GEOMETRIC FOUNDATIONS FOR CLASSICAL U(1)-GAUGE
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THEORY ON NONCOMMUTATIVE MANIFOLDS

BRANIMIR CACIC

ABsTrRACT. We systematically extend the elementary differential and Riemann-
ian geometry of classical U(1)-gauge theory to the noncommutative setting
by combining recent advances in noncommutative Riemannian geometry with
the theory of coherent 2-groups. We show that Hermitian line bimodules with
Hermitian bimodule connection over a unital pre-C*-algebra with *-exterior
algebra form a coherent 2-group, and we prove that weak monoidal functors be-
tween coherent 2-groups canonically define bar or involutive monoidal functors
in the sense of Beggs—Majid and Egger, respectively. Using this, we prove that a
suitable Hermitian line bimodule with Hermitian bimodule connection yields an
essentially unique differentiable quantum principal U(1)-bundle with principal
connection and vice versa; here, U(1) is g-deformed for ¢ a numerical invariant
of the bimodule connection. Finally, we formulate and solve the interrelated
lifting problems for noncommutative Riemannian structure in terms of abstract
Hodge star operators and formal spectral triples, respectively; all the while,
we account precisely for emergent modular phenomena. Thus, the spin Dirac
spectral triple on quantum CP' does not lift to a non-pathological twisted
spectral triple on 3-dimensional quantum SU(2), but its formal lift nonetheless
induces Kaad—Kyed’s compact quantum metric space on quantum SU(2) for a
canonical choice of parameters.
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2 BRANIMIR CACIC

1. INTRODUCTION

The primordial application of noncommutative (NC) geometry to theoretical
physics is the conceptually economical construction of physical models. For example,
in Bellissard—Van Elst-Schulz-Baldes’ model of the integer quantum Hall effect [15],
the NC Brillouin zone accounts for both the magnetic field and disorder in the crystal,
while in particle physics [98] and cosmological models [71] using the spectral action
principle [31], 0-dimensional NC fibres encode the particle content. The prototypical
such construction is Connes—Rieffel’s Yang—Mills gauge theory on irrational NC
2-tori [36], the first of many NC field theories built from a range of seemingly
disparate variations on Connes’s NC differential geometry [32, 33]. Indeed, one
can approach various aspects or special cases of NC U(1)-gauge theory in terms of
quantum principal bundles [23, 40|, principal U(1)-spectral triples [43, 20, 26], or
even the spectral action principle [98].

This fragmentary understanding of classical U(1)-gauge theory on NC manifolds is
an obstacle to physical applications. For example, in the quantum adiabatic transport
approach to the integer quantum Hall effect, one probes the qualitative behaviour
of relevant observables by considering the integer quantum Hall effect on general
compact Riemann surfaces [5]. A satisfactory generalization to NC Riemann surfaces
would require a precise extension of the elementary differential and Riemannian
geometry of classical U(1)-gauge theory as a coherent whole that is compatible with
both NC Kahler geometry [79] and the framework of spectral triples [34]. Our goal
is to effect just such an extension, which would be just as applicable to the study
of electromagnetism on NC spacetimes [69] as to the refinement of NC topological
T-duality as applied to the bulk-edge correspondence [72].

We construct this extension from the ground up according to the philosophy of
quantum Riemannian geometry [14]. Thus, an NC Riemannian manifold is an NC
manifold—a unital pre-C*-algebra together with a x-exterior calculus—equipped
with additional structure, whether an abstract Hodge star operator or a spectral
triple. In stark contrast with other areas of NC geometry and operator algebras,
this requires working exclusively ‘on the nose’—at worst, up to explicit isomorphism.
Fortunately, in our setting, we can obviate any resulting algebraic difficulties through
the use of coherent 2-groups [7] and bar categories [11, 44]. Moreover, borrowing
from relevant applications of unbounded KK-theory [20, 48, 26|, we obviate a wide
range of analytic and algebraic difficulties through the systematic use of finite tight
Parseval frames on (pre-)Hilbert modules [49)].

Our results have several immediate consequences that we leave for future work.
One is that the Gysin sequence for principal U(1)-bundles in de Rham cohomology
(as proved via ‘dimensional reduction’ [19]) generalizes almost verbatim to the NC
setting; when combined with NC Hodge theory [79, 80|, this permits the efficient
computation of NC de Rham cohomology for NC principal U(1)-bundles as well as
a differential-geometric perspective on NC topological T-duality. Another is that,
under relatively mild hypotheses, we can compute moduli spaces of U(1)-instantons
with fixed topological sector using NC Hodge theory and a generalized first Chern
class in de Rham cohomology, which can fail to be a group homomorphism [27].

Our results are independent of Schwieger—Wagner’s cohomological classification of
principal TV-C*-algebras [94] and Saldafia Moncada’s Tannaka—Krein theorem [90]
for quantum principal bundles in the sense of Purdevi¢ [39]. However, the former
anticipates the role of coherent 2-groups and their group-cohomological classification
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in the case of Abelian structure groups, while the latter will be prototypical for any
generalization of our results to non-Abelian or quantum structure groups.

Overview of results. We begin in §2 by developing the elementary theory of NC
Hermitian line bundles with unitary connection. Let B be a unital pre-C*-algebra
with x-exterior algebra (Qp,dp). Building on a proposal of Beggs—Brzezinski [10],
we define Hermitian line B-bimodules with connection to be suitable strong Morita
auto-equivalences of B equipped with suitable bimodule connections [13] with
respect to (2p,dp). Then, building on work of Beggs—Majid [13], we prove that
Hermitian line B-bimodules with connection form a coherent 2-group DP1C(B), the
differential Picard 2-group of (B;Qp,dp). The isomorphism classes of DP1c(B)
still form a group DPic(B), the differential Picard group, whose canonical action on
the graded centre Z(Qp) of Qp will appear throughout this work. By a result of
Beggs—Majid [13], this DPic(B)-action admits a 1-cocycle of supreme importance:
the curvature 2-forms of Hermitian line B-bimodules with connection.

Next, in §3, we develop the elementary theory of NC principal U(1)-bundles with
connection. Given k > 0, we synthesize a definition of k-differentiable quantum
principal U(1)-bundle with connection from work of Brzezinski-Majid [23], Hajac [52],
Purdevi¢ [40], and Beggs—Mayjid [14]; here, the differential calculus on U(1) is
deformed to satisfy dz - z = kz - dz. One can now define a functor that maps a
k-differentiable quantum principal U(1)-bundle with connection to its NC associated
line bundle with connection of winding number —1. We show that this functor is an
equivalence of categories onto its essential range, which consists of [E, Vg] € DPic(B)
that satisfy Fig v, <[F,VE] = n’lF[E)VE] with respect to the DPic(B)-action
on Z(2p). This is our precise NC generalization of the familiar correspondence
between Hermitian line bundles with unitary connection and principal U(1)-bundles
with principal connection.

Our proof depends on two apparently novel technical results on coherent 2-groups.
The first, that Z is the free coherent 2-group on one generator, is a straightforward
corollary of Joyal-Street’s group-cohomological classification of weak monoidal
functors between 2-groups [58]. The second, that every weak monoidal functor
between coherent 2-groups is a bar functor or involutive monoidal functor in the
sense of Beggs—Majid [13] and Egger [44], respectively, is a relatively non-trivial
application of the coherence theorem for coherent 2-groups of Ulbrich [96] and
Laplaza [67]. We view this pair of results as an abstract distillation of Pimsner’s
construction [81]: applying them to weak monoidal functors from Z to the coherent
2-group P1¢(B) of Hermitian line B-bimodules recovers Arici-Kaad-Landi’s C*-
algebraic characterization of NC topological principal U(1)-bundles [4].

At last, in §4, we turn to the NC Riemannian geometry of NC principal U(1)-
bundles with principal connection. The best-known NC 3-manifolds are total spaces
of NC principal U(1)-bundles with principal connection. However, 3-dimensional
quantum SU(2) poses fundamental challenges: for example, it cannot be represented
faithfully by a spectral triple [92]. We draw on a range of advances in NC Rie-
mannian geometry—unbounded KK-theory [73, 60, 20], NC Kéahler geometry [79],
and quantum Riemannian geometry [14]—to lift NC Riemannian geometry from
well-behaved NC base spaces to NC total spaces. Our guide is the commutative case:
a principal U(1)-bundle 7w : X — Y with principal connection IT admits a bijection
between metrics on Y and U(1)-invariant metrics on X that make IT orthogonal
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and the fibres have unit length, which is uniquely defined by the constraint that =
become a Riemannian submersion [2, §4].

First, in §§4.1 and 4.2, we consider NC Riemannian geometry via abstract Hodge
operators: an Riemannian geometry on an NC manifold (B;Qp,dp) is a pair
(%, 7), where x generalizes the Hodge star operator and 7 is a state generalizing
integration against the Riemannian volume form. This suffices to formulate (Eu-
clidean) Maxwell’s equations, whose moduli spaces of solutions we study in future
work [27]. We propose an analogous definition of total Riemannian geometry for
a k-differentiable quantum principal U(1)-bundle with connection (P;Qp,dp;II)
on (B;Qp,dp), where failure of the Hodge operator to be right P-linear and x-
preserving is governed by a commuting pair of modular automorphisms of Q2p. We
show that (x,7) lifts to at most one total Riemannian geometry on (P;Qp,dp;II),
whose existence we characterize in terms of conformality of the corresponding
Hermitian line B-bimodule with connection. For example, the unique lift of the
canonical Riemannian geometry on quantum CP! as an NC Kihler manifold to
the g-monopole of Brzezinski-Majid [23] recovers a construction of Zampini [101]
together with a canonical choice of parameters.

Next, in §4.3, we consider Connes’s familiar NC Riemannian geometry via spectral
triples [34], which, following Schmiidgen [92], we generalize to bounded commutator
representations. We propose a definition of projectable commutator representation,
where represented 1-forms are only locally bounded in a certain sense. Then, we
use a formal unbounded Kasparov product [73, 60] to construct an equivalence of
categories between faithful bounded commutator representations of (B;{p,dg) and
faithful projectable commutator representations of (P;p,dp;II); isomorphism of
the latter is U(1)-equivariant unitary equivalence up to perturbation by a given
relative remainder. If (B;Qp,dp) is equipped with a liftable Riemannian geometry
and (P;Qp,dp;1I) is equipped with its unique lift, then the resulting Hodge—de
Rham commutator representation of (B; Qp,dp) lifts to the resulting total Hodge—de
Rham commutator representation of (P;Qp,dp;II).

Finally, in §4.4, we draw on Connes—Moscovici’s formalism of twisted spectral
triples [35] to control unboundedness of represented 1-forms. We consider modular
pairs (N,v), where v is a modular automorphism of Qp and N is a suitable
unbounded operator satisfying v = N~1(-)N; let us say that (IV,v) damps an
unbounded operator S whenever NSN is bounded. Hence, we define a vertical or
horizontal twist for a faithful projectable commutator representation to be a modular
pair that damps all represented vertical or horizontal 1-forms, respectively. We
demonstrate a universal vertical twist and characterize the existence of horizontal
twists using a conformal generalization of metric equicontinuity [16]; in particular, a
total Hodge-de Rham representation always admits a canonical horizontal twist. In
the case of 3-dimensional quantum SU(2), we show that vertical and horizontal twists
are unique but distinct, thereby excluding the existence of non-pathological U(1)-
equivariant twisted spectral triples. Nonetheless, we obtain a geometric derivation
for the compact quantum metric space on quantum SU(2) constructed by Kaad—
Kyed [59] for a canonical choice of parameters.

In this work, we shall make extensive use of the following running examples:

(1) the commutative case—2.12, 2.21, 2.33, 2.39, 3.12, 3.37, 4.3, 4.9;
(2) the real multiplication instanton—2.24, 2.28, 2.31, 2.41, 3.52, 4.5, 4.21, 4.31,
4.55, 4.60, 4.65;
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(3) the g-monopole—3.13, 3.23, 3.26, 3.33, 3.51, 4.4, 4.20, 4.25, 4.30, 4.48, 4.54,
4.61, 4.66, 4.70.

2. A COHERENT 2-GROUP OF NC HERMITIAN LINE BUNDLES WITH CONNECTION

In this section, we build on work of Beggs—Brzeziriski [10] and Beggs—Majid [13] to
construct a coherent 2-group of NC Hermitian line bundles with unitary connection
over an NC differentiable manifold, the differential Picard 2-group, that makes
curvature into a canonical group 1-cocycle. Moreover, we algebraically characterize
the fibres of the forgetful functors passing to NC Hermitian line bundles and NC
Hermitian vector bundles, respectively.

Let us recall relevant category-theoretic terminology. A category is essentially
small whenever its hom-classes and its class of isomorphism classes are all sets. A
concrete category is a category C equipped with a faithful functor U : C — SET to
the category SET of sets and functions. Likewise, we define a functor category to
be a category C equipped with a faithful functor U : C — [A, B], where A and B
are categories and [A, B] is the usual functor category whose objects are functors
F: A — B and whose arrows are natural transformations. Finally, a subcategory A
of a category B is strictly full whenever it is full—every arrow in B between objects
of A is an arrow of A—and closed under isomorphism.

2.1. Preliminaries on coherent 2-groups. We first review the elementary theory
of coherent 2-groups, which generalize ordinary groups by permitting the group law,
unit, and inversion to satisfy the group axioms up to coherent isomorphisms. We
then use this theory to check that Z is the free coherent 2-group on one generator.
We follow the account of Baez—Lauda [7] but with simplifications drawn from
Laplaza [67].

Recall that a (weak) monoidal category is a category C equipped with a bifunctor
® : C x C — C, the monoidal product, an object 1, the unit, and natural isomor-
phisms (Aq : 1 ® a — a)econj(c), the left unitor, (po : a ® 1 — a)qcobj(c), the
right unitor, and (g p,c : (@ ®b) ® ¢ — a ® (b ® ¢))(a,b,c)conj(C)3, the associator,
that satisfy certain coherence diagrams [7, pp. 428-9]; it is strict whenever its left
unitor, right unitor, and associator consist of identity arrows. Moreover, recall that
a monoidal subcategory of a monoidal category C is a subcategory D of C that is
closed under the monoidal product, contains the unit, and contains all left unitor,
right unitor, and associator arrows between its objects.

Example 2.1. Let B be a unital associative algebra over C. The concrete category
BmmoD(B) of B-bimodules and B-bimodule homomorphisms defines a monoidal
category with respect to the usual balanced tensor product of B-bimodules and of
B-bimodule homomorphisms. Here, the associator of B-bimodules E, F, and G
isapre=((e®f)®g—e®(f®g)), the unit object is the trivial B-bimodule
B, and the left and right unitors of a B-bimodule are induced by its left and right
B-module structures, respectively.

Definition 2.2 (Hoang Xuan Sinh [54]; Laplaza [67, §4]; Baez—Lauda [7]). A
coherent 2-group is an essentially small monoidal category G where every arrow is
invertible, together with a function (g — g) : Obj(G) — Obj(G) called monoidal
inversion and a family of arrows (evy : §® g — 1)4e0nj(q) in G called evaluation.
A sub-2-group of a coherent 2-group G is a monoidal subcategory H of G that is
closed under monoidal inversion and contains ev, for each g € Obj(H).
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A group I defines a coherent 2-group: take the discrete category on its underlying
set with the strict monoidal structure given by the group law and monoidal inversion
given by inversion in the group. This example admits the following wide-ranging
generalization; for a review of the relevant group cohomology, see [57, §2.1].

Example 2.3 (see [57, §2.2]). Let I" be a group, let M be a I-module, and let
w € Z3(T', M) be a normalized cocycle. The following defines a coherent 2-group
2Grp(I", M,w) whose set of objects is I' and whose arrows are all automorphisms.

(1) The automorphism group of an object v € " is M x I, where composition of
arrows is induced by the group law of M and the identity of v is (1as,7).

(2) The monoidal product on objects is given by the group law of I', the monoidal
product on arrows is given by the group law of M x I'; the monoidal unit is
1r, left unitors and right unitors are identity arrows, and the associator of
(71,72, 73) € T2 18 @ty g 195 = (W(71,72,73), 7172773)-

(3) Monoidal inversion is given by inversion in the group I', so that evaluation is
induced by the group law of T'.

We now take a closer look at monoidal inversion. Let g be an object of a monoidal
category G. Recall [45, Deff. 2.10.1 & 2.11.1] that an inverse for g is a triple (h,e,1i)
consisting of an object h of G and isomorphisms ¢e: h®g —1landi:1 — g®h in
G that make the following diagrams commute for all f, g, h € Obj(G):

(goh)@g ~2"% g® (h®g) (h®g)®h™?"  he (g h)
i®idg/’\ lidg ®e (2.1) e®idhl Tidh@l (2.2)
l®g == g<5—9@1 1@h <= h ;= hel
g h h

Recall, moreover, that an isomorphism of inverses (hi,e1,i1) and (he, e, iz) for the
object g is an isomorphism u : hy — ho in G that makes the following diagrams
commute for all g, h € Obj(G):

u®idy idg Qu
h1®g —— ha®g (2.3) g hi —— g® hy (2.4)
91\ g 1/32 11\ g /12

It is well known that if an object ¢ of a monoidal category G has an inverse, then it
is unique up to unique isomorphism in the above sense [45, Prop. 2.10.5].

Theorem 2.4 (Laplaza [67, §4]). Let G be a coherent 2-group.

(1) Monoidal inversion in G uniquely extends to a functor G — G that makes
evaluation in G into a natural isomorphism.

(2) There is a unique natural isomorphism (coevy : lg — g ® g)geobj(a), such that,
for every g € Obj(G), the triple (g,evgy, coevy) is an inverse for g.

(3) There exists a unique natural isomorphism (bby : g — §)gcobj(q), such that, for
every g € Obj(G), the arrow bby : ¢ = G gives an isomorphism of the inverses

(g,coevg_l,evg_l) and (g, evg, coevg) of g.

This robust functorial picture of monoidal inversion and evaluation permits a
direct statement for general coherent 2-groups of the following result.

Corollary 2.5 (Hoang Xuan Sinh [54], see [7, §8.3]). Let G be a coherent 2-group.
Let mo(G) be the group of isomorphisms classes in G with group law induced by the
monoidal product, and let 71(G) be the group of automorphisms of the monoidal
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unit 1 of G. Then 71(G) is Abelian and defines a mo(G)-module with respect to the
left action >a given by

Vg € Obj(G), Ya € m(G),
[9] > a = coev, ! o(py ®idg) o ((idy ® a) ®idg) o (p, ' @ idg) o coev,.

For example, a group I' qua coherent 2-group satisfies mo(I') =T and m (T') = 1.
More generally, given a group I', a I-module M, and w € Z3(T', M), it follows
that mo(2Grp(I', M,w)) = T and m (2Grp(T', M,w)) = M x {1r} = M, where
the 7o (2Grp(T', M, w))-module structure on 71 (2Grp(I', M, w)) reduces to the given
I'-module structure on M.

We now generalize group homomorphisms to coherent 2-groups. Let G and G’ be
monoidal categories. A (weak) monoidal functor F : G — G’ is a functor F : G —
G’ equipped with an an isomorphism F©) : F (1) — 1 and a natural isomorphism

(F;Z}? : F(g®h) = F(g)®@F (h))(g,n)cobj(c)? satisfying certain coherence diagrams [7,
pp. 429-430]. Given monoidal functors P,Q : G — G’, a natural transformation
¢ : P = Q is monoidal whenever P(O) = Q) 0¢; and ¢,5n oPﬁz = Q;?,)L o (¢pg ® én)
for all g, h € Obj(G).

Definition 2.6 (see |7, §3]). Let G and G’ be coherent 2-groups. We denote
by HoMm(G, G’) the essentially small functor category whose objects are monoidal
functors F : G — G’ and whose arrows are monoidal natural transformations. Thus,
a homomorphism from G to G’ is an object of HoM(G, G"), while a 2-isomorphism
between homomorphisms R, S : G — G’ is an arrow 1 : R = S in Hom(G, G').
Moreover, given a homomorphism F : G — G’, let m(F) : mo(G) — m(G’) and
m(F) : m1(G) — 71 (G’) be the respective group homomorphisms induced by F.

For example, let I'y and I'y be groups. A homomorphism of coherent 2-groups
f:Ty = I'y is simply a group homomorphism with f(©) and f(?) given by identity
arrows, so that mo(f) = f and m1(f) = id;. Moreover, all 2-homomorphisms in
HoMm(T'y,T'y) are simply identity natural isomorphisms.

It turns out that a composition of homomorphisms of coherent 2-groups is again
a homomorphism of coherent 2-groups, making the assignments 7y and w1 functorial
in the sense of mapping compositions to compositions. More generally, let Gy,
G2, and G3 be monoidal categories, and let P : G; — Gs and @ : Go — G3 be
monoidal functors. Then @ o P : G; — Gj3 defines a monoidal functor with respect
to (QoP)® = Q@ oQ(P®) and (Qo P)®) = ( ﬁffg),pw) 0 Q(PED)(g.1yeobi(Gy)2-

We conclude by using the cohomological classification of coherent 2-groups and
their homomorphisms to show that Z is the free coherent 2-group on one generator.
Recall that a monoidal equivalence of monoidal categories G; and G is a monoidal
functor P : G; — Gy for which there exist a monoidal functor ) : Go — G and
monoidal natural isomorphisms Po() = idg, and Qo P = idg,. Coherent 2-groups
admit the following classification up to monoidal equivalence.

Theorem 2.7 (Hoang Xuan Sinh [54], see [7, §8.3]). Let G be a coherent 2-
group. There exists a normalized cocycle w € Z3(mo(G),bg,m(G)), unique up
to cohomology, such that G is monoidally equivalent to 2Grp(mo(G), ™ (G),w).
Hence, G is determined up to monoidal equivalence by (7o(G), m1(G),>q, [w]), where
[w] € H3(m0(G), m1(G)) is the cohomology class of w.
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Thus, the Sinh invariant of a coherent 2-group G is the complete monoidal
equivalence invariant (mo(G),71(G),>q, [w]) constructed by Hoang Xuan Sinh’s
theorem. For example, the Sinh invariant of a group I' is (I', 1,T' x 1 — 1,1). Given
the additional data of a I'-module M and a normalized cocycle w € Z3(T', M),
the Sinh invariant of 2Grp(T', M, w) reduces to (I, M, >, [w]), where > is the given
I'-action on M.

Homomorphisms of coherent 2-groups now also admit a cohomological classifica-
tion. For simplicity, we give the relevant special case.

Theorem 2.8 (Joyal-Street [58, §6]; see [7, §8.3] and [56, §5.3]). Let G and T be

groups, let M be a T-module (written multiplicatively), and let w € Z3(T', M) be a

normalised cocycle. Define a category H(G;T, M,w) as follows.

(1) An object is a pair (o, k), where o : G — T is a group homomorphism and
k € B?(G, M) is a normalized 2-cochain with respect to a with dk = (a*w)~!.

(2) Suppose that (o, k1) and (ag,k2) are objects. If a1 = aw, then an arrow
@ : (a1,k1) = (a2,K2) is a normalized 1-cochain @ € BY(G, M), such that
dp = kK1 - 551; else, there are no arrows from (a1,k1) to (e, ka).

(8) Composition of composable arrows is given by pointwise multiplication of nor-
malized 1-cochains.

(4) The identity of an object (e, k) is the trivial 1-cochain 1: T — m(G).

Define a functor © : H(G;T', M,w) — HoM(G, 2Grp(T', M,w)) as follows.

(1) Given an object (o, k), define O(a, k) : G — 2Grp(T, M,w) by

Vg e G, O(a,k)(g) = alg); @(a,ﬁ)(o) = (1,1);

Vg,h S G @(O{ fﬁ?)(ng)l ( (gah)vgh)

(2) Given an arrow p : (o, k1) — (@, Kk2), define O(u) : O(a, k1) = O(a, ka) by
setting O(u) g = (11(g), a(g)) for all g € G.
Then © is an equivalence of categories.

Finally, given coherent 2-groups G and G’ and g € Obj(G), define the evaluation
functor ¢, : Hom(G, G’') — G’ by

VP € Obj(HoM(G,G")), €,(P):= P(g); Yn € Hom(HoM(G,G")), ¢4(n) =n,.

We now show that Z is indeed the free coherent 2-group on one generator, i.e., for
every object g of G, there exists an essentially unique homomorphism F : Z — G
that satisfies F'(1) & g.

Corollary 2.9. Let G be a coherent 2-group. Then e; : HOM(Z,G) — G is an
equivalence of categories.

Proof. By Theorem 2.7, without loss of generality, there exist a group I', a I'-module
M, and a normalized cocycle w € Z3(I', M), such that G = 2Grp(T', M, w). Hence,
let © : H(Z; T, M,w) — HoM(Z, G) be the equivalence of categories of Theorem 2.8.
It suffices to show that €1 0 © : H(Z;T', M,w) — G is an equivalence of categories.
First, we show that €; o © is essentially surjective. Let v € T' = Obj(G), and
set a, == (k — ~*). Since Z has cohomological dimension 1 [21, Ex. 2.4.(b)],
the 3-cocycle aZw on Z is trivial in cohomology, so that there exists a normalized
w = 1. It now follows that (o, k)

2-cochain ., € B*(Z, M) that satisfies dk - o
is a well-defined object of H(Z;T', M,w) satisfying €1 0 ©(a, ky) = 7.
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Next, we show that €; 0 © is full. Let (m,v) € M x I' = Hom(G), so that (m,~)
is an automorphism of v. By the above argument, let (., k) be any preimage
of v under €; 0 ©, and let B, ) € ZY(Z, M) be the unique normalized 1-cocycle
with respect to ., satisfying By, ) (1) = m. Then B, ) : (g, Ky) = (@, ky) is 2
well-defined arrow of H(Z;T', M,w) satisfying €1 0 ©(B(m ) = (m, 7).

Finally, we show that ¢; o © is faithful. Fix a homomorphism « : Z — I' and
normalized 2-cochains k, s’ € B?(Z, M), such that dx = dx’ = (a*w)~!; suppose
that py,p2 @ (@, k) — (o, k') satisfy €; 0 ©(u1) = €1 0 O(uz2). This means that
w1, 2 € BY(Z, M) are normalized chains, such that du; = s - (k)™ = dus and
p1(1) = po(1). Tt follows that B := py - py " is a normalized 1-cocycle on Z that
satisfies 5(1) = 1, so that 8 = (m +— 1), hence p1 = po. O

2.2. The Picard 2-group of an NC topological space. Let B be a given unital
pre-C*-algebra, which we view as a NC topological space; we define its positive
cone B to be the set of all elements of B that are positive in the C*-algebra
completion of B. We now review the theory of NC Hermitian line bundles over
B, i.e., strong Morita auto-equivalences [87] passed through the algebraic lens of
Beggs—Brzezinski [10]. This is standard material with adaptations to the setting of
pre-C*-algebras; following Kajiwara—Watatani [61], we derive substantial technical
simplifications from the systematic use of finite pre-Hilbert module frames or bases.

Let E be a right B-bimodule. A B-valued inner product on E is a R-bilinear
map (+,-) : E x E — B that is right B-linear in the second argument and satisfies

Ve,ye E, (y,z)=(z,y)";

hence, we define a cobasis for (-,-) to be finite family (¢;)7; in E that satisfies
i (€ €) =1, and we say that (-,-) is strictly full whenever (-,-) admits a cobasis.
Note that a right B-module is faithful whenever it admits a strictly full B-valued
inner product [61, Lemma 1.5].

Definition 2.10 (Rieffel [87, §6], cf. Bass [8, §IL5]). A Hermitian line B-bimodule is
a B-bimodule E together with strictly full inner products on F and F, respectively,
such that

Vb € B, Vz € E, | (b, bz)|| < [b]?]| (2, 2) I, (2.5)
Vbe B, Vr € E, Iz, zb)|| < [[BI*ll(Z, D), (2.6)
Vb e B,Vx,y € E, (z,by) = (b*x,y), (2.7)
Vbe B,Vz,y € I, (T, yb) = (xb*,7), (2.8)
Vr,y,z € E, (Z,9)z = z(y, 2). (2.9)

For example, the trivial Hermitian line B-bimodule is the trivial B-bimodule B
together with the B-valued inner products on B and B defined, respectively, by

Vb,c€ B, (b,c):=b"c, (bC):=bc*. (2.10)
This example admits the following non-trivial generalization.

Example 2.11. Let ¢ be an isometric x-automorphism of B. Let By := {by|b € B}
be B as a free left B-module together with the right B-module structure defined by

Vb,c € B, by - c = (bo(c))s,
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and the B-valued inner products on By, and By respectively defined by
Vb, c € B, (b¢a C¢>) = d)il(b*c)a (@a @) = be”.
Then By is a Hermitian line B-bimodule with cobases 1, for By and 14 for By.

Example 2.12. Let X be a closed manifold. Recall that the commutative unital
x-algebra C'*°(X) of smooth C-valued functions on X defines a unital pre-C*-algebra
with respect to the supremum norm. Given a Hermitian line bundle £ — X, the
balanced C'*°(X)-bimodule T'(£) of smooth global sections of £ defines a Hermitian
line C°°(X)-bimodule with respect to the C'°°(X)-valued inner product on T'(£)
induced by the Hermitian metric on £ and the C*°(X)-valued inner product on
T(€) 2 () defined by (7,73) = (02,01) for 01,0 € T'(E). In particular, cobases
for both of these C'*°(X)-valued inner products can be constructed using an atlas of
local trivializations for £ — X together with a smooth partition of unity subordinate
to the corresponding open cover of X.

Our primary goal for this subsection is the following refinement of standard lore.
Theorem-Definition 2.13 (Rieffel [87, §6], Brown-Green—Rieffel [22]; cf. Bass [8,
§IL.5]). The Picard 2-group of B is the coherent 2-group P1c(B) defined as follows.

(1) As a category, P1c(B) is the concrete category whose objects are Hermitian line
B-bimodules and whose arrows are B-bimodule isomorphisms v : F — F with

Vae,y € B, (u(z),u(y)) = (z,y). (2.11)

(2) The monoidal product of objects E and F is the balanced tensor product E®p F
together with the B-valued inner products on F ®p F and F ®p F' defined by
Vi, y1, 2,y € E, (21 ® Y1, 22 @ y2) = (y1, (21, 22)Y2), (212)
Vz1,y1,%2,y2 € E, (21 @Y1, 22 ® y2) = (T7, (U1, 92)72), (2.13)

respectively, while the monoidal product of arrows is given by their monoidal
product in BIMOD(B).

(3) The unit object is the trivial Hermitian line B-bimodule B, and left unitors,
right unitors, and associators are given by the corresponding left unitors, right
unitors, and associators in BIMOD(B), respectively.

(4) The monoidal inverse of a Hermitian line B-bimodule E is E with the given
B-valued inner product on E and the B-valued inner product on E defined by

Ve,y € E, (Z,7) = (z,y). (2.14)
(5) The evaluation morphism for an object F is evy : E ®p E — B given by
Vei,ea € E, evg(er ® ea) = (e1,e2). (2.15)
Hence, the Picard group of B is the group Pic(B) = m(P1c(B)).

Example 2.14 (Bass [8, Prop. 5.2]). The following defines a homomorphism of

coherent 2-groups 7 : Aut(B) — P1c(B).

(1) Given ¢ € Aut(B), let 7(¢) = By be the Hermitian line B-bimodule of
Example 2.11.

(2) Set 7(9) :=idp; given ¢, € Aut(B), define Tfi :7(¢) @p T(¢) = T(P¥) by

Va,b € B, Td()i)z,(aqb ® by) = (a¢(b))¢w .
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Recall [61, §1] that a basis for a right B-module E with respect to a right B-
valued inner product (-, -) is a finite family (e;)!; in E, such that . = Y"1 | e;(e;, )
for all x € E. Thus, we define a right pre-Hilbert B-module of finite type to be
a right B-module E equipped with a B-valued inner product (-,-) that admits a
basis. In turn, we denote by HILB(B) the concrete category whose objects are right
pre-Hilbert B-modules of finite type and whose arrows are isomorphisms of right
B-modules satisfying (2.11).

Example 2.15. Let B be a unital pre-C*-algebra, let n € N, and let P € M,,(B) be
an orthogonal projection, i.e., P? = P = P*. Then P - B" defines a right pre-Hilbert
B-module of finite type with respect to the B-linear inner product defined by

V()i ()i € P B, ((m)iy, (0)ir) = Y 2w
=1

Note that if F is a right pre-Hilbert B-module of finite type with B-valued inner
product (+,-), then E is necessarily finitely generated and projective as a right
B-module and (-, -) is necessarily positive-definite in the sense that

Ve e E, (z,z)>0, (2.16)
{zx e E|(z,z) =0} = {0}. (2.17)

Thus, every right pre-Hilbert B-module is isomorphic in HILB(B) to a right pre-
Hilbert B-module of finite type of the kind constructed in Example 2.15, so that
the category HILB(B) is essentially small.

Now, let F be a a right pre-Hilbert B-module of finite type. By positive-
definiteness of the B-valued inner product (-,-) on E, the norm || - || defined by

Vo € B, |lz] = (=, a)|"/?
satisfies the following crucial inequalities:
Vx € E, Vb € B, llzb|| < |lz|| - ||Bl], (2.18)

Va,y € E, (z,9)"(z,y) < [lyl*(z, 2). (2.19)
Hence, one can show that the algebra L(E) of all right B-linear maps E — E defines
a unital pre-C*-algebra with respect to the x-operation implicitly defined by

VI € L(E), Yo,y € E, (2,T"y) = (Tx,y)
and the operator norm induced by the aforementioned norm || - || on E. At last,
given a unital pre-C*-algebra A, we define an (A, B)-correspondence of finite type
to be a right pre-Hilbert B-module of finite type E equipped with a isometric

unital *-homomorphism A — L(FE); in particular, when A = B, we call £ a
B-self-correspondence of finite type.

