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Abstract

Dual iterative linear quadratic Gaussian (iLQG) is an approximately optimal control method that

implicitly balances the often-opposing control goals of cost function minimization and system

identification for uncertain dynamic systems. The balancing of these two control goals is known

as dual control, and existing dual strategies fall into two classes: explicit and implicit

approximations. The explicit strategy relies on a pre-determined trade-off between cost function

minimization and system identification, whereas the implicit strategy leaves the determination of

this trade-off to the controller. Existing implicit dual strategies are limited by only considering

discrete realizations of control inputs and/or parameters or are only applicable for problems with

a limited number of states. Dual iLQG on the other hand is based on continuous state and

parameter space with the use of derivatives of a linearized system about a control trajectory. This

approach avoids the curse of dimensionality, allowing the algorithm being able to solve larger

problems and to solve problems more efficiently than existing dual control approaches. Compared

to other learning algorithms based on neural networks, dual iLQG has the advantage that it can

be implemented on a system during normal operation, without needing an initial training period.

Dual iLQG is applicable to many present and future high-impact system and control applications.
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Preface

In January 2023, this document was in its second draft when I found a reference to a body of

work by Bar-Shalom and Tse from the 1970s [68] and realized that it overlapped with my

research. In this preface, the reason I missed this work in my literature review and the differences

between my work and Bar-Shalom’s will be discussed.

In 1966, Mayne published an optimal control algorithm for deterministic nonlinear systems

known as differential dynamic programming [45]. In 2004, Li and Todorov published an

approximation of differential dynamic programming that was similar to the linear quadratic

regulator but for nonlinear systems, and named it the iterative linear quadratic regulator

(iLQR) [36]. In 2006, Li and Todorov extended iLQR to stochastic systems, creating the iterative

Linear Quadratic Gaussian (iLQG) [37]. My research has focused on extending iLQG to be dual,

which appeared to have not been considered in the optimal feedback control community.

In 1960, Feldbaum introduced dual control theory, but showed that optimal dual control was

intractable, resulting in subsequent research into approximate dual control methods [19]. Between

1973 and 1976, Bar-Shalom and Tse derived a dual control algorithm for nonlinear stochastic

systems known as wide-sense dual control [4, 5, 68]. This algorithm is functionally the same as

differential dynamic programming for systems with additive noise, but used a partial certainty

equivalence approximation where the stochastic nature of the uncertain states and parameters are

handled by treating their estimates as if they were the true values.

Bar-Shalom and Tse do not appear to have known of Mayne’s similar work on differential

dynamic programming at the time, and likewise, Todorov does not appear to have known of

Bar-Shalom’s similar work on wide-sense dual control. These two lines of research seem to have

evolved independently; Mayne and Todorov in the optimal feedback control field, and Bar-Shalom

and Tse in the dual control field. These papers are further compared in Table 1. Although my

literature search was based in both of these fields, since iLQR and iLQG were developed in the

2000s, when I searched for anyone else who had thought to work on dual iLQG, I had not
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considered that a dual version of iLQR may have been developed independently decades before

Todorov’s work.

The type of noise considered is a critical factor for differentiating these works. Bar-Shalom

and Tse considered nonlinear systems with additive noise and ended up with terms in their

quadratic approximation of the cost-to-go function that were based on the noise and state

covariances. In 2010, Theodorou, Tassa, and Todorov [65] showed that in stochastic differential

dynamic programming additive noise has no impact on the control policy, and that these

noise-based terms only persist for systems with state and/or control multiplicative noise. Since

the noise terms in the quadratic approximation of the cost-to-go function equate to zero for

Bar-Shalom and Tse’s case of additive noise, the additional terms in Bar-Shalom and Tse’s

wide-sense dual control represent an explicit consideration of the features of dual control, and is

therefore an explicit dual technique.

Comparing my work on dual iLQG with Bar-Shalom and Tse’s wide-sense dual controller,

my work is a more general algorithm that can handle more than just additive noise and does so in

such a way that it is implicitly dual instead of explicitly dual. Having partially observable states

and multiplicative noise means that a filter that can handle multiplicative noise must be

incorporated into the control algorithm, creating terms in the control policy that are not required

in the additive noise case presented by Bar-Shalom and Tse. Many applications involve

multiplicative noise and dual iLQG would allow for dual control to be applied to these fields.

These applications include the control of prostheses using myoelectric signals [57], robot motion

planning when using sensors with distance-dependent errors [15], stochastic fluid dynamics [13],

and power grids where renewable energy represents a significant portion of total power

generation [20]. Since no terms have been added into dual iLQG to create the dual features of

probing, caution, and selectiveness, dual iLQG is an implicit dual method, which are generally

able to better manage the dual trade-off between objective function minimization and system

identification.

Bar-Shalom and Tse’s work was extended by Klenske in [29], using a parametric, Gaussian

process and neural network regression to estimate the system dynamics. Klenske also uses a

different linearization method, augmenting the state vector with the state-dependent nonlinear

terms. Finally, like Bar-Shalom’s work on which Klenske’s is based, he only considers additive

noise, and this approach cannot handle multiplicative noise.

The innovation of this present work is the extension of iLQG to create an implicit dual

method that overcomes Bellman’s “curse of dimensionality” that currently limits conventional
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implicit dual control algorithms. iLQG was made dual by treating the uncertain parameters as

states and creating an augmented state vector, state covariance matrix, and system model.

Additionally, an adaptive form of iLQG was created, and the robustness of both dual and

adaptive iLQG to time-varying parameter dynamics and unmodeled dynamics were investigated.

The significance of this present work is that a class of control problem can now be solved in a

quick and robust way. Dual iLQG represents an approximately optimal control solution for

nonlinear systems with uncertain parameters and it can handle large systems and those with

multiplicative noise. Having the ability to cautiously and selectively probe a system to learn its

parameters online puts dual iLQG in a unique position to handle present and future control

challenges. In this thesis, dual iLQG is applied to the control of COVID-19 and the production of

renewable energy from an anaerobic digester, but it could be applied to a wide spectrum of

problems including those in the healthcare, financial, or mechatronic fields.

In September 2023, the University of New Brunswick’s Office of Research Services (ORS)

agreed that this work was significant enough to pursue patenting the dual iLQG approach. ORS

chose to employ a patent office with expertise in fields related to this thesis, which completed a

comprehensive independent audit on the novelty of this idea in the literature. The patent agent

only identified a single set of similar works - the same Tse and Bar-Shalom articles mentioned

above - and after further analysis agreed that this present work was innovative with respect to

these articles and all of the other work in this field.
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Chapter 1

Introduction

In real-world control problems, there are often uncertainties due to the system dynamics being

difficult to model and/or measurements being inaccurate or unavailable. These uncertainties

make it difficult to determine what control actions should be taken to have a system achieve a

desired objective. System identification techniques can identify these uncertainties through

testing before the system is put into normal operation, but this option is not always available and

cannot identify time-varying uncertainties. Adaptive control techniques can identify uncertain

parameters while directing a system toward a desired objective, but cannot determine what

actions would result in measurements with more information about the uncertainties, and are

therefore passively adaptive. Actively adaptive control techniques, on the other hand, estimate

the reductions in uncertainty that will result from their control actions and probe the system to

identify the uncertain parameters to a sufficient level such that desired goal is optimized. This

actively adaptive control is known as dual control, as the controls are chosen to learn about the

uncertainties only when it is likely to result in a lower long-term cost.

1.1 Motivation and gap

When designing a control system for systems with uncertain parameters, there are several

approaches that could be used. Robust approaches consider the set of possible values that the

parameters could take and can account for the uncertainties to limit their impact on achieving the

control goals (e.g., [40]). Stochastic approaches consider the probability density function of the

uncertain parameters to account for parameter realizations with the higher chances of being true

(e.g., [7]). Adaptive approaches continuously update estimates of the uncertain parameters using
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measurements from the system and controls the system as if these estimates are the true values of

the parameters (e.g., [16]). Finally, dual approaches consider what actions could be taken to

improve the information in future measurements in such a way that the resulting reduction in

future costs is greater than the cost of these probing actions (e.g., [48]).

Adaptive control methods are passively adaptive, in that they only consider changes to

parameter uncertainties due to past measurements. Dual control on the other hand is an actively

adaptive control method, in that it actively modifies its control actions to seek out future

measurements that will reduce parameter uncertainties.

Dual control has three features: it is probing, cautious, and selective [29]. Dual control is

probing in that it modifies its control signals to obtain more information-rich measurements, it is

cautious in that it will tend to make smaller control actions when uncertainties are high, and it is

selective in that it will only attempt to identify parameters that impact the system’s performance.

An analogy for dual control that has been used is driving a new car from location A to

location B [33]. Although it may be more efficient to just start driving under assumptions of how

cars generally operate and changing your driving based on differences that you notice (taking an

adaptive control approach), taking the time to quickly test (probe) the car’s responsiveness to the

brake and the gas pedals at a safe time (cautious) will be informative, and although this approach

will slow down the start of your trip a bit, could prevent an accident. Also, although

understanding how the air conditioning works may also be helpful, it is not as important to know

as the car’s responsiveness (selectiveness).

Dual control was first identified by Feldbaum in 1960 [19], and they recognized that the

optimal dual control problem could be solved using stochastic dynamic programming.

Unfortunately, stochastic dynamic programming involves solving the Bellman equations, which

are generally computationally inefficient due to what Bellman termed the curse of dimensionality,

where the size of the problem grows exponentially with the number of states [67]. Although dual

control is the only class of stochastic control policies that exhibits active learning,

computationally tractable approximations of dual control have been developed [8].

There are two types of approximations of dual control; explicit and implicit. Explicit dual

control methods directly incorporate one or more of the three features of dual control into the

objective function. Although this approach is simple, the relative importance of the regulation

and identification functions must be defined [62]. Implicit dual controllers on the other hand,

approximate the Bellman equations in such a way that the reduction of uncertainty due to future

measurements is estimated, which generally comes at the cost of higher computational effort
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compared to explicit methods [23]. The relative importance of the dual features and the other

objectives does not have to be quantified with the implicit approach as they are linked, but

probing for increased parameter information is only done if it will reduce future costs. By not

prescribing the relative importance of the control objective and these dual features, implicit

methods can give better results than explicit methods [8].

There are several existing dual implicit approaches, but each only considers limited control or

parameter realizations to make the control problem tractable or is only applicable for systems

with a limited number of states.

Bayard and Schumitzky [8] use an iteration in policy space algorithm that combines particle

filtering with Monte Carlo simulations to estimate the cost-to-go and iteratively improve on a

given control policy but is limited to control inputs that only take on two discrete values. Sehr

and Bitmead [56] approximate the system dynamics as a Partially Observable Markov Decision

Processes, allowing the dual stochastic MPC problem to be solved explicitly for small and

medium-sized problems.

Thangavel et al. [63] and Hanssen and Foss [21] take a multi-stage approach to implicit dual

control and consider a branching network of scenarios, where each branch represents the system’s

predicted response for a single realization of the uncertain parameters. The optimization problem

that is solved is to determine the control actions (over the control horizon) which minimize the

sum of the costs of the scenarios over the prediction horizon. The reduction in the uncertainties

due to future measurements is estimated for each time step in a “robust” horizon, and this

reduction is reflected in the selection of the discrete uncertainty values upon which the subsequent

scenarios are based. As this process causes the number of scenarios to grow exponentially, the

robust horizon is usually chosen to be less than the control horizon, and the uncertainties after

that point are assumed to be equal to the nominal value, no longer incorporating the dual

features. The existing implicit dual approaches are limited by Bellman’s curse of dimensionality

as they do not take a derivative-based approach in continuous state space.

In this work, an existing derivative-based control method is extended to handle systems with

uncertain parameters in either an adaptive or dual manner. Iterative linear quadratic Gaussian

(iLQG) control can calculate locally-optimal control policies for nonlinear stochastic systems.

iLQG is based on continuous state space with the use of derivatives of a linearized system about a

nominal control trajectory. Although iLQG is not a dual or adaptive control algorithm, it can

handle nonlinear and stochastic systems with many states through its derivative-based approach

in continuous state space and avoids Bellman’s curse of dimensionality. By modifying iLQG to
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treat the uncertain parameters as uncertain states, the resulting novel dual iLQG control

algorithm can predict how changes to the inputs and states can result in future reductions in the

parameter uncertainty and therefore increase overall performance (lower costs). By calculating

the derivatives of the (implicit) cost function at each time step, dual iLQG can identify changes to

the inputs that can decrease parameter uncertainty, and although these actions have an

associated cost, they decrease the overall cost over the control trajectory. This work’s major

contribution is extending iLQG to be an implicitly dual control method.

1.2 Organization of the thesis

The remainder of this thesis starts by covering the relevant material on optimal, adaptive, and

dual control, before describing this new dual iLQG approach in detail and investigating its

robustness as well as its superior performance over an existing implicit dual control method for

particular examples. Next, dual iLQG is compared against adaptive iLQG and dual and adaptive

MS-SP-NMPC on two applications; an anaerobic digester and COVID-19 to demonstrate its

performance on complex nonlinear systems with large numbers of states. Finally, the key

contributions of this thesis are highlighted, the many potential applications of dual iLQG are

described, and the limitations and future direction of this work are discussed.
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Chapter 2

Background

2.1 Optimal control

In optimal control, the control actions to a dynamic system over a period of time are determined

by solving an optimization problem where a given objective function is minimized [67]. The

objective function is chosen to cause the system to demonstrate a particular behaviour, such as

following a particular state trajectory or minimizing energy usage. Objective, or cost, functions

can have terms that impose costs at each point in time, known as stage costs, or terms that only

impose costs at the final time, known as terminal costs. Constraints can also be imposed on the

states and/or controls in the form of inequalities or equalities [67].

A common example of an optimal control problem is finding the cheapest connections to fly to

a destination [67]. Here, the state x represents the cities, the control u represents the choices of

which flights to take, cost(x, u) represents the cost of the plane ticket, and next(x, u) represents

the city where the flight u from city x lands. The goal is therefore to find the series of flights

(u0, u1, . . . , un−1) to get from the initial departure city x0 to the final destination xn that

minimizes the total cost

J(x, u) =

N−1∑
k=0

cost(xk, uk), (2.1)

where the dynamics are xk+1 = next(xk, uk), x ∈ X , and u ∈ U(x), where X and U(x) are finite

sets.

Problems such as this one can be solved using Bellman’s optimality principle, which states

that “an optimal policy has the property that whatever the initial state and initial decision are,

the remaining decisions must constitute an optimal policy” [9]. Therefore, optimal control
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problems can be simplified from a single optimization of a control sequence to a sequence of

optimizations of individual control decisions starting from the final control decision and

proceeding backward in time. Once the optimal control action at a given time step is determined,

the cost of that time step is used to calculate the optimal cost-to-go function v(x), which is the

minimum total cost to reach the final state from each state, and can be represented as

v(x) = min
u∈U(x)

[cost(x, u) + v(next(x, u))] . (2.2)

Once the cost-to-go function has been calculated at every time step by starting at the final time

step and doing this backward pass through time, the optimal cost-to-go can be determined by

selecting the lowest cost-to-go at the initial time step, which provides the optimal control

trajectory.

In the context of the flight example given above, this approach means that the problem can be

solved by considering flights to a single city at a time and keeping running totals of the flight

costs. The cost of flights to the final destination can be recorded first, giving the cost-to-go (to

the final destination) from each of those cities. The cost of flights to those second-to-last

destinations from other cities can then be added to their respective cost-to-go functions, giving

the cost-to-go from those cities. This process then continues until all of these possible routes start

with the pre-determined initial departure city. The optimal control problem is then solved by

simply selecting the lowest cost-to-go from the initial departure city.

This approach is known as dynamic programming and it is well-suited to optimal control

problems with defined final costs and a small number of states. As dynamic programming is an

exhaustive method that considers all of the possible control trajectories, the size of the

optimization problem grows exponentially with the number of states. This is Bellman’s curse of

dimensionality, and it likely has no general solution [67], but several approximately optimal

control strategies can circumvent this issue.

2.1.1 The linear quadratic regulator (LQR)

A special case of optimal control is the linear quadratic regulator (LQR), which is applicable to

deterministic linear systems that have quadratic costs [14]. For the discrete-time linear system

xk+1 = Axk +Buk (2.3)
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with the quadratic cost function over a finite horizon N of

J = x⊤
NQxN +

N−1∑
k=0

(
x⊤
k Qxk + u⊤

k Ruk + 2x⊤
k Puk

)
, (2.4)

the optimal control at time step k is

uk = −Kkxk, (2.5)

where

Kk =
(
R+B⊤Sk+1B

)−1 (
B⊤Sk+1A+ P⊤) (2.6)

and Sk is found by using the Riccati equation

Sk−1 = A⊤SkA−
(
A⊤SkB + P

) (
R+B⊤SkB

)−1 (
B⊤SkA+ P⊤)+Q (2.7)

iteratively backwards in time from the terminal condition of SN = Q.

