides a comprehensive historical perspective 

on the development of AM [1]. In their work, they highlight that Baker’s 1925 patent [30], 

which was assigned to Westinghouse Electric and Manufacturing Company, could be 

considered the first metal AM process in which they described a method of using a fusible 

metal electrode to create objects using a series of superposed layers. However, without a 

digital model, they suggest that this description falls short of the common perception of 

modern AM and that a clear differentiation between a simple layer-wise manufacturing 

method and modern AM was provided by ASTM, which is currently the most widely 

adopted definition of the process [1], [3]. 

 

“Additive manufacturing (AM), n—a process of joining materials to make 

objects from 3D model data, usually layer upon layer, as opposed to 

subtractive manufacturing methodologies” 

 

The ASTM standard further classifies AM into 7 categories based on the process and 

feedstock [1], [31]: namely binder jetting, directed energy deposition, material extrusion, 

material jetting, powder bed fusion, sheet lamination, and vat photopolymerization. Within 
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the 7 classifications of AM, LPBF has been suggested to be among the most prominent 

techniques for manufacturing metallic functional components, according to Ref. [7], 

representing more than 50% of the metal-AM market, due to its high dimensional accuracy; 

however, the process suffers from low processing rates [1], [2], [3], [4], [6], [8], [9], [11], 

[32]. 

It rarely goes unsaid in AM literature that compared to conventional methods, AM 

offers numerous unprecedented benefits. These benefits include but are not limited to 

enhanced design freedom, material efficiency, on-demand manufacturing, repairing 

components, and potential reduction of environmental impact [2], [3], [9], [33], [34], [35], 

[36]. Due to the layer-wise manufacturing style AM is based upon, complex geometries 

with internal cavities can be created, lending the process to applications ranging from 

biomedical implants to aerospace components [33], [34], [37], [38], [39].  

In their reviews of AM, Refs [3] and [34] highlight various benefits of AM and 

opportunities for future research efforts, among which particular attention is devoted to 

economic and environmental benefits. Due to the significance of these benefits to today's 

society and the manufacturing industry, the key findings of their reviews are briefly 

summarized in the following paragraphs and supplemented where required. Conventional 

manufacturing requires large capital expenses in the form of tools, dyes, lubricants, and 

other auxiliary resources resulting in a large cost-per-unit with low production volumes 

[3], [34]. As the quantity of production increases, the cost-per-unit decreases: a 

phenomenon known as economy of scale. Inversely, AM offers a fixed cost-per-unit and 

opens opportunities for cost effective low volume manufacturing [1], [40]. Furthermore, 

AM offers the potential to disrupt the conventional supply chain, with it being suggested 
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that local AM facilities can eliminate the need to transport products long distances and 

maintain large inventories [3], [34], [36], [41]. Alternatively, an on-site on-demand 

manufacturing model could be adopted, minimizing traditional non-value-added expenses 

[3], [34].    

In addition to economic and design incentives, Refs. [3] and [34] highlight that AM 

offers a potentially environmentally conscious alternative to conventional manufacturing 

methods. As an example, considering the passenger aerospace industry in the United States, 

Ref. [33] estimated that if rapid adoption is achieved, AM has the potential to reduce energy 

consumption by as much as 1.2 – 2.8 billion gigajoules of energy consumed and 92.1 – 

215.0 million metric tons of greenhouse gas emissions between 2014 and 2050 – a result 

directly aligning with Canada’s net zero emission initiative [42].  

2.2 Laser Powder Bed Fusion 

Attributed to Carl R. Deckard, powder bed fusion is the process of selectively fusing 

metallic, plastic, ceramic, or composite powder to create components in a layer-wise 

fashion [1], [43]. Powder bed fusion can be further characterized by the heat sources used: 

particularly laser-based or electron-beam-based [2], and whether or not the powder 

feedstock is fully melted or sintered. Considering LPBF, the process first deposits a thin 

layer of powder over a substrate material, from which a slice of the desired component's 

cross-sectional area is selectively scanned, thus fusing the current and previous layer [2]. 

The substrate is lowered by a predefined distance, a new layer of powder is deposited over 

the previously scanned cross-section, and the process is iterated until the full component is 

formed [2], [37], [38]. Additional techniques have been proposed to improve the quality of 
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the manufactured component including preheating the powder bed to reduce residual 

stresses [44] and introducing a shielding gas to eliminate oxidation of the molten material 

[45]. Subtle distinctions can be made between commercial machines [12], [14]; however, 

a full schematic of the overarching LPBF process is shown below in Figure 2 [46]. 

 
Figure 2. LPBF process schematic [46]. 

2.2.1 Continuous vs. Modulated Laser Emission 

An often-overlooked nuance of the LPBF process is the emission mode of the laser 

energy source. Two distinct modes of laser emission can be found in commercial machines 

distinguished by their temporal profiles, as illustrated in Figure 3 [15]: namely continuous 

and modulated emission [12], [15].  
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Figure 3. Continuous vs. modulated laser emission temporal profiles [15]. 

Continuous laser emission is characterized by the sustained transfer of energy between 

the laser energy source and powder bed along the scanning path [13]. As a result, under 

suitable conditions, a continuous and uninterrupted melt pool is formed [13]. Under c-

LPBF, four parameters are typically regarded as having the most influence over the 

process: laser power, scanning speed, hatch spacing, and layer thickness [16], [17], [18]. 

On the other hand, modulated laser emission is characterized by the intermittent transfer of 

energy from the laser to the powder bed along the scanning path [13]. Under this mode of 

emission, the dimensionality, and thus the control over the process, is increased by 

decomposing the scanning speed into exposure time and point distance [17], [19], [20]. In 

addition, exposure time can be related to the duty cycle and, in turn, the average power of 

the modulated wave [14]. It is worth noting that although Figure 3 (b) illustrates an ideal 

square waveform, its implementation results in the presence of a rise and fall time 

describing the time required to vary the signal from its low to high and high to low states, 

respectively [47].  



13 

 

Compared to its m-LPBF counterpart, c-LPBF dominates the commercial LPBF market 

and has, by extension, received a disproportionate amount of research efforts in literature 

[12], [14], [15]. In fact, in their literature survey, Demir et al. [14] found that only 69 of 

1966 publications on selective laser melting, one of the alternative names for LPBF [38], 

employed modulated laser emission between 1997 and 2016. Based on this inequality, it 

would be expected that c-LPBF has demonstrated repeated and undisputed dominance over 

m-LPBF; however, no such dominance has been established. In fact, there remains 

ambiguity over the superiority of each mode of emission [14].  

Demir et al. [14] suggest that compared to c-LPBF, m-LPBF allows greater control 

over the heat introduced to the system, making it suitable for small or heat-sensitive 

components. Using a simulation study, Ding et al. [15] found that under the same input 

energy, m-LPBF yielded higher peak temperatures in the melt pool and faster cooling rates, 

leading to finer microstructural features. Furthermore, the enhanced control over the heat 

introduced, and by extension the resulting microstructure, has been suggested to make m-

LPBF more suitable for printing highly crack-susceptible materials [13]. On the other hand, 

Demir et al. [14] demonstrated that the transition from m-LPBF to c-LPBF is accompanied 

by an increase in relative density at the expense of a decrease in dimensional accuracy – 

trends which they attribute to a corresponding increase in melt pool width. Thereafter, Biffi 

et al. [12] found that under optimal processing parameters, both modes of laser emission 

are suitable for producing high-density components; however, they found that under 

optimal processing conditions, m-LPBF produced a higher crystallographic texture and, as 

a result, exhibited higher anisotropy.  
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It is not the goal of this summary to identify a superior mode of emission for the LPBF 

process under all circumstances, but rather to suggest that both modes of operation have 

merit and may be suitable for different applications. As a result, it is argued that further 

efforts are required towards m-LPBF to reach the same level of maturity as its c-LPBF 

counterpart. Due to the disproportionate amount of literature, both c-LPBF and m-LPBF 

are discussed herein, with the distinction between the laser emission mode only made when 

relevant.   

2.3 Titanium Alloy: Ti64 

As the most widely used titanium alloy in industry, significant efforts and resources 

have been devoted to understanding the properties of LPBF-processed Ti64 [2], [3], [38]. 

Fortunately, the overwhelming wealth of literature on this alloy system has been 

synthesized by various researchers – notably to the current work is the reviews of Cao et 

al. [38] and Bartolomeu et al. [37]. Since the current work focuses on process modelling, a 

complete discussion of the complex metallurgical phenomena related to this material 

system during LPBF is omitted from this work. The reader is referred to the wealth of 

literature for more details; however, for the sake of completeness, the above works and 

fundamentals are briefly summarized. 

Known for its superior specific strength, excellent corrosion resistance, and 

biocompatibility, Ti64 is classified as an α+β alloy owing to the presence of both α 

stabilizing (Al) and β stabilizing (V) elements [37], [38]. This alloy can exhibit a hexagonal 

close-packed structure known as α-phase and a body-centered cubic structure known as β-

phase [2], [37], [38]. Due to the high cooling rates induced by the LPBF process, the rapid 
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solidification of the melt pool results primarily in the transformation of β to a martensitic 

phase known as α’, resulting in increased hardness and strength at the expense of the 

ductility of the material in its as-built state [2], [37], [38]. In fact, Bartolomeu et al. [37] 

summarize that yield and tensile strengths of LPBF Ti64 can be found in the literature to 

range from 802-1273 (MPa) and 960-1421 (MPa), respectively – values they suggest can 

exceed the minimum requirements of Ti64 for medical implants and aerospace 

components. Despite the increased strength, the same report found that the tensile strain 

was found in the literature to be between 1.4 – 12.7 (%) [37], the majority of which fall 

below the minimum requirements [37], [38]. The ductility of the material can be restored 

through heat treatment at the expense of a reduction in strength, and an acceptable 

compromise between ductility and strength can be achieved for heat-treated LPBF-

processed Ti64 [37], [38]. Similar results were observed in Ref. [48]. This indicates that 

LPBF offers an effective way to manufacture complex components using Ti64 without 

detrimentally affecting the resulting mechanical properties. 

2.4 Competing Interests: Porosity and Processing Rate  

As a relatively new manufacturing process when compared to conventional methods, 

many current limitations of AM remain to be resolved. Amongst others, these include the 

limited compatible materials, variability in mechanical properties, processing defects, post-

processing requirements, capital costs, build volumes, and processing rates [1], [3], [9], 

[33], [34], [49], [50], [51]. Among these, the interplay between porosity and processing 

rate of as-built components, competing objectives that depend on the chosen processing 

parameters [9], is particularly important to LPBF and the current study.   
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As one of the principal defects discussed in literature, considerable research efforts 

have been devoted to understanding and preventing porosity, and its detrimental effects are 

now well understood [31]. Tensile testing indicated that pores can act as crack initiation 

sites, leading to poor ductility and defect-driven failure [49], while wear performance has 

been shown to be adversely affected by the presence of porosity [52]. Similarly, fatigue 

life has been shown to be dependent on the shape, quantity, and position of pores with high 

porosity leading to crack initiation and a decrease in fatigue life [53]. DebRoy et al. [2] 

summarize that porosity can be attributed to three principal mechanisms, namely keyhole 

formation, gas entrapment, and lack of fusion – each of which is clearly summarized in 

their original review. As in the work of Yang et al. [54], gas entrapment, which is typically 

related to material feedstock, for example either through powder atomization [55] or 

recycling [56], is not of primary concern to the current study.  

Keyhole melting occurs when excessive energy is introduced into the material causing 

vaporization within the melt pool. This can be observed either along the melt pool track, 

but also in areas where the laser changes directions [9], [39], [57], [58]. Wang et al. [58] 

report two stages involved in keyhole pore formation: bubble formation and solidification. 

First, the recoil pressure of the vaporized material results in a depression on the print 

surface and allows deeper penetration of the laser, hence a deeper melt pool is observed 

[9], [54], [59]. The keyhole bubble is formed due to the collapse of the melt pool 

depression; however, different theories have been presented for the driving mechanism of 

the collapse. For example, Khairallah et al. [57] primarily attributed this collapse to the 

reduction in recoil pressure and the increase in surface tension forces as the temperature of 

the melt pool decreases, whereas Wang et al. [58] utilized simulation models to relate the 
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collapse of the keyhole to a strong reverse flow within the melt pool as illustrated in Figure 

4. Irrespectively, the pore is formed when it becomes entrapped by the solidification front 

[54], [58].  

 

Figure 4. Simulation results of velocity field during keyhole pore bubble formation [58]. 

Unlike keyhole porosity, which is attributed to excessive energy density, lack of fusion 

can be attributed to insufficient energy density [39], [54]. As a result, inadequate melt pool 

overlap is observed, leading to inter-track and inter-layer voids [54], [60]. Typically, lack 

of fusion porosity is described as large, irregularly shaped pores containing both 

atmospheric gas originally present in the powder bed and unfused or partially fused 

particles [39], [54]. An illustrative example of the formation of inter-track lack of fusion 

porosity is presented in Figure 5 [54]. Whereas it was briefly mentioned above that keyhole 

porosity can be exacerbated when changing scanning directions, the simulation work of 

Yang et al. [54] illustrated that lack-of-fusion porosity could be promoted by surface 

roughness causing inhomogeneous powder distributions and an increase in effective layer 

thickness due to shrinkage of the previous layer.   
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Figure 5. Inter-track lack-of-fusion porosity formation mechanism [54]. 

The key takeaway of the above description of the formation mechanisms of keyhole 

and lack of fusion porosity is that they are directly related to the energy applied to the 

powder bed. At a high level, insufficient energy results in partial melting and lack of fusion, 

while excessive energy results in highly complex unstable melt pools that form porosity 

upon collapse and solidification. Porosity then becomes a Goldilocks problem in which 

insufficient or excessive energy is detrimental to the process, a balance between which 

must be obtained. As discussed in Section 2.5, energy is directly related to the processing 

parameters. Thus, processing parameters directly control the absence or the formation of 

porosity within the as-built component. 

Based on the detrimental effects of porosity on the resulting mechanical properties, it 

is not surprising that a large body of literature focuses solely on the mitigation and 

elimination of porosity in as-built LPBF components. In such cases, a lower bound of the 

success criteria typically is relative density exceeding at least 99 % as in the works of Refs. 

[4], [14], [17]. If mitigating porosity continues to be considered the sole objective, low 

processing rates will continue to restrict the LPBF process to the production of high-value, 

low-volume components [4], [10]. Furthermore, the simulation study performed by Ding 

et al. [15] suggested that the processing rate of m-LPBF may be inferior to that of c-LPBF 
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under equivalent parameters, only exacerbating the hindrance. To promote the potential 

abilities of m-LPBF, the processing rate must be considered as a primary objective. 