Proposition 2.16. Let E' be a Hermitian line B-bimodule equipped with B-valued in-
ner products (-,-)g on E and (-,-)5 on E. Then E and E define B-self-corresponden-
ces of finite type with respect to (-,-)g and (-,-)g, respectively, such that

Vee B, [(Z,7)gl = |(z,2)e]- (2.20)

Lemma 2.17 (Rieffel [87, Lemma 6.22], Kajiwara-Watatani [61, Prop. 2.5]). Let B
be a unital pre-C*-algebra, and let E be a right pre-Hilbert B-module of finite type.
There exists a unique isomorphism of L(E)-bimodules coevg : L(E) - E ®p E,
such that coevgl(x ®7Y)z=2a(y,z) for all z,y,z € E.
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Proof of Prop. 2.16. Fix cobases (¢;);2; and (€;)}_, for (-,-)r and (-, )5, respec-
tively. Using (2.9), one shows that (e;)}_; is a basis for £ with respect to (-, -)r and
that (€)1, is a basis for E with respect to (-, ), so that F is a right pre-Hilbert
B-module of finite type with respect to (-, )z, and E is a right pre-Hilbert A-module
of finite type with respect to (-, ).

Next, by (2.5) and (2.7), the map 7 : B — L(E) defines a bounded x-
homomorphism, which is surjective by Lemma 2.17 together with strict fullness of
(+,-)e and injective by strict fullness of (-, ). By symmetry, this also shows that

75 B — L(F) defines a bounded bijective *-homomorphism 7 : B — L(E).
Now, by positive-definiteness of (-, ) g together with the assumption that B is a
pre-C*-algebra, the data (E, (-, )5, (-, -)g) yield a pre-imprimitivity (B, B)-bimodule
in the usual sense [87, Def. 6.10] with left B-valued inner product induced by (-, -)%.
Thus, Equation 2.20 follows from the corresponding result for pre-imprimitivity
bimodules [86, Prop. 3.11]. We now prove boundedness of 71'151 and 7'('%1 as follows.

Let t € L(E) be given. Using (2.9), one shows that 7' (t) = Z?Zl(?j, €;), so that

n n n n
Img @I <D llEes gl < > lEesliliEgl = liteslllle; |l < [t llesll®,
j=1 j=1 j=1 j=1

by (2.19) together with (2.20). The same argument also shows that w%l is bounded.
Thus, 7g and 75 are bounded bijective *-homomorphisms between unital pre-C*-
algebras with bounded inverses, and hence are isometric *-isomorphisms. (|

It is easy to check that a B-self-correspondence of finite type E admits at most one
B-valued inner product on E making E into a Hermitian line B-bimodule. Indeed,
suppose that (-,-); and (-,-)2 are two such B-valued inner products on E. Then
((T7y)1 - (f7y)2)z = I(yVZ) 7‘T(y7 Z) = 0z for all T,Y,2 € Ea so that (T7y)1 = (f7y)2
by strict fullness of either of (+,-); or (-,-)2. Moreover, by Proposition 2.16, such a
B-valued inner product on E exists only if the left B-module structure B — L(E)
on F is an isometric x-isomorphism. This is not only necessary but sufficient.

Corollary 2.18. Let E be an B-self-correspondence of finite type with strictly full
B-valued inner product, and let 7 : B — L(E) be the left B-module structure on
E. There erists a B-valued inner product on E making E into a Hermitian line
B-bimodule if and only if mg is an isometric x-isomorphism.

Proof. Suppose that the left B-module structure 7g is an isometric *-isomorphism.
Note that (2.5) and (2.7) are already satisfied. By Lemma 2.17 together with
bijectivity of 7z, we may define an B-valued inner product (-,-) on E satisfying (2.9)
and (2.8) by (7,7) = 7' (z ®7) for 2,y € E; indeed, this B-valued inner product
is strictly full since any basis (e;)"; for E yields a cobasis (&;)"_; for E. Finally,
Equation 2.6 follows since, for all z,y € E and b € B, by positive-definitness of (-, )
on F, isometry of g, and Equations 2.18 and 2.19,

(@b, 2b)yl| = [lzb(ad, y)I| = [lzbb" (z, y)|| < /1Bl [z, ) < (o121 (ly]. O
At last, we can prove Theorem-Definition 2.13 exactly as stated.

Proof of Theorem-Definition 2.13. First, by replacing Hermitian line B-bimodules
with B-self-correspondences, the proposed definition of P1¢(B) recovers the familiar
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essentially small monoidal concrete category CORR(B) whose objects are B-self-
correspondences of finite type [24, §2.2]; note that essential smallness of CORR(B)
follows from essential smallness of the category HILB(B). Corollary 2.18 now
implies that the category P1c(B) is well-defined as a strictly full subcategory of
CORR(B), which clearly contains the monoidal unit B. Moreover, Proposition
2.16 and Corollary 2.18 together show that monoidal inversion is well-defined as a
function Obj(P1c(B)) — Obj(P1c(B)).

Next, let £ and F' be Hermitian B-line modules, so that their tensor product
E ®p F in COoRR(B) is a well-defined B-self-correspondence of finite type. On
the one hand, the B-valued inner product on F ®p F is strictly full since cobases
(e)f=y and (¢;)i_, for E and F, respectively, yield a cobasis (e; ® ¢;j)1<i<n,1<j<q
for F ®p F. On the other hand, the B-valued inner product on the tensor product
F ®p E in Corr(B) pulls back under the canonical isomorphism of B-bimodules
(r®y—~y®7): E®p F — F ®p E to the B-valued inner product on £ ®p F
of (2.13), which is strictly full since cobases (€;)7; and (Tj)le for E and F,
respectively, yield a cobasis (e; ® fj)i<i<m,1<j<p for E ®p F. Equation (2.9) for
E ®p F now follows from repeated applications of (2.7), (2.8), and (2.9).

Finally, let £ be a Hermitian B-line module. By Lemma 2.17 together with
Proposition 2.16, the map evg is an isomorphism of B-bimodules; that evg satisfies
(2.11) now follows from observing that for all 1,22 € E and y1,y2 € E,

(TT ®@y1,T2 @ Y2) = (y1, (T1, T2)y2) = (y1,71(2,92)) = (71,91)" (72, 92). O

This characterization of the monoidal category P1c(B) as a monoidal subcategory
of the monoidal category CORR(B) of B-self-correspondences of finite type yields,
with superficial changes, a right action of the Picard group Pic(B) on the Ky-monoid
V(B) of isomorphism classes of right pre-Hilbert B-modules of finite type. Indeed,
given a right pre-Hilbert B-module of finite type E and a Hermitian line B-bimodule
F, set [E]<[F] := [E ®p F], where the balanced tensor product F ®p F is equipped
with the right B-valued inner product given by (2.12). We may use this Pic(B)-
action to characterize the fibres of the obvious forgetful map Pic(B) — V(B); in
turn, this helps us understand the information lost when passing from Pic(B) to
the K-theory of B or its C*-algebraic completion.

Proposition 2.19 (Bass [8, Propp. 5.2 & 5.3|). Let Ily(p) : Pic(B) — V(B) denote
the set function induced by the forgetful functor P1c(B) — HILB(B). Let Pic(B)p
denote the stabilizer subgroup of Pic(B) with respect to [B] € ranIlypy. Then the
homomorphism of coherent 2-groups T : Aut(B) — P10(B) of Example 2.14 yields
the exact sequence of groups
1 - U(Z(B)) - U(B) 22294, Aut(B) 22, Pic(B)m — 1.

Note that this canonically identifies the outer automorphism group of B with a
subgroup of Pic(B). What is more surprising is that the entire Picard group Pic(B)
acts as isometric *-automorphisms on the centre of B.

Proposition-Definition 2.20 (Fréhlich [50, Thm. 2|, Beggs—Brzezinski [10, §10]).
The Fréhlich homomorphism of the unital pre-C*-algebra B is the unique group
homomorphism @ : Pic(B) — Aut(Z(B)), such that, for every Hermitian line
B-bimodule E, the Fréhlich automorphism ®g) of [E] satisfies

Vbe B,Vz € E, ®y(b)a = ab. (2.21)
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Hence, the canonical left action of my(P1¢(B)) =: Pic(B) on 71 (P1c(B)) = U(Z(B))
is the left action induced by ®.

Proof. Relative to the references, it remains to show each Frohlich automorphism
is isometric. Let E be a Hermitian line B-bimodule, and let (e;)?_; be a cobasis
for E. Then, [|®75(b)]| = 327, (ex, bea) | < 327y lleslllivell < (327 leal®) Nlo]] for
1

every b € B, so that <I>[_El] is bounded. Using FE instead now shows that bE) = [_E}

is also bounded.

Example 2.21. We continue from Example 2.12. Let Pic(X) be the Picard group
of isomorphism classes of complex line bundles over X, which admits a right Diff (X)-
action by pullbacks. On the one hand, since any two Hermitian metrics on a line
bundle are unitarily equivalent, the map ([£] — [['(£)]) : Pic(X) — Pic(C*(X))
is well-defined. On the other hand, (f — (f~1)*) : Diff(X) — Aut(C*>(X)) is an
isomorphism [74], so let ¥ : Pic(C*°(X)) — Diff (X) be the resulting homomorphism

induced by the Frohlich homomorphism of C*°(X). Thus, Serre-Swan duality yields

a split exact sequence 1 — Pic(X) indii SN Pic(C*(X)) LN Diff(X) — 1 with

right splitting ¢ — 7o(7)((¢~1)*). Moreover, given the resulting isomorphism
(6, [€]) = [T((6™1)"€)] - mo(7)((671)7) : DIff(X) x Pic(X) — Pic(C™(X)),
we may identify the Frohlich homomorphism of C*°(X) with the quotient map
(9, [€]) — @) : Diff (X) x Pic(X) — Diff (X).

We conclude by noting certain simplifications that arise when B behaves suffi-
ciently like a C*-algebra. This will permit us to introduce our first main running
example. In what follows, recall that an element a of unital pre-C*-algebre A is
positive whenever it is positive in the C*-algebra completion of A.

Let n € N, and let M,,(B) denote the unital x-algebra of n x n matrices with
entries in B, which is defined by analogy with M,,(C); one calls M,,(B) a matriz
algebra over B. Recall that B™ defines a right pre-Hilbert B-module of finite type by
Example 2.15; hence observe that matrix multiplication on left defines an injective
k-homomorphism M,,(C) — L(B™). Thus, the operator norm on L(B™) pulls back
to a C*-norm on M, (B).

Definition 2.22. We say that B admits polar decompositions if, for every n € N and
positive b € M,,(B), there exists unique positive v/b € M, (B) that satisfies (vb)> = b
and is invertible in M, (B) whenever b is. In this case, given n € N, the polar
decomposition of invertible b € M, (B) is b = sgn(b)|b|, where |b| := vb*b € M,,(B)
is positive and invertible and sgn(b) := b|b|~! € M,,(B) is unitary.

For example, a unital C*-algebra admits polar decompositions by the holomorphic
functional calculus. More generally, a unital pre-C*-algebra B admits polar decom-
positions whenever it and all its matrix algebras are closed under the holomorphic
functional calculus in their respective C*-closures.

Finally, recall that a B-valued inner product on a right B-module F is algebraically
full whenever it satisfies Spanc{(z,y) | z,y € E} = B.

Proposition 2.23. Suppose that B is unital pre-C*-algebra that admits polar
decompositions. Let E be a B-bimodule, let (- )7]3 be a B-valued inner product on E,
and let (-, )z be a B-valued inner product on E. Then E defines a Hermitian line
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B-bimodule with respect to (-,-)g and (-,-)5 if and only if the following conditions
are all satisfied:

(1) (-,")g is algebraically full and satisfies (2.16), (2.5) and (2.7);
(2) (-,-)g is algebraically full and satisfies (2.16), (2.6) and (2.8);
(3) the B-valued inner products (-,-)g and (-,-)p respectively satisfy (2.9).

Proof. The forward implication is trivial, so we prove the backward implication.
Suppose that all three conditions are satisfied; it remains to show that both (-,-)g
and (-,-)g are strictly full.

Since (-, -)g is algebraically full, choose finite families (x;)_; and (y;)}, in E
that satisfy 320, (w5, yi)p = 1. Let X = (77, 75)5); -, € M, ( ), so that

n n n
1= (ox)e@,y)e= Y Wiz, u)e)e = Y i (@ T5)50i)e
1,j=1 ,j=1 1,j=1

n
Z vi, Xijy;)

by (2.9). Applying [87, Cor. 2.7] to X as a bounded operator on B"™ with the
B-valued inner product of Example 2.15 shows that X > 0. By our hypothesis on
B, there exists a = (a;;)j=; € My(B), such that a*a = X; hence, (33—, amyr);_,
is a cobasis for (-,-)g. An identical argument shows that (-,-)5 is strictly full. O

We now introduce our first main running example. Let § € R, so that the
corresponding (continuous) NC 2-torus is the universal C*-algebra Cp(T?) generated
by unitaries v and v satisfying vu = e*™ 4. The corresponding smooth NC 2-torus
Cg°(T?) is the dense unital *-subalgebra of Cp(T?) consisting of Laurent series in u
and v with rapidly decaying coefficients, which admits polar decompositions since it
and all its matrix algebras are closed under the holomorphic functional calculus [32].

Example 2.24. Let 8 € R be a quadratic irrationality, so that the subgroup

Iy = {g € SL(2,7Z) % =0, g210 + g22 > 0}

of SL(2,Z) is non-trivial and hence infinite cyclic [53, Thm 5.2.10]. In this case,

as Manin first observed [70], Connes’s Heisenberg modules [32] over the unital pre-

C*-algebra Cg°(T?) include a family of non-trivial strong Morita auto-equivalences

parameterized by I'y. This family defines a homomorphism E : I'y — P1c(Cg°(T?))

as follows.

(1) Given g € Ty, let E(g) be the basic Heisenberg module of rank g210 + g22 and
degree go1 [84, §1.1], which defines a Hermitian line C5°(T?)-bimodule by a
result of Rieffel [88, Thm 2.15] together with Proposition 2.23.

(2) Since E(1) = C§°(T?), set E©) = idege (12)-

(3) Given g,h € Ty, let E(g) E(g) ®ag E(h) — E(gh) be the isomorphism of
Cg°(T?)-bimodules Constructed by Schwarz [93, §3] and Dieng—Schwarz [38],
which is an isomorphism of Hermitian line C§°(T?)-bimodules by a result of
Vlasenko [99, Thm 6.1].

That the functor E is monoidal with respect to E(©) and E® reduces to a result of
Polishchuk-Schwarz [84, Prop. 1.2].
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2.3. The differential Picard 2-group of an NC manifold. At last, we build
on results of Beggs—Majid [13] to construct a coherent 2-group of NC Hermitian
line bundles with connection over an NC manifold, the differential Picard 2-group.
Let us recall some preliminary definitions. A graded algebra is a unital C-
algebra  with vector space decomposition Q = ;- QF such that 1 € Q° and
- QItk C QItF for all j, k € Ng. Hence, a graded *-algebra is a graded algebra €
with a unit- and grading-preserving C-antilinear involution * : 3 — €2, such that

Vj, ke N07 Va € Qj, Vﬂ € Qk’ (aﬂ)* — (71)jk60[.

At last, given a unital pre-C*-algebra B, a graded *-algebra over B is a graded *-
algebra ) together with a unital *-isomorphism B — Q°, which we suppress; in this
case, we denote by Aut({2) the group of all grading- and *-preserving automorphisms
¢ of Q as a unital C-algebra that restrict to an isometric *-automorphism of B.

Now, suppose that B is a unital pre-C*-algebra. We define a *-quasi-differential
graded algebra or x-quasi-DGA over B to be a pair (2,d), where Q is a graded
x-algebra over B and d :  — ) is a x-preserving complex linear map that satisfies
d(QF) c QFHL for all k € Ny together with the graded Leibniz rule

Vk € No, Va € QF, VB € Q, dp(ap) =dg(a)B + (—1)*ads(B);
hence, its graded centre is the d-closed graded -subalgebra Z(€2) of Q defined by
Vm € Ny, Z(Q)" :={w € Q™ |Vn € Ny, V€ € O, w€ = (—1)""Ew},

and its dimension (when it exists) is the largest N € N such that QY # 0 and

OF =0 for all k> N. At last, we call (©,d) a *-exterior algebra over B whenever

Q) is generated by B and d(B) and d? = 0.

Finally, we define a concrete category QDGA as follows:

(1) an object (B;€,d) consists of a unital pre-C*-algebra B and *-quasi-DGA (€2, d)
over B;

(2) an arrow f : (By,€Q1,d1) = (B2,Q2,d2) is a grading- and *-preserving homo-
morphism of unital C-algebras f : Q1 — 5 that restricts to a bounded (hence
contractive) #-homomorphism f[p,: B1 — Bs and satisfies f od; = dg o f.

In particular, given a *-quasi-DGA (£2,d) over a unital pre-C*-algebra B, we denote

by Aut(£2,d) the automorphism group of (B;2,d) in this category.

From now on, let B be a unital pre-C*-algebra with x-exterior calculus (Qp,dg),
which we view as an NC manifold. Given a B-bimodule E, we shall apply the
following Sweedler-type notation to elements of E®p QL and QL ®p E, respectively:

V€ E®pQp, noy®@nay =mn VEEQR®pE, £ 1 ®& =¢

We now recall the generalization of unitary connection appropriate to our setting.
Let E be a right pre-Hilbert B-module of finite type. Extend the B-valued inner
product (-,-) on E to a real-bilinear map (-,-) : F®p Qp x E®p Qp — Qp by

Ve,y € E, Vo, € Qp, (z®@a,y®p) =a"(z,y)s.
This extension satisfies

Vf,v ekl XB QB, Vﬁ S QBa (gavﬂ) = (gav)ﬂa (222)
Vé,v € E®p Qp, (v,€) = (—1)dessdesv (g 4)*, (2.23)
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Following Connes [33, Def. I1.18], we now define a right Hermitian connection on E
to be a complex-linear map V : E — E ®p Qk, such that

Vx € E, Vb € B, V(xb) = Vab+ z @ dpb, (2.24)

Vr,y € E, dp(z,y) = (Va,y®1) + (z® 1, Vy). (2.25)

One can now show that there exists unique complex-linear V : EQgQp - EQpQp
extending the right Hermitian connection V, such that

Wn € E@p, VB € Qp, V(n8) = V(n)B + (~1)* ds,
Vé,v € E®p Qp, dp(&v) = (V& n) + (=17, V).
Definition 2.25 (Beggs—Majid [13, Def. 5.1 & §5.2]). Let E be a B-self-corre-
spondence of finite type. A generalized braiding for E is an isomorphism of graded

B-bimodules ¢ : Qg ®p F — E ®p Qg that extends p;Jl oA : B FE — EF®pB
and satisfies

Va,B € Qp,Vx € E, c(a®o(f® x)<0>)a(ﬂ ® x)<1> =o(af ® x). (2.26)

Hence, a Hermitian bimodule connection on E is a pair (o, V), where o is a Hermitian
generalized braiding on E and V is a Hermitian right connection on E, such that

V€ Qp, VE € E@p Qp, V(5E) =dp(B)E+ (-1)*Ppve,  (2.27)
where E ®p Qg carries the graded 2-bimodule structure given by

Vo, B € Qp, V6 € E@p Qp, afff = o(a®E&o))émb. (2.28)

Example 2.26. The pair (op,Vg) = (/\5113 ) pQB,AS_); od) defines a Hermitian
bimodule connection on the trivial Hermitian line B-bimodule B; where convenient,
we shall abuse notation and identify (op, V) with (idg,,d).

If FE is a B-self-correspondence of finite type with right Hermitian connection
Vg, then there exists at most one Hermitian generalized braiding ocr on E that
makes (0g, Vg) into a Hermitian bimodule connection. Moreover, in this case,

Vk € NO) Vﬁ eFE ®B Q%a Yvekl OB QB; dB(gaU) = (VEé-vU) + (_1)k(£avEU)a
(2.29)

Vﬁ € QB7 Vf, veFE ®B QB; (Oéf, U) = (5; O{*U); (230)
by (2.26), it suffices to check (2.30) when 8 € d(B) and {,v € E® 1.

We shall use the following characterization of Hermitian bimodule connections.

Proposition 2.27 (Beggs—Majid [13, Lemma 5.2]). Let E be a B-self-correspondence
of finite type, let o be a generalized braiding on E, and let V be a Hermitian right

connection on E. Then (o,V) defines a Hermitian bimodule connection on E if and
only if the following both hold:

Vb e B, Vx € E, V(b¢) = o(dpb® x) + bVz, (2.31)
Vb€ B, Vz € E, V2(b€) = bVZE. (2.32)

We now introduce our first nontrivial family of examples of Hermitian bimodule
connections on Hermitian line bimodules. Let 8 € R. Recall that the smooth 2-torus
Cg°(T?) admits a canonical *-exterior calculus (Q4(T?),d) due to Connes [32]. First,
let 6; and & be the unique *-derivations on C§°(T?), such that, respectively

V(m,n) € Z*, 6, (U™V™) =2rimU™V"™, 6(U™V") = 21in U™V™;



18 BRANIMIR CACIC

Then let Q(T?) be the graded *-algebra over Cg°(T?) generated by central self-
adjoint elements e!, e? € Q}(T?) satisfying (e!)? = (e?)? = ele? + e?e! =0, and let
d be the unique *-derivation of degree 1 on Q4 (T?), such that

Va € C5°(T?), da = d6(a)e' + dx(a)e?; de' :=0; de? :=0.

When 6 is a quadratic irrationality, Connes’s general construction of constant
curvature connections on Heisenberg modules yields canonical Hermitian bimodule
connections on the basic Heisenberg modules of Example 2.24.

Example 2.28 (Connes [32, Thm 7|, Polishchuk—Schwarz [84, Prop. 2.1]). We
continue from Example 2.24. Let g € I'g. Connes’s maps Vg41,V,2 : E(9) = E(g)
yield a right Hermitian connection V, : E(g) — E(g) ® g Qf by setting

Vp € E(g), Vy(p)=Vy1(p)@e' +V,2(p) ®e%
in particular, by [32, Thm 7|, the map V, satisfies
. 921 1 92
Vp € E(g), V2(p)=p- 2ri————ele?
(9) o(P) 9210 + ga2
Hence, by [84, Prop. 2.1] and Proposition 2.27, the map V, defines a Hermitian
bimodule connection on E(g) with respect to the generalized braiding o, given by

. 1 .
Vie{l,2}, Vpe E(g), o,(e'®p)=——pRe.
{1,2}, Vp € E(g), o4(e"®p) PR

The primary technical advantage of bimodule connections is that they are com-
patible with balanced tensor products of bimodules. In fact, they yield a monoidal
category of B-self-correspondence of finite type with Hermitian bimodule connection.

Theorem 2.29 (Beggs—Majid [13, Thm 5.3], cf. Beggs—Brzezinski [9, §2.4]). The
following defines an essentially small monoidal concrete category DCORR(DB).

(1) An object of DCORR(B) is (F,0p,Vg), where E is a B-self-correspondence of
finite type and (og,VE) is a Hermitian bimodule connection on E;

(2) An arrow u : (E,o0r,VEg) = (F,or,VF) is an isomorphism f : E — F of
B-bimodules satisfying (2.11) and

Vpou:(u@)id%)oVE. (233)

(3) The tensor product of (E,0p,VE) and (F,op, V) is (FEQpF,05gsr, VE2sF),
where B Qg F is the balanced tensor product of B-bimodules equipped with the
B-valued inner product of (2.12), and where

OE@pF = aE}F,QB o(idg ®oFp)oagqyroor ®idp, (2.34)
VE®BF = aE’}F,QB o ((ldE ® O'F) oQp Oy F O (VE ® ld) +idg ® VF) ; (235)
moreover, the monoidal product of arrows is given by the balanced tensor product
of B-bimodule homomorphisms, and associators are given by the corresponding
associators in BIMOD(DB).

(4) The unit object of DCORR(B) is (B,op,Vp), where (cp,Vp) is the Hermitian
bimodule connection of Example 2.26; moreover, left and right unitors are given
by the corresponding left and right unitors of BIMOD(B), respectively.

In addition, if u: (E,05,Vg) = (F,or,VF) is an arrow in DP1C(B), then
Vro(u®idg,) = (u®idg,) o Vg, (2.36)
oo (ido, ®u)=(u®idg,)cog. (2.37)
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Proof. Relative to [13, Thm 5.7] and the discussion preceding the proof of Theorem-
Definition 2.13 (with minor changes), it suffices to check that the tensor product is
well-defined on objects. Let (E, 05, VE) and (F,op, V) be objects of the category
DCORR(B). A straightforward calculation shows that

Ve,v e B, Vv, T € F®p Qp, ((x ® U(O)) ® V(1) (v ®T<0>) X T<1>) = (v, (z,v)T).
(2.38)
Relative to [13, Thm 5.7], it remains to check that ogg,r and Vg, F satisty (2.30)
and (2.25), respectively, but this now follows by repeated application of (2.38),
(2.22), and (2.23), as appropriate, to (og,Vg) and (op, V). O

We now construct our coherent 2-group of NC Hermitian line bundles with unitary
connection.

Theorem-Definition 2.30 (cf. Beggs-Majid [12, Thm 3.3]). The differential Picard
2-group of B is the coherent 2-group DPI1C(B) defined as follows.

(1) As amonoidal category, DP1c(B) is the full monoidal subcategory of DCORR(B),
whose objects are of the form (E,og,Vg), where E is a Hermitian line B-
bimodule.

(2) The monoidal inverse of an object (E,og, V) is given by (E, 0, V), where

VB € Qp, Vx € E, op(fRT) = TQB)E(O'EI(.T ® 6*)), (2.39)
Vz € E, VT = TQB,E((;;(VW)); (2.40)

here, by abuse of notation, we let Yo, g : Qp®p E — E ®p Qp denote the
isomorphism of B-bimodules defined by

Vee E,V8e€Qp, Tope(f®z)=TQp3". (2.41)

(3) Evaluation arrows are given by the corresponding evaluation arrows in P1c(B).

Hence, a Hermitian line B-bimodule with connection is an object of DP1¢(B), and an
isomorphism of Hermitian line B-bimodules with connection is an arrow of DP1¢(B).
Finally, the differential Picard group of B is the group DPic(B) = mo(DP1C(B)).

Proof. Given Theorem 2.29 and Theorem-Definition 2.13, it remains to show that
monoidal inversion and evaluation in DP1c(B) are well-defined. Let E be a Hermit-
ian line B-bimodule with Hermitian bimodule connection (og, Vg).

Let us first show that E admits the Hermitian bimodule connection (o5, V)
defined by (2.39) and (2.40). By a theorem of Beggs—Majid [12, Thm 3.3], suitably
adapted, we know that o is a B-bimodule isomorphism, that V4 satisfies (2.24),
and that the pair (o5, V) satisfies (2.31). By Proposition 2.27, it remains to
show that o7 satisfies (2.26) and that V4 satisfies (2.25) and (2.32). In turn, by
construction of o and V4, it therefore suffices to show that, respectively, for all
a,f €Qpand z,y,z € F,

op' (€@ fa) = o5' (2 ® B) 05 (oE(a: ® B)g) ® a), (2.42)
op(dp(T,9) ®2) = op(VEZ, 7@ 1) @ 2) + 0p((T® 1, VEY) ® 2), (2.43)
ox' (Viz) = Ugl(vE@(*l}U; (VE(O'El(vE-'L')«)))) (2.44)

+ dBdgl(VEJ?)(_D ® Uél(inb)(m
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First, we check (2.42). Let o, 8 € Qp and = € E. By (2.26) applied to o,
e®PBa=og (051(6 ® 5)<_1> ® 051(6 ® ﬂ)m))a

= 05(05' €@ 8)_yy @ (05" @ B) g @) ) (05" (e ® B) g @ )

=o0g (051(6 ® 5)<,1>UEI (U;Jl(e ® ﬁ)<0> ® a)).

Next, we check (2.43). Let z,y,z € E be given. Since (0g, Vg) is a Hermitian
bimodule connection, it follows that

On the one hand, by definition of V4, we see that

(1

o(VEE,9) ©2) = 05 (05 (Ve) ) © 05 (Vi) gy (5,2)) = Va(@)(y, 2).
On the other hand, by definition of Vz together with (2.30) applied to o,
5@ (Viy,2) = 2@ (05" (V) (05" (Vey) o @ 1), 2@ 1)
=r® (JEI(VE:U)<0> ® 17(7]51(VEy)?,1> ® z))
= (7,05 (Voy) ) ) o805 (VEY)_y) ©2)
=op((T® 1, V(1)) @ 2).

Finally, we check (2.44). Let x € E be given. By (2.26) and (2.27) applied to og
and (og, VE), respectively,

Viz=Vgoop (O’El(vEl‘)<7l> ® Ugl(VEx)@)
=05 (05" (Vp2) 1) @ Vi(o5 (Vpa) ) + dpog (Vo) ) @05 (Vi) g )

= o (05" (Ver) 05" (Ve(o5 (Ven) )

+og (dBagl(VEx)<_1> ® Ugl(VEx)m)).

We now show that evg : E®p E — E in P1c(B) defines a corresponding arrow
in DP1¢(B). Since Vi = )\5]13 od, it suffices to show that for all z,y € F,

dpevp(Z®y)
= Aq, o (evyp ®idg,) o o%,lE’QB ((idf ®op)oagg, p(VETRY) +T® VEy).
Hence, let z,y € E be given. By (2.30) applied to o and (2.25) applied to Vg,
dpeve(T®y) = (Vez,y® 1)+ (z®1,VEgy)

= (05" (Vi) g © 1,05 (VEa)_,(y 1)) + (£ © 1, Vi)

=evpg (VE(x)w) & O'E(VE(E)(D & y) )UE(VE($)<1> 0 y)

(0) (=1)
+evg (T ®VEg (y)<o>)VE (y)<1)

=Aq, © (evE & idQB) o a%,lE,QB ((ldE ®og)o ozEQByE(VEEQ@y) +T® VEy)
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This concludes the proof. O

Example 2.31 (Polishchuk—Schwarz [84, Prop. 2.2]). We continue from Example
2.28. The homomorphism E : 'y — P1c(C5°(T?)) of Example 2.24 lifts to the

homomorphism E : 'y — DP1¢(C5°(T?)) defined as follows.

(1) Given g € Ty, let E(g) == (E(g),0,,V,), where (04,V,) is the Hermitian
bimodule connection on E(g) of Example 2.28.

(2) Let E©) be given by idgge(r2) = EO),

(3) Given g,h € Ty, let EA'f,)L be given by E;z,)I

In particular, that £(© and E® satisfy the required commutative diagrams follows

(with superficial changes) from the result of Polishchuk—Schwarz.

2.4. Canonical actions of the differential Picard group. Again, let B be a
unital pre-C*-algebra with x-exterior algebra (25,dp). We show that the differential
Picard group DPic(B) defines a generalized diffeomorphism group for (B;Qp,dp),
whose action on the Ky-monoid V(B) characterizes the fibres of the forgetful map
DPic(B) — V(B) and whose action on the graded centre Z({2p) admits curvature
as a canonical group 1-cocycle.

Let us first consider naive diffeomorphisms of the manifold (B;Qp,dp). Gel’fand
duality initially suggests that a diffeomorphism of (B;Qp, dg) should be an automor-
phism of the x-exterior algebra (25, dp) over B. However, as we shall see in Theorem
2.35, inner automorphisms of B, i.e., automorphisms of the form b — ubu* for some
fixed u € U(B), will generally only satisfy the following slight generalization.

Definition 2.32. We define the extended diffeomorphism group of B to be the
subgroup Diff(B) of (2%)sa x Aut(Q2p) consisting of elements (w, ¢) satisfying
VB e g, dB—podoo l(B) =ilw,fl; (2.45)

here, (Q%)sa = {w € Qf | w* = w}, while [-,-] denotes the supercommutator in
Qp with respect to parity of degree; hence, an extended diffeomorphism of B with
respect to (2p,d) is an element of Diff (B). Moreover, we say that (w, ¢) € Diff (B)

is topologically trivial whenever ¢| = idp, and we denote by Diffy(B) the normal

—_—

subgroup of Diff(B) consisting of topologically trivial elements.

Example 2.33. Continuing from Example 2.21, equip C°°(X) with the s-exterior
algebra (2(X,C),d), and note that Diff(X) acts on Q'(X,R) from the right by
pullback. The map

((f,w) = (F7)"w, (f7)9)) : Diff(X) x Q1(X, R) — Diff (C**(X))
is an isomorphism that identifies {idx} x Q1(X,R) 2 Q1(X,R) with Diffo(C>(X)).
Example 2.34. Recall the homomorphism 7 : Aut(B) j\_/PIC(B) of Example 2.14.
The following defines a lift of 7 to a homomorphism 7 : Diff(B) — DPI1c(B).
(1) Given (w, ¢) E/DE(B), let 7(p.w) = (Bg, 04, V(w,g)), Where By =: 74 and

VB € Qp, Vb € B, 04(B@by) =14 ® ¢~ 1(Bb), (2.46)

Vb € B, Vipw) (b)) =15 @ ¢~ (db+ b - iw). (2.47)

(2) Let 7(©) be given by idp = 7(?.
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. - (2 . 2
(3) Given (w1, ¢1), (w2, ¢2) € Diff(B), let T((wz7¢1)7(w27¢2) be given by 7;1)74)2.
Note that 7 : Diff(B) — DP1c(B) is faithful on objects, so that we can view 7 as

—_—

an embedding of Diff(B) in the coherent 2-group DP1¢(B).

Now, let Ilpic(p) : DPic(B) — Pic(B) be the group homomorphism induced by
the forgetful functor DP1c(B) — P1c(B), and recall that Iy p) : Pic(B) — V(B)
is the set map induced by the forgetful functor Pic(B) — HILB(B). Hence, note
that the right Pic(B)-action on V(B) of Proposition 2.19 pulls back via IIp;(p) to
a right DPic(B)-action on V(B); in turn, this right DPic(B)-action correctly pulls
back via m(7) to the usual pullback action of isometric *x-automorphisms on V(B).

Since this DPic(B)-action on V(B) is transitive on the range of IIy, gy o Ilpic(p),
we may use the resulting stabilizer group DPic(B)(p of [B] € ran(Ily gy o Ipic(s))
to characterize the fibres of the forgetful map from the differential Picard group
DPic(B) to the K¢-monoid V(B). Moreover, since Ilpi(p) is a group homomorphism,
its kernel yields the fibres of the forgetful map from DPic(B) to the (topological)
Picard group Pic(B). As it turns out, the subgroups DPic(B)p) and ker Ilp;.(p) are

—~

completely determined by the group homomorphism 7o (7) : Diff (B) — DPic(B).
p y y group P 0

Theorem 2.35. Let DPic(B)(p) denote the stabilizer subgroup of DPic(B) with
respect to [B] € ran(Ily(py o Ilpie(p)), and let Ad: U(B) %f)\i_ff(B) be given by

Vu € U(B), Ad, = (—idp(u)u*, Ady,) . (2.48)

Then the homomorphisms mo(7) and Ad fit into the exact sequences of groups

ﬂ‘o(f')

1 - U(Z(B) Nkerdp) — U(B) 2% Diff(B) 222 DPic(B) iz — 1, (2.49)

1= U(Z(B) Nkerdp) — U(Z(Q5)°) 2% Diffo(B) 227 DPic(B) 22, pPic(B).