2.1.2 Iterative LQR (iLQR)

Iterative LQR (iLQR) extends LQR to nonlinear deterministic systems by linearizing the system

about a nominal state-control trajectory. Consider a continuous-time nonlinear deterministic

dynamic system with state xp ∈ Rnx and control up ∈ Rnu

ẋp = f (xp,up) . (2.8)

Using this system, iLQR uses a quadratic cost function over a finite horizon N of

J =
1

2

(
xp
N − xp∗

)⊤
Qf

(
xp
N − xp∗

)
+

1

2

N−1∑
k=0

(
xp⊤

k Qxp
k + up⊤

k Rup
k

)
, (2.9)

where xp∗
is the desired terminal state, Qf and Q are the state cost-weighting matrices that are

symmetric positive semi-definite, and R is the control cost-weighting matrix which is positive

definite.

This iterative algorithm starts with a given nominal control trajectory, ūp, which is used to

determine the nominal state trajectory x̄p through integration of the discreteized version of (2.8),

x̄p
k+1 = x̄p

k + f(x̄p
k, ū

p
k)∆t. (2.10)
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Variables representing the deviations between the actual and nominal state and control

trajectories can then be expressed as xk = xp
k − x̄p

k and uk = up
k − ūp

k, and the dynamic system

and output equation in equations (2.8) can be expressed as

x̄p
k+1 + xk+1 = f (x̄p

k + xk, ū
p
k + uk) . (2.11)

Linearizing equation (2.11) about (x̄p
k, ū

p
k) and subtracting equation (2.10), the linear

approximation of equation (2.8) are given as

xk+1 = Akxk +Bkuk (2.12)

Ak =
∂f

∂xp
k

Bk =
∂f

∂up
k

.

As shown in [36], the locally-optimal controller can be derived as

uk = −Kxk −Kvvk+1 −Kuū
p
k, (2.13)

K =
(
B⊤

k Sk+1Bk +R
)−1

B⊤
k Sk+1Ak, (2.14)

Kv =
(
B⊤

k Sk+1Bk +R
)−1

B⊤
k , (2.15)

Ku =
(
B⊤

k Sk+1Bk +R
)−1

R, (2.16)

Sk = A⊤
k Sk+1 (Ak −BkK) +Q, (2.17)

vk = (Ak −BkK)
⊤
vk+1 −K⊤Rūp

k +Qx̄p
k, (2.18)

which is solved iteratively backwards in time from the terminal conditions of SN = Qf and

vN = Qf

(
x̄p
N − xp∗)

. Once uk is determined, the improved nominal control trajectory is given as

up∗

k = ūp
k + uk. (2.19)

This control approach is only locally-optimal due to it being a trajectory-based approach [36]. As

iLQR considers deviations around an initial nominal control trajectory, ūp
k, the resulting solution

can only be optimal within that region of control space, and no claims of global optimality can be

made.

iLQR can also be applied in a moving horizon setting where feedback is used to improve

performance by accounting for inaccuracies due to the linearization process. To do this, the
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algorithm is initialized with a nominal control trajectory as described above that could be a

vector of zeros, randomly generated, or any other form of seed. The iLQR algorithm is then run

for a given finite time horizon, resulting in an improved control policy. The control policy is then

applied to the true system for a single time step, after which a state measurement from the

system is obtained. The length of the time horizon and the improved control policy can then be

adjusted and used to run the iLQR algorithm. This process can be repeated for a problem with a

finite time horizon until the final time step is reached, or continuously for problems with infinite

time horizons.

2.1.3 Iterative Linear Quadratic Gaussian (iLQG)

iLQG extends iLQR to systems that are nonlinear systems that are stochastic and do not have

quadratic costs. To handle non-quadratic cost functions, the cost function is “quadratized” about

the nominal state-control trajectory in a similar way that the system dynamics are linearized. 1

Since the states are uncertain, the measurement dynamics are also included in the iLQG

algorithm, and a filter is required to estimate the states’ mean values and covariances.

Importantly, iLQG can handle multiplicative noise in both the state and measurement

dynamics. Multiplicative noise occurs when there is an undesirable random signal that is

multiplied by one or more states or controls of the system [66]. Many stochastic control

approaches are based on only additive noise, where the noise term is independent of the state or

control vectors, and iLQG’s more general approach is a beneficial feature.

The forward integration of the system dynamics to obtain the nominal state trajectory from

the nominal control trajectory and the calculations of the derivatives required for the linearization

of the system dynamics as well as the “quadratization” of the cost function are grouped together

in what’s known as a forward pass. The next step in the algorithm is the estimator, which uses

the noisy measurements to infer the value of the states and their covariances. Next, a backward

pass is required to calculate a quadratic approximation to the cost-to-go function, and then the

optimal control deviations can be found.

Since the linear approximation of the nonlinear system dynamics loses accuracy for larger

control deviations, a line search is implemented to iteratively reduce the control deviations if the

solution’s estimated cost is not less than the cost of the initial nominal trajectory, improving the

algorithm’s convergence.

1Please note that non-quadratic cost functions can be handled in the same way for iLQR, but was not discussed
in that section for the sake of clarity.
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Finally, as with iLQR, iLQG gives locally-optimal solutions due to its trajectory-based

approach which also allows it to be very efficient. To account for this, the algorithm can be

initialized multiple times with different nominal control trajectories, known as seeds, to search a

larger control space. These seeds may converge to different local minima, and a selection criteria

can be determined to select a single solution from this set of solutions.

Additional details on iLQR and iLQG publications and their differences can be found in

Appendix A.

2.1.3.1 The forward pass

Linearizing the system dynamics

Consider a nonlinear stochastic dynamic system with state trajectory xp ∈ Rnx , control trajectory

up ∈ Rnu , and output trajectory yp ∈ Rny with standard and interdependent Brownian noise

w ∈ Rnw and v ∈ Rnv

dxp(t) = f(xp,up)dt+ F(xp,up)dw(t) (2.20)

dyp(t) = g(xp,up)dt+ G(xp,up)dv(t). (2.21)

Starting with a nominal control trajectory ūp, a nominal state trajectory x̄p can be determined

by applying ūp to a deterministic and discreteized version of equation (2.20),

x̄p
k+1 = x̄p

k + f(x̄p
k, ū

p
k)∆t, (2.22)

through Euler integration with x̄p(0) = xp(0). The nominal output trajectory can then be

obtained with both x̄p and ūp with a deterministic and discreteized version of equation (2.21),

ȳp
k = g(x̄p

k, ū
p
k)∆t. (2.23)

Variables representing the deviations of the state, control, and output trajectories from the

nominal trajectories can then be expressed as xk = xp
k − x̄p

k, uk = up
k − ūp

k, and yk = yp
k − ȳp

k

respectively, and the dynamic system and output equation in equations (2.20) and (2.21) can be

expressed as

10



x̄p
k+1 + xk+1 = x̄p

k + xk + f(x̄p
k + xk, ū

p
k + uk)∆t+ F(x̄p

k + xk, ū
p
k + uk)∆wk (2.24)

ȳp
k + yk = g(x̄p

k + xk, ū
p
k + uk)∆t+ G(x̄p

k + xk, ū
p
k + uk)∆vk. (2.25)

Linearizing equations (2.24) and (2.25) about the nominal state-control trajectory (x̄p
k, ū

p
k)

and subtracting equations (2.22) and (2.23), locally linear discrete forms of equations (2.20) and

(2.21) are obtained as

xk+1 = Akxk +Bkuk + Ck(xk,uk)ζk (2.26)

yk = Fkxk + Ekuk +Dk(xk,uk)ηk (2.27)

Ak =
∂f

∂xp
k

Bk =
∂f

∂up
k

Ck ≜
[
c1,k + Cx

1,kxk + Cu
1,kuk, . . . , cnw,k + Cx

nw,kxk + Cu
nw,kuk

]
ci,k =

√
∆tF [i]

Cx
i,k =

√
∆t

∂F [i]

∂xp
k

Cu
i,k =

√
∆t

∂F [i]

∂up
k

Fk =
∂g

∂xp
k

Ek =
∂g

∂up
k

Dk ≜
[
d1,k +Dx

1,kxk +Du
1,kuk, . . . ,dnv,k +Dx

nv,kxk +Du
nv,kuk

]
di,k =

1√
∆t
G[i]

Dx
i,k =

1√
∆t

∂G[i]

∂xp
k

Du
i,k =

1√
∆t

∂G[i]

∂up
k

,

where the Gaussian noise terms ζk ∈ Rnw and ηk ∈ Rnv are independent and zero-mean with

covariances Σζ = I and Ση = I respectively and the superscript [i] indicates the ith columns of

F ∈ Rnx×nw and G ∈ Rny×nv respectively.

Quadratizing the cost function

The total cost J from an initial state xp
0 to a terminal time N can be defined in terms of a stage

11



cost ℓ(t,xp
k,u

p
k) ≥ 0 and a terminal cost h(xp

N ) ≥ 0 as

J(xp
0,u

p) = E

[
N−1∑
k=0

ℓ(k,xp
k,u

p
k) + h(xp

N )

]
. (2.28)

Since xp can be obtained through the integration of equation (2.20) from xp
0, the optimal control

problem is to find the optimal control trajectory up∗
which minimizes J ,

up∗
≜ argmin

up
J(xp

0,u
p). (2.29)

The cost-to-go Jk is the sum of the costs occurring from time step k until the terminal time N ,

during which the partial control trajectory up
k:N ≜ {up

k,u
p
k+1, . . .u

p
N} is applied, starting from xp

k,

Jk(x
p
k,u

p
k:N ) = E

[
N−1∑
i=k

ℓ(i,xp
i ,u

p
i ) + h(xp

N )

]
. (2.30)

The optimal cost-to-go at time k starting from xp
k is given as

Vk(x
p
k) ≜ min

up
k:N

Jk(x
p
k,u

p
k:N ) (2.31)

and its value at the terminal time N is

VN (xp
N ) ≜ E [h(xp

N )] . (2.32)

As described in [61], the Dynamic Programming Principle then reduces the optimal control

problem to a sequence of minimizations over a single control starting at the terminal time,

progressing backwards in time to the initial state,

Vk(x
p
k) = min

up
k

E
[
ℓ(xp

k,u
p
k) + Vk+1(x

p
k+1)

]
. (2.33)

Quadratizing the stage cost term in equation (2.33) and writing it in terms of the deviation

variables, as was done with the system dynamics in equation (2.26), results in ℓQ as

12



ℓQ = qk + δx⊤
k qk +

1

2
δx⊤

k Qkδx
⊤
k + δu⊤

k rk +
1

2
δu⊤

k Rkδuk + δu⊤
k Pkδx

⊤
k (2.34)

qk = ∆t ℓ|{x̄p
k,ū

p
k}

qk = ∆t
∂ℓ

∂xp
k

∣∣∣∣
{x̄p

k,ū
p
k}

Qk = ∆t
∂2ℓ

∂xp
k∂x

p
k

∣∣∣∣
{x̄p

k,ū
p
k}

rk = ∆t
∂ℓ

∂up
k

∣∣∣∣
{x̄p

k,ū
p
k}

Rk = ∆t
∂2ℓ

∂up
k∂u

p
k

∣∣∣∣
{x̄p

k,ū
p
k}

Pk = ∆t
∂2ℓ

∂xp
k∂u

p
k

∣∣∣∣
{x̄p

k,ū
p
k}

.

2.1.3.2 The estimator

Since the states and measurements for the system in question are subject to noise, an estimator is

required to infer the values of the states, as they are required to determine the control policy

deviations. Li and Todorov suggest that a filter that is based on a sequence of fixed gains be used

to determine the control policy in the inner loop of this iterative algorithm, but that in the outer

loop moving horizon implementation an adaptive filter could be used [38].

For this fixed-gain inner loop filter, assuming that the system has an initial state estimate

with a mean of x̂0 and a covariance of Σ0 and the unconditional means and covariances are

defined as mx̂
k ≜ E [x̂k] , m

e
k ≜ E [ek], Σ

x̂
k ≜ E

[
x̂kx̂

⊤
k

]
, Σe

k ≜ E
[
eke

⊤
k

]
, and Σx̂e

k ≜ E
[
x̂ke

⊤], the

13



optimal filter gain can be computed as

x̂k+1 = Akx̂k +Bkπk +Kk (yk − Fkx̂k − Ekπk) (2.35)

Kk = AkΣ
e
kF

⊤
k

(
FkΣ

e
kF

⊤
k + Pk

)−1
(2.36)

mx̂
k+1 = (Ak +BkLk)m

x̂
k +KkFkm

e
k +Bklk (2.37)

mx̂
0 = x̂0 (2.38)

me
k+1 = (Ak −KkFk)m

e
k (2.39)

me
0 = 0 (2.40)

Σx̂
k+1 = (Ak +BkLk) Σ

x̂
k (Ak +BkLk)

⊤
+KkFkΣ

e
kA

⊤
k

+(Ak +BkLk) Σ
x̂e
k F⊤

k K⊤
k +KkFkΣ

ex̂
k (Ak +BkLk)

⊤

(
(Ak +BkLk)m

x̂
k +KkFkm

e
k

)
l⊤k B

⊤
k

Bklk
(
(Ak +BkLk)m

x̂
k +KkFkm

e
k

)⊤
+Bklkl

⊤
k B

⊤
k (2.41)

Σx̂
0 = x̂0x̂

⊤
0 (2.42)

Σe
k+1 = (Ak −KkFk) Σ

e
kA

⊤
k +Mk (2.43)

Σe
0 = Σ0 (2.44)

Σx̂e
k+1 = (Ak +BkLk) Σ

x̂e
k (Ak −KkFk)

⊤

+Bklk (m
e
k)

⊤
(Ak −KkFk)

⊤
(2.45)

Σx̂e
0 = 0 (2.46)
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Pk =

nv∑
i=1

[
di,kd

⊤
i,k + di,k

(
mx̂

k +me
k

)⊤ (
Dx

i,k

)⊤
+Dx

i,k

(
mx̂

k +me
k

)
d⊤
i,k + di,k

(
lk + Lkm

x̂
k

)⊤ (
Du

i,k

)⊤
+Du

i,k

(
lk + Lkm

x̂
k

)
d⊤
i,k

+Dx
i,k

((
mx̂

k +me
k

)
l⊤k +

(
Σx̂

k +Σex̂
k

)
L⊤
k

) (
Du

i,k

)⊤
+Du

i,k

(
lk
(
mx̂

k +me
k

)⊤
+ Lk

(
Σx̂

k +Σx̂e
k

)) (
Dx

i,k

)⊤
+Dx

i,k

(
Σx̂

k +Σx̂e
k +Σex̂

k +Σe
k

) (
Dx

i,k

)⊤
+Du

i,k

(
lkl

⊤
k + lk

(
mx̂

k

)⊤
L⊤
k + Lkm

x̂
k l

⊤
k + LkΣ

x̂
kL

⊤
k

)
×
(
Du

i,k

)⊤]
(2.47)

Mk =

nw∑
i=1

[
ci,kc

⊤
i,k + ci,k

(
mx̂

k +me
k

)⊤ (
Cx

i,k

)⊤
+Cx

i,k

(
mx̂

k +me
k

)
c⊤i,k + ci,k

(
lk + Lkm

x̂
k

)⊤ (
Cu

i,k

)⊤
+Cu

i,k

(
lk + Lkm

x̂
k

)
c⊤i,k

+Cx
i,k

((
mx̂

k +me
k

)
l⊤k +

(
Σx̂

k +Σex̂
k

)
L⊤
k

) (
Cu

i,k

)⊤
+Cu

i,k

(
lk
(
mx̂

k +me
k

)⊤
+ Lk

(
Σx̂

k +Σx̂e
k

)) (
Cx

i,k

)⊤
+Cx

i,k

(
Σx̂

k +Σx̂e
k +Σex̂

k +Σe
k

) (
Cx

i,k

)⊤
+Cu

i,k

(
lkl

⊤
k + lk

(
mx̂

k

)⊤
L⊤
k + Lkm

x̂
k l

⊤
k + LkΣ

x̂
kL

⊤
k

)
×
(
Cu

i,k

)⊤]
(2.48)

2.1.3.3 The backward pass

Approximating the cost-to-go function

Assuming a quadratic form for the cost-to-go function vk(xk, x̂k) as

vk(xk, x̂k) =
1

2
x⊤
k S

x
kxk +

1

2
x̂⊤
k S

x̂
k x̂k + x⊤

k S
xx̂
k x̂k + x⊤

k s
x
k + x̂⊤

k s
x̂
k + sk, (2.49)

the parameters Sx
k , S

x̂
k , S

xx̂
k , sxk , s

x̂
k , and sk can be computed recursively backwards in time for
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k < N , as

Sx
k = Qk +A⊤

k S
x
k+1Ak + F⊤

k K⊤
k Sx̂

k+1KkFk + 2A⊤
k S

xx̂
k+1KkFk

+

nw∑
i=1

(
Cx

i,k

)⊤
Sx
k+1C

x
i,k +

nv∑
i=1

(
Dx

i,k

)⊤
K⊤

k Sx̂
k+1KkD

x
i,k (2.50)

Sx
N = QN

Sx̂
k = (Ak −KkFk)

⊤
Sx̂
k+1 (Ak −KkFk) + L⊤

k HLk + L⊤
k G

x̂

+
(
Gx̂
)⊤

Lk

Sx̂
k = 0

Sxx̂
k = F⊤

k K⊤
k Sx̂

k+1 (Ak −KkFk) +A⊤
k S

xx̂
k+1 (Ak −KkFk) + (Gx)

⊤
Lk

Sxx̂
N = 0

sxk = qk +A⊤
k s

x
k+1 + F⊤

k K⊤
k sx̂k+1 + (Gx)

⊤
lk +

nw∑
i=1

(
Cx

i,k

)⊤
Sx
k+1ci,k

+

nv∑
i=1

(
Dx

i,k

)⊤
K⊤

k Sx̂
k+1Kkdi,k

sxN = qN

sx̂k = (Ak −KkFk)
⊤
sx̂k+1 + L⊤

k Hlk + L⊤
k g +

(
Gx̂
)⊤

lk

sx̂N = 0

sk = qk + sk+1 + l⊤k g +
1

2
l⊤k Hlk +

1

2

(
nw∑
i=1

c⊤i,kS
x
k+1ci,k

+

nv∑
i=1

d⊤
i,kK

⊤
k Sx̂

k+1Kkdi,k

)
sN = qN

H ≜ Rk +B⊤
k

(
Sx
k+1 + Sx̂

k+1 + 2Sxx̂
k+1

)
Bk

+

nw∑
i=1

(
Cu

i,k

)⊤
Sx
k+1C

u
i,k +

nv∑
i=1

(
Du

i,k

)⊤
K⊤

k Sx̂
k+1KkD

u
i,k (2.51)

g ≜ rk +B⊤
k

(
sxk+1 + sx̂k+1

)
+

nw∑
i=1

(
Cu

i,k

)⊤
Sx
k+1ci,k +

nv∑
i=1

(
Du

i,k

)⊤
K⊤

k Sx̂
k+1Kkdi,k

Gx ≜ Pk +B⊤
k

(
Sx
k+1 + Sxx̂

k+1

)
Ak +B⊤

k

(
Sx̂
k+1 + Sxx̂

k+1

)
KkFk

+

nw∑
i=1

(
Cu

i,k

)⊤
Sx
k+1C

x
i,k +

nv∑
i=1

(
Du

i,k

)⊤
K⊤

k Sx̂
k+1KkD

x
i,k

Gx̂ ≜ B⊤
k

(
Sx̂
k+1 + Sxx̂

k+1

)
(Ak −KkFk) .
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The proof can be found in [38].