Even in the most stringent industries where 99.9 % relative density is required, the 

work of Schwerz et al. [10] showed that incorporating the processing rate as an objective 

can yield a 10-fold increase in build rate with negligible change in tensile properties and 

reduced texture by properly tuning the processing parameters. However, the allowable 

defects within printed components are highly dependent on their type, size, and the desired 

application of the component [10], [61]. Hyer and Petrie [21] argue that components may 

exist for which it is acceptable to sacrifice mechanical properties by intentionally inducing 

porosity in exchange for increasing processing rates. Alternatively, Oliveira et al. [9] 

describe a situation in which local processing parameters can be determined with various 

levels of induced porosity based on the load distribution within the component. 

Nevertheless, Ti64 is an expensive alloy with highly desirable mechanical properties. In 

the case that a sacrifice in mechanical properties, either at a global or local level, is 

acceptable, it may be more beneficial to reduce the cost of the component by reconsidering 

material selection or exploring topology optimization. Although possible, the author 

perceives that a more probable case in which porosity may be acceptable, and the case 

considered in the current study, is when post-processing treatments are applied irrespective 

of the printed state. In any case, porosity can be exchanged for increased productivity; 

however, their tradeoff must be further understood [21]. 

LPBF printed components, especially when processed using m-LPBF, exhibit high 

anisotropy compared to their conventionally manufactured counterparts [12]. Hot isostatic 

pressing (HIP), the process of plastically deforming near-net-shaped as-printed 
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components at elevated temperatures, can eliminate anisotropy and, as a by-product, 

enclose porosity due to multi-axial compressive loading [4], [38], [62]. In effect, it may be 

argued that HIP serves as a method of microstructural control while reducing processing-

related defects. In cases where HIP is applied for microstructural control, it may be 

beneficial to induce a certain amount of as-printed porosity to increase the overall 

processing rate [4], [63]. Despite excessive initial lack-of-fusion porosity, Kaletsch et al. 

[63] showed that printed IN718 samples subjected to a combined HIP and aging post-

processing procedure could reduce porosity from 9.9 % to below 0.3 %. Their results 

achieved higher fatigue properties than as-built samples which attained 99.9 % relative 

density and were subjected to conventional heat treatment. Similarly, by defining a 5 % 

porosity threshold, Herzog et al. [4], found that a wider processing window could obtain 

near fully dense components when subjected to HIP. Accounting for upscaling the 

component to account for the compressive deformation, their illustrative example 

suggested that combining LPBF with HIP can still reduce the combined processing time. 

2.5 Volumetric Energy Density  

Despite perhaps appearing complex, at its core, LPBF is simply a process governed by 

the energy within its system. Thus, even if just for a historical perspective of process 

optimization, a review of LPBF would not be complete without at least a brief discussion 

of its volumetric energy density (VED). As one of the first methods to optimize the process, 

VED has been widely adopted by the research community as a method of reducing the 

complexity of LPBF by relating influential processing parameters to a single metric [50]. 

VED is typically described as a measure of the energy introduced to the powder per unit 
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volume [17], [64]. For c-LPBF systems, VED is expressed as Eq 1 where 𝑃 (W) is the 

laser power, 𝑣 (mm/s) is scanning speed, ℎ (mm) is hatch spacing, and 𝑡 (mm) is layer 

thickness [15], [50], [64]. Considering independent control over exposure time, ET (s), and 

point distance, PD (mm), and assuming no losses, the VED of a m-LPBF system can be 

expressed as Eq 2 [13], [15], [17].  

 

 𝑉𝐸𝐷 =
𝑃

𝑣ℎ𝑡
 Eq 1 

 𝑉𝐸𝐷 =
𝑃 ∙ 𝐸𝑇

𝑃𝐷 ∙ ℎ ∙ 𝑡
 Eq 2 

  

A wealth of literature has used VED as a method of optimizing the LPBF process, the 

process of which is well established within the field. A brief overview of the overarching 

theme is as follows: traditional volumetric energy density methods involve plotting 

volumetric energy density versus the observed porosity or another quality indicator to 

graphically determine an optimal range. Considering porosity, from this plot, a range of 

VED is identified as ‘optimal’ if its porosity is below a defined threshold. Although many 

researchers have developed optimum processing conditions based on VED, energy density 

does not adequately capture the complex physics taking place in the LPBF process [65]. 

Notably, VED fails to account for the various parameter sets which can be chosen to 

achieve a single energy density [8], [13], [17], [19], [66], [67]. For example, in the highly 

cited work of Scipioni Bertoli et al. [65], it was shown that for single-track scans, an 

increase in both laser power and scan speed at constant energy density caused the surface 

morphology to transition from smooth to irregular, and finally discontinuous. Highlighted 

in the work of Liu [50], similar findings were reported in the work of Prashanth et al. [68] 
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which indicated that the tensile properties (yield strength, ultimate tensile strength, and 

ductility) decrease as laser power and scan speed are decreased at constant energy density. 

The author attributed this to the corresponding decrease in relative density from 99.5 % to 

40 %. Combined, these two examples illustrate that a given VED alone is not indicative of 

the expected quality of a component. Due to the insufficient description of the LPBF 

process provided by VED, a more robust methodology is required [69]. 

2.6 Process-Property Modelling 

Having identified the shortcomings of VED, significant research has been devoted to 

modelling the LPBF process accounting for the independent effects of its most prominent 

processing parameters. There are two methods in which this can be accomplished: either 

physics-based or data-driven [24], [25]. Many researchers have attempted to address this 

problem using both approaches, creating a large body of diverse literature. In summary, 

physics-based modelling takes advantage of recent computational techniques, such as finite 

element methods and computational fluid dynamics, to simulate melt pool dynamics and 

the resulting effects. Various models have been developed with the capability of 

considering, for instance, three-dimensional fluid dynamics and heat transfer, time-

dependent recoil pressures, and particle distributions [57]. Although valuable in 

understanding the underlying phenomena taking place, for example, they were relied on 

heavily in Section 2.4 to describe the porosity formation mechanisms, Refs. [26], [27] 

suggests these methods can be impractical when optimizing the process due to their large 

computational expense. As an alternative, data-driven techniques have been applied to 
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reduce computational and experimental expenses by using observed data to make 

inferences about unobserved conditions [26].  

Surrogate models, sometimes referred to as meta models or response surfaces [70], are 

the approximation of an unknown or expensive function in terms of a simple model. In 

conjunction with a suitable optimization algorithm, a surrogate model can act as the 

objective function and be used to efficiently determine an optimal point within a given 

design space [71]. This is referred to as surrogate-based optimization. As noted by Tapia 

et al. [27], surrogate modelling is typically discussed in reference to approximating 

expensive simulations using a simpler and more efficient model; however, at its core, 

surrogate modelling is the process of approximating the relationship between input feature 

vector, 𝒙, and an observed response, 𝑦, based on limited data to make useful predictions 

[70]. Thus, as they originally argued, surrogate modelling is not only suitable for 

approximating expensive simulations but also for experimental data [27]. Therefore, in the 

present work, a more general perspective of surrogate modelling is adopted as a general 

framework that can approximate the underlying process of either simulation or 

experimental results based on limited observations.  

The surrogate modelling process begins with the design of the experiment [71]. This 

stage defines a set of experiments that minimizes the experimental cost and maximizes the 

information obtained [72]. The data is then collected at parameter combinations identified 

by the experimental plan [71], in this study considered either through simulation or 

physical experiments, and the chosen surrogate model is constructed. The model’s 

accuracy is tested and if acceptable, the model can be used. If not, further design points are 

generated, and the model is reconstructed until an acceptable level of accuracy is achieved 
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[31]. It is worth noting that there is evidence to suggest that by using surrogate models to 

approximate simulation data, there exists a risk of amplifying the inherent error of the 

simulation; however, these effects appear minimal in the recent works on LPBF in Refs. 

[26], [27].  

2.6.1 Surrogate Modelling in LPBF 

In general, in line with the formulation presented in Ref. [73] for the response surface 

methodology, it is assumed that the process can be described by Eq 3, where 𝑦 is observed 

response, 𝑓(𝒙) is the unknown underlying process of design vector 𝒙, and 𝜀 is the error 

term capturing the response’s variability. The problem of surrogate modelling can then be 

expressed as finding a suitable function 𝑓(𝒙) that adequately captures the underlying 

process [71]. 

 

 𝑦 = 𝑓(𝒙) + 𝜀 Eq 3 

 

As a key ingredient of the response surface methodology, multiple linear regression 

(MLR), typically taken as a low-order polynomial, can be used to model the relationship 

between a set of designs and their respective responses within a given design space [73], 

[74], [75]. Specifically, the second-order model is expressed as Eq 4 [73], where 𝛽0, 𝛽𝑗, 

𝛽𝑗𝑗 , 𝛽𝑖𝑗 are the intercept, linear, quadratic, and interaction terms of the design vector. 

 

 𝑓(𝒙) = 𝛽0 +∑𝛽𝑗𝑥𝑗

𝑘

𝑗=1

+∑𝛽𝑗𝑗𝑥𝑗
2

𝑘

𝑗=1

+∑∑ 𝛽𝑖𝑗𝑥𝑖𝑥𝑗

𝑘

𝑗 = 2𝑖 <

 Eq 4 
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Arguably the most popular surrogate model in engineering design [70], MLR has been 

widely applied as a method of approximating the LPBF process [8], [16], [66], [67], [69], 

[69], [76], [77], [78], [79]. Among the benefits of the MLR model is its simple expression, 

closed-form solution of the model parameters, and given certain statistical assumptions are 

obeyed, the ability to test for the significance of the model terms [7], [16], [73], [80]. 

Taking advantage of these benefits, Kuo et al. [81] developed a multiple linear regression 

model relating laser power, point distance, and exposure time to the relative density and 

dimensional accuracy of m-LPBF manufactured Ti64 on a pure titanium substrate. 

Although widely applied, Forrester and Keane [70] suggest polynomial regression has been 

shown to be inadequate when modelling non-linear, multi-modal, and higher dimensional 

problems, while Zhai and Chen [75] suggest using MLR may lead to optimizations of little 

significance. Due to these limitations, it is important to consider more accurate models that 

can capture the complexities of the AM process [75]. 

As an alternative to the MLR model, Gaussian process regression has recently been the 

recipient of increased attention in LPBF process modelling. Largely contributing to its 

recent popularity is the model's high accuracy for small data sets, its inherent 

approximation of the standard deviation of the predicted response, and its interpretable 

nature [22], [27], [28], [75], [82], [83]. The model assumes that the observed data can be 

represented by a joint Gaussian distribution, where similar inputs are expected to yield 

similar outputs [84]. The model’s covariance or kernel function, 𝑘(𝒙, 𝒙′), is used to 

determine the degree to which the response at two inputs are similar, while the mean 

function, 𝑚(𝒙), describes the expected value [18]. Combined, these two functions uniquely 
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define the Gaussian process model. The general form of the Gaussian process regression 

model is shown in Eq 5 [7], [84]. 

 

 𝑓(𝒙)~𝐺𝑃(𝑚(𝒙), 𝑘(𝒙, 𝒙′)) Eq 5 

 

Regarded as one of the first to introduce Gaussian Process regression into metal-based 

AM, Tapia et al. [31] developed a framework to predict process-induced porosity as a 

function of key processing parameters using a Gaussian process model. In their influential 

work, their framework demonstrated promising results with a linear trend and Matérn ½ 

kernel achieving a cross-validated mean square predictive error of 0.2593, albeit over a 

limited parameter space [31], [83]. Following their own work, Tapia et al. [27] later 

demonstrated that their Gaussian process framework could generate processing windows 

based on limited experimental or simulation data by predicting the ratio of single-track 

melt pool depth to width as a function of laser power and scan speed – work later confirmed 

by Ref. [26].  

Applying a similar Gaussian process model, Liu et al. [83] demonstrated that a wider 

range of optimal processing parameters can be obtained using this approach resulting in 

previously unattainable mechanical properties. As a result, it was suggested that desirable 

properties can be obtained without the need for a heat treatment process if the design space 

is exhaustively searched. Later, the same author illustrated that the hyperparameters of 

Gaussian process regression can provide insight into the underlying influence of the design 

variables and be related to the physical mechanisms, thus resulting in a more interpretable 

model [28].  
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Using Ti64, Maitra et al. have repeatedly illustrated the superior predictive ability of 

Gaussian process regression over MLR by modelling relative density [16], surface 

roughness [80], and hardness [7] based on an aggregation of data available in literature. 

Despite providing compelling and repeated evidence for the adoption of their framework, 

their data aggregation combines m-LPBF and c-LPBF observations by reducing exposure 

time and point distance to an equivalent scan speed and therefore does not capture their 

independent influence on the process. Thus, their model is not expected to be able to predict 

the response of the m-LPBF Ti64 fabricated components. Based on the above select 

examples and a growing body of supporting literature including, for example, Refs. [23], 

[52], [85], Gaussian process regression has repeatedly demonstrated the ability to model 

the LPBF process-property relationship for various properties, materials, and feature 

dimensions, presenting a promising surrogate model for the current work. 

2.7 Frequentist vs. Bayesian Inference 

Two fundamentally different paradigms can be considered to estimate the 

hyperparameters of the Gaussian process model: namely through the frequentist or 

Bayesian perspective. Atiyat [86] provides a comprehensive discussion of each paradigm 

as it applies to Gaussian processes. The following is largely based on Atiyat’s original work 

and can be considered a brief summary supplemented where required. Further discussion 

can be found in Ref. [86]. 

The frequentist perspective considers the parameters to be fixed yet unknown values 

[86], [87]. Once data has been observed, the parameters are then estimated as those that 

maximize the probability of observing the data – a process known as maximum likelihood 
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estimation [86], [87]. Diametrically, the Bayesian perspective considers the parameters to 

be random variables themselves over which there is some prior belief of their distribution 

[27], [31], [86], [87], [88]. Bayes rule of conditional probabilities is then used to update 

the prior belief of the parameters based on the information provided by the observed data 

to form the posterior distribution [86], [87], [88], [89].   

In their graduate thesis, Atiyat [86] compared frequentist and Bayesian approaches for 

Gaussian process modelling, specifically considering geostatistical data. Their results 

indicate that either method can be suitable for hyperparameter estimation. Similarly, both 

methods have been applied successfully in metal-based AM with the Bayesian perspective 

being adopted in works such as in Refs. [27], [31] and the frequentist perspective adopted 

in works such as in Refs. [7], [16], [23], [80], [90]. Nevertheless, certain advantages to 

each of these methods may lend themselves to specific applications. Most generally, the 

Bayesian framework has been suggested to be more intuitive – particularly by using 

credible intervals in place of the frequentist's confidence interval [86]. More specifically, 

of particular importance in the current study, is that the Bayesian framework is able to 

capture the uncertainty in the hyperparameters themselves [86], [88]. The hyperparameter 

uncertainty is then captured in the posterior predictive distributions, leading to a more 

comprehensive representation of the true uncertainty - especially for small data sets, which 

is a recurrent issue in metal-based AM [86], [88], [90], [91]. Furthermore, if additional data 

becomes available, Bayesian inference lends itself toward incrementally increasing the 

amount of data as the current posterior simply becomes the next prior distribution if the 

observations are independent [88].   
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Considering the Bayesian inference of a regression model, an illustrative example of 

the effect of additional data on the posterior distribution was provided in the work of 

Tipping and is shown in Figure 6 [88]. Their work suggests that upon observing an initial 

subset of the available data, the posterior distribution of the parameters is refined; however, 

it remains relatively diffuse, leading to large predictive variability away from the observed 

data [88]. They note that observing additional data refines the posterior distribution, 

leading to reduced uncertainty in the model parameters themselves and, by extension, in 

the model predictions [88]. Thus, it is argued herein that the Bayesian estimation of the 

model hyperparameters is suitable for the current study due to its ability to more accurately 

capture the uncertainty in the model, and its ability to monitor the evolution of the 

hyperparameters as additional data becomes available. 
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Figure 6. Effect of additional data on the posterior distribution [88]. 

