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Abstract

Joint modeling of multiple longitudinal responses enables us to account for the

association between them and is thus more efficient than seperate analyses.

Most existing techniques to handle this problem are based on the assumptions

of normality of the responses and linearity of the mean functions. However,

non-normality of responses and non-linear shape of their mean functions often

arise from medical and population growth studies. For example, it is desirable

to investigate the nonlinear mean structures in the analysis of the effect of

different drug formulations while accounting for their association in Pharmaco-

dynamics (the study of what the drug does to the body). We propose to model

data of mixed types jointly by incorporating both subject-specific and time-

specific random effects into Tweedie nonlinear models. An optimal estimation

procedure for our model has been developed using the orthodox best linear

unbiased predictors of the random effects. This approach allows us to model

multiple non-normal longitudinal responses with interpretable parameters.
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Chapter 1

Introduction

In longitudinal studies, measurements are taken on the same subjects of in-

terest at different timepoints. Longitudinal studies mainly focus on the mech-

anism/process that takes place within an individual and its variation across

the population. In order to make inferences about such mechanisms, repeated

measurements of the outcome(s) on each of the sample subjects from the pop-

ulation are recorded. Both cross-sectional (one time point, many subjects) and

time-series (one subject, many time points) data can be seen as special cases of

longitudinal data. Datasets arising from longitudinal studies have some unique

features that make it difficult to adopt the methods available for other types of

data analysis. For example, the independence assumption which is common in

statistical models is not satisfied here, since the measurements collected from

the same subject on several occasions cannot be independent in general. The

most attractive feature of any longitudinal study is its capacity to explore the

change in a variable over time in a meaningful way.

Longitudinal data analysis plays a key role in developing models to identify

the pattern of changes in response variable and/or establishing relationships

between outcome and covariates. Nonlinear change in response over time arises
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in many areas including Biomedical research, Population growth, and Econo-

metrics (Deisboeck and Kresh, 2007; Sabzpoushan, 2020; Lucia et al., 2014).

Particularly this type of change commonly occurs in the study of Pharmacoki-

netics (what the body does to the drug) and Pharmacodynamics (what the drug

does to the body). To illustrate, concentration responses in blood from differ-

ent formulations of drugs designed for the treatment of hypertension change

nonlinearly over time (Willemsen et al., 2017). Moreover, virologic suppression

and CD4 cell counts in blood from people living with HIV show a nonlinear

recovery pattern after initiation of antiviral treatments (Dronda et al., 2002).

Building non-linear mixed-effects models (NLMM) is the most widely used ap-

proach to model the longitudinal responses having nonlinear changing patterns

(Pillai et al., 2005). This method enables researchers to detect the systematic

and random variation within and between individuals under study. This frame-

work has been going through significant development of new methodological

and computational techniques since the 1990s. Davidian and Giltinan devel-

oped a rich overview of the construction, interpretation, and application of

nonlinear mixed-effects models (Davidian and Giltinan, 2003). Relying on nor-

mality and homogeneity assumption about the longitudinal response is a com-

mon practice in NLMM formulation. Following such a procedure may result

in unreliable parameter estimates in situations when skewness and heterogene-

ity arises. Several studies analyzed datasets constructed from HIV research

by transforming responses into normal. Similar approaches were taken to deal

with censoring in the response and measurement error in covariates (Wu and

Ding, 1999; Wu, 2004). Lu and Huang proposed a Bayesian approach to nonlin-

ear mixed-effects models for longitudinal data with heterogeneity and skewness

(Lu and Huang, 2014). In another study, the authors proposed a Bayesian ap-

proach to find unknown parameter estimates and random effects from nonlinear
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reproductive dispersion mixed-effects model (Tang and Zhao, 2014).

In order to analyze data from longitudinal studies that have multiple responses

measured on different occasions, researchers may need sophisticated techniques

to develop the required models. One potential way to analyze such datasets is

to model the outcomes separately. This approach is helpful to assess the influ-

ence of the treatment (intervention) on each response. Advanced techniques,

particularly joint models come into play when researchers attempt to answer

complex questions like, how are the outcome-specific evolutions related to each

other(Fitzmaurice and Ravichandran, 2008)? This type of model can also help

to get an overall idea about the heterogeneity among the subjects under study.

Joint models for longitudinal and survival data are the most widely used joint

model. Like most other statistical modeling approaches, the use of linear joint

models for longitudinal data is relatively common compared to their non-linear

versions. But linear models often come with the loss of straightforward inter-

pretability of the estimated parameters.

Proust-Lim et al have developed a nonlinear joint modeling approach for mul-

tivariate longitudinal data (Proust-Lima et al., 2007). Hu and Sale (Hu and

Sale, 2003) have developed an extension of linear and generalized linear mod-

els for responses with informative dropouts to nonlinear models. Joint non-

linear mixed-effects models can be fitted to analyze longitudinal image data

from early brain development studies generating Magnetic resonance imaging

(MRI) reports (Wolff et al., 2017). The development of joint models follow-

ing the Bayesian approach is also evident in the recent statistical literature.

Semiparametric joint NLMM and a finite mixture of NLMM have been shown

to perform well when data contain skewness, measurement errors, and missing

covariates (Huang and Dagne, 2012; Lu et al., 2016).

Joint models for more than one response can be formulated in multiple ways.
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For instance, when all the outcomes under consideration are of the same types

(such as continuous), joint models can be constructed by specifying a joint

density directly. Conditional models can be developed by defining models

for each of the outcomes separately. Another frequently used joint modeling

approach for longitudinal data is shared parameter models or random-effects

models. Usually, this method builds a model based on the assumptions about

unobserved variables (random-effects) shared by the outcomes to be modeled

together. The core assumption behind such models is the conditional indepen-

dence between outcomes given the random-effects (Fitzmaurice and Ravichan-

dran, 2008).