(2.50)

Proof. Before continuing, we must show that (2.49) is a well-defined diagram of

groups. A straightforward calculation show that Ad : U(B) — EE(B) is well-
defined, so it remains to check that ranmy(7) < DPic(B)p. However, given
(w, ¢) € Diff(B), the required isomorphism U : B ®p By — B in HILB(B) is given
by U == (b®cg — ¢~ (bc)).

We now show that (2.49) is an exact sequence. Exactness at U(B) is immediate, so

we proceed to checking exactness at /DE(B ). On the one hand, let (w, ¢) € ker my(7)
be given. Thus, there exists an arrow U : (Bg, 04, Vu.¢) — (B,0p, V) in DPI1C(B).

—

Set u = U(1y); we claim that (w,¢) = Ad,. First, observe that u € U(B) since the
singleton {14} defines both a basis and strict cobasis for B,. Next, observe that
Bu= Ao, oopo (ido, @U)(B® 1¢) = Az 00g 0 (ido, ®U)o O';l(l¢ ® (rbil(ﬂ))
= ug*(B).
for all 8 € Qp, so that ¢ = Ad,. Finally, observe that w = —id(u)u* since
0= 20, ((U®idas)(Vuele) —dpul(ly))
=X, o (U®ida,)(ly ®ip™ (w)) — dpu
= i(w + idpg(uw)u*)u.
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On the other hand, similar calculations show that, for each u € U(B), the map
(baa, —> bu) : Baa, — B defines an arrow 753 — (B, 09, Vo) in DP1C(B).
Finally, we check exactness at DPic(B);p. Let (E,0g,VEg) be a Hermitian line
B-bimodule with connection, and suppose that [(E, o0, VE)| € DPic(B)p). Using
Mg : B®p B — B, we conclude that there exists an arrow U : B — E in HILB(B).
Set e :== U(1); since {1} defines both a basis and cobasis for B, it follows that {eg}
defines both a basis and cobasis for E. We shall use ¢ together with (o, VEg) to
construct (w, @) Eﬁi\f?(B) and an arrow V : 74 o,y = (E,0p, Vg) in DPIC(B).
First, define a C-linear map ® : Qp — Qp by & = (f+— (e ® L,05(8 ® €0)));
once we know that the degree-preserving map ® is an element of Aut(Qp), we shall
set ¢ := ®~ 1. First, note that ® is unit-preserving since ®(1) = (eg,e9) = 1. Next,
note that ® is multiplicative by (2.26) applied to o and *-preserving by (2.30)
applied to og. Next, note that @ is bijective since, for all 8 € Qp and x € F,

B = BRey(ey,x) = O’El(e()@(eo@l,051(6®€0)))(60,I) = Ugl(eo®<1>(ﬁ))(eo,e),

so that, in terms of the arrow Yo, g : Qp Q@ E — E ®p Qp in BiMop(B),

VB EQp, @7(B) = (TQB,E@EI(eo ®p)) e ® 1).
Finally, note that ® is isometric on B since, for all b € B,
1B = ll(eo, beo)ll < [Ib]l - leall* = 110l - lI(eo, o)l = lIo],
12~ ()] = II(eod, @)l < [0 - [IEall* = [[bl] - lI(eo, eo) | = [[0]]-

We now claim that (w,¢) = (=P ((ep ® 1, Vep)), ®~1) defines an element of
the group Diff(B). Note that w € Q} is self-adjoint since ¢ € Aut(2p) and since
0=dg(eo,e0) = (VEeg,e0 ® 1)+ (eg ® 1, Vgeg) = (eo, VEeo)™ + (e, VEeo).
Thus, it remains to show that (¢, w) satisfies (2.45). Let n € Ny and 5 € Q. Then

op(dpo(B) ®eo) = Ve(op(o(B) ® o)) — (-1)"op <¢(5) ®VE(60)<0>)VE(60)<1>
VEe(eo® B) — (—=1)"0p(6(B8) ® eo)(eo, VEeo)

Vi(en)B + ey ®dB — (—1)"eq @ w(en, VEeo)

= eo ® (dpf + [(e0, VE€o), B])

=0g((¢(dBfB) +ilw, ¢(B)]) ® eo),

so that, indeed, for every = € F,

dpo(B) @ x = dpd(B) ® ep(en, x) = (P(dpB) + i[w, d(B)]) @ eo(eo, x)
= (¢(dpp) +ilw, d(B)]) @ =.

Finally, define an arrow V : B, — E in P1¢(B) by V(1,) = eq; we claim that it
yields an arrow V : 7, 4 — (E,0g, Vg) in DP1¢(B). Indeed, for all b € B,

Ve(V(by)) = op(db®eo) + bV reo
=er® ((eo®1,0p(db®ep))) +beg ® (g ® 1, VEeo)
=eo® ¢ (db) + beg @i (w)
= (V @) (Vi pbo)- 0
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We have just seen that the generalized diffeomorphism group /DTf?(B) embeds
via 7 in DP1C(B). The following refinement of Proposition-Definition 2.20 yields
a surprising ‘moral converse’: the entire differential Picard group DPic(B) acts
canonically by automorphisms on the graded centre of g in a manner compatible
with this embedding.

Proposition-Definition 2.36 (Beggs—Majid [13, Prop. 5.9]). The Frohlich homo-
morphism of B is the unique group homomorphism & : DPic(B) — Aut(Z(Qp),d),
such that, for every Hermitian B-bimodule with connection (E,og, VE),

VB € Zp(Q2p), Vo € E, ‘i)[E,vE}(ﬁ) Rr=o0g (z®P); (2.51)
in this case, we call (i)[E,VE] the Fréhlich automorphism of (E,0g,VEg).

Proof. Relative to [13, Prop. 5.9], it remains to check that for each object (E, og, VE)
of DP1¢(B), the automorphism @z v ) of the graded algebra Zp(Qp) is *-preserving

and commutes with dg on Z(p); observe that <I>[E vellz@g)0= P lz@y)e is iso-
metric by Proposition-Definition 2.20. Let (E, o, Vg) € Obj(DPI1c(B)) be given,
and fix a basis (e;)j_; and a strict cobasis (¢;)72; for E. On the one hand, by the
proof of Theorem 2.35, mutatis mutandis,

VB € Z(Qp),  Pmviy (8 (TQB 205 (e; @ B)), & ® 1), (2.52)
VB € Z(Qp), [EIVE]( ) = Z (®L0p(B@¢)); (2.53)

hence, by (2.53) and (2.30) applied to og, the map <I>[E,VE] is *-preserving. On the
other hand, let 8 € Z(Q2p) be given. Then, for all z € E,

r@dpdlo (B) = Ve(r@®py,(8) - Ve@) L ¢, (8)
= VE(ﬁ( ®1)) = Ve
=r® ‘I> »(dBB). U
Corollary 2.37. The canonical left action of mo(DP1¢(B)) =: DPic(B) on the
Abelian group w1 (DP1c(B)) = U(Z(B) Nkerdp) is the left action induced by ®.

We can now introduce curvature as a 1l-cocycle for this DPic(B)-action. For
convenience, let us define a pre-symplectic form on B to be self-adjoint 3 € Z(Qpz)?
satisfying d8 = 0. Hence, we denote by S(B) the real subspace of all pre-symplectic
forms on B, which we endow with the right DPic(B)-action defined by

V[E, V] € DPic(B), Vw € S(B), w<[E,Vg] =& ¢ (). (2.54)

Moreover, recall that if " is a group and M is a right I'-module (written additively),
then a map c: I' — M is a right 1-cocycle whenever

Vy,meT, clyn) =cly)<n+c(n).

Proposition-Definition 2.38 (Beggs—Majid [13, Prop. 5.9]). The curvature 1-
cocycle of B is the unique right 1-cocycle F : DPic(B) — S(B), such that, for every
Hermitian B-bimodule with connection (E,og, Vg),

VEEE®p Qp, Vi =E( iF(pyy (2.55)

in this case, we call F|g v, € S(B) the curvature 2-form of [E,Vg].



NONCOMMUTATIVE U(1)-GAUGE THEORY 25

Proof. First, let (E,op,VEg) € Obj(DP10(B)); fix a basis (e;)"; and a cobasis
(ej)?zl for E. The map V2, : E — E®pQp is right B-linear by repeated applications
of (2.24) and left B-linear by (2.32). Thus,

Vir =V (ijl(i 67)%‘) = ijl(ﬁ GV =2 ® ijl(% ®1,V%e)
for every o € E, so that the 2-form Fg v, = —i)_7",(¢; ® 1, Vie;) € QF satisfies

Ve €E, Viz=z®iFpyv,. (2.56)
On the one hand, if w is any 2-form satisfying (2.56), then

w = Zj:l(ej’ ej)w = ijl(ej ®1le® w) = —i Zj:1(6.j ®1, VQEGJ‘) = F[E,VE];

in fact, this uniqueness implies that F(g v, depends only on [E, Vg]| € DPic(B).
On the other, Fig v, is self-adjoint by construction from (e;)7_; and repeated
applications of (2.29).

We now show that F|g v, is central, closed, and satisfies (2.55). First, by
repeated applications of (2.27), it follows that VEop(8®2) = op(B® 1) - iF g,y
for all 8 € Qp and z € F, so that by invertibility of the map o g, the 2-form F (g v )
satisfies (2.55). Next, by (2.55) and repeated applications of (2.24), it follows that
r@Fpv,08= —iVi(z®p)=z® BF(p,v, for every B € Qp and = € E, so that
F(g v, is central. Finally, Fg v, is closed since for every = € E, by (2.55),

®idpF(p v, = Ve(@®iF g v,) - V@) iF gy, = Ve(Viz)—VE(Ver) = 0.

Finally, by [13, Prop. 5.9], mutatis mutandis, the map [E, Vg| — Fg v, satis-
fies F[E®BF,VE®BF] = ‘I)[}I,VF](F[E,VE]) + F(p v, for all objects (E,0p, VEg) and
(F,op,VE) of DP1C(B), which is the required cocycle identity. O

Example 2.39. We continue from Example 2.33. Let Q2(X,R), denote the
Diff (X )-invariant R-subspace of closed real 2-forms on X. On the one hand, let
¥ : DPic(C**(X)) — Diff(X) be the homomorphism induced by the Frohlich
homomorphism of C*°(X). On the other, recall that the ordinary differential
cohomology group H?(X) is the group of isomorphism classes of Hermitian line
bundles on X with unitary connection [55, Ex. 2.7]. Then, by Serre-Swan duality,

1 - f2(x) BV M@ Vel ppi oo x)) L Diff(X) — 1

defines a split exact sequence with canonical right splitting ¢ +— [7(0, (¢=1)*)].
Given the resulting isomorphism Diff(X) x H?(X) — DPic(C*°(X)) defined by

(0, [6,Ve]) = [D((67)7E), (71" Vel[7(0, (671)7)]
we may identify the Froéhlich homomorphism @ with the quotient map
((¢,[E,Ve]) = ¢) : Diff (X) x H*(X) — Diff(X)
and the curvature 1-cocycle F : DPic(C* (X)) — Q%(X,R)q with the map
((¢,[€,Ve]) = ¢ tr(VE)) : DIff (X) x H*(X) = Q*(X,R)a.
Example 2.40. The homomorphism 7 of Example 2.34 satisfies

V(w,¢) € DIff(B), & om(7)(w,d) = dlzy), Fomo(F)(w,¢) = ¢ (dw —iw?).
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Example 2.41 (Connes [32, Thm 7]). Continuing from Example 2.31, observe that
Z(929(T?)) is the complex GrafRmann algebra in the self-adjoint generators e! and
¢ of degree 1. Hence, the homomorphism E : Ty — DP1c(C5°(T?)) satisfies

2

Vg €Ty, ®omo(E)(9) = (9210 + 922)" idz(a,ye, Fomo(E)(g) =
k=0

27‘—921 61
9210 + g22

3. RECONSTRUCTION OF NC PRINCIPAL U(1)-BUNDLES WITH CONNECTION

We now generalize the familiar correspondence between Hermitian line bundles
with unitary connection and principal U(1)-bundles with principal connection to
the NC setting. This takes the form of an explicit equivalence of categories that can
be viewed as an adaptation of Pimsner’s construction [81] from the C*-algebraic
literature to the setting of NC differential geometry.

In what follows, we say that a representation U : U(1) — GL(V) is of finite type

whenever V = @kez Vi, where Vi, := {v € V |Vz € U(1), U,v = z*v} for all k € Z.

3.1. Monoidal inversion and homomorphisms of coherent 2-groups. First we
leverage the coherence theorem for coherent 2-groups of Ulbrich [96] and Laplaza [67]
to show that every homomorphism of coherent 2-groups canonically defines a bar
functor or involutive monoidal functor in the sense of Beggs—Majid and Egger [44],
respectively. This will obviate any difficulties related to reconstructing *-structures
on NC principal U(1)-bundles with principal connection.

We first recall the additional categorical structure that will fully capture the
behaviour of monoidal inversion in a coherent 2-group.

Definition 3.1 (Beggs—Majid [11], Egger [44]). A strong bar category is a monoidal
category G equipped with a functor = : G — G, an isomorphism x : 1 — 1, and
natural isomorphisms (bbg : g — ﬁ)geObj(G) and (Yyn:g®@h — h®7)(g.n)c0bi(G)2;

such that bby = bb, for every g € Obj(G) and the following coherence diagrams
commute for all g, h, k € Obj(G):

1 ———1T 781 1wy Tog 5ol
bbxl \A Py J{‘k®idﬁ E J{id? @*
= pgl )\?—1
1 g— 1®g g— g®1
— T.enk — — bby ®bby, _ =
(g®h)®k*>k®g®h*$k®(h 9) gh ———3G®h
ml Tamg bbg@hi Thg
— T, ®idy — Ty, T o —
Johak) 2 i ekeg S Een) oy gOh —" 3 h®yg

For example, given a unital pre-C*-algebra B, the monoidal category BimoDp(B)
defines a strong bar category with x : B — B, bb and T defined as follows:

Vb € B, *(b) = b*,
VE € Obj(BiMOD(B)), Vz € E, bbg(z) =T,
VE,F € Obj(BmmMoD(B)), Vo € E, Vy € F, Terz®y) =7®T.

We now recall the coherence theorem for coherent 2-groups. Call an arrow of a
coherent 2-group G structural if it lies in the smallest subclass of Hom(G) that:

e2.
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(1) contains the identity arrows, associators, left unitors, and right unitors of G as
a monoidal category and the evaluation arrows of G as a coherent 2-group;

(2) is closed under composition, inversion, and the monoidal product in G as a
monoidal category and monoidal inversion in G as a coherent 2-group.

Hence, given endofunctors P,@Q : G — G of a coherent 2-group G, we say that a
natural transformation 1 : P = @ is structural whenever 7, is structural for every
object g of G. For example, given a coherent 2-group G, the natural isomorphisms
coev and bb of Theorem 2.4 are both structural [67, Lemm. 4.4 & 4.5].

Theorem 3.2 (Ulbrich [96], Laplaza [67, §2]). Let G be a coherent 2-group. For
every pair (g, h) of objects of G, there is at most one structural arrow g — h in G.

Our first application of the coherence theorem is that a coherent 2-group canoni-
cally defines a strong bar category with respect to monoidal inversion.

Corollary 3.3 (cf. Laplaza [67, p. 310]). Let G be a coherent 2-group. There
exist a unique structural isomorphism x : 1 — 1 and a unique structural natural
isomorphism (Ygp: g®@h — h® G)g.necobj(c) making G into a strong bar category
with respect to monoidal inversion and the natural isomorphism bb of Theorem 2.4.

Proof. First, construct a structural arrow x : 1 — 1 by setting x := Ay o coevy. Next,

given objects g and h of G, construct a structural arrow Yy ) : g® h — h®73 as
follows: first, construct a structural arrow coevggp : 1 = (¢®h) ® (h®g) by setting

COBVg@h = Qygp, 5 © (a;iﬁ ® idg) o ((idg ® coevy) ®idg) o (p;l ® idg ) o coevg,
and then set Ty p = Ajg-0(evggn ®idy

.
i) © O3 gen ey (17en ©COVgsn) 0oy
The claim now follows by Theorem 3.2. (]

Remark 3.4. Let G be a coherent 2-group. The structural isomorphism * : 1 — 1 is
the unique isomorphism of the inverses (1, A\;, \]!) and (T, evy, coevy) of 1. Likewise,
given g, h € Obj(G), the structural isomorphism Y, j, is the unique isomorphism
of the inverses (h ® g,evg®h,coevg®h) and (g ® h, evygn, coevyen) of g ® h, where
Voan: (h®@7) @ (9@ h) — 1 and coevygn : 1 — (9@ h) ® (g ® h) are the unique
such structural arrows.

For example, let B be a unital pre-C*-algebra. Then the canonical strong bar
category structure on P1c(B) of Corollary 3.3 is that induced by the aforementioned
strong bar category structure on BIMOD(B).

We now come to the main definition of this subsection.

Definition 3.5 (Beggs—Majid [11], Egger [44]). Let G and G’ be strong bar

categories.

(1) A bar functor F : G — G’ consists of a monoidal functor F : G — G’ together
with a natural isomorphism (Féil) : F'(g9) — F(9))geonj(q) making the following
diagrams commute for all g, h € Obj(G):

7 S0 p) 2O py Flg) =4

ml lFm) (3.1) bbF<g>l -v (3.2)

@
&l

Q\

fﬂ
Ql
@l

1 = 1 (9) ’
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T o LF@).F( N —@‘”@F}fl) B
F(g) ® F(h) —=== F(h) ® F(g) =~ F(h) ® F(7)

lFf) (3.3)

(2) Given bar functors P, Q : G — G', a monoidal natural transformation ¢ : P = Q
is a bar natural transformation if Qé_l) 0 ¢y = g0 Pg(_l) for all g € Obj(G).

Given a homomorphism of coherent 2-groups F, the following will supply F(—1).

Proposition 3.6 (Baez-Lauda [7, Thm 6.1]). Let G, G’ be coherent 2-groups, and
let F: G — G’ be a homomorphism. There exists a unique natural transformation

(Fg(fl) : F(g) = F(9))geobja) making the following commute for all g € Obj(G):

_ F{Y®id, —— idg ®@F{Y
‘—>

F(g)® F(g) F(g) ® F(g) F(g)® F(9) —— F(9) ® F()
ev, R (34) coevy F (35)
L P PGeyg 122, paf kg 2 g)

At last, we come to our main technical result.

Theorem 3.7. Let G and G’ be coherent 2-groups.

(1) Let F : G — G’ be a homomorphism. Then F defines a bar functor with respect
to the canonical natural isomorphism F(—Y) of Proposition 3.6.

(2) Let P,Q : G — G’ be homomorphisms, so that P and Q uniquely define bar
functors satisfying (3.4) and (3.5). Then every 2-isomorphism n: P = Q is a
bar natural transformation.

Lemma 3.8 (Baez—Lauda [7, Proof of Thm 6.1]). Let G be a coherent 2-group.
For every object g of G and every inverse (h,e,1) of g, there exists a unique isomor-
phism of the inverses (g,evgy, coevy) and (h,e,i) of g. Moreover, for every inverse
(hye,i) of g and u : G — h, the arrow u satisfies (2.3) with respect to the inverses
(g,evg,coevy) and (h,e,i) of g if and only if u is the unique isomorphism of the
inverses (g,evg,coevy) and (h,e,i) of g.

Lemma 3.9. Let F : G = G’ be a homomorphism of coherent 2-groups, and let
F& be the natural isomorphism of Proposition 3.6. Let g, h € Obj(G), and let

egn (h®7) @ (g®h) = 1 and epg),rny : (F(h) © F(g)) @ (F(g) ® F(h)) — 1 be
the unique such structural arrows. The following diagram commutes:

(=1) o o (—1)y s (2) (2
(FyVeF{~)®id FLo®F,

(F(h) ® F(g)) ® (F(g) ® F(h)) — (F(h) ® F(3)) ® (F(g) ® F(h)) = F(h®g)® F(g®h)

(2)
c1"“(:7),?’(*1{ lpﬂe'g@g@h
1

F(1) F((h®g) ®(goh)

(O F(eg,n)

Proof. Let g,h € Obj(G). Note that we can construct ¢, , and ep(g) p(n) as

. . 1
egzn = evy o ppo(id ®evy) ®id ooy & o,
1

CF(g)F(h) = €VF(h) © PF(Ry © (id ®evp()) @id o a;(hLW,F(g)'
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Hence, our claim will follows from commutativity of the following diagram, where,
for visual clarity, we replace the symbol ® with -.

(F[ 1 F( ). ,1 F(2> d id- F(2\ F(Z)

F®)-F@) - (Flg) - F(h)) = (F(R) - F@) - (Flg) - F() "% F(R-9) - (F(g) - F()) — F(F-3)- Fla-h) 5 'F((F-7) - (g- 1))
O T ) m»>l l F(R)-F (@), ””FFW Dad l F(R7),F(9),F(h)
(F®)-F(g) - Flg)) - F(h)  (F(B)-F(@)- F(g) - F(h) = (F(k-g)- F(g))- F CE
ST (o) "ll (FLD (R day) da lm’”“(‘)'”” B lﬂ?]’ b @
FW) - (Flg) - F(9)) - F(h) = (F(R) - (F@) - F(@))-F(h)  (F((F-9)-9)- F(h) ————"""" s P((R-5)-9) - h)
) l(m F®)id o lr‘( )i o lp({,ﬁw.m)
(F(R)-F(g-9)- F(h) =2 F(i-(3-9)) - Flg) ———— 2" F((R-(g-g)) - h)
(id -ev (g )-id l(id»F(cvy))-xd lF(nd evg)id lF((id»cvy)-xd)
— B — B, —
(F(R)- F(1)) - F(h) —=—— F(h-1)- F(g) F((h-1)-h)
J/(xdvF“")-nd
(W 1)- F(h) (Fy " id)-id (F(h)-1)- F(h) F(oid)
(—1) 2(2)
Fh)-F (n)%r(h) F(h) T Fl-h)
wml lF(ev»)
1 ro F(1)

However, this now follows from applying naturality of «, monoidality of F', naturality
of F®), and commutativity of (3.4) as appropriate to each sub-diagram. (]

Proof of Theorem 3.7. First, let F : G — G’ be a monoidal functor; let F(-1
be the resulting natural isomorphism of Proposition 3.6. Given g € Obj(G), set

Vp) = (FO)~1o Fevy) o Fg(?g) and coevp(g) = (Fg(?g))_1 o F(coev,) o FO so
that (F(g),evp(g),c0evp(g) ) is an inverse for F'(g). By Lemma 3.8, F(1 s defined
as follows: given g € Obj(G), let F( R

of the inverses (F(g),evp(g),coevp(g)) and (F(9),eVE(g),coevp()) of F(g).

We first show that (3.1) commutes. By Lemma 3.8, it suffices to show that
the arrow F(x) o (F(0)~1 o x~1 0 F(0) satisfies (2.3) with respect to the inverses
(F(1),evp(1),coevpq)) and (F(I),eVp (), coevp(yy) of F(1). This is now follows by
applying bifunctoriality of ®, coherence in G, coherence in G’, monoidality of F, or
naturality of F(® as appropriate to each sub-diagram:

F(g) — F(g) be the unique isomorphism

_ ors id
FOoFL) ™8 Ter1) — 99 16 r1) "8 pa)y e F(1) "2 F(T) o F(1)
\m@F(o) 1d®Fy iF@)
1,1
eVF<1>| 1®1 *®ld> 1®1 N kmm Fle1) Fs@id) [Fl(i)
evy 1 F(X\1) * 1
1 F© \) / F(evy) F(T@ 1)

Next, we show that (3.2) commutes. Let g € Obj(G). By Lemma 3.8, it suffices
to show that F'(bbg) o bbF(g) (F( 1)) satisfies (2.3) with respect to the inverses

(F(9),evr(g),coevr(g)) and (F(g),eVp ), coevpg)) of F(g). This now follows by
applying bifunctoriality of ®, coherence in G, coherence in G’, commutativity of
(3.5), naturality of ev, and naturality of F (2) as appropriate to each sub-diagram:

(S il

a bby( @id
Flg @ F(g) *> Fg) @ F(9)

Flg) @ F(@g) "% p@G) @ F(5)

FU)L
1)®F( b br(g) ®i (1

vr@]| Flo) @ Flg) )® F(g) F(g®9) |
VE@) F(coevg)T w)@] id)
coevp(g (0) F(evy, =
et F1) 0 Fgog)

id@F{~"
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Finally, let us show that (3.3) commutes. Let g, h € Obj(G) be given; for con-
venience, let ¢, and ep(y), p(n) be defined as in Lemma 3.9. By Lemma 3.8,

it suffices to show that F(T;}L) o Fﬁ(zg) o F,Efl) ® Fg(fl) o Y pg),F(h) © (Fg(?lz)_l
satisfies (2.3) with respect to the inverses (F(g ® h),evp(gan), OV p(ggn)) and
(F(g®h), eV E(goh), COCV p(gan)) Of F'(g @ h). This now follows by applying coher-
ence in G, coherence in G’, bifunctoriality of ®, naturality of ev, naturality of F(2)
and Lemma 3.9 as appropriate to each sub-diagram:

eVFE(g®h) 1
VF(g9)@F(h) ®1d

Fgoh)® F(g®h)
(Feon eidl doF®
Flg)@ F(h)® F(g@ h) +—=" F(g) @ F(h) ® (F(g) ® F(h))
(F(h)® F(g)) ® F(g®h) (F(h) @ F(g)) ® (F(g) ® F(h))
(P eF)@idl (FVeF)eidl F©

(F(h) © F(g)) © F(g@ h) (F(h)® F(g)) ® (F(g) ® F(h))

Fg;®id$ S Fﬁ(g®id$
F(hog)®Flgoh) +—— F(h®g) @ (F(g) ® F(h))

N Fegn)

—1y o e T o =
F(Tgy”@xd[ h®7F.9Qh F((h@g) (g® h)) P e F(l)
h

) \ TF(evo@n)

Flgoh)® F(g®h) 9BR90h Flgoh® (g h))

CF(g),F(h)

Now, let P,Q : G — G’ be monoidal functors, and let n : P = Q be a
monoidal natural transformation. Let g € Obj(G). To show that (3.3) commutes,

it suffices to show that gbg_l o Qé_l) o ¢, satisfies (2.3) with respect to the inverses

(P(g),evp(g),coevp(g)) and (P(g),eVp(g),coevp(,) of P(g). In turn, it suffices to
show that the following diagram commutes:

Pg®0 Q( Yeid PP _
) 2% Q) © Qo) —>"Q@) © Qlg) 2% P(g) @ Plg)
107,
evp(g) Ve ) Q(g ® g) Pé,z;
(0) ¢1T Pg0yg Pla
P(O) P(evy) (g ® g)

However, this diagram commutes by applying naturality of ev, commutativity of (3.4)
for @, naturality of ¢, and monoidality of ¢ as appropriate to each sub-diagram. [

Example 3.10 (Buss—Meyer—Zhu [24, Thm 3.3]). Let B be a unital pre-C*-algebra,
let T be a group, and let F': T' — P1c(B) be a homomorphism. The disjoint union
F =, er F(7) defines a pre-Fell bundle over I" in the sense of Exel [47, Def. 24.2]
with respect to the fibrewise multiplication F x F — F and the fibrewise *-operation
F — F defined, respectively, by

Vy,n €T, ¥p € F(y), Vg € F(n), pq = F2(y®n),
Vy €T, Vp € F(y), p*=F{ V()

where F(=1) is the natural transformation of Theorem 3.7. Note that Theorem 3.7
as applied to HoMm(T', P1¢(B)) recovers Buss—Meyer—Zhu’s construction [24, Proof
of Thm 3.3] of the fibrewise *-operation on F.
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3.2. Generalized crossed products via homomorphisms of coherent 2-
groups. We now revisit the well-known theory of NC topological principal U(1)-
bundles [1, 10, 4] from the perspective of coherent 2-groups. This will let us generalize
Pimsner’s construction [81] as adapted by Abadie-Eilers—Exel [1] to NC differential
geometry by replacing the Picard 2-group with the differentiable Picard 2-group. In
what follows, let B be a unital pre-C*-algebra; again, recall that its positive cone
B, is the set of elements that are positive in the C*-completion of B.

Let us define a U(1)-pre-C*-algebra of finite type is a unital pre-C*-algebra
P equipped with a strongly continuous U(1)-action of finite type by isometric
s-automorphisms. In this case, the spectral subspace PUY(Y) = Py is a unital *-
subalgebra of P, and the decomposition of complex vector spaces P = ®pcz Py
defines a Z-grading of the unital x-algebra P in the sense that P,,- P, C P,,, for all
m,n € Z and *(P,,) C P_,, for all m € Z. This permits the following minimalistic
definition of topological quantum principal U(1)-bundle.

Definition 3.11 (cf. Arici-Kaad-Landi [4, §4.2]). A topological quantum principal
U(1)-bundle is a pre-C*-algebra (P, «) of finite type, such that there exist finite
families (e;)72, and (e;)7_; in Pp satisfying Y | ejej = Land 307 efe; = 1.

This definition is slightly unconventional but relates to more familiar definitions as
follows. Let (P, @) be a topological quantum principal U(1)-bundle. On the one hand,
by an observation of Nastasescu—Van Ostaeyen [78, Lemma 1.3.2], the U(1)-action «
is principal in the sense that Spanc{z*®pq|k € Z, p € Py, g € P} = O(U(1)) ®¢ P.
On the other hand, by an observation of Ulbrich [97, Lemma 2.1], it follows that
the Z-grading P = @, P of P is strong in the sense that P, - P, = Py, for
all m,n € Z. The familiar fact that « is principal if and only if the Z-grading of P
is strong [78, Lemma 1.3.2] yields the familiar algebraic definition of (topological)
quantum principal U(1)-bundle in the literature.

Example 3.12. Let 7 : X — Y be a compact differentiable principal U(1)-bundle
with principal right U(1)-action o : U(1) — Diff(X). Then

alg
e (X) = @{w € C™(X) |Vz € U(1), (0.)"w = 2"w}
kez

defines a topological quantum principal U(1)-bundle with respect to the U(1)-action
o= (z— (0,-1)*), and the pullback map 7* : C>*(Y) — C’gf’g(X)U(l) is an isometric
x-isomorphism. In particular, one can use an atlas of local bundle trivializations for
m: X — Y together with a subordinate smooth partition of unity on Y to construct
a finite family (e;)72; in Cgp (X)1 satisfying Y77 | ezef = 010 efe; = 1.

The following introduces our second main running example, the first genuinely
NC example of a topological quantum principal U(1)-bundle in the literature.

Example 3.13 (Brzezinski-Majid [23, §5.2]). Let g € (0,1), so that the correspond-
ing quantum special unitary group & la Woronowicz [100] is the universal C*-algebra
C,(SU(2)) generated by elements a and c satisfying

ac = qca, ac* =qc*a, c'c=cc*, a*a+ce=1, aa*+¢*ect =1;

the corresponding unital pre-C*-algebra O,(SUz) is the dense unital *-subalgebra
of Cy(SU3) consisting of complex polynomials in a, a*, ¢, and ¢*. Then O,(SU(2))
defines a topological quantum principal U(1)-bundle with respect to the unique
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U(1)-action of finite type « satisfying a.(a) = za and «a,(c) = zc for all z € U(1);
in particular, the families (a,qc) and (a,c) in Oy(SU(2)): respectively satisfy
aa* + (gc)(ge)* = 1 and a*a + ¢*¢ = 1. Moreover, the U(1)-action o satis-
fies O,(SU(2))Y™) = O,(CP'), where O,(CP'), the algebraic standard Podles
sphere [82], is the unital *-subalgebra of O,(SU(2)) consisting of complex polynomi-
als in the elements c*c, ac*, and ca*.

We note that our rather strict definition of topological quantum principal U(1)-
bundle reduces to a simpler definition whenever the x-subalgebra of U(1)-invariant
elements is sufficiently like a C*-algebra in the sense of Definition 2.22.

Proposition 3.14. Let P be a unital pre-C*-algebra with U(1)-action of finite
type o, such that PYY) admits polar decompositions. Then (P, @) is a topological
quantum principal U(1)-bundle if and only if P, - P_y = PV and P_, - P, = PV(D,

Proof. For each k € 7Z, the spectral subspace Pj, defines a PUY(M)-bimodule with
positive definite PYM-valued inner product (-,-)x = ((p,q) — p*q). Moreover,
for each k € Z, the PYM_valued inner products (-,-); and (-,-)_j satisfy p -
(¢,7)k = (p*,q*)—k - r for all elements p,q,r € P;. Hence, we may apply the
proof of Proposition 2.23, mutatis mutandis, to Py and P_q, where P_; admits the
isomorphism of B-bimodules (p — p*) : P_; — P. |

Recall that B is a fixed unital pre-C*-algebra. We define the concrete category
CIrc(B) of topological quantum principal U(1)-bundles over B as follows:

(1) an object of Circ(B) is a topological quantum principal U(1)-bundle together
with an isometric *-isomorphism ¢p : B — PY);

(2) an arrow f: P — @ in CIRC(B) is a U(1)-equivariant isometric *-isomorphism,
such that foip = g.

We can now make precise sense of associated line bundles in the NC setting.

Proposition 3.15 (Exel [46, §2], Schwieger-Wagner (94, §4.1]). The following

defines a functor L : CIRc(B) — HoMm(Z, P1c(B)).

(1) Let P be a topological quantum principal U(1)-bundle over B. Define a homo-
morphism L(P) : Z — P10(B) as follows:
(a) given k € Z, let L(P)(k) = Py as a vector space with B-bimodule structure

Va,b € B, Vp € Py, apb:=1p(a)ptp(b) (3.6)
and the B-valued inner products on P, and P, defined, respectively, by
Vp,q € Pi, (p,9) =15 (0*q), (B,2) = tp' (pg"); (3.7)
(b) set L(P)©) =151,
(c) given m,n € Z, let L(P)P, : L(P)(m) ® L(P)(n) — L(P)(m +n) be
induced by multiplication in P.