Despite its advantages, Bayesian inference comes with its own set of limitations. Most 

notably for this work, these limitations include the need to explicitly define our prior beliefs 

and the need to compute the posterior distribution. Incorporating subjective prior beliefs 
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has been criticized for introducing, as the name implies, subjectivity into the scientific 

method [86]. Conversely, it has been suggested that explicitly defining our assumptions in 

the form of a prior belief may be beneficial, for example by promoting transparency of our 

prior expectations [88]. Without strong prior beliefs, this limitation can be circumvented 

by defining noninformative priors [27], [87]; however, Atiyat [86] points out that even 

noninformative priors still impose some level of prior belief over the process.  

The limitation imposed by the need to determine the posterior distribution is largely 

determined by the choice of the prior distribution and the model parameter set's 

dimensionality [87]. On one hand, if the prior is carefully selected using conjugate priors, 

the posterior distribution is of the same family as the prior and can be analytically 

calculated [87]. On the other hand, if the dimensionality is high or non-conjugate priors are 

used, there may not be a closed-form solution of the posterior distribution [87]. Even 

without an analytically tractable posterior, it can still be sampled using Markov Chain 

Monte Carlo (MCMC) methods [86], [87], [89].  

2.8 Active Learning 

A common belief in data-driven modelling is that additional data will result in a more 

accurate model [92], [93]. A limitation of applying data-driven modelling to metal-based 

AM is that obtaining a sufficiently large data set to develop a reasonably sophisticated 

model is often prohibitively time-consuming and expensive [25], [91]. To circumvent the 

above limitation, recent research has explored utilizing data available within literature for 

common material systems to rapidly develop accurate data-driven models as in Refs. [7], 

[16], [76], [80], [94], using adaptive sampling optimization algorithms as in Ref. [52], or 
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both as in Ref. [95]. Nevertheless, it can be said these methods rely on large amounts of 

published work which does not apply to m-LPBF in its current state, or samples in regions 

near the expected optimum while failing to adequately capture the entire design space. In 

the latter case, this may limit the generalizability of the model in regions outside of the 

expected optimum if the model is adopted in future multi-objective optimization tasks 

involving a different set of objectives. As a result, researchers are beginning to recognize 

active learning as a potential solution [25], [91].  

Active learning is built on the notion that data-driven models can be developed more 

efficiently if the model selects data from which it believes it can learn the most in an 

iterative manner [72], [93], [96]. This idea has been suggested to various degrees as a 

possible method to improve data-driven models in LPBF process modelling as in Refs. 

[16], [85], [90] and was even alluded to previously in the general surrogate modelling 

framework; however, limited research including Refs. [25], [28], [97], [98] has gone 

beyond a theoretical idea to a practical implementation. In fact, even the seminal work of 

Tapia et al. [31], from which this work builds upon, and in the author's opinion is in large 

part an extension of, describes sequential sampling based on predictive uncertainty and 

space filling. Nevertheless, their work fails to explicitly define and test a framework that 

easily extends to higher dimensional problems, and despite its significance to the field of 

LPBF process modelling, fails to comprehensively investigate the suitability and 

effectiveness of active learning in their Bayesian inference Gaussian process regression 

framework. Although the theoretical arguments and limited practical implementation 

presented in the works above are promising, alone they are insufficient to suggest active 

learning is beneficial in modelling the process. Attenberg and Provost point out that a 
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distinct disjoint exists between theoretical active learning and its practical implementation, 

including determining a suitable hypothesis class, learning strategy, and cold starting [29]. 

Therefore, there exists a need to extend beyond the suggestion that active learning may be 

beneficial in data-driven model development in LPBF to determine its practical suitability. 

As one of the types of active learning, pool-based active learning assumes there exists 

a large set of unlabeled instances readily available [93], [98]. The active learning problem 

then becomes determining which data should be labeled from the unlabeled pool based on 

a limited budget to yield the best model [72], [92], [99]. This framework naturally lends 

itself to the metal-based AM process in which all instances within some finite design space 

can often be enumerated; however, printing and the labeling of these instances is expensive.  

Within pool-based active learning, samples can either be drawn sequentially or in 

batches. Sequential sampling maximizes the information provided from each sample by 

updating the model after each sample is labeled [92], [96], and smaller batches were 

observed to be more efficient in metal-based AM in the work of Ref. [98]. The author 

would argue that sequentially sampling lends itself to simulation studies utilizing a single 

annotator (in the case of a single computer for example); however, sequential sampling 

does not consider the efficient allocation of labeling resources [92], [98]. In the case of 

LPBF, experimental studies utilizing active learning arguably lend themselves to batch 

sampling – for example, an interesting study of batch experimentation for process 

optimization was implemented by Ref. [95] in which multiple samples are queried at once. 

Although reducing the efficiency of the sampling process as described above, even with a 

single annotator, in the current work batch mode sampling allows each iteration to be 

printed on a single substrate, thus reducing the cost and time required. Although not the 
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driving motivation in this work, researchers such as Cai et al. [92] and Van Houtum and 

Vlasea [98] further advocate for the use of batch mode active learning in the case that 

multiple annotators are available.  

Attenberg and Provost [29] suggest that one of the disjoints between theoretical active 

learning and its practical application is the selection of a suitable sampling strategy. Settles 

[93] summarizes various sampling strategies in their highly influential review among 

which they suggest uncertainty-based sampling is arguably the most popular. Nevertheless, 

the majority of active learning literature has focused on sequential sampling of 

classification problems leaving the current case of batch sampling regression relatively 

unexplored [72], [92], [96], [99].  

Within LPBF, Mojumder et al. [97] developed a Gaussian process regression model 

through active learning using simulation results to relate key processing parameters (laser 

power, scan speed, hatch spacing, layer thickness) to lack-of-fusion porosity. An 

uncertainty-based sampling procedure was adopted in their work, which labels the top k 

most uncertain samples. Despite illustrating promising results, Cai et al. [92] criticize 

extending sequential sampling strategies in such a way, suggesting they fail to account for 

correlation among queried samples. Alternatively, the work Cai et al. [92] suggested that 

it is reasonable to expect that by selecting samples that cause the maximal change to the 

model parameters, the rate of convergence to the true model can be enhanced. Based on 

this premise Cai et al. [92] developed a batch active learning algorithm for linear regression 

by approximating sequential sampling and taking into consideration the correlation within 

a batch of samples. In their work, they suggest a possible extension for Gaussian process 

regression; however, their sampling strategy was later criticized by Zhao et al. [96] for 
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being computationally expensive. Instead, Zhao et al. [96] introduced two maximum model 

change batch mode active learning algorithms specifically for Gaussian process regression 

by considering weight space information gain – one based on enumeration and the other 

on greedy sampling. Greedy sampling empirically demonstrated superior performance in 

terms of computational costs with negligible difference in accuracy compared to 

enumeration while also outperforming various alternative algorithms, including the 

algorithm proposed by Cai et al. [92], in terms of stability and convergence. The sampling 

strategy developed by Zhao et al. [96], and found in Section 3.4, presents a promising 

avenue for efficient data-driven model development in metal-based AM.      

2.9 Process-Property Optimization 

It has been established in Section 2.2.1 that the properties of LPBF-produced 

components are highly dependent on the key processing parameters: laser power, exposure 

time, point distance, hatch spacing, and layer thickness when considering m-LPBF. Given 

the ability to model the LPBF process, a natural extension has considered optimizing the 

processing parameters to achieve suitable mechanical properties for a given application 

[75]. A fundamental review of recent efforts related to AM process optimization, 

particularly leveraging machine learning and surrogate models, can be found in the work 

of Zhai and Chen [75]. The general form of an optimization problem can be expressed as 

Eq 6, where 𝑓𝑚(𝒙) is the 𝑚𝑡ℎ objective function of design vector 𝒙, 𝑔𝑗(𝒙) is the 𝑗𝑡ℎ  

inequality constraint, ℎ𝑖(𝒙) is the 𝑖𝑡ℎ equality constraint, and each design variable 𝑥𝑘 is 

bounded between a lower bound, 𝑥𝑘
𝐿, and an upper bound, 𝑥𝑘

𝑈 [100].  
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min
𝒙
𝑓𝑚(𝒙) ,𝑚 = 1…𝑀 

𝑠. 𝑡. {

ℎ𝑖(𝒙) = 0, 𝑖 = 1… 𝐼

𝑔𝑗(𝒙) ≤ 0, 𝑗 = 1… 𝐽 

𝑥𝑘
𝐿 ≤ 𝑥𝑘 ≤ 𝑥𝑘

𝑈, 𝑘 = 1…𝑞

 
Eq 6 

 

A wealth of literature has been devoted to the special case in which there is only a 

single objective, and as a result a mature body of literature, both in theory and application, 

has been established. Traditionally, the LPBF community has adopted this single-objective 

framework to minimize defects or maximize a specific property, using various techniques, 

including most notably Taguchi’s methods [19], traditional response surface methodology 

[8], process type maps or windows [20], [83], population-based algorithms [66], [101], and 

Bayesian optimization [52]. Despite forming the basis for today’s practices, these methods 

fail to account for the competing objectives faced by industry. In particular, the industry 

must produce high-quality components meeting application standards while minimizing 

costs and abiding by environmental regulations - objectives that are intuitively conflicting. 

As such, there has been a paradigm shift from considering the metal-AM process as a 

single-objective to a multi-objective optimization problem.   

The concept of optimality in multi-objective optimization becomes more ambiguous 

than its single-objective counterpart. Under multi-objective optimization, a design vector 

is said to be optimal if it is Pareto optimal [71], [102]. Pareto optimality is defined as a 

design vector, 𝒙∗, with corresponding objectives, 𝒇∗ = 𝒇(𝒙∗), such that there is no other 

feasible design, 𝒙, with corresponding objective vector, 𝒇 = 𝒇(𝒙), for which 𝒇 ≤ 𝒇∗ with 

at least one objective 𝑓𝑚 < 𝑓𝑚
∗  [71], [102], [103]. The set of all Pareto optimal points forms 

the Pareto optimal set and defines the equally optimal solutions of a multi-objective 
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optimization problem [70], [102], [104]. The Pareto set can be graphically depicted in the 

objective space, illustrated in Figure 7, known as the Pareto front [71].   

 

Figure 7. An illustrative example of a Pareto front in the objective space. 

It is argued herein that from a theoretical perspective, given the ability to determine the 

Pareto front, it is of no detriment to extend the single-objective optimization problem from 

considering solely relative density to considering both relative density and processing rate. 

Given each objective has a unique minimum, in the bi-objective problem the single-

objective optimal solutions are determined as the vertices of the Pareto front [103]. Thus, 

even in the extreme case where relative density must be maximized at all costs in the as-

printed state, the optimal solution can still be determined by solving the multi-objective 

optimization problem. 

Various methods have been proposed to determine Pareto optimal solutions, which can 

be categorized as either scalarization or vector methods [103]. Scalarization methods 
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reduce multiple objectives into a single objective to leverage well-established single-

objective optimization techniques [103]. Among these methods, the weighted sum and 

desirability function approaches aggregate the objectives based on their relative importance 

and have been adopted in metal-based AM, including the works of Refs. [77], [105], [106], 

[107], [108]. Specifically considering scalarization techniques applied to m-LPBF Ti64, 

Aboutaleb et al. [61] maximized relative density and elongation of m-LPBF Ti64 using 

their novel multi-objective accelerated process optimization algorithm, while Kuo et al. 

[81] used a weighting scheme to maximize relative density and dimensional accuracy. 

Despite their widespread adoption, scalarization methods have been criticized for the need 

to select objective preference a priori, their inability to solve for a Pareto set of solutions 

single run, and failing to determine a distributed Pareto front [70], [102], [103].  

In contrast, vector methods consider each objective function independently to 

determine either a single or a set of Pareto optimal solutions [103]. One such method that 

has been applied in metal-based AM, as in the Refs. [76], [108], is to consider a single most 

important objective while treating the remaining objectives as inequality constraints. 

Nevertheless, if not judicious with the selection of constraint bounds the problem may be 

infeasible, and if feasible, only determines a single solution [76], [103], [108]. As an 

alternative, particular attention has been devoted to multi-objective evolutionary 

algorithms due to their population-based approaches, which allow the algorithms to 

determine a set of non-dominated solutions in a single iteration [102], [104]. Most notable 

of which is the non-dominated sorting genetic algorithm – II (NSGA-II) [70] originally 

proposed by Deb et al. [104] to address the limitation of their previously proposed non-

dominated sorting genetic algorithm [102]. By cleverly extending the traditional genetic 
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operators to the multi-objective problem, their algorithm has become highly influential in 

the field of multi-objective optimization with nearly 40,000 citations based on Scopus as 

of the time of writing, and has found applications in a wide range of fields including metal-

based AM [75], [85], [109], [110].  

Both Criales et al. [111] and Lu and Shi [67] formulated a multi-objective optimization 

problem considering the relative density, time, and energy of the LPBF process [67], [111]. 

Each of their works establishes a precedent for effectively determining a Pareto front to 

understand the tradeoff between time and quality in the LPBF process using NSGA-II. 

Furthermore, despite varying the analytical model used to describe build time and energy, 

both works illustrate that time and energy are positively correlated. Nevertheless, each of 

these works considers c-LPBF and models relative density using MLR, which has been 

shown as described above to inadequately capture the complexities of metal-based AM. 