Determining the control policy

If H is positive semi-definite, then the unconstrained optimal control deviation can be computed

as

uk = −H−1 (g +Gx̂k) = lk + Lkx̂k, (2.52)

where G is given as

G ≜ Pk +B⊤
k

(
Sx
k+1 + Sx̂

k+1 + 2Sxx̂
k+1

)
Ak

+

nw∑
i=1

(
Cu

i,k

)⊤
Sx
k+1C

x
i,k +

nv∑
i=1

(
Du

i,k

)⊤
K⊤

k Sx̂
k+1KkD

x
i,k, (2.53)

and lk and Lk are the control policy gains.

If H has negative eigenvalues, then the approximation of the cost-to-go function may become

negative, and cost-to-go functions are always non-negative. To ensure that H always has

non-negative eigenvalues, a regularized versions of H, or H and G, H and G, are used to capture

the second-order information in these matrices to compute the unconstrained optimal control

deviation as

uk = −H−1 (g + Gx̂k) = lk + Lkx̂k. (2.54)

There are several options of how perform this regularization, and all use a positive

regularization term λ. The first option [60] is to set

H = H + λI. (2.55)

The second option is to regularize H and G through the quadratic cost-to-go terms ([60]) as

H ≜ Rk +B⊤
k

(
Sx
k+1 + Sx̂

k+1 + 2Sxx̂
k+1 + λI

)
Bk

+

nw∑
i=1

(
Cu

i,k

)⊤
Sx
k+1C

u
i,k +

nv∑
i=1

(
Du

i,k

)⊤
K⊤

k Sx̂
k+1KkD

u
i,k, (2.56)

G ≜ Pk +B⊤
k

(
Sx
k+1 + Sx̂

k+1 + 2Sxx̂
k+1 + λI

)
Ak

+

nw∑
i=1

(
Cu

i,k

)⊤
Sx
k+1C

x
i,k +

nv∑
i=1

(
Du

i,k

)⊤
K⊤

k Sx̂
k+1KkD

x
i,k. (2.57)

The third option is to set

H = H + (λ−min(eig(H))) I, (2.58)
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where min(eig(H)) is the minimum eigenvalue of H. Finally, a fourth option [38] is to set

H = V DV ⊤, (2.59)

where [V,D] = eig(H) is the eigenvalue decomposition of H, but the elements in the diagonal

matrix D that are less than λ are replaced with λ before computing H.

In order to have λ be as small as possible so that the algorithm converges quickly but also

have λ increase quickly if H is not being positive definite, Tassa et al. present a quadratic

modification schedule for the regularization term in [60]. Given a minimum vale for λ of λmin

(typically 10−6) and a minimum modification factor ∆0 (typically 2), λ is either increased with

∆ ← max (∆0, ∆∆0) (2.60)

λ ← max (λmin, λ∆) (2.61)

or decreased with

∆ ← max

(
1

∆0
,

∆

∆0

)
(2.62)

λ ←

 λ∆ if λ∆ > λmin,

0 if λ∆ < λmin.
(2.63)

The regularization parameter λ is increased if the backward pass fails due to H not being

positive definite or if the line search fails to find a solution that improves upon the initial control

trajectory. The regularization parameter λ is decreased when the line search finds an improved

control trajectory or when the the algorithm terminates due to a small control deviation gradient.

A parameter defining the maximum regularization term, λmax, is used for another stopping

criteria.

Control constraints

As discussed in [61], there are two main options for introducing control constraints in iLQG; by

using squashing functions or by solving a quadratic program that is subject to box constraints.

A squashing function, s(u) is an element-wise sigmoid with vector limits of

lim
u→−∞

s(u) = bmin (2.64)

lim
u→∞

s(u) = bmax (2.65)
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that is introduced in the system dynamics as

xk+1 = f (xk, s(uk)) , (2.66)

where bmin and bmax are the vector limits to be imposed on the control inputs. An example of a

squashing function is

s(u) =
bmax − bmin

2
tanh(u) +

bmax − bmin

2
. (2.67)

To keep u from taking on extreme values, cost terms should be imposed on both u and s(u).

The other option to introduce control constraints is by solving the quadratic program of

minimizing the cost-to-go approximation from equation (2.34), subject to the box control

constraints bmin and bmax. The quadratic optimization problem to be solved is

min
uk

ℓQ (xk,uk) (2.68)

subject to bmin ≤ ūp
k + uk ≤ bmax. (2.69)

This approach directly solves for the sequence of control actions that minimize the

approximation of the total cost, by solving a sequence of these problems in a backward pass. For

more details, please refer to [61].

2.1.3.4 The line search

Regardless of the method used to impose control constraints, the gain matrices lk and Lk are the

final result, such that the improved policy for the control deviations can be determined as shown

in equation (2.52). As discussed previously, this optimization process can result in control

deviations that are arbitrarily large and can therefore send the state trajectory outside of the

region where the linear approximation to the system dynamics is reasonably accurate. To account

for this, a line search is performed to sequentially reduce the improved control deviations until a

solution is found that is estimated to cause a reduction in the total cost. This locally-linear policy

is determined by performing a forward pass through the estimated system dynamics:

x̂p
0 = x̄p

0 (2.70)

ûp
i = ūp

i + αli + Li (x̂
p
i − x̄p

i ) (2.71)

x̂p
i+1 = f (x̂p

i , û
p
i ) (2.72)
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where α is a backtracking search parameter that is set to 1 and then sequentially reduced. If the

line search fails to find a reduced cost solution, the regularization parameter is increased as shown

in equations (2.62) and (2.63), and the control policy backward pass and line search forward pass

are repeated until the algorithm converges to a locally optimal control policy.

2.1.3.5 Stopping criteria

Four stopping criteria are used to define convergence and control how long this iterative algorithm

runs. First, if the gradient of the control deviations is less than a predefined threshold, the

algorithm terminates. Second, if the positive reduction in the cost function is less than a

predefined threshold, the algorithm also terminates. Third, if λ is greater than the predefined

λmax value, that algorithm is not able to regularize H and the algorithm terminates. Finally, if

the number of iterations that the algorithm has completed exceeds a predefined maximum

number of iterations, the algorithm also terminates.

2.1.3.6 Moving horizon implementation

iLQG can be implemented with a moving horizon approach as described for iLQR, but since there

is noise in the system dynamics and the measurements, a filter must be used to obtain an

estimate of the states. A system diagram for this approach is shown in Figure 2.1, where the

iLQG block implements the iterative iLQG algorithm, which is referred to as the inner loop, while

the outer loop contains the control signal being sent to the true system for a single time step, the

state dynamics being sampled with a sampling period of T as well as the measurement and

filtering steps. For each outer loop iteration, the measurements and the existing knowledge about

the system can be used to update the estimate of the states with the use of a filter such as a

sigma-point Kalman filter [47]. Here, where the iLQG algorithm is neither adaptive nor dual, the

uncertain parameters d̂ are treated as constants, and an augmented constants vector can be

formed by their concatenation.
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Figure 2.1: Closed-loop iLQG system diagram. Terms defined in the list of variables.

2.2 Adaptive control

Adaptive control is the control of systems with uncertain parameters. This uncertainty can be

due to the cost or complexity of accurately measuring the parameters being high, or when the

control scheme is to be applied to multiple similar systems that have different values for the

parameters [16]. In [29], adaptive control methods are divided into four categories: gain

scheduling, model-reference adaptive control, self-tuning adaptive control, and dual control.

The idea behind gain scheduling is to change the controller or its parameters based on

pre-defined conditions. A series of local controllers are required to implement gain scheduling,

which are each tuned for their operating range, and a method of switching between them. The

selection of the local controller can be seen as an adaptive process.

A model reference adaptive controller adjusts the estimates of a model’s parameters such that

the tracking error of the plant converges to zero. Here, the control and adaptation laws are

coupled, and these can be derived using Lyapunov theory such that stability can be shown.

Although perfect tracking can be achieved, this condition does not imply that the parameter

estimates have converged on their true values; a control task must have sufficient richness for

parameter convergence [58].

In the self-tuning adaptive control method, the plant parameters are recursively estimated

from the input-output data and then used by a controller as if they were the true plant

parameters. Using the estimated value as if it were the true value is often called the certainty

equivalence principle, allowing the design of the estimation process and controller to be
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independent, unlike in model-reference adaptive control. With self-tuning adaptive control there

are also no guarantees of parameter convergence without sufficient richness, and the design of the

estimator and the controller being independent makes the stability of the system harder to

prove [58].

Dual control is theoretically the ideal adaptive control method [29], and one of the major

differences is that dual control takes into account the fact that uncertainties will be reduced in the

future. This consideration of future information allows for a controller that can probe the plant

and make control actions to reduce the parameter uncertainty in the future in a cautious way and

focus on the most relevant parameters.

2.3 Dual control

Bayard et al. divide stochastic control policies into three classes: open-loop, feedback, and

closed-loop [8]. Open-loop control policies do not use any process measurements and therefore no

learning occurs. Feedback control policies use all measurements up to the current time step, and

therefore learning can occur, but the learning is passive since the data generated is only due to

performing the control task. Closed-loop control policies also use all measurements up to the

current time step, but additionally, they anticipate that future measurements are going to be

made in the future. Taking future measurements into account to determine the current control

action allows planned, or active, learning to take place. As the control policy has two objectives;

system regulation and identification, these stochastic control methods are known as dual

controllers.

Due to the curse of dimensionality, Bellman’s equations cannot be efficiently solved for

problems of arbitrary size, and therefore the explicit and implicit approximations of dual control

are necessary for its practical implementation. The explicit approximation involves modifying the

cost function to elicit one or more of the dual behaviours of probing, caution, and selectiveness.

The implicit approximation on the other hand elicits these dual behaviours through a method

that allows the control algorithm to consider the impact of probing actions on future costs.

Adding terms to the cost function with the explicit approximation requires an explicit trade-off

between the control objectives and the system identification, while with the implicit

approximation, the controller can balance these dual objectives without additional information.

While it is simple to add extra terms to the cost function to elicit the dual features of caution,

probing, and/or selectiveness, this approach fixes the value of system information relative to the
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minimization of the rest of the cost function. Even with methods that vary the value of system

information based on a specific measure, explicit approaches are likely to overvalue or undervalue

system information at different points in time compared to implicit approaches. In implicit

approaches, the value of system information is determined through the consideration of its impact

on the unmodified cost function over the control horizon. For this reason, implicit dual

approximations can give better results than explicit approaches [8].

2.3.1 Explicit dual control

As the explicit dual approach is manifested through the cost function, many control approaches

have been used as a basis for explicit dual control. In [11], a self-tuning adaptive controller for

linear systems was modified to include caution and probing terms. In [44], a linear MPC approach

was modified to include the dual behaviour of probing by adding a sufficient richness condition

such that each control input considers the control inputs that have recently been made, allowing

for persistent excitation. A similar approach was used in [24] for linear single input single output

systems and was extended in [22] to include disturbances, and in [31] to multiple input multiple

output systems with unmeasured stochastic disturbances. A robust tube-based MPC was

combined with a partially closed-loop stochastic MPC to give the cautious and probing features of

dual control in an explicit way in [17], and was later extended to use an unscented Kalman filter

for state estimation in [18]. In [71], a robust invariant set-based MPC method was applied to

linear systems with additive and parametric uncertainties using MPC that was formulated to

select the controls that maximize probing and regulation objectives. In [32, 33], explicit dual

NMPC is developed using sequential optimal experimental design. Due to the relative ease of

modifying a cost function to encourage dual behaviours, there have been more publications on

explicit dual control than the implicit approximation.

Lastly, and very relevant to the present work, in 1976, Bar-Shalom and Tse presented an

explicit dual control algorithm known as wide-sense dual control in [5]. Wide-sense dual control is

a dual version of differential dynamic programming, which was developed by Mayne in 1966 [45],

and Bar-Shalom and Tse appear to not have known about Mayne’s prior work. Bar-Shalom and

Tse use a partial certainty equivalence assumption to treat the estimates of the states and

parameters as their true values, which is only suitable for the additive noise that they use. This

assumption makes wide-sense dual control essentially an explicit dual fully observable iLQG with

a second-order approximation of the dynamics instead of a first-order approximation. Li and
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Todorov developed iLQR in 2004 [36] and iLQG in 2006 [37], and they appear to not have known

about Bar-Shalom and Tse’s prior work, basing their work on Mayne’s differential dynamic

programming. In 2010, Theodorou, Tassa, and Todorov [65] derived stochastic differential

dynamic programming for multiplicative noise, which, other than not being dual, is a more general

version of wide-sense dual control. For more details on these comparisons, see Appendix A.

Comparing wide-sense dual control with fully observable iLQG, other than the use of a

second-order approximation of the dynamics and the use of an augmented state vector, there is a

difference in the scalar term of the quadratic approximation of the cost-to-go function. Using

different notation, Bar-Shalom and Tse list the scalar component of the assumed quadratic form

of the cost-to-go function as

g0(j) = g0(j + 1)− 1

2
H⊤

0,u(j)H−1
0,uuH0,u(j)

+
1

2
Tr [Ko(j + 1)Q(j) +A0,xx(j)Σ0(j|j)] , (2.73)

which can be written in the notation used by Li and Todorov in [38] as

sk = sk+1 −
1

2
g⊤H−1g +

1

2
Tr
[
Sk+1Σ

f +GH−1GΣx
k

]
, (2.74)

where Σf is the covariance of the additive Gaussian process noise and Σx
k is the state covariance

along the nominal trajectory.

These terms provide an explicit addition to the cost function used for differential dynamic

programming [61] to balance the notion of caution and probing. They go beyond the terms

needed for non-dual control, as evidenced by the fact that the additive noise should have no

impact on the control policy for differential dynamic programming [65]. For comparison, the

non-dual scalar term of the quadratic approximation of the cost-to-go function is

sk = sk+1 −
1

2
g⊤H−1g. (2.75)

For context, if Bar-Shalom and Tse had added multiplicative noise, the equation would have

gained the term
∑nw

i=1 c
⊤
i,kS

x
k+1ci,k, and if the states were not fully observable, it also gains the

term
∑nv

i=1 d
⊤
i,kK

⊤
k Sx̂

k+1Kkdi,k [38], as shown in our implementation in equation (2.50).

Bar-Shalom and Tse point to their terms 1
2Tr

[
Sk+1Σ

f +GH−1GΣx
k

]
, as implementing the dual

features of caution and probing respectively [5], and this makes sense because changing the
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coefficient in front of either of those terms will explicitly affect the balance of caution versus

probing. The inclusion of that term accordingly makes their wide-sense dual control approach an

explicit dual control algorithm that can accommodate additive noise.

Bar-Shalom and Tse’s work is extended in [29] by estimating the system dynamics using a

parametric, Gaussian process and neural network regression. Like Bar-Shalom and Tse’s work on

which it is based, this control method is explicitly dual and only applicable to additive noise. One

application shows how dual NMPC can be applied to control the climate of a building, and this

example is also detailed in [28]. Two future research directions listed were time-scale separation

and reformulating this implicit dual NMPC method without the dynamic programming portion to

make it solely NMPC-based. Although this control strategy was formulated considering unknown

time-varying system parameters, the stability of the controller and providing guarantees on the

parameter estimation were not considered.

