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ABSTRACT

Discrete Global Grid Systems (DGGSs) are important in many geospatial research
domains including Digital Earth, the Open Geospatial Consortium (OGC), and big data.
Although a considerable amount of research has focused on hexagonal- and triangular-
based DGGSs, these approaches are not optimal in all applications. Therefore,
consideration should also be given to quadrilateral-based DGGSs, especially those that
exhibit interesting or unique properties. This study focuses on the rHEALPix DGGS
which is a promising quadrilateral-based approach that conforms to the OGC DGGS
Abstract Specification. In particular, this study explores how cell shape and cell
orientation vary on the rHEALPix DGGS, and considers how these variations impact grid
creation over Canada. Additionally, an open-source web service for creating quadrilateral
grids based on the rHEALPix DGGS is presented, which aims to increase usability, assist
interoperability studies, and increase options for researchers. Lastly, this study explores
an interesting property of the rHEALPix DGGS that makes it well suited to geospatial
applications involving harmonic analysis: distribution of cell nuclei along rings of
constant latitude (or isolatitude rings). To facilitate harmonic computations and advance
this research direction, a method is presented that extends existing work on the
rHEALPix DGGS to convert any cell ID to isolatitude ring without recourse to geodetic

coordinates.
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1. Introduction

Traditionally, spatial data structures have been built on top of a planar
representation of the earth’s surface. Of course, projecting the earth’s surface to the plane
always creates some form of distortion, but for applications dealing with only part of the
earth’s surface, this approach has proved satisfactory. Sahr and White (1998) disrupted
this approach by introducing Discrete Global Grid Systems: a class of spatial data
structures that directly address the earth’s surface via a topologically equivalent
approximation such as the sphere or ellipsoid. In simple terms, a Discrete Global Grid
System (DGGS) consists of a hierarchy of discrete global grids at multiple resolutions,
whereby a discrete global grid is a partition of the earth’s surface into a uniform
arrangement of cells.

Over the years, a variety of DGGSs have been created each with their own
advantages and disadvantages. That being said, DGGSs based on those described in Sahr
et al. (2003) are most commonly found in research. These DGGSs use a spherical (or
ellipsoidal) representation of a platonic solid, such as the icosahedron or octahedron, to
approximate the earth’s surface. Faces of the polyhedron are then partitioned in a regular,
hierarchical manner using either triangles, quadrilaterals (squares or diamonds), or
hexagons. Although faces can be partitioned directly on the spherical (or ellipsoidal)
surface, the typical approach is to partition a planar face and then inversely project the
result to the surface of the sphere (or ellipsoid) using an equal area projection. This

approach is preferable because a uniform grid of equal area cells simplifies data sampling



and analysis (White et al. 1992; Sahr et al. 2003; OGC 2017a), as well as providing a way
to store, manage, and integrate geospatial big data (OGC 2017b).

In 2015, DGGSs based on the refinement of a regular polyhedron were identified
as the foundation of modern Digital Earth frameworks (Mahdavi-Amiri et al. 2015a). In
2017, they were adopted by the Open Geospatial Consortium (OGC) as the basis for the
DGGS Abstract Specification, which aims to standardize the DGGS model, increase
awareness of DGGSs, and increase interoperability between DGGSs (OGC 2017a). More
recently, they were suggested as a solution to loT (Internet of Things) data integration
(Purss et al. 2017), big spatial vector data management (Yao and Lin 2018), and as the de
facto global reference system for geospatial big data (OGC 2017b).

For the last two decades, a considerable amount of research has focused on
hexagonal- and triangular-based DGGSs that typically use the icosahedron to
approximate the earth’s surface. Examples include indexing methods (Sahr 2008; Sahr
2013; Tong et al. 2013a; Mahdavi-Amiri et al. 2015b; Mocnik 2018), image processing
(Vince and Zheng 2009; Sahr 2011), discrete line generation (Tong et al. 2013b; Du et al.
2018), a Digital Earth gazetteer (Adams 2017), a web-based Digital Earth (Sherlock
2017), gravity field studies (Zhang and Chen 2018), and earth system modelling (Lin et
al. 2018).

There are many reasons why these approaches are popular: the icosahedron has
the most faces which minimizes distortion when projecting cells from a planar face to the
sphere (or ellipsoid); hexagons exhibit uniform adjacency, have the least quantization
error, and the greatest angular resolution (Sahr et al. 2003); and triangles are congruent,

can be rendered efficiently, and mirror the faces of the icosahedron and octahedron
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(Amiri et al. 2015). Nonetheless, as a direct consequence of this research effort, far less
consideration has been given to quadrilateral-based DGGSs.

Quadrilateral-based DGGSs offer several advantages including compatibility with
existing data structures, hardware, display devices, and coordinate systems (Sahr et al.
2003; Amiri et al. 2013). In addition, recent work has demonstrated benefits of using a
quadrilateral approach for data transmission and rendering (Sherlock 2017), and point
cloud handling (Sirdeshmukh 2018). There are also approaches that exhibit interesting
properties. For example, the One-to-two Digital Earth framework (Amiri et al. 2013) has
the smallest factor of refinement, one-to-two, which provides the smoothest transition
between resolutions; and the rHEALPix DGGS (Gibb et al. 2016) has cell nuclei
distributed along rings of constant latitude (or isolatitude rings), which is essential for
computational speed in operations involving spherical harmonics (Gorski et al. 2005).
Despite this, quadrilateral-based DGGSs are less studied.

On a final note, it is important to mention that even though DGGSs are well
studied theoretically, there are limited resources for researchers who wish to use them in
practical applications. To our knowledge, the only open-source software tool currently
available for creating discrete global grids is DGGRID (Sahr 2015). This tool can be used
to create hexagonal, triangle, and diamond grids, but notably, all grids are based on the

icosahedron.

1.1 Problem statement

Over the years, a considerable amount of research has focused on hexagonal- and

triangular-based DGGSs. Although the reasoning behind this is well known, these



approaches are not optimal in all applications. Therefore, consideration should also be
given to quadrilateral-based DGGSs, especially those that exhibit interesting or unique
properties. At the same time, more open DGGS software tools are needed to increase
options for researchers, assist interoperability studies, and increase usability in real-world

applications.

1.2 Research objectives

The primary purpose of this thesis is to explore, raise awareness, and increase
usability of the rHEALPix DGGS. This promising quadrilateral-based approach conforms
to the OGC DGGS Abstract Specification and has several properties that distinguish it
from other DGGSs (e.qg., isolatitude distribution of cell nuclei). The specific research
objectives of this thesis are as follows:

e Explore how cell shape and cell orientation vary on the rHEALPix DGGS, and
consider how these variations impact grid creation over Canada.

e Develop an easily accessible research tool for creating quadrilateral grids based
on the rHEALPix DGGS.

e Explore the isolatitude property of cell nuclei on the rHEALPix DGGS.

1.3 Thesis overview

This is an article-based thesis presented and supported through the following peer
reviewed articles:

e Article 1 (Published)
Bowater, D., and Stefanakis, E. (2018). The rHEALPix Discrete Global Grid
System: considerations for Canada. Geomatica. 72(1), 27-37.
https://doi.org/10.1139/geomat-2018-0008
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e Article 2 (Under review)
Bowater, D., and Stefanakis, E. (2018). An open-source web service for creating
quadrilateral grids based on the rHEALPix Discrete Global Grid System.

e Article 3 (Under review)
Bowater, D., and Stefanakis, E. (2019). On the isolatitude property of the
rHEALPIx Discrete Global Grid System.

e Article 4 (Published)
Bowater, D., and Stefanakis, E. (2019). Research directions for the rHEALPix
Discrete Global Grid System. Proceedings of the Conference on Spatial
Knowledge and Information Canada (SKI1 2019), Volume 2323. Banff,
Alberta, Canada, February 22-23, CEUR-WS.org. [Online]. Available from
http://ceur-ws.org/Vol-2323/SKI-Canada-2019-7-6-2.pdf

The organization of the thesis is as follows. Chapter 2 (article 1) reviews key
features of the rHEALPix DGGS, outlines recent work and implementation, and
qualitatively considers cell shape and cell orientation with respect to Canada. Chapter 3
(article 2) presents an open-source web service that allows users to create quadrilateral
grids based on the rHEALPix DGGS. Chapter 4 (article 3) presents a method that extends
existing work on the rHEALPix DGGS to convert a cell identifier to isolatitude ring
without recourse to geodetic coordinates. In addition, as a side effect of this work, an
efficient method is provided to calculate the geodetic latitude of a cell's nucleus via its
associated isolatitude ring. Chapter 5 (article 4) highlights several research directions for
rHEALPix DGGS related to harmonic analysis, discrete line generation, pure- and
mixed-aperture DGGSs, and DGGS-based distance/direction metrics. Chapter 6

concludes the thesis.
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2. The rHEALPix Discrete Global Grid System: considerations for

Canadat!

2.1 Abstract

Geospatial data is ubiquitous. However, the geographic grid is not designed to
manage, store, or integrate huge volumes of heterogeneous geospatial data. One possible
solution to these challenges is a Discrete Global Grid System (DGGS), which was
recently announced as a new standard by the Open Geospatial Consortium (OGC). If
Canada plans to utilize a DGGS in the future to reference geospatial data, research is
needed to explore characteristics and suitability of different DGGSs. Although
hexagonal- and triangular-based DGGSs are popular, the square-based rHEALPix DGGS
mirrors the geographic grid more closely and has many advantages. This paper reviews
key features of the rHEALPix DGGS, outlines recent work, and qualitatively considers
cell shape and cell orientation with respect to Canada, including how variations can be

avoided or exploited by rotating the grid.

2.2 Introduction

In recent years, the growth in the number of ground, airborne, and satellite sensors
has led to a significant increase in the amount, variety, and rate of collection of geospatial
data. However, combining huge volumes of heterogeneous geospatial data on the

geographic grid is computationally expensive and time consuming (OGC 2016; OGC

! Bowater, D., and Stefanakis, E. (2018). The rHEALPix Discrete Global Grid System: considerations for
Canada. Geomatica. 72(1): 27-37. https://doi.org/10.1139/geomat-2018-0008
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2017a). One solution is a Discrete Global Grid System (DGGS). A DGGS is capable of
efficient management, storage, integration, exploration, mining, and visualisation of
geospatial big data. Over the years, many DGGSs have been devised, and although a
single DGGS cannot currently meet all global geospatial needs (Amiri et al. 2015; OGC
2017a), the potential of a DGGS was confirmed in October 2017 when the Open
Geospatial Consortium (OGC) officially adopted the DGGS as a new standard (OGC
2017c).

If Canada plans to adopt a DGGS framework in the future to reference geospatial
data, important research is needed to explore characteristics and suitability of different
DGGSs. Although hexagonal and triangular DGGSs based on the Icosahedral Snyder
Equal Area (ISEA) projection are popular, they are not optimal for all applications (Amiri
et al. 2015). The rHEALPix DGGS (Gibb et al. 2016), which is based on the Hierarchical
Equal Area isoLatitude Pixelization (HEALPix) projection, adopts a square cell approach
that mirrors the geographic grid more closely and has several advantages over DGGSs
based on hexagonal or triangular cells. This paper reviews key features of the rHEALPix
DGGS, highlights advantages and disadvantages, outlines recent work and
implementation, and qualitatively considers two fundamental characteristics with respect
to Canada, namely cell shape and cell orientation, including how variations can be
avoided or exploited by rotating the grid.

The content of this paper is organised as follows. Section 2.3 provides some
background information relating to geographic grid issues, the OGC, and key terms in

DGGS literature. Section 2.4 reviews the rHEALPix DGGS, including recent work and
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implementation. Section 2.5 considers the rHEALPix DGGS with respect to Canada.

Section 2.6 concludes the discussion by highlighting areas for future research.

2.3 Background

Discrete Global Grid System — four words that often bring blank or confused
looks from inquiring minds in both academia and the public. A common definition says
that a discrete global grid partitions the earth’s surface into a series of cells, and a
Discrete Global Grid System (DGGS) consists of many discrete global grids, that
together provide a progressively finer resolution of cells (Sahr et al. 2003; Stefanakis
2016). If the meaning of a DGGS is still unclear, describing each word may help:
“discrete” refers to a finite number of cells, “global” refers to a grid that completely
covers the earth’s surface, “grid” refers to a tessellation of space into a uniform
arrangement of cells, and “system” refers to a grid that can be subdivided into smaller
cells. That being said, what is wrong with the traditional geographic grid and why is a

DGGS preferred?

2.3.1 Why use a DGGS?

The geographic grid is a latitude—longitude parametrization of the sphere or
ellipsoid (Amiri et al. 2015) that was originally designed for repeatable navigation and
naturally suited to vector data, because the coordinate system references a continuous
point field (Sahr et al. 2003; OGC 2017b). To create the quadrilateral cells that make up
the geographic grid, equal angle steps are taken along the latitude and longitude axes.

Although the geographic grid has many advantages, it contains inadequacies that

make it impractical for many applications. For example, cell centroids are not equal
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distances apart, cells do not have uniform adjacency, and cells surrounding the poles are
actually triangles not quadrilaterals. These issues have been highlighted in several
applications, including climate modelling (Randall et al. 2002), numerical weather
prediction (Carfora 2007), and oceanography (Hoggarth and Taylor n.d.). Furthermore,
grid cells do not have equal area (they gradually decrease in size from the equator to the
pole), which complicates analyses such as sampling because cells do not have equal
probabilities of being selected (White et al. 1992; OGC 2017b). Finally and perhaps most
importantly, with the advent of big data, global datasets are now heterogeneous and high
in volume. As a result, combining datasets from different sources (such as those having
different sensors or coordinate reference systems) on the geographic grid is
computationally expensive and time consuming (OGC 2016).

On the other hand, a DGGS has many advantages that helps solve some of the
problems faced by the geographic grid. Firstly, with regards to big data, a DGGS can
easily manage, store, and rapidly assemble large volumes of heterogeneous geospatial
data, which enables efficient exploration, mining, and visualisation. Secondly, a DGGS
can easily combine vector and raster data in the same framework, thereby overcoming
some of the difficulties faced by GIS approaches such as the “vector-raster divide” and
use of map projections (OGC 2017c). Finally, by adopting a grid of equal area cells,
spatial analysis can be replicated regardless of location or resolution, and information
collected at a given location can be (i) referenced to the explicit area of its associated cell,
(i) integrated with other cell values, and (iii) provide statistically valid summaries from a

sample of cells (OGC 2017b).
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There have been many DGGSs devised since the 1980s, and new interesting
examples are still being created such as the PlanetRisk DGGS (Sahr et al. 2015). A good
summary of DGGSs up to 2003 can be found in (Sahr et al. 2003). Although there are a
great variety of DGGSs, it should be noted that a single DGGS cannot currently provide
the solution to all modern day geospatial applications. Having said that, they have been
used separately for line simplification, optimal path determination, statistically valid
sampling, and indexing geospatial databases (Sahr et al. 2003). Furthermore, they can be
optimized to meet many global geospatial needs including processing, analysis,

visualization, and modelling (Stefanakis 2016; OGC 2017a).

232 The OGC

In January 2016, the OGC — an international organization that provides standards
to the global community — issued a press release seeking comments on a DGGS
standard that may replace those based on geographic coordinate systems (OGC 2016). In
October 2017, the OGC officially adopted the DGGS as a new standard (OGC 2017c).
This was an important announcement that could revolutionise the way geospatial
information is used in the future. In addition, the OGC has set up a DGGS Standards
Working Group (OGC 2017a) with the aim of increasing awareness of DGGS advantages
and to explore a standard that enables interoperability between DGGSs. This has already
prompted research on methods to aid index conversion between different DGGSs (Amiri
et al. 2015) with more research likely to follow.