In summary, it is suggested that it is beneficial to consider the Pareto front in its entirety 

instead of defining a preference a priori to discover all possible tradeoffs among conflicting 

objectives. Furthermore, it is of little benefit to consider the Pareto front, or any 

optimization for that matter, if the surrogate model insufficiently captures the complexities 

of the metal AM process. Thus, it is currently the combination of a sufficient surrogate 

model, suggested to be Bayesian inference of Gaussian process regression, and a vector 

optimization scheme, most notably NSGA-II, that presents the most promise to determine 

the tradeoff of time and quality in m-LPBF manufactured Ti64 components.  
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2.10 Summary of Literature Review 

LPBF offers the ability to produce high-quality near-net-shape components, albeit at 

lower processing rates than other metal-based AM techniques. Despite inconclusive 

evidence, c-LPBF has dominated both commercial machines and academic efforts, while 

its counterpart, m-LPBF, remains relatively unexplored. Nevertheless, recent works have 

suggested that under certain circumstances, it may be acceptable to induce some finite 

amount of defects into as-built components, most notably porosity, in exchange for higher 

processing rates. Incorporating processing rate as an objective and solving a multi-

objective problem theoretically presents no hindrance to the strictest industries requiring 

the highest quality as-built components, while presenting alternative processing 

combinations for less stringent industries that may benefit from increased productivity. 

Although simple analytical approximations exist for processing rate, relative density is 

complex to model analytically and requires surrogate approximations. Surrogate model 

development for metal-based AM is often hindered by small data sets. Gaussian process 

regression has demonstrated superior ability with small data sets while providing 

uncertainty estimates. These estimates can be used within active learning to efficiently 

sample the design space and develop accurate models with limited data. All the while, the 

Bayesian framework provides a method of incorporating the uncertainty of the 

hyperparameters themselves and evaluating the progression of active learning. In 

conjunction, Bayesian inference of a Gaussian process regression model paired with active 

learning presents a promising framework for surrogate model development which can be 

used in model-based multi-objective optimization algorithms to balance both time and 

quality in m-LPBF. To the author's knowledge, no such study has been undertaken 
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integrating all three techniques in metal-based AM. This work addresses this gap with the 

objective of further promoting the use of metal-based AM in various industries and the 

exploration of m-LPBF.   
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3. Methodology 

3.1 Materials, Manufacturing, and Experimental Measurement  

In this study, Ti64 powder with a nominal chemical composition range shown in Table 

1 was supplied by AP&C (Boisbriand, QC). Cylindrical samples (Ø 10 x 15 mm) were 

printed by TronosJet Manufacturing (Charlottetown, PEI) using a Renishaw AM250 m-

LPBF machine. It is worth noting that the current study used reused powder particles to 

best represent the powder conditions used in commercial printing applications. Samples 

were spatially randomized and printed with independent control of laser power, exposure 

time, point distance, and hatch spacing. It has been suggested in the literature that layer 

thickness dictates surface finish and is often based on the printed component’s application 

requirements [10], [20], while Costa et al. [66] note that layer thickness is often fixed for 

LPBF studies. In the current study, fixing layer thickness allowed all samples of a given 

active learning iteration to be printed within the same batch, minimizing both the time and 

cost of the iterative process. For these reasons, a fixed layer thickness of 30 µm was used 

in the current study. 

Table 1. Nominal chemical composition of Ti64 powder [112].  

Element Ti O Al V Fe C N H Y 

Max 

(Wt. %) 
Balance 0.20 6.75 4.50 0.30 0.08 0.05 0.015 0.005 

Min 

(Wt. %) 
Balance - 5.50 3.50 - - - - - 

 

From their as-printed state, the samples were first ultrasonically cleaned in ethyl 

alcohol (95% volume) at a nominal temperature of 35 ºC for 5 minutes to remove any 
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unfused powder and potential contaminants from the surface of the sample. The relative 

density, 𝑅𝐷, was then determined according to Archimedes principle, Eq 7 [113] – Eq 8, 

by comparing the mass of the samples in air, 𝑚𝑎, with the mass of the samples in a fluid 

of known density, 𝑚𝑤. In the current study, this fluid was taken to be distilled water with 

temperature-dependent density [113], 𝜌𝑤, while the density of air is denoted by 𝜌𝑎. The 

theoretical density of Ti64, 𝜌𝑡ℎ , was considered to be 4.43 g/cm3. This represents the mid-

range of the theoretical density reported in literature for Ti64 as summarized by Ref. [16]. 

Three measurements of mass in both air and distilled water were taken for each sample 

using a high-precision digital scale (FX-300i, A&D Company Limited). To minimize the 

influence of the temperature-dependent properties of distilled water on the measured 

relative density, variation in the temperature of the distilled water was measured using a 

K-type thermocouple, and its density was accounted for in 5 sample increments. All 

samples were cleaned and measured in a temporally randomized order. 

 

 𝜌 =
𝑚𝑎

𝑚𝑎 −𝑚𝑤

(𝜌𝑤 − 𝜌𝑎) + 𝜌𝑎 Eq 7 

 𝑅𝐷 =
𝜌

𝜌𝑡ℎ
 Eq 8 

 

To impose the natural bounds of the LPBF process, the observed relative density, which 

is bound on the unit interval, was transformed to the unbounded real number line using the 

Logit transformation shown in Eq 9, as was discussed in the work of Costa et al. [66], 

where 𝑦 and 𝑦′ are the observed and transformed responses, respectively. In its absence, 

model violations and physically impermissible predictions can occur Costa et al. [66]. In 
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particular, the normality of residuals, a common modelling assumption, can easily become 

violated when modelling a bound response [66], [114]. Furthermore, Maitra et al. [16] 

illustrated that the observed relative density in literature is heavily skewed towards higher 

relative densities, while La Fe-Perdomo et al. [22] suggest that data transformation may be 

required to normalize the response and mitigate the asymmetrical nature of the LPBF 

process. The Logit transformation compresses observations near the center of the interval 

and expands observations near the extremes. Thus, it was hypothesized that the Logit data 

transformation may be suitable for achieving a more symmetric distribution. In this work, 

all modelling efforts were performed in the Logit space, and by extension, any modelling 

assumptions and evaluations were made in this space as well. 

 

 𝑦′ = ln
𝑦

1 − 𝑦
 Eq 9 

 

3.2 Design of Experiments: Central Composite Design  

The initial print consisted of a central composite design (CCD) – a 3-factor illustrative 

example of which is shown in Figure 8 [73]. Traditionally used with 2nd-order response 

surfaces, the design is composed of nf factorial points, nα axial points a distance α from the 

center of the design, and nc center points which combined allow the estimation of linear, 

interaction, and quadratic effects as well as pure error in a traditional MLR model [73], 

[75], [101], [108]. In traditional MLR development, the properties of the design, among 

which rotatability and optimality are often considered, are largely influenced by α and nc 

[73]. In the current work, a Gaussian process regression model was developed and α and 

nc were used for alternative objectives. Axial distance was defined as 2 which allowed the 
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design space to be described by a 4-dimensional sphere in coded units. Despite commonly 

being used with MLR, this choice presented two principal benefits to the current study: it 

avoided the vertices of the circumscribed hypercube, which present highly undesirable 

parameter combinations, and simplified the design space to a single inequality constraint. 

 
Figure 8. Illustrative 3-factor central composite design [73]. 

In the current active learning framework, all samples for a given iteration were printed 

within the same batch for consistency and cost considerations. In an effort to ensure 

between-batch consistency, the center points served as repeated measurements to 

determine if there was a statistically significant effect of batch on the relative density of 

the samples. Statistical significance was determined using a fixed effect one-way Analysis 

of Variance performed in Minitab 21.1, the null and alternative hypothesis of which is 

illustrated in Eq 10 [115]. It is worth noting that this is considered a simplification of the 

consistency of the LPBF process as it only considers a single region of the design space, 

assuming consistency in the center of the design space is indicative of consistency 
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throughout the design space, and considers each batch a fixed effect instead of utilizing a 

more realistic random effect model.  

 

 

𝑦𝑖𝑗 = 𝜇 + 𝜏𝑖 + 𝜀𝑖𝑗  {
𝑖 = 1,2,3
𝑗 = 1,… , 𝑛𝑐

 

𝐻𝑜 : 𝑎𝑙𝑙 𝜏𝑖 = 0 

𝐻𝑎 : 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝜏𝑖 ≠ 0 

Eq 10 

 

The physical parameters associated with the coded levels of the CCD design were 

determined based on the supplier’s suggested parameters, as depicted in Table 2, for a 

layer thickness of 30 µm. The supplier’s suggested processing parameters served as the 

center of the design space apart from laser power, whose supplier suggested value served 

as its upper limit. This was due to the maximum output power of 200 W associated with 

the LPBF machine used. The axial points of the other parameters were chosen such that 

the design space represented the author’s best prior notion of a feasible design space while 

ensuring the coded levels represent integer values in the physical domain. 

Table 2. Coded levels of the design space.  

Level Laser Power 

(W) 

Exposure Time 

(µs) 

Point Distance 

(µm) 

Hatch Spacing 

(µm) 

Supplier 200 50 75 50 

-2 120 10 35 10 

-1 140 30 55 30 

0 160 50 75 50 

1 180 70 95 70 

2 200 90 115 90 

 

In addition to the initial CCD design, the first print consisted of 6 validation samples. 

These samples were created by sequentially generating random feature vectors which 

satisfy the condition that the points lie within or near a 4-dimensional sphere of radius 2 
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centered at the origin, and mimic the space-filling properties of a Latin hypercube. That is, 

the feature vector was randomly generated such that the kth design variable of the feature 

vector is unique to the kth design variable of previously generated validation feature 

vectors. This was done to encourage diverse sampling within the design space. Thereafter, 

each subsequent print of active learning samples included 6 test samples with parameters 

selected randomly from the set of unlabeled data. After the last active learning iteration, 

the test samples from the previous iterations were amalgamated to form the final testing 

set and used to evaluate the developed model.  

3.3 Gaussian Process Regression 

Gaussian process regression assumes all observations are drawn from a Gaussian 

process uniquely defined by its’ mean, 𝑚(∙), and covariance or kernel, 𝑘(∙,∙), functions. As 

a result, any finite collection of observations follows a joint multivariate Gaussian 

distribution [7], [80]. Given a collection of 𝑛 observed 𝑞-dimensional feature vectors 

represented by a matrix, 𝑿 (𝑛 × 𝑞), with known labels, 𝒚 (𝑛 × 1), and a collection of 𝑚 

unobserved 𝑞-dimensional feature vectors represented by a matrix, 𝑿∗ (𝑚 × 𝑞), with 

unknown labels, 𝒚∗ (𝑚 × 1), their joint distribution can be expressed as Eq 11, where 𝜎𝑓
2 

and 𝜎𝑛
2 are the signal and noise variance, respectively, and 𝑰 is the identity matrix[27], [84]. 

Since in this work experimental observations with inherent noise were modelled, the 

Gaussian process regression model assumes there is independent and identically distributed 

normal noise accounted for by the additive 𝜎𝑛
2𝑰𝑛+𝑚 term [27]. 

 

 [
𝒚
𝒚∗
] ~𝑀𝑉𝑁([

𝒎(𝑿)

𝒎(𝑿∗)
] , 𝜎𝑓

2 [
𝑲(𝑿,𝑿) 𝑲(𝑿,𝑿∗)

𝑲(𝑿,𝑿∗)
𝑇 𝑲(𝑿∗, 𝑿∗)

] + 𝜎𝑛
2𝑰𝑛+𝑚) Eq 11 
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The properties of the Gaussian process model are defined by its mean and kernel 

functions [18], [27]. In this work, two classes of popular anisotropic kernel functions were 

used: the squared exponential kernel, Eq 12, and the Matérn class of kernel, Eq 13. 

 

 𝐾𝑆𝐸(𝑄) = exp (−
1

2
𝑄2) Eq 12 

 𝐾𝑀𝑎(𝑄) =
21−𝜈

Γ(𝜈)
(√2𝜈𝑄)

𝜈
𝜅𝜈(√2𝜈𝑄) Eq 13 

 

To circumvent the computational burden of the general Matérn kernel, which requires 

the evaluation of the modified Bessel function, 𝜅𝜈(∙), where 𝜈 dictates the smoothness, two 

specific cases were considered in this work, 𝜈 = 3/2, Eq 14, and 𝜈 = 5/2, Eq 15. In these 

cases, the kernel function simplifies to the product of a polynomial and exponential 

function [84]. In all cases, the kernel is a function of the 𝑄, Eq 16, as defined similarly in 

Tapia et al. [31], and can be considered the Euclidean distance between two 𝑞-dimensional 

vectors 𝒙 and 𝒙′ with the difference in each dimension scaled by its own characteristic 

length scale ℓ𝑖. That is the characteristic length scale of laser power, exposure time, point 

distance, and hatch spacing are denoted by ℓ1, ℓ2, ℓ3, and ℓ4, respectively. This unique 

characteristic length scale for each dimension gives the kernel its anisotropic property and 

was used to determine feature significance as discussed in Section 4.5.  

 

 𝐾𝑀𝑎3/2 (𝑄) = (1 + √3𝑄)exp(−√3𝑄) Eq 14 

 𝐾𝑀𝑎5/2(𝑄) = (1 + √5𝑄 +
5

3
𝑄2) exp(−√5𝑄) Eq 15 

 𝑄(𝒙, 𝒙′) = √(𝒙 − 𝒙′)𝑑𝑖𝑎𝑔(𝓵−2)(𝒙 − 𝒙′)𝑇  Eq 16 
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Similar to the work of, for example, Maitra et al. [16], this work considered the use of 

various mean functions. Specifically, 3 mean functions were considered: constant, linear, 

and quadratic. Each of the mean functions can be expressed as 𝑚(𝒙) = 𝝓(𝒙)𝜷, where 

𝝓(𝒙) is an (1 × 𝑝) function of the feature vector 𝒙, and 𝜷 is a (𝑝 × 1) vector of mean 

function coefficients. Considering a 𝑞-dimensional feature vector, the constant, linear, and 

quadratic mean functions can be described by the functions, Eq 17, Eq 18, and Eq 19, 

respectively. Defining a combined (𝑛 × 𝑝) matrix 𝚽(𝑿) with its 𝑖𝑡ℎ row defined by 𝝓(𝒙𝑖), 

the (𝑛 × 1) mean vector evaluated at 𝑿 can be calculated using  𝒎(𝑿) = 𝚽(𝑿)𝜷. 

 

 𝝓(𝒙) = [1] Eq 17 

 𝝓(𝒙) = [1 𝑥1 ⋯ 𝑥𝑞] Eq 18 

 𝝓(𝒙) = [1 𝑥1 ⋯ 𝑥𝑞 𝑥1𝑥2 ⋯ 𝑥𝑞−1𝑥𝑞 𝑥1
2 ⋯ 𝑥𝑞

2] Eq 19 

 

Based on the above definition of mean and kernel functions, the Gaussian process 

model can be defined in terms of a set of hyperparameters, 𝜽, given by {𝜎𝑓
2, 𝜎𝑛

2, 𝜷, 𝓵}. From 

the marginalization property of multivariate Gaussian distributions [84], the labeled data 

are distributed as  𝒚|𝜽~𝑀𝑉𝑁(𝒎(𝑿),𝜎𝑓
2𝑲(𝑿,𝑿) + 𝜎𝑛

2𝑰𝑛). Considering the Bayesian 

framework, up to proportionality the posterior distribution of the hyperparameters given 

the observations, 𝑝(𝜽|𝒚), is expressed as Eq 20 [31], where 𝑝(𝒚|𝜽) is the likelihood of the 

observed data given the hyperparameters, and 𝑝(𝜽) is the prior belief of the 

hyperparameters. 
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 𝑝(𝜽|𝒚) 𝛼 𝑝(𝒚|𝜽) 𝑝(𝜽) Eq 20 

 

Hyperparameters were considered independent a priori, and their joint prior probability 

was calculated as the product of their independent prior distributions, Eq 21 – Eq 24 [31]. 