In most cases, existing models can accommodate responses from a limited num-

ber of distributions such as Normal (for continuous) and Poisson (for the count).

Besides, most of the available shared parameter models require the random ef-

fects to be normally distributed and usually applicable to linear models only

(Fitzmaurice and Ravichandran, 2008). It is desirable to develop flexible shared

parameter models that can accommodate non-normal random effects and ap-

plicable to both linear and nonlinear models.

This thesis proposes joint models for the longitudinal responses belonging to

the Tweedie exponential family with flexible distributional assumptions about

random effects. The foundation of this modeling framework lies in models for

responses from Tweedie exponential distributions (Jørgensen, 1987; Ma, 1999).

The proposed models incorporate two levels of random effects (subject-specific

and time-specific) to capture the within and between-subject correlation struc-

tures present in the repeated measures. An optimal estimation process for our

model has been established using the orthodox best linear unbiased predictors

of the random effects. The proposed nonlinear joint models are applicable to

both balanced and unbalanced longitudinal datasets.

4



The rest of the chapters of this thesis are organized as follows,

The next chapter reviews the available statistical analysis techniques for longi-

tudinal data. Different modeling approaches, mean functions, and covariance

structures are described. The Tweedie exponential family of distributions is

introduced in short. Several joint model construction strategies are also dis-

cussed.

The proposed model based on three key assumptions about the random-effects

and responses is introduced in Chapter 3. The marginal moments of the re-

sponses and the random effects are derived from the conditional and uncondi-

tional moments of the random effects and the responses as per necessity. The

estimation process of the regression parameters, the predictors of the random

effects, and the correlation parameters are described in this chapter.

The application of the proposed model is shown by analyzing a Losartan (an

anti-hypertensive drug) dataset in Chapter 4. The concentration level of two

comparable drug formulations in blood are modeled together by following the

joint model framework.

The results from separate univariate models for the response variables under

consideration are also included to compare and contrast the results from the

proposed joint models.

Chapter 5 presents an evaluation of our proposed data analysis technique from

the the results of well designed simulation experiments.

Finally, a conclusion about the proposed model, including discussion and rec-

ommendation for potential future works in this line of research is provided in

Chapter 6.
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Chapter 2

Review of Literature

In this chapter, the available statistical models used to analyze longitudinal

data are reviewed, along with various data structures that can arise in longi-

tudinal studies.

2.1 Longitudinal study

The fundamental idea behind longitudinal study design is the collection of mea-

surements on the same individuals/subjects of interest repeatedly over time.

Longitudinal studies are common in the fields of medicine, social-personality,

and clinical psychology. This type of research can play an important role in

establishing a causal relationship between variables (Aschengrau and Seage,

2013). For example, if a researcher wants to identify which disease affects a

specific group of people in the population, then observing that group of indi-

viduals over some time to collect meaningful data will be helpful to answer the

researcher’s question of interest. Longitudinal studies are not just restricted to

the field of science or medicine; they have a considerable influence in the area of

business as well (Linnhoff et al., 2020). With a longitudinal study, one can mea-

sure and compare various business and branding aspects by deploying surveys
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focusing on market trends, product feedback, and customer satisfaction.

A basic structure for a longitudinal dataset with a single response can be dis-

played in the following form,

Table 2.1: Longitudinal data structure

Subject Measurement
occasion

Response,
Yiti

Covariates,
Xitim

1 1 Y11 x111 . . . x11m

. . .
...

...
...

1 t1 Y1t1 x1t11 . . . x1t1m
2 1 Y21 x211 . . . x21m
...

...
...

...
2 t2 Y2t2 x2t21 . . . x2t2m
...

...
...

...
I 1 YIt1 xI11 . . . xItIm
...

...
...

...
I tI YItI xItI1 . . . xItIm

where Yiti represents the measurement on the response Y for the i-th subject

at the t-th occasion,

Xitim denotes the m-th covariate value for the i-th subject at the t-th occasion.

Longitudinal studies can be classified into different types based on specific

designs and data structures (Fitzmaurice and Ravichandran, 2008). Usually,

longitudinal study designs aim at gathering a fixed number of repeated mea-

surements on all the subjects under study. The study is said to be “balanced”

when an equal number of repeated measures collected at a common set of

time points are available for all the participating individuals. On the other

hand, in some situations, studies may end up with getting an unequal number

of observations and/or mistimed (collected at a different set of time points)

observations for the participants. In such cases, the resulting dataset is de-

scribed as “unbalanced”. From another point of view, when researchers look
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back in time using an existing database (such as medical records or insurance

claims) longitudinal studies can be “retrospective” (Mathalon et al., 2000). In

contrast, studies requiring the collection of new data are called “prospective”

(Rosen et al., 2017).

In most cases, longitudinal studies are observational, but in certain situations,

they can also be designed as randomized experiments. One of the major ad-

vantages of longitudinal studies over cross-sectional studies is the assessment of

within-subject changes in the response over time. Different longitudinal data

analysis techniques can be utilized to make conclusion about the pattern of

changes in the response variable both at the population level and the indi-

vidual level of observational units (subjects) (Fitzmaurice and Ravichandran,

2008).

Typically longitudinal studies are time-consuming and expensive (Aschengrau

and Seage, 2013). Besides, longitudinal studies can suffer heavily from missing

observations arising from loss to follow-up.