2.3.2 Implicit dual control

As with the work on explicit dual control, many of the implicit dual control publications have

been based on MPC, but several have taken other approaches. These works also make different

assumptions on the uncertain parameters and use different estimation approaches.

Multi-stage NMPC is used as an implicit approximation to dual control in [63], where the

unknown system parameters were assumed to be bounded, parametric, and time-invariant. Here,

the Fisher information matrix is used to estimate the future reduction in uncertainties, but the

least squares estimate of the uncertainties is assumed to be constant. The parameter sensitivities

are included in the scenario tree in the same way as the states, allowing the controller to make

decisions based on probing for information on specific parameters. More involved estimation

schemes for the uncertainties and their bounds are mentioned, including guaranteed parameter

estimation. This dual control method is then applied to the control of a simulated chemical batch

reactor. This work was extended in [62], and the assumption that the least squares estimate has

converged to the true value of the uncertainty is removed. This assumption is replaced by an

over-approximation factor to estimate the future changes in the point estimation. Here,

guaranteed parameter estimation is mentioned as a possible future extension of this work, but was

not explored. This approach is used as a basis of comparison throughout this work and is

therefore explained in more detail in the following section.

In [21], a multi-stage implicit dual MPC method is presented where the unknown system
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parameters are assumed to be time-invariant. Here, the future measurements at each stage are

used to update the states and parameters for all of the other scenarios in that stage using an

ensemble Kalman filter. A similar approach was used in [59], except that an Unscented Kalman

filter is used instead of an ensemble Kalman filter, and the model parameters are not updated

(and therefore this method is not dual).

Using a policy iteration approach and particle filtering for the nonlinear estimation problem

an implicit dual control method is developed in [8]. This strategy is applied to a generic system

with process and measurement noise, and the computations are performed in a novel H-block

format. This control scheme is then applied to the simulation of a linear pendulum with uncertain

length, mass, and control gain.

In [56], the finite-horizon implicit dual control problem is made tractable for problems of

reasonable dimensions by approximating the system dynamics by a partially observable Markov

decision process. This control method is then applied to a health care decision-making process.

One method that has been developed to implement implicit dual control is multi-stage NMPC.

Multi-stage NMPC considers a branching network of scenarios, where each branch represents the

system’s predicted response for a single realization of the uncertainties. This scenario tree is

illustrated in Figure 2.2, where x represents the system states, u represents the control actions,

and d represents the discrete realizations of the uncertainties with superscripts indicating the

scenario number and subscripts indicating the time index into the future. It is important to note

that the control actions that share a node are equal, and this requirement is known as the

non-anticipatory constraint. The reduction in the uncertainties due to future measurements is

estimated for each time step in a robust horizon, and this reduction is reflected in the selection of

the uncertainty values upon which the subsequent scenarios are based. As this process causes the

number of scenarios to grow exponentially, the robust horizon is usually chosen to be less than the

control horizon, and the uncertainties after that point are assumed to be equal to the nominal

value.

The optimization problem that is solved is to determine the control actions (over the control

horizon) that minimize the sum of the costs of the scenarios over the prediction horizon. To

ensure that none of the scenarios are excited more than necessary, the selected control action is

cautious when uncertainties are high. Probing is also introduced as small control actions that may

increase a scenario’s cost initially but can lead to larger reductions in future costs associated with

the uncertainty. In the same manner, selectiveness is introduced, as probing actions that have a

higher “return on investment” will be prioritized, and therefore the most important uncertainties
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Figure 2.2: The tree of scenarios considered in multi-stage NMPC [62].

will be reduced. The multi-stage NMPC method relies on predicting the future reductions in

uncertainties for given control actions, and even when representing uncertainties by a discrete set

of realizations, the number of scenarios grows exponentially and must be limited.

The selection of the discrete realizations of the uncertainties impacts the controller’s

robustness and computational burden. For linear systems, using the minimum, maximum, and

nominal values of the uncertainties (assuming they are bounded) keeps the number of scenarios

per branch low and can be shown to be “usually” robust [63]. For nonlinear systems, this

approach is not robust but has shown good results in practice [63]. In [12], uncertainties in a

stochastic NMPC method were propagated using the unscented Kalman filter, but this control

approach was neither dual nor multi-stage. Dual multi-stage NMPC with the unscented Kalman

filter method was shown to be robust in [39].

Present implementations of dual and non-dual multi-stage NMPC [1, 41, 42, 46, 64] use

IPOPT, an interior-point optimization routine for large-scale problems [70], and CasADi, an

open-source numerical optimization framework designed to solve optimal control problems [3],

from within Python, MATLAB, or Octave. To symbolically calculate the confidence regions that

are needed to set up and solve the dual multi-stage NMPC problem, the eigenvectors and
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eigenvalues of the parameter covariance matrix are required. Currently, CasADi’s symbolic

eigenvector and eigenvalue functions only support matrices up to 3×3 in size, limiting the number

of uncertain parameters to three. The code from [64] that was used in this work was only able to

handle a maximum of two parameters. Therefore in this work, comparing our dual iLQG

approach with the dual MS-SP-NMPC approach was only done on systems with two parameters.

2.4 Summary

In this chapter, the mathematical background of dual iLQG was introduced, including LQR,

iLQR, and iLQG, as well as adaptive and dual control. The explicit and implicit approximations

of dual control were explained, and past work using these approaches were discussed. In the next

chapter, adaptive and dual extensions of iLQG will be described. After these methods are

presented, they will be compared to MS-SP-NMPC and their robustness to time-varying

parameters and unmodelled dynamics will be investigated. Finally, the importance of

compensating for multiplicative noise will be demonstrated.
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Chapter 3

Dual iLQG

3.1 Motivation

iLQG is a powerful control technique due to its ability to handle nonlinear and stochastic systems

with multiplicative noise but has not been extended to handle systems with uncertain parameters

in either an adaptive or dual manner. Dual iLQG represents a fast (due to the linearization of the

system) and feasible (due to working with derivatives about a nominal state-control trajectory)

solution to the implicit dual control of small and large systems while avoiding Bellman’s curse of

dimensionality.

3.2 Adaptive iLQG

To extend iLQG to uncertain systems in an adaptive manner, two changes are made to the

closed-loop iLQG approach shown in Figure 2.1. First, the initial estimates of the uncertain

parameters are provided to the iLQG inner loop as constants. Second, in the outer loop, the

parameters are estimated along with the states in the filter. This is done by concatenating the

uncertain states and parameters together into a single augmented state vector,

xpa

=

xp

dp

 (3.1)
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where xa is the augmented state vector and dp is the uncertain parameter trajectory, and their

respective covariance matrices are also combined in a block diagonal manner,

Σxa

=

Σx 0

0 Σd

 (3.2)

where Σxa

is the augmented covariance matrix and Σd is the parameter covariance matrix. The

augmentation of the state vector with the parameters for the closed-loop filter is an approach that

is known as joint simultaneous state and parameter estimation [51]. To pass the parameters to

the inner loop iLQG algorithm, an augmented constants vector ca is created similar to the

augmented state vector, through the concatenation of the constants and the parameters,

ca =

c
d

 . (3.3)

This approach allows adaptive iLQG to update its parameter estimates in the outer loop after

getting new measurements and pass them to the inner loop iLQG algorithm as constants, which is

known as the certainty equivalence principle. Critically, because the parameters are treated as

constants in the inner loop iLQG algorithm, the uncertainty associated with the parameters does

not impact the determination of the control policy. These changes are shown in the system

diagram for closed-loop adaptive iLQG in Figure 3.1b.

Although adaptive iLQG controllers have been developed, they are generally focused on

identifying the system dynamics as a whole as opposed to a set of parameters in an existing model

of the system. In [35], an adaptive iLQG algorithm was developed where the entire Gaussian

Process system dynamics were adapted using Gaussian Process regression. The system dynamics

are also adapted in [50] using Locally Weighted Projection Regression.

3.3 Dual iLQG

To extend this adaptive iLQG approach to be dual, the uncertainty associated with the

parameters must influence the control policy. Therefore, instead of treating the parameters as

constants in the inner loop iLQG algorithm, the parameters are treated as states and an

augmented state vector is formed as shown in equation (3.1). An augmented state covariance is
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also created as shown in (3.2), and the augmented state dynamics must be formed as

dxpa

=

 f(xpa

,up)

fd(x
pa

,up)

dt = fa(xpa

,up)dt (3.4)

where fd(x
ap

,up) is the parameter dynamics and fa(xap

,up) is the augmented system dynamics.

The inclusion of the parameter dynamics makes dual iLQG able to handle time-varying

parameters. These changes are represented in the system diagram in Figure 3.1c. In this way, the

iLQG algorithm treats the parameters as unmeasured states and allows the control algorithm to

predict how changes to the inputs and states can result in future reductions in the parameter

uncertainty, through the backward pass of the cost-to-go function, to lower the total cost of the

control trajectory. The parameter uncertainty influences the control actions through the inner

loop Kalman filter gain, which impacts the estimates of the augmented state vector and the cost

function at each time step. By calculating the derivatives of the cost function at each time step,

dual iLQG can identify changes to the inputs that can decrease parameter uncertainties while also

decreasing the total cost of the control trajectory.

Unlike Wide-Sense dual control where the probing and caution terms can be explicitly pointed

to in the mathematical formulation, in dual iLQG these features are an emergent property of the

derivative-based calculations. Additionally, if one wanted to change the balance of the features of

probing and cautiousness in Wide-Sense dual control, additional coefficients could be introduced

in front of each of the terms to weight their relative importance. The same cannot be said for

dual iLQG. If cautious changes to a nominal control trajectory ultimately reduces the expected

cost, dual iLQG will make these changes, even without explicit terms in the mathematical

formulation to encourage this behaviour. Similarly, if changes to a nominal control trajectory that

probe for additional information on uncertain parameters ultimately reduces the expected cost,

dual iLQG will make these changes, even without explicit terms in the mathematical formulation

to encourage this behaviour. And lastly, if selectively focusing probing actions on one set of

uncertain parameters ultimately reduces the expected cost, dual iLQG will make these changes,

even without explicit terms in the mathematical formulation to encourage this behaviour. That is

of course to say that these features of dual control are implicit in dual iLQG’s goal of optimizing

the control trajectory to minimize the cost function.
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(a) Closed-loop iLQG system diagram.

(b) Closed-loop adaptive iLQG system diagram.

(c) Closed-loop dual iLQG system diagram.

Figure 3.1: Flowcharts for the three variations of iLQG discussed in this work.
Note: Figure 3.1a is the same as Figure 2.1 and is shown here for ease of comparison. Terms defined
in the list of variables.
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3.3.1 Seeding approach

Due to the dual iLQG approach being locally optimal, a seeding method was incorporated to

initialize the optimization problem with different sets of initial conditions. In the iLQG algorithm,

the nominal control trajectory is the variable that is used to initialize the optimization and is

iteratively improved upon through successive runs of the inner loop iLQG algorithm [36]. By

running multiple instances of a single inner loop run with different initial control trajectory seeds,

a larger control space is explored, allowing a better solution to be found.

Although this seeding process increases the performance of the dual iLQG algorithm, it

linearly increases the computation time for each time step that it is used. For applications where

the computational time required for the dual iLQG algorithm is much shorter than the desired

control update time for the true dynamic system, seeding could take place at every time step.

Otherwise, significant performance increases can still be gained by having the seeding process only

take place during the first time step.

3.3.2 Moving horizon approaches

Two different moving horizon options were coded into the dual iLQG algorithm; shrinking and

rolling horizon approaches. In the shrinking horizon approach, the controller simulates the system

and solves for the control actions for the entire time horizon, from the present time step to the

final time step. After the inner loop determines the optimal control policy for this time horizon

and implements the first control action, the time horizon is reduced by a single time step and the

inner loop of the algorithm is reinitialized. This process repeats until the final time step is

reached, meaning that the calculation effort for each time step decreases as the algorithm

progresses.

The rolling horizon approach on the other hand has a fixed time horizon, such that after each

inner loop of the algorithm is complete, the next outer loop iteration is initialized by shifting this

fixed time horizon one step forward, dropping the present time step and adding a new time step

on the end. Once the final time step is reached, although the controls and system responses have

been determined for future time steps, they are not considered in the results. In this way, the

calculation effort for each time step stays the same as the algorithm progresses.
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3.4 Comparison with dual MS-SP-NMPC

To compare the dual iLQG approach with the dual multi-stage sigma-point nonlinear MPC

(MS-SP-NMPC) approach described in [64], the linear system from that paper was used. The

dynamic model of the system is

ẋ1 = d1u1 − d2 (3.5)

ẋ2 = d2u2

where x = [x1, x2]
⊤

is the state vector, u = [u1, u2]
⊤

is the control input vector, and d = [d1, d2]
⊤

is the vector of the uncertain parameters. The true and estimated initial values of the state vector

are both [0, 0]⊤ and the states are unconstrained, and the control inputs are also unconstrained.

The true value of the constant parameter vector is [125, 50], while its initial estimate is [100, 30]

with a covariance matrix Σd of [8100, 4500; 4500, 5625]. This system is simulated over 6 time steps

that are 0.05 seconds long. Both states are measured with a noise scaling factor G of 10−2, and as

the MS-SP-NMPC does not consider the states to be uncertain, the noise scaling factors of F for

dual iLQG were set to 10−15 for both the state and parameter dynamics. The cost function is

given as

J(x,u) = (x1 − 5)2 + 10−4u2
2. (3.6)

This problem is contrived to demonstrate the advantage of dual control over adaptive control.

In an adaptive optimal control method, the cost function can be minimized by maintaining u2 at

zero and driving x1 to 5 using u1, as u2 does not influence x1. A dual control method on the

other hand will temporarily use u2 to reduce the uncertainty associated with d2, even though it

will incur a cost, to reduce the overall cost.

Adaptive MS-SP-NMPC, dual MS-SP-NMPC, and dual iLQG were compared using this

system, and the resulting controls are shown in Figure 3.2. Starting with u2, it can be seen that

the adaptive MS-SP-NMPC maintains u2 at zero as expected. The dual MS-SP-NMPC has a

non-zero value of u2 for the first time step only, while the magnitude of u2 for the dual iLQG

controller gradually steps down to zero over four time steps.

Figure 3.3 shows the resulting states for each of these controllers, the dual and adaptive

MS-SP-NMPCs are shown to undershoot the tracking reference of x1 = 5 by the end of the first

time step, instead reaching 3.1 and 2.9 respectively, while the dual iLQG controller overshot to

5.6. After this point, both dual controllers tracked the state reference with only small errors,
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while the adaptive MS-SP-NMPC took until the last time step to reach a similar performance.

These controls result in both of the dual controllers accurately estimating the true parameter

values of 125 and 50 after the first time step, as shown in Figure 3.4, while the adaptive

MS-SP-NMPC did not reach a similar level of accuracy until the last time step. Additionally, the

dual iLQG controller’s estimate of the uncertain parameters was maintained near the true values,

while the dual MS-SP-NMPC’s estimates varied.

The cumulative cost at each time step for these controllers is shown in Figure 3.5, with totals

of 0.4, 3.61, and 4.65 for the dual iLQG, dual MS-SP-NMPC, and adaptive MS-SP-NMPC

respectively. The dual iLQG algorithm took an average of 3.5 seconds to run, while the adaptive

iLQG algorithm took 0.4 seconds, the adaptive MS-SP-NMPC algorithm took 3.0 seconds and the

dual MS-SP-NMPC algorithm took 75 seconds.

In this linear example, the dual iLQG controller significantly outperformed dual

MS-SP-NMPC by being less cautious with its initial value for u1 and by continuing to use u2 after

the first time step to improve its estimate of the uncertain parameters.
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Figure 3.2: Control comparison between dual and adaptive iLQG and MS-SP-NMPC on linear
example.
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Figure 3.3: State comparison between dual and adaptive iLQG and MS-SP-NMPC on linear ex-
ample.
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Figure 3.4: Parameter comparison between dual and adaptive iLQG and MS-SP-NMPC on linear
example.
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Figure 3.5: Cost comparison between dual and adaptive iLQG and MS-SP-NMPC on linear exam-
ple.

3.5 Robustness to time-varying parameters

In many applications, parameters that are modelled as constant may vary over time. The ability

of a controller to achieve the desired objective in the face of uncertain parameter dynamics can be

described as the controller’s robustness to time-varying parameters. In this section, the previous

linear example is modified to have time-varying parameters to explore dual iLQG’s robustness to

time-varying parameters.

For this example, the system dynamics are the same as shown in (3.5), and the initial state

and parameter estimates also are the same and both the states and the controls remain

unconstrained. The initial true value of the parameters is the same as before, but the true

parameters vary with dynamics of

ḋ1 = −2.5 + 25 sin(5t) (3.7)

ḋ2 = 5− 25 sin(5t), (3.8)

while the controller believes that the parameters remain constant over time. Although the time

step of 0.05 seconds was kept the same as the previous example, instead of simulating the system
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over six steps, twenty time steps were used to show the impact of the time-varying parameters. A

rolling horizon approach was used, with a horizon length of 6 time steps. The measurement noise

scaling factors G were kept at 10−2, but the noise scaling factor F associated with the state and

parameter dynamics was increased to 5−1 from 10−15. The cost function also remained the same,

as shown in equation (3.6).