In this work, similar prior distributions were used to the original work of Tapia et al. [31], 

all of which are of the same family of distribution. All priors used offer little information; 

however, they are not considered uninformative [86]. The inverse gamma distribution over 

𝜎𝑓
2 and 𝜎𝑛

2 assigns infinite variance with means at 1 and 0.1, respectively [31], [86]. The 

multivariate Gaussian distribution over mean parameters indicates a prior belief that no 

mean function parameters should be included with a high uncertainty [31], while the 

uniform distribution defines an allowable range from which the characteristic length scale 

can take on values with equal probability, and by extension, limits the possible shapes of 

the kernel functions. All priors used imparted some amount of belief, although in the 

current work, they are all highly uncertain. 

 

 𝑝(𝜎𝑓
2)  ~ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝐺𝑎𝑚𝑚𝑎 (2, 1) Eq 21 

 𝑝(𝜎𝑛
2)  ~ 𝐼𝑛𝑣𝑒𝑟𝑠𝑒 𝐺𝑎𝑚𝑚𝑎 (2, 0.1) Eq 22 

 𝑝(𝜷) ~ 𝑀𝑢𝑙𝑡𝑖𝑣𝑎𝑟𝑖𝑎𝑡𝑒 𝑁𝑜𝑟𝑚𝑎𝑙 (𝟎, 104𝑰𝑝) Eq 23 

 𝑝(ℓ𝑖) ~ 𝑈𝑛𝑖𝑓𝑜𝑟𝑚(0,4) Eq 24 

 

The benefit of the conjugate multivariate Gaussian prior is that a closed-form posterior 

can be found as Eq 25 – Eq 27, where 𝝁0 and 𝚺0 are the prior mean and covariance, 

respectively [31].  
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 𝑝(𝜷|𝒚, 𝜎𝑓
2, 𝜎𝑛

2, 𝓵)~𝑀𝑉𝑁(𝝁𝜷|∙, 𝚺𝜷|∙) Eq 25 

 𝚺𝜷|∙ = (𝚺0
−1 +𝚽𝑇(𝜎𝑓

2𝑲(𝑿,𝑿) + 𝜎𝑛
2𝑰𝑛)

−1
𝚽)

−1

 Eq 26 

 𝝁𝜷|∙ = 𝚺𝜷|∙ (𝚺0
−1𝝁0 +𝚽

𝑇(𝜎𝑓
2𝑲(𝑿,𝑿) + 𝜎𝑛

2𝑰𝑛)
−1
𝒚) Eq 27 

 

With a complete closed-form solution of the conditional posterior distribution, MCMC 

sampling was performed using Gibbs sampling for mean function parameters, 𝜷, while 

using Metropolis sampling with a Gaussian proposal distribution for the remaining 

hyperparameters. The complete sampling algorithm, adopted and modified from the 

previous work of Tapia (the overarching dissertation including the work in Refs. [27], 

[31]), is shown in Algorithm 1 [18]. An initial burn-in period of 5000 iterations inclusive 

of the initial hyperparameter estimate was used to allow the Markov chain to reach its 

stationary distribution, while 50000 samples were collected thereafter from the posterior 

distribution to overcome correlation amongst samples and make meaningful inferences 

about the hyperparameters and the response at unobserved feature vectors.  
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Algorithm 1. MCMC sampling of hyperparameters. Modified from Ref. [18]. 

1: Input: Number of samples N, burn-in period B, initial sampling 

parameters 𝛉(0) ← {𝛃(0), σf
2(0), σn

2(0), ℓ1
(0), ℓ2

(0), ℓ3
(0), ℓ4

(0)}, 

proposal distribution standard deviation 𝛔𝛉∗ ←

{σ
σf
2∗ , σσn2

∗ , σℓ1∗ , σℓ2∗ , σℓ3∗ , σℓ4∗ } 

 

2: Output: MCMC samples 𝚯 (N × q)  

3: for i in range(1, N + B):  

4:  𝛃(i)~p(𝛃|σf
2(i−1) , σn

2(i−1), ℓ1
(i−1), ℓ2

(i−1) , ℓ3
(i−1), ℓ4

(i−1), 𝐲)  

5:  for all θj ≠ 𝛃:  

6:   θj
∗~p(θj|θj

(i−1)
)  

7:   

r =
p(θ1

(𝑖), … , θj−1
(𝑖) , θj

∗, θj+1
(i−1), … , θq

(i−1)|𝐲)

p (θ1
(𝑖), … , θj−1

(𝑖) , θj
(i−1), θj+1

(i−1), … , θq
(i−1)|𝐲)

 

 

8:   u~Uniform(0,1)  

9:   if u < r:  

10:    θj
(i)
← θj

∗  

11:   else:  

12:    θj
(i)
← θj

(i−1)
  

13:  𝛉(i) ← {𝛃(i), σf
2(𝑖), σn

2(𝑖), ℓ1
(𝑖), ℓ2

(𝑖), ℓ3
(𝑖), ℓ4

(𝑖)}  

14: return 𝚯 ← {𝛉(B), 𝛉(B+1), … , 𝛉(N+B−1), 𝛉(N+B)}  

 

From Eq 11, given a sampled set of hyperparameters 𝛉(i) the conditional distribution 

of the unobserved response, 𝒚∗, given the observed response, 𝒚, was obtained as Eq 28 – 

Eq 30 [31]. By sampling from the conditional distribution, Eq 28, for each of the posterior 

hyperparameter samples a Bayesian posterior predictive distribution was obtained.  

 

 𝒚∗|𝒚, 𝜽 ~ 𝑀𝑉𝑁(𝝁𝒚∗|𝒚,𝜽 , 𝚺𝒚∗|𝒚,𝜽) Eq 28 

 𝝁𝒚∗|𝒚,𝜽 = 𝜱(𝑿∗)𝜷 + 𝑲(𝑿,𝑿∗)
𝑻(𝜎𝑓

2𝑲(𝑿,𝑿) + 𝜎𝑛
2𝑰𝑛)

−1
(𝒚 −𝚽(𝑿)𝜷) Eq 29 
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𝚺𝒚∗|𝒚,𝜽 = 𝑲(𝑿∗, 𝑿∗) + 𝜎𝑛

2𝑰𝑚

−𝑲(𝑿,𝑿∗)
𝑻(𝜎𝑓

2𝑲(𝑿,𝑿) + 𝜎𝑛
2𝑰𝑛)

−1
𝑲(𝑿,𝑿∗) 

Eq 30 

 

The posterior predictive distribution of relative density was obtained using the inverse 

Logit transformation for each of the samples from the posterior predictive distribution. For 

simple model inference the computation of the complete predictive posterior distribution 

was not prohibitively expensive; however, in the case that a complete Bayesian posterior 

distribution was too expensive to compute, as in the case of pool-based greedy active 

learning and multi-objective optimization, alternatives were considered. In greedy 

sampling with active learning discussed in Section 3.4, the computational complexity was 

principally driven by the large candidate pool and the complexity introduced by requiring 

the observed response in determining the predictive distribution, and thus inference about 

the response at unobserved feature vectors was obtained using Eq 28 with the maximum a 

posteriori point estimate of the hyperparameters. On the other hand, in multi-objective 

optimization, the burden was principally associated with a large number of iterations, and 

thinning, as implemented in the work of Tapia et al. [27], was utilized. Preliminary 

investigations suggested thinning every 10th iteration had a negligible impact on the 

model’s predictive accuracy and was thus used in the iterative optimization procedure. The 

implementation of Algorithm 1 and all related equations was realized using Python. 

3.4 Active Learning: Batch Sampling  

Due to the cost structure associated with AM as previously discussed in Section 2.8, 

pool-based batch active learning was selected as opposed to its sequential counterpart. In 

this work, the weight information gain expected model change maximization algorithm 
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proposed by Zhao et al. [96] was implemented. Due to the size of the design space 

considered, it was not possible to solve for the maximum weight information gain by 

enumeration. Therefore, the approximate solution was determined using their greedy 

implementation, Algorithm 2 [96].  

 Algorithm 2. Greedy sampling weight information gain [96]. 

1: Input: Labeled data set 𝐷,  unlabeled data set 𝑈, candidate 

set 𝐶 ⊂ 𝑈, batch size 𝑚, hyperparameters 𝜃𝑀𝐴𝑃  

 

2: Output: Query set 𝐶∗, unlabeled data set 𝑈   

3: 𝐶∗ = ∅  

4: for 𝑖 in range(1,𝑚):  

5:  𝐷∗ = 𝐷 ∪ 𝐶∗  

6:  𝒙𝑖 = argmax
𝒙∈𝐶

𝜌(𝒙)  

7:  𝐶 = 𝐶/𝒙𝑖  

8:  𝐶∗ = 𝐶∗ ∪ 𝒙𝑖  

9: 𝑈 = 𝑈/𝐶∗  

10: return  𝐶∗, 𝑈  

 

In Algorithm 2, 𝜌(𝒙) is calculated according to Eq 31. It is interesting to note that Eq 

31 is equivalent to Eq 30, without the additional variance attributed to noise. Thus, it could 

be concluded that Zhao et al. [96] indirectly illustrated that greedy sampling of uncertainty 

considering the correlation among selected, but not yet labeled, samples approximates the 

set of samples which causes the greatest model change in the weight space. This can be 

computed since, given a point estimate of the Gaussian process regression 

hyperparameters, the predicted uncertainty is only dependent on the ‘observed’  feature 

vectors and not their labels. Thus, in this work, the sampling algorithm will be referred to 

as greedy uncertainty sampling due to the popularity of uncertainty sampling and its more 
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intuitive interpretation; however, with a note that it is based on the greedy sampling weight 

information gain algorithm presented in Ref. [96]. Nevertheless, from a greedy uncertainty 

sampling perspective, a maximum a posteriori point estimate of the hyperparameters, 

𝜃𝑀𝐴𝑃 , was used to evaluate Eq 31 since although the point estimate of the predictive 

uncertainty is label independent, the complete posterior distribution is label dependent. 

Lastly, for consistency with Eq 30, a constant noise term 𝜎𝑛
2 was included in the active 

learning query strategy; however, this is a constant and thus does not affect the query 

strategy.    

 

 𝜌(𝒙) = 𝑘(𝒙, 𝒙) − 𝒌(𝑫∗, 𝒙)𝑇(𝜎𝑓
2𝑲(𝑫∗, 𝑫∗) + 𝜎𝑛

2𝑰)
−1
𝒌(𝑫∗, 𝒙) Eq 31 

 

In this work, it was infeasible to even consider greedy sampling on the whole unlabeled 

pool, and thus a candidate set, 𝐶, comprised of 𝑀 = 1000 candidate vectors, was randomly 

subsampled from the unlabeled pool at each iteration. Thereafter, an active learning 

iteration was composed of a batch of 24 unique feature vectors selected according to 

Algorithm 2 and 8 center replicates from the CCD design. Due to the costs associated with 

LPBF and the timeline of the current project, a maximum of 3 prints were conducted 

consisting of the initial print and 2 active learning iterations. The implementation of 

Algorithm 2 and all related equations was realized using Python. 

3.5 Multi-Objective Optimization: NSGA-II 

The implementation of NSGA-II was performed using pymoo – an open-source multi-

objective optimization framework recently developed in collaboration between the original 

NSGA-II developer and their graduate student [100]. Based on the general multi-objective 
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optimization problem formulation outlined in Eq 6, the current problem was expressed as 

Eq 32, where 𝑓1(∙) and 𝑓2(∙) represent relative density and build rate, respectively. In 

agreement with the pymoo framework, the problem was expressed strictly as a minimizing 

problem subject to less than or equal to constraints.  

 

 
min
𝒙
−𝑓1(𝒙),−𝑓2(𝒙)  

𝑠. 𝑡. 𝒙𝒙𝑻 − 𝛼𝟐 ≤ 0 
Eq 32 

 

Two main processes contribute to the controllable build rate during LPBF: laser 

scanning and powder recoating [67], [76]. Neglecting the LPBF process’s auxiliary 

operations, including powder-related operations, Eq 33 presents a commonly used 

simplified build rate model  [4], [21], [22], [48], [76], [111]. In the build rate model, an 

equivalent scan speed is calculated using Eq 34 defined similarly in [19], [21], where jump 

time, 𝐽𝑇, is the time elapsed between laser pulses. Jump time directly influences the 

equivalent velocity, and due to its direct impact on the duty cycle, the average power of the 

modulated laser. Nevertheless, it was considered fixed in the current study. In this work, 

omitting powder-related considerations was deemed reasonable as Schwerz et al. [10] 

suggest that the scanning primarily determines the build time; however, it has been noted 

that the build rate is sensitive to print specific considerations, including build area 

utilization, geometric complexity, build layout, and build orientation [10], [48]. It is 

important to note that the build rate was evaluated in terms of physical units in the 

optimization framework. 
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 𝐵𝑢𝑖𝑙𝑑 𝑅𝑎𝑡𝑒 = 𝑣𝑡ℎ Eq 33 

 𝑣 =
𝑃𝐷

𝐸𝑇 + 𝐽𝑇
 Eq 34 

 

The original NSGA-II algorithm proposed by Deb et al. is replicated in Algorithm 3 

[104]. In summary, an initial population is first constructed randomly, and an initial 

offspring population is generated. While the termination criteria, in this work less than a 

maximum number of iterations, is true, a combined population consisting of the parent and 

offspring populations is defined and sorted based on rank and crowding distance. While 

the size of the parent set of the next iteration remains below the population size, 𝑁, it is 

formed by sequentially adding the sorted fronts from the lowest rank onward. The final 

members are selected as the solutions with the highest crowding distance from the front 

which does not fit entirely in the next parent population until its population size is reached. 

A more complete description of NSGA-II along with the fast sorting and crowding distance 

algorithms can be found in the original work of Deb et al. [104], while an excellent 

summary of NSGA-II within LPBF related literature can be found in [67]. 
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Algorithm 3. NSGA-II multi-objective optimization algorithm [104]. 