The new OGC DGGS standard entitled “Topic 21: Discrete Global Grid Systems

Abstract Specification” includes important information on definitions, conventions,
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functional algorithms, the core data model, and more (OGC 2017b). One section in
particular, namely Global Grid Taxonomy, highlights the possible ways to create a global
grid, only a few of which are classified as suitable under the abstract specification.
Currently, three prominent options are the Snyder projection, rHEALPix projection, and
Quaternary Triangular Mesh (QTM). Notably, each is based on a different cell shape.
Figure 2.1 shows examples of DGGSs that use these methods. Interestingly, PY XIS
Innovation (PY XIS Innovation 2017) — a Canadian company that has gained widespread
attention for creating a new DGGS platform to analyse geospatial data — uses the
ISEA3H (Icosahedral Snyder Equal Area Aperture 3 Hexagonal) DGGS (Sahr et al.
2003), whereas people at Landcare Research New Zealand created the rHEALPix

DGGS (Gibb et al. 2016). This reiterates the fact that no single DGGS is optimal for all

situations or preferred by all users.

(@) (b) (©)

Figure 2.1 Examples of DGGSs and their corresponding cell shape. (a) Quadrilateral
cells of the rHEALPIx projection on the rHEALPix DGGS, (b) hexagonal cells of the
Snyder projection on the ISEA3H DGGS, and (c) triangular cells of the QTM.
(Copyright (c) 2017 Open Geospatial Consortium; OGC 2017b).
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With regards to current software on the market for geospatial applications, PY XIS
is leading the way. Its Digital Earth web based application makes it is easy to explore,
combine, and analyse different datasets by adopting DGGS technology (PY XIS
Innovation 2017). However, like any DGGS, the ISEA3H DGGS consists of specific
design choices that mean it is not suited to every application. For example, it uses a
hexagonal grid which is less familiar to users and less adaptable to Cartesian coordinate
systems and hardware devices than traditional square grids (Amiri et al. 2015). In
comparison to the hexagonal grid, quadrilateral grids mirror the geographic grid more
closely. An emerging DGGS that adopts the quadrilateral grid approach is the rHEALPix

DGGS.

2.3.3 Useful terminology

Before delving more into the rHEALPix DGGS, a few key terms should be
clarified, with the first being base polyhedron. This refers to one of the five platonic
solids that can tessellate a sphere or ellipsoid into equal area cells (Figure 2.2).

The second term is refinement (sometimes called aperture). This refers to the
process of subdividing a cell into a certain number of smaller cells. For example, if a
planar square cell is subdivided into four square cells of equal area, the refinement is
called one-to-four, nine square cells is called one-to-nine, and so on (Figure 2.3).

The third term is resolution. This refers to the number of times the cell
subdivision process has occurred. For example, assuming one-to-nine refinement,

resolution one for a square has nine cells and resolution two has 81 cells (Figure 2.4).
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With regards to cells, key terms include parent cell, child cell, aligned, congruent,
and adjacency. A parent cell is a cell at resolution, k, and a child cell is a cell at
resolution, k+1. Aligned means the centroid of the parent cell is also the centroid of a
child cell. For example, this is true of a 3x3 (one-to-nine refinement) square cell but not
for a 2x2 (one-to-four refinement) square cell (Figure 2.5).

Congruent means the parent cell can be subdivided in such a way that child cells
are enclosed by the parent cell. For example, squares and triangles are congruent but
hexagons are not (Figure 2.6).

Adjacency refers to how a cell is connected to its neighbours. For example,
hexagons exhibit uniform adjacency because they have six equal edge neighbours.
Conversely, squares and triangles exhibit non-uniform adjacency because they have both

edge and vertex neighbours (Sahr et al. 2003; Figure 2.7).

(@) (b) (©) (d) (e)

Figure 2.2 The five platonic solids and their spherical representation. (a) tetrahedron, (b)
hexahedron (cube), (c) octahedron, (d) icosahedron, and (e) dodecahedron. (Copyright (c)
2017 Open Geospatial Consortium; OGC 2017b).
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(@) (b) (©

Figure 2.3 A square cell (a) with one-to-four refinement (b) and one-to-nine refinement

(©).

(a) (b) (©)

Figure 2.4 A square cell with one-to-nine refinement at resolution (a) 0, (b) 1, and (c) 2.
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Figure 2.5 The centroid in the square parent cell (a) is not aligned with a child cell
centroid in one-to-four refinement (b) but is aligned in one-to-nine refinement (c).

(a) (b)
Figure 2.6 A (a) square and (b) triangle can be subdivided into child cells that are

enclosed by the parent, whereas a (c) hexagon cannot be subdivided into hexagons that
are enclosed by the parent.
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Figure 2.7 Edge and vertex neighbours of a (a) square, (b) triangle, and (c) hexagon.

2.4 The rHEALPix DGGS

In general, DGGSs that have a planar square grid have many favourable
characteristics including familiarity of square grids for users and compatibility with (i)
existing hardware and display devices, (ii) quad-tree based algorithms, (iii) hierarchical
data structures, and (iv) coordinate systems (Sahr et al. 2003; Gregory et al. 2008; Amiri
et al. 2015). Although many innovative square based DGGSs have been designed, e.g.,
Ma et al. (2009) and Amiri et al. (2013), the rHEALPix DGGS appears most often in
DGGS related articles and literature. To understand the rHEALPix DGGS, it is important
to mention the HEALPix DGGS.

The HEALPix DGGS (Gorski et al. 2005) was developed out of necessity for use
in the astronomical community. The motivation for HEALPix was linked to measurement
and interpretation of cosmic background radiation. At the time, datasets covered the
entire sky and were increasing at a rapid rate. As a result, a new DGGS was needed to
process and analyse huge volumes of spherically distributed astronomical data in a timely
and efficient manner. Consequently, a DGGS unique from any other alternative was
created that had three essential features: (i) hierarchical tessellation, (ii) equal area cells at

every resolution, and (iii) isolatitude distribution of cells (isolatitude means cell nuclei
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are distributed only along lines of latitude). For example, the geographic grid does not
satisfy feature ii and grids based on hexagonal and triangular tessellations do not satisfy
feature iii. Inquisitive readers can get more information about the background, purpose,
history, and links to software at NASA’s JPL website (JPL 2017).

In 2016, people working at Landcare Research in New Zealand realized the
potential of the HEALPix DGGS and extended it to be more suitable for geospatial

needs, renaming it the rHEALPix DGGS (Gibb et al. 2016).

2.4.1 Key features

In order for the rHEALPix DGGS to be more aligned with geospatial
applications, the team made a few important amendments, including

1. compatibility with ellipsoids of revolution,

2. rearrangement of the planar projection into an alignment of square grids

(Figure 2.8), and

3. using a hexahedron as the base polyhedron.

Because reference ellipsoids (such as GRS80 and WGS84) are used in geodesy
rather than spheres, the rHEALPix DGGS is more aligned with geospatial requirements
and terrestrial use than its predecessor (Gibb 2016). Furthermore, by adopting a platonic
solid as the base polyhedron, it is aligned with the criteria and design choices outlined in
previous work on DGGS requirements for a digital earth framework (Sahr et al. 2003).
Finally, by altering the planar projection to an alignment of square grids, it is easier to

understand and link to similar grids used in remote sensing and environmental modelling
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(Gibb 2016). For detailed information on the rHEALPix DGGS, including the definition,
cell 1Ds, cell shapes, projection equations, distortions, and mathematical underpinnings

(see also Calabretta and Roukema (2007)), readers are referred to Gibb et al. (2016).

Figure 2.8 Combining the north and south polar triangles of the (a) HEALPix projection
into two squares on the (b) rHEALPIx projection. Grid lines represent parallels and
meridians. (Gibb et al. 2016).

The fundamental features of the rHEALPix DGGS that set it apart from other
DGGSs include (Gibb 2016) the following:

1. Hierarchical and congruent cell structure that is compatible with efficient data

structures and easy to implement cell addressing schemes.

2. Aligned for odd factors of refinement such as one-to-nine.

3. Equal area cells at every resolution.

4. Isolatitude distribution of cells, which ensures fast computation of spherical

harmonics.

5. Planar projection that has low average angular and linear distortion.
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Two features that distinguish the rHEALPix DGGS from the popular the ISEA3H
DGGS are congruent cell structure and isolatitude distribution of cells. Firstly,
congruency is an important property because it makes hierarchy-based cell indexing a
trivial process, which enables efficient handling of large volumes of data (Amiri et al.
2013; Amiri et al. 2015). Secondly, isolatititude distribution of cells is a rare quality in
DGGSs. As this feature is essential for fast computation of spherical harmonics, the
rHEALPix DGGS is a good choice for applications that require harmonic analysis (Gibb
et al. 2016). Therefore, geospatial applications involving tidal analysis or image
processing, for example, may find the rHEALPix DGGS well suited. Overall, the
rHEALPix DGGS contains advantages both from its fundamental design and as a by-
product of being a quadrilateral cell based grid. Furthermore, it contains features that
other DGGSs simply do not have. As a result, the rHEALPix DGGS may be the ideal
choice for new geospatial applications in the future.

It should be mentioned that the rHEALPix DGGS is not perfect for all
applications and has limitations of use just like any other DGGS. The main disadvantages
are lack of uniform adjacency and varying cell shape. The former, which is common in
both quadrilateral and triangle cell based DGGSs, means distances to neighbouring cell
centroids are not equal. This causes problems for dynamical systems where functions are
related to intercell distances, as well as in applications involving discrete simulations
(Sahr et al. 2003; Gregory et al. 2008). The latter is a result of combining four triangular
Collignon projections into a single square (Figure 2.8). Although all cells are
quadrilaterals in the plane, some change shape when projected to the ellipsoid and four

different cell shapes occur: the quad cell (quadrilateral), the dart cell (triangular), skew-
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quad cell (quadrilateral), and cap cell (circular) (Gibb et al. 2016). This is reminiscent of
the geographic grid (triangular cells at the pole) and may lead to issues involving
conversion algorithms between DGGSs or representation of geometries. Interestingly,
however, the rHEALPix DGGS can be rotated, which means some cell shapes can be

avoided in a given target area.

2.4.2 Recent work and implementation

In 2016, the rHEALPix DGGS was updated in response to the proposed OGC
standard. The work included two main features. Firstly, it showed that cell geometries
and cell IDs agree with the OGC standard. Secondly, it defined a process to determine
cell adjacency and DE-9IM topological relationships using unique cell 1Ds rather than
geodetic coordinates (Gibb 2016). This update was important work that promoted the
usability and benefits of the rHEALPix DGGS, as well as its ability to be compliant with
the proposed OGC standard.

In addition, the rHEALPix DGGS has been implemented in Python, and both the
rHEALPix and HEALPix projections have been implemented in the Proj.4 Cartographic
Library (Gibb et al. 2016). The Proj.4 library allows users to convert geodetic coordinates
into and out of both projections using a command line window such as the OSGeo shell.
Furthermore, it establishes the ground work for meeting the OGC requirement of having
operations that allow data to be assigned to and retrieved from cells (Gibb 2016).

Research yielded one more example of implementation. A document prepared by
the Spatial Data on the Web Working Group (a joint World Wide Web Consortium

(W3C) — OGC project) described how earth observation data can be represented using the
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W3C Resource Description Framework (RDF) Data Cube and the rHEALPix DGGS. In
particular, there is proof of concept that shows how satellite imagery can be retrieved
from the Data Cube using a SPARQL query system (W3C 2017).

Currently, no further work or application utilising the rHEALPix DGGS can be
found. With regards to modelling, visualisation, and analysis of geographic entities,
PY XIS have shown that DGGSs are a powerful tool. Could the rHEALPix DGGS
provide new insights or applications in this field? As of yet, no research has been carried
out. Future work should aim to determine how well the rHEALPix DGGS is suited to
handling geographic entities such as points, lines, and polygons. Furthermore, due to the
lack of open source algorithms that model geospatial entities on DGGSs, algorithms
should be made available to the public to promote DGGS usability and reproducible

science.

2.5 Canadian use

The rHEALPix DGGS is classified as quadrilateral because its planar projection
consists of a square grid. Although the majority of planar squares are projected to
quadrilateral cells, some are projected to circular or triangular cells. Although cell shapes
vary, all cells have the same area regardless of shape, so processes such as statistically
valid sampling are not affected. In addition, cell shapes do not vary randomly on the
ellipsoid; their positions can be calculated, accounted for, and somewhat avoided. To
understand how this impacts Canada, the rHEALPix projection must be explained.

The rHEALPix DGGS uses the equal area rHEALPIx projection to convert planar

squares to ellipsoidal cells using the associated projection equations (Gibb et al. 2016).
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The rHEALPIX projection is basically a rearrangement of the HEALPIx projection, the
mathematics for which can be found in Calabretta and Roukema (2007). The details of
the rearrangement and all projection equations can be found in Gibb et al. (2016). This
discussion will be based on the rHEALPix DGGS as described in Gibb et al. (2016), in
particular having a refinement of one-to-nine. The rHEALPIx projection is comprised of
two projections which form two regions: the Lambert cylindrical equal area projection in

the equatorial region and the Collignon equal area projection in the polar region.

(@) (b)
Figure 2.9 (a) Quad cells on the ellipsoid have letter prefixes O, P, Q, and R (not visible)

(Gibb 2016). (b) A grid of quad cells (at resolution 3) over Madagascar (latitude: 12° S —
25.5° S, longitude: 43° E —50.5° E approximately).

Somewhat unfortunately for Canada, the more user friendly and mathematically
simpler equatorial region is defined by ~ — 41.9° < ¢ < ~41.9°, where ¢ is the
geodetic latitude. This region adopts the Lambert cylindrical equal area projection, which
has the convenient property of projecting parallels to horizontal lines and meridians to
vertical lines. As a result, a square in the plane becomes a quadrangle on the earth, known

as a quad cell (Gibb et al. 2016; a quadrangle is an area bounded by two parallels and two
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meridians). This means all cells in the equatorial region are quad cells. Figure 2.9a shows
quad cells on the ellipsoid, and Figure 2.9b shows Madagascar covered by a uniform
quad cell grid.

The polar region consists of the north polar region (¢ > ~41.9°) and south polar
region (¢ < ~ — 41.9°). Because they are isomorphic (Gibb et al. 2016) and Canada
(almost entirely) lies in the north polar region, the discussion will be based there almost
entirely, because Canada’s most southerly location is in Ontario just below the equatorial
and polar region border (e.g., Pelee Island falls in the equatorial region). This is an
important consideration if the area of interest is southern Ontario. Essentially though, all
of Canada falls within the north polar region, so equatorial region characteristics are not
applicable.

The north polar region is created by rotating four triangular Collignon projections
from the HEALPIx projection into a single square. As a result, parallels project to straight
lines (and appear as concentric squares), and meridians project to straight lines heading
poleward (Figure 2.8b). This representation is quite difficult to understand, and visually
determining projection coordinates from geodetic coordinates is not an easy task.
Although the mathematical formulas have been implemented in the Proj.4 library to carry
out the conversion, this tool should be used with caution. Results can sometimes be
unexpected and unfathomable without knowledge of the projection. Conversely, a square
grid in the plane is projected to an ellipsoidal grid containing a variety of cell shapes. For
refinement one-to-nine, there are three different cell shapes: the cap cell (circular), dart
cell (triangular), and skew quad cell (quadrilateral) (Figure 2.10). Note, if refinement is

even, then there are no cap cells (Gibb et al. 2016).
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Figure 2.10 Cell shapes in the north polar region. N4 is the cap cell; NO, N2, N6, and N8
are dart cells; and N1, N3, N5, and N7 are skew quad cells. Cell IDs correspond to Figure
2.9a.