As would be expected from the results of the previous example, the dual controller used the

second control action to gain information about the second parameter while the adaptive

controller’s second control action remained near zero, as shown in Figure 3.6. In terms of the first

control action, both controllers had the same value for the first time step, after which they had

similar but different values.

In Figure 3.7, both controllers can be seen to maintain the first state near 5 according to the

cost function. Other than the second time step, adaptive iLQG appeared to track the desired

reference at least as well as dual iLQG on average.

Figure 3.8 shows each iLQG algorithm’s estimates of the time-varying parameters. In the first

several time steps, the dual controller quickly converged to the true parameter values, while the

adaptive iLQG controller took a couple of extra time steps to converge to the true value of the

second parameter, and had a small offset error in its estimate of the first parameter. The dual

controller’s estimates for the parameters were better than the adaptive controller’s, and both

controllers were better able to estimate the second parameter.
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Figure 3.6: Control comparison between dual and adaptive iLQG on time-varying parameters
example.
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Figure 3.7: State comparison between dual and adaptive iLQG on time-varying parameters example.
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Figure 3.8: Parameter comparison between dual and adaptive iLQG on time-varying parameters
example.
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Figure 3.9: Cost comparison between dual and adaptive iLQG on time-varying parameters example.

To explore the stability and robustness of these results, 100 initial control sequence seeds were

run, with each element of each sequence drawn from a normal distribution with a mean of zero

and a variance of 0.01. This variance was sufficient to generate a diversity of results for these

40



simulations. A histogram of the final costs and a box plot of the simulation times for each of the

algorithms is shown in Figures 3.10 and 3.11.

In Figure 3.10, the expected successive improvement between the three algorithms can be

seen. Interestingly in this case, the best iLQG solution has roughly the same value as the median

adaptive iLQG solution, and likewise the best adaptive iLQG solution has roughly the same value

as the median dual iLQG solution. Additionally, the variance of the solutions visably decreases

with the change in the algorithm, with dual iLQG giving more consistent results than the other

two algorithms. These results show that although these algorithms give different results with

different initial control trajectories, adaptive iLQG is likely to outperform iLQG, and dual iLQG

is likely to outperform adaptive iLQG.

Looking at the simulation time required for these seeded runs in Figure 3.11, the results are

not as may have been expected. Instead of seeing a pattern of increasing time with increasing

algorithm complexity from iLQG to adaptive iLQG and dual iLQG, the classical iLQG solution

appears to take more time in this example than would be expected. Perhaps the adaptation of the

parameters in both the adaptive and dual cases that may have initially slowed the algorithms

down led to solutions that subsequently converged faster at each time step than the non-adaptive

iLQG case. Either way, the relationship between the adaptive and dual iLQG times are as

expected, with the dual algorithm taking longer and having more of a spread. Interestingly, the

results for both the adaptive and dual algorithm times are skewed downward, and only

occasionally have longer run times. Overall, all three of these algorithms are within the same

order of magnitude for the time they take to run.

Overall, the dual iLQG controller achieved a 16% reduction in the cost function compared to

the adaptive controller. This difference in performance was primarily due to dual iLQG’s

increased ability to determine the uncertain parameters, although both dual and adaptive iLQG

showed robustness to time-varying parameters in this example. In the seeded results, the

consistent improvement of dual iLQG over adaptive iLQG and adaptive iLQG over iLQG was

shown, as well as that they have comparable run times.

3.6 Importance of compensating for multiplicative noise

Dual iLQG can handle multiplicative noise where Bar-Shalom and Tse’s wide-sense dual control is

limited to additive noise and MS-SP-NMPC does not consider process noise, only measurement

noise. This is important, as multiplicative noise appears in many applications such as the control
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varying parameter example.
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of prostheses using myoelectric signals [57], robot motion planning when using sensors with

distance-dependent errors [15], stochastic fluid dynamics [13], and power grids where renewable

energy represents a significant portion of total power generation [20].

In this example, the importance of compensating for multiplicative noise in the controller was

demonstrated using the simple system dynamics shown in (3.5) with multiplicative noise. For this

comparison, dual iLQG was used twice, but in one case the multiplicative noise was accounted for

in the controller, and in the other case it was not. This approach was used to keep all other

variables except the one in question the same and is equivalent to using a controller that can only

deal with additive noise when interacting with systems that have multiplicative noise.

For this example, the system dynamics in (3.5) were modified to include multiplicative

Brownian noise based on the control signals:

dx1 = (d1u1 − d2)dt+ u1dω(t) (3.9)

dx2 = (d2u2)dt+ u2dω(t) (3.10)

where ω is standard Brownian noise [38]. The initial state and parameter estimates, true values,

and covariances are the same as in Section 3.4, and both the states and the controls remain

unconstrained. The cost function, time step length, and number of time steps are also all the

same as in Section 3.4.

The results of this comparison in terms of the control signals are shown in Figure 3.12. As

mentioned previously, in the example, dual controllers will use the second control action to gain

information about the second parameter, allowing for increased ability to use the first control to

get the first state to the desired value of 5. Here, the controller that is compensating for the

multiplicative noise uses a smaller first u2 control action than the other controller, before making

a larger control action in the second step. This action allows the compensating controller to gain

some information on the system before having additional noise from a larger control step. The

controller that is not compensating for the multiplicative noise takes the opposite strategy in the

first two time steps. The remaining u2 and the u1 results are relatively similar between the

controllers.

Figure 3.13 shows the effect of the controls on the states, where the influence of the objective

function being the square of the distance between the first state and a value of five can be seen.

The non-compensating controller overshoots to 5.45 at the end of the first time step, while the

compensating controller overshoots to 5.31. By the second time step, the non-compensating
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controller has a x1 value of 5.31, while the compensating controller has a value of 5.03. The

non-compensating controller then takes three more time steps to get lower than 5.03, while the

compensating controller stays within ± 0.04 of five.

A plot of the estimates of the two uncertain parameters is shown in Figure 3.14. Both

controllers start to converge to estimates lower than the true value of the parameters, the

non-compensating controller from above and the compensating controller from below. As with the

unmodelled dynamics example, in this case, it is not the absolute parameter values that are

important for the controller, but the ratio of the parameter values. Figure 3.15 shows the ratio of

the parameters for the two controllers over the simulation. Here, it is much more obvious that the

compensating controller’s estimate of the parameter ratio is more accurate than that of the

non-compensating controller for all but a single time step.

Figure 3.16 shows the cumulative cost of these controllers over the simulation period. The

major changes in cost occur in the first two time steps, with the compensating controller’s cost

leveling out after the first time step and the non-compensating controller’s cost leveling out after

the third time step. The controller that is compensating for the multiplicative noise has a total

cost that is 62.1% lower than the controller that does not compensate for the multiplicative noise.
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Figure 3.12: Control comparison between dual iLQG with and without the system’s multiplicative
noise being compensated for in the controller.
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Figure 3.13: State comparison between dual iLQG with and without the system’s multiplicative
noise being compensated for in the controller.
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Figure 3.14: Parameter comparison between dual iLQG with and without the system’s multiplica-
tive noise being compensated for in the controller.
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Figure 3.15: Parameter ratio comparison between dual iLQG with and without the system’s mul-
tiplicative noise being compensated for in the controller.
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Figure 3.16: Cost comparison between dual iLQG with and without the system’s multiplicative
noise being compensated for in the controller.

This section demonstrates the importance of using a dual controller that can properly
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compensate for multiplicative noise in systems where multiplicative noise exists. In the simple

example presented, the difference in cost was significant at 62.1%.

3.7 Robustness to unmodelled dynamics

System models are often simplifications of the true dynamics of a given system, where

nonlinearities or higher-order dynamics are excluded from the control model. These

simplifications can be due to the cost associated with a more complete system identification or the

difficulty of quantifying the mathematical relationship of a given phenomenon. The difference

between the response that the algorithm expects from the system and the true response of the

system can cause the values of the adapting parameters to drift over time, possibly leading to the

system becoming unstable.

In Slotine and Li’s Applied Nonlinear Control textbook [58], Rohr’s example is used to

illustrate the effect of unmodelled dynamics, showing that, unless a dead zone is used, the given

adaptation law causes the first-order system to become unstable when driven to a constant

reference in the face of a sinusoidal measurement noise. This simple example is used here to

investigate dual iLQG’s robustness to unmodelled dynamics in this case.

Rohr’s example considers a desired performance that is described by a reference system that is

a first-order system with a transfer function of

H(p) =
km

p+ am
(3.11)

where km and am are parameters both with a value of 3. The true system is a third-order system

with a transfer function of

H(p) =
kp

p+ ap

229

p2 + 30p+ 229
(3.12)

where kp and ap are the true system parameters with values of 2 and 1, respectively. For this

example, the controller only has knowledge of the first-order portion of this model, leaving the

second-order portion of the transfer function unmodelled.

These transfer functions give state space models of

ẋ = −ax+ u (3.13)

y = kx (3.14)
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for the first-order system, where y is the system output, and

ẋ =


−(30 + am)x1 − (229 + 30am)x2 − 229amx3 + u

x1

x2

 (3.15)

y = 229kmx3 (3.16)

for the true third-order system. The system also has a measurement noise of n(t) = 0.5 sin(16.1t).

In [58], model-reference adaptive control is used to control this system and is implemented as

shown in Figure 3.17. In model-reference adaptive control, the desired system behaviour is

specified through the use of a reference model. The controller then attempts to make the true

system’s output equal to the output from the reference model by adjusting the input to the true

system based on a set of known regressors and adapting parameters. This allows model-reference

adaptive control to adapt a set of compensating parameters to account for the true system’s

behaviour and impose the desired behaviour onto the system. This is different than the dual

iLQG approach which is to adapt its estimates of the true system’s parameters to a sufficient level

to minimize the desired cost function.
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Figure 3.17: Model-reference adaptive control flowchart for Rohr’s example [58].

To implement model-reference adaptive control on this example, a control law of

u = ârr + âyy (3.17)

was used where r is the input reference and y is the output of the true system after the addition
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of noise, and the â terms are the corresponding adaptation parameters. These parameters were

updated with a adaptation law of

˙̂a = −γve, (3.18)

where â is the adaptation parameter vector [âr, ây]
⊤, γ is a positive constant, v is the regressor

vector which is equal to [r, y]⊤ in this case, and e is the error between y and the reference model

output ym.

To run this example with dual iLQG, the true values and initial estimates listed previously are

used, with a covariance of I2. The states are initialized at [0, 0, 0] for both the true values and the

estimates, and a state covariance of 10−15 is used as the problem does not include state

uncertainties. Both the states and controls are unconstrained for this example, and the

parameters are constants. A time step length of 0.1 seconds was used and the system was

simulated over 700 time steps to match the period shown in [58]. The measurement noise scaling

factors in G were 0.5 and the noise associated with the state and parameter dynamics (F) was

10−15. The sinusoidal noise from the problem was implemented on the true system, which the

algorithms had no knowledge of other than the 0.5 noise scaling factor. The cost function was

J(x,u) = (y − 2)2, (3.19)

where the modelled and true output equations are given in equations (3.14) and (3.16).

The resulting controls from both the adaptive and dual iLQG controllers as well as the

model-reference adaptive controller are shown in Figure 3.18 for the entire 70 seconds, and in

Figure 3.19 for the first seven seconds. In these figures, it can be seen that both of the iLQG

controllers provided similar high-frequency control actions with amplitudes that decreased over

the first 1.5 seconds before evening out at a nearly steady-state value of around 1. During this

initial oscillatory period, dual iLQG generally had a slightly smaller control amplitude than the

adaptive iLQG, and in the steady region, both controllers continued to have small variations in

their controls. In contrast, the model-reference adaptive controller starts with a lower frequency

control action before oscillating around a value of 1. The amplitude of this oscillation about a

control action of 1 grows until just after 60 seconds when the controller fails.

Figures 3.20 and 3.21 show the true and estimated states for all three controllers over the

entire 70 seconds and for just the first seven seconds, respectively. The response to the

high-frequency control actions from the iLQG controllers can be seen in the true dynamics for the
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first two states, while their estimates remained at zero with increasing uncertainty because there

were no dynamics for those states in the modelled system and they were unmeasured. The true

state response for the third state also reflected the high-frequency input but was very small

compared to the estimated state values due to the 229 scaling factor in the true system output.

These large discrepancies between the true and estimated states were because they are different

systems, with only the relationship between the inputs and the outputs being comparable. For the

third state estimates, after some initial oscillations, there was a sustained offset between the dual

and adaptive estimates. Finally, in Figure 3.20 it can be seen that the system remained stable

over the entire 70 second period. As the model-reference adaptive controller does not estimate the

states, only true values are shown. The low-frequency response in the first two states is due to the

low-frequency controls, and the low value of the third state is again due to the 229 scaling factor.

The estimates of the uncertain parameters can be seen in Figures 3.22 and 3.23, with

Figure 3.23 again being a zoomed-in version. Although the model-reference adaptive controller

does not directly estimate these parameters and instead adapts the compensation parameters

discussed, these parameter values can be derived from the definitions of the compensation

parameters as

d̂1 =
km
âr

(3.20)

d̂2 = âyd̂1 + am. (3.21)

Using these relations, the parameter estimates are shown in Figures 3.22 and 3.23 were

determined. After about 2 seconds these estimates stop changing as quickly and are close to the

true values, but over the full simulation time, they drift until they cause the true system to

become unstable just after 60 seconds. Figure 3.22 shows that for the iLQG controllers, after an

initial adaptation period, the estimates of the parameters for the controllers remained largely

constant and that there was no significant parameter drifting occurring although the estimates of

the second parameter did decrease slightly over the 70 second simulation. Zooming in to the initial

adaptation period shown in Figure 3.23, both controllers’ estimates of the first parameter initially

approached the true value of 2, but then gradually converged to a final value near 2.6. For the

second parameter, there were no initial rapid changes in the estimates, just a gradual convergence

to 1.4. Additionally, adaptive iLQG appeared to have better parameter estimates than dual

iLQG, which was unexpected considering that the dual controller ended up with a lower cost.

To understand how dual iLQG performed better in this example while the adaptive controller
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had better parameter estimates, a closer look at the system is required. Knowing that this system

quickly reaches a steady state, an expression for the steady-state output of the first-order system

can be shown to be

yss =
kuss

a
, (3.22)

where the subscript ss denotes steady state. With the sole term in the objective function being

the squared difference between the output and a reference of 2, it becomes clear that it is not the

individual values of the parameters that are important for this problem, but the ratio of
k

a
.

Knowing this, the ratio of
k̂

â
can be plotted, as shown in Figure 3.24 for the entire time horizon,

and for the first seven seconds in Figure 3.25. Although difficult to see in Figure 3.24, Figure 3.25

shows that dual iLQG had a slightly better estimate of this ratio for the first 1.5 seconds, after

which adaptive iLQG is largely better. Figure 3.24 also more clearly shows that the slight drifting

of the second parameter in Figure 3.22 resulted in the ratio of the parameter estimates from both

controllers nearly converging to the true value by the end of the 70 second simulation.

Model-reference adaptive control oscillates around the true parameter ratio, but over time

diverges as the parameter drift.

Figures 3.26 and 3.27 show the full and initial plots of the modelled and true system output.

In Figure 3.26, the modelled system output is shown to approach 2.01, very close to the desired

value of 2, while the true system output approached 1.91. Since the modelled system had

practically reached the desired output reference, the controllers’ input stopped changing and the

true system’s output also stopped changing, but not necessarily at the desired output reference

due to the unmodelled dynamics and measurement noise. Model-reference adaptive control

oscillates around the desired output of 2 but diverges quickly 60 seconds into the simulation.

The stage and total costs for the adaptive and dual iLQG algorithms are shown in

Figures 3.28 and 3.29, with the latter figure being only the initial seven seconds of the simulation.

These plots directly reflect the square of the distance of the true system output in Figures 3.26

and 3.27 from the desired reference of 2. Although both controllers ended up with small but

non-zero stage costs for the second part of the simulation, dual iLQG outperformed adaptive

iLQG for the first part of the simulation, resulting in dual iLQG having an 11% lower total cost.

Model-reference adaptive control is not shown as it is not based on a cost function.

For the model-reference adaptive controller in [58], the constant reference does not provide

sufficient information for the parameter identification to distinguish information from noise,

causing the parameters to slowly drift. After drifting significantly beyond their true values, the
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parameter estimates cause the system to become unstable and suddenly diverge around 70 seconds

into the simulation. On the other hand, both dual and adaptive iLQG demonstrated robustness

to unmodelled dynamics and were able to get the system’s output very close to the desired

reference. Unlike the nonlinear controller in [58], these controllers did not cause their parameter

estimates to drift and avoided the instability that caused Slotine and Li’s controller to fail.

0 10 20 30 40 50 60 70
Time (sec.)