(2) Let f : P — Q be an isomorphism of topological quantum principal U(1)-bundles
over B. Define the corresponding 2-isomorphism L(f) : L(P) = L(Q) by

VkeZ, L= flp, - (3.8)

Proof. This is a straightforward exercise in checking definitions. Let P be an

object of P1c(B). When checking that the functor £L(P) : Z — P1c(B) is well

defined, the only non-trivial point is strict fullness of all B-valued inner product.

Let (e;)i2; and (e;)7; be families in Py satisfying >°;%, eiej = 377, efe; = 1,
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and define ey == ¢;, ...¢e;, for all k € N and I = (iy,...,i;) € {1,...,m}* and
€ = ¢€j,...€, forall k € Nand J = (j1,...,jk) C {1,...,n}*. Then, for each
k € N, it follows that (e});eq1,....my+ is a cobasis for L(P)(—Fk), that (€5) jeq1,.. nys
is a cobasis for L(P)(—k), that (e5) c1,.. .0+ is a cobasis for L(P)(k), and that

(€7)1eq1,...,m}» is a cobasis for L(P)(k). From here, monoidality of L(P) follows
from elementary algebraic properties of P: coherence with respect to unitors
follows from multiplicativity of the isometric *-isomorphism ¢p : B — PY() while
coherence with respect to associators follows from associativity of multiplication
in P. Similarly, if f : P — Q is an arrow in P1c(B), then £(f) intertwines £(P)©
and £(Q)(® since f intertwines the given isometric #-isomorphisms ¢p : B — PY()
and 1g : B — QY while coherence of L(f) with respect to £(P)? and £(Q)®

.....

follows from multiplicativity of f. O
For example, in Example 3.12, Caol‘jg(X) defines an object of CIRC(C*°(Y")) with
respect to ™ : C®(Y) — g]"g(X)U(l). By Serre-Swan duality, for each k € Z,

the Hermitian line B-bimodule Lx(Cgp, (X)) recovers the associated Hermitian line
bundle of winding number —k.

Likewise, in Example 3.13, the homomorphism & : Z — P1c(O,(CP")) given by
& = L(04(SU(2))) recovers (up to a sign convention) the canonical line bundles
on O,(CP") as studied by Landi-ReinaZampini [66]. In fact, by a result of
Carotenuto-O Buachalla [30, Prop. 4.4], the homomorphism £ exhausts the left
0,(SU(2))-covariant Hermitian line O,(CP!)-bimodules up to isomorphism.

We now recover the known result that the functor £ is an equivalence of categories.
As a preliminary, recall that a conditional expectation of a unital pre-C*-algebra
Ay onto a unital pre-C*-algebra A; with respect to an isometric *-homomorphism
t: Ay — Ay is a contractive unit-preserving and x-preserving A;-bimodule map
E: Ay — A; satisfying E((A2)+) C (A1)+ and Eo ¢ = id4,. In this case, we say
that E is faithful whenever it satisfies {a € (42)+ | E(a) = 0} = {0}.

Proposition 3.16. Let P be a topological quantum principal U(1)-bundle over B.
Define a complez-linear map Ep : P — B by setting Ep[p,:= (p — Ll_gl (5j’0p)) for
all j € Z. Then E is a U(1)-invariant faithful conditional expectation of P onto B
with respect to Lp.

Proof. Let o denote the U(1)-action on P, and let m denote the normalized Haar
measure on U(1). Note that Ep is manifestly U(1)-invariant, unit-preserving,
x-preserving, and left- and right-B-linear, and satisfies Ep o tp = idg. Since
o is of finite type, we may use Bochner integration on U(1l) to write Ep =
(p —Lp (fU(l) o (p) dm(z))) Since o acts isometrically on P, it follows that
E is contractive; since o acts by isometric unital *-automorphisms, it follows that
the Ep maps Py to By.

Let us now show that E is faithful.! Let p € P, \ {0}, so that there exists a
bounded state ¢ : P — C, such that ¢(p) > 0. Since (z — ¢(c.(p))) : U(1) = [0, 00)
is continuous, there exists an open neighbourhood I of 1, such that ¢(o.(p)) > %qﬁ(p)

IThis elementary argument, which is surely folkloric, was found in an anonymous answer to a
MathOverflow question (https://mathoverflow.net/q/72624).
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for all z € I. Hence, by norm-continuity of Ep, it follows that

0o Er0) = [ (0000 dm(s) 2 Goim(n) >0 0
Theorem 3.17 (Buss—Meyer-Zhu [20, Thm 3.3], Schwieger—-Wagner [94, Thmm 4.21
& 5.2]). The following defines a a weak inverse ¥ : HoM(Z, P1c(B)) — CIRC(B) of
the functor L.
(1) Given a homomorphism F : Z — P1c(B), construct a topological quantum
principal U(1)-bundle X(F) over B as follows:
(a) define the unital *-algebra X(F) by equipping the complex vector space
D ez (k) with the multiplication and *-operation defined, respectively, by

Vm,n € Z, Vp € F(m), Vq € F(n), pq = F,Sf)n(p ®q), (3.9)
VYm € Z, ¥p € F(m), p* = F,S;l)(f)); (3.10)
(b) equip X(F') with the unique C*-norm || - ||s(py, such that
Vk € Z,%p € F(k), lpl3r = (v, ) (3.11)
(c) define a U(1)-action of finite type o on B(F) by
Vz e U(l),Ym € Z,Vp € F(m), «.(p) = 2z"p; (3.12)

(d) set ts(p) = (FO)~L.
(2) Given a 2-isomorphism n: R — S, construct £(n) : L(R) — X(S) by

Vk € Z, Vp € R(k), X(n)(p) = m(p)- (3.13)
Hence, in particular, the category CIRC(B) is essentially small.

Proof. We supply a proof that we can (and shall) adapt to other contexts. We
first show that ¥ is well-defined on objects. Let F : Z — Pi1c(B) be a given
homomorphism, which is a bar functor by Theorem 3.7. This now implies that 3(F)
is a unital x-algebra and that vxp) is a *-isomorphism. Indeed, coherence of F' with
respect to associators implies associativity of X(F'), while coherence of F' with respect
to unitors implies that ¥(F) is unital and that t5(p) is a unital homomorphism.
Hence, commutativity of (3.3), (3.2), and (3.1) implies that the x-operation is
antimultiplicative, involutive, and unital, respectively, while commutativity of (3.1)
also implies that ts(p) is a *-homomorphism.

Now, recall from Example 3.10 that F' canonically defines a pre-Fell bundle F over
Z in the sense of Exel [47, Def. 24.2]; it follows that X(F) is precisely the x-algebra of
compactly supported cross-sections of F. Thus, by [47, Propp. 17.9.(iv) & 19.8], the
C*-norm on the reduced cross-sectional C*-algebra [47, Def. 17.6] of the Fell bundle
completion [47, Def. 24.7] of F yields the unique C*-norm on X(F) satisfying (3.11);
since F(9) satisfies (2.11), this implies that ts(F) is isometric. Finally, by [85, Thm
3], it follows (3.12) defines a U(1)-action of finite type on the unital pre-C*-algebra
Y(F); that (X(F); a) defines a topological quantum principal U(1)-bundle over B
now follows from the existence of cobases for F'(1) and F(1).

Next, we show that ¥ is well-defined on arrows. Let 1 : R = S be a 2-isomorphism
in HoM(Z, P1c(B)), so that 7 is a bar natural transformation by Theorem 3.7. This
now implies that the U(1)-equivariant vector space isomorphism () : X(R) — X(S)
is a unital *-isomorphism intertwining tx(g) and tx(g). Indeed, coherence of n with

respect to R(?) and S implies that () is multiplicative, that ; intertwines R(®)
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and S implies that X(n) is unital and intertwines ts(r) and tx(sy, and the fact
that 7 is a bar natural transformation implies that X () is x-preserving. Since 7
and 7, ' both satisfy (2.11) for each k € Z, the bar natural transformation 7 induces
a isomorphism of the Fell bundle completions of the pre-Fell bundles induced by R
and S respectively, so that X(n) is isometric by [47, Prop. 21.3].

Now, functoriality of X is easily checked, so it remains to construct natural
isomorphisms p : idgre(py = X 0 £ and v : idyom(z, pie(B)) = £ © L. On the one
hand, let P be a topological quantum principal U(1)-bundle over B. Since the
Z-grading P = @, P is strong, the spectral subspaces of P define a pre-Fell
bundle over Z fibrewise-isometrically isomorphic (mutatis mutandis) over L;,l to
the pre-Fell bundle over Z induced by £(P); note that this Z-grading is topological
in the sense of Exel [46, Def. 19.2] by Proposition 3.16 and that averaging over
the U(1)-action yields a faithful conditional expectation of the C*-completion of P
onto the C*-completion of B, cf. [3, §4]. Hence, by [47, Prop. 21.3|, there exists
unique U(1)-equivariant isometric *-isomorphism pp : P — ¥ o £(P) that satisfies
ppoLp = txor(py, namely, set pp[p, = id for k € Z\{0} and pp|p,== L;,l. Naturality
of i := (up : P — ¥ 0 L(P))pecobj(cre(p)) now follows by uniqueness. On the other
hand, given monoidal F' : Z — P1¢(B), define vp : F' = LoX(F) as follows: for each
keZ, et (vp)g: F(k) = (Lo X(F))(k) be the inclusion of F (k) in X(F) as a direct
sum of B-bimodules. Naturality of v := (vp : F' = L o X(F)) peobj(Hom(z,Pic(B)))
follows from the fact that direct sums in BIMOD(B) are coproducts.

Remark 3.18. Let T be a compact Abelian group with Pontrjagin dual T; suppose
that B admits polar decompositions. The results above generalize to yield an
equivalence of categories between HOM(T7 P1c(B)) and an analogous category of
topological quantum principal T-bundles over B, thereby recovering the relevant
classification results of Schwieger-Wagner [94] in a manner that is adaptable to NC
differential geometry.

The construction of the natural isomorphism f : idcre(p) = ¥ o £ in the proof
of Theorem 3.17 implies the following useful characterization of relevant C*-norms.

Corollary 3.19 (Arici-Kaad-Landi [4, Thm. 3.10]). Let P be a topological quantum
principal U(1)-bundle on B; let ||-|| denote its C*-norm. Let ||-||’ be a U(1)-invariant
C*-norm on P. Then ||| = |- || if and only if || - ||'Tpvcy= || - || puc) -

Combining Theorem 3.17 with Corollary 2.9 recovers Arici-Kaad—Landi’s charac-
terization of topological quantum principal U(1)-bundles.

Corollary 3.20 (Arici-Kaad-Landi [4, §3]; cf. Abadie-Eilers—Exel [1, Thm 3.1],
Beggs—Brzezinski [10, Thm 7.3]). The functor €; o L : CIRC(B) — P1c(B) is an
equivalence of categories.

Definition 3.21 (Abadie-Eilers—Exel [1]). Let E be a Hermitian line B-bimodule.
The crossed product of B by E is the essentially unique topological quantum principal
U(1)-bundle B xg Z over B, such that £L(B xg Z)(1) 2 E.

One may justify this terminology as follows. Let ¢ € Aut(B), so that its algebraic
crossed product B leg Z is the unital *-algebra obtained from B by adjoining a
unitary U satisfying UbU* = ¢(b) for all b € B. Then B Nzlg 7Z defines topological

quantum U(1)-bundle over B when equipped with the reduced crossed product
C*-norm and the unique U(1)-action of finite type «, such that «, [p= id and
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o (U) = zU for all z € U(1). Since (by — Up~*(b)) : By — L(B x4 Z)(1) is an
isomorphism of Hermitian line B-bimodules, we may take B X, (4) Z = B Nzlg 7.

3.3. Horizontal calculi as generalized crossed products. As promised, we
now adapt the considerations of the last subsection to the setting of NC differential
geometry by replacing the Picard 2-group with the differential Picard 2-group.
However, in the absence of additional constraints, we can only reconstruct the
horizontal calculus of a quantum principal U(1)-bundle. In what follows, let B be a
given unital pre-C*-algebra with x-exterior algebra (2p,dp).

Let P be a U(1)-pre-C*-algebra of finite type with U(1)-action a. We define a
U(1)-*-quasi-DGA of finite type over P to be a *-quasi-DGA ({2,d) over P together
with a pointwise extension of a to a group homomorphism & : U(1) — Aut(€2,d),
such that, for each k € Ny, the restriction of & to a U-action on the complex vector
space Q0 is of finite type. In this case, we call (Q,d) a U(1)--exterior algebra
of finite type over P whenever the underlying #-quasi-DGA is a *-exterior algebra.
At last, we denote by QDGAU(l) the concrete category whose objects (P; €, d)
consist of a U(1)-pre-C*-algebra of finite type P together with a U(1)-*-quasi-DGA
of finite type (Q,d) over P and whose arrows f : (P;Q,d1) — (Ps;Q9,d2) are
U(1)-equivariant morphisms of *-quasi-DGA.

The following definition characterizes the differentiable structure that a Hermit-
ian line B-bimodule with connection can generally induce on the corresponding
topological quantum principal U(1)-bundle over B.

Definition 3.22 (Purdevi¢ [41, §2], cf. Caéi¢ [25]). Let P be a topological quantum
principal U(1)-bundle over B. A horizontal calculus for P is a U(1)-*-quasi-DGA
(2P hor; dphor) Of finite type over P together with an isomorphism of quasi-*-DGA
ip: (B;Qp,d) — (PU(l), (Qp,hor)U(l),dpﬁhor [(prhor)um) extending the isometric
s-isomorphism ¢p : B — PY() such that Qphor =P - (Qp’hor)U(l) - P.

Example 3.23 (Majid [68, §3]). We continue from Example 3.13. Let Q, hor(SU(2))
be the graded *-algebra over O,(SU(2)) generated by et € Q}Lhor(SU(Z)) and
e” = —(e™)* subject to the relations

+ 1+ + + + 1.+ + * * =+

eta=q tae™T, eTa* =qa'eT, eTc=q ‘cet, erc" =qc'e™,
()2 =0, e et +¢2%te =0.
Define complex-linear maps 04 : O4(SU(2)) — O,(SU(2) by
(@)= —g¢",  0:(a) =0,  Ou(0) =’ Ou(c) =0,
0_(a) =0, 0_(a") =¢, 0_(c) =0,
together with the twisted Leibniz rule
Vo € 0,(SU(2)), Vj € Z, Yy € O,(SU(2));, 0+(zy) = dxayq? + 20+ (y);
hence, define dg nor : O4(SU(2)) — QL (SU(2)) by setting

q,hor

Vp € O4(SU(2)), dgnor(p) = 04(p)e™ + 0_(p)e™,

and extend dgpor t0 Q4 nor(SU(2)) by setting dgnor(e®) = 0. Finally, extend
the U(1)-action from O,(SU(2)) to Q4 nor(SU(2)) by setting a,(e®) = 2%2e* for
all z € U(1). Then (Q4nor(SU(2)),dphor) defines a horizontal calculus for the
topological quantum principal U(1)-bundle O,(SU(2)) over O,(CP!) with respect to
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(Q,(CPY),d) = (Q%hor(SU(Z))U(l), dg hor rQqﬁhor(SU(Q))U(l))7 which, by Majid’s result,
recovers the 2-dimensional calculus on O,(CP?') first constructed by Podles [83].

We now define the concrete category DCIRCho, (B) of horizontally differentiable
quantum principal U(1)-bundles over B and their isomorphisms as follows:

(1) an object (P;Qphor, dpnor) consists of a topological quantum principal U(1)-
bundle P over B together with a horizontal calculus (Qpnor, dphor) On P;

(2) an arrow f : (P;Qphor; dphor) — (@520 hors dQ hor) is an isomorphism of
U(1)-*-quasi-DGA, such that ig o f = foip.

It is useful to observe that the forgetful functor DCIRCher(B) — CIRC(B) is faithful:

an arrow [ : (P;Qphor; dphor) = (@520 hor, dQ hor) in DCIRC(B) is uniquely

determined by the corresponding arrow flp: P — @ in CIRC(B) precisely because

Qphor is generated as an algebra by P and ip(d(B)) C dphor(P). We can now

make precise sense of associated line bundles with connection in the NC setting.

Proposition 3.24 (cf. Cac¢i¢-Mesland [26, Appx B|). Let (P, Qpnor, dpnor) be a

horizontally differentiable quantum principal U(1)-bundle over B.

(1) Observe that Qpnor defines a B-bimodule with respect to 1p : B — pUQ),
There exists a unique U(1)-equivariant isomorphism @p :Qphor > PR Qp of
B-bimodules, such that

Vpe P,VBE€Qp, ' (p©B)=pir(B). (3.14)

(2) Let k € Z be given. Define functions opy, : Qg @p L(P)(k) — L(P)(k) ®p QB

and Vp., : L(P)(k) = L(P) ®p Q} by
V3 € Qp, Vp € Py, opu(B®p) = lp(ip(B)p), (3.15)
Vp € Py, Vpi(p) = Lp(dpnor(p)), (3.16)

respectively. Then (op.k, V) defines a Hermitian bimodule connection on the
Hermitian line B-bimodule L(P)(k).

Proof. We first show that p is well-defined; uniqueness and U(1)-equivariance will
then follow by construction. Given k € Z, define gp;k : (Qphor)k = L(P)(k) @ QB
by {p = (w=Yr e ip'(efw)), where (e;)™,; be a basis for £(P)(k); that
/ pik is an isomorphism of B-bimodules with inverse given by (3.14) now follows
from observing that (e;), satisfies 1 = (p(>_1, (€5, ) = D.iv, eief. We may
now set ép = ®kez ép;k.

We now fix k € Z and show that (op,k, Vp,i) defines a Hermitian bimodule
connection on the Hermitian line B-bimodule L£(P)(k). Let (e;)7*; be a basis
and let (¢;)—; be a strict cobasis for L(P)(k). Recall that 371" e;ef = 1 and

observe that 7 efe; = tp (2?21(97 ej)) = 1. On the one hand, the fact that
Z;;l €;€; = 1 implies that op;; is indeed an isomorphism of graded B-bimodules
with inverse 0;},6 = (p ® L Z;‘L:1 ipt (pﬁe;) ® ej). On the other hand, the fact
that )., e;ef = 1 implies, that for all o, 5 € Qp and p € Py,

(pt oopy(aB@p) =ip(aB)p = 5" (UP;k(a ® op(B @ Pp)g))opk(f® p)(1>)’

which yields (2.26). Thus, op,; defines a Hermitian generalized braiding; it remains
to show that Vp.j is a right Hermitian connection satisfying (2.27) with respect to
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op;;. However, we may again use the maps {p and ip together with the equality
St eief = 1toderive (2.24), (2.25), and (2.27) from the Leibniz rule for dppor. O

Proposition 3.25 (cf. Beggs—Majid [13, Prop. 5.56], Saldafia Moncada [90, §3]).
The functor L : CIRc(B) — HoM(Z, P1c(B)) of Proposition 3.15 lifts to the functor
L: DCIRChor (B) — HOM(Z, DP1¢(B)) defined as follows.
(1) Let (P,Qpnor, dpnor) be a horizontally differentiable quantum principal U(1)-
bundle over B. Define ﬁ(P, Qphor; dphor) : Z — DPIC(B) as follows:
(a) given k € Z, let L(P,Qpnor; dpnor) (k) == (L(P)(k),o0pk, Vi), where
(op:k, Vi) is the Hermitian bimodule connection of Proposition 3.24;
(b) let ﬁ(P, Qp’hor,dp’hor)(o) be the unique lift of idp, =: K(P)(O);
(¢) given m,n € Z, let L(P, QpVhor,dRhOf)g,%?n be the unique lift of ,C(P)gg)n
(2) Given an isomorphism f : (P,Qpnor, dphor) = (Q, 20 hors dQ hor) of horizon-
tally differentiable quantum principal U(1)-bundles over B, let

L(f) : LIP,Qpnors dpnor) = L(Q, 20 hors dQ hor)
be the unique lift of the 2-isomorphism L(f) : L(P) = L(Q).
Proof. First, let (P, Qphor, dphor) be a horizontally differentiable quantum principal
U(1)-bundle over B. For notational simplicity, set F' := L(P) and denote our
would-be homomorphism ﬁ(P, Qphor, dpnor) by F. The functor F': Z — DPic(B)
is well defined by Proposition 3.24; that the arrow F() : F(0) — B satisfies
(2.33) follows from the fact that ip o d = dpnor. Given m,n € Z, the arrow
Fg)n : F(m) ®p F(n) — F(m + n) satisfies (2.33) by applying the isomorphism
f;l of Proposition 3.24 to both sides of the desired equality and then applying the
Leibniz rule for dphor in £2pnor; thus, the natural isomorphism F© is well defined.
Commutativity of the relevant commutative diagrams now follows from observing
that the forgetful functor DP1c(B) — P1c(B) is faithful.

Now, let f : (P,Qpnhor; dphor) = (@, 20 hor; dQ hor) be an isomorphism of hor-
izontally differentiable quantum principal U(1)-bundle over B. Again, for no-
tational simplicity, set R = L(P), R = L(P, Qphor; dphor), S = L£(Q), and
S = ﬁ(Q, Q0 hor> dQ hor). Observe that f ® idg, necessarily intertwines the iso-
morphisms /p and éQ of Proposition 3.24, so that for each k € Z, the arrow
L(f)x : R(k) — S(k) in P1c(B) satisfies (2.33) precisely since dg nor© f = fodphor;
it follows that /3( f): R — S is well defined as a natural transformation. Once more,

commutativity of the relevant commutative diagrams now follows from observing
that the forgetful functor DP1c(B) — P1c(B) is faithful. O

Example 3.26 (Landi-Reina—Zampini [66], Khalkhali-Landi—Van Suijlekom [62]).
We continue from Example 3.23; in particular, we now equip O,(CP') with Podle§’s
2-dimensional calculus (£,(CP'),d). The homomorphism & := £(O,(SU(2))) lifts
to € : Z — DP1c(0,(CP?)) by setting € == L(O,4(SU(2)), 2 hor (SU(2)), dg hor)- In
fact, given k € Z, it follows that é‘(k) = (E(k), ok, Vi), where Vj and oy, respectively
recover the canonical connection [66, §4.1] and ‘twisted flip’ [62, §§3.5-6] on (k).

At last, we show that the functor £ is, indeed, an equivalence of categories.

Proposition 3.27. Let I : Z — DP1c(B) be a homomorphism, let F : 7 — P1c(B)
be its image under the forgetful functor Hom(Z, DP1c(B)) — HoMm(Z, P1c(B)), and
let P :=X%(F). The following defines a horizontal calculus (Qpnor, dphor) on P:
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(1) define the graded x-algebra Qp nor by equipping the complex vector space PQp{lp
with the multiplication and x-operation defined, respectively, by

Va,B3€Qp,Vp e Z,Vk € Z, Vg € F(n), (p®a)(q®p)=popp(a®q)s,
(3.17)
Vo € Qp, Yk € Z, Vp € F(k), (P®a)’ =opr(a” ®@p*),
(3.18)

and with the grading induced by the grading on Qp;
(2) define dpnor : 2phor — Q2P hor bY

VkeZ,Vpe F(k), V8 € Qp, dpna(p® ) =V @F+p@dF; (3.19)
(8) extend the U(1)-action o on P pointwise to & : U(1) — Aut(Qpnor) by
VzeU(l),Vp € P,V € Qp, d.(p®fB) = a.(p) ® B; (3.20)

(4) let ip : (Qp,d) = (R4 dporlgu ) be induced by (F© @id) o Aq,,.
’ P,hor

Proof. The construction of Qppner, &, and ip from F follows, mutatis mutandis,
from the construction of P := X(F), o, and ¢p from F in the proof of Theorem
3.17. Indeed, recall that F canonically defines a bar functor by Theorem 3.7. Hence,
each definitional commutative diagram satisfied by the bar functor F' yields a
corresponding commutative diagram satisfied by the family of Hermitian generalized
braidings (0 p(k))rez, which, in turn, yields the corresponding properties of Qp hor-

We now turn to dpner, which, by construction, is U(1)-equivariant, is C-linear,
and satisfies dpnor 0 ip = ip o d. Given m,n € Z, the fact that Fg)n satisfies (2.33)
implies that dp o satisfies the Leibniz rule on (Qpnor)m - (2phor)n = (2Phor)m-+n-
Finally, given k € Z, the fact that F,E_l) satisfies (2.33) implies that dppor is
s-preserving on *((2phor)k) = (2phor)—k- O

Theorem 3.28. The functor ¥ : HoM(Z, P1¢(B)) — CIRC(B) of Theorem 3.17
lifts to the weak inverse ¥ : HoM(Z, DP1c(B)) — DCIRChor(B) of L defined as
follows.

(1) Given a homomorphism F : 7, — DP1c(B) descending to F : 7. — P1c(B), let

S(F) = (S(F), Qs(F),hor> A5 (7),hor )
where (QE(F),horadE(F),hor) is the horizontal calculus of Proposition 3.27.
(2) Givgn a 2—Aisqmorplzisp1 7 : R =S descending to a 2-isomorphism n: R = S,
let X(7}) : X(R) — X(S) be the unique lift of ¥(n) : B(R) — X(9).
Hence, in particular, the category DCIRChor(B) is essentially small.

Proof. We have seen that ¥ is well-defined on objects, so let us check that it is well
defined on arrows. Let 7 : R = § be an arrow in HoM(Z, DP1¢(B)) descending to
n: R =S in HOM(Z, P1¢c(B)), so that 7 and 7 define bar natural transformations by
Theorem 3.7. We can extend X(n) : X(R) — X(5) to a U(1)-equivariant isomorphism
of graded B-bimodules f)(f]) : Q5(R).hor — x(s),nor DY setting 3= 3(n) ® idag-
Coherence of 1 with respect to R and S implies that 3(7) is multiplicative,
that 71 intertwines R(®) and S(©) implies that (7)) is unital, and the fact that 7 is
a bar functor implies that f)(?]) is *-preserving. Finally, given k € Z, the fact that
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n(k) satisfies (2.33) implies that i(n) satisfies i(n) ods(R)hor = d5($),hor © i(n) on
(25(R),hor )&= The rest now follows from Theorem 3.17, mutatis mutandis. O

Remark 3.29. Building on a proposal of Purdevi¢ [39, §4.4], Saldaia Moncada
proves analogues of Proposition 3.27 [90, Thm 3.11] and Theorem 3.28 [90, Thm
3.12] for quantum principal bundles with structure quantum group given by a Hopf
x-algebra in terms of certain heavily structured functors. By contrast, in the special
case of quantum principal U(1)-bundles, Theorem 3.7 allows us to use monoidal
functors simpliciter. Indeed, after suitable generalization, the same will still be true
in the more general case where the structure quantum group is a group ring.

By combining Theorem 3.28 with Corollary 2.9, we obtain the differentiable
analogue of Arici-Kaad-Landi’s characterization of topological quantum principal
U(1)-bundles—and hence a differentiable analogue of Pimsner’s construction—in
the absence of any further constraints.

Corollary 3.30. The functor €, o £ : DCIRCpor(B) — DPIC(B) is an equivalence.

Definition 3.31. The horizontal crossed product of (B;p,d) by a Hermitian
line B-bimodule with connection (F,og, V) is the essentially unique horizontally
differentiable quantum principal U(1)-bundle (B;Qp,d) N?}%ra}; VE)Z over (B;Qp,d),

such that ﬁ((B;QB,d) TP z)(1) ~ (B, 08, Vg).

—_—

One may justify this terminology as follows. Let (w,¢) € Diff(B), so that
B Nzlg 7 admits the horizontal calculus (Qp x;lg Z,d(y,4)), where the graded *-
algebra Qp x4 Z is obtained from Qp by adjoining a unitary U € (Qp x4 Z)°
that satisfies U¢6Udjl = ¢(B) for all 8 € Qp, the *-derivation d, 4y is determined
by requiring d(,, ¢) [az= dp and d(, ¢)(Ug) = iwlUs, and the U(1)-action & on
QOp Nzlg Z is determined by &.lq,=ida, and a.(Uy) = 2Uy for all z € U(1). Since
(by — U 1(b)) : 7(w, ¢) — L(B Nzlg Z;0p Nzlg Z,d(w,4))(1) is an isomorphism in
DPic(B), we may therefore take (B; Qp,d) M??L@) Z = (B legZ; Qp legZ, diw,g))-

We conclude this subsection by discussing curvature. In general, the curvature
of a *-quasi-DGA (Q,d) is the map d?, which vanishes for a x-exterior algebra.
Thus, the curvature (in this sense) of a horizontally differentiable quantum principal
U(1)-bundle (P, Qphor; dphor) Over B is the map d%?,how which is a U(1)-equivariant
x-derivation that vanishes on Qg and hence, in particular, is left- and right-{2 g-linear.
Passing this notion of curvature through the filter of Proposition 3.25 and Theorem
3.28 yields the following more refined definition.

Proposition-Definition 3.32 (cf. Durdevié¢ [41, Lemma 2.2]). Let (P, Qphor, AP hor)
be a horizontally differentiable quantum principal U(1)-bundle over B.

(1) Its Frohlich automorphism is the unique U(1)-equivariant automorphism & p of
the U(1)-*-quasi-DGA of finite type (Z(2p),d[zq,)), such that

Wk € Z,Vp € Py, V3 € 2(Qp), ip(®5(8))p = pir(B) (3.21)

(2) Tts curvature 1-cocycle is the unique group 1-cocycle Fp : Z — S(B) for the
right Z-action generated by <I>I§1, such that

vk € Za Vp € Pka d%,hor(p) =D ZP(IFP(k)) (322)
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Hence, its curvature data is the pair (Pp,Fp).

Proof. By Propositicgn 3.25 together with Proposition—DeAﬁnition 2.38, we can and
must take ®p = P[L(P, Qphor, dPhor)|(1) and Fp == F[L(P, Qphor, dphor)]. O

Suppose that (P, Qpnor; dphor) is a horizontally differentiable quantum prin-
cipal U(1)-bundle over B with curvature data (®p,Fp). On the one hand, by
Theorem 3.28, every homomorphism F : Z — DPic(B) that is 2-isomorphic to
L(P,Qpnor, dpnor) satisfies ®omg(F)(1) = ®p and Forg(F(1)) = Fp. On the other
hand, by Corollary 3.30, every Hermitian line B-bimodule (E, 05, V) that is isomor-
phic to ﬁ(P, Qphor, dphor) (1) satisfies ‘i)[E,VE] = &p and Figv, = Fp(l); in other
words, for every Hermitian line B-bimodule (E,og, V), the resulting horizontal
crossed product (B,Qp,d) X(g,s,,v,) Z has curvature data (g v, Fig,v,)-

Example 3.33 (Landi-Reina—Zampini [66, Prop. 4.2]). Continuing from Example
3.26, let us determine the curvature data ((D@q(SU(Q)), Foq(SU(g))) of the horizontally
differentiable quantum principal U(1)-bundle (O,(SU(2)), Q4.1or(SU(2)), dg hor). Us-
ing the PBW basis for O,(SU(2)), one can show that Z(Q,(CP')) = Cliete~]. Since
the generators a,c € Oy(SU(2)); satisty aa* + (¢gc)(ge)* = a*a + c¢*c =1, one can
now compute

Do, su(e)iete”) = ’iete™, Fo,(sue)(l) =q¢ ete . (3.23)

3.4. Reconstruction of total calculi. At last, we leverage structural results of
Purdevié [40] and Beggs—Majid [14] to obtain the promised NC generalization of the
classical correspondence between Hermitian line bundles with unitary connection
and principal U(1)-bundles with principal connection. Once more, let B be a unital
pre-C*-algebra with x-exterior algebra (2p,dp), which we view as a fixed NC base
manifold. In what follows, given ¢ € (0, c0), we define the corresponding g-integers
by setting [k], = % for k € Z when ¢ # 1 and [k], := k for k € Z when ¢ = 1.
We begin by noting that U(1) will not always appear with its usual smooth
structure as a Lie group. Instead, we allow for a 1-parameter family of 1-dimensional
bi-invariant s-exterior algebras on the unital pre-C*-algebra O(U(1)) of trigonometric
polynomials—the following conveniently generalizes their construction.

Definition 3.34. Let k € (0,00). We define s-deformed Chevalley—FEilenberg
extension to be the faithful functor CEy : QDGAU(l) — QDGAU(l) constructed
as follows.

(1) Given an object (P;Q,d), let CE.(P;Q,d) := (P;CE.(Q2),CE,(d)), where
CE«(Q) is the graded x-algebra obtained from 2 by adjoining a self-adjoint
element e, of degree 1 satisfying the relations €2 = 0 and

V(n,k) € Ng x Z, Yw € QF,  eow = (—1)"x Fwe,, (3.24)
where CE,;(d) is defined by setting CE,(d)(e,) = 0 and
Y(n,k) € Ng x Z, Yw € QF,  CE.(d)(w) == (=1)"sk *27i[k],we, + dw.  (3.25)

and where the U(1)-action on CE, () is the unique extension of the U(1)-action
on ) leaving e, invariant.

(2) Given an arrow f: (P,Qp,dp) — (Q,Qq,dg), let
CEx(f) : CE.(P,Qp,dp) = CEL(Q,Qq,dg)
be the unique extension of f : Qp — Qg satisfying CE.(f)(ex) = ex.
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Given £ > 0, the x-exterior algebra (£2,,(U(1)),d,) := (CE,(O(U(1))), CE(0))
on O(U(1)) is the essentially unique *-exterior algebra on O(U(1)) of dimension
1 that satisfies the relation d.(z) - z = kz - ds(2), where d,(z) = 27ie, - z. Note
that x = 1 recovers the usual de Rham calculus on U(1) as a Lie group. In general,
differentiability of a U(1)-action with respect to the x-exterior algebra (Q,(U(1)),d,)
can now be characterized as follows.

Definition 3.35 (cf. Purdevi¢ [40, §3|, Beggs—Brzezinski [9, §7]). Let P be a
U(1)-pre-C*-algebra of finite type and let (£2,d) be a U(1)-x-exterior algebra over
P. We say that (Q,d) is k-vertical whenever there exists a (necessarily unique)
lift of idp to a morphism of U(1)-x-quasi-DGA ver : (P,Q,d) — CE.(P,Q,d), the
vertical coevaluation on (Q,d). In this case, we define horizontal form in Q to be an
element of the U(1)-invariant graded x-subalgebra Qyo; = {w € Q| ver(w) = w} of
Q, and a basic form to be an element of the U(1)-invariant and d-invariant graded
s-subalgebra Qpas == (Qnor) "™ of Q.