The cap cell covers the pole and is the only circular cell. Its edge is a line of
constant latitude with the cell centroid located at the pole. This cell is not a major concern
for Canada, because as resolution increases, the parallel defining the cell boundary
converges towards the pole (as the cell area decreases and the centroid remains at the
pole). Although Canada’s northern boundary reaches high into the arctic, the likelihood
of encountering the cap cell decreases with every increase in resolution, as shown in

Figure 2.11.

(b)

Figure 2.11 (a) The cap cell denoted N at resolution zero, and (b) the much smaller cap
cell denoted N4 at resolution one. (Gibb 2016).
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Triangular dart cells are formed where the edges of each of the four Collignon
projections meet. The southern edge of a dart cell is a line of constant latitude and north—
east and north—west edges converge poleward to a point (Gibb et al. 2016). Furthermore,
dart cells are aligned along four meridians and bounded by two parallels: the parallel that
defines the cap cell and the parallel that defines the equatorial and polar region border.
This divides the north polar region into four quadrants spanning 90°. Because Canada has
a large east—west extent that approaches 90° in longitude, dart cells are unavoidable when
considering the whole country (although they can be positioned at the east and west edges
of Canada, see Figure 2.12). However, if smaller features are of interest such as the

province of New Brunswick, dart cells can be avoided entirely.
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Figure 2.12 A grid (at resolution 2) of skew quad cells (cyan) and dart cells (red) over
Canada. Dart cells can be positioned along the east and west edges of Canada.
Orientation of skew quad cells is north-west in western Canada, north in central Canada
and north-east in eastern Canada. (© 2018 Google)
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The remaining cells in the north polar region are skew-quad cells. Skew-quad
cells have four edges with the north and south edges aligned with parallels. In addition
and only for skew quad cells, cell orientation changes with longitude through a quadrant
(Figure 2.12). Consequently, cells initially having a north—west slant gradually rotate
clockwise to a north—east slant. Similar to dart cells, this effect is unavoidable if
considering the whole country but can be reduced over smaller areas.

It has been established that a country the size of Canada in the polar region will
have issues with varying cell shape and cell orientation. However, smaller areas can
escape some of these issues, but how is this achieved? The answer lies in the versatility

of the rHEALPIXx projection.

2.5.2 Versatility of the rHEALPIX projection

An important advantage of the rHEALPix projection is its versatility, which
means it can be rotated and altered to meet user needs. To tailor the rHEALPIxX projection
to Canada, or any country in fact, it is possible to alter the rHEALPix projection in two
ways. Firstly, the north polar square and south polar square can each be positioned in four
different locations. Secondly, the projection image of the ellipsoid can be rotated by
shifting the position of the prime meridian (0° longitude), see Gibb (2016).

By rearranging the north polar square, n, and south polar square, s, into four
different locations, it is possible to create 16 different views of the projection. For
example, Figure 2.13 shows the (n,s) = (0,0) and (n,s) = (1,3) positions. Choosing a

view is not a difficult task because the mathematics behind the projection enables the
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positions to be easily defined. The main advantage of this is that it allows the projection

to be rearranged to enable a better view of a chosen area (Gibb 2016).

L1 equatorial square
O north polar square
[ south polar square

(a) (b)
Figure 2.13 The rHEALPIx projection in (a) (n,s) = (0,0) position and (b) (n,s) =
(1,3) position.

The process of shifting the prime meridian simply involves adding the desired
offset to all longitudinal values. This results in rotating the grid cells longitudinally
around the ellipsoid. With regards to the polar region, this has two key benefits. Firstly,
dart cells can be avoided because the four meridians on which they lie can be selected
arbitrarily. Although the four meridians will always have a 90° separation, the positions
of the meridians can be rotated to any location. Consequently, dart cells can be avoided
for any area with a longitudinal extent less than approximately 90°. Because Canada has
a longitudinal extent of approximately 90°, dart cells can almost be avoided by shifting
the prime meridian to 50° W. This aligns the dart cells with the 50° W and 140° W
meridians, as shown in Figure 2.14.

Secondly, skew quad cells with angled orientations can be avoided or even
exploited. This is an interesting feature because it provides some flexibility to choose cell
orientation over a given area. For example, if an area is north—south aligned such as New

Brunswick, skew quad cells having the same orientation can be used and a grid
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resembling the quad cell grid of the equatorial region can be achieved. Figure 2.15 shows
a skew quad cell grid over New Brunswick at various resolutions where the prime
meridian has been shifted to 21° W. However, if an area has an angled orientation such as
Cape Breton, Nova Scotia, the grid can be rotated so that angled skew quad cells with
similar orientation are used instead, see Figure 2.16 where the prime meridian has been
shifted to 50° W. Notably, this characteristic only applies for a specific range of
orientations. The most angled skew quad cells are adjacent to dart cells and have
orientations of approximately N 30° E and N 30° W. Therefore, using angled skew quad

cells is most suited to areas having an orientation in this 60° range.

Figure 2.14 A rotated grid (at resolution 3) over Canada consisting of skew quad cells
(cyan). Dart cells (red) can be seen along the Alaskan border. The prime meridian has
been shifted to 50° W. (© 2018 Google)
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(@) (b)

Figure 2.15 A grid of skew quad cells orientated to suit New Brunswick at resolution (a)
4 and (b) 5. The prime meridian has been shifted to 21° W. (© 2018 Google)

Charlottetown

Google Earth

t/ Copernicu:

Figure 2.16 A grid of skew quad cells orientated to suit Cape Breton at resolution 5. The
prime meridian has been shifted to 50° W. (© 2018 Google)

With regards to the equatorial region, shifting the prime meridian rotates the grid
so that quad cells can be more aligned with a given area. However, because quad cells are
always aligned with parallels and meridians, shifting the prime meridian does not affect

cell orientation.
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2.6 Conclusion

This paper reviews key features of the rHEALPix DGGS, highlights recent work
and implementation, and gives qualitative consideration to the rHEALPix DGGS over
Canada. Although the rHEALPix DGGS is well defined, no significant research has been
carried out to determine its ability to handle geospatial entities. For Canada, varying cell
shape and cell orientation are key considerations due to the size and location of the
country. However, for smaller features such as provinces, these variations can be avoided
or even exploited by rotating the grid.

Future work should explore how geospatial entities such as points, lines, and
polygons can be modelled, visualized, and analysed on the rHEALPix DGGS. This will
enable quantitative comparisons to be made against other DGGSs and help to determine
the most suitable DGGS for Canada. Finally, due to the lack of open source algorithms
that model geospatial entities on DGGSs, algorithms should be made available to the

public to promote DGGS usability and reproducible science.
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3. An open-source web service for creating quadrilateral grids based on

the rHEALPix Discrete Global Grid System?

3.1 Abstract

The foundation of modern Digital Earth frameworks is the Discrete Global Grid
System (DGGS). To standardize the DGGS model, the Open Geospatial Consortium
(OGC) recently created the DGGS Abstract Specification, which also aims to increase
usability and interoperability between DGGSs. To support these demands and aid future
research, open implementations are necessary. However, several OGC conformant
DGGSs are not available for researchers to use. This has motivated us to develop an
open-source web service that allows users to create quadrilateral grids based on the
rHEALPix DGGS. In this paper, we describe the implementation of the web service,
including issues and limitations, and demonstrate how discrete global grids and regional
grids can be created. Lastly, we present examples that show how vector data sets can be
modelled and integrated at different levels of resolution — a key benefit of the DGGS

model.

3.2 Introduction

The importance of discrete global grids to the Digital Earth vision has been
known for almost two decades (Goodchild 2000; Goodchild et al. 2012) and in 2015, the

Discrete Global Grid System (DGGS) — a hierarchy of discrete global grids at multiple

2 Bowater, D., and Stefanakis, E. (2018). An open-source web service for creating quadrilateral grids based
on the rtHEALPix Discrete Global Grid System. (under review)
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resolutions (Sahr et al. 2003) — was identified as the foundation of modern Digital Earth
frameworks (Mahdavi-Amiri et al. 2015a). A DGGS can be thought of as a discrete,
digital framework for referencing geospatial information to the earth (OGC 2017a), and
several recent works have made progress to the Digital Earth vision through their use.
Examples include a web-based view-aware Digital Earth (Sherlock 2017), a gazetteer for
integrating social and geoscience data in a Digital Earth framework (Adams 2017), earth
system modelling (Lin et al. 2018), and point cloud handling (Sirdeshmukh 2018).

Currently, the Open Geospatial Consortium (OGC) — an international organization
that provides standards to the geospatial community — are the main proponents of
DGGSs. In October 2017, they officially created the DGGS Abstract Specification (OGC
2017a), which provides a concise definition of the DGGS conceptual model and essential
characteristics of a conformant DGGS. Notably, an OGC conformant DGGS must adopt
a global grid method such as the Snyder projection or rHEALPIX projection, that
partitions the earth’s surface into a uniform grid of equal area cells (i.e., non-equal area
methods such as the latitude-longitude grid are not acceptable). With the recent explosion
in volume and variety of geospatial data, DGGSs consisting of equal area uniform grids
provide a way to store and manage such data while enabling efficient integration,
analysis, and visualisation (OGC 2017b).

Although numerous DGGS-based Digital Earth frameworks are presented in
Mahdavi-Amiri et al. (2015a), there are limited resources for researchers who wish to
work with OGC conformant discrete global grids. While open-source and commercial
software systems are available (Vince and Zheng 2009; Sahr 2015), these options restrict

users to grids based on the Icosahedral Snyder Equal Area (ISEA) projection. Moreover,
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research mainly focuses on triangular or hexagonal grids even though quadrilateral grids
have some advantages including compatibility with existing data structures, hardware,
display devices, and coordinate systems (Sahr et al. 2003; Amiri et al. 2013). To promote
the use of quadrilateral grids, increase options for researchers, and assist interoperability
studies, additional open software tools are needed for creating OGC conformant
quadrilateral discrete global grids.

This paper presents our efforts to meet this need through the development of an
open-source web service (http://atlas.gge.unb.ca/rHEALPix) that allows users to create
quadrilateral grids based on the rHEALPix DGGS. The rHEALPix DGGS (Gibb et al.
2016) is well defined and has several properties that set it apart from other DGGSs
including (i) a hierarchical and congruent cell structure, (ii) aligned cell structure for odd
factors of refinement, (iii) distribution of cells along rings of constant latitude, and (iv) an
OGC conformant planar projection consisting of horizontal-vertical aligned square grids
with low average angular and linear distortion (Gibb 2016). However, it lacks a simple,
open implementation for creating discrete global grids (Bowater and Stefanakis 2018). To
encourage reproducible science and foster the sharing of information, our open
implementation is written in the Python programming language and is easily accessible
via the web. We hope this early work will highlight the potential of quadrilateral DGGSs,
promote further research into the implementation and use of quadrilateral discrete global
grids, and provide a better understanding of how DGGSs can advance the Digital Earth
vision.

The content of this paper is organised as follows. Section 3.3 outlines related

work. Section 3.4 describes the implementation of our web service including issues and
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limitations. Section 3.5 describes how to create both discrete global grids and regional
grids. Section 3.6 presents examples that show how geospatial entities can be modelled
and integrated at different levels of resolution. Section 3.7 concludes the discussion and

highlights areas for future work.

3.3 Related work

As discussed earlier, research involving discrete global grids and their
hierarchical multiresolution counterpart — the DGGS — is advancing the Digital Earth
vision. In addition, the OGC have created the DGGS Abstract Specification that aims to
standardize the DGGS model and enable interoperability between DGGS
implementations. That being said, resources for creating OGC conformant quadrilateral
discrete global grids are currently lacking.

Several recent examples show the value of using discrete global grids (or DGGSS)
yet highlight the need for more implementations. Melo and Martins (2015) describe a
method to automatically geocode text documents by combining a hierarchy of linear
classifiers with quadrilateral discrete global grids based on the HEALPix DGGS.
Geocoding typically reports geodetic coordinates with respect to a reference ellipsoid
(such GRS80 or WGS84), yet the HEALPix DGGS (Gorski et al. 2005), which was
developed for spherical rather than an ellipsoidal use, was chosen because practical
implementation software was freely available.

Amiri et al. (2015) address the issue of DGGS interoperability by describing
common DGGS indexing methods and discussing ways of converting datasets from one

DGGS to another using index conversion. In their examples, the authors use a
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quadrilateral DGGS based on the spherical projection by Rosca and Plonka (2011). Had
implementations been available, the authors may have used a projection that is
compatible with ellipsoids of revolution, such as the rHEALPix projection (Gibb et al.
2016) or Parallels Plane projection (Ma et al. 2009). Interestingly, the projection by
Rosca and Plonka (2011) is also used in the One-to-two Digital Earth framework (Amiri
et al. 2013). If this projection could be extended for use on the ellipsoid, it may warrant
more research in the future.

Adams (2017) creates the first open-source gazetteer that maps place names to
cells of a discrete global grid, in order to show how social and geoscience data can be
integrated in a Digital Earth framework. The author uses the freely available DGGRID
software (Sahr 2015) to create triangular and hexagonal discrete global grids based on the
Snyder projection. Although the DGGRID software can create quadrilateral grids, they
are not included — perhaps because they are less prevalent in current research.

Goodchild (2018) reflects on how geographic information systems (GIS) have
developed over the last fifty years and discusses the advantages and disadvantages of
globe-based versus map-based GIS. The author argues that discrete global grids hold the
key to efficient, multiscale data integration in the world of Big Data, but few available
GIS provide appropriate implementations.

In addition, there are examples related to indexing mechanisms (Mahdavi-Amiri
et al. 2015b), data transmission and rendering (Sherlock 2017), and coding models to
support earth system modelling (Lin et al. 2018), whereby researchers adopt triangular or
hexagonal DGGSs initially but then find it beneficial to convert triangular or hexagonal

cells to quadrilateral cells. For example, Sherlock (2017) presents a web-based client-
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server architecture for producing interactive visualisations on a DGGS-based Digital
Earth. In the implementation, a hexagonal DGGS is used on the server but as the author
points out, hexagons are not natively supported by graphics hardware, and quadrilateral
cells are preferred for data transmission and rendering on the client. To accommodate
this, hexagonal cells are converted to quadrilateral cells (using the hierarchical grid
conversion method described in Mahdavi-Amiri et al. (2016)), before being transferred to
the client. However, perhaps it would be simpler and more efficient to avoid the
conversion by using a quadrilateral DGGS from the outset instead. Greater access to
quadrilateral implementations may help to find out.

Evidently, discrete global grids (and DGGSs) are being utilized in novel research
techniques and applications. The OGC DGGS Abstract Specification will also increase
awareness, usability, and interoperability of DGGSs in the future. To support these
demands and aid future research, it is necessary to have open implementations for
researchers to use. This paper presents our efforts to develop a simple open-source web
service that allows users to create quadrilateral grids based on the OGC conformant

rHEALPix DGGS.