1: Input: Population size 𝑁, maximum generations 𝑇, crossover 

probability 𝑃𝑐, mutation probability 𝑃𝑚  

 

2: Output: Non-dominated set of solutions, 𝑃𝑇  

3: 𝑃0 = 𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑖𝑧𝑒 𝑝𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛(𝑁)  

4: 𝑄0 = 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑜𝑓𝑓𝑠𝑝𝑟𝑖𝑛𝑔(𝑃0)  

5: for 𝑡 in range(0, 𝑇 − 1):  

6:  𝑅𝑡 = 𝑃𝑡 ∪ 𝑄𝑡  

7:  ℱ = 𝑠𝑜𝑟𝑡(𝑅𝑡)  

8:  𝑃𝑡+1 = ∅; 𝑖 = 1  

9:  while |𝑃𝑡+1| + |ℱ𝑖| ≤ 𝑁:  

10:   𝑐𝑟𝑜𝑤𝑑𝑖𝑛𝑔 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒(ℱ𝑖)  

11:   𝑃𝑡+1 = 𝑃𝑡+1 ∪ ℱ𝑖  

12:   𝑖 = 𝑖 + 1  

13:  𝑠𝑜𝑟𝑡(ℱ𝑖 , ≺𝑛)  

14:  𝑃𝑡+1 = 𝑃𝑡+1 ∪ ℱ𝑖[1: (𝑁 − |𝑃𝑡+1|)]  

15:  𝑄𝑡+1 = 𝑔𝑒𝑛𝑒𝑟𝑎𝑡𝑒 𝑜𝑓𝑓𝑠𝑝𝑟𝑖𝑛𝑔(𝑃𝑡+1)  

16: return 𝑃𝑇   

 

Significant variations in the algorithm configuration can be observed in the literature, 

for example, in Refs. [109], [110], [111], [116], [117]. The current work adopted a similar 

configuration as presented in the original work [104] for real coded variables, with 

variations similar to the range of the above references. That is, the current work used a 

population size of 100, 150 iterations, crossover probability of 0.9, mutation probability of 

0.25, simulated binary crossover with 𝜂𝑐 = 15, and polynomial mutation with 𝜂𝑚 = 20. 

The hypervolume metric, thought of as the volume enclosed in light blue in Figure 7, was 

used to estimate the convergence of the algorithm, while 3 runs were performed to 

determine the validity of the obtained non-dominated solutions.  
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4. Results and Discussion 

4.1 Powder Characteristics 

A representative particle size distribution of the Ti64 powders used in the work was 

measured using laser – diffraction particle size analysis, the results of which are shown in 

Table 3 and Figure 9 (a). The results show an increased presence of larger particles 

compared to the supplier reported distribution as indicated by the shifting of the distribution 

– most noticeable at the 90th percentile. In fact, the 10th and 50th percentiles remain 

marginally within the supplier-specified range for the virgin powder [112]. Nevertheless, 

the measured particle size distribution remains within common ranges for Ti64 based on 

the summary of Maitra et al. [16]. 

Table 3. Measured particle size distribution. 

 D10 (µm) D50 (µm) D90 (µm) 

Measured 23.3 35.2 52.6 

AP&C [112] 
(min) 17.0 30.0 42.0 

(max) 24.0 36.0 50.0 

 

The corresponding particle morphology was examined using scanning electron 

microscopy – a representative image of which is shown in Figure 9 (b). Despite the shifted 

particle size distribution, it is noted that the particles retain their spherical morphology – a 

characteristic of the plasma atomization process [48]. The shifting of the measured particle 

size distribution compared to their virgin counterparts can be attributed to the reusing of 

powder. The qualitative spheroidicity of the particles suggests that in contrast to 

agglomeration, particles with a diameter less than the nominal layer thickness are 

consumed during the printing process. Studying the effect of powder recycling on 316L 
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stainless steel feedstock, Lu et al. [56] observed a similar shift of the particle distribution 

compared to their virgin counterpart, which they attribute to the favorable deposition of 

fine powders and the generation of spatter particles. Furthermore, Alfaify et al. [19] and 

Brika et al. [48] used similar arguments to explain observing near-identical properties of 

samples printed with drastically different particle size distributions and observing an 

increase in powder bed density with a decrease in layer thickness, respectively. As a result, 

it is suggested that particles larger than the nominal layer thickness are reused while smaller 

particles are consumed, leading to the observed drift of the distribution. 

 

Figure 9. a) Particle size distribution, and b) particle morphology. 



61 

 

4.2 Initial Print: Central Composite Design 

The relative density measurements of the initial central composite design are displayed 

in Figure 10. The uncertainty has been determined considering the resolution of the digital 

scale described in Section 3.1 and the standard deviation of the experimental 

measurements. A 95 % confidence interval of the relative density of each sample is 

considered in this work using a t-distribution of 2 degrees of freedom (𝑡𝛼/2,𝑛−1 = 4.303). 

The lower and upper confidence limits are then used to determine the bounds of the 

transformed uncertainty. 

 
Figure 10. a) Relative density measurements and the Logit transformed response, b) 

histogram of the relative density, and c) histogram of the Logit transformed relative 

density. 

Figure 10 (a) indicates three instances in which the uncertainty suggests achieving an 

experimental density greater than the theoretical density is feasible. This results in an upper 

confidence limit greater than 1 in the physical domain or an undefined confidence limit in 

the Logit domain. This can be explained by considering variability in alloying elements 
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due to elemental vaporization during the melting and solidification process or simply by 

the sampling distribution. As summarized in the reviews of Oliveira et al. [9] and DebRoy 

et al. [2], due to the high melt pool temperature achieved in the LPBF process, volatile 

alloying elements may selectively vaporize and alter the chemical composition of the 

printed material. In the case of Ti64, aluminum may vaporize and sufficiently perturb the 

chemical composition to result in an observable change in theoretical density. Decreasing 

the concentration of aluminum (or any lightweight alloying elements) can increase the 

theoretical density of the printed material, and thus decrease its relative density.  

Conversely, due to the limited number of measurements for each sample, 𝜈 = 2, the t-

distribution is relatively heavy-tailed compared to the normal distribution. This results in a 

wide confidence interval simply due to sampling. Since the width of the confidence interval 

is directly related to the sample size, increasing the sample size would likely reduce the 

width of the confidence interval such that its upper limit remains below 1. To accommodate 

for this, in this work the upper limit of these irregular confidence intervals is considered 

unbounded in the Logit domain for illustration.  

Figure 10 (b) and (c) illustrate the effect of the data transformation on the distribution 

of the relative density. It is observed that the relative density distribution exhibits relatively 

severe negative skewness (𝛾1 = −3.22) with 90 % of all observations exhibiting relative 

density greater than 95 %, similar to the summary reported by Maitra et al. [16]. After the 

Logit transformation, a more symmetric (𝛾1 = −1.52), albeit rather leptokurtic (𝛾2 =

2.30), distribution is achieved.  
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4.3 Model Configuration 

4.3.1 Preliminary Model Configuration 

It has been widely established that the mean and covariance functions determine the 

predictive ability of the Gaussian process regression model. Clear evidence of this 

pertaining to LPBF was presented in the previous work of Maitra et al. [16] and Zhang et 

al. [52] who clearly showed the variability of models’ predictive ability depending on the 

kernel function. Among others, Quiepo et al. [71] and Forrester and Keane [70] suggest 

that an estimate of the model's predictive ability in terms of its generalization error is 

helpful in determining a suitable model. In this work, a suitable model refers to a suitable 

combination of mean and covariance functions. Based on the possible combinations of 

mean and covariance functions, the most suitable combination is chosen as that which 

minimizes the predictive error on the validation set. In this work average absolute relative 

error (AARE), Eq 35, and mean square error (MSE), Eq 36, were used to evaluate the 

predictive ability of each model configuration, where 𝑦 and 𝑦̂ are the observed and 

predicted response, respectively. 

 

 𝐴𝐴𝑅𝐸 =
1

𝑛
∑

|𝑦𝑖 − 𝑦̂𝑖|

𝑦𝑖

𝑛

𝑖=1

× 100% 
Eq 35 

 𝑀𝑆𝐸 =
1

𝑛
∑(𝑦𝑖 − 𝑦̂𝑖)

2

𝑛

𝑖=1

 
Eq 36 

 

Table 4 summarizes this predictive error of each model configuration. Based on the 

results and selection criteria, the constant and squared exponential functions were chosen 

as the most suitable mean and covariance functions, respectively.  
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Table 4. Gaussian process model predictive performance with various model 

configurations (AARE [%], MSE).  

Mean 

Function 

Kernel Function 

Matérn 3/2 Matérn 5/2 Squared Exponential 

Constant 10.88, 0.20 10.21, 0.18 9.70, 0.15 

Linear 11.34, 0.21 10.76, 0.19 10.12, 0.17 

Quadratic 11.65, 0.23 11.70, 0.24 11.58, 0.23 

 

Table 4 indicates that the squared exponential kernel function paired with the constant 

mean function yields the highest predictive accuracy on the validation set. Furthermore, it 

is observed that the predictive accuracy generally deteriorates with increasing model 

complexity – that is, more parameterized mean functions and less smooth covariance 

functions. This is reasonably expected since overparameterized models with limited data 

tend to overfit the training data and generalize poorly to testing data [118]. Considering the 

quadratic mean function, the chosen covariance functions appear to exert little influence 

on the model's predictive ability.  

The observations above support the previous work of Zhang et al. who demonstrated 

either the squared exponential or highly smoothed Matérn (𝜈 = 18) kernels were the most 

desirable kernels in terms of predictive accuracy using limited training data (𝑛 = 20) [52]. 

Nevertheless, the above results contradict the previous work of Maitra et al. [16], who 

found the constant mean and exponential kernel – a special case of the Matérn kernel with 

𝜈 = 1/2 - outperformed the squared exponential kernel chosen in this work. This is likely 

attributed to the larger training data set utilized in the prior work (446 unique feature 

vectors compared to the 25 unique feature vectors utilized in the current work) which likely 

has more intricate patterns due to the inherent non-linear nature of the LPBF process, thus 

requiring a kernel function which is able to produce less smooth function approximations.  
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4.3.2 Preliminary Model Convergence 

Ill-convergence of MCMC sampling chains can result in misleading inferences based 

on an inaccurate representation of the posterior distribution and its summary statistics [87], 

[89], [119]. Considering the chosen model configuration, convergence was graphically 

evaluated using the marginal posterior distribution sample trace – a time sequence plot of 

the marginal posterior samples. More effective theoretically founded convergence criteria, 

such as those discussed in Ref. [119], remains as future work and outside the current scope. 

Figure 11 illustrates the trace and kernel density estimate of the marginal posterior 

distribution for each hyperparameter over 11 independent sampling trials. The initial 

hyperparameters of each trial were randomly sampled with similar space filling properties 

to a Latin hypercube over-dispersed within the support of each of the prior distributions. 

Samples from the marginal posterior probability distribution of each hyperparameter were 

obtained from the sampled joint distribution by considering only the samples of the 

hyperparameter of interest [87], [120].     
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Figure 11. Trace of the marginal posterior distribution of a) 𝛽, b) 𝜎𝑓

2, c) 𝜎𝑛
2, d) ℓ1, e) ℓ2, 

f) ℓ3, and g) ℓ4 using the constant mean and squared exponential kernel functions over 11 

independent sampling trials. The burn-in period is denoted by the dashed vertical line.  The 

kernel density estimate of the sampled marginal distribution after the burn-in period for 

each trace is illustrated to the right. Positive density outside the support of the prior 

distribution is attributed to the kernel density estimate, as no samples exist in these regions. 

Marginal chains and distributions from each trial are plotted using different colors but 

become indistinguishable. 
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Roy discusses evaluating convergence in terms of determining when the Markov chain 

has reached the stationary distribution and determining when the sampling statistics are 

sufficiently close to the population statistics [119] – or more colloquially, they described 

this as determining when to start sampling and when to stop sampling, respectively. Using 

a burn-in period to address the convergence of the Markov chain to the stationary 

distribution, it is observed that during the burn-in period, clear and distinguishable traces 

are observed. This is more easily observed in the early iterations of the marginal trace of 

𝜎𝑛
2, Figure 11 (c). This indicates the Markov chain has not reached its stationary 

distribution [89]. After the burn-in period, the traces become indistinguishable from one 

another indicating that all chains have converged to the stationary distribution. Thus, a 

burn-in period of 5000 is sufficient to suggest that all samples thereafter are drawn from 

the posterior distribution.  

Among the various methods of estimating convergence, in this work, the convergence 

of the means of the multiple marginal chains with over-dispersed initial parameters is 

considered indicative that the sampling statistics reasonably approximate the population 

statistics of interest. A running mean plot of the marginal posterior distribution of each 

hyperparameter is shown in Figure 12. The running mean plot indicates reasonable 

convergence of the mean of each of the hyperparameters, thus indicating that 50000 

iterations are sufficient to achieve a reasonable approximation of the population statistics. 

Furthermore, it is noted that the mean function hyperparameter converges much quicker 

and closer than the remaining hyperparameters. This is likely attributed to the conjugacy 

of its prior distribution, which allows its conditional posterior to be sampled directly using 
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Gibbs sampling. In conjunction with the trace plots of Figure 11, it is suggested that the 

MCMC sampling has converged. 

 

Figure 12. Running mean plot of the marginal posterior distribution of a) 𝛽, b) 𝜎𝑓
2, c) 𝜎𝑛

2, 

d) ℓ1, e) ℓ2, f) ℓ3, and g) ℓ4. The running mean considers only samples taken after the 

burn-in period using the constant mean and squared exponential kernel functions.   
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Despite appearing to have converged in the marginal posterior distribution, it is 

observed, as in the original work of Tapia et al., that the model scale hyperparameters tend 

to yield a relatively wide marginal distribution [31]. Tapia et al. originally attribute this to 

insufficient data – an argument supported in part by Ref.  [87]. Both Congdon [87] and 

Qian [120] present a convincing alternative that suggests that marginal posterior 

distributions of highly correlated hyperparameters can cause poor convergences and may 

overestimate their uncertainty. Nonetheless, the posterior samples indicate minimal 

correlation with one another, which tends to support the original conclusions of Tapia and 

their collaborators. This further supports that active learning may be a viable approach to 

increase the precision of the hyperparameters' marginal posterior distribution, as Tapia et 

al. [31] has previously alluded.   

4.4 Active Learning 

4.4.1 Evolution of Marginal Posterior Probability Distribution 

In general, additional data is expected to refine the posterior distribution as summarized 

in Section 2.7 [31], [88]. Figure 13 illustrates the evolution of the marginal posterior 

distribution of each hyperparameter as more data is collected through active learning. It is 

noted that Figure 13 depicts the kernel density estimate of the sampled marginal 

distribution. The non-zero probability of the scale hyperparameters outside the prior 

support is attributed to kernel smoothing - no MCMC samples exist in this region as it is 

not permissible by the prior. 
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Figure 13. Evolution of the marginal posterior distribution of the hyperparameters a) 𝛽, b) 

𝜎𝑓
2, c) 𝜎𝑛

2, d) ℓ1, e) ℓ2, f) ℓ3, and g) ℓ4. 
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The notion of increased precision with additional data, in general, is clearly evidenced 

in Figure 13, supporting the original work of Tapia et al. [31] and Section 2.7. As an 

example, paying particular attention to the marginal posterior probability distribution of 

𝜎𝑓
2, Figure 13 (b), the width of the 95 % posterior credible interval decreases from 1.959 

to 1.326, and finally 1.105 as additional data is accumulated between iterations 1, 2, and 3, 

respectively. Figure 13 (e), corresponding to ℓ2, illustrates the largest relative refinement 

in the marginal posterior distribution with the width of its 95 % credible interval decreasing 

from 1.581 to 0.736 before decreasing to 0.516 between iterations 1, 2, and 3, respectively. 