2.2 Longitudinal data analysis

In its simplest form, longitudinal data analysis may consist of paired sample

t-test (Weiss, 2005b) and Multivariate Analysis of Variance (Taris, 2000) in

the context of non-experimental longitudinal survey research. Over the last

three decades, data analysis techniques for longitudinal studies have become

remarkably sophisticated (Grimm, 2019). Singer et al and Fitzmaurice et al in-

troduced several approaches for analyzing repeated measures are (Singer et al.,

2003; Fitzmaurice et al., 2012). A conceptually straightforward way to ana-

lyze data from a balanced longitudinal study with discrete covariates (such as

Treatments or Interventions) is the analysis of response profiles (Fitzmaurice

8



et al., 2012). One of the key features of the analysis of response profiles is

that it allows for arbitrary mean and covariance patterns. Even though the

application of this technique requires the data to come from a balanced design,

it can handle incomplete data due to limited missing observations in the re-

sponse. A more advanced approach to deal with longitudinal data is to fit a

parametric or semi-parametric curve. In situations where the longitudinal data

are essentially unbalanced over time, fitting a parametric curve with models

for the mean response is an appealing approach to follow (Fitzmaurice et al.,

2012).

2.2.1 Modeling approaches

Two broad classes of models for longitudinal data are marginal models and

conditional models (Diggle et al., 2002).

In marginal models, regression of the response and within-subject correlation

are modeled in two different parts. The regression part considers the marginal

expectation to be a function of explanatory variables. The within-subject cor-

relation is assumed to be a function of the marginal means and possibly of

additional parameters.

Let Yij and µij represent the measurements on a response Y and the average

of the response respectively for i-th subject at j-th level of a covariate X at

different timepoints. If ρ denotes the within-subject correlation between two

levels of X and β denotes the regression parameter, then a marginal model can

be constructed based on the following three assumptions (Diggle et al., 2002):

� E[Yij | Xij] = µij depends on Xij by g (µij) = f(Xij, β); Where g(.) and

f(.) are known link and mean structure functions respectively

� V ar[Yij| Xij] = φv(µij); Where φ is a scale parameter and v(µij) is a

9



variance function

� Corr[Yij, Yik] = ρ(µij, µik, θ); Where ρ(.) is a known function of marginal

means at two different levels of X and a possible additional parameter θ

Depending on the mean structure-function f(.) marginal models can be for-

mulated as generalized linear models (GLM) or generalized nonlinear models

(GNLM). The most advanced and popular approach to model longitudinal data

marginally is through generalized estimating equations (GEE). One major con-

venience of using the marginal models is that parameter estimation is relatively

less demanding compared to their counterparts in conditional models (Overall

and Tonidandel, 2004; Zeger and Liang, 1986). We need to be careful about

the fact that GEE treats correlation structure merely as a nuisance character-

istic (Vonesh, 1992). Marginal models do not distinguish between within and

between-subject variability in the response (Li, 2017). Results from marginal

models cannot be interpreted at individual levels (Fitzmaurice and Ravichan-

dran, 2008).

Random-effects models or mixed-effects models can be considered to be con-

ditional models. This type of model attempts to capture the natural hetero-

geneity in the subjects arising from unobserved (latent) variables (Diggle et al.,

2002). These models assume the response variable to be a function of explana-

tory variables with regression parameters that may vary by individuals. The re-

sponse is assumed to be independent conditional on the subject-specific param-

eters (random effects). Distribution for the random effects is also specified in

this modeling approach. Linear mixed-effects models (LMM), nonlinear mixed-

effects models (NLMM), generalized linear mixed-effects models (GLMM), and

generalized nonlinear mixed-effects models (GNLMM) are different possible

forms of the random-effects models. Mixed-effects models enable researchers

to interpret the results both at the individual level (through random effect

10



parameters) and at the population level (through fixed effect parameters). In

general, this family of models is applicable to the incomplete and unbalanced

dataset, and it is possible to derive marginal models from conditional random

effect models (Lee et al., 2004). Two common criticisms of models like GLMM

are their reliance on additional strict assumptions on random effects distri-

bution and the computational intensity requirement to complete the fitting

procedure (Muff et al., 2016).

Another variety of models for longitudinal data analysis is called transition

(Markov) models (Diggle et al., 2002). These models assume the response

variable to be a function of explanatory variables and the immediate prior

values of the response. It can be considered to be a special case of marginal

modes with prior outcomes as an additional explicit predictor of the response.

2.2.2 Mean function for the response

The selection of a mean function for the response is a vital component of longi-

tudinal data analysis. Different forms of linear functions have been adopted to

perform this task for a long time now. Perhaps it is due to the ease of computa-

tional procedures and the simplicity of interpretation of a linear-in-parameter

mean function model (Wu, 2009). However, linear models only provide a local

approximation to the true relationship between the response and covariates,

when such a true relationship exists. On the other hand, nonlinear models

sometimes called mechanistic models, provide a detailed understanding of the

data generation process. Nonlinear models may offer better extrapolation of the

responses since these are usually based on data-generating mechanisms. The

estimated parameters in nonlinear models often have natural interpretations.

Nonlinear models perform well in many settings like a biological system, popu-

lation growth, or disease outbreak description. With the availability of modern

11



computing facilities, researchers should not restrict their focus to linear models

only (Wu, 2009). Typically the parameters from nonlinear models are esti-

mated with iterative algorithms. Davidian and Giltinan described a two-step

method for statistical inferences from nonlinear models (Davidian and Gilti-

nan, 2003). But this particular method requires a large number of observations

per subject. In general, a nonlinear modeling approach should be avoided in

cases where a reliable nonlinear function is not available.

2.2.3 Covariance structure

Finding an appropriate covariance structure for the models plays a key role in

longitudinal data analysis. Incorrect estimates of the sampling variability and

misleading scientific inferences can be made as a result of failure to properly

capture the covariance among repeated measures (Fitzmaurice et al., 2012).