-4

-3

-2

-1

0

1

2

3

4

5

6

7

C
on

tr
ol

 1
 (

u
1
)

MRAC
dual iLQG
adaptive iLQG

Figure 3.18: Control comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example.
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Figure 3.19: Control comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example for first seven seconds.
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Figure 3.20: State comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example.
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Figure 3.21: State comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example for first seven seconds.
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Figure 3.22: Parameter comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example.
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Figure 3.23: Parameter comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example for first seven seconds.
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Figure 3.24: Parameter ratio comparison between dual and adaptive iLQG and model-reference
adaptive control on unmodelled dynamics example.
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Figure 3.25: Parameter ratio comparison between dual and adaptive iLQG and model-reference
adaptive control on unmodelled dynamics example for first seven seconds.

0 10 20 30 40 50 60 70
Time (sec.)

0

0.5

1

1.5

2

2.5

3

3.5

4

S
ys

te
m

 O
ut

pu
t (

y)

True (MRAC)
Modelled (MRAC)
True (dual iLQG)
Modelled (dual iLQG)
True (adaptive iLQG)
Modelled (adaptive iLQG)

Figure 3.26: Output comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example.
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Figure 3.27: Output comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example for first seven seconds.
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Figure 3.28: Cost comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example.
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Figure 3.29: Cost comparison between dual and adaptive iLQG and model-reference adaptive
control on unmodelled dynamics example for first seven seconds.

3.8 Summary

The extension of iLQG to be a dual control method was demonstrated in this chapter. Dual

iLQG shows promise as a high-speed dual control algorithm that can be applied to larger

problems than other dual control algorithms due to its derivative-based approach. Dual iLQG can

also handle multiplicative noise where wide-sense dual control and MS-SP-NMPC cannot.

After describing how iLQG can be extended to be adaptive or dual, dual iLQG was compared

with dual MS-SP-NMPC on a simple linear system where dual iLQG significantly outperformed

the other controllers. The robustness of dual and adaptive iLQG to time-varying parameters and

unmodelled dynamics on specific systems was then investigated. Although dual iLQG

outperformed adaptive iLQG in these two examples, both controllers demonstrated robustness to

time-varying parameters and unmodelled dynamics. The importance of using controllers that are

designed to handle multiplicative noise was also demonstrated.

In the next two chapters, dual iLQG will be applied to a complex biochemical system, an

anaerobic digestion, and a complex public policy control problem, the spread of COVID-19 in a

population.
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Chapter 4

Application to anaerobic digestion

4.1 Motivation

Anaerobic digestion is a chemical process where organic materials are broken down by various

types of bacteria in a low-oxygen environment to produce a gas that is commonly known as

biogas, which consists primarily of methane and carbon dioxide [10]. This biogas has various uses

as a fuel, and can, for instance, be used directly for cooking or heating. It can also be compressed

into a liquid fuel that is similar to natural gas, or it can be used to generate heat and power with

a combined heat and power system [26]. Compared to other renewable energy sources, biogas can

provide consistent power independent of the weather, can be located anywhere there is a

consistent supply of organic waste, and the energy can easily be stored for later use. Therefore,

anaerobic digestion represents a controllable renewable energy source that is free of many of the

intermittency, storage, and site location issues common with other sources of renewable energy.

Anaerobic digestion has several characteristics that make it an ideal application for dual

control. First of all, anaerobic digestion models have uncertain parameters, and in particular

those associated with the dynamics of the bacteria populations are difficult to measure and have a

significant impact on the rest of the system dynamics. Second, it is common for not all of the

states to be measured, and those that are measured are noisy. Finally, although not commonly

modelled, the composition of the organic feedstocks to the digester is not known precisely. This

combination of uncertainties in the feedstock composition, bacteria population dynamics, and the

measurements makes this application well-suited for the application of dual control. That being

said, these characteristics do not uniquely lend themselves to dual control, and other control

approaches such as robust or machine learning methods could also be used. As the focus of this
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thesis is dual control though, that will be the focus here.

4.2 System model

Two widely used models used to represent the anaerobic digestion dynamics are Anaerobic

Digestion Model No. 1 (or ADM1) [6] and AM2 [10]. ADM1 is a comprehensive model that has

24 state variables and is commonly used to simulate anaerobic digestion systems, but due to its

complexity has limited use for control approaches [27]. AM2 on the other hand has six state

variables while still capturing the main dynamics of the process and is commonly used for

model-based control and parameter estimation [26]. For these reasons, the AM2 model was used

for this work, but future work should investigate the feasibility of using dual iLQG with ADM1.

4.2.1 The AM2 model

The AM2 model represents the anaerobic digestion process as

Ẋ1 = (µ1(S1)− αD)X1, (4.1)

Ẋ2 = (µ2(S2)− αD)X2, (4.2)

Ṡ1 = D(Sin
1 − S1)− k1µ1(S1)X1, (4.3)

Ṡ2 = D(Sin
2 − S2) + k2µ1(S1)X1 − k3µ2(S2)X2, (4.4)

Ż = D(Zin − Z), (4.5)

Ċ = D(Cin − C)− qCO2
+ k4µ1(S1)X1 + k5µ2(S2)X2 (4.6)

where X1 is the concentration of acidogenic bacteria, X2 is the concentration of methanogenic

bacteria, S1 is the organic substrate concentration, S2 is the volatile fatty acid concentration, Z is

the total alkalinity concentration, C is the total inorganic carbon concentration, and the model

parameters are described in Table 4.1 [52]. The inputs to this model are the dilution rate, D,

along with the inlet concentrations of organic substrate, volatile fatty acids, total alkalinity, and

total inorganic carbon, Sin
1 , Sin

2 , Zin, and Cin respectively.

The growth rates of the acidogenic bacteria, µ1, are assumed to follow Michaelis-Menten

kinetics,

µ1(S1) = µ̄1
S1

S1 +KS1

, (4.7)
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and the growth rates of the methanogenic bacteria, µ2, are assumed to follow Haldane kinetics,

µ2(S2) = µ̄2
S2

S2 +KS2 + S2
2/KI2

, (4.8)

where The molar flow rate of carbon dioxide, qCO2
, is given by

qCO2
= kLa(C + S2 − Z −KHPCO2

), (4.9)

where µ̄1 and µ̄2 are the maximum respective growth rates.

PCO2
=

ϕCO2 −
√
ϕ2
CO2
− 4KHPt(C + S2 − Z)

2KH
, (4.10)

ϕCO2
= C + S2 − Z +KHPt +

k6
kLa

µ2(S2)X2, (4.11)

and the molar flow rate methane, qCH4
, is given by

qCH4
= k6µ2(S2)X2. (4.12)

The flow rate of biogas, qbiogas, is then assumed to be consisting only of carbon dioxide and

methane, and is therefore given by

qbiogas = qCO2
+ qCH4

. (4.13)

4.2.2 AM2 with uncertain feedstocks

To model the uncertainty in the digester feedstocks, the inputs to the AM2 model were modified

and parameters to characterize the feedstocks were added.

For a case with three feedstocks, the flow rates of these feedstocks become the new inputs to

the model, and can be represented by qa, qb, and qc. The dilution rate, therefore, becomes the

sum of the individual flow rates,

D = qa + qb + qc. (4.14)
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Parameter Definition Units

α Fraction of biomass in the liquid phase mmol/l
k1 Yield for substrate degradation g/g
k2 Yield for volatile fatty acid production mmol/g
k3 Yield for volatile fatty acid consumption mmol/g
k4 Yield for carbon dioxide production mmol/g
k5 Yield for carbon dioxide production mmol/g
k6 Yield for methane production mmol/g
µ1 Specific acidogenic bacteria growth rate 1/day
KS1

Half-saturation constant associated with µ1 g/l
µ2 Specific methanogenic bacteria growth rate 1/day
KS2 Half-saturation constant associated with µ2 mmol/l
KI2 Inhibition constant associated with µ2 mmol/l
KH Henry’s constant mmol/(l atm)
kLa Liquid/gas transfer constant 1/day
Pt Total pressure atm

Table 4.1: Parameters for the AM2 model

The inlet concentrations can then be represented as

Sin
1 =

Sa
1 qa + Sb

1qb + Sc
1qc

D
, (4.15)

Sin
2 =

Sa
2 qa + Sb

2qb + Sc
2qc

D
, (4.16)

Zin =
Zaqa + Zbqb + Zcqc

D
, (4.17)

Cin =
Caqa + Cbqb + Ccqc

D
, (4.18)

where Sa
1 , S

a
2 , Z

a, and Ca characterize the organic substrate concentration, volatile fatty acid

concentration, total alkalinity concentration, and total inorganic carbon concentration for

feedstock A, and Sb
1, S

b
2, Z

b, and Cb and Sc
1, S

c
2, Z

c, and Cc do the same for feedstocks B and C

respectively.

4.3 Results

4.3.1 Two-parameter comparison with dual MS-SP-NMPC

The true and estimated initial values of the state vector, x = [X1, X2, S1, S2, Z, C] are both

[0.5, 1, 1, 5, 40, 50]⊤ and the state are all constrained to be greater than 0. The controls,

u = [qa, qb, qc] are all constrained to be between 0.0001 and 1. The true value of the uncertain

parameter vector, d =
[
µ̄1, Z

C
]
, is [1.2, 100], while its initial estimate is [2, 50] with a covariance

matrix of diag[0.16, 1111.11]. This system is simulated over 70 time steps that are 0.1 days long.
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Only states [S1, S2, C] are measured with an noise term G of 0.5I3. The process noise scaling

matrix F for the dual iLQG state and parameter dynamics were set to 10−15I23 to be comparable

with the inability of MS-SP-NMPC to handle noise. The cost function is based on tracking a

desired biogas flow rate and is given as

J(x,u) = (qbiogas − 100)2. (4.19)

Starting with Figure 4.1 which shows the three feedstock controls for the AM2 model for each of

the three controllers, it can be seen that the all three algorithms took different approaches. The

iLQG algorithms were similar in that they varied all three feedstock controls, where the

MS-SP-NMPC algorithm focused primarily on the first feedstock control and only momentarily

used the other two. As there were no terms in the cost function to explicitly penalize or

encourage the use of the feedstock controls, the relative performance of these controls could only

be determined by their impact on tracking the desired rate of biogas production.

The plot of the anaerobic digestion states is shown in Figure 4.2, with solid lines for the true

state trajectories and markers for the state estimate means and variances. As would be expected

from the difference between the controls, the state trajectories are significantly different between

the three algorithms. The impact of µ̄1 being uncertain can be seen in the large covariance

associated with the third state, S2, even though it was being measured.

Figure 4.3 shows the plot of the parameter estimates, with the true values shown as black

lines. While the iLQG algorithms both approached the true values of the parameters, the

MS-SP-NMPC algorithm’s estimate of the first parameter, µ̄1, was close but not as accurate, and

not accurate at all for the second parameter, ZC . The reason for the MS-SP-NMPC algorithm’s

estimate of ZC being poor was that it hardly used the third control, qC , and therefore had little

opportunity to get feedback on ZC .

Looking next at the plot of the biogas production in Figure 4.4, the MS-SP-NMPC

algorithm’s strategy of focusing on only one of the feedstock controls was successful, as it was

largely able to maintain the biogas production level near the desired flow rate, with some

variation. The dual iLQG controller performed even better though and maintained a steady level

of biogas production after an initial ramp up. The the biogas production of the adaptive iLQG

controller approaches the desired level, but does not reach it and fluctuates slowly.

The ability of the controllers to track the desired biogas production level was directly reflected

in their costs, as shown in Figure 4.5. Comparing the total costs, dual MS-SP-NMPC had a
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68.5% improvement over adaptive iLQG, while dual iLQG had a 98.6% improvement over dual

MS-SP-NMPC.
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Figure 4.1: Control comparison between dual and adaptive iLQG and dual MS-SP-NMPC on AM2
anaerobic digestion model with two uncertain parameters.
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Figure 4.2: State comparison between dual and adaptive iLQG and dual MS-SP-NMPC on AM2
anaerobic digestion model with two uncertain parameters.
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Figure 4.3: Parameter comparison between dual and adaptive iLQG and dual MS-SP-NMPC on
AM2 anaerobic digestion model with two uncertain parameters.
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Figure 4.4: Biogas production comparison between dual and adaptive iLQG and dual MS-SP-
NMPC on AM2 anaerobic digestion model with two uncertain parameters.
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Figure 4.5: Cost comparison between dual and adaptive iLQG and dual MS-SP-NMPC on AM2
anaerobic digestion model with two uncertain parameters.

4.3.2 Seventeen-parameter comparison with adaptive iLQG

To show the ability of dual iLQG to handle many uncertain parameters, it was compared to

adaptive iLQG for the AM2 system with seventeen uncertain parameters. Dual MS-SP-NMPC

was not included in this comparison as it is unable to handle more than two uncertain parameters.

The true and estimated initial values of the state vector, x = [X1, X2, S1, S2, Z, C] are both

[0.5, 1, 1, 5, 40, 50]⊤ and the state are all constrained to be greater than 0. The controls,

u = [qa, qb, qc] are all constrained to be between 0 and 1. The true and initial estimated values of

the uncertain parameters d can be seen in Table 4.2, with a covariance matrix of

diag[0.16, 5.6, 0.06, 9.6, 7282, 1, 1111, 625, 2.8, 1.8, 2844.5, 69.5, 11, 2.8, 711, 1111, 0.1].

This system was simulated over 70 time steps that are 0.1 days long. Only states [S1, S2, C]

were measured with a noise term of G of 0.5I. The multiplicative noise terms F for the dual

iLQG state and parameter dynamics were set to 10−15I to be comparable with the lack of

MS-SP-NMPC to handle noise. The cost function was as given for the two-parameter example,

shown in equation (4.19).

The results for the two iLQG algorithms’ control trajectories are shown in Figure 4.6. As with
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Parameter True value Estimated value
µ̄1 1.2 2
KS1

7.1 10
µ̄2 0.74 2
KS2

9.28 15
KI2 256 350
SA
1 3 2.5

SA
2 100 80

ZA 75 50
CA 5 2.5
SB
1 4 2.5

SB
2 160 80

ZB 25 50
CB 10 2.5
SC
1 5 2.5

SC
2 80 80

ZC 100 50
CC 1 2.5

Table 4.2: Parameter values for the AM2 comparison with seventeen uncertainties

the previous example, these results by themselves did not indicate the relative performance of the

algorithms as there were no terms in the cost function to explicitly penalize or encourage the use

of the feedstock controls.

Figure 4.7 shows the true and estimated values for the anaerobic digestion system states. The

two iLQG algorithms had similar values for the first four states, but there was a significant

difference for the last two states, as the dual controller had higher total concentrations of

alkalinity and inorganic carbon.

Looking at the parameter estimates in Figure 4.8, the two iLQG algorithms gave similar

results for most of the parameters with only a few that approached the true parameter values.

The most notable exception was parameter 16, ZC , where the dual controller’s estimate quickly

approached the true value while the adaptive controller lagged behind. Other than this, there

were several instances where dual iLQG had a better estimate than adaptive iLQG and several

examples where the opposite was true. It is important to keep in mind that parameter

identification is not the objective of these algorithms and that a feature of dual control is being

selective in identifying parameters to such a level that the objective function can be minimized.

For the plot of biogas production in Figure 4.9, the dual controller approached the desired

production level by oscillating around the setpoint while the adaptive iLQG did not demonstrate

that behaviour. After performing worse than adaptive iLQG for several time steps in the first half

of the simulation, dual iLQG consistently outperformed adaptive iLQG over the second half of the

simulation.
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These results are reflected in the plot of the objective function in Figure 4.10, where it can be

seen that the first and third time steps are where dual iLQG gained the most advantage over

adaptive iLQG. Overall, the dual iLQG algorithm’s total cost was 18.6% lower than that of the

adaptive iLQG algorithm.

With the two- and seventeen-parameter comparisons of the AM2 anaerobic digestion model

being the same other than the number of parameters, the simulation times for these examples can

give a sense of how the dual iLQG algorithm overcomes the curse of dimensionality. The

simulation times for dual iLQG in this application with two- and seventeen-parameters were 1125

and 1256 seconds respectively. The fact that these simulation times are close demonstrates that

the expected exponential relationship between problem size and complexity does not hold here,

and that dual iLQG can overcome Bellman’s curse of dimensionality.
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Figure 4.6: Control comparison between dual and adaptive iLQG on AM2 anaerobic digestion
model with seventeen uncertain parameters.
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Figure 4.7: State comparison between dual and adaptive iLQG on AM2 anaerobic digestion model
with seventeen uncertain parameters.
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Figure 4.8: Parameter comparison between dual and adaptive iLQG on AM2 anaerobic digestion
model with seventeen uncertain parameters.
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Figure 4.9: Biogas production comparison between dual and adaptive iLQG on AM2 anaerobic
digestion model with seventeen uncertain parameters.
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Figure 4.10: Cost comparison between dual and adaptive iLQG on AM2 anaerobic digestion model
with seventeen uncertain parameters.
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4.4 Summary

This application demonstrated how this work’s dual iLQG controller can be used to control an

uncertain nonlinear biochemical system. To allow for dual iLQG to be compared with dual

MS-SP-NPMC, the AM2 anaerobic digestion system was simplified to have only two uncertain

parameters. Although dual iLQG significantly outperformed dual MS-SP-NPMC in this

two-parameter case, and dual MS-SP-NMPC was unable to handle the following

seventeen-parameter case. In this seventeen-parameter case, dual iLQG outperformed adaptive

iLQG by 18.6%. With similar simulation times between the two- and seventeen-parameter cases,

the ability of dual iLQG to overcome Bellman’s curse of dimensionality has been demonstrated for

this application.
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Chapter 5

Application to the control of the

COVID-19 outbreak

5.1 Motivation

The control of the COVID-19 pandemic continues to represent an enormous challenge for

governments all over the world. Although policies to limit deaths and hospitalizations have been

determined, such as enforcing mask use and lockdowns, these policies have social and economic

costs, and precisely how effective these policies are is uncertain [30]. Additionally, there are

uncertainties associated with the dynamics of the virus’s spread through populations [54]. Having

an objective of balancing deaths and hospitalizations with social and economic costs in a dynamic

system that has uncertain parameters makes COVID-19 a suitable application for dual control.