The refinement of the posterior distribution in conjunction with a denser sampling of the 

design space attributed to active learning is expected to decrease the predictive uncertainty 

of the response of an unobserved feature vector.  

As the most notable exception to the notion of posterior refinement, a shift of the 

marginal posterior distribution of ℓ4, Figure 13 (g), is observed after the 3rd iteration. That 

is, the marginal posterior distribution appears to become more diffuse between the 2nd and 

3rd iterations- a phenomenon counterintuitive to Bayesian inference and thus worth further 

investigation. It is worth noting again that analyzing a joint distribution in terms of its 

marginal distributions may overestimate the true variance of the parameters if they are 

correlated [120]; however, like the first iteration in Section 4.3.1 the correlation among 

MCMC samples appears mild, albeit slightly higher. In similar vein as the illustrative 

example given in Tipping [88], given the assumption that all observations follow a joint 

Gaussian distribution imposed by the Gaussian process, the likelihood of all observations 

can be decomposed into the conditional likelihood of the current iteration given the 

previous iterations as Eq 37. In essence, the posterior distribution of the preceding iteration 
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serves as the prior distribution of the current iteration as described in Ref. [88]; however, 

the likelihood is now conditioned on the observations of the previous iterations. 

 

 𝑝(𝜽|𝒚1, 𝒚2, 𝒚3) 𝛼 𝑝(𝒚3|𝒚1, 𝒚2, 𝜽)⏟        
𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 3

∙ 𝑝(𝒚2|𝒚1, 𝜽)⏟      
𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 2

∙ 𝑝(𝒚1|𝜽)⏟    
𝐼𝑡𝑒𝑟𝑎𝑡𝑖𝑜𝑛 1

∙ 𝑝(𝜽)⏟
𝑃𝑟𝑖𝑜𝑟

 
Eq 37 

 

Since the prior is unchanged throughout the active learning iterations, the shifting of 

the marginal posterior must be related to a corresponding shift in the likelihood. As such, 

Figure 14 illustrates the contribution of each batch of samples on the overall likelihood of 

the data as a function of ℓ4 over all MCMC sampling iterations. This can be thought of as 

the likelihood evaluated in the Metropolis algorithm acceptance probability, Algorithm 1, 

over all possible values of ℓ4, and not just its proposed and current values. 

Figure 14 indicates that the shift in the marginal distribution can be attributed not only 

to the 3rd iteration but also to the 2nd. That is, Figure 14 (a) illustrates a negatively skewed 

likelihood function with a large density associated with the upper range of the support of 

the prior distribution of ℓ4 in agreement with the marginal posterior distribution after the 

1st iteration illustrated in Figure 13 (g). This may be attributed to the inherent nature of 

Occam’s razor present in both the Gaussian likelihood [84], and Bayesian inference even 

under uninformative priors [88]. As additional data is collected and the design space 

becomes more densely sampled, Figure 14 (b) indicates that the conditional likelihood of 

𝒚2 tends to assign a larger density to ℓ4 in the lower range than originally present in Figure 

14 (a), indicating that the simpler representation initially favored no longer captures the 

observed data. This tends to support the discussion of Section 4.3.1, which suggested that 

increasing the amount of data may merit the consideration of a more non-linear mean and 



73 

 

kernel function. Nevertheless, the low density of Figure 14 (a) outweighs the high density 

of Figure 14 (b) and their product, Figure 14 (c), largely resembles the likelihood of 

Figure 14 (a). As a result, minimal change is observed between the first two iterations of 

Figure 13 (g). The shift in the marginal posterior distribution occurs when the conditional 

likelihood of 𝒚3, Figure 14 (d), again assigns a larger density to ℓ4 in the lower range than 

originally present in Figure 14 (a) which is sufficient to overcome its initial low density. 

Thus, the observed shift is not solely the result of the 3rd iteration but the culmination of 

the two active learning iterations as the sampling in the design space becomes denser.    

As discussed in Section 4.5, the shifting of the marginal posterior distribution towards 

smaller values indicates a more significant effect of hatch spacing than initially inferred. 

Ozsoy et al. suggest that since point distance and hatch spacing play similar roles in terms 

of controlling the spatial energy distribution, their effects on the observed relative density 

are expected to be similar [17]. Thus, it is expected to observe a similar marginal posterior 

distribution of their corresponding hyperparameters. Therefore, although the marginal 

distribution of ℓ4 after the 3rd iteration appears to be less informative than its predecessors, 

it is argued that it is more representative of the expected physical process than in the 

preceding iterations. Based on these results, it is postulated that if additional sampling were 

performed, its conditional likelihood would more closely resemble Figure 14 (b) and (d), 

and the posterior marginal distribution would become more precise in the mid-region of 

the prior support of ℓ4; however, the confirmation of this remains future work.  
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Figure 14. Evolution of the likelihood function for each iteration of MCMC as a function 

of ℓ4, a) 𝑝 (𝒚𝟏|𝛽
(𝑖), 𝜎𝑓

2(𝑖) , 𝜎𝑛
2(𝑖) , ℓ1

(𝑖), ℓ2
(𝑖), ℓ3

(𝑖), ℓ4), b) 𝑝 (𝒚𝟐|𝒚𝟏, 𝛽
(𝑖), 𝜎𝑓

2(𝑖), 𝜎𝑛
2(𝑖), ℓ1

(𝑖), ℓ2
(𝑖), ℓ3

(𝑖), ℓ4), c)  

𝑝 (𝒚𝟐, 𝒚𝟏| 𝛽
(𝑖), 𝜎𝑓

2(𝑖), 𝜎𝑛
2(𝑖) , ℓ1

(𝑖), ℓ2
(𝑖), ℓ3

(𝑖), ℓ4),  d) 𝑝 (𝒚𝟑|𝒚𝟐, 𝒚𝟏, 𝛽
(𝑖), 𝜎𝑓

2(𝑖), 𝜎𝑛
2(𝑖) , ℓ1

(𝑖), ℓ2
(𝑖), ℓ3

(𝑖), ℓ4), and e) 

𝑝 (𝒚𝟑, 𝒚𝟐, 𝒚𝟏| 𝛽
(𝑖), 𝜎𝑓

2(𝑖), 𝜎𝑛
2(𝑖) , ℓ1

(𝑖), ℓ2
(𝑖), ℓ3

(𝑖), ℓ4). 



75 

 

If the sampling of the design space is sparse with limited data, the model may not be 

able to accurately capture the influence of processing parameters and lead to inaccurate 

predictions and misleading conclusions. In the case of uncertainty-based active learning, 

inaccurate initial hyperparameters are detrimental as they can lead to inaccurate estimates 

of the predictive uncertainty and non-optimal querying of the candidate pool – a concept 

referred to as starting cold in Ref. [29]. A detrimental limitation of the application of active 

learning is that alone, it cannot be concluded if the querying strategy performed better than 

a baseline random sampling for the given problem or if starting cold was detrimental 

enough to render the active querying inferior to random sampling. Nevertheless, it is 

summarized that using active learning, the Bayesian inference Gaussian process regression 

model was able to more accurately capture the expected underlying mechanisms present in 

m-LPBF which were missed initially based on the initial experimental design.   

4.4.2 Experimental Learning Curves 

Figure 15 illustrates the evolution of the predictive distribution of the validation set as 

additional data is aggregated through active learning – the transformed experimental 

relative density and the corresponding 95 % confidence interval are illustrated as the grey 

vertical line and band superimposed over the predictive distribution, respectively. The 

width of the 95 % credible interval of the predictive distribution of all validation samples 

decreases through the active learning process, which can be attributed to two mechanisms: 

refinement of the posterior distribution and a denser sampling of the design space. In 

alignment with the observations of Figure 13, the width of the 95 % credible interval of 

the predictive distribution decreases most significantly between the 1st  and 2nd iterations, 
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while a more meager reduction is observed between the 2nd and 3rd iterations. Omitted from 

this work for brevity, the above results hold for the testing set.  

 
Figure 15. Evolution of the predictive distribution of the validation samples. 
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Although the reduction in the predictive credible interval's width is promising, it is 

insufficient to suggest that active learning efforts have been beneficial. In fact, if the width 

of the predictive distribution decreases so much so that the observed data is no longer 

within its bounds, the efforts of active learning would simply yield increased confidence 

in inaccurate predictions – a dangerous combination at best. Figure 15 indicates that the 

measured response of the validation samples remains within the 95 % credible intervals 

over all 3 iterations, while although omitted this holds true for the testing set, thus 

reinforcing the effectiveness of active learning.    

The error progression, or learning curve, of both the validation data set as well as the 

testing data set is presented in Figure 16. 

 

Figure 16. Error progression of both validation and testing data sets. 
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Figure 16 illustrates a significant reduction in AARE and MSE on the testing data set 

attributed to active learning, whereas a milder improvement on the validation set is 

observed. Considering the validation set's error progression, the AARE first decreases from 

9.70 % to 8.17 % from the 1st to 2nd iteration, respectively, followed by a slight increase to 

9.14 % in the 3rd iteration, indicating an overall reduction of 0.56 %. On the other hand, 

the error progression of the testing set decreases from 9.61 % to 6.92 % between the 1st and 

2nd iterations, and from 6.92 % to 6.59 % between the 2nd and 3rd iterations, respectively, 

indicating an overall reduction of 3.02 %. Overall, the progression of error indicates that 

active learning can effectively increase both the accuracy and the precision of the Gaussian 

process model. 

4.4.3 Process Consistency 

Levene’s test of homogeneity indicates that there is strong evidence (p=0.009) to 

suggest that the variance of at least one iteration is statistically different than the variance 

of another iteration at a level of significance of 0.05. Considering Figure 17 (a) it becomes 

apparent that there is evidence to suggest inequality of variance between the first and third 

iterations. This may be attributable to the reproducibility of Archimedes method. The 

decreasing variance observed, but in the author’s opinion not thoroughly mentioned or 

discussed, in the work of Bruce et al. [121] and the current study may be attributable to 

increased proficiency with the measurement technique, which Montgomery [115] 

attributes to be a potential source of heteroskedasticity.  

Irrespective of the source of the heteroskedasticity, the unequal variance ANOVA, 

Figure 17 (b), indicates that there is insufficient evidence (p=0.677) to suggest at a level 
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of significance of α = 0.05 that the central tendency of the observations deviates between 

prints. Based on Levene’s test, the unequal variance ANOVA, more specifically Welch’s 

ANOVA, was adopted as it has been shown to be preferable to the traditional ANOVA 

when considering empirically obtained Type I and II error rates in many cases with 

heteroscedasticity in the work of Delacre et al. [114] and Liu [122]. Despite relaxing the 

assumption of homoscedasticity, Welch’s ANOVA assumes independence and normality 

[122].  

 

Figure 17. a) Levene's test of homogeneity (p=0.009). Confidence intervals of variance 

estimates with Bonferroni correction for family-wise significance, 𝛼 = 0.05, and b) 

Welch’s ANOVA with unequal variance (p=0.677) with Games-Howell multiple 

comparisons. 

Residual analysis reveals insufficient evidence of non-normality; however, despite best 

efforts through randomization and temperature accommodation, a slight temporal 

dependence appears in the first iteration which is not clearly apparent in later iterations. It 

is possible that this slight temporal dependence can be attributable to increasing proficiency 

throughout the active learning process; however, it also likely that this is related to 

temperature-dependent variations in the surface tension of the distilled water and the high 

surface roughness of the LPBF components, or through the introduction of impurities in 
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the distilled water as measurements progress. Both the surface tension and the purity of the 

fluid have been previously established as a limitation of Archimedes method [113], [123]. 

Furthermore, Spierings et al. [113] suggest that the density of the fluid used in Archimedes 

should be less than 20% of that of the sample being measured - a threshold marginally 

surpassed in the current study, and which may contribute to higher experimental error. 

Thus, using acetone in place of distilled water, as explored in the study of Spierings et al. 

[113], may be beneficial due to its lower density and surface tension. 

Future work could explore measuring relative density using other techniques such as 

optical microscopy or X-ray CT. The former is better suited for localized or microstructural 

studies rather than bulk density measurements, and has been shown in Spierings et al. [113] 

to exhibit high variability with low-density samples. Since low density samples are not 

only expected but encouraged in this study, optical microscopy may not be suitable. The 

latter may not be economically viable due to its high cost, time, and resolution required for 

quantitative and accurate measurements of relative density. Furthermore, the ASTM 

F3637-23 standard [123] suggests that it may be beneficial to incorporate the use of 

multiple measurement techniques; however, this is in direct conflict with the current 

objective of efficient model development. Moving forward, if the current framework 

adopts the Archimedes method (a cost and time-effective approach for bulk density 

measurement [113], [123]), it is strongly recommended to carefully control the temperature 

of the fluid used, change it regularly to ensure its purity, and independently examine center 

points after each batch. This would help mitigate potential issues and enable the early 

detection of potential temporal trends. Furthermore, the slight temporal trend, if driven by 

surface tension, may be mitigated through the use of a wetting agent as recommended by 
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Spierings et al. [113], and for example adopted by Brika et al. [48], if it has a negligible 

effect on the density of distilled water or if the effect can be accounted. Nevertheless, the 

temporal trend appears moderate, and thus, it is assumed that the results of Levene’s test 

and Welches ANOVA are reasonable and the data from each iteration with distinct prints 

can be aggregated together.  

4.5 Model Inference 

Given the developed model, preliminary inference can be made: most notably, does the 

model support the fundamental argument of this work that exposure time and point distance 

must be considered independently for the m-LPBF process, and which parameters most 

significantly affect the relative density? To address the former, Figure 18 depicts the 

predicted Logit response as a function of exposure time and point distance at various levels 

of hatch spacing. Laser power is held constant at 160 W. Similar to the work of Herzog et 

al. [4], the processing window in which a given relative density can be obtained decreases 

with increasing hatch spacing. 

Bearing in mind that a unit change in the upper range of the response is less significant 

than a unit change in the lower range due to the Logit transformation, significant variation 

in the predicted response can be observed along the constant velocity profiles. In fact, 

Figure 18 (b) shows that at a constant velocity of 2000 mm/s, the predicted Logit response 

ranged from 2.183 to 4.872 corresponding to 89.87 % and 99.24 % relative density, 

respectively. This confirms the foundation of this work, and the previously reported works 

including for example Ozsoy et al. [17] and Alfaify et al. [19] - both of whom suggest that 

exposure time and point distance must be considered independently. 
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Figure 18. Predicted Logit relative density as a function of exposure time and point 

distance. Hatch spacing of a) 30 μm, b) 50 μm, and c) 70 μm. The dashed white lines 

indicate constant equivalent velocity.  