A number of covariance structures are available for longitudinal response vari-

ables each having their own set of strengths and limitations (Fitzmaurice and

Ravichandran, 2008).

An unstructured covariance structure has the following matrix form for the

response Yi,

Cov (Yi) =



σ2
1 σ12 . . . σ1T

σ21 σ2
2 . . . σ2T

. . . . . . . . . . . .

σT1 σT2 . . . σ2
T


(2.1)

This structure does not make any assumptions about the variance and co-

variance. The major limitation of using this structure is that the number of

parameters to be estimated grows rapidly with the number of occasions of mea-

12



surements. The use of this structure is also problematic when the dataset has

mistimed measurements.

With the correlation structure, Corr (Yij, Yik) = ρ, ρ ≥ 0; a compound sym-

metry covariance structure based on constant variance assumption has the fol-

lowing form,

Cov (Yi) = σ2



1 ρ . . . ρ

ρ 1 . . . ρ

. . . . . . . . . . . .

ρ ρ . . . 1


(2.2)

Usually, the correlations are expected to decay with increasing separation in

time; therefore making this constraint on the correlation among repeated mea-

surements unappealing, and the constant variance assumption may not be valid

in many settings.

An autoregressive (AR) covariance structure can be defined as follows:

Cov (Yi) = σ2



1 ρ ρ2 . . . ρT−1

ρ 1 ρ . . . ρT−2

ρ2 ρ 1 . . . ρT−3

. . . . . . . . . . . . . . .

ρT−1 ρT−2 ρT−3 . . . 1


(2.3)

Where the correlation, Corr (Yij, Yij+k) = ρk, ρ ≥ 0.

This correlation structure is also known as discrete AR (1).

It can be considered to be a parsimonious covariance structure requiring only

two parameters to be estimated for any number of measurement occasions.

The autoregressive structure is appropriate in situations when the measure-

ments are made at equal (or approximately equal) intervals of time. An-
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other formulation of an autoregressive covariance structure, called exponential

or continuous-time AR (1) structure (Fitzmaurice et al., 2012), can be used

to deal with sparse datasets containing mistimed measurements. Assuming

Corr (Yij, Yik) = ρ|tij−tik|, ρ ≥ 0 and a constant variance σ2 across all time-

points, an exponential structure can be defined as

Cov (Yi) = σ2ρ|tij−tik| = σ2exp (−θ |tij − tik|) ;with θ = − log(ρ) (2.4)

Fitzmaurice et al gave a detailed description of the different covariance struc-

tures for longitudinal data analysis in addition to the formations discussed

above (Fitzmaurice et al., 2012).

2.2.4 Generalized nonlinear mixed models

A generalized nonlinear mixed modeling framework makes it possible to fit a

wide range of nonlinear models by a relatively fast and robust method (Lane,

1996). This framework combines the generalized nonlinear models with random

effects models. The resulting generalized nonlinear mixed model (GNLMM) is

considered to be the nonlinear version of the commonly used model in longitu-

dinal studies, the generalized linear mixed model (GLMM).

The GNLMMs can accommodate both continuous and discrete responses in

the model. The effects of unobserved covariates on the response can be taken

into account in GNLMM, thus allowing for individual-level interpretation of

the results.

Let, YiTi = [Yi1, Yi2, . . . ., YiTi ]
′
TiX1 be a vector of responses for the i-th subject

(i=1,2,..,I),

XiTi and ZiTi represent the vectors of fixed effects and random effects respec-

tively,

14



β and bi represent the vectors of fixed effects and random effects parameter

respectively.

Now assuming the independence of YiTi conditional on the random effects and

fixed effects, a GNLMM can be written as

g (µiTi) = f(Xij, β, bi) (2.5)

where µiTi = E [YiTi |Xi, Zi, bi] is the conditional mean of YiTi . g (.) and f(.)

are known link and mean functions respectively.

2.2.5 Tweedie exponential family of distributions

An exponential family is a parametric set of probability distributions of a cer-

tain mathematically convenient form (Clark and Thayer, 2004). If X is a ran-

dom variable from exponential family and θ is the parameter space to define

its distribution, then the form of the distribution can be written as

f (x|θ) = h(x) exp[η (θ)T (x)− A(θ)] (2.6)

where h(x), η(θ), T (x) and A(θ) are known functions.

The Tweedie family of distributions is named after a British statistician, Mau-

rice Tweedie by another statistician from Denmark, Bent Jørgensen (Jørgensen,

1987). It is a subset of the exponential family. One of the distinct features

of this family of distributions is that it can have a cluster of data points at

zero (called a “point mass”), which is particularly useful for modeling claims

in the insurance industry, in medical/genomic testing, rainfall forecasting, or

anywhere else there is a mixture of zeros and non-negative data points. This

family also contains a wide range of continuous and discrete distributions.

If Y is a random variable having the following distributional form:
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f
(
y, µ, τ 2

)
=


cp(y, τ

2)exp[ 1
τ2

(yµ
1−p

1−p −
µ2−p

2−p )] if p 6= 1, 2

cp(y, τ
2)exp[− 1

τ2
( y
µ

+ log(µ)] if p = 2

cp(y, τ
2)exp[(y log(µ)− µ] if p = 1

(2.7)

Then, we can say that Y follows a Tweedie exponential distribution Twp (µ, τ 2)

with mean, E [Y ] = µ and variance, V ar [Y ] = τ 2µp (Ma and Jørgensen, 2007).