As with the anaerobic digestion application, other control approaches such as robust or machine

learning methods could also be applied to this system, but the focus of this thesis is dual control.

The purpose of using COVID-19 as an application for dual control here is not to model the

spread of the virus through a real population or to suggest that dual control could have saved

lives, but to apply dual control to a complex nonlinear system that people understand. To that

end, where available, values for the states, parameters, and cost-weighting factors from the

literature were used, and where not, illustrative values were used.
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β γ

Figure 5.1: SIR model compartmental diagram [43].

5.2 System model

To model the spread of infectious diseases through populations, compartmental models have been

used since 1927 [43]. These models divide a population into a series of compartments that

represent stages of the disease and then describe how these groups change over time. One of the

simplest of these compartment models was the SIR model [43] as shown in Figure 5.1, where a

population is divided into being Susceptible (S), Infected (I), or Removed (R) (that is, deceased).

The movement of the population through these states can then be represented graphically as

arrows between each compartment (state), and these population flows can then be described with

equations based on the states themselves as well as parameters and controls. These parameters

generally represent infection and fatality rates for different populations, and the controls are

methods of influencing these dynamics. For instance, the SIR model can be expressed as

Ṡ = −βSI

N
, (5.1)

İ =
βSI

N
− γI, (5.2)

Ṙ = γI, (5.3)

where β is the transmission rate between the infected and susceptible populations, γ is the inverse

infectious period, and N is the total population (S + I +R = N).

Note that in the SIR model, having a population that is recovered is not considered, and

neither is a hospitalized population that may have a different transmission rate.

These compartmental models have been tailored to better represent the dynamics of the

COVID-19 virus, with different compartments or states being considered by different researchers.

In [30], eight compartments are considered: Susceptible, Infected (those that are asymptomatic,

infected, and undetected), Diagnosed (those that are asymptomatic, infected, and detected),

Ailing (those that are symptomatic, infected, and undetected), Recognized (those that are

symptomatic, infected, and detected), Threatened (those that are acutely symptomatic, infected,

and detected), Healed (either after being detected or not, and assumed immune after being
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Figure 5.2: SIDARTHE model compartmental diagram [30].

infected), and Extinct (and assumed to be detected), giving the SIDARTHE model shown in

Figure 5.2.

In the SIDARTHE model, the infected populations other than the threatened population

infect the susceptible population with different rates of transmission. Once infected, there are 5

different transitions between populations considered, shown in different colours in Figure 5.2:

developing symptoms, getting diagnosed, getting healed, becoming critical, or dying. With the

parameters shown in Figure 5.2 describing these transitions between the states, the SIDARTHE
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Parameter Rate of of state by state moving to state

α infection S I I
β infection S D and R I
γ infection S A I
ϵ diagnosis I - D
ζ developing symptoms I and D - A and R
θ diagnosis A - R
µ developing acute symptoms A and R - T
λ recovery I and D - H
κ recovery A and R - H
σ(T ) recovery T - H
τ(T ) mortality T - E

Table 5.1: Parameters for the SIDARTHE model

model can be expressed as

Ṡ = −S (αI + βD + γA+ βR) , (5.4)

İ = S (αI + βD + γA+ βR)− (ϵ+ ζ + γ) I, (5.5)

Ḋ = ϵI − (ζ + λ)D, (5.6)

Ȧ = ζI − (θ + µ+ κ)A, (5.7)

Ṙ = ζD + θA− (µ+ κ)R, (5.8)

Ṫ = µA+ µR− (σ (T ) + τ (T ))T, (5.9)

Ḣ = λI + λD + κA+ κR+ σ (T )T, (5.10)

Ė = τ (T )T, (5.11)

where the description of the parameters can be found in Table 5.1.

In this model, the recovery and mortality rates of the Threatened state are modelled as being

dependent on the Threatened state to represent the impact of the health care system being

overwhelmed. In [30], this effect was achieved in a two-step process, whereby a model was created

where the Threatened population was divided into those in the limited-capacity intensive care

unit (ICU) and those not, and then this model was simplified to maintain the eight states

described above. The compartmental diagrams for these two steps can be seen in Figure 5.3.

Defining T1 as the Threatened population that do not require ICU treatment and T2 as those

that do, and assuming that there are no transfers between these two populations, the dynamics of
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Figure 5.3: Partial compartmental diagram for considering the impact of an overwhelmed ICU [30].

these states can be represented as

Ṫ1 = µ1 (A+R)− (σ1 + τ1)T1, (5.12)

Ṫ2 = µ2 (A+R)− (σ2 (T2) + τ2 (T2))T2, (5.13)

where σ1 and τ1 are independent parameters and σ2 and τ2 are dependent on T2. This model is

approximated to a lumped model as shown on the right of Figure 5.3, for a defined ICU capacity

of TICU , by assuming that if T2 ≤ TICU ,

τ(T ) =
µ1

µ
τ1 +

µ2

µ
τ2, (5.14)

σ(T ) =
µ1

µ
σ1 +

µ2

µ
σ2, (5.15)

but if T2 > TICU , τ(T ) increases to τcrit for the remaining T2 population who require ICU

treatment but cannot access it, and the recovery rate for this group also drops to 0. The τ(T )T

and σ(T )T terms can therefore be represented as

τ(T )T =
µ1

µ
τ1T +max

{
µ2

µ
τ2T, τ2TICU + τcrit

(
µ2

µ
T − TICU

)}
, (5.16)

σ(T )T =
µ1

µ
σ1 + σ2 min

{
µ2

µ
, TICU

}
, (5.17)

and used in equations (5.9) to (5.11).

To implement controls in this model, public health policies are seen to have a direct influence
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on the infection rates α and γ, and this relationship can be modelled as

α(t) = αmax + (αmin − αmax)u(t), (5.18)

γ(t) = γmax + (γmin − γmax)u(t), (5.19)

where u(t) is constrained to [0, 1] and can be used to vary the infection rates between minimum

values of αmin and γmin with u = 1 and maximum values of αmax and γmax with u = 0.

5.2.1 SIDARTHE model limitations

Although the SIDARTHE model can capture the major aspects of the dynamics of COVID-19,

there are several limitations to this model. First of all, this model represents the population as

static, other than deaths due to COVID-19. SIDARTHE does not include population changes due

to travel, births, or non-COVID-related deaths. A more complex model that did include

non-COVID-related deaths would also be an interesting application for dual control.

Additionally, the SIDARTHE model only represents the public health policies as a single

control input, lumping the impact of these policies into a single value representing the severity of

the restrictions. Although this makes the implementation of the model much easier, it would be

difficult for health agencies to get precise recommendations from such a lumped term.

Additionally, this single control action limits the potential probing that a dual control method

could implement, as in reality multiple policies can be varied over time. For instance, media

campaigns, enforcing social distancing and mask use, performing asymptomatic testing,

performing symptomatic testing, quarantining of positive cases, increasing non-ICU hospital

resources, and increasing ICU resources could all be considered independent controls, and the

extension of the SIDARTHE model to include these controls will be discussed in the next section.

5.2.2 Changes to the SIDARTHE model

To extend the SIDARTHE model to have separate control inputs representing different types of

public health policies, a similar approach to that of equations (5.18) and (5.19) was used. The

public health policies that were considered were media campaigns (u1), enforcing social distancing

and mask use (u2), performing asymptomatic testing (u3), performing symptomatic testing (u4),

quarantining of positive cases (u5), increasing non-ICU hospital resources (u6), and increasing

ICU resources (u7). Since many of these public health policies influence more than one parameter

in the SIDARTHE model to varying levels, effectiveness parameters were introduced. For
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instance, both media campaigns and enforcing social distancing and mask use will lower α, but

the media campaigns may do so less effectively. The impact of the control inputs on the

SIDARTHE model parameters can therefore be represented as

α = αmax + (αmin − αmax) (ηα1u1 + ηα2u2) , (5.20)

β = βmax + (βmin − βmax) (ηβ1u1 + ηβ2u2 + ηβ5u5) , (5.21)

γ = γmax + (γmin − γmax) (ηγ1
u1 + ηγ2

u2) , (5.22)

ϵ = ϵmin + (ϵmax − ϵmin) (ηϵ1u1 + ηϵ3u3) , (5.23)

θ = θmin + (θmax − θmin) (ηθ1u1 + ηθ4u4) , (5.24)

σ1 = σ1min
+ (σ1max

− σ1min
)u6, (5.25)

σ2 = σ2min + (σ2max − σ2min)u7, (5.26)

τ1 = τ1max + (τ1min − τ1max)u6, (5.27)

τ2 = τ2max
+ (τ2min

− τ2max
)u7, (5.28)

TICU = TICUmin
+ (TICUmax

− TICUmin
)u7, (5.29)

where the η terms are effectiveness factors for the controls, describing the influence they have on

the SIDARTHE model parameters. For each of the SIDARTHE model parameters, the η terms

sum to 1 such that the maximum and minimum values are maintained. For instance,

ηβ1
+ ηβ2

+ ηβ5
= 1, (5.30)

and therefore when these effectiveness factors are used as uncertain parameters in dual iLQG, one

of the factors from each set can be determined from the others.

5.3 Results

5.3.1 Two-parameter comparison with dual MS-SP-NMPC

Since the dual MS-SP-NMPC code was only able to handle two parameters, it was compared with

dual and adaptive iLQG for the original single-control SIDARTHE model. The uncertain

parameters were chosen to be αmin and γmin, as the extent to which the spread of COVID-19 can

be reduced by imposing full restrictions is a critical factor in determining the trade-off between

reducing cases and the socio-economic impacts of restrictions. The values of the total population
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and the parameters used in these simulations were taken from [30], where the COVID-19 outbreak

in Germany was modelled.

The states x = [S, I,D,A,R, T,H,E] were constrained to [0, 82999999] and the true and

estimated initial values of the state vector were both [82998999, 1000, 0, 0, 0, 0, 0, 0]⊤. The control

input u = u(t) was constrained to [0, 1]. The true value of the constant parameter vector

d = [αmin, γmin] was [0.0422, 0.0422], while its initial estimate was [0.15, 0.1] with a covariance

matrix of [0.0025, 0; 0, 0.0011]. This system was simulated over 40-time steps that were 1.0 days

long, with a rolling horizon approach. The Diagnosed, Recognized, Threatened, and Extinct

states were measured with a noise term G of diag([10, 7.5, 5, 2.5]), and as the MS-SP-NMPC did

not consider the states to be uncertain, the process noise scaling matrix F for the dual iLQG

state and parameter dynamics were set to 10−15I10 and the noise was not implemented in the

true system in the outer loop. The cost function was set as

J(x,u) = cxx+ cuu
2, (5.31)

where x is the state vector, u is the control vector, cx = [0, 0, 0, 0, 0, 0.0033, 0, 0.0267], and

cu = 10. This cost function was very similar to the one used in [53] for the suppression of

COVID-19, but cu was increased here to increase the cost of imposing restrictions. Additionally,

this is a representative cost function; its values would have to be set by policymakers, but the

benefits illustrated in this work are robust to various cost functions. The vector cx places a cost

on the Threatened and Extinct populations.

Instead of using a shrinking horizon approach for the SIDARTHE simulations, a rolling

horizon approach was used to match how this problem would be approached by governments.

Since COVID-19 is an ongoing issue, the control approach should reflect that, and ignoring this

fact was shown to cause unexpected results from the controllers. When using a shrinking horizon,

all of the controllers had knowledge of the fixed terminal simulation time, and as that terminal

time approached, they changed their behaviour. Due to the cost of the control actions and the

propagation delay between infected individuals becoming hospitalized or dying, the controllers

would drop all restrictions, or controls, to zero near the end of the simulation to reduce costs, as

there were no costs associated with the soon-to-be spiking hospitalization levels after the

simulation ended. In essence, the controllers were behaving as if they knew the world was ending

at a particular time, and there was no need for restrictions. As this behaviour was not

representative of the approach governments would likely take, a rolling horizon approach was used,
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where even during the last time step of the simulation, the controller was still trying to minimize

costs over a time horizon that extended past the final time step. This rolling horizon approach

gave the desired controller behaviour and was used for all of the SIDARTHE simulations.

Figure 5.4 shows the controls for the adaptive iLQG, dual iLQG, and dual MS-SP-NMPC

algorithms. Here, the dual MS-SP-NMPC algorithm’s control is plotted against the right y-axis in

order to see the variations in its small control actions. Both of the iLQG algorithms used the full

range of the constrained control, while the MS-SP-NMPC algorithm’s control remained near zero

for the entire simulation duration. The dual iLQG controls use a high degree of restrictions early

on, with a small variation that likely helped with parameter identification, before tapering off over

the 40 day time frame.

The effect of these controls on the system states can be seen in Figure 5.5, where the near lack

of control from the MS-SP-NMPC algorithm is clear from the rapid increase in case numbers,

while the iLQG algorithms did better at keeping the case numbers under control, with dual iLQG

performing better than adaptive iLQG.

The estimation of the two uncertain parameters is shown in Figure 5.6. Here, with the control

hardly used, the dual MS-SP-NMPC algorithm’s estimates remained at the initial values, while

the iLQG algorithms converged to the true values in a similar manner.

Finally, the plot of the cumulative cost for each algorithm is shown in Figure 5.7. The

MS-SP-NMPC’s cost increased each time step with the increasing case counts, remaining lower

than the cost of the iLQG algorithms until after the 30th day. Comparing the total costs, dual

iLQG outperformed adaptive iLQG and dual MS-SP-NMPC by 28% and 66% respectively.
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Figure 5.4: Control comparison between dual and adaptive iLQG and dual MS-SP-NMPC on
SIDARTHE COVID-19 model with two uncertain parameters.
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Figure 5.5: State comparison between dual and adaptive iLQG and dual MS-SP-NMPC on
SIDARTHE COVID-19 model with two uncertain parameters.
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Figure 5.6: Parameter comparison between dual and adaptive iLQG and dual MS-SP-NMPC on
SIDARTHE COVID-19 model with two uncertain parameters.
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Figure 5.7: Cost comparison between dual and adaptive iLQG and dual MS-SP-NMPC on
SIDARTHE COVID-19 model with two uncertain parameters.

Robustness and stability of results

To explore the robustness and stability of these results, the above simulation was run 100

times with each time step of the initial control policy being drawn randomly from a normal
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distribution with a mean of 0.5 and a variance of 0.0625. This process was repeated with the

iLQG, adaptive iLQG, and dual iLQG algorithms for three different rolling horizon lengths. The

impact of the horizon length on the simulation time of these algorithms was of particular interest

to compare with similar dual MS-SP-NMPC results. These results are shown in Table 5.2 where

the abbreviations A-iLQG and D-iLQG are used for adaptive iLQG and dual iLQG.

Min. seed cost (90% seeds within) Median Time (Interquartile range, sec.)

Horizon iLQG A-iLQG D-iLQG iLQG A-iLQG D-iLQG

5 427 (2.04%) 423 (2.97%) 423 (2.97%) 1.53 (0.0328) 2.05 (0.0607) 2.46 (0.179)

25 230 (63.8%) 169 (57.6%) 172 (59.9%) 150 (84.2) 128 (106) 166 (126)

40 246 (34.6%) 166 (43.6%) 166 (49.2%) 281 (78.6) 297 (151) 293 (177)

Table 5.2: Results from 100 seeded runs of the 2 parameter SIDARTHE COVID-19 model with
several rolling horizon lengths

Looking to the left-hand side of Table 5.2, the best solution of the 100 seeds is shown along

with a measure of how close 90% of the other solutions were to this minimum in brackets. For

instance, the first entry reads that the minimum solution was 427 and that 90% of the 100 seeds

had results within 2.04% of this minimum value (therefore the results were very consistent). With

a horizon length of 5, all three of these algorithms preformed poorly compared to the longer

horizon options shown, but the solutions were concentrated with 90% of them with 2-3% of their

respective minimums, therefore they consistently performed poorly. The results for the other two

horizon lengths were similar to one another in terms of their minimums, but the longer horizon

length of 40 improved the concentration of the solutions around the best solution for all three

algorithms. If the horizon length of 5 was too short, causing the algorithms to consistently given

poor results, the longer horizon options do not appear to have that issue. To compare these

results with individual runs of the dual MS-SP-NMPC algorithm, for horizons of 5 and 25 had

results of 486.6 and 509.9, while the algorithm ran out of available memory when trying to run

with the full horizon of 40. All three of the iLQG algorithms outperform dual MS-SP-NMPC in

this application.