Considering the latter, the magnitude of the scale hyperparameters for each input 

feature has been said to reflect their influence on the modelled response, for example, in 

Refs. [27], [28]. In the current work, the response is the Logit-transformed relative density. 

Considering the anisotropic squared exponential kernel function in Eq 12, larger length 

scales yield smaller exponents and a larger covariance, indicating a relatively small change 

in response with respect to the corresponding feature. On the other hand, smaller length 

scales yield larger exponents and a smaller covariance, indicating a more significant change 

in response with respect to the corresponding feature. Thus, features with smaller length 

scales can be considered to have a more significant effect on the response [28], [84]. 

Although the Logit-transformed response is used, in this work a more influential 

parameter on the transformed response is assumed to still be considered more influential 

on the observed response; however, it is important to note that Stevens et al. point out that 

a significant change in the transformed domain may not correspond to a significant change 

in the observed domain, most notable at the extremes [124]. Based on the median of the 

marginal posterior distribution after the 3rd iteration shown in Figure 13, the most to least 

significant parameters appear to be exposure time, point distance, hatch spacing, and laser 
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power. More specifically, in the aforementioned order, the median of the marginal posterior 

distribution for each characteristic length scale hyperparameter is 0.53, 2.16, 2.89, and 

3.44, respectively. It is worth noting that the above order remains consistent with the 

maximum a posteriori hyperparameter sample, although the magnitude differs.  

Adopting a similar line of thought to Ozsoy et al. [17] and Panahizadeh et al. [110], the 

order of significance can be related to the physical process in terms of their effect on power 

density, 𝑞, as expressed by the Gaussian heat source model, Eq 38, [17], where 𝐿𝑃 and 𝐸𝑇, 

are laser power and exposure time, respectively, 𝑎 is the radius of the laser heat source, 

and 𝑟 is the radial distance from its center.                 

                          J                 

 𝑞 = 3
𝐿𝑃 ∙ 𝐸𝑇

𝜋𝑎2
exp (

−3𝑟2

𝑎2
) Eq 38 

 

Figure 19 graphically depicts the effects of laser power and exposure time on the 

applied power density of a single pulse. Both parameters are varied from their lower 

factorial level, -1, to their upper factorial level, +1, of the CCD design while all other 

parameters are held constant at their center level.  

 
Figure 19. Effect of laser power and exposure time on power density. 
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It is observed that the applied power density is more significantly affected by variation 

in exposure time than laser power within the current design space. This can be attributed 

to the coding associated with the initial CCD design and the chosen parameter levels. For 

exposure time and laser power, an increase from their lower to upper coded levels indicates 

an increase in their magnitude of 40 µs and W, respectively. Despite equivalent magnitude, 

the above represents a 2.33- and 1.29-fold increase in exposure time and laser power over 

their lower factorial levels in physical units, respectively. Since 𝑞 is proportional to their 

product, a change in exposure time more significantly affects power density than a change 

of laser power of equivalent coded magnitude simply due to the coding scale within the 

given design space. 

With exposure time at its center level, the upper and lower power density profiles of 

Figure 19 can be achieved with a laser power of 224 W and 96 W, respectively. Not only 

are these outside of the bounds of the current design space, 224 W is outside of the bounds 

of what is permissible using the Renishaw AM250 machine equipped with a 200 W 

ytterbium fiber laser source. Exposure time, on the contrary, is not constrained by the 

machine and is controlled instead by the slicing software, thus providing greater control 

over the process and resulting relative density.   

Despite its significance, there are limits to the ability of exposure time alone to produce 

high-density components. As observed in Figure 19, increasing exposure time increases 

the power density near the center of the power source. This has been shown to increase the 

depth and diameter of the melt pool [21]. Irrespective of the exposure time applied, the 

power density appears to saturate near a radial distance of 50 μm, implying a saturation 

limit to the melt pool diameter. This issue can be exacerbated by the decreased thermal 
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conductivity associated with the powder bed, which tends to promote heat transfer to bulk 

material over the surrounding powder [20], [125]. Saturation of the melt pool diameter was 

experimentally confirmed in the work of Onal et al. [126] who found the melt pool diameter 

of Ti64 saturated at approximately 520 μm, albeit at significantly higher energy conditions 

than considered in this work. Thus, this suggests that point distance and hatch spacing must 

be selected appropriately to ensure sufficient overlap between the discrete pools, and hence 

their intermediate importance. This supports the experimental work of Demir et al. [14] 

who, using 18Ni300 maraging steel, concluded that the temporal characteristics of the laser 

emission are more influential than the spatial characteristics of the laser emission on the 

observed porosity.  

Under similar experimental conditions, Alfaify et al. [19] determined the order of 

significance of the m-LPBF parameters to be in descending order: point distance, hatch 

spacing, layer thickness, laser power, and exposure time. Excluding layer thickness which 

is not considered in the current study, the notable discrepancy between the current work 

and that of Alfaify is the effect of exposure time – the most and least significant parameter 

in the former and latter works, respectively. Although both works use similar ranges for 

point distance, hatch spacing, and laser power, there is a large discrepancy between the 

ranges of exposure time – 10 to 90 µs in the current work and 50 to 200 µs in the study 

conducted by Alfaify. Figure 18 indicates the Gaussian process model predicts a minimal 

effect of exposure time above 50 µs in agreement with the work of Alfaify. The 

significance of exposure time becomes apparent at its lower range – an effect surmised to 

be related to the formation of lack-of-fusion porosity. It is postulated that the current work 

primarily explores the lack-of-fusion domain of the design space in an effort to increase 
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the build rate, while the work of Alfaify et al. primarily explores the conduction and 

keyhole melting modes, the transition between which is less apparent than the lack-of-

fusion to conduction transition [21], [39], [127]. Thus, it is suggested that results which 

indicate exposure time is both the most and least influential design parameter can both be 

true, depending on the design space explored. 

4.6 Multi-Objective Optimization: Pareto Front 

With reasonable confidence in the developed model, both through acceptable error 

metrics and physically interpretable and consistent model inference, NSGA-II is adopted 

to approximately determine the Pareto front. The set of non-dominated solutions 

approximating the Pareto front after 150 iterations for 3 independent trials is illustrated in 

Figure 20. It is observed from Figure 20 that all 3 trials are in high agreement for relative 

density between 86.7 % and 99.7%, with each being nearly indistinguishable from one 

another. Nevertheless, they illustrate reasonably poor convergence below this threshold 

and moderate convergence above this threshold where the build rate and relative density 

single objective solutions exist, respectively. Thus, the theoretical argument presented in 

Section 2.9 that incorporating a second objective will not affect the ability to determine 

the single objective solution appears to be highly dependent on the optimization algorithms' 

ability to converge to the extremes of the Pareto front. Nonetheless, all independent trials 

indicate convergence regarding hypervolume and stagnation in progress, thus representing 

converged solutions for the given trial.  

Similar to the work of Lu and Shi [67], it is reasonable to define only a portion of the 

Pareto front as suitable solutions for implementation, in essence imposing a post hoc 
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constraint on the optimization problem. In their work, Lu and Shi [67] define the suitable 

range as above 97 % relative density; however, the work of Herzog et al. [4] and Kaletsch 

et al. [63] illustrated the detrimental effects of porosity to a level of 5 % and 9.9 %, or 

relative density as low as 95 % and 90.1 %, respectively, can be mitigated through HIP. 

Herzog et al. further summarize that a relative density as low as near 90% can be suitable 

for the HIP process. Thus in this work, 3 distinct regions are defined as illustrated in Figure 

20: Zone 3 - regions conforming to the traditional threshold of relative density greater than 

99 %, Zone 1 - regions below 90 % in which poor NSGA-II convergence is observed and 

little industry relevance is expected, and Zone 2 - regions between 90 and 99 % expected 

to be used either with HIP postprocessing or in their as-built state if deemed suitable for 

the desired application. 

 
Figure 20. Pareto front: relative density and build rate. Region (1) indicates relative density 

less than 90 %, region (2) indicates relative density between 90 % and 99 %, and region 

(3) indicates relative density greater than 99 %. The slope is illustrative and not to scale, 

or representative of the precise data used in its approximation. 
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Again, like Lu and Shi [67], diminishing returns are observed when sacrificing relative 

density in exchange for increased build rates. Diminishing returns were also discussed in 

Lu and Shi [108] with respect to relative density and surface roughness when considering 

a weighted sum scalarization method. In this work, two distinct regions are identified in 

Figure 20. The first region identifies a significant increase in build rate from 0.47 to 3.17 

mm3/s by decreasing relative density from 99.8 to 99.4 % with an approximate best fit 

slope of 8.13 mm3/s per unit % within the given range. However, outside of this region a 

significantly larger decrease in relative density from 96.9 to 90.2 % is required to achieve 

a more mild increase from 4.89 to 5.99 mm3/s, with an approximate best fit slope of 0.17 

mm3/s per unit % within the given range. Thus, as discussed in the previous work, there is 

initially a large incentive to increase the build rate at the expense of decreasing relative 

density when the relative density is above 99 %. At the same time, there are diminishing 

returns as the relative density decreases, thus supporting the original conclusion of [67].    

Lastly, Herzog et al. [4] report that EOS [128], a prominent LPBF equipment supplier, 

suggests Ti64 can be processed at 5 mm3/s with a layer thickness of 30 µm, albeit under a 

c-LPBF machine equipped with a 400 W laser. In their report, EOS [128] suggests that 

under these conditions, a density of 4.41 g/cm3 can be achieved, which they report as 

approximately 100 % relative density. In the current study, a theoretical density of 4.43 

g/cm3 is considered and thus the EOS density is converted as 99.5 %. This corresponds to 

an approximately 1.9-fold increase over the build rate obtained in the current study for a 

similar relative density. This increase can be attributed to the increased laser power 

compared to the current study, which widens the processing window, allowing for 

increased build rate [10], as well as the additional time consumed between pulses in the m-
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LPBF process compared to its c-LPBF counterpart. Nevertheless, Ding et al. [15] suggested 

in their simulation study that under the same energy density the m-LPBF process required 

nearly 4 times the processing time per layer compared to c-LPBF; however, without a direct 

comparison of the resulting relative density. Despite the increased laser power capabilities 

of the EOS machine compared to the current study, this work illustrates that the 

discrepancy between the production abilities of m-LPBF and c-LPBF machines can be 

reduced by simultaneously optimizing relative density and processing rate.    
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5. Conclusion 

Despite ambiguity over the preferred mode of laser emission in the LPBF process, c-

LPBF has received a disproportionate amount of research efforts compared to m-LPBF. 

Traditionally considering c-LPBF, research efforts were devoted toward optimizing a 

single objective, most notably relative density or equivalently porosity. Recent trends have 

demonstrated the need to account for the competing objectives faced by today’s industry. 

This work considers these recent trends and the limited efforts on m-LPBF by optimizing 

both the quality and time of the m-LPBF process in terms of relative density and build rate, 

respectively. To this end, the integration of Bayesian inference of a Gaussian process 

regression model with both batch-mode active learning and the popular NSGA-II multi-

objective optimization algorithm was used to efficiently determine the tradeoff between 

quality and time of m-LPBF produced Ti64 samples. As a result of this work, the following 

conclusions have been made: 

1) Batch mode active learning provided a means of efficiently improving the 

accuracy of the developed model, reducing the test set error from 9.61 % to 6.59 

% over two iterations of 24 unique feature vectors each. Not only does predictive 

accuracy increase, but a noticeable increase in predictive precision was observed. 

2) The Bayesian framework allowed for the evaluation of the progression of the 

marginal distribution of the hyperparameters. As expected, the marginal 

distributions typically exhibited increased precision with increasing amounts of 

data, the notable exception to which was the characteristic length scale of hatch 

spacing, ℓ4. Decomposing the likelihood into the contributions of each iteration 
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revealed that both the 2nd and 3rd iterations suggest a shift in the marginal 

distribution, which agrees with the physical interpretation of the hyperparameter. 

However, without additional data, it is suggested that the initial model is unable 

to adequately capture the underlying process.     

3) Model inferences support the established literature that point distance and 

exposure time must be considered independent parameters in m-LPBF, with 

relative density predicted to vary as much as from 89.87 % to 99.24 % at a 

constant equivalent velocity, laser power, hatch spacing, and layer thickness. The 

anisotropic squared exponential kernel indicated that exposure time is the most 

influential parameter within the design space. This is attributed to its significant 

influence on the applied power density.  

4) Using NSGA-II, the relative density and build rate were optimized as a function 

of laser power, exposure time, point distance, and hatch spacing. Three 

independent optimization trials indicated that the NSGA-II was able to converge 

to a well-distributed non-dominated set of solutions; however, it shows 

inconsistency in the obtained extreme solutions. Based on the combined 

solutions, three distinct regions of the Pareto optimal front were established: 

regions that abide by traditional quality standards, regions that have been shown 

to be capable of being mended using HIP, and regions that, to the author's 

knowledge, are relatively unexplored.  

To advance the work presented herein, various directions can be considered. As briefly 

mentioned previously, with limited data, there appears to be a trend to favor simpler mean 
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and smoother kernel functions with the Gaussian process model. At the same time, the 

author’s interpretation of the literature suggests that more non-linear models may be 

favored in LPBF with increasing data. Thus, a turning point may exist during active 

learning in which a simpler model is preferred initially while a more complex model can 

be exploited as the data set increases in size. The concept of changing models during the 

active learning process was briefly discussed in Ref. [29] and may present a promising 

direction for future work in metal-based AM. A well-established limitation of the current 

work, and for this reason it was omitted from Section 1.2, is that the optimal parameters 

are material and system dependent [12], [17], [28]. Lu et al. recently demonstrated transfer 

learning between two similar material systems using Bayesian inference and Gaussian 

process regression [94]. It is postulated in this work that a similar concept could be adopted 

in which the current posterior serves as the prior distribution of a similar material system 

to efficiently develop an accurate surrogate model and reduce the gap between the 

technological maturity of c-LPBF and m-LPBF. Lastly, in this work the conventional 

Gaussian process regression model has been adopted following the standard independent 

and identically distributed assumptions; however, the results indicate that a more flexible 

error structure in the model may be more effective in modelling the LPBF process. One 

potential solution may be the heteroskedastic models recently implemented in the works of 

Refs. [85], [90]. Nevertheless, this work serves as a foundation to close the gap between c-

LPBF and m-LPBF and demonstrates the ability of batch-mode active learning and 

Bayesian inference with Gaussian process regression to efficiently optimize the m-LPBF 

process. 
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