This family of distributions is also known as the power-variance family because

of the unique relationship between mean and variance depending on the power,

p. Many familiar distributions are special cases of the Tweedie distribution,

which can be resulted based on the value of p. Some of these scenarios are

given in table 2.2:

Table 2.2: Tweedie distributions and power parameter

Power of mean in variance Corresponding distribution

p = 0 Normal distribution

p = 1 Poisson distribution

1 < p < 2 Compound Poisson

p = 2 Gamma distribution

2 < p < 3 Positive stable distributions
p = 3 Inverse Gaussian distribution

Several earlier studies have included detailed descriptions of Tweedie distri-

butions (Jørgensen, 1987; Ma and Jørgensen, 2007; Jorgensen, 1997; Tweedie,

1984).

2.2.6 Joint models for longitudinal data

In longitudinal studies, measurements are often collected for more than one

outcome for each subject. One approach to analyzing such datasets is to model

these outcomes separately in different models. But following this approach
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cannot help if the interest lies in an association structure or the joint test for

fixed effects (Verbeke and Davidian, 2009). Jointly modeling multiple responses

is a solution to overcome this obstacle. There are several methods to construct

joint models for multiple responses.

Let Y 1 and Y 2 be two responses measured on all the subjects under a longi-

tudinal study.

It may be possible to formulate joint models by specifying a joint density,

f(y1, y2) directly. It will allow for direct inferences for the marginal character-

istics of Y 1, Y 2, and their associations. But it is difficult to extend to higher

dimensions or if Y 1 and Y 2 represent two different types (For example, discrete

and continuous) of outcomes.

Conditional joint models can be developed by factorizing f(y1, y2) as

f (y1, y2) = f (y1|y2) f (y2) = f (y2|y1) f (y1) (2.8)

This will reduce the modeling tasks to specifying models for each of the out-

comes separately. No direct marginal inferences are possible from the resulting

conditional model. Moreover, effects on Y 1 may be affected as a result of

conditioning on Y 2.

Shared parameter models or random-effects models are another widely used

joint modeling approach for longitudinal outcomes. Assuming that latent vari-

ables are shared by Y 1 and Y 2 this type of model can be formulated. Let b

denotes a vector of random effects, with density f(b) and there exists condi-

tional independence between the outcomes given b. Then the joint density can

be defined in the form

f (y1, y2) = f (y1, y2|b) db = f(y1|b)f(y2|b)f(b) db (2.9)
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In this method of joint modeling Y 1 and Y 2 can represent two different types

of responses and extension to higher dimensions is straightforward. These

models rely on a very strong assumption about the association between Y 1

and Y 2, which is problematic in some cases in higher dimensions. In order

to overcome this difficulty (Verbeke and Davidian, 2009) suggested assuming

separate but correlated latent variables for Y 1 and Y 2. But it comes with the

high cost of computational intensity as it will increase the dimensionality of b

with the number of outcomes being modeled. Shared parameter models are not

flexible in the sense that f(b) is restricted to be normal distribution in most

cases (Verbeke and Davidian, 2009). It is desirable to find more flexible shared

random-effects models due to this restriction.

Some methods based on dimension reduction techniques are also available (Ver-

beke and Davidian, 2009). In such methods, in the initial stage the dimension-

ality of the response vector is reduced by using factor analysis or principal

component methods. Finally, the resulting principal factors are analyzed using

any of the classical (longitudinal) models. The results of this type of analysis

will only allow inferences about principal factors, not about original outcome

variables. In addition, strong constraints, such as observations taken at arbi-

trary time points and unequal numbers of measurements for different subjects,

are needed in cases of highly unbalanced longitudinal data.

This thesis focuses on deriving joint models for the responses from the Tweedie

exponential family based on shared random effects with flexible distributional

assumptions about random effects. Li proposed linear joint models of this

type applied to a balanced longitudinal dataset (Li, 2017). Snow developed an

univariate version of these models (Snow, 2019). Ma et al presented Tweedie

generalized linear models allowing a wide range of skewness and covariance

structures for different data types (Ma et al., 2018). This thesis introduces
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nonlinear joint models applicable for longitudinal datasets.
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Chapter 3

Nonlinear Joint Model for

Longitudinal Data

This chapter introduces the joint mixed-effect models for more than one re-

sponse from a broad family of exponential distributions known as Tweedie. A

number of familiar distributions including Normal, Poisson, Compound Pois-

son, Gamma, and Inverse Gaussian are special cases of the Tweedie distribu-

tion. The proposed model accommodates both fixed and random effects to

allow for interpretation at population and individual levels respectively. The

models are based on three assumptions on random effects and responses. The

following sections in this chapter will describe the model components in detail.

3.1 Model statement

Let Yijt stands for the i-th (i=1,2,. . . .,I) individuals (cluster) measurement on j-

th (j=1,2,. . . .,J) longitudinal response at t-th timepoint (sub-cluster) (t=1,2,. . . .,Ti).

The vector of responses, Yijt can be represented with, Y = (Y111, Y112, . . . , Y11T1 ,

Y121, Y122, . . . , Y12T1 , . . . , Y1J1, Y1J2, . . . Y1JT1 , . . . ., YIJ1, . . . ., YIJTi)
′.

Two different random effects, subject-specific Ui and time-specific, Vijt are
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considered in this model.

The three key assumptions based on which the model is constructed are given

below:

Assumption 1: This assumption deals with subject-specific random effects

U1, U2, . . . , UI . It is assumed that Ui′s are positive, independently and

identically distributed with mean, E [Ui] = 1 and variance, V ar [Ui] = σ2

Assumption 2: This assumption is about time-specific random effects, V111, V112,

. . . , V11T1 , V121, V122, . . . , V12T1 , . . . , V1J1, V1J2, . . . , V1JT1 , . . . , VIJ1, . . . , VIJTi .