3.4 Web service implementation

In this section, we describe the implementation of our web service
(http://atlas.gge.unb.ca/rHEALPIX) that allows users to create quadrilateral grids based on
the rHEALPix DGGS (Gibb et al. 2016). More specifically, it is based on the rHEALPix

DGGS where Ng;4. = 3 which means each cell is divided into a set of 3x3 sub-cells at

41



successive resolutions. Figure 3.1 shows the first two grids at resolution 0 and 1, and
Table 3.1 shows grid characteristics for the first 11 resolutions of the rHEALPix DGGS.
The web service is written entirely in the Python programming language (version 3.6)
and makes use of simple HTML forms, Common Gateway Interface (CGI) programming
standards, and HTTP protocols to get requests from the client and post results. We chose
to use Python because it is simple, easy to read, and is one of the most popular open-
source programming languages. Although other languages are more efficient (such as
C++), Python better supports our goals of producing a web service that is easy to
understand, explore, and improve upon by others.

Although the primary focus of the web service is grid generation, it can also be
used to perform coordinate conversion (from geodetic coordinates to cell ID) and
bounding cell determination. All three operations are based on the methods and formulas
described in Gibb et al. (2016). In our implementation, grid generation is split into two
parts: equatorial and polar. Although the fundamental algorithm is the same for both
operations, grid generation in the polar region is mathematically more complex and
requires additional input parameters. Therefore, to create a global grid, both the polar and
equatorial grid generation operations must be used. The bounding cell operation enables
users to determine the cell ID that bounds a region, if it exists. This would be beneficial
for users wanting to create a regional grid, say over a country or province (see Section
3.5.2). The coordinate conversion operation converts geodetic (longitude, latitude)
coordinates to cell ID. This is provided to demonstrate how data can be assigned to cells

—arequirement in the OGC Abstract Specification.
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(a) (b)

Figure 3.1 Discrete global grids based on the rHEALPix DGGS at resolution (a) 0 and
(b) 1. (Gibb 2016)

Table 3.1 Grid characteristics for the first 11 resolutions of the rHEALPix DGGS. All
measurements are based on the WGS84 authalic sphere radius of 6371.00718091848 km.

Resolution Number of Cells Cell Area (km?) \Cell Area (km)
0 6 85010936.954015 9220.138
1 54 9445659.661557 3073.379
2 486 1049517.740173 1024.460
3 4374 116613.082241 341.487
4 39366 12957.009138 113.829
5 354294 1439.667682 37.943
6 3188646 159.963076 12.648
7 28697814 17.773675 4.216
8 258280326 1.974853 1.405
9 2324522934 0.219428 0.468

10 20920706406 0.024381 0.156

Each operation is accessed through a HTML form which allows users to input a
variety of parameters. These parameters are passed to the relevant Python code residing
on the server, and results are either sent back to the client or stored in the /downloads

folder for users to retrieve. To support sharing of information and reproducible science,
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all Python code is compressed in a zip folder and can be downloaded from the

/python_code folder. Figure 3.2 shows the web service file structure.

www.atlas.gge.unb.ca/rHEALPix

UserGuide,
HTML formes,
server .py code

/documentation

/downloads

/uploads

/python_code

Although the rHEALPix DGGS can be defined upon any reference ellipsoid (such

as GRS80 or WGS84), this web service works strictly with WGS84 geodetic (longitude,

— /rHEALPix_DGGS_articles

- /useful_articles

Figure 3.2 Web service file structure.

latitude) coordinates. Output files from the grid generation operation are encoded in

GeoJSON format (the 2016 GeoJSON Specification (RFC 7946) can be found at

http://geojson.org/). We chose GeoJSON because it is a simple, text-based format that

supports several geometric objects (such as Point, Linestring, and Polygon). In addition,

GeoJSON files can easily be converted to other common file formats such as ESRI

Shapefile, using free and open-source GIS software (e.g., QGIS). Using this format, we

represent a grid as a ‘FeatureCollection’ where each grid cell is encoded as a ‘Feature’

that comprises its unique identifier and geometry. Figure 3.3 shows an example

GeoJSON output file consisting of nine grid cells.
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{"type": "FeatureCollection”,"features": [

{"type": "Feature","id":"N@","geometry"”: {"type": "Polygon","coordinates":
[[[90.0,41.9378539042],[120.0,41.9378539042],[90.0,74.4240067012], [60.0,41.9378539042], [90.0,41.9378539042]]]}},

{"type": "Feature”,"id":"N1","geometry": {"type": “Polygon","coordinates”:

[[[60.0,41.9378539042],[90.0,74.4240067012], [6.99722029922e-14,74.4240067012],[30.0,41.9378539042],[60.0,41.9378539042]]]}},

{"type": "Feature”,"id":"N2","geometry”: {"type": "Polygon",“coordinates”:

[[[30.0,41.9378539042], [6.99722029922e-14,74.4240067012] , [ -30.0,41.9378539042], [2.54444374517e-14,41.9378539042], [ 30.0,41.9378539042]]]}},
{"type": "Feature”,"id":"N3","geometry": {“"type": "Polygon","coordinates":
[[[120.0,41.9378539042],[150.0,41.9378539042], [180.0,74.4240067012], [90.0, 74.4240067012], [120.0,41.9378539042]]]}},

{"type": "Feature”,"id":"N4","geometry”: {"type": "Polygon","coordinates":

[[[90.0,74.4240067012], [180.0,74.4240067012], [ -90.0,74.4240067012] , [6.99722029922¢-14,74.4240067012], [90.0,74.4240067012]]]}},

{"type": "Feature”,"id":"NS","geometry": {"type": "Polygon", "coordinates":
[[[6.99722029922e-14,74.4240067012],[-90.0,74.4240067012],[-60.0,41.9378539042],[-30.0,41.9378539042], [6.99722029922e-14,74.4240067012]]1}},
[[[15@.0,41.9378539042],(180.0,41.9378539042], [-150.0,41.9378539042],[180.0,74.4240067012], [150.0,41.9378539042]]]}},

{"type": "Feature”,"id":"N7","geometry": {"type"”: "Polygon","coordinates":

[[[180.0,74.4240067012], [-150.0,41.9378539042], [-120.0,41.9378539042], [ -90.0,74.4240067012], [180.0, 74.4240067012]]]}},

{"type": "Feature","id":"N8",“geometry”: {"type": "Polygon“,"coordinates”:

[[[-90.0,74.4240067012], [-120.0,41.9378539042], [-90.0,41.9378539042], [-60.0,41.9378539042], [-90.0,74.4240067012]]]}}

1}

Figure 3.3 Example GeoJSON output file consisting of nine grid cells.

Notice in Figure 3.3 that the geometry of each cell is defined by four distinct
points, which refer to the cell vertices (the initial longitude-latitude coordinate pair is
repeated at the end to close the Polygon). The planar representation of the rHEALPix
DGGS is a grid of square cells (Figure 3.4a) and square cells can be accurately defined
by their vertices. However, when these cells are projected onto the curved surface of the
ellipsoid (Figure 3.4b), more points are often needed to preserve boundary shape,
particularly at low resolutions. To accommodate this, the web service includes a
densification parameter which enables additional points to be introduced into each

ellipsoidal cell edge.

N3 | N4 | NS
N6 | N7 | N8

o0 | o1 |02 Qo | Q1 | Q2
03 |04 |05 Q3 | Q4

(@) (b)
Figure 3.4 (a) The planar grid and (b) ellipsoidal grid of the rHEALPix DGGS at
resolution 1 (based on the (0,0)-rHEALPIXx projection). (Gibb 2016)
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To densify ellipsoidal cell edges, we developed a simple algorithm that follows on
from the work that determines (x, y) coordinates of a planar cell’s vertices presented in
Section 6 of Gibb et al. (2016). Our algorithm starts at the upper left vertex and
determines the (x, y) coordinates of all subsequent points in counterclockwise order (to
facilitate Polygon creation in GeoJSON format) until the starting point is returned to
(Figure 3.5). To do this, two parameters are required, namely the number of line
segments created per planar cell edge after introducing additional points denoted d, and
the line segment width denoted w. At this point, let us denote the (x, y) coordinates of
the upper left vertex as x,,;, and v,,4. respectively, and the (x, y) coordinates of the
lower right vertex as x,,,,, and y,,i» respectively. We can then use equations (1) and (2)
to determine x and y coordinates respectively of all points that define the planar cell.
Note, in equations (3.1) and (3.2) multiple lists are concatenated to form the final list of
coordinates. The final step involves simply projecting all points onto the surface of the

ellipsoid, thereby creating an ellipsoidal cell with densified edges.

x coordinates = ) [Xmin] + [Xmin ¥ W, Xpmin + 2W, ..., Xpin + (d — Dw ]

d+1
2.
di1 (3.2)
2

+ [xmax] + [xmax — W, Xmax — ZW' v Xmax — (d - 1)W]

+ [xmin]

y coordinates = [Ymax] + [Ymax — W, Ymax — 2W: v Ymax — (d - 1)W]
d+1

+ Z[Ymin] + [Ymin + W, Ymin + 2W, o, Yimin + (d - 1)W] (32)
1

a+1

) Dimal
1
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Upper left vertex (Xmax — W, Ymax)

(xmin’ ymax) O O O (xmax’ Ymax)
—
w
(xmin:y'max —w) C) CD(xmax'Ymin + W)
—)
(Xmins Ymin) O O \')(xmaxr Ymin)

(xmin +w, ymin)

Figure 3.5 A schematic of our densification algorithm. The case where one additional
point is introduced into each cell edge is demonstrated. Grey circles represent cell
vertices, white circles represent additional points, and w is the length of a line segment.
Finally, with regards to the bounding cell and coordinate conversion operations, it
is important to mention that converting geodetic coordinates to cell ID relies on
accurately converting a base 10 decimal number in the interval [0,1] to base 3. Writing a
program to perform this computation with reliable results is not simple using floating
point representation, yet it is critical for determining the correct cell ID. As a result, our
web service makes use of baseconvert (version 1.0.0a4) — a base conversion package

from the Python Package Index (PyP1) repository (see

https://pypi.org/project/baseconvert).

3.4.1 Issues and limitations

Throughout the development of the web service, we encountered several issues
relating to memory usage, file size, and program run time, which we now explain. First,

creating high resolution grids means handling extremely large numbers of cells. For
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example, a grid at resolution 8 has almost 260 million cells (see Table 3.1). That said, the
rHEALPix DGGS has a hierarchical and congruent cell structure so it is easy to
determine cell ID’s at any resolution using a recursive function. However, if cell ID’s are
stored in an array, the computer’s Random Access Memory (RAM) (typically 8 GB) is
quickly used up at high resolutions which prevents the program from running. Therefore,
we avoid creating arrays by using a generator function (signified by the yie1d keyword)
as shown in Figure 3.6. This allows us to step through cell ID’s from the recursive
function, working with one cell ID at a time before moving onto the next. Consequently,

a RAM limitation is prevented.

def CellRecursion(cell, res):
if len(cell)==res+l:
yield(cell)
else:
for i in range(9):
new cell=cell+str (i)
yield from CellRecursion(new cell, res)
return

Figure 3.6 Our recursive function to generate cell ID’s at a given resolution (ce11 refers
to cell ID and res refers to grid resolution).

Second, output file sizes increase dramatically at successive resolutions (by a
factor of nine approximately) due to exponential increase in the number of grid cells. For
example, the output file size for a resolution 2 grid over cell ID P with no cell edge
densification (resulting in 81 cells) is approximately 18 KB. At resolution 6 with 531441
cells, the output file size is approximately 140 MB. At resolution 10 with almost 3.5

billion cells, the output file size would exceed 500 GB. Obviously, if additional points are
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introduced into cell edges, output file sizes are even larger. As a result, the condition
shown in equation (3.3) was placed on the web service to ensure the server could handle
client requests.

0 < Resolution — Cell ID resolution < 7 (3.3)

Here, ‘Resolution’ refers to the resolution of the desired grid, and ‘Cell ID
resolution’ refers to the resolution of the input cell ID. For example, a grid over cell ID P
(resolution 0), at resolution 6 is valid; but a grid at resolution 7 is not. This condition
prevents the generation of global grids at resolutions above 6, but it does not restrict
regional grids. For example, if a country is contained within cell ID P456 (resolution 3), a
regional grid at resolution 9 could be created over the country. This is because the
condition restricts the change in resolution, not the resolution itself. In other words, the
areal coverage of the input cell ID must decrease to accommodate grid resolutions above
6.

Considering the number of cells in high resolution grids, it should be no surprise
that calculating the cell vertices and writing them to an output file takes time. Even
though GeoJSON is a simple, text-based format, our implementation takes approximately
80 seconds to output 531441 grid cells with no densification in the equatorial region (e.qg.,
a resolution 6 grid over cell ID P). In the polar region, projection equations are more
complex so run times for the polar grid generation operation are approximately three
times longer. In agreement with output file size, run times at successive resolutions
increase by roughly a factor of nine. Long run times are not ideal for a web service

because it means maintaining an internet connection to the server for perhaps minutes or
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hours depending on the grid resolution. Therefore, the resolution condition imposed on
our web service also serves to reduce a user’s wait time and server timeout errors.

Our web service is a basic implementation that serves as an easily accessible
research tool for anyone wanting to work with equal area quadrilateral grids based on the
rHEALPix DGGS. That said, we hope our efforts will promote further research to
develop better and more efficient implementations that eliminate the issues we have
highlighted. For example, parallel processing seems well suited to the task of creating
high resolution grids because the operation could be subdivided and run simultaneously,
which would reduce program run time. We acknowledge the fact that placing limitations
on our web service and restricting users from creating high resolution global grids is not
ideal. However, these limitations can be somewhat avoided by running the code on a
computer directly where output file size and program run time may be less of an issue.
Therefore, we have provided all of the Python code encompassed within the web service

for users to freely download.

3.5 Discrete grid creation

This section describes how both discrete global grids and regional grids can be
created. First, we describe the process to create a global grid. Second, we describe the
process to create a regional grid, such as over a country or province, for three distinct

cases.

3.5.1 Global grids

The underlying polyhedron of the rHEALPix DGGS is a cube (hexahedron)

which means there are six grid cells at resolution 0, often referred to as base cells. The
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equatorial region includes base cells O, P, Q,and R (~ — 41.9° < ¢ < ~41.9°) where ¢
is the geodetic latitude). The polar region includes base cells N (north polar region; ¢ >
~41.9°) and S (south polar region; ¢ < ~ — 41.9°). Figure 3.1a shows the resolution 0
grid of the rHEALPix DGGS (base cells R and S are not visible).

As mentioned earlier, both polar and equatorial grid generation operations must
be used to create a discrete global grid. Each operation can create grid cells in their
respective base cells and only for one base cell at a time. Therefore, the polar grid
generation operation must be used twice and the equatorial grid generation operation four
times. To demonstrate, we’ll outline the process to create a resolution 2 discrete global
grid.

First, let us create the cells in the north and south polar regions using the polar
grid generation HTML form (FormPolarGridGeneration.html). This form has six input
parameters: Cell ID, Resolution, Rotation, n, s, and Densification. To create a global grid,
the Cell ID must be the base cell (so N or S in this case). Resolution refers to the desired
grid resolution, so 2 in this case. The Rotation parameter allows us to rotate the grid by
inputting a non-zero decimal degree value (applying a rotation is not needed here but is
discussed more for regional grids). Parameters n and s refer to the position of the north
and south polar square in the rHEALPix projection, see Gibb et al (2016) for more
details. Regarding grid creation, parameters n and s only alter the ID assigned to each
cell, not the geometry (so we’ll arbitrarily use 0 for both). Lastly, we’ll preserve cell
boundary shape on the ellipsoid by introducing additional points into each ellipsoidal cell

edge using the Densification parameter. Once the GeoJSON file is generated, it can be
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downloaded and then visualized in GIS software (using an appropriate polar projection),

as shown in Figure 3.7a.