Moving to the right-hand side of Table 5.2, the median simulation times from the 100 seeds

are shown along with the interquartile range of the times, both shown in seconds. Here, longer

horizons are correlated with longer median run times, and in most cases, increasing complexity of

the iLQG algorithm also increases the median run time. The exceptions to this last point are that
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for a horizon of 25, the adaptive iLQG algorithm has a lower median time than the iLQG

algorithm, and for the horizon of 40 the dual iLQG algorithm has the lowest median time. These

simulation times are all within the same order of magnitude, which cannot be said for the dual

MS-SP-NMPC algorithm. Individual runs of the dual MS-SP-NMPC algorithm with horizons of 5

and 25 had simulation times of 594.6 and 11301 seconds, while the algorithm ran out of available

memory when trying to run with the full horizon of 40. This demonstrates the significant

advantage of dual iLQG over dual MS-SP-NMPC.

To get a better idea of these results for the case of with the rolling horizon length of 40, a

histogram of the costs and a box plot of the simulation times for each of the algorithms is shown

in Figures 5.8 and 5.9.

In Figure 5.8, both adaptive and dual iLQG are an improvement on iLQG, but where the

iLQG and adaptive iLQG solutions are strongly skewed to the left, the dual iLQG solutions do

not show this same pattern. It may be that for this application the dual probing actions do not

result in the cost reductions that the algorithm determined were probable. The dual iLQG

algorithm does find a similar minimum solution as the adaptive algorithm though, and the two

have a similar variance.

Looking at the simulation time required for these seeded runs in Figure 5.9, the results are

similar between the three algorithms. Although the dual algorithm would normally be expected

to have the longest times, and it does have the largest extreme times in this case, it actually has

the lowest median time of the three algorithms. In this application, the complexity of the model

and the length of the horizons appear to have more of an impact on the simulation times than the

differences between the algorithms.

5.3.2 Sixteen-parameter comparison with adaptive iLQG

As in the anaerobic digestion application, the model expanded from the two-parameter case to

sixteen parameters in this case to compare dual and adaptive iLQG. Dual MS-SP-NMPC was not

included in this comparison as it is unable to handle more than two uncertain parameters. The

modified SIDARTHE model used for this comparison used 5 control inputs, u1 to u5 as described

in equations (5.20) to (5.24).

The states x = [S, I,D,A,R, T,H,E] were constrained to [0, 82999999] and the true and

estimated initial values of the state vector are both [82998999, 1000, 0, 0, 0, 0, 0, 0]⊤. The 5 control

inputs u = [u1, u2, u3, u4, u5] as described in Section 5.2.2 are constrained to [0, 1]. The true and
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Figure 5.8: Frequency (%) of final cost of 100 seeded runs of the iLQG algorithms for the 2
parameter SIDARTHE COVID-19 model with a rolling horizon length of 40.
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Figure 5.9: Distribution of the simulation time required for 100 seeded runs of the iLQG algorithms
for the 2 parameter SIDARTHE COVID-19 model with a rolling horizon length of 40.
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Parameter True value Estimated value Source

αmin 0.0422 0.05 [30]
αmax 0.3614 0.5 [30]
ηα1

0.2 0.5
βmin 0.0018 0.005 based on central value from [30]
βmax 0.015 0.05 based on central value from [30]
ηβ1

0.05 0.1
ηβ2

0.25 0.2
γmin 0.0422 0.05 [30]
γmax 0.3614 0.5 [30]
ηγ1 0.1 0.5
ϵmin 0.0414 0.05 based on central value from [30]
ϵmax 0.3548 0.5 based on central value from [30]
ηϵ1 0.1 0.5
θmin 0.0414 0.05 based on central value from [30]
θmax 0.3548 0.5 based on central value from [30]
ηθ1 0.3 0.5

Table 5.3: Parameter values d for the SIDARTHE comparison with sixteen uncertainties

initial estimated values of the uncertain parameters d used in this simulation are shown in

Table 5.3. This system is simulated over 40 time steps that are 1.0 days long, with a rolling

horizon approach. The Diagnosed, Recognized, Threatened, and Extinct states are measured with

a noise term G of diag([10, 7.5, 5, 2.5]), and the noise term F for dual iLQG was set to 10−15 for

both the state and parameter dynamics, but the noise was not implemented in the true system in

the outer loop to be comparable with the 2 parameter example. The cost function is given as

J(x,u) = cxx+ cuu
2, (5.32)

where cx = [0, 0, 0, 0, 0, 0.033, 0, 0.267], and cu = [0.01, 10, 0.75, 0.75, 0.5]. As with the 2 parameter

example, costs are placed on the Threatened and Extinct populations. As for the cost of using the

controls, media campaigns were given a low weight and enforcing social distancing and mask use

was given a higher weight compared to the other three controls.

The controls resulting from the adaptive and dual iLQG algorithms are shown in Figure 5.10.

Compared to the adaptive controller, the dual controller has generally lower values for the 2nd,

3rd, and 4th controls (enforcing social distancing and mask use, asymptomatic testing, and

symptomatic testing) that have higher weights in the cost function, while the 1st and 5th controls

are very similar to adaptive iLQG.

Figure 5.11 shows the true and estimated states for each algorithm, along with the covariance

of the estimates. Although the dual controller had lower controls, the case counts for dual iLQG
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are lower than or similar to the adaptive case. The dual controller has noticeably fewer case

counts for the 6th and 8th states (Threatened and Extinct) that have non-zero cost terms.

Due to the significant measurement noise and large covariance of the states in this example,

the parameter estimates shown in Figure 5.12 also have large covariances, and many of the

estimates do not converge to the true values in the 40 day time horizon.

With generally lower restrictions the dual controller was able to reduce Threatened and

Extinct cases of COVID-19, resulting in a total cost that was 5% lower than the adaptive

controller, as shown in Figure 5.13. The dual controller had a similar cost to the adaptive

controller for the first 6 time steps before having a higher cost for about 10 time steps, and then

finally maintained a consistent advantage over the adaptive controller.

With the two- and sixteen-parameter comparisons of the SIDARTHE COVID-19 model being

the same other than the number of parameters, the simulation times for these examples can give a

sense of how the dual iLQG algorithm overcomes the curse of dimensionality. The simulation

times for dual iLQG in this application with two- and sixteen-parameters were 293 and 1484

seconds respectively. The sixteen-parameter time is five times greater than for the two-parameter

case which has eight times fewer parameters. This is not the exponential increase in simulation

time that would be expected if Bellman’s curse of dimensionality held.
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Figure 5.10: Control comparison between dual and adaptive iLQG on modified SIDARTHE COVID-
19 model with sixteen uncertain parameters.
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Figure 5.11: State comparison between dual and adaptive iLQG on modified SIDARTHE COVID-
19 model with sixteen uncertain parameters.
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Figure 5.12: Parameter comparison between dual and adaptive iLQG on modified SIDARTHE
COVID-19 model with sixteen uncertain parameters.
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Figure 5.13: Cost comparison between dual and adaptive iLQG on modified SIDARTHE COVID-19
model with sixteen uncertain parameters.

5.4 Summary

This application demonstrates how the dual iLQG controller presented here can be used to inform

government policy for uncertain nonlinear systems. To allow for dual iLQG to be compared with

dual MS-SP-NPMC, the SIDARTHE model of COVID-19 was simplified to having only two

uncertain parameters. Dual iLQG outperformed dual MS-SP-NMPC by 7% and adaptive iLQG

by 26%, but dual MS-SP-NMPC was unable to handle the following sixteen-parameter case. With

sixteen uncertain parameters, dual iLQG outperformed adaptive iLQG by 5%. With the

difference in the simulation times between the two- and sixteen-parameter cases, the ability of

dual iLQG to overcome Bellman’s curse of dimensionality has been demonstrated.
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Chapter 6

Conclusions

The focus of this thesis is the control of systems with uncertain parameters in such a way that the

reduction of uncertainty is implicit in the minimization of a given cost function. These dual goals

of system identification and system identification are often at odds with each other, and this

tension creates a set of three features that characterize dual control. Dual control demonstrates

caution, minimizing the magnitude of control actions when uncertainties are high, probing,

varying the control actions to gain information about the uncertain parameters, and selectiveness,

only seeking to gain information on those parameters which will are likely to cause a reduction in

future costs [29].

Although the cost function can be modified to explicitly introduce one or more of these dual

features, these explicit approximations of dual control require that the relative importance

between these features and the original cost function is determined. Implicit approximations of

dual control on the other hand consider the impact of future reductions in parameter uncertainty

on the original cost function over the control horizon, increasing the flexibility of the control

algorithm to balance system identification and cost minimization when compared to explicit

methods. Due to this increased flexibility, implicit methods can give better results than explicit

methods [8], generally at a cost of higher computational effort [23].

Several implicit dual control algorithms exist, but each only considers limited control or

parameter realizations to make the control problem tractable, or are only applicable for systems

with a limited number of states. For example, the optimization problem in MS-SP-NMPC grows

exponentially with increasing uncertain parameters, and its current implementation can only

handle two uncertain parameters. This issue of the problem size increasing exponentially with the

number of states is known as Bellman’s curse of dimensionality [67], and this limits existing
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implicit dual methods as they do not take a derivative-based approach in continuous state space.

The dual iLQG method presented in this thesis fills this gap by extending the derivative-based

iLQG method to be implicitly dual. The ability of both the dual and adaptive iLQG methods

presented to be robust to time-varying parameters, unmodelled dynamics, and handle

multiplicative noise was explored. Neither wide-sense dual control nor MS-SP-NMPC can handle

multiplicative noise, making dual iLQG ideally suited to the wide range of control problems that

inherently involve multiplicative noise.

Dual iLQG is applicable to a variety of complex nonlinear control problems with many

uncertain parameters, as shown in its application to the control of anaerobic digestion and

COVID-19. Since MS-SP-NMPC is only able to handle systems with two uncertain parameters,

simplified versions of these systems were used to compare dual and adaptive iLQG with

MS-SP-NMPC, and dual iLQG outperformed MS-SP-NMPC in all but one case. When the

systems with all of the uncertain parameters were used, dual iLQG consistently outperformed

adaptive iLQG.

6.1 Key contributions

A high-speed adaptive iLQG algorithm was developed that estimates individual parameters of a

system instead of the entire dynamic model of the system. The parameters were treated as

constants in the iLQG algorithm through the creation of an augmented constants vector, but

treated as states in the outer loop filter through the creation of an augmented state vector and

augmented state covariance matrix. Key contributions with adaptive iLQG include:

• developing adaptive iLQG,

• exploring robustness to time-varying parameter dynamics and unmodelled dynamics,

• demonstrating temporal feasibility,

• and comparing its performance to dual MS-SP-NMPC.

A dual iLQG algorithm was developed that can actively learn a system’s uncertain parameters

through probing actions, but only does so when the resulting reduction in uncertainty is expected

to lead to a decrease in the objective function. The parameters were treated as states in the iLQG

algorithm and the outer loop filter through the creation of an augmented state vector, augmented

state covariance matrix, and an augmented dynamic model. Key contributions with dual iLQG

include:
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• developing implicit dual iLQG,

• overcoming Bellman’s curse of dimensionality that limits conventional implicit dual control

algorithms,

• exploring robustness to time-varying parameter dynamics, unmodelled dynamics, and

multiplicative noise,

• demonstrating temporal feasibility,

• and demonstrating its superior performance over dual MS-SP-NMPC.

Adaptive and dual iLQG were also applied to complex nonlinear systems:

• anaerobic digestion,

• and COVID-19.

This work extends iLQG, developed by Li and Todorov [37] to be an implicit dual method,

creating a more general version of Bar-Shalom and Tse’s Wide-Sense Dual Control [4, 5, 68].

Unlike dual MS-SP-NMPC [64], which is also an implicit dual control approach, dual iLQG

overcomes Bellman’s curse of dimensionality and can handle state and measurement

multiplicative noise.

6.2 Potential applications

In the 2017 review paper “Systems and Control for the future of humanity, research agenda:

Current and future roles, impact and grand challenges” by Lamnabhi-Lagarrigue et al. [34], three

requirements are listed that “call for a paramount role for data-driven modeling, which must be

integrated into virtually all future complex engineering systems.” Dual iLQG addresses two of

these three requirements, specifically the need for models to adapt to changing parameters as well

as the need for approaches that enable active learning, which is described as “probing the

system/environment to generate sensor information that is suitable for model adaptation”.

Considering dual iLQG’s ability to handle nonlinear systems and efficiently handle large systems,

dual iLQG is in a favourable position to meet these requirements and could solve current and

future control problems.

Since uncertainty is common in real-world systems, dual iLQG is applicable to a wide

spectrum of applications. Aside from controlling mechatronic systems, dual iLQG can be applied

92



to inform health care systems, government policy, and financial systems. The review paper by

Lamnabhi-Lagarrigue et al. mentions several high-impact system and control applications for the

future, and dual iLQG could be applied to many of them, including automotive control,

spacecraft control, renewable energy and smart grid, assistive devices for people with disabilities,

and advanced building control. In this thesis, dual iLQG was applied to both a government policy

problem (COVID-19) and a renewable energy problem (anaerobic digestion).

Additionally, dual iLQG can handle multiplicative noise where other dual control algorithms

such as MS-SP-NMPC and wide-sense dual cannot. This feature suggests that dual iLQG should

be particularly well suited for applications where multiplicative noise is common, such as in the

control of prostheses using myoelectric signals [57], robot motion planning when using sensors

with distance-dependent errors [15], stochastic fluid dynamics [13], and power grids where

renewable energy represents a significant portion of total power generation [20, 2]. Other

applications that involve multiplicative noise include financial stochastic volatility models [49],

systems involving wireless communication [69], and batch chemical process control [55].

6.3 Limitations

There are several limitations to this control approach:

• Dual iLQG requires a dynamic model for each system that it is applied to, and the noise

characterizes of that system need to be known. In the absence of a white box dynamic

model, Gaussian Process regression can be used to provide the system dynamics [29, 35].

• Dual iLQG is not guaranteed to outperform other methods in every application as the

probing nature of dual control does not always result in lower long-term costs.

6.4 Future directions

There are several directions for future research on dual iLQG. These include:

• Investigating what theoretical guarantees can be placed on the stability, optimality, and

robustness of dual and adaptive iLQG. There has been little research on the stability of

iLQG, but methods used to analyze the stability of multi-stage NMPC may prove useful.

• Investigating what theoretical boundaries can be placed on the robustness of dual and

adaptive iLQG.
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• The implementation of dual iLQG on real systems.

• The ability of state constraints to be imposed on the system could be improved by

combining this work with the augmented Lagrangian method for state constraints in

differential dynamic programming [25].

• With the similarities between iLQG and differential dynamic programming, this work could

easily be extended to take a second order approximation of the system dynamics instead of

the present first order approximation, to create a dual differential dynamic programming.

Theodorou, Tassa, and Todorov’s work on stochastic differential dynamic programming [65]

would help with this endeavour.

• The applicability of dual iLQG to chaotic systems could be investigated.

Dual iLQG shows significant promise as a control approach that can account for and actively

reduce the uncertainties that are inherent to systems while improving their performance. Since

this approach is so general and requires no training prior to implementation, it may be applicable

to a wide range of fields including applications that have been identified as high-impact. Dual

iLQG may have the potential to solve future control challenges that humanity will face.
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Appendix A

Detailed comparison of DDP-like

controllers

The following tables were created by Andrew Mathis, Jon Sensinger, Anjana Arunachalam, and

Ali Estarami to compare papers on the iLQR, iLQG, and DDP algorithms.
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nonlinear model predictive control, Journal of Process Control 92 (2021), 108–118.

[47] Rudolph Van Der Merwe and Eric Wan, Sigma-Point Kalman Filters for Probabilistic

Inference in Dynamic State-Space Models, in Proceedings of the 60th Annual Meeting of The

Institute of Navigation (ION) (2004).

[48] Ali Mesbah, Stochastic model predictive control with active uncertainty learning: A Survey on

dual control, Annual Reviews in Control 45 (2018), 107–117.

[49] Thomas Mikosch and Mohsen Rezapour, Stochastic volatility models with possible extremal

clustering, Bernoulli 19 (2013), no. 5A.

[50] Djordje Mitrovic, Stefan Klanke, and Sethu Vijayakumar, Adaptive optimal feedback control

with learned internal dynamics models, Studies in Computational Intelligence 264 (2010),

65–84.

[51] Altan Onat, A Novel and Computationally Efficient Joint Unscented Kalman Filtering

Scheme for Parameter Estimation of a Class of Nonlinear Systems, IEEE Access 7 (2019),

31634–31655.

106



[52] Radoslav Paulen, Mario E. Villanueva, and Benôıt Chachuat, Guaranteed parameter

estimation of non-linear dynamic systems using high-order bounding techniques with domain

and CPU-time reduction strategies, IMA Journal of Mathematical Control and Information

33 (2016), no. 3, 563–587.
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