At last, given x > 0, we can make precise sense of NC differentiable principal
U(1)-bundles, where U(1) carries the bi-invariant %-exterior algebra (2, (U(1)),dx)).

Definition 3.36 (Brzezinski-Majid [23, §4|, Hajac [52], Durdevi¢ [40, §3|, Beg-
gs—Brzezinski [9, §7], Beggs-Majid [14, §5.5]; cf. Caci¢ [25]). Let x € (0,00). A
k-differentiable quantum principal U(1)-bundle over B is a triple (P,Qp,dp), where
P is a topological quantum principal U(1)-bundle over B and (Qp,dp) is a s-
vertical U(1)-x-exterior algebra over P together with an isomorphism of x-quasi-DGA
ip: (2p,dB) = (2ppas; dplap,..) extending tp, such that Qpnor = P - Qppas - P

Example 3.37. Continuing from Example 3.12, let
alg . _
Qaig(X) = @kez{w € Q(X)|Vz € UQ1), (0.)"w = 27 Fw},

which we equip with the U(1)-action z — (0,-1)* and the usual exterior derivative.
Then (Cgp, (X), Qaig(X), d) defines a 1-differentiable quantum principal U(1)-bundle
over (C*®(Y),Q(Y),d) with respect to 7 : Q(Y) — Qu1o(X)VD). Note that the
vertical coevaluation reduces to the map Qa15(X) — Q(U(1))V® ¢ Q,14(X) that
dualizes contraction with the fundamental vector field % of the U(1)-action on X.

The following necessary and sufficient conditions, which are closely related to
Hajac’s strong comnection condition [52], are of both theoretical and practical
importance.

Proposition 3.38 (Beggs—Majid [14, Cor. 5.53 & Lemma 5.60]). Let x € (0, 00),
let P be a topological quantum principal U(1)-bundle over B, let (Ap,dp) be a k-
vertical U(1)-x-exterior algebra over P, and let ip : (Qp,dB) — (2ppas: AP[Qp s )
be an injective morphism of *-quasi-DGA extending tp. Then (P,Qp,dp) defines
a k-differentiable quantum principal U(1)-bundle over B with respect to ip if and
only if

Qphor = P -ip(QB). (3.26)
Moreover, if U} is flat as a left B-module for all n € Ny, then (P,Qp,dp) defines

a k-differentiable quantum principal U(1)-bundle over B with respect to ip if and
only if Qpyor = P ip(Qp).
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We now recall the notions of principal Ehresmann connection and connection
1-form appropriate to our NC setting; as we shall see, the familiar bijection between
principal connections and connection 1-forms persists.

Definition 3.39 (Brzezinski-Majid [23, §4.2 & Appx. A], Hajac [52, §4], Purde-

vié [40, §4], Beggs—Majid [14, §5.5]). Let x € (0,00), and let (P,Qp,dp) be a

k~differentiable quantum principal U(1)-bundle over B with respect to (Q25,d).

(1) A connection on (P,Qp,dp) is a surjective U(1)-equivariant grading- and -
preserving algebra homomorphism I : Qp — Qppor, such that I12 = II and

Vw € Qh, (id—II)(w)* = 0. (3.27)
(2) A connection 1-form on (P,Qp,dp) is self-adjoint 9 € (QL)V™) satisfying

V(n,k) € Ng x Z, Yw € (), dw = (=1)"rx"Fwd, (3.28)
ver(d) = e, + 9. (3.29)

Remark 3.40. In the terminology of Brzezinski-Majid [23, §4.2 & Appx A], Hajac [52,
84|, and Beggs—Majid [14, §5.5], the restriction of a connection II to 1-forms is a
x-preserving strong bimodule connection. In the terminology of Purdevié¢ [40, §4],
the datum of a connection 1-form is equivalent to the datum of a multiplicative
reqular connection.

Proposition 3.41 (cf. Brzezinski-Majid [23, Propp. 4.4 & 5.10|, Durdevi¢ [40,
Proof of Thm 4.12]). Let k € (0,00); let (P,Q2p,dp) be a k-differentiable quantum
principal U(1)-bundle over B. For every connection IT on (P,Qp,dp), there exists
a unique connection 1-form ¥, such that

Vk € Z,Yp € P, (id—II) o dp(p) = 2xi[k],.x *pd. (3.30)

Conversely, for every connection 1-form ¢ on (P,Qp,dp), there exists a unique
connection II that satisfies (3.30).

Proof of Prop. 8.41. We begin with preliminary observations. By a lemma of Beggs—
Majid [14, Lemma 5.59], the vertical coevaluation of (P,Qp,dp) satisfies

VneN, (ver —id)(Qp) C QP L, - ex. (3.31)

Together with (3.26), this yields a short exact sequence

ver—id

0— QP,hor — QP QP,hor Tl 0 (332)

of *-closed U(1)-invariant 2p por-sub-bimodules of Qp and U(1)-equivariant left and
right p hor-linear maps preserving both the ambient *-operation and Ny-grading.

First, suppose that II is a connection on P,Qp,dp). Then IT is a left splitting of
(3.32), so that (ver — id)[ an(id —my: ran(id —II) = Qppoer - €, is a U(1)-equivariant
isomorphism of §2po,-bimodules preserving both the ambient *-operation and the
ambient Ng-grading. Hence, let ¢ = ((Ver —id)[ran(id _H))fl (ex), which is thus
a U(1)-invariant self-adjoint element of Q1 satisfying (3.29) by construction and
(3.30) by (3.25) applied to dp(P). It remains to show that ¢ satisfies (3.28). Since
¥? =0 by (3.27), it suffices to show that (3.28) holds for horizontal w, but this now
follows from the fact that (ver — id)[yan(ia —mm) is an isomorphism of £ p po,-bimodules.
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Finally, let us show that © is uniquely determined by II. Let (¢;)7_; be a finite

family in Py satisfying -7, ¢f¢; = 1. Then

9= e = Qim Y e @nilllle9) = (id 1) [ £ 5dp(e)
Jj=1 Jj=1 Jj=1

Now, suppose that ¢ is a connection 1-form on (P,Qp,dp). On the one hand, by
construction of CE,(Qp), the element e, freely generates the left Qp po,-submodule
Qp - e, € CE;(2p). On the other hand, by (3.28) and (3.29), the element ¢
satisfies the same relations in Qp that e, satisfies in CE.(Qp). Hence, idg, extends
to a surjective U(1)-equivariant algebra homomorphism ¢y : CE.(Qp) — Qp
intertwining *-operations and Ny-gradings by setting 1y (e, ) := ¢. We show that
IT :=idq, —ty o (ver —idq, ) is a connection satisfying (3.30) with respect to 9.

First, by construction, the map II is U(1)-equivariant and unital, is left and right
Qphor-linear, and is *- and grading-preserving; moreover, Il[q,, = ido,,, by
definition of Qpper. Next, (ver —id) oIl = (ver —id) — (ver —id) o)y o (ver —id) = 0
by (3.31) together with (3.29), so that ranIl C Qpyo,; from this, it follows that
12 =TI, and hence, in particular, that ran(id —II) = Qp e, - 9, so that (3.27) follows
since 92 = 0. Multiplicativity now follows from left and right py,.,-linearity of
IT together with the decomposition Qp = Qphor B Lphor - ¥ of Qppor-bimodules.
Finally, that IT is uniquely determined by ¥ follows from multiplicativity of IT and
the fact that P and dp(P) generate Qp. O

Hence, just as in the classical case, one may now use the connection 1-form to
define the curvature 2-form of a principal connection.

Definition 3.42. Let (P,Qp,dp) be a x-differentiable quantum principal U(1)-
bundle over B. Let II be a connection on (P, Qp,tp) with connection 1-form ¢. The
curvature of 11 is the closed self-adjoint 2-form Fiy := —ip' (dp(9)) € Z(25)>.

Example 3.43. We continue from Example 3.37. Let H*X — X be the horizontal
cotangent bundle of X, whose fibre at € X is the annihilator of % at x, so that

Qutg (X hor = @{w er (/\ H'X® c) ‘ Vz € UQL), (0,)w = z_kw}.
kEZ
Hence, let II be a principal connection on 7 : X — Y, which we view as a U(1)-
equivariant real vector bundle endomorphism IT : T*X — T* X satisfying IT1? = II
and ran Il = H*X. Then II induces a connection on (CgY, (X), Qaig(X),d), whose
connection 1-form and curvature 2-form respectively recover the usual connection

1-form and curvature 2-form of II.

We now leverage structural results of Purdevié¢ [40] to obtain the promised corre-
spondence between NC Hermitian line bundles with connection and NC principal
U(1)-bundles with principal connection.

Let k € (0,00). Define the concrete category GAUGE(B) of k-differentiable
quantum principal U(1)-bundle with connection over B as follows:

(1) an object is a triple (P,Qp,dp;II) consisting of a k-differentiable quantum
principal U(1)-bundle (P,Qp,dp) over B and a connection IIp on (P,Qp,dp);

(2) an arrow f: (P,Qp,dp;IIp) — (Q,Qqg,dg;IIg) is an isomorphism of U(1)-x*-
quasi-DGA f : (P,Qp,dp) — (Q,Qg,dg) that satisfies both f oip = ig and
follp=Tgof.
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Hence, we may define a functor Hor,, : GAUGE,(B) — DCIRCy, (B) as follows:
(1) given an object (P, 2, d;II), let Hor, (P, 2, d;II) := (P, Qnor, T o dlq,_,);
(2) given an arrow f: (P,Qp,dp;IIp) = (Q,Qq,dg;I1g), let

HOI'R(f) : HOI‘H(P7 QPvdPaHP) — HorH(Q7QQadQ7HQ)

be given by the map flap,..: QP hor = QQ,hor-

Thus, the functor Hor, takes a r-differentiable quantum principal U(1)-bundle
with connection and extracts the horizontal calculus induced by the choice of
connection. A straightforward calculation shows that its essential range satisfies a
simple algebraic constraint.

Proposition 3.44 (cf. Durdevi¢ [40, §6.6]). Let k € (0,00), and let (P,Q2p,dp;1I)
be a k-differentiable quantum principal U(1)-bundle with connection over B. Let
t

Fu be the curvature 2-form of 11, and le (‘ip}]‘[,FPI[) be the curvature data of
Hor, (P, Qp,dp;II), so that

V(n,k) € No X Z, VB € (Qp o)k, (Mo dp)*(8) = B+ ip(iFpu(k)).
Then Fpr : Z — S(B) is given by Fpr = (k — ZW[k]n/i*kfn), so that

ép,H(FRH(l)) = HFRH(I). (333)

Definition 3.45. Let (P,Qphor,dpnor) be a horizontally differentiable quan-
tum principal U(1)-bundle over B with curvature data (®p,Fp). We say that
(P, Q2P hor; dPhor) is flat whenever Fp = 0. When Fp(1) is an eigenvector of <i>p,
the vertical deformation parameter kp € R* of (P, Qphor, dpnor) is defined to be
the corresponding eigenvalue of dp.

Remarkably, the algebraic constraint of (3.33) suffices to characterize the essential
range of the functor Hor,, which therefore yields an equivalence of categories.

Theorem 3.46 (Purdevi¢ [40, Thm 4.12 & §6.5]). Let x € (0,00), and let
DCIRChor,«(B) denote the strictly full subcategory of DCIRCyor (B) whose objects
are flat or have vertical deformation parameter k. Then the functor Hor, restricts
to an equivalence of categories GAUGE(B) — DCIRChor . (B) with weak inverse
Tot,, : DCIRChor,x(B) — GAUGE(B) defined as follows.

(1) Given an object (P, Q2pnor, dpPhor) With curvature 1-cocycle Fyy, let
TOtH(P) QP,hora dP,hor) = (Pa CEN(QPmor); CEn(dP,hor) + il‘b Hn)z

where iy : CEx(Qphor) = CEx(Qpnor) is the complex-linear map defined by

. K
Vwi, w2 € Qphor,  im(wr + waey) = *%WQFH(U,

and where I, : CE.(Qpnor) = CE.(Qpnor) s the unique algebra homomor-
phism satisfying I [ap .. = idap .. and I (es) = 0.

(2) Given an isomorphism f : (P,Qpnor, dphor) = (@, 2@ hors dQ hor) of horizon-
tally differentiable quantum principal U(1)-bundles over B, let

TOtn(f) : TOtn(Py QP,hor; dP,hor) — TOtK(Qa QQ,hOl‘v dQ,hor)
be given by the map CE.(f) : CE4(Qphor) = CE. (20 hor)-
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In particular, a canonical natural isomorphism D : idgayes, () = Tot, o Hory
is defined as follows: given an object (P;Qp,dp,II) of GAUGE.(B), define the
isomorphism D (p.q, apm 1 (P;Qp,dp; IT) — Tot, o Hor, (P; Qp,dp; ) by

Vw € Qp, Dpiapapn(@) = (ver —id)o (id—I)(w) +TM(w).  (3.34)

By combining this theorem with Theorem 3.28, Proposition-Definition 3.32, and
Corollary 2.9, we obtain a precise NC generalization of the classical correspondence
between Hermitian line bundles with unitary connection and principal U(1)-bundles
with principal connection.

Definition 3.47. Let (E,0g, VE) be a Hermitian line B-bimodule with connection.
We say that (E,0, VE) is flat whenever Fig v 1 = 0. When Fg v, is an eigenvec-
tor of the automorphism @[Eva], the wertical deformation parameter k(g v, € R*
of (E,op,VE) is defined to be the corresponding eigenvalue of @[E,VE].

Corollary 3.48. Let k € (0,00), and let DP1C,,(B) be the strictly full subcategory
of DP1C(B) whose objects are full or have vertical deformation parameter k. Then
DPic,(B) is the essential image of DCIRChor,«(B) under € oﬁ, so that the functor
€1 0 L o Hor, : GAUGE,(B) — DPI1C,(B) is an equivalence of categories.

Definition 3.49. Let k € (0,00), and let (F, 0, V) be a Hermitian line B-bimodule
with connection that is flat or has vertical deformation parameter k. The k-total
crossed product of (B;Qp,d) by (E, 0, Vg) is the essentially unique x-differentiable
quantum principal U(1)-bundle with connection (B;Qp,d) N'(Qg:);Eva) Z on B, such

that (£ o Horn)((B; Qp,d) x?g;tE,vE) Z) ~ (E,op,VE); in this case, we define a
K,tot

x-exterior algebra (Qp,dp) X (B

Z and connection Il(g 5, v,) by

(B g Z; (28,dB) X (5o, Z;H(E,UE,VE)> = (B, d) X35, v, Lo

Thus, given k € (0,00) and (F, o, Vg) that is flat or has vertical deformation
parameter k, we may take (B;Qp,d) m';’Et?;E’VE)Z = Tot,.((B;2p5,d) m?gng’vE)Z),
where (B;Qp,d) x?ngE’vE) Z is any horizontal crossed product of (B;Qp,d) by
(E,or,VEg). Note that (E,og, V) is flat if and only if (B;Qp,d) N}(lgng’vE) Z
is flat and that (E,og, Vg) has vertical deformation parameter & if and only if
(B;Qp,d) N?EI:UE7VE) Z has vertical deformation parameter .

There are certain examples that are naturally described in terms of homomor-
phisms Z — DPic(B) or that yield homomorphisms of particular interest. In
such cases, it convenient to have a straightforward algebraic characterization of the

essential range of the composite functor £ o Hor,,.

Corollary 3.50. Let k € (0,00), and let HOM,(Z, DP1c(B)) be the essential image
of DCIRChor,«(B) under the equivalence L DCIRChor(B) — HoM(Z, DP1c(B)).
Then a homomorphism F : Z. — DP1c(B) defines an object of HoM,(Z, DP1c(B))
if and only if F(l) 18 flat or has vertical deformation parameter k, so that, in the
latter case,

Vm e Z, Fom(F)(m)=r""""[m]Fpq. (3.35)
Proof. Relative to the discussion after Proposition-Definition 3.32, it remains to
check (3.35). Suppose that F': Z — DPI1c(B) is a homomorphism, such that F(1)
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has vertical deformation parameter x. The right 1-cocycle identity for curvature
1-cocycle of B specializes to

vm,neZ, Fom(F)(m+n)=a" (F o WO(F)(m)) +F o mo(E)(n).

By induction together with the equation Ci)[p(l)] (F[F(l)]) = KF ) it follows that

F o my(F') satisfies F o mo(F) = (m — [m],ﬁle[ﬁ(l)O, which yields (3.35). O

Example 3.51 (Purdevié [40, §4]). We continue from Example 3.33. By (3.23), it
follows that (O4(SU(2)), Q4 nor(SU(2)), dg.nor) has deformation parameter ¢?; hence,
by (3.23) and (3.35), the homomorphism & : Z — DP1c(O,(CP)) of Example 3.26

satisfies F o 7o (€) = (m +— [m]2q”*™iete™). At last, by results of Durdevic,
(Oq(SU(2))a Qq(SU(Q))v dg; Hq) = Tth2 (Oq(SU(Q))v Qq7h0r(SU(2))7 dq7h0r))

recovers the 3-dimensional calculus (£24(SU(2)),dq) on O4(SU(2)) of Woronow-
icz [100] and the non-universal g-monopole connection II, of Brzezinski-Majid [23].
Thus, we may obtain ,(SU(2)) from Q, 1o:(SU(2)) by adjoining the skew-adjoint
U(1)-invariant 1-form e® = 2mig~2e > subject to the relations (e”)? = 0 and

V(n,k) € Ng X Z, Vw € Q" 1..(SU©2))r, w = (=1)"¢g *we®,

q,hor
and we may obtain d, from dg hor by setting d,(e?) == ¢ 2eTe™ and
V(n, k) € No x Z, Vw € Q' 1, (SU2))k, dg(w) = (—1)"[k]g-2we’ + dg nor (w).
From now on, we shall refer to (O,(SU(2)), 2,(SU(2)),dq;II,) as the g-monopole.

Example 3.52. We continue from Example 2.41. Since (g — ¢210+gaa) : Ty — R*
is an injective homomorphism [53, Thm 5.2.10], there exists a unique generator ~
of the infinite cyclic group I'y satisfying v216 + g22 > 1; hence, let €y := 7210 + 722,
which recovers the fundamental unit of the real quadratic field generated by 6. Next,
since <I>[EA(7)](6162) = (7210 + 722)%e'e? = €5 e'e?, it follows that E(y) has vertical
deformation parameter €2. Thus, the composite homomorphism Fo (k +— ~*) is an
object of HoM,:(Z, DP1c(Cg°(T?))), so that f](E o(k+— ’yk)) defines an object of
DCIRChOMg(CgO(']I‘Q)). Hence, at last, we define e2-differentiable quantum principal
U(1)-bundle over C5°(T?) by (Py; Qp,, dp,:I1p,) = Tot, OE(E o (k 'yk)), which

recovers a construction of Caéié¢ [25]; because of its relation to Manin’s real mul-
tiplication programme [70], we call it the real multiplication instanton. Note that
Cr*-algebraic completion of Py is part of a family of Cuntz—Pimsner algebras first
considered by Nawata [76].

4. LIFTING PROBLEMS FOR NC RIEMANNIAN STRUCTURES

In the commutative case, a Riemannian metric on the base space of a principal
U(1)-bundle with principal connection lifts canonically to the total space. Here,
we study the analogous lifting problems for two closely interrelated notions of
Riemannian structure on NC manifolds, which are based on generalized Hodge
star operators and formal spectral triples, respectively. In particular, we show that
these lifted Riemannian structures inexorably involve modular phenomena in both
vertical and horizontal directions that are typically non-trivial and distinct. Along
the way, we show that quantum SU(2) gua total space of the g-monopole does not
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admit a non-pathological U(1)-equivariant twisted spectral triple while obtaining a
geometric formal derivation of Kaad-Kyed’s compact quantum metric space [59] on
quantum SU(2) for a canonical choice of parameters.

For the entirety of this section, let B be a unital separable pre-C*-algebra
with s-differential calculus (Qp5,dp), which we assume has dimension N € N; let
vB : Qp — Qp denote the Z/2Z-grading on Qp by parity of degree. Moreover, given
a horizontal quantum principal U(1)-bundle (P; Qpnor; dphor) Over B, we suppress
the isomorphism ip : Qp — ng(ﬁc))r.

4.1. Hodge operators and conformality. We begin by introducing the minimum
of Riemannian structure required for classical U(1)-gauge theory on NC manifolds:
the Hodge star operator and integration against the Riemannian volume form. Such
an approach was first proposed by Kustermans—Murphy—Tuset for quantum groups
[64], it has since attained its fullest expression in the setting of NC Kéhler geometry
in the sense of O Buachalla [79]. We show that it permits robust generalization of the
notion of conformal orientation-preserving diffeomorphism to the entire differential
Picard group.

We begin with a straightforward generalization of the Hodge star operator.

Definition 4.1 (Kustermans—Murphy-Tuset [64], Majid [68], Zampini [101], O
Buachalla [79]). A Hodge operator on (2p,dg) is a *-preserving B-bimodule mor-
phism x : Qp — Qp, such that, for every k € {0,..., N},

H(@) CONF, WZgy = (—1)MV P idgy (4.1)
Vw,n € U, w-x(n) =+""(w) . (4.2)

Hence, the inverse metric induced by * is the right B-valued inner product g on
Qp defined by

Vw,n € Qp,  gw,n) = *(w" - *(n)). (4.3)

By combining a generalized Hodge star operator with a suitable generalization of
integration against the corresponding Riemannian volume form, we obtain our first
notion of NC Riemannian structure (together with orientation); following Connes
[33] and Kustermans—Murphy—Tuset [63], we impose the divergence theorem as a
requirement.

Definition 4.2 (cf. Kustermans-Murphy-Tuset [64], O Buachalla [79], Saldaiia [91]).
A Riemannian geometry on (B;Qp,dp) is a pair (x,7), where x is a Hodge operator
on (Q2p,dp) whose inverse metric g admits a basis as a right B-valued inner product
on g and satisfies

Vb€ B, Vw € Qp, g(bw,bw) < |b]*g9(w,w), (4.4)

and where 7 is a bounded state on B that satisfies
Vw e QN (roxodp)(w) =0, (4.5)
Vb e B, sup{7(a*b*ba) | a € A, T(a*a) <1} = ||b]|>. (4.6)

Example 4.3. We continue from Example 2.39. Suppose that X is oriented.
Equip X a Riemannian metric g; let x4, and vol, respectively denote the resulting
Hodge star operator and Riemannian volume form. Then (xg, [ (-) vol,) defines a
Riemannian geometry on (C*(X); (X, C),d), whose inverse metric is the usual
inverse Riemannian metric. Note that a basis for Q(X, C) with respect to the inverse
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metric can be constructed from local orthonormal frames using a smooth partition
of unity.

Example 4.4. We continue from Example 3.51. Let h, denote Woronowicz’s Haar
state on O,4(SU(2)), which is faithful on Cy(SU(2)) by a result of Nagy [75]. Since
(04(CPY),Q,(CPY),d,) is an NC Kéhler manifold a la O Buachalla [79, §§4.4, 5.4],
it admits a canonical Riemannian geometry (x4, hqlo, cp1)), where x,(1) i=iete”
and x, restricts to +iid on O,4(SU(2))z2 - e*. Note that *, recovers Zampini’s
modification [101, Eq. 5.14] of Majid’s Hodge operator [68, §4] for o/ = —¢>.

Example 4.5. We continue from Example 3.52. The canonical Riemannian geome-
try (x,7) on (C§°(T?);Q9(T?),d) is given by

*(1) ==e'e?, x(e') =2, x(e?) = —e's Y(m,n)€Z? TU™V") =500,
so that 7 recovers the canonical U(1)-invariant faithful trace on Cy(T?).

Just as in the classical case, we may now equip {2 with an L2-inner product and
compute the (formal) adjoint of the exterior derivative dp in terms of the Hodge
star operator.

Proposition 4.6 (O Buachalla [79, §§5.2-3]). Let (x,7) be a Riemannian geometry
on (B;Qp,dp); let g be the resulting inverse metric. Then Qp defines a B-self-
correspondence of finite type with respect to g that decomposes as an orthogonal direct
sum Qg = EBQI:o QF of sub-B-bimodules. Hence, the C-vector space Qp defines a
separable pre-Hilbert space with respect to the inner product (-,-), defined by

Vw,n € Qp, <w’77>7' = T(g(w7 77))’ (47)

with respect to which the left B-module structure on Qp defines an isometric *-
representation of B, the direct sum decomposition Qg = @1];;0 Q% is orthogonal,
the Hodge operator % is unitary, and djy = x"'odp o*ovyp.

Proof. Relative to the references (cf. the proof of Proposition 4.22 below), it remains
to show that Qg is separable as a pre-Hilbert space and that the left B-module
structure is isometric as a *-homomorphism. Let 28 be the C*-algebraic completion
of B, so that 7 extends to a state on B. Let m € {0,..., N}, and let (e;)?; be
a basis for % with respect to g, so that X = (g(e,, Ej)):j:l € M, (B) is positive
with unique positive square root VX € M, (B). Let a == (a1,...,a,) € B" C B"
and set w =" | e;a;. Then

e = rl(as Xaon) < |V (@ ) ) < 160 Dl
i=1

Since B is separable as a normed vector space and since (e;)7, generates Q% as
a right B-module, it follows that Q% is separable as a pre-Hilbert space. Hence,
Qp = @an:O Q7 is also separable as a pre-Hilbert space.

We now show that the left B-module structure 7 : B — L({2p) is isometric. Let
b € B be given. Since 7 is bounded, it is contractive, so that, by (4.6),

o* > [|7(0)*]| > sup{(n(b)a, 7(b)a); |a € B, {a,a); <1} = [[b]*. U

We now generalize the notion of conformal orientation-preserving diffeomorphism
to our NC setting. For convenience, let Z<0(B) denote the multiplicative group of
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all positive invertible elements of Z(Q25)°, so that Z-¢(B) admits a canonical right
action of the differential Picard group DPic(B) defined by

Vi € Z50(B), VB, V] € DPic(B), p<[E,Ve]=d3 ¢ (1),  (4.8)

Note from Examples 2.34 and 2.39 and the proof of Theorem 2.35 that the
dynamical content of a Hermitian line B-bimodule with connection is encoded by
its generalized braiding. Hence, we promote the behaviour of the usual Hodge star
operator under orientation-preserving conformal diffeomorphisms [17, Thm 1.159.h]
to the following definition.

Definition 4.7. Let xg be a Hodge operator on (Q2p5,dg). A Hermitian line B-
bimodule with connection (E, o g, Vg) is xg-conformal when there exists (necessarily
unique) p € Z59(B), the conformal factor of (E,og, VE), such that

Vz e E, Yk €{0,...,N}, Ya € Q%
op(*xp(e) ®2) = op(a®) ) @ *p (UE(oz ®x)<1>),uN72k. (4.9)

We denote by DP10(B; ) the strictly full subcategory of DP1c(B) whose objects
are *pg-conformal, we denote by DPic(B;*pg) the corresponding subset of DPic(B),
and we define p : DPic(B;*p) — Zs¢(B) by mapping [E, Vg| € DPic(B;*p) to
the conformal factor y g v, of any (and hence every) representative.

In the classical case, orientation-preserving conformal diffeomorphisms form a
group and their conformal factors define a multiplicative 1-cocycle on this group.
The same is true in the NC setting.

Proposition 4.8. Suppose that xp is a Hodge operator on (Qp,dp). Then
DPic(B;xg) defines a sub-2-group of DP1C(B), the subset DPic(B;*pg) defines
a subgroup of DPic(B), and the function p : DPic(B;xpg) — Z<(B) defines a group
1-cocycle with respect to the restriction to DPic(B;*p) of the right DPic(B)-action
on Z-o(B) defined by (4.8).

Proof. First, note that the monoidal unit (B,op,Vpg) is *g-conformal with confor-
mal factor y(p,v,) = 1. On the one hand, suppose that (E,0p, Vg) and (F,or, VF)
are xg-conformal. Then, given k € {0,..., N}, a € Q%, x € E,and y € F,

opesF(xB(a) ® (z ©y))

= (crE(oz ® )y ®OF (*B(UE(@ ®$)(1>)H[%7_VQZ] ® y) <0>)
X OoF (*B(UE(a ® x)<1>)ugjv2];] ® y) )y

= (crE(a ®x)(o> Qo (UE(a ® w)<1> ® y) <0>)

o (UF(UE(a D)) ® y)<1>) P v ) (Wi ) lEo )
= 0pgpr(a® (T ®Y))q,

- N—2k
@ *p (UE®BF(a ®(z® y))<1>) (‘I)[RvF](M[E,VE])M[F,VF]) .

Hence, the subcategory DP1C(B;xp) is closed under the monoidal product and the
map p satisfies the required 1-cocycle identity. On the other hand, suppose that
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(E,0r,VE) is xg-conformal. Then, given k € {0,...,N}, a € Q% and x € E,

o5(x5(0) 9T) = 05 (z @ *5(0)*) ) @ 05 (z @ *5(0)*)|_y,

= Ugl(x ® a*)(0>ufEJYV+E2]I€ ® *p (051(1’ ® a*)z‘_w)

= M[_E‘]ngfgf(a ®T) 0y @ *B (af(oz ® f)u))

= 05(a®7T) 4y ®*p (af(a R ) <1>) 5,90 (g ) V2
Hence, the the subcategory DP1C(B;xg) is also closed under monoidal inversion. [

Example 4.9. Continuing from Example 4.3, let Conf (X, g) denote the group of
conformal orientation-preserving diffeomorphisms of (X, ¢g). On the one hand, for
every Hermitian line bundle with unitary connection (£,V¢) on X, (I'(£),flip, V¢)
is x4-conformal with conformal factor 1. On the other, for every ¢ € Diff(X),

7(0, (¢~ 1)*) is *4-conformal if and only if ¢ is conformal and orientation-preserving,
in which case p o mo(7)(0, (¢~ 1)*) = %. Hence, the isomorphism of Example

2.39 restricts to an isomorphism Conf, (X, g) x H?(X) — DP1c(C™(X); %,), with
respect to which p : DP1C(C™(X);x4) — C*°(X, (0, 00)) reduces to the map

(016, 7eD) = /52 ) s Cont (X.) x H2(0) = €= (X, (0,00)).

In light of Theorem 3.28 and Proposition-Definition 3.32, we may also consider
conformality of horizontally differentiable quantum principal U(1)-bundles over B.

Definition 4.10. Let xg be a Hodge operator on (2g,dg). Let (P;Qphor, dphor)
be a horizontally differentiable quantum principal U(1)-bundle over B with Frohlich
automorphism @ p; define a right Z-action on Z5¢(B) by

V€ Zo0(B),Vk € Z, pak:=dF(p). (4.10)

Then (P;Qphor, dphor) 1S *p-conformal if there exists a (necessarily unique) group
1-cocycle pp : Z — Z50(B), the conformal factor of (P;Qpnhor, dpnor), such that

V(m,j) € Nog x Z, Vo € QF, Vp € P},

*p(a)p = €P(QP)<0>*B (EP(OZP)U))/LP(]')N*%’ (4.11)

where fp : Qphor = P ®p (1p is the B-bimodule isomorphism of Proposition 3.24.
We denote by DCIRCy, (B; *5) the strictly full subcategory of DCIRCyor(B) with
*p-conformal objects.

Proposition 4.11. Let xg be a Hodge operator on (Qp,dg). The essential image
of DCIRChor(B; ) under the functor £ is HoM(Z, DPIC(B;*g)), so that the
functor ey ol : DCIRChor(B;*5) = DPIC(B; *p) is an equivalence of categories. In
particular, if (P;Qphor, dphor) 18 a *g-conformal horizontally differentiable quantum

principal U(1)-bundle over B, then its conformal factor up satisfies
Hpp = O To ([:(Pa QP,hora dP,hor)) . (412)

Thus, a Hermitian line B-bimodule with connection (E, o, V) is  g-conformal if
and only if (P;Qphor, dphor) = (B;2B,dB) X(B,04,v,) Z is *p-conformal, in which
case, the conformal factor pp of (P;Qpnor, dpnor) is determined by pup(1) = pp,v -



52 BRANIMIR CACIC

4.2. Lifting Riemannian structure in terms of NC Hodge operators. We
now attack the problem of lifting Riemannian structure in terms of NC Hodge
operators to the total space of an NC principal U(1)-bundle with connection. The
existence of such a lift will be governed by conformality in our NC sense, and the
resulting lifted Riemannian geometry will necessarily involve modular phenomena
in both vertical and horizontal directions that are generally non-trivial and distinct.

In what follows, let k > 0, let (P;Qp,dp;II) be a x-differentiable quantum prin-
cipal U(1)-bundle with connection over B, let 9 be the connection 1-form of II, and
let ®p be the Frohlich automorphism of Hor, (P;Qp,dp;II) = (P, Qphor, dphor)-

We begin with a general definition of U(1)-equivariant Hodge operator on a NC
total space that draws on standard requirements from the classical case: that the
canonical surjection onto the base be a Riemannian submersion, that the principal
Ehresmann connection be fibrewise orthogonal, that the fibres all have unit length,
and that the total space have the ‘fibre-first’ orientation. However, we carefully
control possible failure of the Hodge operator to be right linear and *-preserving in
terms of (possibly distinct) modular automorphisms in the vertical and horizontal
directions.