It is assumed that Vijt′ ’s are positive and have conditional moment struc-

tures depending on subject-specific random effect U as follows,

E [Vijt |U ] = U

and Cov [Vijt, Vi′j′t′ |U ] =

 τ 2j ρj(t, t
′)Ui, if i = i′andj = j′

0,Otherwise

Where the correlation structure among the repeated measures of j-th re-

sponse, ρj(t,t′) can be decided depending on the type of longitudinal data.

For example, if we are dealing with an unbalanced longitudinal dataset

where subjects of interest are measured at different number of timepoints

and irregular intervals, we may consider Complete independence or Con-

tinuous autoregressive with order 1 (CAR (1)) correlation structure.

Thus, measurement at a particular timepoint on a subject is considered

to be a sub-cluster within a cluster (subject). On the other hand, to

deal with a balanced longitudinal dataset we can pick a correlation struc-

ture from a number of available structures including Exchangeable (or

Compound symmetry), Autoregressive with order 1 (AR (1)) and Un-

structured.
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Assumption 3: This assumption is about the response variables in the model.

The responses are assumed to be independent conditional on the random

effects U and V. The conditional distribution of the response is assumed

to follow Tweedie distribution. The resulting distribution can be written

as Yijt|(U, V ) ∼ Twpj(µijtVijt, ε
2
jV

1−pj
ijt ). where Twpj(µijtVijt, ε

2
jV

1−pj
ijt ) de-

notes the Tweedie distribution with index parameter p, expected value

µijtVijt and dispersion parameter ε2jV
1−pj
ijt . This set of exponential distri-

butions can also be termed as the power variance family with,

mean, E [Yijt |(U, V ) ] = µijtVijt

and variance, V ar [Yijt |(U, V ) ] = Dispersion Parameter ∗ (Expected Value )pj

= ε2jV
1−pj
ijt ∗ (µijtVijt )pj

= ε2jVijtµ
pj
ijt

Where, µijt = f (xijt, β) is a nonlinear function of covariates xijt and

regression parameters β. The purpose of this function is to capture the

mean structure of the responses in the model.

3.2 Moment structures

The estimators and the predictors of the random effects introduced in the fol-

lowing sections are derived based on the marginal moment structures. The

following two propositions in probability (Weiss, 2005a; Ross et al., 2006) the-

ory are implemented to find the moment structures,

Proposition 1: If X is a random variable having defined expected value E [X]
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and Y is any random variable on the same probability space, then

E[X] = E[E[X|Y ]] (3.1)

The law of iterated expectations is one of the names among others fre-

quently used to present this proposition.

Proposition 2: If X, Y, and Z are random variables on the same probability

space, and X and Y have finite covariance, then,

Cov[X, Y ] = E[Cov[X, Y |Z]] + Cov[E[X|Z], E[Y |Z]] (3.2)

It is frequently termed the law of total covariance or conditional covari-

ance formula in probability literatures.

The moment structures are calculated using (3.1 and 3.2), the conditional mo-

ments of the responses and time-specific random effects, and unconditional

moments of subject-specific random effects in the defined model. In the rest of

the parts of this chapter, Kronecker delta δ(i,i′) is used in different equations,

which equals 1 when i = i′ and 0 when i 6= i′.

3.2.1 Marginal moments of time-specific random effects

The expectation of the time-specific random effects, Vijt can be expressed as

E [Vijt] = E [E [Vijt|U ]]

= E [Ui]

= 1

(3.3)

The covariance of the time-specific random effects, Vijt can be expressed as
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Cov [Vijt, Vi′j′t′ ] = E [Cov [Vijt, Vi′j′t′ |U ]] + Cov [E [Vijt|U ] , E [Vi′j′t′ |U ]]

=
[
δ(i,i′)δ(j,j′)τjρj(t,t′)Ui

]
+ δii′Cov [Ui, Ui′ ]

= δ(i,i′)
[
δ(j,j′)τ

2
j ρj(t,t′) + σ2

] (3.4)

Four possible cases based on 3.4 can be calculated as follows,

Case 1: If i = i′, j = j′ and t = t′,

Cov [Vijt, Vijt ] = V ar[Vijt]

= τ 2j ρj(t, t) + σ2

= τ 2j × 1 + σ2

= τ 2j + σ2

Case 2: If i = i′, j = j′ and t 6= t′,

Cov [Vijt, Vijt′ ] = τ 2j ρj(t, t
′) + σ2

Case 3: If i = i′, j 6= j′ and t 6= t′,

Cov [Vijt, Vij′t′ ] = 0 × τ 2j ρj(t, t
′) + σ2

= σ2

Case 4: In all other cases,

Cov [Vijt, Vi′j′t′ ] = 0
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3.2.2 Marginal moments of response variables

The expectation of the responses, Yijt can be expressed as

E [Yijt] = E [E [Yijt|(U, V )]]

= µijtE [Vijt]

= µijt

(3.5)

The covariance of the responses, Yijt can be expressed as

Cov [Yijt, Yi′j′t′ ] = E [Cov [Yijt, Yi′j′t′|(U, V )]] + Cov [E [Yijt|(U, V )] , E [Yi′j′t′ |(U, V )]]

= δ(i,i′)δ(j,j′)δ(t,t′)ε
2
jµ

pj
ijt + µijtµi′j′t′δ(i,i′)

[
δ(j,j′)τ

2
j ρj(t,t′) + σ2

]
(3.6)

Four possible cases based on 3.6 can be calculated as follows,

Case 1: If i = i′, j = j′ and t = t′,

Cov [Yijt, Yijt ] = V ar[Yijt]