(a) (b)

Figure 3.7 Resolution 2 grids over a sample of base cells. (a) Base cell N (North Pole
Lambert Azimuthal Equal Area projection, EPSG: 102017). (b) Base cell O (Cylindrical
Equal Area projection, ESRI: 54034). (c) Base cells N (red), O (yellow), P (green), Q
(light blue), and R (blue) (North Pole Lambert Azimuthal Equal Area projection, EPSG:
102017; colours correspond to Figure 3.1a).

The next step is to create the equatorial region cells using the equatorial grid
generation HTML form (FormEquatorialGridGeneration.html). Input parameters are the
same except that both n and s parameters are omitted (not relevant to the equatorial
region), and there is an additional Output Feature parameter. This parameter enables the
user to select cell centroid (point) or cell boundary (polygon) as the output geometry.
Once again, the GeoJSON file can be downloaded and then visualized using GIS
software (Figure 3.7b shows base cell O).

The six GeoJSON files constitute the resolution 2 discrete global grid. These files
can be converted to other file formats such as ESRI Shapefile or Keyhole Markup
Language (KML), using GIS software. Since a discrete global grid spans the entire globe,

it is difficult to clearly visualize all grid cells without distortion or misrepresentation
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using a map projection. Figure 3.7¢ shows five-sixths of the globe (base cell S excluded)
using the North Pole Lambert Azimuthal Equal Area projection (EPSG: 102017). A more
realistic visualisation can be achieved using a virtual globe such as Google Earth or
ArcGIS Earth. Figure 3.8a shows the resolution 2 discrete global grid in Google Earth
after converting the six GeoJSON files to KML format. The whole process was repeated

for the resolution 3 discrete global grid, as shown in Google Earth in Figure 3.8b.
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Figure 3.8 Discrete global grids at (a) resolution 2 and (b) resolution 3. (© 2018 Google)

3.5.2 Regional grids

As mentioned earlier, OGC conformant DGGSs provide a solution for handling
geospatial big data. In the future, national or regional administrators may find it
beneficial to adopt a DGGS framework to reference the large volumes of heterogeneous
geospatial data encompassed within their administrative boundaries (Bowater and

Stefanakis 2018). To facilitate this, we describe the process to create a regional grid when
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the region of interest (e.g., province or country) falls in (i) equatorial region, (ii) polar

region, or (iii) both the equatorial and polar region.

3.5.2.1 Equatorial region

The process of creating a regional grid in the equatorial region is straightforward,
because all ellipsoidal cells are quadrilaterals bounded by two parallels and two
meridians. As a result, cell shape and cell orientation need not be considered (Bowater
and Stefanakis 2018). The process consists of the following steps:

1. Determine the base cell (or bounding cell) that contains the region.

2. Generate the GeoJSON file using the web service.

3. Acquire polygon data for the region.

4. Select all cells that intersect the polygon using GIS software.

The first step can be accomplished using the bounding cell operation on the web
service (FormBoundingCell.html) or by simply comparing the longitudinal extents of the
region to those of the base cells. The advantage of using the bounding cell is that it will
often be smaller than the base cell, which would increase the highest achievable grid
resolution using the web service. Note, if the region spans more than one equatorial base
cell, the process must be repeated for each base cell. The second step follows the same
process as described for global grids. The third step can be achieved using any open-
source data provider such as Natural Earth (https://www.naturalearthdata.com/). For the
last step, we opted to convert the GeoJSON file to ESRI Shapefile format using QGIS

and work in ArcGIS, because we found the ‘Select by Location’ process in ArcMap to be
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simple and efficient. Figure 3.9 shows a resolution 5 quadrilateral grid over the state of

Texas, USA.

(a) (b)

Figure 3.9 (a) Source polygon data for the state of Texas, USA from Natural Earth. (b) A
resolution 5 quadrilateral grid over Texas (Cylindrical Equal Area projection, ESRI:
54034) and (c) the same grid shown in Google Earth (© 2018 Google).

3.5.2.2 Polar region

The process of creating a regional grid in the polar region is less straightforward,
because cell shape and cell orientation must be considered. The simplest option would be
to ignore these features but north-south aligned quadrilateral grids are more familiar to
users and link to similar grids used in remote sensing. It is possible to avoid non-
quadrilateral cells and create north-south aligned quadrilateral grids by applying a
rotation (Bowater and Stefanakis 2018). Therefore, we will supplement the equatorial
process with step 0: Determine the rotation.

To determine the rotation r, we need the approximate longitudinal midpoint A,,, of
the region of interest. Then, knowing that north-south aligned cells fall on a line of

longitude in § = {—135°, —45°, 45°, 135°}, we can determine the longitude from S
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that is closest to A,,, denoted A., by inspection or simple calculation. Finally, we can
calculate r using r = 1,,, — A.. We will demonstrate the process by creating a north-south
aligned resolution 6 quadrilateral grid over the province of New Brunswick, Canada.
New Brunswick has a minimum geodetic latitude of approximately 44.5° which
means it falls in base cell N (north polar region). The approximate longitudinal midpoint
Am Of New Brunswick is —66°. By inspection, A, = —45°, which means r = —21°. To
avoid using base cell N in step two, we will determine the bounding cell that contains
New Brunswick using the bounding cell operation. Inputting approximate bounding box
coordinates and —21° for Rotation (to ensure the bounding cell is north-south aligned)
returns cell N55 as the bounding cell. Using these values for Cell ID and Rotation in step

two, enables us to create the desired regional grid, as shown in Figure 3.10.

- o
e g gzt ot
} e “::‘1'{ T
N i NENREER
SN, A r,.bj‘u.%_
N oy -
| * i
% Y
i -0 TITI]
e - Bocees
é \r\ Vad NN
; ,./Zriv . i
5 A
b &
Lo
N Gunr T
A
(a) (b)

Figure 3.10 (a) Source polygon data for the province of New Brunswick, Canada from
Natural Earth. (b) A north-south aligned resolution 6 quadrilateral grid over New
Brunswick (North Pole Lambert Azimuthal Equal Area projection, EPSG: 102017) and
(c) the same grid shown in Google Earth (© 2018 Google).

So far, we have discussed the situations where the region of interest falls in either

the equatorial region or the polar region. Here, we outline the process to create a regional
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grid when the region of interest spans both regions. To demonstrate, we’ll use the country
of New Zealand.

New Zealand spans base cell S (polar region) and base cell R (equatorial region).
Although cell shape and cell orientation are not a concern in the equatorial region,
ignoring these features in the polar region would lead to a regional grid with an abrupt
boundary transition between the two regions, as shown in Figure 3.11b. To achieve a
north-south aligned quadrilateral grid with a smooth boundary transition, we must apply a
rotation. Using the same approach as before for step zero, we get r = 37°. Step one is
made slightly more cumbersome by the fact that we can’t use the bounding cell operation
for the whole country, since no bounding cell exists. Therefore, we must determine the
two bounding cells (one in each region) separately. Using the rotation determined above,
the bounding cell in the equatorial region is R7 and the north-south aligned bounding cell
in the polar region is S3. The remaining steps proceed as before, but for each bounding
cell separately. Figure 3.11c shows the north-south aligned resolution 5 quadrilateral grid
over New Zealand.

As we have shown, applying a rotation is beneficial for creating north-south
aligned quadrilateral grids. The process itself simply involves shifting the longitudinal
values of a cell’s geometry by the desired amount, which works fine for cells far from the
180™ meridian (or anti-meridian). For a cell close to the anti-meridian however, its
geometry will include longitudinal values greater than 180° or less than —180°.
Geometric objects are not typically defined this way and we have found that GIS
software may not recognize or allow such values. Although this is more a problem of

interoperability rather than a weakness in the web service, users should be aware that
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attempting to create a rotated global grid may result in missing cells close to the anti-
meridian. Regional grids can be rotated with no issues, as we have shown, but this may
not always be the case for regions of interest close to the anti-meridian, or for large

rotations.

(a) (b) (©) (d)
Figure 3.11 (a) Source polygon data for the country of New Zealand from Natural Earth.
(b) A non-rotated resolution 5 quadrilateral grid over New Zealand; the red line marks the
boundary between the equatorial region and polar region. (c) A north-south aligned
resolution 5 quadrilateral grid over New Zealand (South Pole Lambert Azimuthal Equal
Area projection, EPSG: 102020) and (d) the same grid shown in Google Earth (© 2018
Google).
3.6 Modelling geospatial entities

The Digital Earth concept is based on a framework that can accommodate all
kinds of geospatial information. Therefore, DGGSs must be able to support raster, vector,
and point cloud data. In this section, we consider vector data and present examples that
show how GIS software (e.g., QGIS) can be utilized to model points, lines, and polygons

at multiple resolutions using quadrilateral grids based on the rHEALPix DGGS.
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One of the key advantages of DGGSs is their ability to model and integrate
geospatial data at multiple levels of resolution. This is beneficial because different spatial
resolutions or positional uncertainties can be accommodated by matching the resolution
level to the properties of the data. In addition, it supports visualisation of data sets at
different scales which is important for rapid zoom functionality (Goodchild 2018). Purss
et al. (2017) briefly discuss the benefits of using a DGGS to integrate multi-resolution
data coming from sensor networks and the Internet of Things. Although sensors generally
report observations as occurring at point locations, this limits the value of sensor data.
Alternatively, the authors suggest using cells of a DGGS to store observations which can
record location as well as spatial coverage. In this way, observations from numerous
sensors at different resolutions can be integrated, thereby maximizing the value of the
data.

With this in mind, we show how vector data sets can be modelled and integrated
at different levels of resolution. The process follows the same steps as described in
Section 3.5.2. First, determine the required rotation to create a north-south aligned grid.
Second, determine the base (or bounding) cell that covers the region. Third, create
GeoJSON files using the web service. Fourth, acquire the vector data set, be it point, line
or polygon data. And finally, use GIS software to determine the cells that intersect the
vector features. Figure 3.12 shows state/territory boundary lines of Australia (excluding
Tasmania) modelled at multiple resolutions. Figure 3.13 shows geographic features in
New Brunswick, Canada modelled and integrated at various resolutions; source data
obtained from GeoNB (http://www.snb.ca/geonbl/e/index-E.asp) under the GeoNB Open

Data Licence.
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Figure 3.12 Australian state/territory boundary lines modelled at multiple resolutions
using GIS software. (a) Source data for the country of Australia from Natural Earth. (b)
Boundary lines at resolution 4. (c) Boundary lines at resolution 5. (d) Boundary lines at
resolution 6. (Cylindrical Equal Area projection, ESRI: 54034)

As mentioned earlier, our web service allows users to create quadrilateral grids
based on the rHEALPix DGGS where Ng;;. = 3, which means each cell is divided into a
set of 3x3 sub-cells at successive resolutions. In other words, the refinement (sometimes
called aperture) is one-to-nine. In comparison to other DGGSs, which typically have one-
to-three or one-to-four refinements, one-to-nine refinement is uncharacteristically high.
Amiri et al. (2013) showed that the minimum refinement for a square is one-to-two,
which provides the most gradual transition between cell area at successive resolutions.

Although one-to-nine refinement leads to quick convergence between DGGS and

vector representations, as shown in Figures 3.12 and 3.13, the large change in cell area at
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successive resolutions hinders efforts to accommodate different spatial resolutions or
positional uncertainties. Therefore, future work should consider the rHEALPix DGGS
where N4, = 2 which has one-to-four refinement. One-to-four refinement does not
produce aligned hierarchies like one-to-nine refinement (aligned means the centroid of
the parent cell is also the centroid of a child cell), but it has a much smoother transition

between cell area at successive resolutions.
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Figure 3.13 Utilizing GIS software to model geographic features in the province of
New Brunswick at various resolutions. (a) Source data for the province of New
Brunswick, rail tracks, and rail stations from GeoNB. (b) All features at resolution 6.
(c) All features at resolution 7. (d) Province and rail tracks at resolution 8, rail stations
at resolution 7. (North Pole Lambert Azimuthal Equal Area projection, EPSG: 102017)
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In this section, we have shown how vector data sets can be modelled and
integrated at different resolutions using GIS software (e.g., QGIS). Of course, GIS
software can also handle raster data and point cloud data. Therefore, we wish to highlight
that GIS software could also be used to explore how quadrilateral grids based on the
rHEALPix DGGS could support raster and point cloud data. In addition, as an alternative
to using geoprocessing tools in GIS software, we could import the data into a spatial
database such as PostgreSQL/PostGIS and access many of the inbuilt functions that are

specifically designed for working with spatial data.

3.7 Conclusion

In this paper, we present our efforts to develop a simple web service that allows
users to create quadrilateral grids based on the rHEALPix DGGS. We have described the
implementation of the web service, including notable issues and limitations, and have
demonstrated how both discrete global grids and regional grids can be created. In
addition, we have shown how these grids can be visualised in map-based and globe-based
software. Lastly, we presented examples that show how vector data sets can be modelled
and integrated at different levels of resolution using GIS software. Importantly, this work
is designed to meet the need of an easily accessible research tool that allows interaction
with quadrilateral grids based on the rHEALPix DGGS. To facilitate further research into
the implementation and use of such grids, we provide all Python code encompassed
within the web service for users to freely download.

With regards to the web service, several directions exist for future work including

methods to reduce the resolution limitation so that high resolution global grids can be
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created; combining the polar and equatorial grid generation operations into a single, more
efficient operation; and exploring the use of parallel processing to reduce program run
time. It would also be beneficial to explore the rHEALPix DGGS with one-to-four
refinement so comparisons against other DGGSs can be made. Aside from the web
service, future work should explore how geospatial entities (such as points, lines, and
polygons) can be analysed on the rHEALPix DGGS, including how spatial analysis

methods can be applied.
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4. On the isolatitude property of the rHEALPix Discrete Global Grid

System?®

4.1 Abstract

Digital Earth frameworks provide a way to integrate, analyse, and visualise large
volumes of geospatial data, and the foundation of such frameworks is the Discrete Global
Grid System (DGGS). One approach in particular, the rHEALPix DGGS, has a rare
property that makes it well suited for geospatial applications involving harmonic
analysis: distribution of cell nuclei along rings of constant latitude (or isolatitude rings).
However, neither this property nor harmonic analysis have yet been explored. To
facilitate harmonic computations and advance this research direction, a method is needed
to determine the isolatitude ring on which the nucleus of a given cell falls. In this paper,
we present a method to achieve this that extends existing work on the rHEALPix DGGS
to convert a cell identifier to isolatitude ring without recourse to geodetic coordinates. In
addition, we present an efficient method to calculate the geodetic latitude of a cell's

nucleus via its associated isolatitude ring.

4.2 Introduction

In recent years, the volume and variety of geospatial data has exploded and we are
firmly in the era of geospatial big data. Our challenge now is how to store, integrate,

analyse, and visualise this massive amount of information on a global scale. Digital Earth

3 Bowater, D., & Stefanakis, E. (2019). On the isolatitude property of the rHEALPix Discrete Global Grid
System. (under review)
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frameworks have emerged to meet this challenge and the foundation of such frameworks
is the Discrete Global Grid System (DGGS) (Mahdavi-Amiri et al. 2015). A DGGS can
be thought of as a discrete, multiresolution, digital framework for referencing geospatial
information to the earth. For the last two decades, DGGSs have played an important role
in Digital Earth research (Goodchild 2000; Vince and Zheng 2009; Amiri et al. 2013;
Amiri et al. 2015; Adams 2017; Sherlock 2017; Lin et al. 2018) but they are now gaining
attention in the big data community and have recently been suggested as a solution to 10T
(Internet of Things) data integration (Purss et al. 2017), big spatial vector data
management (Yao and Lin 2018), and as the de facto global reference system for
geospatial big data (OGC 2017a).