Oun the one hand, we define a modular automorphism of Qp is a U(1)-equivariant
automorphism A of Qp as a unital graded C-algebra satisfying A[qu): id and

VjieZ,Vpe P, p"A(p)>0; (4.13)
for example, given ¢ € (0,00), we may define a modular automorphism A; of Qp by
V(m,j) € No X Z, Yw € ', Ay(w) =t w. (4.14)

On the other hand, we use the connection II to define a convenient bigrading
(Qi;k)(j’k)eNg of Qp as follows. For each k € {0,..., N}, let

OUF = T(Qh) = Wy, OB = (d-ID(QE) = 0- Qb (415)

and for (j,k) ¢ {0,1} x {0,..., N}, set Q%* := 0. Then, for all m € {0,..., N + 1}
and (j17k1)7 (j27k2)7 (]7k) € Nga

[y

1 m—

PP op =ap, optopt = ot (o) = o

=0 k=0
Definition 4.12. Let (Ayer, Anor) be a commuting pair of modular automorphisms
of Qp that commute with II. A (Ayer, Apor)-modular Hodge operator on (Qp,dp)

with respect to II is a U(1)-equivariant left P-linear map that commutes with both
Ayer and Ay, satisfies

V(j, k) € {0,1} x {0,..., N}, *(Qg;k) C QL INF, (4.16)
vm € {0,...,N +1}, K lam = (1) id g, (4.17)
and satisfies, for every (j,k) € {0,1} x {0,..., N},
Vp € P, Vw € QF, *(wp) = *(w) - (AN 0 ATT(p), (4.18)
Yw e Q3F, *(w)* = x((AFFN 0 AZ1) (w)*), (4.19)
Yw e Q5F *(690w) = (—1)N Fx(wi), (4.20)
Ve, n € QFF, w k() =1 (w) - (AR 0 ALY (). (4.21)
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Hence, in this case, the inverse metric induced by the (Ayer, Apor)-modular Hodge
operator x is the R-bilinear map g : Q2p x Qp — P defined by

Vo,n € Qp, glw.n) = +(w" - +(n)). (4.22)

Notwithstanding the appearance of modular automorphisms, the following prop-
erties of inverse metrics will suffice for our purposes.

Proposition 4.13. Let Ao and Ao be a commuting pair of modular automor-
phisms of Qp that commute with I, and let x be a (Aver, Anor)-modular Hodge
operator on (Qp,dp) with respect to II. Then the inverse metric g : Qp X Qp — P
is U(1)-equivariant in the sense that

v(m, j),(n, k) € No X Z, Vw € (QF);, Vn € (Vp)r, g(w,n) € Pjir,  (4.23)
makes I1 into an orthogonal projection in the sense that
Vw,n € Qp, g(w,n) = g(I(w), (7)) + g((id —ID)(w), (id =I)(n)),  (4.24)
and satisfies, for each (j, k) € {0,1} x {0,...,N},

Vu,n e QBF, vpe P, g(w,n-p) = glw,n) - (A2, o AZE)(p), (4.25)
Yw,n € Q5F, g(w,n)* = (A2, o AFF ) (g9(n,w)). (4.26)

Proof. The non-trivial claims are equations 4.24 and 4.26. On the one hand, let
w,n € Qp be given; since (id —I1)(Qp)? = 0, it now follows by (4.16) that

*(g(w,n)) = (M(w") + (id —II)(w")) * (IL(n) 4 (id —IT) (1))
= (Il(w")) * (II(n)) + (id —II)(w")) * ((id =IT)(n))
= *(g(Il(w), (n)) + g((id —)(w), (id =II)(n))).
On the other hand, let (j,k) € {0,1} x {0,...,N} and w, 8 € Qg;k; by (4.21),
(g(w,m)*) = Aver 0 AR, (K(g(w, 7))
= Ayep 0 AhNor((—1)(j+k)(N+1_j_k)*(’l7)*w)

= Aver 0 AY <(,1)(J‘+k)(zv+1fj—k) (k0 A1 6 AZK=N) (e .w)

hor ver hor

= A%, 0 AP (" - ()

ver hor

=x(AZ, o AP (9(n,w))). O

ver hor
At last, we give our proposed notion of lifted Riemannian geometry.

Definition 4.14. A total Riemannian geometry on (P;Qp,dp;1I) is a quadruple
(Aver, Anor, *, 7), where (Ayer, Apor) is a commuting pair of modular automorphisms
of Qp that commute with I, where % is a (Ayer, Apor)-modular Hodge operator on
(Qp,dp) with respect to IT whose inverse metric restricts, for each (m, j) € Ny x Z,
to a B-valued inner product on (), admits a basis and satisfies

Wb B, Vo € (QF); g(bw,bw) < [ 2g(w,w), (4.27)

and where 7 is a U(1)-equivariant bounded state on P that satisfies
Vw € QF, (toxod)(w) = 0; (4.28)
Vp € P, sup{7(¢*p*pq) | ¢ € P, 7(¢*q) < 1} = |p|*. (4.29)
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Definition 4.15. Let (x5,75) be a Riemannian geometry on B with respect to

(Qp,dB), let (Aver, Apor, %, 7) be a total Riemannian geometry on (P;Qp,dp;II),
and suppose that

V3 € Qp, *(0B) = *B(8), (4.30)

Vb € B, 7(b) (). (4.31)

5
We call (xp,7p) a restriction of (Ayer,Apor,*,7) to (B;Qp,dp) and we call
(Aver, Anor, x, 7) a lift of (xp,75) to (P;Qp,dp;1I).

Our definitions are justified by the following existence and uniqueness theorem,
which characterizes existence of lifts in terms of conformality and demonstrates the
inexorability of non-trivial modular phenomena outside of a narrow régime.

Theorem 4.16. Let A, denote the modular automorphism of Qp defined by (4.14).

(1) Suppose that (Ayer, Anor,*, T) is a total Riemannian geometry on (P; Qp,dp;II).
There exists a unique restriction (xg,75) of (Aver, Anor, *,7) to (B;Qp,dpg).
Moreover, it follows that Ayer = Ay, and that (P; Qpnor, dp’hor) s xg-conformal
with conformal factor pup satisfying

V(m,j) € Nog x Z, Vw € (%), Anor(w) =wpp(j) (4.32)

(2) Let (xp,TB) be a Riemannian geometry on (B;Qp,dp), and suppose that
(P;Qphors dphor) s *xp-conformal with conformal factor up. Hence, define a
modular automorphism Ay of Qp by (4.32). There exists a unique (A, Apor)-
modular Hodge operator x on (Qp,dp) with respect to II and faithful U(1)-
equivariant bounded state T on P making (A, Anor, %, T7) into a lift of (*xp,7TB)
to (P;Qp,dp; 1), namely

Vpe P, Vk €{0,...,N}, V3 € Qf, *p(pB) = (—1)*pixp(B),  (4.33)
VpEP, VkG{O,...,N},VBGQ%, *P(pﬁﬁ) ::p*B(B)a (434)
Vj e Z,Vp e Pj, 7p(p) == Tp (6j’0p). (4.35)

Lemma 4.17. For every modular automorphism A of Qp, there exists a unique
group 1-cocycle p: 7 — Z<o(B) for the right Z-action defined by (4.10), such that

V(m, j) € No X Z, Vw € (QF);, Aw) = wp(j). (4.36)

Conversely, for every group l-cocycle 1 : Z — Z<o(B), Equation 4.36 defines a
modular automorphism A of Qp.

Proof. Let A be a modular automorphism. For each j € Z, the map A restricts
to a B-bimodule morphism L(P)(j) — L(P)(j), so that, by Proposition 2.16,
there exists unique u(j) € Z(B) that satisfies (4.36) for m = 0; given any cobasis
(e:)N, for z:( )j, it follows that 0 < YN erA(e;) = YN, erein(j) = p(j) and
w(ia = Ez 1eZA( i) ZZ 1eiA(eia) = app(j) for all o € Qp, so that
pup(j) € Z(Qp)°. Given ],k € Z, for all x € P;, and y € Py, we find that
wyp(j + k) Alzy) = A@)A(y) = zp()) -y - plk) = 2y®p" (u(5))u(k), so that

1 + k) = @5%(u(j))u(k) by the equality Pj,j = P; - Py, together with uniqueness
of pu(j + k). Since A acts as the identity on Py, it follows that (0) = 1; hence,
for each j € Z, it follows that pu(j) € Zso(B) with inverse @, (u(—35))~!. Thus,
we obtain a unique group 1-cocycle p : Z — Z(B)Z, satisfying (4.36) for m = 0.
Finally, since Qp = P-Qp & P - ¢ - Qp and since A acts as the identity on Qg and
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9, it follows that p : Z — Z5(B) is the unique group 1-cocycle satisfying (4.36) in
general. Reversing this argument almost suffices to show that a group 1-cocycle
p:Z — Z50(B) defines a modular automorphism A by (4.36); all that is left is
that p*A(p) = p*p - tp(u(j)) = p*®p(u(j))p 2 0 for all j € Z and p € P;. O

Proof of Theorem 4.16. First, suppose that (Ayer, Apor, *,7) is a total Riemannian
geometry on (P;Qp,dp; ). We begin by showing that Ay, = A,. By Lemma 4.17,
let o : Z — Z<(B) be the unique group 1-cocycle satisfying (4.36) with respect to
A = Ayer. Then AZ = A2 since, for every p € P,

ver

*(p) = (=1)Vx(p9)9 = (=1)*(9) - (AY 0 Aver 0 AT (p) - ¥

hor

= #(1) - (A © Aver 0 A %) (p) = (A 0 A2 ().

hor

Let j € Z and let (e;); be a cobasis for £L(P)(j). Then pu(j) = £~ since u(j) >0
and k7% = N erA2(e)) = LI, €1 A2, (er) = p(5)>.

Next, we show that there is a unique Hodge operator xg on B with respect
to (Qp,dp) satisfying (4.30). By (4.20) and (4.17), there exists a unique C-linear
map xg : Qp — Qp satisfying (4.30), which is given by *g(8) = x(98) for all
k€{0,...,N} and 8 € Q%. The map *p is left B-linear by construction and U(1)-
equivariant by U(1)-equivariance of x and U(1)-invariance of ¥. Moreover, since
both A, and Ay, act as the identity on Qg and on ¢ and since ¥ supercommutes
with Qp, it follows that xp is right B-linear by (4.18), is #-preserving by (4.19),
satisfies (4.1) by (4.16) and (4.17), and satisfies (4.2) by (4.21).

Next, we show that the pair (xg,7|p) defines a Riemannian geometry on B with
respect to (2p,dg). On the one hand, since both A, and Ay, act trivially on Qp,
Proposition 4.13 together with the j = 0 case of (4.27) shows that the inverse metric
induced by xp satisfies (4.4); indeed, for each m € {0,..., M}, one can obtain a
basis for Q7 from a basis for (7)Y by applying II retaining any non-zero vectors.
On the other hand, dp(¥98) = dp(9)8 — Idp(8) = —FnupB — ddp(B) = —ddg(B) for
every B € QN1 so that 7 oxp o dp(B) = T(—*(9dg(B))) = Toxodp(¥B) = 0.

Finally, by Lemma 4.17, let up : Z — Z+0(B) be the unique group l-cocycle
satisfying (4.32). Given (4.32) and Ay (¥) = ¢, that (P;Qphor,dphor) IS *p5-
conformal with conformal factor pp follows from (4.18). Uniqueness of 7p is trivial.

Now, let (xp,7p) be a Riemannian geometry on (B;{p,dp), and suppose that
(P; Qphor, dPhor) 18 *p-conformal with conformal factor xg. By Lemma 4.36, the
modular automorphism Ay, of Qp constructed from pp by (4.32) is well-defined.

We first show that there is a unique (Ayer, Apor)-modular Hodge operator on
(Qp,dp) with respect to II satisfying (4.30). First, by Proposition 3.24, (4.33) and
(4.34) define the unique U(1)-equivariant left P-linear map x : Qp — Qp satisfying
(4.30) and (4.20). Next, the map « satisfies (4.16) by construction, satisfies (4.18)
by (4.32) and (4.11), satisfies (4.17) by (4.1) and left P-linearity, and satisfies (4.19)
by the fact that x5 is x-preserving together with left P-linearity of x and (4.18).
Finally, the map « satisfies (4.21) by a case-by-case application of (4.2) together
with (4.18) and left P-linearity of x.

Next, we turn to the inverse metric g induced by *. Let gp be the inverse metric
induced by g, let (m,j) € {0,...,N} x Z, and let (-,-); be the B-valued inner
product on L£(P)(j). Let p1,p2 € P; and a1, s € Q. On the one hand,

*(g(pra1, pac2)) = ajpix(paca) = QTPTW(*UN*B(OQW = x(gB(a1, (p1,p2)j02)),
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while on the other, g(p1a19, paasd) = g(au, (p1,p2);02) by a similar calculation.
Thus, the B-bimodule isomorphism ¢p of Proposition 3.24 yields a B-bimodule
isomorphism (w — 0p (w)) H( QP o) — L(P)(J) @ QF and a B-bimodule isomor-

phism (w - gp((.d)) 20 (P ) — L(P)(J) ®p QF that respectively realize
the restrictions of g to (3,,.,); and J - (3,,,,); as pullbacks of the B-valued inner
product on the tensor product L£(P)(j) ®p QF of B-self-correspondences of finite
type. Hence, both (Qp),,,); = I((QF);) and 9(QF,,,); = (id —I0)((Q%F1);) define
B-self-correspondences of finite type with respect to g, which suffices for us.

Finally, we show that (4.35) defines the unique U(1)-equivariant bounded state T
on P satisfying 7] p= 75, (4.28) and (4.29). Recall the bounded faithful conditional
expectation Ep : P — B of Proposition 3.16. First, the map 7 : P — C defined
by (4.35) can now be rewritten as 7 = 75 o Ep, which therefore defines a faithful
bounded U(1)-equivariant state on P restricting to 75 on B. Next, by continuity
and U(1)-invariance, any faithful bounded U(1)-equivariant state 7/ on P satisfying
7' p= 7B must satisfy 7 = 7' o Ep = 7g o Ep = 7. Finally, we show that 7 satisfies
(4.28) with respect to x. On the one hand, let j € Z, p € P;, and § € QY. Since
§7%dp(pB) = 670 (27i[j].9pB + dppor(p) B + pdpB) = 0, it follows by (4.33) that
Toxod(pB) = 75 0 *(07°d(pB)) = 0. On the other hand, let j € Z, p € P;, and
a € Qg_l be given. Since

§%dp(pad) = dp((67°p)a) - ¥ + (=1) (6" p)aFu = dp((67 p)a)?,
it follows by (4.34) and (4.35) that
Toxod(pad) = 75 o *(dp(67pard)) = (=1)N7p 0 xp o dp((67%p)a) = 0.

Thus, either way, the composition 7o x o d[Qg vanishes.
Let us now show that 7 satisfies (4.29). Define || - || : P — [0,00) by

vpe P, (|pl")? = sup{r(¢"p"pa) [ ¢ € P. 7(¢"q) < 1}.
Since || - ||” is the operator norm on P with respect to the GNS representation of P
induced by the faithful bounded state 7, it follows that || - || is a C*-norm bounded
from above by || - ||; since 7 is U(1)-invariant, it follows that || - ||’ is a U(1)-invariant
C*-norm on P. Hence, by Corollary 3.19, it suffices to show that 7 satisfies (4.29)
on PY(Y) = B. But now, given b € B, it follows from (4.6) applied to 75 that

(I")? = sup{7(¢*p*pq) | g € P, 7(q"q) < 1}
> sup{7(c*p*pc) | q € B, 7(c*c) < 1}
= ||b])*. 0

The construction of Lemma 4.17 will be used frequently enough to warrant the
following definition.

Definition 4.18. Equip Z-((B) with the right Z-action constructed from dp by
(4.10). The symbol of a modular automorphism A is the unique group 1-cocycle
i Z — Z-0(B) that satisfies (4.36) with respect to A.

In particular, we may use Proposition 4.11 to rewrite Theorem 4.16 as follows.

Corollary 4.19. Let (xp,75) be a Riemannian geometry on (B;Qp,dg). Let
(E,op,VEg) be a Hermitian line B-bimodule with connection that is flat or has
vertical deformation parameter k. Then (xg,7g) admits a lift (Aver, Anor,*,T) L0
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(B;Qp,%YB) N?J;;C:E vy L if and only if (E,or,VE) is xg-conformal, in which case

the lift is unique, Aver = Ay, and Ayoy has symbol po (m — [E,Vg]™).
Example 4.20. Continuing from Examples 3.51 and 4.4, observe that
(0q(SU(2)), Qg0 (SU(2)), dg,nor) = Hory (O (SU(2)), 24 (SU(2)), dg, 1)

is x,-conformal with conformal factor k +— ¢~*; compare [101, Lemma 5.6]. More-
over, recall that the usual basis for the free left O,(SU(2))-module ,(SU(2)) is
{e, e*, e}, where €' := 27ig~2e,2. Hence, by Theorem 4.16, the unique lift of
(%> hqTo,(cp1y) to (O4(SU(2)); 2 (SU( )),dg; Ig) is (Ag2, Ag, %q, hyg), where %4 is
uniquely determined by *,(1) == & “e%¢te~ and

*q(€%) = — i§e+6_7 *q(e

6 ~ _
)= —Lelet, Fyle7) =

and hg is Woronowicz’s Haar state on Og(SU(2)). In fact, lq recovers the Hodge
operator of Zampini [101, Eq. 4.20] for («/,3,v,7) = (=3 o 71,q*2,4qi42), which
satisfies his canonical constraints [101, Remark 5.7] with respect to the choice of
parameter o' = —¢? from Example 4.20; it also necessarily recovers the Hodge
operator of Kustermans—Murphy—Tuset [64, Thm 8.1 et seq.| up to suitable rescaling
in each respective degree. Note that A2 # A, since g # 1.

Example 4.21. We continue from Examples 3.52 and 4.5. By Example 2.41, the
homomorphism £ of Example 2.31 is a homomorphism E : Ty — DPI1c(C5°(T?); )
satisfying p o ﬂo(E) = (g — (g210+ggg)*1). Hence, by Proposition 4.11 and
Theorem 4.16, the unique lift of (x,7) from Example 4.5 to the real multiplication
instanton (P, (p,,dp,,I1p,) is (A, Ae,, *, 7), where x is determined by

*(1) == elete?, *(e) = 6162, *(eh) = —e%?, x(e?) = et
and 7 is determined by 7[gse(72)= 7. Note that Aeg # A, since ¢ > 1.

We conclude this section by showing that modular phenomena are no obstacle to
equipping Qp with an L2-inner product and computing the formal adjoint of the
exterior derivative dp in terms of the Hodge star operator.

Proposition 4.22. Suppose that (Aver, Anor, %, T) be a total Riemannian geometry
on (P;Qp,dp;II) with inverse metric g. Then Qp defines a pre-Hilbert space with
respect to the inner product (-,-),; defined by

Vw,n € Qp, (w,n) =T7(g(w,n)). (4.37)
Moreover, with respect to this pre-Hilbert space structure, the U( )- actzon on Qp
defines a unitary representation of finite type, Qp = @; O®k 09 ’ is an or-

thogonal direct sum, the left P-module structure on Qp defines a U(1 ) equivariant
isometric x-representation on P, the connection 11 defines an orthogonal projection,
the operator xp is unitary, and d% =1 odpoxoxp.

Proof. Recall the faithful conditional expectation Ep : P — B of Proposition 3.16,
so that the state 7 satisfies T =70Ep = g o Ep.

First, let (m,j) € {0,..., N} x Z be given, so that g makes (2%); and hence its
direct summands (Q%™); = TI((E),) and (2™ 1); = (id —T1)((E),) into B-self-
correspondences of finite type. Since the state 7 is faithful and positive, (-, -), restricts
to U(1)-invariant positive-definite inner products on both (Q%™); and (5™ ") ;;
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moreover, the proof of Proposition 4.6 shows that both (2%™); and (Q3™"); are
separable as pre-Hilbert spaces by separability of B as a pre C*-algebra. But now, by
(4.35), for every (m, j),(n, k) € {0,..., N} xZ, w € (QPhor)J, and 7 € (Q?D?lor)k, we
find that (w,n), = 7(g9(w,n)) = T(6m "glw,n)) = 7'(5”"67 *g(w,n)) and similarly
that (wd,nd), = (5’”" (w19 nd)), while (w n9) . = (wd,n), = 0 by (4.24). This
shows that Qp = @J 0 @k 0 @E_foo(Qj, )¢ is orthogonal with respect to (-, ),
so that (-,-), defines a U(1)-invariant positive-definite inner product on Qp, with
respect to which Qp is separable and the U(1)-action is unitary and of finite type.

Next, we show that the left P-module structure on Qp yields a U(1)-equivariant
isometric x-representation of P; note that U(1)-equivariance is automatic. First, we
show that each p € P acts as an adjointable operator on €2p o, Wwith adjoint given
by p*. Indeed, let p € P. Then, for all w,n € Qp,

*(g(pw, n)) = (pw)* - *(n) = w'p"x(n) = w"*(p*n) = *(g(w,p*n))
so that (pw,n), = (w,p*n). Now, let us show that each p € P acts as a bounded
operator on Qp. Indeed, let p € P be given, and write p = >, _, p(k), where

p(k) € Py for each k € Z, so that E(p*p) = (Zk vez, D(k)"P(L )) > kez D(R)*D(k).
Let (m,j) € {0,...,N}xZandlet w € (Q7);. Then, by adjointability of p, Equation
4.27, the proof of Proposition 4.6, and contractivity of F,

(Epog)(pw, pw)) = (Epog) | w, Y p(k) (0w | = g(w,Ep(p*p)w) < [Ipl*g(w,w).
k,e€Z

Thus, the left P-module structure defines a bounded *-representation of P, which is
isometric, mutatis mutandis, by the proof of Proposition 4.6.

Next, we show that dp is adjointable with adjoint *~' o dp o x o xp. Let
me{0,..., N+1},letw € Q’;fl, and let n € Q8. Then, since Tpoxodp(w*n) =0
by (4.28), it follows that

dp(w)™*(n) = dp(w™n) + (=1)"w"(dp o %) ()

*

=dp(w*n) + w**((*_l odpoxo ’YP)<’I'])).
Finally, we show that xp is unitary. Let (j, k) € {0,1}x{0,...,N}; letw,n € prk
Then (x(w), *(n))r = (w,n), since
K(w)* - x(k(n) = * (A 0 AR (@7)) - (1)

(Al 2]OAN Qk)(* ( ) (AQk NOA2J 1)(77))

ver hor hor ver
(AxllerQJ © A}]X)r 2k)(w : *(77)) U

4.3. Unbounded lifts of commutator representations. We now consider the
analogous lifting problem for Connes’s NC Riemannian geometry in terms of spectral
triples [34]. Here, analogues of Dirac-type operators can simultaneously encode
differential calculus (to first order), index theory, Riemannian geometry, and metric
geometry. Following Schmiidgen [92], we restrict our attention to the first aspect
and consider commutator representations of x-exterior algebras through degree 1.
However, the resulting lifted commutator representations will once more involve
modular phenomena in the form of unboundedness of represented 1-forms.

Just as before, let k > 0, let (P;Qp,dp;II) be a k-differentiable quantum principal
U(1)-bundle with connection over B, let 9 be the connection 1-form of TI, and let ®p
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be the Frohlich automorphism of Hor, (P; Qp, dp;II) = (P, Qp hor, dphor). Moreover,
given a pre-Hilbert space H, let L(H) denote the unital pre-C*-algebra of bounded
adjointable operators on H, which is Z/2Z-graded as a x-algebra whenever the H is
as a pre-Hilbert space.

We begin with a simplified version of the notion of spectral triple, which we shall
apply to the NC base manifold (Qp,dg). In short, it generalizes Clifford actions of
1-forms in terms of bounded commutators with a Dirac-type operator [29].

Definition 4.23 (Baaj—Julg [6], Connes [34], Schmiidgen [92]). Let H be a sepa-
rable Z/27Z-graded pre-Hilbert space equipped with a bounded *-homomorphism
m: B — L(H) and an odd symmetric C-linear map D : H — H, so that L(H)
defines a B-bimodule with respect to 7. We call (H, 7, D) a bounded commutator rep-
resentation of (B;Qp,dp) whenever there exists a (necessarily unique) B-bimodule
homomorphism 7p : Q4 — L(H), such that

Vb e B, wpodg(b)=i[D,n(b); (4.38)
hence, we call (H,w, D) faithful whenever 7 is isometric and 7p is injective.

Remark 4.24. Let B denote the C*-algebra completion of B. A bounded commutator
representation (H, 7, D) of (B;Qp,dp) defines an even spectral triple for B if and
only if D is essentially self-adjoint and has compact resolvent.

Example 4.25 (Dabrowski-Sitarz [42], Majid [68]). We continue from Example 4.4.
Let 8, . (CP') := O4(SU(2))1 with inner product (-,-) given by (s1, s2) = hq(s}s2)
for all s1, 89 € $q7i((CP1); hence, by the proof of Proposition 4.6 and faithfulness
of hy on Cy(SU(2)) [75], each of $, 4+ (CP') defines a separable pre-Hilbert space
admitting isometric 7+ : Oy(CPY) — L($, +(CP')), respectively, given by left
multiplication in O4(SU(2)). Hence, let $,(CP') :== §, . (CP') @ §, (CP') as
an orthogonal direct sum of pre-Hilbert spaces with Z/2Z-grading id ®(—id) and
define 7 : O (CP') — L($,(CP')) by setting 7 := (b~ m4(b) ® 7 (b)). Finally, let
D,:$,(CP") — 8,(CP') be Majid’s spin Dirac operator [68, Prop. 5.5, which is

constructed from the maps 04 and 0_ of Example 3.26 by qu = (qg_ 47;B+ ) Then

(8,(CPY), 7, Ip,) is a faithful bounded commutator representation of (,(CP'),d,)
that recovers Majid’s ¢g-deformed Clifford action [68, §5] as the induced map T,

Moreover, a straightforward calculation now shows that ($,(CP'),x, Ip,) recovers
the spin Dirac spectral triple on O,(CP') of Dabrowski-Sitarz [42] as reformulated
by Neshveyev—Tuset [77, §3].

The following proposition shows that NC Riemannian geometry in terms of
spectral triples generalizes NC Riemannian geometry in terms of abstract Hodge
star operators.

Proposition 4.26 (cf. Das—O Buachalla-Somberg [37, §3.2|). Let (x,T) be a Rie-
mannian geometry on (B;Qp,dp), so that Qp defines a Z/27-graded separable
pre-Hilbert space with respect to the inner product (-,-), induced by (x,7) and the
7./27-grading vg. Let m: B — L(Qp) denote the bounded x-representation of B
on Qp defined by left multiplication. The triple (Qp, 7, dp + d%) defines a faithful
bounded commutator representation of (2p,dp) that satisfies

Ya € QL VB € QOp Tap+dy () =ia- B+ ix - (xoyB)(B)). (4.39)
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Lemma 4.27. Under the hypotheses of Proposition 4.26, given k € {0,..., N} and
w € Ok define e(w) : Qp — Qp to be left multiplication by w in Qp. Then, for all
ke{0,...,N} and w € Q, the map ¢(w) defines a bounded adjointable operator
on the pre-Hilbert space Qp that satisfies e(w)* = (—1)Fx "1 oe(w*) ox oK.

Proof. Let k € {0,...,N} and w € Q’g be given. Recall that Qg defines a B-self-
correspondence of finite type with respect to the inverse metric g induced by *.
Hence, the right B-linear map e(w) is adjointable and bounded on (25, g). Moreover,
given j € {0,..., N}, aGQB,andBGQ , we see that

(e(w)a)**(B) = (~1)*a’w™x(B) = @ - ((=1)"* " oe(w") ox 0 vE)(B),
so that e(w)* = (=1)¥x71 o ¢(w*) o x 0 yp for ¢(w) as operators on the B-self-
correspondence of finite type Qp. But now, recall that (-,-); = 7 o g, which
immediately implies that e(w)* remains the adjoint of e(w) as an operator on the
pre-Hilbert space 5. Then ¢(w) is also bounded since, for all « € Qp,

(e(w)a, e(w)a)r = T(g(e(w)a, e(w)a)) < 7(|le(w)]*9(@, @) = [le(w)[*(a, ). O
Proof of Proposition 4.26. In light of Proposition 4.6 and Lemma 4.27, it suffices
to show that [dp + dj,7(0)]3 = dp((b) - B+x"1(dp(b) - (xov5)(B)) for all b € B
and B € Qp. Hence, let b € B, k € {0,...,N}, and 8 € Q% be given. On the
one hand, the Leibniz rule for dp immediately implies that [dg, 7(b)]8 = dg(b) - 5.

On the other hand, together with left B-linearity of vg and x, it also implies that
(A3, 7(0)]8 = %1 (dp(b) - (x 0 78)(8)), since

ds(b-B)=+"todpoxoyg(b-B) =+ todg(b- (x0v5)(B))
=x"1(dp(b) - (xovp)(B)) +b-dpp.
Hence, in the notation of Lemma 4.27, we find that
i[dp + di, 7(b)] = ie(dpb) +i(x ! oe(dgb) o x 0 yg) = ie(dpb) + (ie(dpb*))*. O

Definition 4.28. Let (x,7) be a Riemannian geometry on (B;{p,dg). The
Hodge—de Rham commutator representation induced by (%, 7) is the faithful bounded
commutator representation (g, 7p,dp+d}) of (B;Qp,dp) constructed from (%, 7)
by Proposition 4.26.

We now turn to the construction of commutator representations for (P; Qp, dp;II).
The following proposition shows that faithful bounded commutator representations
of (P;Qp,dp) do not exist when x # 1. This forces us to consider commutator
representations where 1-forms may be represented by unbounded operators.

Proposition 4.29 (cf. Schmidgen [92, Lemma 6]). Let (H,m, D) be a bounded
commutator representation of (P,Qp,dp). If k # 1, then (id —11)(QL) C ker mp.

Proof. Let (e;)f2; and (¢;)7_; be finite families in Py satisfying 1" e;ej = 1 and
oI €fe; = 1; define bounded completely positive ¢+ : LYW (H) — LYM (H) by

j=1€j
n

vT e LYW (H), Zﬂ' e;)Tr(e o_(T) = Zﬂ(e;)Tﬂ(ej),
i=1 j=1
which are unit preserving and hence contractive. Since k'Y " e;def = ¢ and
/{Zj 1 €;0€; = 0, it follows that [[7p(9)[| = kT promp ()| < kT |7p(9)]. Thus,
if & # 1, then mp(9) = 0, so that 7p vanishes on (id —II)(QL) = P - 9. O



NONCOMMUTATIVE U(1)-GAUGE THEORY 61

Example 4.30 (Schmiidgen [92, Thm. 3]|). Continuing from Example 3.51, let
(H,m,D) be a bounded commutator representation of (O4(SU(2)); 24(SU(2)),d,).
On the one hand, since ¢®> # 1, Proposition 4.29 shows that 7p(e) = 0. On the
other hand, since q # 1, the proof of Proposition 4.29, mutatis mutandis, shows that
7p(e®) = 0. Hence, it follows that 7p = 0.

Example 4.31. Continuing from Example 3.52, let us suppose that (H,m, D) is
a bounded commutator representation of (Py,{2p,,dp,). On the one hand, since
€2 # 1, Proposition 4.29 shows that 7p(e®) = 0. On the other hand, since €y # 1, the
proof of Proposition 4.29, mutatis mutandis, shows that 7p(e!) = 0 and mp(e?) = 0.
Hence, it follows that mp = 0.

This failure of bounded commutator representations to accommodate important
examples forces us to consider a generalization where elements of Q) may be
represented by unbounded operators of the following kind.

Definition 4.32. Let H be a separable Z/2Z-graded pre-Hilbert space equipped

with a unitary representation V' : U(1) — U(H )eyen of finite type. We say that an

operator T': H — H is locally bounded if it satisfies both of the following conditions:
(1) for all j, k € Z, the map P;TPy|n,: Hy — H; is bounded and adjointable;
(2) the set {c € Z |3k € Z, Pyt TPy, # 0} is finite.

Hence, ]Lg(cl) (H) is the Z/2Z-graded unital x-algebra of locally bounded operators on
H, where the x-operation is given by taking operator adjoints and the Z/2Z-grading

is induced by the Z/2Z-grading on H. At last, set LYM)(H) := L(H) N ]LU(U(H).

loc
Example 4.33. Let H be a separable Z/2Z-graded pre-Hilbert space equipped
with a unitary representation V' : U(1) — U(1)(IL(H))even of finite type. Then
each (T})jez € [;ez L(H;) yields U(1)-equivariant B, T; € ]LII(J)(CI)(H)U(U, In
particular, given x > 0, we define even U(1)-equivariant A, 0, € LU(l)(H) by

loc
A,Q = @/ﬁ_j ide, 8,€ = @QFI[j]KldHJ, (440)
JEL JEL
so that A, is formally self-adjoint while 0,; is formally skew-adjoint.

We now weaken the definition of bounded commutator representation accordingly.

Definition 4.34. Let A be a U(1)-pre-C*-algebra of finite type, and let (£2,d)
be a U(1)-*-quasi-DGA of finite type over A. Let H be a separable Z/2Z-graded
pre-Hilbert space equipped with a unitary representation V : U(1) — U(H )even
of finite type, a U(1)-equivariant bounded *-automorphism 7 : A — LYD (H)even,
and a U(1)-invariant odd formally self-adjoint C-linear map D : H — H, so that

LI (H) defines a A-bimodule with respect to m. We call (H, 7, D) a locally bounded

loc
commutator representation of (A;Q,d) whenever there exists a (necessarily unique)

A-bimodule homomorphism 7p : Q! — LU(l)(H ), such that

loc
Va e A, wpod(a)=1i[D,n(a)]. (4.41)
Hence, we call (H, 7, D) faithful whenever 7 is isometric and 7p is injective.
At last, we propose a refined notion of locally bounded commutator representation
for k-differentiable quantum principal U(1)-bundles with connection over B. When

k =1, it reduces to a multigraded variation on a Dabrowski-Sitarz’s definition of
principal U(1)-spectral triples [43] in the spirit of Cacié-—Mesland [26].



62 BRANIMIR CACIC

Definition 4.35. A projectable commutator representation of (P;Qp,dp;1I) is a
quadruple of the form (H,w, D,T'), where:

(1) (H,w,D) is a locally bounded commutator representation of (P,Qp,dp), such
that (p® & > m(p)€) : P@p HYW — H is bijective and 7p(0)? = A2;

(2) T € LYW (H) is an even U(1)-invariant self-adjoint unitary commuting with
ran7 and anticommuting with 7p (1), such that the horizontal Dirac operator

Doy = +(D +TDT) (4.42)
supercommutes with wp(¥#) and the remainder
Z = 4(D—TDT) +irp(9)d, (4.43)

is bounded and supercommutes with ran .
Hence, we call (H,m, D,T") faithful whenever (H,w, D) is faithful and the maps

(b= 7w(b)l o) : B—=LH"D), (8 mp(B)lguw) : Qp — LHTW)
are isometric and injective, respectively.