= ε2j µ
pj
ijt + µ2

ijt(σ
2 + τ 2j )

Case 2: If i = i′, j = j′ and t 6= t′,

Cov [Yijt, Yijt′ ] = 0 × ε2j µ
pj
ijt + µijt µijt′(σ

2 + τ 2j ρj(t, t
′))

Case 3: If i = i′, j 6= j′ and t 6= t′,

Cov [Yijt, Yij′t′ ] = 0 × ε2j µ
pj
ijt + µijt µij′t′σ

2 + 0 × τ 2j ρj(t, t′))

= µijt µij′t′σ
2
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Case 4: In all other cases,

Cov [Yijt, Yi′j′t′ ] = 0

3.3 The best linear unbiased predictor of the

random effects

This section adopts the orthodox Best Linear Unbiased Predictor (BLUP) for

the subject-specific and time-specific random effects presented in the previ-

ous sections. The term “Orthodox” is used to distinguish it from the modal

predictors of the random effects (Ma, 1999).

3.3.1 Subject-specific random effects

The BLUP of U1, U2, . . . , UI given the response, Y can be expressed as

Û = E [U ] + Cov [U, Y ]V ar−1 [Y ] [Y − E [Y ]] (3.7)

where

E[U ] is a unit column vector having IJ elements,

Cov[U, Y ] is a matrix containing the marginal covariance between U and Y,

The marginal covariance between subject-specific random effects, Ui and re-
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sponse variables, Yijt can be derived as

Cov [Ui′ , Yijt] = E [Cov [Ui′ , Yijt|(U, V )]] + Cov [E [Ui′ |(U, V )] , E [Yijt|(U, V )]]

= δ(i,i′)δ(j,j′)Cov [Ui′ , µijtVijt]

= µijtδ(i,i′)δ(j,j′)Cov [Ui′ , Vijt]

= µijtδ(i,i′)δ(j,j′) [E [Cov [Ui′ , Vijt|U ]] + Cov [E [Ui′ |U ] , E [Vijt|U ]]]

= µijtδ(i,i′) [Cov [Ui′ , Ui]]

= µijtδ(i,i′)σ
2

(3.8)

V ar−1[Y ] is the inverse of the marginal variance-covariance matrix of Y,

[Y − E [Y ]] is a column vector of length IJ with the differences between the

measurements on the responses and their respective means.

3.3.2 Time-specific random effects

Similarly an expression for the BLUP of the time-specific random effects V111, V112,

. . . , V11T1 , V121, V122, . . . , V12T1 , . . . , V1J1, V1J2, . . . , V1JT1 , . . . , VIJ1, . . . , VIJTi can

be written as

V̂ = E [V ] + Cov [V, Y ]V ar−1 [Y ] [Y − E [Y ]] (3.9)

For the joint models defined earlier,

E[V ] is a unit column vector having IJ elements,

Cov[V, Y ] is a matrix containing the marginal covariance between U and Y ,

The marginal covariance between time-specific random effects, Vijt and re-
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sponse variables, Yijt can be expressed as

Cov [Vi′j′t′ , Yijt] = E [Cov [Vi′j′t′ , Yijt|(U, V )]] + Cov [E [Vi′j′t′ |(U, V )] , E [Yijt|(U, V )]]

= δ(i,i′)δ(j,j′)Cov [Vi′j′t′ , µijtVijt]

= µijtδ(i,i′)δ(j,j′)Cov [Vi′j′t′ , Vijt]

= µijtδ(i,i′)Cov
[
δ(j,j′)δ(j,j′)τ

2
j ρj(t,t′) + σ2

]
(3.10)

V ar−1[Y ] and [Y − E [Y ]] carry the same meaning as it is in the previous sub-

section.

A convenient version of matrix expression for the matrices introduced in this

section is available in a previous study (Li, 2017).

3.4 Parameter Estimation

In this section, we discuss the estimation methods for regression parameters,

dispersion parameters, and correlation parameters presented in the Nonlinear

Joint Model. The Newton scoring function is used to find estimators for the re-

gression parameters. The estimators for dispersion parameters and correlation

parameters are derived with the adjusted Pearson estimator (Ma, 1999).

3.4.1 Regression parameters

In order to find the regression parameters β, a partially observed joint log-

likelihood function of the defined model for the data and random effects is

derived. This function is differentiated with respect to β to find the partially

observed joint score function (Ma and Jørgensen, 2007). An unbiased estimat-

ing function, ψ (β) for the regression parameters is achieved by replacing the
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random effects with their BLUPs in the score function as follows:

ψ (β) =
I∑
i=0

J∑
j=1

Ti∑
t=1

X ′ijt
µ
1−pj
ijt (β)

ε2j

[
Yijt − V̂ijt(β)µijt(β)

]
(3.11)

The solution to the equation, ψ (β) = 0 gives the estimates of the regression

parameters. The resulting estimates are consistent and asymptotically normal

under mild conditions (Ma, 1999). The distribution of the estimated parameter

is normal (Ma and Jørgensen, 2007) having asymptotic mean β and asymptotic

variance with the negative inverse of the sensitivity matrix,

S (β) = Eβ

[
∂ψ (β)

∂β

]

If X is the model matrix, then the explicit form of the estimated score function

and the sensitivity matrix (Ma and Jørgensen, 2007) can be written as

ψ (β) = −X ′diag[E[Y ]]V ar − 1[Y ][Y − E[Y ]] (3.12)

S (β) = −X ′diag [E [Y ]]V ar−1 [Y ] diag [E [Y ]]X (3.13)

In 3.12, ψ (β) is a vector having length equal to the number of parameters to

be estimated from the joint model of interest and 3.13 gives a square matrix,

S (β) having order as the length of ψ (β).