DGGSs represents a class of spatial data structures that consist of a hierarchy of
discrete global grids at multiple resolutions (Sahr and White 1998). Although several
methods exist to create a DGGS, the most popular approach is to partition the faces of a
platonic solid into equal area cells (hexagons, triangles, or quadrilaterals) and then
inversely project the result to the surface of the sphere (or ellipsoid) using an equal area
projection (Sahr et al. 2003). This approach is preferable because a uniform grid of equal
area cells simplifies data sampling and analysis (White et al. 1992; Sahr et al. 2003; OGC
2017b), as well as providing a way to store, manage, and integrate geospatial big data
(OGC 2017a). In fact, this approach is the basis of the Open Geospatial Consortium
(OGC) DGGS Abstract Specification (OGC 2017b) which aims to standardize the DGGS
model, increase usability of DGGSs, and increase interoperability between DGGSs.

The rHEALPix DGGS (Gibb et al. 2016) is a promising OGC conformant

quadrilateral-based approach with several interesting properties that distinguish it from
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other DGGSs. For example, it has a hierarchical and congruent cell structure, an aligned
cell structure for odd factors of refinement, equal area cells that completely cover the
globe at every resolution, distribution of cell nuclei along rings of constant latitude, a
planar projection consisting of horizontal-vertical aligned square grids with low average
angular and linear distortion, and it is compatible with ellipsoids of revolution (Gibb
2016). Arguably, the most unique property is the distribution of cell nuclei along rings of
constant latitude (often referred to as isolatitude distribution), whereby at each resolution,
k nuclei lie on O(ﬁ) isolatitude rings (or rings of constant latitude) (Gibb et al. 2016).
This property is inherited from the DGGS on which rHEALPIx is based, namely the
Hierarchical Equal Area isoLatitude Pixelization (HEALPix) DGGS (Gorski et al. 2005)
and to our knowledge, no other DGGSs share this property.

Gorski et al. (2005) developed the HEALPix DGGS to enable efficient processing
and analysis of large volumes of astronomical data distributed on a sphere, and the
isolatitude property was specifically incorporated to support this. As the authors point
out, isolatitude distribution of cell nuclei is essential for computational speed in all
operations involving spherical harmonics on high resolution grids, because associated
Legendre functions need only be evaluated once per isolatitiude ring. This suggests the
rHEALPix DGGS is a good choice for geospatial applications involving harmonic
analysis (Gibb et al. 2016; Bowater and Stefanakis 2018a). However, neither the
isolatitude property nor harmonic analysis on the rHEALPix DGGS have yet been
explored (Bowater and Stefanakis 2019).

To facilitate harmonic computations and advance this research direction, it is

necessary to have a way of determining the isolatitude ring on which the nucleus of a
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given cell falls (Gorski et al. 2005). In this paper we present a method to achieve this that
is compatible with existing theoretical work on the rHEALPix DGGS. More specifically,
we adopt the same indexing method, cell identifier (ID) notation, row notation, and
column notation defined in Gibb et al. (2016) and Gibb (2016), to efficiently convert a
unique cell ID to isolatitude ring without recourse to geodetic coordinates. In addition, as
a side effect of this work, we present an efficient method, especially in the polar region,
to calculate the geodetic latitude of a cell’s nucleus via its associated isolatitude ring.

The content of this paper is organised as follows. Section 4.3 provides relevant
background information on the rHEALPix DGGS. Section 4.4 presents our methodology.

Section 4.5 presents our results, and Section 4.6 concludes the paper.

4.3 Background

The rHEALPix DGGS is constructed by projecting an ellipsoid of revolution

(such as WGS84) onto the faces of a cube, subdividing each face into a grid of square
cells, and then inversely projecting the result back onto the ellipsoid using the equal area
rHEALPIx projection. Importantly, the definition of the rHEALPix DGGS describes a
general class of DGGSs for any integer Ng;4. = 2, Where planar squares are divided into
Ngiqe X Ngiqe SUb-squares at successive resolutions. Although the Ng;4. = 2 approach
can be exactly encoded using 2 bits and provides a smooth transition between resolutions,
the N,;4. = 3 approach has been preferred thus far because it is the smallest integer that
produces aligned hierarchies (Gibb 2016; Bowater and Stefanakis 2018a; Bowater and
Stefanakis 2018b). Figure 4.1 shows the planar grid and ellipsoidal grid of the rHEALPix

DGGS with Ng;4., = 3 atresolutioni =0andi = 1.

70



Each cell of the rHEALPix DGGS has a unique identifier (ID). Gibb et al. (2016)
define a cell ID to be a string beginning with one of the letters N, S, 0, P, Q, R followed
by a sequence of zero or more of the integers 0,1,2, ..., N2, — 1. The process of
assigning a unique ID to each cell is as follows. First, assign the planar cells at resolution
i=0thelIDsN,O0,P,Q,R,S from top to bottom and left to right. Then, for each
resolution i cell with 1D ¢t assign its N2, resolution i + 1 subcells the IDs
t0,t1,...,t(N3,, — 1) using a Z space filling curve from top to bottom and left to right
(Figure 4.1). As a result of this approach, the resolution of a cell can easily be determined

from its ID by |ID| — 1. Note that IDs of planar cells are shared with their corresponding

ellipsoidal cells.

(b)

SEEE
=]

Figure 4.1 The planar grid and ellipsoidal grid of the rHEALPix DGGS with Ng;4, = 3
at (a) resolution i = 0 and (b) resolution i = 1 (based on the (0,0)-rHEALPix
projection). (Gibb 2016)



Each planar cell of the rHEALPix DGGS has a nucleus which is defined as its
centroid. The nucleus of an ellipsoidal cell is simply the inverse projection of the nucleus
of its corresponding planar cell. Given that parallels are projected to horizontal lines in
the equatorial region and concentric squares in the polar region (Figure 4.2a), it is clear
that planar cell nuclei coincide with projected parallels (Figure 4.2b shows an example of
the rHEALPix DGGS with Ng;4. = 3 at resolution i = 1). Consequently, ellipsoidal cell

nuclei must also lie on rings of constant latitude. In the equatorial region, 4(NZ2%,)

ellipsoidal cells lie on N, isolatitude rings. In the north polar region, there are N2,
ellipsoidal cells if Ny;4, is even, and N2, — 1 ellipsoidal cells if Ny;4, is odd (excluding
the cap cell whose nucleus coincides with the pole), which lie on |N/;4. /2] isolatitude
rings. The same can be said of the south polar region. In total, the nuclei of k = 6(NZ%,)
ellipsoidal cells lie on 2(N%4. ) — 1 non-pole isolatitude rings if Ng;g, is 0dd, or 2(Ng.)

isolatitude rings if Ng;,4, is even. Therefore, k cells lie on O(ﬁ) isolatitude rings (Gibb

et al. 2016).

(b)

Figure 4.2 (a) The (0,0)-rHEALPix projection, grid lines represent parallels and
meridians (derived from Gibb 2016). (b) Cell nuclei distributed along the planar
projection of parallels.



4.4 Methodology

In this section, we describe our method to determine the isolatitude ring on which
the nucleus of a given cell falls using only the cell ID. Importantly, our method is only
applicable to the rHEALPix DGGS with Ng;4. = 3, although it has the potential to be
modified for other N4, values. We focus on N;;. = 3 because it is the smallest integer
that produces aligned hierarchies and is the preferred approach in existing work. In our
method, isolatitude rings are expressed as integer values increasing from north to south
and ranging from 1 - 2(3%) — 1 (excluding the poles), where i is the resolution of the
grid. To ensure our method is compatible with previous work, we use the same cell 1D
notation, indexing method, row notation, and column notation defined in Gibb et al.
(2016) and Gibb (2016). In addition, we present a method to convert an isolatitude ring
value to its associated geodetic latitude, which ultimately allows us to calculate the
geodetic latitude of a cell’s nucleus via its associated isolatitude ring.

To determine the isolatitude ring value associated with a given cell ID, we utilize
the planar grid representation of the rHEALPix DGGS rather than the ellipsoidal grid
representation because it has the advantage that all cells are squares uniformly positioned
in rows and columns at every resolution (Figure 4.1). That being said, using the planar
grid is not without challenges. The main one relates to how lines of constant latitude are
represented. In the equatorial region, lines of constant latitude are projected as horizontal
lines whereas in the north and south polar regions, lines of constant latitude are projected
as concentric squares. As a result, our method addresses each region, namely north polar,
equatorial, and south polar, separately. Because the conversion process is simplest in the

equatorial region, we will start there and then build on this approach for the north and
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south polar regions. Before we start, let us define some common terms. Let M}, be the
number of non-pole isolatitude rings in the north polar region at resolution i, where
M}y = [3%/2]. Let M be the number of isolatitude rings in the equatorial region at
resolution i, where ML = 3. Let M&, be the number of non-pole isolatitude rings in the
south polar region at resolution i, where M, = [3i/2] = M};p. Also, given the ID of a

cell, let the resolution i of that cell be determined by i = |ID| — 1.

4.4.1 Equatorial region

Let us first consider cells in the equatorial region at resolution i = 1. If we
convert the ID of every cell into row notation (as described in Section 3 of Gibb (2016)),
it is clear that every column is identical in this notation (Figure 4.3). Now, if we take only
the digits in row notation to the right of the decimal point, let 5 be the base; integer
denoted by these digits, and let r be the base,, integer equivalent to r3, then as we move
down the rows from top to bottom, values of r increase from 0 — 2.

For cells at resolution i = 2, values of r increase from 0 — 8 as we move down
the rows from top to bottom. In general, we observe that for cells at any resolution i,
values of r increase from 0 - M. — 1. Knowing this, we can simply offset the values of
r by the number of non-pole isolatitude rings in the north polar region M\, to determine
the isolatitude ring associated with any cell in the equatorial region. Thus, given the ID of
an equatorial region cell, we can determine the isolatitude ring on which the nucleus of

the cell falls, denoted I, using equation (4.1).

Ig=Mip+r+1 4.1)
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00 o1 02 PO P1 P2 Qo Ql Q2 RO R1 R2

cell ID 03 04 05 P3 P4 P5 Q3 Q4 Q5 R3 R4 R5

06 07 08 P6 P7 P8 Q6 Q7 Qs R6 R7 R8

13.03 13.03 13.03 15.03 15.03 15.03 15.03 15.03 15.03 15.03 15.03 15.03

row notation | 1313 | 1313 | 13 | 1513 | 1315 | 1505 | 1315 | 133 | 1503 | 1315 | 1515 | 1313

15.23 | 13.23 | 13.23 | 13.23 | 13.23 | 13.23 | 13.23 | 13.23 | 13.23 | 13.23 | 13.23 | 13.23

0 0 0 0 0 0 0 0 0 0 0 0
7, notation 1 1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2 2
0 0 0 0 0 0 0 0 0 0 0 0
r notation 1 1 1 1 1 1 1 1 1 1 1 1
2 2 2 2 2 2 2 2 2 2 2 2

Figure 4.3 Equatorial region cells at resolution i = 1 expressed using different notations.

4.4.2 North polar region

Let us first consider cells in the north polar region at resolution i = 1. At this
resolution, base cell N has nine subcells with IDs NO, N1, N2, ..., N8. Moreover, My, =
1 which means there is a single non-pole isolatitude ring. Knowing that the north pole is
projected to the centre of base cell N and thus coincides with the nucleus of cell N4, it is
clear that the eight remaining cells lie on the isolatitude ring (Figure 4.4). Because there
are M&,» non-pole isolatitude rings in the north polar region at resolution i, it makes sense

to assign the value of zero to the cell that covers the north pole. Then, given the ID of any
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cell in the north polar region at resolution i = 1, we can determine the isolatitude ring on

which the nucleus of the cell falls, denoted I, using equation (4.2).

0, ID = N4
In{UD) = {1 else (4.2)
NO | NI | N2 101 |1
N3 | N4 | NS 1 0 | 1
N6 | N7 | N8 1|1 |1
(a) (b)

Figure 4.4 (a) IDs and (b) isolatitude ring values of resolution i = 1 cells in cell N.

For cells at resolution i = 2 and for all subsequent resolutions, we handle each
resolution i = 1 cell separately. At this point, let us define c; to be the base; integer
denoted by the digits to the right of the decimal point in column notation (as described in
Section 3 of Gibb (2016)), and c to be the base,, integer equivalent to c;. Now, let us
first consider the cells positioned in the corners of base cell N, namely those with IDs
NO,N2,N6,N8.

Cell NO is positioned in the top left corner of cell N. Figure 4.5 shows the IDs of
resolution i = 2 cells in cell N0, the corresponding isolatitude ring value assigned to each
cell, 3 and r values per row, and c; and ¢ values per column. Given that Mz, = 4, it is
clear that when r = 0 the isolatitude ring value is equal to Mk p. As r increases, the
isolatitude ring value may or may not decrease depending on the value of c. Knowing

this, we can derive simple case statements to convert cell ID to isolatitude ring. Given the
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ID of any cell in cell NO at resolution i > 1, we can determine the isolatitude ring on

which the nucleus of the cell falls, denoted Iy, using equation (4.3).

Mip, 1r=0
Ino(ID) = Mj;p —c, r=>=1Ar=c
Myp—r, 1<r<c

0 1 2 c

00 | 01 | 02 | cg
NOO | NO1 | NO2 4 4 4 00
NO3 | NO4 | NOS 4 3 3 01
NO6 | NO7 | NO8 4 3 2 02
T3

€Y (b)

(4.3)

Figure 4.5 (a) IDs and (b) isolatitude ring values (including row and column information)
for resolution i = 2 cells in cell NO.

Cell N8 is positioned in the bottom right corner of cell N. At resolution i = 2, we

know that M, = 4. Figure 4.6 shows the IDs of resolution i = 2 cells in cell N8, the

corresponding isolatitude ring value assigned to each cell, the 5 and r values per row,

and the c¢3 and ¢ values per column at. We also include values for u and v where u =

(3 —1)—randv = (3" — 1) — c. By transforming the values of  and ¢ to u and v

respectively, we can derive similar case statements as those for cell NO. Therefore, given

the ID of any cell in cell N8 at resolution i > 1, we can determine the isolatitude ring on

which the nucleus of the cell falls, denoted Iyg, using equation (4.4).
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MIL;IP' u=20
Ing(ID) = le;/p -, u=z1lAuz=zv (4.4)
MIiVP_u; 1 Su<v

N8O | N81 | N82 2 | 3| 4 20| 6 | 2
N83 | N84 | N85 3|3 | 4 21| 7 |1
N86 | N87 | N88 4 | 4 | 4 2|8 | o0
3| r|u

(a) (b)

Figure 4.6 (a) IDs and (b) isolatitude ring values (including row and column information)
for resolution i = 2 cells in cell N8.

For cells N6 and N2 we use the same approach and terms highlighted previously,

so merely provide the case statements in equations (4.5) and (4.6) respectively.

Mip, u=0
Iye(ID)={Mip—c, u=1Au=c (4.5)
Mip—u, 1<u<c
Mk p, r=20
In(ID) =<Mp—v, T=1ATZ=V (4.6)

Mip—7r, 1<r<v
Now, let us move to non-corner cells, namely cells N1, N3, N5, N7. These four
cells have the convenient property that lines of constant latitude project to either
horizontal lines (cells N1, N7) or vertical lines (cells N3, N5) at all resolutions. As a

result, all subcells in cell N1 or N7 that lie on the same row also lie on the same
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isolatitude ring. Similarly, all subcells in cell N3 or N5 that lie on the same column also
lie on the same isolatitude ring. In addition, isolatitude ring values decrease uniformly as
we move from the outermost rows (or columns) inwards. Here, outermost simply means
the row (or column) of cells that touch the boundary of base cell N, and inwards means in
the direction of the centre of base cell N. If we consider cell N1 (Figure 4.7) we can see
that subcells in each row have the same isolatitude ring value which decreases from top

to bottom. This is expected based on the relative position of cell N1 in cell N. In addition,

note that the largest isolatitude ring value is equal to M.