Remark 4.36. Let P be the C*-algebra completion of P. A projectable commutator
representation (H,m, D,T') of P can be viewed as defining a formal U(1)-equivariant
unbounded KKj-cycle (P, H, D) for (3, C), where the U(1)-invariant odd self-adjoint
unitary —il'7p(9)A;! generates the 1-multigrading. If x = 1, the horizontal Dirac
operator Dy, has bounded commutators with (B), and the operator D is essentially
self-adjoint with compact resolvent, then (P, H, D) defines a genuine U(1)-equivariant
odd spectral triple for 8. Otherwise, the formal unbounded KKj-cycle (P, H, D)
generally lies outside the current scope of unbounded KK-theory.

The following shows that a total Riemannian geometry on (P,Qp,dp;II) induces
a canonical projectable commutator representation just as a Riemannian geometry
on (B;Qp,dp) induces a bounded commutator representation.

Proposition 4.37. Suppose that (Aver, Anor, %, T) be a total Riemannian geometry
on (P,Qp,dp,II). Hence, view Qp as a Z/2Z-graded separable pre-Hilbert space with
respect to the inner product (-,-), induced by (Aver, Anor, *, T) and the Z/27-grading
vp, so that the U(1)-action & on Qp defines a unitary U(1)-representation of finite
type by even operators. Let w: P — L(Qp) denote the isometric x-representation of
P on Qp defined by left multiplication. Then (Qp,m,dp + d%,2I1 —id) defines a
faithful projectable commutator representation of (P,Qp,dp,II) that satisfies

Vw € Qp, Y € Qp,  Tdptay (W) =iw-n+*""(iw - (xoyp)(n)). (4.44)
Moreover, the remainder Z of (Qp,m,dp + d}, 2I1 —id) s given by

Vp1,pa € P, Vay, a0 € Qp, Z(proa + p2das) = —paFras — pr*g (Foxp(ai)),

(4.45)
where Fi1 is the curvature 2-form of the connection I1 and where (xg,Tg) is the
restriction of (Aver, Anor, %, 7) to (B;Qp,dp).

Lemma 4.38. Under the hypotheses of Proposition 4.37, let m € {0,...,N + 1}
and w € QF be given, and let e(w) : Qp — Qp be left multiplication by w in Qp.
Then e(w) € LU(l)(H) and e(w)* = (—1)"x L oe(w*) ox o YR

loc
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Proof. The proof of Lemma 4.27 applies almost verbatim; all that remains is
to show that e(w) € LEE})(H). First, suppose that m = 1 and w = . Let
(m,j)€{0,...,N+1} xZ and let n = ny +9ns for n; € (Qﬁhor)j and 1y € (Q?ﬂér)j~
Then e(@)(m) = o € (), so that (e(w)(n), e@)(m)r = (s, oni)r —
K™% (n1,m)» < k729 (n,n),. by the proof of Proposition 4.22. Thus, given j,k € Z,
we see that Eje(w)Ey # 0 only if j = k, in which case |[Eje(w)E;|| < x77.

Next, suppose that w € Q. Let (r,s,7) € {0,1} x{0,..., N} xZ be given, and re-
call from Proposition 4.22 that both (Q7°); and (Q%*"™); are B-self-correspondences
of finite type with respect to g induced by *. Let S;’s denote the restriction of e(w)

o (2p7);. Since S7° : (QB%); — (QB*F™); is right B-linear, it is bounded as a
map of right pre-Hilbert B-modules, and hence, since (-,-); = 70 g, as a map of
pre-Hilbert spaces. Thus, given j, k € Z, it follows that E;e(w)Ey # 0 only if j = k,
in which case [|E;je(w)E;|| < sup{|lS7”| | (r,s) € {0,1} x {0,...,N}}.

Let us finally consider the general case. Without loss of generality, there exist

pL,p2 € P, a1 € QF, and ag € QF 7, such that w = pia; + pa¥as. Then
e(w) = w(pr)e(ar) + m(p2)e(9)e(az) € Lloil’mp) since 7(p1), w(p2) € LUD (Qp) by
Proposition 4.22. (I

Proof of Prop. 4.37. Let ¢ : Qp — ]LEJS)(QP) be the U(1)-equivariant C-linear

map defined by Lemma 4.38, let i : Qp — LE(CD(QP) be the U(1)-equivariant
C-linear map defined by i(w) == (—1)"* "1 o e(w) o x 0 4™ = ¢(w*)* for all m €
{0,...,N +1} and w € QL, let ¢ :== i(e — i), and set D := dp + d}, By analogy,
define ep,ip,cp : Qp — L(Q2p) and set Dp = dp + dj, so that 7p, = cplay.
Finally, let 9 denote the connection 1-form of 11, let V := / pollodp[p, where
Ip: Q Phor — P ®p Qp is the U(1)-equivariant isomorphism of B-bimodules of
Proposition 3.24, let Dye, == —imp(9)0x, and let T := 21T — id.

First, after substituting Proposition 4.22 for Proposition 4.6 and Lemma 4.38
for Lemma 4.27, the proof of Proposition 4.26 shows that (Qp, 7, D) defines a
faithful locally bounded commutator representation satisfying (4.44). Moreover,
Proposition 3.24 combined with Theorem 3.46 yields bijectivity of the multiplication
map (pRw i pw): PRp Qg(l) — Qp.

Now, consider mp(¥), Dpor, and Z. Note that e(¥) maps Qpnor t0 ¥ - Qpnor and
vanishes on ¥ - Qppor = Qﬁhor, so that i(¥) = ¢(¢)* maps ¥ - Qpnor t0 Qpnor and
vanishes on Qp por; since I' acts as id on Qpnor and as —id on ¥ - Qp hor, this suffices
to show that T' anticommutes with 7p(¢). Now, let p € P, m € {0,..., N}, and
a € Q' be given. On the one hand, we find that ¢(¥)(pa) = A (p)da and

D(pa) = dp(pa) + (~1)"+ " 0 dp(pi *5 ()
= (A 0 0) ()P + V(1) V(p) 0 + pds (@)
57 (V) 0 IV (P) gy *5 (@) = pFirxp(a) + pi(ds 0 x5) (@)
= (Ax 0 0.)(p >z9a+v<p><o>e3< (#)1))(@) + pdp(a)
= V(p) (VP ) (@) — plin(Fn) (@) + pdj (@)

= (—1V(0)0)eB(V(P) 1) (@) +PD(0)) + (A © ) (p)Vex = pis (Fir) (@)
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so that Dyor(pa) = =iV (p) 5ycB(V(P) 1)) () + pDp(c), and hence

Z(par) = (Ax 0 0,)(p)Ve — pdip (Fu) () — ic(9) 0 (per) = —pdlip(F)(e).
On the other hand,
i(0)(pda) = (=1)"+ (V- prp(a)) = (=1)"« " (An(p)Oxp(a)) = Ax(p)a,
D(pia) = dp(pda) + (=1)" "+t o dp(prp(a))
= V(p) oV (p) 1y I — pFue — pddp(a) + (1) %" (A, 0 ) (p)*5(a)
+ V() 0y V(P)1y*B () + p(dp o *p)(a))
= V(p) 0y V(P) 1y — pFiee — pidp(e)
= (As 0 95)(P)ar + V() ) 91 (V(P) 1)) (@) = pdd(a)
= (~(Ax 0 0) () = pFn) + (1V(p) ) Ven(V(p) 1)) (@) ~ PP (a))
so that Dyor(pda) = iV(p) ) 9c5(V(p) 1y) (@) — pDp(a), and hence

Z(pYar) = (Ay 0 9x)(p)ar — pFria — ic(V)dx(pda) = —pep (Fu)(e).
Thus, for all p1,ps € P and a3, a9 € Qp,

7o (9)(proa + padas) = Ay(p2)as + Ak (pr)daa,
Dyor(pran + patlaz) = =iV (p1) gy c8(V(p1) 1)) (1) + p1Dp(ar)
+1V(p2) 0y VcB(V(p2) 1)) (a2) — p29Dp(az)
Z(proa + p2daz) = —pzep(Fu)(az) — p1dip(Fo)(on).

These expressions for 7p (1), Dpor, and Z now make clear that 7p ()% = A2, that
Dhyor supercommutes with 7p (1), and that Z supercommutes with ran .

Finally, we show that Z is bounded. Recall the faithful conditional expectation
Ep : P — B of Proposition 3.16, so that P ® C? defines a countably generated right
pre-Hilbert B-module with respect to the B-valued inner product (-,-) given by

Vp1,p2 € P, Yu1,ve € C?,  (p1 ® v1,p2 ® v3) = (v1,v2)Ep(pipa).

Thus, (P ® C?) @ Qp defines a pre-Hilbert space with respect to the inner product
defined, mutatis mutandis, by (2.12). Moreover, by Proposition 3.24, Theorem
3.46, and the proof of Proposition 4.22, define unitary M : (P ® C?) @ Q5 — Qp
by setting M = ((5}) ® a —:= (p1 + p2¥9)a). Since the left B-linear maps e(Fi)
and i(Fr) are both bounded as operators on the pre-Hilbert space Qp, standard
Hilbert C*-module lore implies that Z = —M ((§) ® e(Fu) + (99) @ i(Fn)) M*
is bounded and symmetric as an operator on the pre-Hilbert space Qp.
We conclude by showing that the maps

(b — W(p) Fﬂgu)) :B— L(Qg(l)), (6 — Tdp+ds (6) fﬂgu)) : QIB — L(Qg(1)>
are isometric and injective, respectively. First, let b € B. On the one hand, 7 (b) [qum
P

block-diagonal with respect to orthogonal decomposition Qg(l) = Qp ®I¥p, where
w(b)[q, is left multiplication by b on Q5. On the other hand, by Proposition 4.26,
left multiplication of B on Qp defines an isometric *-homomorphism B — L(§2p).
Hence, it follows that ||b|| = ||7(p) gl < [|7(b) rQI};T(l)H < |l=(®)]| < ||b]|. Now, let

B € Qk be given. On the one hand, both ¢(3)|,va) and e(S*) [quy are both
P P

Q
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block-diagonal with respect to the orthogonal decomposition Qg(l) =QOp ®YI0p,
where ¢(3)[a,= ep(8) and ¢(8*)[ay,= en(B7), so that c¢(B)[ v is similarly block-
P
diagonal with ¢(8)[q,= cg(8). On the other hand, by Proposition 4.26, the map
cp - Qp — L(Qp) is injective. Hence, it follows that ¢(8)[,um= 0 only if  =0. O
P

Definition 4.39. Suppose that (Ayer, Anor, %, 7) is a total Riemannian geometry
on (P;Qp,dp;II). We define the total Hodge—de Rham commutator representation
induced by (Aver, Anhor, %, T) to be the faithful projectable commutator representation
(Qp,mp,dp +dp, 21T —id) of (P;Qp,dp;II) constructed from (Aver, Anor,*, 7) by
Proposition 4.37.

We now justify our terminology by showing that a faithful projectable commutator
representation of (P;Qp,dp;II) canonically projects to a faithful bounded commu-
tator representation of (B;{p,dp). This will make precise the notion of lifting a
faithful bounded commutator representation of (B;{p,dg) to (P;Qp,dp;II).

On the one hand, define the concrete category BCREP(B) of faithful bounded
commutator representations of (B;Qp,dp) and their isomorphisms as follows:

(1) an object is a faithful bounded commutator representation (H, 7, D) of (Qp,dp);

(2) an arrow U : (Hy, 71, D1) — (Ha, ma, Dy) is a unitary U : Hy — Hy that satisfies
Unm(-)U* = mo and UD,U* = Ds.

On the other hand, given x > 0 and (P;Qp,dp;1II) a k-differentiable quantum princi-

pal U(1)-bundle with connection over B, define the concrete category PCREP(P;1I)

of faithful projectable commutator representations of (P;Qp,dp;II) and their iso-

morphisms as follows:

(1) an object of PCREP(P;1I) is a faithful projectable commutator representation
(H,w,D,T) of (P;Qp,dp;1I);

(2) an arrow (U, Z) : (Hl,ﬂ'l, Dl, Fl) — (H277T2,D2,F2) of PCREP(P, H) consists
of an even U(1)-equivariant unitary U : H;y — Hy and odd U(1)-invariant
symmetric Z € LYY (H;) supercommuting with ran7 and T', such that

U’lTl(')U*:ﬂ'l, U(leZ)U*:DQ, UFlU*:FQ,
(3) given objects (Hy, 71, D1,T'1), (Ha, 72, D2,T'2), (H3, 73, D3,T'3x), and arrows
(U, Z1) : (Hy,m1, D1,T'1) — (Ha, 2, Do, I'2),
(Ua, Z3) = (Ha,m2, D2, T's) — (Hs, 73, D3,T'3),
the Composition (UQ, ZQ) @) (Ul, Zl) : (Hl, 1, Dl, Fl) — (Hg, 3, Dg, Fg) is given
by (Uz, Z3) o (Uy, Z1) == (UU1, U{ ZoUy + Z4);
(4) the identity arrow of an object (H,w,D,T") is given by (id, 0).
Note that an arrow (U, Z) : (Hy,m,D1,T1) = (Ha, 72, D2,T'5) in PCREP(P;1I)
encodes U(1)-equivariant unitary equivalence of (Hy, 71, D1,T1) and (Hz, 72, D2, ')
after perturbation by the relative remainder Z.
Proposition 4.40. The following gives a functor 1} : PCREP(P;II) - BCREP(B).
(1) Given an object (H,m,D,T), let vj(H,x,D,T) = (PHYY, Pr(-)P, PDyp, P),
where P = %(id +I) Tguay and Doy is the horizontal Dirac operator of the
faithful projectable commutator representation (H,m, D,T).
(2) Given an arrow U : (Hq,71,D1,T1) — (Ha, 72, D2, T2), let U be given by
P, UP;, where P, = %(ld +F1)fHu(1) and Py = %(ld +F2)[Hu(1).
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Proof. This is a routine verification except for one subtlety. Let (H, 7, D,T') be
a faithful projectable commutator representation of (P;Qp,dp;II). It remains to
show that the bounded commutator representation (Hp,7p,Dp) == t}(H,m, D,T")
of (B;Qp,dp) is faithful. Observe that HY(") admits the orthogonal decomposition
HYD = Hp @I'Hpg, where I restricts to a unitary V : Hg — I'Hpg. Hence, it follows
that 7(b)| puay= 7 (b) & (Vap(b)V*) for all b € B, so that g is isometric since
(b w(D) gowy) : B — L(HYM) is isometric. A qualitatively identical argument
shows that 7p is injective. ([l

Definition 4.41. Let (H,m, D) be a faithful bounded commutator representation of
(B;Qp,dp), and let (H,#, D,T) be a faithful projectable commutator representation
of (P;Qp,dp;II). We say that (H, 7, D,T) is a lift of (B;Qp,dg) to (P;Qp,dp;II)
whenever 1% (H, 7, D,T) and (H,, D) are isomorphic in BCREP(B).

Example 4.42. Suppose that (Ayer, Apor, *, 7) is a total Riemannian geometry
on (P,Qp,dp,I), and let (xp,75) be its restriction to a Riemannian geome-
try on (B;Qp,dg). Then the total Hodge—de Rham commutator representation
(Qp,mp,dp + dp, 2II —id) induced by (Aver, Anor, *,7) is a lift of the Hodge-de
Rham commutator representation (Qp,7p,dp + d}) induced by (xg,75). Indeed,

the inclusion map ip : Qp — Qg(ﬁgr = H(Qg(l)) defines an isomorphism

ip: (QB,ﬂ'B,dB +d};) — L*P(QP,TFP,dP +d*P,2H —id).

At last, we show that every faithful bounded commutator representation of
(B;Qp,dp) has an essentially unique lift to (P;Qp,dp;II), namely, up to U(1)-
equivariant unitary equivalence after perturbation by a relative remainder. Note that
we cannot use Schwieger—Wagner’s lifting construction [95], even after generalization
to k # 1, since it requires unnatural choices of representation-theoretic data that
need not even yield locally bounded commutator representations of (P;Qp,dp).

We first show that lifts always exist. When x = 1, the right B-module Q1 is free
with basis consisting of self-adjoint elements of Z(Qz)!, the Frohlich automorphism
®p is the identity map, and the faithful bounded commutator representation of
(B;Qp,dp) takes a certain restrictive form, our construction recovers a lifting
construction for spectral triples first proposed by Gabriel-Grensing [51].

In what follows, recall the self-adjoint Pauli matrices

L (0 1y o (0 =) s (1 0 _ i
pe () e (0 ) e (b )=

Proposition 4.43. Let (H, 7w, D) be a faithful bounded commutator representation
of (B;Qp,dg). Define a map V: P — P®pQp by V = ép ollodp|p, where
Ip: Qphor = P ®p Qp is the B-bimodule isomorphism of Proposition 3.24, and let
Ep : P — B be the faithful conditional expectation of Proposition 3.16. Equip the
left P-module P ® C? with the right B-module structure

Vpe P,VzcC? Ve B, (pox)-b=pb®ax,

equip H with the left B-module structure defined by 7, and equip (P ® C?) @p H
with the inner product (-,-) defined by

vpl,pg S P7 vxl,l‘g S (CQ, Vhl,hz (S H,
(71 ® 21 ® h1,p2 @ 22 ® ha) = (1, 22) (h1, m(Ep(pip2))ha),
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the Z./27Z-grading id ®0> ® x g and the linear U(1)-representation induced by the
U(1)-action on P. Finally, define an operator (id ®03) @y D on (P ® C?)®p H by

Vp € P,Yx € C%, VYh € H,
(id@o’) @y D(p @z @ h) = =iV(p) ) @ 0z @ 7p (V(p)<1>)h +p® o*r ® Dh.
Then
(P®C* ®p H,id®id@n(),i(As 0 0x) ® 0° @ id +(id ®0?) ®@¢ D,id ®0® ®id)
is a lift of (H,m, D) to (P;Qp,dp; 1) with horizontal Dirac operator (id ®03) @y D
and remainder 0.
Lemma 4.44. Let (H, 7, D) be a bounded commutator representation of (B;Qp,dp),

and let (E,0,V) be a Hermitian line B-bimodule with connection. Equip E ®@p H
with the positive definite inner product defined, mutatis mutandis, by (2.12).

(1) For every x € E, we obtain contractive ¢glx] : E@p H — H by setting
Yy € E,VYhe H, ¢plz]ly®@h)=r((x,y)r)h
Hence, in particular, the pre-Hilbert space E ®p H is separable.
(2) We obtain formally self-adjoint id®yD : E®p H— E ®p H by setting
Vy € E,Vhe€ H, (id®@yD)(y®h)=—iV(y)g @ 7p(V(y)y))h+y® Dh.
(3) For every a € Q, we obtain bounded pgla): E ®p H — E ®@p H by setting
Vy€ E,Vh e H, pa(y®@h)=0c(a®y)q @7(o(a®y)q,)h.

Proof. Before continuing, let us fix a basis (e;)¥; for E. Recall, moreover, that by
the proof of Proposition 4.6, mutatis mutandis, each positive X € M, (B) satisfies

N
Vho= (h)y € HY,  (h,ma(X)h) < [IXII DIl (4.46)
i=1

where 7, : M,,(B) — L(H™) is the bounded *-homomorphism canonically induced
by 7 : B — LL(H). Note that this applies, in particular, to X := ((e;, ej))ﬁ\fj:l.

First, let € E be given. Define ¢g[z] : H - E ®p H by ¢¥glz] = (h — x ® h).
A standard calculation show that ¢glz] = ¥g[z]* and that ¥ g[z] is bounded with
operator norm |[¢g[z]|| = ||7((z,z))||'/? < 1, so that ¢g[z] is contractive. Since

(e;)N; is a basis for E, it now follows that

N
Vée E®@pH, &= e ®¢plel. (4.47)

i=1

Next, let V' be a countable dense subset of H; we claim that £ ® g H admits the

dense subset {Zf\il e;i®u;|v1,...,ony € V}. Let £ € EQp H and € > 0 be given. Let

X = ((ei, ;) =1, and choose v1,..., vy € V, such that [|¢p[e;]¢ — vl < #:1
Then, by (4.47) and (4.46),

N
”5 - Zei & v;
i=1

2

=Y _ij = 1V(be,& —vism((eir ¢))(dles]E — vj)

N
<1 X]] Z||¢E[€i]§ —u|? < €.

=1
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Next, that id ®y D is well-defined and formally self-adjoint is well-known in the
literature on unbounded KK-theory—see, e.g., [20, Lemma 2.28].

Finally, let o € Q% be given. Then right B-linearity of the generalized braiding o
guarantees that pg[a] is a well-defined map. Hence, by (4.47), for every £ € E®p H,

N
losladél < D llei @ mp((es o(a ® ¢;))dr(e; €|

ij=1

IN

N
Y leill - lmp (e, ola® eIl | ] .

i,j=1
Proof of Proposition 4.43. For notational convenience, we conflate the isotypical

subspace P; with the Hermitian line B-bimodule P; for each j € Z. Moreover, we
shall also use the notation of Lemma 4.44 and its proof. Let us first show that

(H,7#,D) = ((P®C* ®p H,id®id®7(),i(Ax 0 9,;) ® 0* ® id +(id ®0°) ®v D)
defines a faithful locally bounded commutator representation of (P;Qp,dp). Let
B be the C*-algebraic completion of B, and let 7 : H->C? (P ®p H) be the
canonical unitary defined by 7= (pQz @ h— 2 QpQ h).

First, we show that H is separable. By Lemma 4.44, the pre-Hilbert space
Pep H= @jGZ P; ®p H is separable, so that H~ (P ®p H)? is also separable.
Hence, x5 == id®o3 @ i defines a Zo-grading on H and ¢.®id ® id defines a unitary
U(1)-representation of finite type on H with H; = (P; ® C?) @5 H = (P @p H)?
for j € Z.

Next, we show that 7 is well-defined. It suffices to show that the left P-module
structure on P®p H defines a bounded #-homomorphism A : P — L(P®p H), since
this will imply boundedness of 7 = 7* o (id ®A(+)) o 7; the other properties of 7 will
follow by routine checks. In turn, the only non-trivial points are that A is well-defined
and bounded as a map of Banach spaces. Let p € P be given, so that there exists
N € N, such that p € @;-V:_N Pj; hence, we may uniquely write p = E:j-\[:_]\,jﬁ(j)7
where p(j) € P; for each j € {—N,..., N}, so that Ep(p*p) = Z;V:_Nﬁ(j)*ﬁ(j).
Let k € Nand € € P; ®p H be given. Let (e;)}, be a basis for P;. Then

M
IAEN? =D (¢p,lemlé, T(Ep(ep,ppen)) b, [enlé)
m,n=1
M
= Z (op,lem]; m(er,Ep(pp)en)).
m,n=1
Now, let b := /Ep(p*p) € B. After passing to Hilbert C*-module and Hilbert
space completions, we may apply [65, p. 42] to conclude that

M N
Z <¢Pj [em]&ﬂ-(e:nEP(p*p)en» = Z <¢Pj[em]€’7r((bem,ben))¢Pj [en]§>
m,n=1 m,n=1
N
< [bl* Y (dplemlés m((ems en)s)dr,enlé)
m,n=1

< IIplllE]f®.
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Next, we show that D is U(1)-invariant, odd, and symmetric. Define S and T
satisfying D = S+T by S = i(A,00,)®0%®id and T := (id ®03) ®v D, respectively.
On the one hand, the block-diagonal operator S = @, (—27[jl.x 7 id) ® 0 @ id
is U(1)-invariant, odd, and formally self-adjoint by construction. On the other hand,
the operator T is likewise U(1)-invariant and odd by construction; by U(1)-invariance,
it follows that 7' = ;5 T'I f;» where T'[g = 7" 0 (c*® (1d®vP1D)) oTlg, is
symmetric for each j € Z by Lemma 4.44.

Next, we show that 75 : Qp — L m(f[) is well-defined. On the one hand, recall

loc

that (id —II)(QL) is freely generated as a left P-module by the connection 1-form ¥
of II; hence, we may define a map e, : (id —I1)(2h) — ]LIOC ( 1) by

Vp € P, fyer(p) i=7(p) - (Ap ® 0 ®@id).
On the other hand, since (p ® a — pa) : P ®@p Qh — II(QL) is a B-bimodule
isomorphism, we may use Lemma 4.44 to define 7o, : II(2L) — L E)(Cl (H) by
Vpe P ¥a € QWi € Z, Fuor(pa)l g,i= 7(p) o 70 (0° @ ppyfal) o 7l 4, -
Since D = S + T, it now suffices to show that
Vp € P, i[S,7(p)] = Frver 0 (id =) o dp(p), i[T,7(p)] = Fhor © Lo dp(p).
Finally, let j,k € Z, p € Pj, ¢ € Py, x € C?, and h € H. On the one hand,
[S,7(p)](g® 2 @ h) = =27[j + kv Fpg @ 0%z @ h + 27[k] .k Fpg® oz @ h
=27[j]akIpq @ 0*x @ h
— iftver (2i[j]nk T p0) (@ @ )
= —i(ffyer 0 (id —1I) 0 dp)(p)(g ® @ h).
On the other hand, since Il o dp is a derivation, it follows that
Vri+k(P9) = Vi (0) 0P (VP () 0y @ 0) o @ 0Pk (Vi (p) ) ® 4)
+ V() gy © Venr(a) 4y,
so that i[T, 7(p)](¢ ® * @ h) = (fper © o dp)(p)(q ® z @ h) since
iT(pg @z @ h)
= Vrii(p)0)oPk(Vri;(p) gy © )<0>
+pVpi(q )( oy ®0 32 @ (Ve ) )h+pq®0 x® Dh
= (fhor oo dp)(p)(¢ @z @ h) + m(p)T(q Q@ ® h).

1

Q0o T/®7T(0Pk(VP,J(P)<1> ®q), )h

1

Finally, we show that (fl ST D) is faithful. We first show that 7 is isometric. Since
7 is bounded, faithful, and U(1)-equivariant, it suffices by Corollary 3.19 to show that
7| g is isometric. Indeed, let b € B. Since 7*(B ®p H) = H is an orthogonal direct
summand of H and 7 is isometric, ||b]| > ||7(b)|| > |77 ()7 e u|| = |7(D)]| = ||b]|-
Now, let us show that 75 is injective; to do so, it suffices to show that 7y, and
Thor are both injective. On the one hand, 7y, is injective since 7 is injective and
Tyer (¥) i invertible. On the other, to show that 7y, is injective, it suffices to show
injectivity of f : P@p QL — Endc(H, P®p H) defined by f(p®@ B)h = w(p)mp(B)h
forpe P, 8 € QkL, and h € H. Indeed, fix j € Z, and note that fj[pj@,BQlB: 7508,
where s; : P; ®p Qf — P;j®@pL(H) and r; : P ®@pL(H) — Endc(H, P; ®p H) are
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given by s; == id®@7p and r; = (p®S > ¥ p, [p|S), respectively. Then s; is injective
by flatness of the projective right B-module P;, while r; is injective by existence of
the left inverse T +— Zi\;l e; @ dp,le;]T, where (e;))Y, is any basis for the Hermitian
line B-bimodule P;. Hence, the map f;[p,gz01: Pj ®p QL — Endc(H, P;@p H)
is also injective.

Now, let T' := id ®0® ® id, which is an even U(1)-invariant self-adjoint unitary
commuting with ran#. Let us check that (H,7#, D,T) defines a lift of (H,w, D).

First, let M : P ®g HYY — H be given by M = (p @& — 7). Define a left
B-linear unitary ® : C2@ H — HYM by & := (z®@h +— 1®2 @ h), and observe that

Vpe P,Vz € C], Vhe H, ToMo(id@d)(pRr®h)=22p® h,

so that 7o M o (id®®) : P®p (C?® H) — C?> ® (P ®p H) is manifestly bijective,
which implies that M is bijective as well. Next, note that pip(9)? = A2 since
7p(9) = Fver(¥) = Ay ® 02 ® id, which also shows that [ anticommutes with
I. Next, observe that I' anticommutes with S and commutes with T, so that
Dpor =T and Z = S + i7t ()9, = 0. Next, since 7*(B ® H) = H is an orthogonal
direct summand of HY(M | the proof that 7 is isometric also shows that the map
(b 7(b) [ gu) : B — L(HYM) is isometric. Likewise, the proof that 7y, is
injective, specialized to j = 0, shows that (8 — 75 (8)] fu)) : Qg — L(HYM) is
injective. Finally, we may construct an arrow V : (H,7,D) — L}(ﬁ,fr,b,f‘) by
setting V= (h — 1® (}) ® h). O

Having proved existence of lifts, we now show that they are indeed unique up to
U(1)-equivariant unitary equivalence after perturbation by a relative remainder.

Theorem 4.45. The functor v of Proposition 4.40 is an equivalence of categories

with weak inverse (vp) : BCREP(B) — PCREP(P;II) defined as follows.

(1) Given an object (H,w,D), let (tp)(H, 7, D) be the projectable commutator
representation of (P;Qp,dp;II) constructed from (H,w, D) by Proposition 4.43.

(2) Given an arrow U : (Hy, 71, D1) — (Ha, w2, D), let (tp)(U) = (id®@id® U, 0).

Thus, in particular, every bounded commutator representation of (B;Qp,dp) has

an essentially unique lift to (P;Qp,dp;II).

Proof. It remains to construct natural isomorphisms U : idpcree(p;my = (tP)1 0 th
and V' : idgcrer(B) = tp © (tP)1-

First, let (H, 7, D,T') be an object of PCREP(P;II); let Dyop be its horizontal
Dirac operator and Z its remainder, and let (Hp,np, Dg) =t} (H,m, D,T'). Define
an even U(1)-equivariant unitary Y : (P ® C?) ®p Hp — H by

Vpe P,V @) € C?, Vh € Hp,
2
T (p ® (Zl) ® h) = m(p) (v1id —ivoTmp (9)AL ) h.
2
A straightforward if tedious calculation generalizing the proof of Proposition 4.37
now shows, in the notation of Proposition 4.43, that
T*(—inp(9)0,)Y = i(Ag 00x) ® 0? ®id, Y*Dypo, T = (id ® 0%) ®y Dp,
TTY =id® ¢® ®1id,
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so that we may take Uy, pr) == (1%, Z).
Now, let (H,m, D) be an object of BCREP(B). Then, as in the proof of Proposi-
tion 4.43, we may define V(g  p) : (H,m, D) — tp o (vp)i(H, 7, D) by setting

Note that Corollary 3.48 and Theorem 4.45 combine to yield a formalization of
the constructions of Bellissard—-Marcolli-Reihani [16] and Gabriel-Grensing [51] for
(generalized) crossed product spectral triples. Indeed, let (H,w, D) be a faithful
bounded commutator representation of (B;Qp,dp). Let (E, o, VE) be a Hermitian
line B-bimodule with connection, such that €; OﬁOHorK(P; Qp,dp; 1) = (E,0p,VE).
Then the k-total crossed product of (H,m,D) by (E,or,Vg) is the canonical lift

(H,m,D) m?g‘;tE 2 L= (tp)i(H,m, D) of (H,7,D) to (P;Qp,dp).

Remark 4.46. We continue from Remarks 4.24 and 4.36. The right pre-Hilbert B-
module P® C? = D,z L(P)(5)? yields a formal U(1)-equivariant unbounded K K-
cycle (P, P®C2,i(A,00,)®0?) for (L, B), where id®o! generates the 1-multigrading.
This defines a genuine U(1)-equivariant unbounded K K;-cycle for (3,B) if and
only if x = 1, in which case, it recovers a well-known construction of Carey—
Neshveyev—Nest—Rennie [28, Cor. 2.10] up to 1-multigrading; in all cases, its formal
bounded transform recovers, up to 1-multigrading, the canonical representative of
the extension class [0] € K K1(9,B) of P as a Pimsner algebra [4, §2.2]. Moreover,
we may now reinterpret Theorem 4.45 in terms of formal unbounded Kasparov
products [73, 60:
(1) given an object (H,m, D) of BCREP(B), we may write
(P,H,D) = (P,P®C%i(A;00,) ®0% V) ®p (B, H,D);

(2) given an object (H,m, D,T") of PCREP(P;II), the isomorphism Uy » pry of

the proof of Theorem 4.45 yields

(P,H,D —Z) = (P,P®C?,i(A, 00,) ®0*V)®5p (B,Hg, Dp),

where Z is the remainder of (H,n, D,T") and (Hp,7p,Dp) = tH(H,n, D,T").
In both cases, V is the represented connection on (P,P @ C?,i(A, o 9,) ® 0?)
constructed from II in Proposition 4.43. In the second case, if (P, H, D) defines
a genuine U(1)-equivariant unbounded K Kj-cycle for (3, C), then this formal

unbounded Kasparov product defines a genuine unbounded Kasparov product |26,
Thm. 2.44]. Otherwise, the K K-theoretic significance of Theorem 4.45 is unknown.

Corollary 4.47. Suppose that (xg,T5) is a Riemannian geometry on (B;Qp,dp)
that lifts to a total Riemannian geometry (Aver, Anor,*,7) on (P,Qp,dp,II). Then
the total Hodge—-de Rham commutator representation (P;mp,dp + db;2I1 — id)
induced by (Avyer, Anor,*, T) 18 the essentially unique lift of the Hodge—de Rham
commutator representation (B;mp,dp + d%) induced by (xp,78) to (P;Qp,dp;II).

Example 4.48. Continuing from Examples 3.51 and 4.25, we use Proposition 4.43
to construct L*(‘Qq(SU(Q))($q(CP1), m,ID,). First, let §,(SU(2)) := C?®C?®@0,4(SU(2))
with the inner product (-, -) given by
Va1, 22,51, 42 € C?, Vp1,p2 € Oy(SU(2)),
(1 ®y1 @ p1, T2 @ Yo @ pa) = (21, 72) (Y1, Y2)he(P1P2),
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the Zs-grading ¢ ® 0 ® id, and the unitary U(1)-representation of finite type
U:=(z+1id® (7 .% ) ®a.); hence, define Az2 and 9,2 on §,(SU(2)) in terms of

U. Next, let 7 : O,(SU(2)) — LUM(8,(SU(2)))even be induced by multiplication
from the left in O,(SU(2)). At last, let 1, == I, vor + Dy nors

Eq,ver = i(0'2 ®i1d ® ld) o qu o 8q2’
Dypor =0 @ (3(0" —i0%) ® g0 + 3(0" +i0%) @ q04),

and let Ty := 0® ®id ®id. Since (p@a — p-x) : Og(SU(2)) @0, (cp1) $q.4 (CPT) are
left O,(SU(2))-module isomorphisms by Proposition 3.15, we may construct an even
U(1)-equivariant unitary @ : (O4(SU(2)) ® C?) @0, cp1) $,(CP') — §,(SU(2)) by

Vp € 0,(SU(2)), Vo € C2, ¥ (5) € §,(CPY),
Ppere(5t)) =2 (§)ep-st+())®@p-s-),

which yields the desired isomorphism of projective commutator representations
(2,0) 5 10, (s0)) (B4 (CP), 7w, By) = ($,(SUR)), 7, By Ty )
Note that ($q(SU(2)),7?,l~Dq,Fq) is faithful since ($,(CPY),x, ;) is.

4.4. Twisted boundedness of lifted commutator representations. We have
solved the lifting problem for faithful bounded commutator representations, but at
a cost: faithful projectable commutator representations typically involve unbounded
represented 1-forms. We now control this unboundedness in the spirit of Connes—
Moscovici’s twisted spectral triples [35] by permitting distinct vertical and horizontal
twists. One upshot is that quantum SU(2) qua total space of the g-monopole does
not admit a non-pathological U(1)-equivariant twisted spectral triple. The other
is that Kaad-Kyed’s compact quantum metric space [59] on quantum SU(2) for a
canonical choice of parameters can be geometrically derived, up to equivalence of
Lipschitz seminorms, from the spin Dirac spectral triple on quantum CP! using the
g-monopole.

Once more, let £ > 0, let (P,Qp,dp,II) be a s-differentiable quantum principal
U(1)-bundle over B, let ¥ be the connection 1-form of II, let ®p be the Froh-
lich automorphism of Hor, (P;Qp,dp;II) = (P, Qphor, dphor), and let ®p be the
Fréhlich automorphism of the Hermitian line B-bimodule £(P)(1), so that &p
and ®p agree on Z(Qp)°. Hence, recall that ®p induces the right Z-action on
Z50(B) = (Z(Q2P7)°)% defined by (4.10), which therefore extends, mutatis mutandis,
to a right Z-action on Z(B)} in terms of ®p.

We begin with the analogue for locally bounded commutator representations of
modular automorphisms.

Definition 4.49. Suppose that (H,w, D) is a locally bounded commutator rep-
resentation of (P;Qp,dp). A modular symmetry of (H,m, D) is an even positive
U(1)-invariant invertible operator N € ]LE)S)(H ) the restricts to the identity on

HYM | commutes with 7(B), and satisfies N ran(7)N~! = ran(n).

Remark 4.50. Let P denote the C*-completion for P. Suppose that (H,w, D) is
a locally bounded commutator representation of (P;Qp,dp), that v is a modular
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automorphism of 2p, and that N is a modular symmetry of (H, 7, D) that satisfies
N=17(-)N = wov. Hence, let D := NDN. Since, for all p € P,

N[D,x(p)IN = DVr(v(p)) = m(v™"(p)) DY = DVr(v(p)) — m(v~*(v(p))) DV,

it follows that (P, H, DY) defined a U(1)-equivariant even v~ 2-twisted spectral triple
for P only if N ran(np)N C LY (H).

In light of the above remark, the following theorem will exclude the existence of
non-pathological U(1)-equivariant twisted spectral triples that faithfully represent
the total spaces of the g-monopole or the real multiplication instanton of Example
3.52, respectively. In particular, it will imply that faithful projectable commutator
representations of these two examples cannot naturally be accommodated by the
theory of twisted spectral triples.

Theorem 4.51. Suppose that Z(B) = C. Let (H,m, D) be a locally bounded
commutator representation of (P;Qp,dp), such that 7 is injective, w(P) - HY™M)
is dense in H, and there exists a modular symmetry N of (H,n,D), such that
N7p(QL)N C LYW (H). Suppose that n € Qb o \ {0} and t € (0,00) \ {x} satisfy

Vpe P, n-p=~»~(p) 7 (4.48)
Then (id —1I)(Q}) C kermp or mp(n) = 0.

Lemma 4.52. Let (H, 7w, D) be a U(1)-equivariant commutator representation of
(P;Qp,dp). If 7 is injective, (b m(b)] v ) : Z(B) — L(HVW) is isometric, and
7(P)- HYW is dense in H, then for every modular symmetry N of (H,w, D), there

X

exists a unique right 1-cocycle pu : Z — Z(B)Y , such that

N =P r(u(=i))la, - (4.49)

JEL
Conversely, for every 1-cocycle p : Z — Z(B)%, Equation 4.49 defines a modular
symmetry N of (H,m, D).

Proof. We prove the non-trivial direction. Suppose that 7 is injective, the map
b 7(D)] o) restricts to an isometry on Z(B), and w(P)- HYW is dense in H. Let
N be a modular symmetry of (H,w, D). Since 7 is injective, there exists a unique
U(1)-equivariant algebra automorphism A of P, such that 7o A = N~z (-)N;
in particular, A[p= idp since N commutes with 7(B). Hence, by Lemma 4.17,
mutatis mutandis, there exists a unique 1-cocycle u : Z — Z(B)*, such that
A(p) = p-p(j) for all j € Z and p € P;. Hence, for all j € Z, p € P; and
he HYO, Nr(p)h = Ne(p)N~'h = n(A~ L (p))h = m(pp(j) )b = 7(u(—f))w(p)h
since &% (u(5) 1) = u(—j), so that (N, u) satisfies (4.49) since 7(P) - HY() is dense
in H. Finally, let (¢;))Y; be a finite family in P; satisfying Zfil efe; = 1. Then

0< Z 7w(€e;)* Nw(e;) = Zw m(eiu(1) "N = 7(u(1) "N,
i=1 i=1
so that m(u(1)[guay> 0. Hence, since (b 7(b)[guw)) : Z(B) — L(HVW) is
isometric, it follows that (1) > 0, so that p takes its values in Z(B)Z,. O

Lemma 4.53. Suppose that Z(B) = C. Letn € Qp ;. \{0} andt € (0,00)\{x}, and
suppose that n and t satisfy (4.48). Let (H,m, D) be a locally bounded commutator
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representation of (P;Qp,dp), such that m is injective and w(P) - HYM) is dense in
H. For every modular symmetry N of (H,n, D), the operator Nmwp(w)N is bounded
only if N =A,1/2 or m1p(w) =0.

Proof. Let N be a modular symmetry of (H,w, D); suppose that N7wp(w)N is
bounded. Since Z(B) = C, it follows from Lemma 4.17 that there exists unique
s € (0,00), such that N = A,. Now, let (e;)/2; and (¢;)_; be finite families in Py,
such that Y 1" e;e; =1 and Y., €5¢; = 1; hence, let ¢ : LY (H) — LV (H)
be the unit-preserving contractions from the proof of Proposition 4.29 induced by
(ei)i% and (€;)_;, respectively. Then

¢+ (Nmp(n)N) =Y m(ei)Asmp(n)Asm(e])

i=1

= w(Z e (Ayo Ao As><ef>>NwD<n>N

i=1
= s*tNwp(n)N,
while a similar calculation shows that ¢_(Nwp(n)N) = (s*t)"'N7p(n)N. Hence,
INTHN | = (s*)T [ p£ (N7p () N)|| < (s*6) T [N7p ()N,
so that N7p(n)N =0 or s*t = 1. O

Proof of Theorem 4.51. Let N be a modular symmetry of (H,n, D) that satisfies
N -7p(QL)- N C LYM(H). Suppose that 7p(n) # 0. By Lemma 4.53 applied to 7,
it follows that N = A, 1/2 # A,,~1/2; hence, 7p(¥) = 0 by Lemma 4.53 applied to ¥,
so that mp annihilates (id —I1)(QL) = P - 9. O

Example 4.54. Continuing from Example 4.30, let (H, 7w, D) be a locally bounded
commutator representation of (O,(SU(2)),2,(SU(2)),d,), such that 7 is injective
and 7(0,(SU(2))) - HYM is dense in H. If there exists a modular symmetry
N of (H,,D) satisfying Nran(rp)N C LYY (H), then (id —11,)(Q%) C ker7p
or Qzlz,hor(SU(2)) C kermp. Suppose that IV is such a modular symmetry and
(id —IT,) (€25 (SU(2))) \ ker mp # 0. Note that (n,t) = (e*, q) satisfy (4.48), where
q # ¢*, so that mp(e®) = 0 by Theorem 4.51. Since {e*, e~} generates Q! ,  (SU(2))

q,hor
as a left O,(SU(2))-module, it follows that QL , ~(SU(2)) C ker7p.

g,hor

Example 4.55. Continuing from Example 4.31, let (H,m, D) be a locally bounded
commutator representation of (Py,2p,,dp,), such that the map 7 is injective and
7(Pp)- HV(M is dense in H, If there exists a modular symmetry N of (H,n, D), such
that N ran(rp)N C LYW (H), then (id —I1p,)(Q2p,) C kermp or Qp 1. C ker7p.
Indeed, note that the left P-module Qp ), is freely generated by e', e* € Z(Q(T?))",
where (4.48) is satisfied by (n,t) = (e’,€p) for i = 1,2 by Example 2.41. Since
€p # €2, we may apply Theorem 4.51 exactly as in Example 4.48.

Since a single modular symmetry cannot generally be used to control the un-
boundedness of represented 1-forms, we must allow for distinct modular symmetries
in the vertical and horizontal directions. Recall that (id —I1)(QL) = P -9 and
T(QL) = P. Qb

Definition 4.56. Suppose that (H, 7, D,T’) is a projectable commutator represen-
tation of (P;Qp,dp;II).
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(1) A wertical twist for (H,w, D,T) is a pair (Nyer, Yver), where Ny, is a modular
symmetry of (H,w, D) commuting with both I and 7p () and vye, is a modular
automorphism of Qp, such that

Nﬁlﬂ-(')Nver = T O Vyer rP» NyerTpD (ﬁ)Nver S LU(l)(H)

ver

(2) A horizontal twist for (H,m, D,T) is a pair (Nhor, Vhor ), Where Nyo is a modular
symmetry of (H, 7, D) commuting with both I and 7p(¢) and v, is a modular
automorphism of Qp, such that

N}IIW(')Nhor =mo VhorrP7 Nhorﬂ—D (QIB)Nhor g LU(l)(H)

or

Thus, if (H,m, D,T') is a projectable commutator representation of (P;Qp,dp;II),
then any vertical twist (Nyer, Vyer) satisfies cher((id fH)(Q}D))chr C ILU(D(H),
and any horizontal twist (Npor, Vhor) satisfies Nuormp (IL(Q})) Nhor € LYW (H).

We now study the existence of vertical and horizontal twists for faithful projectable
commutator representations. Lemmata 4.17 and 4.52 justify the following definition.

Definition 4.57. Suppose that (H, 7, D,T") is faithful projectable commutator
representation of (P;Qp,dp;II). We define a modular pair for (H, 7, D,T) to be
a pair (N,v), where N is a modular symmetry of (H,w, D) and v is a modular
automorphism of Qp satisfying the equation N =17 (-)N = 7o v|p. In this case, the
symbol of (N,v) is the unique right 1-cocycle A : Z — Z-0(B), such that

We first show that there is a canonical choice of vertical twist.

Proposition 4.58. Let (H,w,D,T') be a faithful projectable commutator representa-
tion of (P;Qp,dp; ). Then (A, -1/2,A,1/2) defines a vertical twist of (H,7,D,T),
which is unique whenever Z(B) = C.

Proof. Let (N,v) be a modular pair for (H,w,D,T") with symbol X. Since 7p(6)
satisfies 7p(0)? = A%, it follows that (N7p(6)N)? = A2N*, so that (N,v) is a
vertical twist for (H,m,D,I') if and only if sup;cz K72 w(M=5)) Tm,]| < +oo,
which is certainly satisfied by A\ = (j + x7/2). Moreover, if Z(B) = C, then
A = (j = t7) for unique real t > 0, so that (IV,v) is a vertical twist for (H,r, D,T")
if and only if supjez(/il/Qt)fj < 400, if and only if t = k= 1/2. O

To characterize existence of horizontal twists, we shall need the following broad
generalization of a definition from the literature on spectral triples for crossed
products due to Bellissard—Marcolli-Reihani [16].

Definition 4.59. Suppose that (H, 7, D) is a faithful bounded commutator rep-
resentation of (B;Qp,dp). Let T be a group, and let F:T = DP1c(B) be a
homomorphism, so that the right DPic(B)-action on Zs¢(B) of (4.8) pulls back via
do 7r0(]3') to a right I'-action. For each v € Z, let (F'(v),0,V,) = ﬁ'(’y), and equip
F(v) ®p H with the inner product defined by (2.12); hence, for each 8 € QL define

pyBl: F(y) ®p H — F(y) ®p H by
Vo e F(7),Yhe H, py[Bl(z®h) =0, (B® )y ©mp (0—7(5 ® x)<1>)h, (4.50)

and let ||p[B]]| denote the resulting operator norm of p,[3], which we set to equal
+00 whenever p,[f] is not bounded. Given a 1-cocycle A : I' — Z(B), we say that
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Fis A-metrically equicontinuous with respect to (H, 7, D) whenever

V3 € Qp, sup|lpy A8 < +oc. (4.51)
~yel

Example 4.60. Recall the homomorphism £ : Ty — DPI1c(C5°(T?)) of Example
2.31; define A : 'y — Ry by A == (g — (9210 + ggg)’1/2). Then F is A-metrically
equicontinuous with respect to every faithful bounded commutator representa-
tion of (C5°(T?),Q(T?),d). Indeed, let (H,m, D) be such a bounded commuta-
tor representation. Recall that the left C5°(T?)-module Q4(T?) is generated by
{e!, €2} € Z(2(T2))'. Given i =1,2 and g € Iy, it follows by construction of £

that p,le’] = mm ®@mp(et), so that

lpg[Mg™)2e']ll = [lid @mp(e)]| < llid]l[lmp ()] < [mp(e’)].
Example 4.61. Recall from Example 3.26 the homomorphisms of coherent 2-
groups £ : Z — P10(O,(CPY)) and € : Z — DPic(O,(CPY)), and define the
homomorphism A : Z — Ry by A = (k + ¢ 7/?). Then £ is A-metrically
equicontinuous with respect to every faithful bounded commutator representation

of (O4(CP');Q,(CP'),d,). Indeed, let (H,m, D) be such a bounded commutator
representation. Recall that Q,(CP') =E&_5-et & & - e~. Choose a cobasis (nf)f\fl
for Exo, and define 74 : H — E12 @0, (cp1y H by 72(h) = Zf&l(nf)* @7p(nfet)h
for h € H; note that 74 is bounded and left B-linear since, for all h,k € H and
x € E1o,

ek () = (hnp (o (70707 ) € 1) = (ko).

For i, j € Z, define Vvi’j : & ®OQ(CP1) (EJ ®OQ(CP1) H) — (51 ®(’)q((CP1) 83) ®OQ(CP1) H
by Vi; =(2® (y®h) = (®@y) ® h) and, for each p € &, the bounded adjointable
map 7; ;(p) : & Ro,cpr) H = Eirj ®o,cpy H by mij(p) = (y@h = p-y@h),
which satisfies [|A; ;(p)|| < ||p||. At last, let j € Z and p € E42 be given. Since each
T € &; satisfies petx = ¢~/ vajl pr(nT)infet, it follows that

PilN(=3)?pet] = 2 j2(p) © (€2, ®id) 0 V12 0 (id ® 72),
and hence
. 2 . .
losN=)?pet]|| < llma, 2 (PINIERL, @ idl[[Vjsalllid @ 7]l < o]l
In light of Corollary 2.9, one may ask whether our generalized notion of met-

ric equicontinuity makes sense at the level of Hermitian line B-bimodules with
connection. The following proposition answer this question in the affirmative.

Proposition 4.62. Suppose that (H,m, D) is a faithful bounded commutator rep-
resentation of (B;Qp,dg). Let T' be a group, let Fi,E, : T — DPic(B) be
homomorphisms, and suppose that Fy = Fy in Howm(T', DP1c(B)). Hence, let
A:T = Z50(B) be a right 1-cocycle for the pullback of the DPic(B)-action of (4.8)
by mo(EY) = mo(Fy). Then Ey is A-metrically equicontinuous if and only if Fy is.

Proof. Choose a natural isomorphism 7 : Fy - Fy. Let y e I. Fori=1,2, let
(Fi(7),0isy, Viy) = Fi(7)), and define p;,[3] : Fi(y) ®p H — F;(v) ®p H for
each 8 € Qf by (4.50). Since 0y : (F1(7), 015y, Visy) = (F2(7), 024, Va.y) is an
isomorphism is DP1¢(B), the map 7, ®id : Fi(y) ® g H — Fa(y) ® g H is a unitary
that satisfies (1, ® id) o p1.,[B] = paiy[8] 0 (1, ®id) for all B € QL. O
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Hence, given a Hermitian line B-bimodule with connection (F,or,Vg) and a
group l-cocycle A : Z — Z5o(B) for the right Z-action generated by @El, we define
(E,0p,VE) to be A-metrically equicontinuous whenever some (and hence every)
homomorphism F : Z — DP1c(B) satisfying F(1) = (E,op, Vi) is A-metrically
equicontinuous. The following characterization of metric equicontinuity in our
general sense for crossed products by extended diffeomorphisms now shows that
metric equicontinuity (in our sense) with respect to a trivial 1-cocycle corresponds
to the existing definition in the literature on crossed product spectral triples.

Proposition 4.63 (cf. Bellissard-Marcolli-Reihani [16]). Let (H,w, D) be a bounded

—_—

commutator representation of (B;Qp,dp). Let (w,¢) € Diff (B), and suppose that
A\ :Z — Z+o(B) is a right 1-cocycle for the right Z-action generated by ¢—*. Then
7(w, @) is A-metrically equicontinuous with respect to (H,m, D) if and only if

Vb € B, 21€1§H7r(/\(k)‘1) D@ O)] - AR T < +oo. (452)

Proof. By Proposition 4.63, it suffices to check that 7o (k — (w, $)*) is A\-metrically
equicontinuous. Let k € Z be given. Define a unitary Vi : Bf ®p H — H by

V= (b’; & h — (¢~ %(b))h). By construction of 7((w,$)*) = (Bg, 04k, V(u,g)r), it
follows that Vi,px[B]V; = 7p (¢~ %(B)) for all 3 € Q}, so that

Viepr [ B3 0,01 (A(—F)2) - d ()| Vie = 7mp (A(K) 2567+ (8))
= ir(A(k))[D, m(¢™"(0))lm(A(k) ™).
for every b € B. Since dp(B) generates QL as a left B-module, this suffices. O
At last, we characterize horizontal twists among all modular pairs.

Proposition 4.64. Let (H,m, D) be a faithful bounded commutator representation
of (B;Qp,dg), and let (ﬁ,ﬁ',ﬁ,f‘) be a lift of (H,m, D) to (P;Qp,dp,II). Let
(N,v) be a modular pair for (H,7%,D,T) with symbol X\. Then (N,v) defines a
horizontal twist for (H, %, D,T) if and only ifﬁoHorK(P; Qp,dp;II) is A-metrically
equicontinuous with respect to (H,m, D).

Proof. By Theorem 4.45, we may assume that (H, 7, D, f‘) = (tp)(H,m, D) without
any loss of generality. Hence, we reprise the notation of the proof of Proposition
4.43. In particular, N7(-)N~! = 7 ov since 7o N o 7* = id ®v ® id.

Let 8 € Q be given. Fix j € Z. Then 75 (3) g, =T"° (03 ® p;[B)) o Tla, by
the proof of Proposition 4.43. Hence, for every z € C?, p € P;, and h € H,

TN7T5(B)NT (2 @ p® h)
= ([deveid)(c*z @ d;(8 ® D)) ® 7D (oj(ﬂ ®p)<1>)\(j)>h)
= " @ 0;(8 @) o \() @ 70 (0,(8 @) 1) A() )
= 0" @ p;[M=j)*Bl(x @ p® h),

which implies that [N75(8)N [z || = ||o® @ p;[\(=5)*B]|| = [|p; [M(—)?8]]| by
unitarity of o3 € My(C). Thus, N7y (B)N € ILE)(CU(H) is bounded if and only if

{|lpi[A(—5)?8]|| | 7 € Z} is bounded from above. O
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Example 4.65. Continuing from Examples 3.52 and 4.60, let (H, 7, D) be a faithful
bounded commutator representation of (C§°(T?), Qg(T?),d), and let (H, 7, D,T) be
a lift of (H, m, D) to the real multiplication instanton (Py,Q2p,,dp,,Ip,). On the one
hand, by Proposition 4.58, (Aeg—l , A, ) is the unique vertical twist of (fL 7, D, f‘) On

the other hand, by Example 4.60, the homomorphism £ o Hor,z (Py,Qp,,dp,,Ip,)

is (m — eg_m/z)—equicontinuous with respect to (H,m, D), so that (A_-1/2,A 1/2)
6 6

is the unique horizontal twist of (ﬁLfr,D,f) by Proposition 4.64 together with
Lemma 4.53 applied to (n,t) = (e!, ). Note that (Aegl,Aeg) and (A _—1/2, A 1/2)

6 6
are non-trivial and distinct since €y # 1.

Example 4.66. Continuing from Example 4.48, let (H,m, D) be a faithful bounded
commutator representation of (O, (CP'),Q,(CP'),d,), and let (H,#, D,T) be a lift
of (H,w, D) to the g-monopole (O4(SU(2)); 2,(SU(2)),dq;II;). On the one hand,
by 4.58, the modular pair (A,-1,A,) is the unique vertical twist of (H,7%,D,T). On
the other hand, by Example 4.61, the homomorphism & : Z — DP1c(O,(CP')) of
Example 3.26 is (m — ¢~™/?)-equicontinuous with respect to (H,, D), so that
(Ag-1/2,Aj1/2) is the unique horizontal twist of (H,#,D,T) by Proposition 4.64
together with Lemma 4.53 applied to (,t) = (e*,q). Note that (A,-1,A,) and
(Ay-1/2,A1/2) are non-trivial and distinct since g # 1.

We now show that total Hodge-de Rham commutator representations admit
canonical horizontal twists under a mild hypothesis on B.

Theorem 4.67. Suppose that (Ayer, Anor, %, T) is a total Riemannian geometry on
(P;Qp,dp;I0). Let up be the symbol of Apor, and suppose that up(1) has a square
root in Z~o(B); hence, let ,u;ﬂ : Z — Z+9(B) be the unique right 1-cocycle for
the right Z-action of (4.10) that satisfies u}D/2(')2 = pp, and let (Npor, Vhor) be the

modular pair with symbol M;/z for total Hodge—de Rham commutator representation
(Qp,mp,dp +d}p, 211 — id) induced by (Aver, Anor, *, 7). Then (Nnor, Vhor) defines a
horizontal twist for (Qp,mp,dp + d}, 2II —id).

Proof. We use the notation of the proof of Proposition 4.37. Hence, it suffices to
show that Ny, satisfies Nyor - ¢(Q%) - Npor € LYM(Qp).

Let 8 € Qp. Note that Qp = @72 @i:o @i\;o(Q;’S)j is an orthogonal direct
sum of pre-Hilbert spaces. Fix (r,s,j) € {0,1} x {0,..., N} x Z, so that ¢(f8) maps
(Q3%); to ("), and let T} == Nuore(8) Nuorl g7y, = e(®5(1p (1) ™) B) o), -
It therefore suffices to bound the operator norm of Tjr’S uniformly in j € Z.

Let E == (Q3%);, F == (3", V= (Q3)VD and W == (Q3°")VD) | which
we view as orthogonal direct summands of the pre-Hilbert space Qp; note that
each of these pre-Hilbert spaces also defines a B-self-correspondence of finite type
by the proof of Proposition 4.22, where each pre-Hilbert space norm is bounded
from above by the corresponding norm as a B-self-correspondence of finite type.
Write L o Hor.(P;Qp,dp;II) = (Pj,0p,;, Vp,;), where we conflate the Hermitian
line B-bimodule £(P)(j) with P;; recall that Q}; defines a B-self-correspondence of
finite type by Proposition 4.6, so that QL ®p Pj and P; ®p QL both define B-self-
correspondences of finite type. Hence, we can view each of QL ®@p E, (QL05P;)@5V,
(P; @ QF) @V, P; @5 (5 ® V) and P; ®p W as pre-Hilbert spaces with
respect to the inner product defined, mutatis mutandis, by (2.12). Finally, define
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7j 1 Qp ®p P; = Py @p Qp by 7;(n) = opi(up(—4))n) = op;(n)pup(j) " It now
follows that 77" : E — F factorizes as the composition

_ ~ 7; ®id
E2S abop E S (Qh 0p ) op V 22% (P op Q) ©5 V

2 Pop QL eV) 22 poeoy W SR

where the first two arrows denoted by 2 are the usual (inverse) associators, which

are unitary [18, §8.2.12], where P; @ g W 5 Fis given by multiplication in 2p and
hence is unitary by the proof of Proposition 4.22, and where m,.; : Q5 @ V. — W is
given by multiplication in Qp.

Let us now look at the non-trivial arrows in this composition. First, an explicit
calculation shows that S ® — = (£ = f ® &) is bounded with operator norm
1B —| <8I, where ||3]| = |lg(8,5)]|}/? is the norm of 3 as an element of the B-
self-correspondence of finite type 2p. Next, since 7; is right B-linear map between
pre-Hilbert B-modules of finite type, it is necessarily bounded and adjointable,
so that 7; ® id is bounded as a map between pre-Hilbert spaces with operator
norm ||7; @ id|| < ||7;|||lid|| = ||7;|| by standard results [18, §8.2.12]. Finally, since
mys: QL ®@p V — W is a right B-linear map of pre-Hilbert B-modules of finite
type, it is bounded and adjointable, and hence bounded as a map of pre-Hilbert
spaces with operator norm ||m,. ||, so that id ®m, , is also bounded as a map of

pre-Hilbert spaces with operator norm |lid @m,. 5| < |lid||||mys|| = ||y s]]. Thus,
the operator norm of 77" i
it suffices to show that ||7;|| = 1.

Finally, let n € Q) ® 5 P; be given, so that n =Y | a; ®p; for o, ..., o, € Qh
and p1,...,p, € Pj; hence, let 77:=>"" | a; - p; € (Q(I)D’l)j, so that

i) =Y *(aip) = Zﬁ*g (i)pipip (5)* Nk
i=1

N Z *p(o)pipp (7) N oup(5)?

by (4.18). Then

*p((n,7)) Z pigp(ai, a;)p;0 5 (1 Z piaixp (Dpjup(j) N0
3,j=1 i,7=1

=7 *p ()pr(j) 2

*p((opii(n),op;i(n)) = Z g8 (i, pipjo;)d xp (1)

= (=N > aipip; *p ()0 =i xp (i),
ij=1
so that

(i), 75(m)) = (up())~") (epy(n), opy () up ()~

= (op;j(m),opy()pp(i) 2 = (n,n). O



80 BRANIMIR CACIC

We conclude with a first step towards relating our constructions to Rieffel’s com-
pact quantum metric spaces [89]. We show that a faithful projectable commutator
representation of (P;Qp,dp;II) equipped with vertical and horizontal twists yields
a Lipschitz seminorm [59, Def. 2.1] on the C*-algebra completion of P that satisfies
a twisted Leibniz inequality [59, Lemma 4.8]. This, in turn, will recover, up to
equivalence of seminorm, Kaad-Kyed’s compact quantum metric space on quantum
SU(2) for a canonical choice of parameters [59, §4].

Proposition 4.68 (cf. Kaad—Kyed [59, Lemma 48|). Let (H, 7, D,T) be a faith-
ful projectable commutator representation of (P;Qp,dp;Il) with vertical twist

(Nyer, Vyer) and horizontal twist (Nhor, Vhor)- Define a U(1)-invariant norms || - |-
and || - ||+ tot on P and QL respectively, by
Vp € P, [pll- = max{ [[vver (D) + [1hor (P) ], [Vrer (P)I] + [[140r (P11}

Vw € Q}Da ”W”T;tot = || Nyer(mp o (id =II))(w) Nyer + Nhor(mp © I1)(w) Nhor ||-

Then || - ||» makes P into a normed x-algebra, while || - || rtot 5 invariant under the
x-operation and satisfies

Vp1,p2 € P, Yw € Qp, = llwll=stot P2l - (4.53)
Hence, the U(1)-invariant seminorm L, = ||dp(:)||riot on P annihilates C C P, is
invariant under the x-operation, and satisfies
Vp1,p2 € P, Lr(pip2) < Lo (p1)llp2ll + lIp1ll- L~ (p2)- (4.54)
Lemma 4.69 (cf. Kaad-Kyed [59, Rem. 4.6]). Under the hypotheses of Proposition
4.68, the U(1)-invariant seminorms || - ||zver and || - ||+ nor on QL defined by
|+l ver = [[Nver(mp o (id =I1))(*) Nver[[, || * l;hor = [[Nhor (7D © I1)(+) Npox |

satisfy the inequality max{||w|| ver, [|w|lzhor } < [|wllr tot for all w € Q).

Proof. Let w € Q% be given; let wyor = I(w), and write (id —II)(w) = pd for
unique p € P. Let ¢ := mp(J)A; !, which is a U(1)-invariant self-adjoint unitary
by definition of a projectable commutator representation. On the one hand, ¢
manifestly commutes with the operator mp(p¥) = m(p)cA,;. On the other hand,
since Qp., = P-dp(B) and [D,7(b)] = [7p(9)9x + Dhor, 7(b)] = [Dhor, 7(b)] for all
b € B, it follows that ¢ anticommutes with 7p (wnor) as well. Setting Ey := 1 (id +c),
we may now decompose NyeTp (p¥) Nyer + NhorTp (Whor ) NVhor With respect to the

orthogonal direct sum decomposition H = E(H) @& E_(H) as

EJvaerﬂ—D (p'l?)NverEJr E+Nhor7TD (whor)NhorEf
Ehoorﬂ-D (Whor)NhorEJr Evaerﬂ-D(pﬁ)NverEf

so that
_ E+Nver7TD (p’lg)NverEJr 0
||W||T;vcr - H ( 0 E—Nverﬂ-D< 19)N erE S ||W||T;tot7
_ 0 E+Nhor7rD (Whor)Nhor
||UJ||7‘,h0r - H (ENhorﬂ-D(UJhor)NhorE+ 0 < HWHT ;tot -

Proof of Proposition 4.68. In what follows, we use the notation of Lemma 4.69. The
only non-trivial points are positive-definiteness of || - ||+ tot, (4.53), and (4.54); note
that || - ||+.tot is positive-definite by the proof of Lemma 4.69, while (4.53) implies
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(4.54) by the usual Leibniz rule for dp. Let p1,p2 € P and w € Q} be given; set
Wyer = (id —II)(w) and wye, = I(w). Then, by Lemma 4.69,

||p1Wp2||T;ver = | Nyer ™D (P1wyerP2) Nyer || < ”Vv_ei(p)H||Nver7TD(err)||HVver(p)H
< Ve @) W]l ot [ver (D) I,

and similarly ||p1wpz|hor < ||1/Eoi(p)||||w||7,tot||yhor(p)H, so that, in turn,

lp1wp2]|rstot < [[P1wD2||7iver + [|[P1wWD2 || 7hor
< gk W]l ot 1ver )] + [Voe (@) 0]l 7 t0t [ hor (9)]
< Ipll+ lwll=totllpll - U

Example 4.70. Continuing from Examples 4.48 and 4.66, we may apply Proposition
4.68 to ($,(SU(2)), 7, ,,T) equipped with its unique vertical twist (A,-1, A,) and
unique horizontal twist (A,-1/2,A,1/2). We claim that the resulting seminorm L,
is equivalent to Lg2 4, where (Ly )ie(0,00) is the family of Lipschitz seminorms on
0,(SU(2)) with which Kaad-Kyed make Cy(SU(2)) into a compact quantum metric
space [59, Def. 4.6 & Cor. 5.24]. First, note that, for all p € O,(SU(2)),

Ipll- = maX{IIAq(p)II +Ag2 @)L 1A )] + IIA;l/z(p)II} = lIpllg2.q»

where (|| - [|¢,4)te(0,00) 15 the family of norms on O,(SU(2)) of [59, §3.5], so that
(4.54) for L, is identical to the inequality of [59, Lemma 4.8| for L, ,. Next, using
the explicit construction of Example 4.48 and the proof of Proposition 4.43, we may
now write L, = |00t (+)||, where ot : Og(SU(2)) — LYW ($,(SU(2)) is given by

Orot, = Aqfli[@q,vera 7Tr(')]Aq*l + Aq_l/zi[]pq,hor? 7~r(')]Aq_l/2

Agodp 0 0 Ag1200
— 52 q°Yq 3 g/ + .
- ®< 0 Aqoaqz)“’ ®<Aq1/zoa 0 >

here, we identify M>(04(SU(2))) & M2(C) ® O,4(SU(2)) with its image in L(C? ®
0,(SU(2))) via left multiplication of O,(SU(2)) on itself, while, for ¢ € (0, 00), we
define 0; : O4(SU(2)) — Oq(SU(2)) by 0 := D¢z 2mi[jlt ido,(su(2)),- At last, we
relate L; to L2 4 as follows. On the one hand, if H is a Z/2Z-graded pre-Hilbert
space with an odd self-adjoint unitary c and S : H — H is an odd bounded operator
supercommuting with ¢, then ||S|| = ||So|| for Sp == —ico S|n,,.,= iSoclu...,-
On the other, we may construct unitary U : Og4(SU(2))? — $,(SU(2))even by
U=(()—(He)op+(9)@(Y)®ps2), Applying these considerations to
c=oc'®id®id and S = Oyt (p) for p € O,(SU(2)) shows that L, = ||df,,(-)||, where
Oy - O4(SU(2)) = M3(0,4(SU(2))) is given by

a, o Aq o 8q2 —Aq—1/2 ] 8+
tot Aq71/2 00_ —Aq O 3q2 ’

But now, given t € (0, 00), comparison with Kaad—Kyed’s notations [59, §§3.1, 3.5,
4.1] shows that L; 4 = ||0;,4(-)|| for ;4 : Og(SU(2)) — M2(0O,(SU(2))) given by

9 o _iKtAt1/2 o 8t —Aq—1/2 o 6+ K, — 1
tha _Aq—l/Q o 8_ iKtAt1/2 o 615 ’ e 27‘(’(1 + t_l) '
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Hence, an elementary comparison of 0;,, with 0,2 , implies that

1

Vp € 04(SU(2)), H—T
q2

Lo(p) < Lyp o(p) < (1+ Ky2) Lo (p).
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