10 | 11 | 12 | ¢

N10 | N11 | N12 4 | 4 | a 0 | 0
N13 | N14 | N15 3 | 3 | 3 01| 1
N16 | N17 | N18 2 | 2 | 2 02 | 2
r3 | r

(a) (b)

Figure 4.7 (a) IDs and (b) isolatitude ring values (including row and column
information) for resolution i = 2 cells in cell N1.

Consequently, given the ID of any cell in cell N1 at resolution i > 1, we can
determine the isolatitude ring on which the nucleus of the cell falls, denoted I, using
equation (4.7). Using the same approach, we simply state that formulae for cells N3, N5,

and N7 in equations (4.8), (4.9), and (4.10) respectively.

Iy (ID) = Myp — 1 (4.7)
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Ins(ID) = Myp — ¢ (4.8)
Ins(ID) = ¢ — M (4.9)

In;(ID) = 1 — Mp (4.10)

The remaining cell we must consider is cell N4. At resolution i = 1, cell N4 is the
cap cell so its nucleus coincides with the projection of the north pole. It is called a cap
cell because it is projected to an ellipsoidal cap with a single boundary defined by a line
of constant latitude. Note that base cell N is also a cap cell, and therefore cell N4 mirrors
base cell N. Herein lies the challenge because we must essentially encompass all of the
proceeding case statements into a simple formula that allows us to determine the
isolatitude ring value of a given cell ID in cell N4. Our solution is as follows.

First, recall that a cell ID is a string consisting of a letter followed by a sequence
of zero or more integers, where the letter represents resolution i = 0, the first integer
represents resolution i = 1, the second integer represents resolution i = 2, up to the m*"
integer at resolution i = m. Therefore, if we define the letter to be at string position 0, we
can equate resolution and position along the string.

Given the ID of a cell in cell N4 at resolution i > 2, we define initial 4’s to be a
sequence of consecutive 4’s from position 1 to at most position i — 1. For example,
N444041 has three initial 4’s and N44 has one initial 4. Let ID' be the adjusted ID of
some cell in cell N4 after initial 4’s are removed. Let j be the resolution of 1D’

determined by |ID’| — 1. For example, if ID = N4408, then ID' = N08 and j = 2.
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Now, if we consider the IDs of cells in cell N4 at resolution i = 2, we can see in
Figure 4.8 that once initial 4’s are removed, each cell ID" and its corresponding
isolatitude ring value is identical to those in cell N at resolution i = 1 (Figure 4.4).

Therefore, when j = 1 we get Iy,(ID) = Iy(ID").

N40 | N41 | N42 NO | N1 | N2 1 1 1

N43 | N44 | N45 N3 | N4 | N5 1 0 1

N46 | N47 | N48 N6 | N7 | N8 1 1 1
(a) (b) (©)

Figure 4.8 (a) IDs, (b) IDs with initial 4’s removed, and (c) isolatitude ring values for
resolution i = 2 cells in cell N4.

At resolution i = 3 the task is less simple. Figure 4.9 shows that when initial 4’s
are removed from each cell ID, j values are not equal. In fact, for any resolution i > 2,
the resulting cell IDs in cell N4 after initial 4’s are removed have values for j €
{1,2, ...,1i — 1}. Despite this, isolatitude ring values associated with each cell ID in cell
N4 at resolution i, mirror those associated with each cell 1D’ in cell N at resolution j.
Thus, given the ID of any cell in cell N4 at resolution i > 1, we can determine the
isolatitude ring on which the nucleus of the cell falls, denoted I,,, using equation (4.11).
Note that I5(ID") provides the correct isolatitude ring value when j > 1, because the
value for i in MY is calculated by |ID’| — 1, and thus takes into account resolution j.

_{IyUuD"), j=1 4.11
IN4-(ID) - {Iﬁ(ID,), ] > 1 ( )

where N € {NO,N1,N2,N3,N5,N6,N7, N8}
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N400 | N401 | N402 | N410 | N411 | N412 | N420 | N421 | N422
N403 | N404 | N405 | N413 | N414 | N415 | N423 | N424 | N425
N406 | N407 | N408 | N416 | N417 | N418 | N426 | N427 | N428
N430 | N431 | N432 | N440 | N441 | N442 | N450 | N451 | N452
N433 | N434 | N435 | N443 | N444 | N445 | N453 | N454 | N455
N436 | N437 | N438 | N446 | N447 | N448 | N456 | N457 | N458
N460 | N461 | N462 | N470 | N471 | N472 | N480 | N481 | N482
N463 | N464 | N465 | N473 | N474 | N475 | N483 | N484 | N485
N466 | N467 | N468 | N476 | N477 | N478 | N486 | N487 | N488
(@)
NOO NO1 NO2 N10 N11 N12 N20 N21 N22
NO3 NO4 NO5 N13 N14 N15 N23 N24 N25
NO6 NO7 NO8 N16 N17 N18 N26 N27 N28
N30 N31 N32 NO N1 N2 N50 N51 N52
N33 N34 N35 N3 N4 N5 N53 N54 N55
N36 N37 N38 N6 N7 N8 N56 N57 N58
N60 N61 N62 N70 N71 N72 N80 N81 N82
N63 N64 N65 N73 N74 N75 N83 N84 N85
N66 N67 N68 N76 N77 N78 N86 N87 N88
()
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4 4 4 4 4 4 4 4 4
4 3 3 3 3 3 3 3 4
4 3 2 2 2 2 2 3 4
4 3 2 1 1 1 2 3 4
4 3 2 1 0 1 2 3 4
4 3 2 1 1 1 2 3 4
4 3 2 2 2 2 2 3 4
4 3 3 3 3 3 3 3 4
4 4 4 4 4 4 4 4 4
(©)

Figure 4.9 (a) IDs, (b) IDs with initial 4’s removed (white cells indicate IDs at resolution
j = 2, grey cells indicate IDs at resolution j = 1), and (c) isolatitude ring values for
resolution i = 3 cells in cell N4.

4.4.3 South polar region

The process to determine the isolatitude ring associated with a given cell in the
south polar region is similar to the north polar region, with a few exceptions. For brevity,
we describe the key differences here and list the majority of formulae in the Appendix.

Let us recall that M%, is the number of non-pole isolatitude rings in the south
polar region at a given resolution i where M&, = [3‘]2] = M;p. In the north polar
region, for a given resolution i, isolatitude ring values range from 1 - M, with the

value of zero being assigned to the cell that covers the projection of the north pole.
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However, in the south polar region isolatitude ring values range from (M}, + M§ +
1) » (Mip + ML + M&p) or from (|3¢/2] + 31+ 1) - 2(3%) — 1.

At this point let us define two new terms. Let I¢, be the isolatitude ring value
assigned to the cell that covers the south pole at a given resolution i where I%, = 2(31),
and let I . be the minimum isolatitude ring value in the south polar region at a given
resolution i, where I . = Ii, — ML,. Now we can say, isolatitude ring values range
fromlg - It, — 1. Thus, given the 1D of any cell in the south polar region at

resolution i = 1, we can determine the isolatitude ring on which the nucleus of the cell

falls, denoted I, using equation (4.12).

1L, ID = S4
Is(ID) ={ sP (4.12)

I, —1,  else

For cells at resolution i > 1, we handle each resolution i = 1 cell separately in a
similar manner to the north polar region. Further, if we use s instead of M}, we can
easily derive formulae for cells S0,51,52, 53,55, 56,57, S8 using the same approach as
before (see Appendix).

The remaining cell we must consider is cell $4. Similar to the approach in the
north polar region, given the ID of a cell in cell S4, we need to remove initial 4’s to
determine ID' and its corresponding resolution j. Here we have the same issue as cell N4,
where for any resolution i > 2, the resulting cell IDs have values for j € {1,2, ...,i — 1}.
Recall for cell N4, I5(ID") provides the correct isolatitude ring value when j > 1.
However, this does not hold in cell 54 because Is_. is calculated using I, where i is
fixed as |[ID| — 1. Thus, we adjust I tobels . = Iip — Mgp where i is the resolution
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of the cell ID and j is the resolution of ID’. Note that for IDs of any cell not in cell S4,
there are no initial 4’s so j = i and Msjp = M¢p, which means the new formula for Is_
holds for all cells in cell S. Therefore, given the ID of any cell in cell S4 at resolution i >
1, we can determine the isolatitude ring on which the nucleus of the cell falls, denoted
Is4, USing equation (4.13).

(D", j=1

[s4(ID) = {Is-(ID’), i>1 (4.13)

where § € {50,51,52,53,55,56,57,58} and Is, .= I&p — M,

4.4.4 lsolatitude ring to geodetic latitude conversion

Recall that at a given resolution i, there are 2(3") — 1 non-pole isolatitude rings.
Here we present a simple method to determine the geodetic latitude associated with an
isolatitude ring value I at resolution i.

Let us consider the (0,0)-rHEALPIx projection of the unit sphere as a simple
rearrangement of the (1,2)-rHEALPix projection presented in Gibb et al. (2016). In this
projection, the (x, y) coordinates of the north pole and south pole are (—3m/4,7/2) and
(—3m/4, —m/2) respectively. In addition, we know from Gibb et al. (2016) that the width
of a planar cell w at resolution i is (rr/2)3~¢. Therefore, if we draw a vertical line
between the north pole and south pole coordinates, we can conclude that cell nuclei are
evenly spaced at intervals of w along this line. Note that for a given resolution i, there are
2(3") — 1 non-pole isolatitude rings which means there are an equivalent number of cell
nuclei on the line between the north pole and south pole. Knowing that cell nuclei

coincide with isolatitude rings, we can easily deduce that the first cell nucleus on the line
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represents the first isolatitude ring I = 1, the second cell nucleus represents the second
isolatitude ring I = 2, and so on until the last cell nucleus represents isolatitude ring I =
2(3Y) — 1. Figure 4.10 shows this scenario for resolutions i = 0 and i = 1. Therefore,
given a non-pole isolatitude ring value I and resolution i, we can determine the y
coordinate of I using equation (4.14).

y=(m/2) —wl (4.14)

where w = (/2)37"

N NO
NP
=n/2
y=n/ ? y=m/2 ¥
| W
i w y =2m/6 ¢ I=1
| |
| }
o y=n/6 00 | ¢ =2
|
| |
y=0 + I=1 y=0 ¢ =3
| |
| |
! y=-m/6 .: I=4
l
| |
S ! y=-21/6 |S0 ° I=5
| |
| |
y=-m/2 o _ !
=-n/2 &
sP y=-n/ 4
(a) (b)

Figure 4.10 Determining the y coordinate of non-pole isolatitude rings at (a) resolution
i = 0and (b) resolution i = 1.

Lastly, we can use formulae from Appendix A in Gibb et al. (2016) to convert the
y coordinate to authalic latitude and then to geodetic latitude. Evidently, by using the

methods described above, it is possible to calculate the geodetic latitude of a cell’s
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nucleus via its associated isolatitude ring by simply converting cell ID to isolatitude ring

to geodetic latitude.

45 Results

To verify our proposed method of determining the isolatitude ring on which the
nucleus of a given cell falls, we implemented the formulae for the north polar region,
equatorial region, and south polar region in Python. We then calculated the isolatitude
ring value for all cell IDs at various resolutions. To check the results, we created output
files encoded in GeoJSON format (http://geojson.org/) whereby each cell was encoded as
a ‘Feature’ consisting of its cell ID (string), isolatitude ring value (integer) and geometry
(Polygon). Note that polygon coordinates of each cell were determined using formulae
described in Gibb et al. (2016). GeoJSON files were then imported into GIS software and
plotted using appropriate projections. Figure 4.11 shows cells at resolution i = 2, and

Figure 4.12 shows cells in the south polar region at resolution i = 3.

(b) (©)

Figure 4.11 Cells at resolution i = 2 labelled with isolatitude ring values in (a) north
polar region, (b) equatorial region (one base cell is shown), and (c) south polar region.
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Figure 4.12 Cells at resolution i = 3 labelled with isolatitude ring values in the south
polar region (only part of the region is shown).

To verify our proposed method of determining the geodetic latitude associated
with an isolatitude ring, we compared the geodetic latitude of a cell’s nucleus ¢, and the
geodetic latitude of the isolatitude ring on which the nucleus falls ¢,. Given that cell
nuclei fall on isolatitude rings, we can expect ¢, to equal ¢;. To test this, we calculated
@, using the method described in Section 6 of Gibb et al. (2016), and compared it to ¢,
calculated using our method in Section 4.4.4. We implemented both methods in Python,
and performed this test for all cell IDs at various resolutions and found the results of both
methods were in agreement. Note that by testing all cell IDs, this served as an additional
test of our method to determine the isolatitude ring on which the nucleus of a given cell
falls. We then compared the computation speed of our method against the method in

Gibb et al. (2016) for calculating the geodetic latitude of a cell’s nucleus for all cell IDs
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at various resolutions. Tests were performed on a 64-bit Windows 10 machine with an
Intel Core i7-4800MQ CPU and 8 GB of RAM. Table 4.1 and Table 4.2 show the

average computation speeds in the equatorial region and polar region respectively.

Table 4.1 Cell ID to geodetic latitude computation speeds in the equatorial region.

Resolution Cells | Our method (s) | Gibb et al. (2016) method (s) | Time ratio
3 2916 0.062 0.062 1.00
4 26244 0.512 0.613 1.20
5 236196 4.687 5.675 1.21
6 2125764 42.488 54.138 1.27

Table 4.2 Cell ID to geodetic latitude computation speeds in the polar region.

Resolution Cells | Our method (s) | Gibb et al. (2016) method (s) | Time ratio
3 1458 0.037 0.103 2.78
4 13122 0.328 0.897 2.73
5 118098 3.056 8.274 2.71
6 1062882 27.896 76.888 2.76

As shown in Table 4.2, the average computation speed of our method is
approximately 2.75 times faster in the polar region. The difference in computation speeds
is predominantly because the Gibb et al. (2016) method converts a cell ID to (x, y)
coordinates in the rHEALPix projection followed by a costly matrix-based conversion to
(x,y) coordinates in the HEALPIx projection. In contrast, our method converts a cell 1D
to isolatitude ring and then to a y coordinate in the HEALPix projection using simple
case statements and basic arithmetic. As a result, our method avoids the costly
conversion, is less computationally complex, and takes less time as a result. Note that
both methods use the same formulae to convert the y coordinate in the HEALPix

projection to geodetic latitude.
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In the equatorial region, both methods have similar computation speeds, as shown
in Table 4.1. Although our method follows the same computational process as for the
polar region, the Gibb et al. (2016) method is computationally simpler in the equatorial
region. More specifically, (x, y) coordinates are equivalent in both rHEALPix and
HEALPIx projections which means costly conversions are avoided. In addition, similar to
our approach, the x coordinate can be ignored in the computations (unlike in polar region
formulae). As a result, both methods have similar complexity and therefore similar

speeds.

4.6 Conclusion

Arguably, the most unique property of the rHEALPix DGGS is distribution of k
cell nuclei along O(ﬁ) rings of constant latitude. This property is essential for
computational speed in operations involving spherical harmonics which suggests the
rHEALPix DGGS is a good choice for geospatial applications involving harmonic
analysis. To facilitate harmonic computations and advance this research direction, we
have presented a method to determine the isolatitude ring on which the nucleus of a given
cell falls. Importantly, our method extends existing work on the rHEALPix DGGS to
convert any cell ID to isolatitude ring without recourse to geodetic coordinates. In
addition, we have presented a method to convert isolatitude ring to geodetic latitude.
Combining these two methods allows us to determine the geodetic latitude associated
with the nucleus of any cell ID. In the polar region especially, this approach shows

advantages in terms of computation speed.
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Our methods focus on the rHEALPix DGGS with Ng;,;. = 3 because it is the
smallest integer that produces aligned hierarchies and is the preferred approach in
existing work. That said, there is potential for our methods to be generalized for
any N;q4. Value and we plan to explore this in the future.

Along with moving us closer to investigating harmonic analysis on the rHEALPix
DGGS, we believe this work opens up broader possibilities for efficient analysis of
geospatial data on a latitudinal level. For example, if we consider a point data set (e.qg.,
weather station locations with rainfall information), we could easily determine the
isolatitude ring value associated with each point location. Latitudinal data analysis could
then be performed based on a simple integer attribute rather than using spatial functions
and point geometries. In the context of DGGSs and big geospatial data, this may have

interesting implications which warrants further study.
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4.8 Appendix

Given the ID of any cell in one of the cells S0, 51, 52, 53, 55, 56,57, 58, at
resolution i > 1, we can determine the isolatitude ring on which the nucleus of the cell

falls using the following formulae.

Smin’ r=
ISO(ID): ISmin+C, er /\TZC
I, +r, 1<r<c
Ismin’ r=
Is;(ID) = {Is,;,, TV, r=>21Ar=v
Is .+T7, 1<r<vw
Ismin’ u=20
Is¢(ID) =1 Is,,,,, T €, u=1lAu=c
Ig . +u, 1<u<c
Smin’ u=
Isg(ID) =< Is,,, T Vs u=1lAu=v
g . +u, 1<u<v
Smm

ISI(ID) = Ismin +7r
15-3(ID) = Ismin +cC
Iss(ID) = Ismin + v

157(ID) == Ismin +u
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5. Research directions for the rHEALPix Discrete Global Grid System?*

5.1 Abstract

Discrete Global Grid Systems (DGGSs) are important to Digital Earth, the Open
Geospatial Consortium (OGC), and big data research. A promising OGC conformant
quadrilateral-based approach is the rHEALPix DGGS. Despite its advantages over
hexagonal- or triangular-based DGGSs, little research is being done to explore or
advance our understanding of it. In this paper, we briefly review existing work and then
present several important directions for future research related to harmonic analysis,
discrete line generation, pure- and mixed-aperture DGGSs, and DGGS-based

distance/direction metrics.

5.2 Introduction

A Discrete Global Grid System (DGGS) consists of a hierarchy of discrete global
grids at multiple resolutions. DGGSs represent a class of spatial data structures that
directly address the earth’s surface via a topologically equivalent approximation such as
the sphere or ellipsoid (Sahr and White 1998). Since their introduction, DGGSs have
slowly gained prominence in the geospatial community and in 2015, they were identified
as the foundation of modern Digital Earth frameworks (Mahdavi-Amiri et al. 2015). In

2017, they were adopted by the Open Geospatial Consortium (OGC) with the aim of

4 Bowater, D., & Stefanakis, E. (2019). Research directions for the rHEALPix Discrete Global Grid
System. Proceedings of the Conference on Spatial Knowledge and Information Canada (SKI 2019),
Volume 2323. Banff, Alberta, Canada, February 22-23, CEUR-WS.org. [Online]. Available from
http://ceur-ws.org/Vol-2323/SKI-Canada-2019-7-6-2.pdf
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standardizing the DGGS model, increasing awareness, and increasing interoperability
between DGGSs (OGC 2017a). More recently, DGGSs were suggested as a solution to
big spatial vector data management (YYao and Lin 2018) and as the de facto global
reference system for geospatial big data (OGC 2017b).

Over the years, several different DGGSs have been created, each with advantages
and disadvantages. However, only a subset are deemed appropriate under the OGC
DGGS Abstract Specification (OGC 2017a). Importantly, an OGC conformant DGGS
must utilize a method that partitions the earth’s surface into a uniform grid of equal area
cells. Currently, the most popular method is the Icosahedral Snyder Equal Area (ISEA)
projection and a considerable amount of research has focused on hexagonal- or
triangular-based DGGSs that adopt this approach.

That being said, quadrilateral-based DGGSs have several advantages over
hexagonal-or triangular DGGSs, such as compatibility with existing data structures,
hardware, display devices, and coordinate systems (Sahr et al. 2003; Amiri et al. 2013).
Moreover, recent work has demonstrated benefits of using a quadrilateral approach in
various domains, such as data transmission and rendering (Sherlock 2017) and point
cloud handling (Sirdeshmukh 2018).

The rHEALPix DGGS (Gibb et al. 2016) is a promising OGC conformant
quadrilateral-based approach with many interesting properties. Despite this, DGGS
research remains focused on hexagonal- or triangular-based approaches and little work is
being done to explore or advance the rHEALPix DGGS. In this paper we review existing

work and highlight several important directions for future research. We hope this work
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will promote the benefits of the rHEALPix DGGS and stimulate more researchers to

explore it.

5.3 Review of existing work

In short, the rHEALPix DGGS is constructed by projecting an ellipsoid (e.g.
WGS84) onto the faces of a cube, partitioning each face into square grids, and then
inversely projecting the result back to the ellipsoid (Figure 5.1). Besides the theoretical
definition presented in Gibb et al. (2016), there are only three works directly related to

the rHEALPix DGGS, which we now briefly review.

Figure 5.1 Constructing the rHEALPix DGGS (grid resolution 1 is shown) (derived from
Gibb 2016).

Gibb (2016) advances our understanding in three ways. Firstly, he describes how
cell identifiers uniquely address cells across all resolutions of the rHEALPix DGGS using

a cell addressing scheme that has both space filling and hierarchical properties. Secondly,
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he explores cell adjacency and describes a method to determine cell ID’s of adjacent cells
at any resolution using a combination of base 3 and base 4 math. Lastly, he presents
methods to determine DE-91M topological relationships (e.g., within, contains, and
touches) by manipulating cell ID’s. Importantly, this work shows how cell adjacency and
topological relationships can be efficiently determined using cell ID’s directly rather than
geodetic coordinates.

Bowater and Stefanakis (2018a) consider the rHEALPix DGGS from a Canadian
perspective and discuss how varying cell shape and cell orientation are key
considerations in the polar region (i.e., || > ~41.9°, where ¢ is geodetic latitude). In
addition, they describe how these variations can be avoided or exploited for small regions
of interest (e.g., provinces) by rotating the grid cells. In particular, they show how
triangular dart cells can be avoided for regions with longitudinal extent less than
approximately 90°, and how north-south aligned quadrilateral grids can be created in the
polar region. This is important because north-south aligned quadrilateral grids are
familiar to users and link to similar grids used in remote sensing and environmental
modelling (Gibb 2016).

Bowater and Stefanakis (2018b) present an open-source web service that enables
users to create grids based on the rHEALPix DGGS. In their paper, the authors describe
the implementation, including issues and limitations, and demonstrate how both discrete
global grids and regional grids can be created. This is important work because it provides
an easily accessible tool for experimenting with grids based on the rHEALPix DGGS,

thereby promoting its use in future research. In addition, it supports interoperability
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studies with other DGGSs which is an important aim of the OGC DGGS Abstract

Specification.

5.4 Directions for future work

Evidently, the body of research related to the rHEALPix DGGS is small. In
comparison to hexagonal- and triangular-based DGGSs, the rHEALPix DGGS is largely
unexplored which means several directions exist for future work. In this section, a
number of them are presented that we feel deserve attention.

Arguably, the most unique property of the rHEALPix DGGS is the distribution of
cell nuclei along rings of constant latitude (often referred to as isolatitude distribution).
Gorski et al. (2005) states that this property is essential for computational speed in
operations involving spherical harmonics, which means the rHEALPix DGGS is a good
choice for applications (e.g., gravitational field modelling) that involve harmonic analysis
(Gibb et al. 2016). To our knowledge, no other OGC conformant DGGSs have this
property. However, it has not yet been fully explored. Therefore, future work should
explore this property further (e.g., is it possible to determine isolatitude ring directly from
cell ID to facilitate harmonic computations?), and real-world applications involving
harmonic analysis should be investigated.

In a DGGS, vector data (i.e., points, lines, and polygons) are rasterized into cells.
Therefore, if we consider linear features, such as roads or rivers, the generation of the
discrete line is an important problem (Du et al. 20108). Although solutions for hexagonal
(Tong et al. 2013) and triangular (Du et al. 2018) DGGSs have been presented, discrete

line generation on the rHEALPix DGGS has not been studied. Furthermore, the typical
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approach involves solving the problem in the plane and then projecting the result to the
ellipsoid. But this causes issues in the plane when the linear feature intersects more than
one base cell. Moreover, regarding the rHEALPix DGGS, square cells in the plane
project to different cell shapes on the ellipsoid. Consequently, the ideal discrete line in
the plane may not be so on the ellipsoid. Therefore, an interesting direction for future
work is to consider discrete line generation in the plane but also directly on the ellipsoid.
It may be generally unknown that the definition of the rHEALPix DGGS
presented in Gibb et al. (2016) describes a general class of DGGSs rather than a single,
unique approach. Specifically, the definition holds for any integer Ny;4. = 2, where each
planar square is divided into Ng;4. X Ng;4. SUb-squares at successive resolutions. In work
thus far, N4 = 3 has been chosen because it is the smallest integer that produces
aligned hierarchies. However, if we want to maximize the number of resolutions under a
fixed number of cells (i.e., to provide a smooth transition), then Ny;4., = 2 is a better
approach. In addition, one-to-four refinement is exactly encoded using 2 bits, as opposed
to one-to-nine refinement which requires 4 bits (although only 9 of the 16 possible values
are actually needed). Note that refinement, sometimes called aperture, simply refers to
the process of subdividing a cell into smaller cells. Therefore, we see two interesting
directions for future work: (i) investigate the Ng;4. = 2 rHEALPix DGGS and make
comparisons with the Ng;;, = 3 approach, and (ii) explore the possibility of a mixed-
aperture rHEALPix DGGS. Unlike pure-aperture DGGSs, mixed-aperture DGGSs need
not have the same aperture across all resolutions. Therefore, they provide greater control
over cell area at each resolution and have been successfully implemented for hexagonal

DGGSs (Sahr 2013).
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Our last direction for future research is not specific to the rHEALPix DGGS - it is
relevant to all DGGSs. Currently, there is no way to determine the distance (or direction)
between two cell IDs without recourse to geodetic coordinates (Sirdeshmukh 2018). Just
as a DGGS simplifies integration of heterogeneous data sets on a global scale, a DGGS-
based distance (or direction) metric would simplify vector data analysis by removing the
dependence on geodetic coordinates and complex ellipsoidal formulae. In this way,
DGGSs would become a more complete solution to all our geospatial needs. While this

may not be possible, future work should attempt to find out.

5.5 Conclusion

The rHEALPix DGGS is a promising quadrilateral-based approach that has
several advantages over hexagonal- or triangular-based DGGSs. However, the body of
research that explores the rHEALPix DGGS is small. In this paper, we briefly reviewed
existing work, and then proceeded to highlight several directions for future work related
to harmonic analysis, discrete line generation, pure- and mixed-aperture DGGSs, and
DGGS-based distance/direction metrics. We believe these areas are interesting,

challenging, and necessary to advance our understanding of the rHEALPix DGGS.
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6. Conclusion

The rHEALPix DGGS is a promising OGC conformant quadrilateral-based
approach with many interesting properties that distinguish it from other DGGSs. The
primary purpose of this thesis was to explore, raise awareness, and increase usability of
the rHEALPix DGGS.

Chapter 2 reviewed key features of the rHEALPix DGGS, highlighted recent
work and implementation, and qualitatively considered cell shape and cell orientation
with respect to Canada. It concluded that variations in cell shape and cell orientation are
important considerations for Canada due to the size and location of the country, but these
variations can be avoided or exploited for smaller regions (e.g., provinces) by rotating the
grid. In particular, it showed how triangular dart cells are avoidable for regions with
longitudinal extent less than approximately 90°, and presented examples of both north-
south aligned and slanted quadrilateral grids over different regions within Canada.
Although this work focused on Canada, it could easily applied to other national or
regional administrative boundaries.

Chapter 3 presented an open-source web service designed to meet the need of an
easily accessible research tool for creating quadrilateral grids based on the rHEALPix
DGGS. It described the implementation of the web service, including issues and
limitations, and showed how discrete global grids and regional grids can be created. In
addition, it presented examples that showed how vector data sets can be modelled and
integrated at different levels of resolution using GIS software. To facilitate further

research, all Python code encompassed within the web service was made freely available.
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Chapter 4 explored an interesting property of the rHEALPix DGGS that makes it
well suited to geospatial applications involving harmonic analysis: distribution of cell
nuclei along rings of constant latitude (or isolatitude rings). To facilitate harmonic
computations and advance this research direction, a method was presented that extends
existing work on the rHEALPix DGGS to convert any cell ID to isolatitude ring without
recourse to geodetic coordinates. In addition, as a side effect of this work, an efficient
method was presented to calculate the geodetic latitude of a cell's nucleus via its
associated isolatitude ring.

Lastly, Chapter 5 presented several important research directions that would
advance our understanding of the rHEALPix DGGS. These directions related to (i)
distribution of cell nuclei along rings of constant latitude and its importance to harmonic
analysis, (ii) discrete line generation in the plane and directly on the ellipsoid, (iii) pure-
and mixed-aperture varieties of the rHEALPix DGGS, and (iv) DGGS-based
distance/direction metrics.

In conclusion, by extending the body of research on the rHEALPix DGGS, it is
hoped this thesis will expose more researchers to the interesting properties of the

rHEALPix DGGS and thus, stimulate further exploration.

6.1 Future work

With regards to the web service, future recommendations include finding methods
to reduce the resolution limitation so that high resolution grids can be created; combining
the polar and equatorial grid generation operations into a single operation; and

investigating how parallel processing can be used to reduce program run time. It would
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also be interesting to compare the performance of the web service with other
implementations, such as the DGGRID software presented in Sahr (2015).

Another suggestion for future work is to implement the algorithms in Gibb (2016)
that describe how to determine DE-9IM topological relationships and cell adjacency
using cell identifiers. Combining these algorithms with those encompassed within the
web service would provide a way to explore how geospatial entities (such as points, lines,
and polygons) can be analysed on the rHEALPix DGGS without recourse to geodetic
coordinates.

In Chapter 3, examples were presented that showed how vector data sets could be
modelled and integrated at different levels of resolution. Indeed, DGGSs must also be
able to support raster and point cloud data. Therefore, future work could explore how
quadrilateral grids based on the rHEALPix DGGS can be used to model, visualize, and
analyse these types of data.

In Chapter 4, methods were presented that focused specifically on the rHEALPix
DGGS with N4, = 3. Future work could attempt to generalize these methods for any
Ng;q. Value. It would also be interesting to explore the possibility of using isolatitude
rings to perform efficient analysis of big geospatial data on a latitudinal level.

Finally, several recommendations for future work are presented in Chapter 5.
Although not simple, these are perhaps the most interesting and challenging directions

that will advance our understanding of the rHEALPix DGGS.
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