The estimates of the parameters as a solution to ψ (β) = 0 can be found by

using the iterative newton scoring algorithm with appropriate initial values as

follows

βk+1 = βk − S−1 (βk)ψ (βk) (3.14)
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3.4.2 Dispersion parameters

The dispersion parameters are estimated with two components. First, the

method of moments is used to estimate the random effects. Then, a bias

correction is added to account for the use of BLUP estimates of random effects

instead of their true value. An iterative equation (Li, 2017) which estimates

the variance of subject-specific random effects σ2, is

σ2
k =

1

I

I∑
i=1

[
(Ûi − 1)

2
+ σ̂2

k−1 − σ̂4
k−1µ

′
iV ar

−1(Y )µi

]
(3.15)

Similarly, estimates for the parameters τ 2j and ε2j from the dispersion param-

eters of the conditional time-specific random effects and conditional responses

respectively are given below,

τ 2j,k =
1

ITi

I∑
i=1

Ti∑
t=1

[(
V̂ijt − Ûi

)2
+ τ 2j,k−1

]

− 1

ITi

I∑
i=1

Ti∑
t=1

[
σ4µ′ijV ar

−1 (Yij)
(
σ2µij

)
cov (Vijt, Yij)V ar

−1 (Yij) cov (Yij, Vijt)
]

+
1

ITi

I∑
i=1

Ti∑
t=1

[
2cov (Ui, Yij)V ar

−1 (Yij) cov (Yij, Vijt)
]

(3.16)

ε2j,k =
1

ITi

I∑
i=1

Ti∑
t=1

1

µ
pj
ijt

[(
yijt − µijtV̂ijt

)2
+ µ2

ijt

(
σ2 + τ 2j

)
− µ2

ijtcov (Vijt, Yij)V ar
−1 (Yij) cov (Yij, Vijt)

]
(3.17)
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3.4.3 Correlation parameters

If each of the subjects in a longitudinal study have an equal number of observa-

tions T (balanced longitudinal dataset), a basic layout for a correlation matrix

can be organized as

Rj =
[
ρj(t,t′)

]
TxT

=


1 ρj(1,2) ρj(1,3) . . . ρj(1,T−1)

ρj(2,1) 1 ρj(2,3) . . . ρj(2,T−1)

. . . . . . . . . . . . . . .

ρj(T−1,1) ρj(T−1,2) ρj(T−1,3) . . . 1


(3.18)

The estimators of the correlation parameters are derived in the same manner

as the dispersion parameters. Depending on the dataset, an appropriate corre-

lation structure can be chosen from the usual structures such as Exchangeable,

Unstructured, Complete Independence and AR (1). Li provides the derivation

of explicit formulae to calculate ρj(t,t′) from different correlation structures (Li,

2017). In the case of the unstructured correlation structure,

ρj(t,t′) =
Cov [(Vijt − Ui) (Vijt′ − Ui)]

[V ar (Vijt − Ui)V ar (Vijt′ − Ui)]1/2

=
Cov

[(
V̂ijt − Ûi

)(
V̂ijt′ − Ûi

)
+ bj,i(t,t′)

]
[
{
V ar

(
V̂ijt − Ûi

)
+ bj,i(t,t)

}
V ar

(
V̂ijt′ − Ûi

)
+ bj,i(t′,t′)]1/2

(3.19)

where, bj,i(t′,t′) is the correction term. The simplified version of this correction

term can be written as

ρj(t,t′)τ
2
j−[Cov

(
V̂ijt, V̂ijt′

)
+σ2µ′ijV ar

−1 (Yij)
(
σ2µij

)
−cov (Yij, Vijt)−cov(Yij, Vijt′)]

The left hand side in 3.19 can be estimated using adjusted Pearson estimator

as follows:
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ρ̂j(t,t′) =

I∑
i=1

[(
V̂ijt − Ûi

)(
V̂ijt′ − Ûi

)
+ bj,i(t,t′)

]
[{

I∑
i=1

(
V̂ijt − Ûi

)2
+ bj,i(t,t)

}{
I∑
i=1

(
V̂ijt′ − Ûi

)2
+ bj,i(t′,t′)

}]1/2
(3.20)

Following (Li, 2017), the for AR (1) correlation structure, ρj can be estimated

using the following formula:

ρ̂j =

I∑
i=1

[(
V̂ijt − Ûi

)(
V̂ij(t+1) − Ûi

)
+ bj,i(t,(t+1))

]
[
I∑
i=1

(
V̂ijt − Ûi

)2
+ bj,i(t,t)

I∑
i=1

(
V̂ijt′ − Ûi

)2
+ bj,i((t+1),(t+1))

]1/2 (3.21)

In the case of discrete AR (1),ρj(t,t′) = ρ
|t−t′|
j , t 6= t′; Where, t and t′ represent

the order of column and row respectively in the correlation matrix Rj.

In this thesis we used discrete AR (1) and Exchangeable correlation structures

for data analysis.
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Chapter 4

Data Analysis

To demonstrate our proposed modeling approach, it is applied to an anti-

hypertensive drug dataset. The responses from test and reference drug for-

mulations are modeled jointly. Four joint models based on the combinations

of non-detectable response measure imputation and correlation structures are

fitted to explore the pattern of drug concentration level changes in blood. One

of the major objectives of this data analysis is to check the bioequivalence

between the responses under consideration. The result from the univariate

models corresponding to the two drug outcomes is presented along with the

proposed joint model outputs for comparison purposes. The entire computa-

tional procedure is completed in the RStudio software cloud. An R package

gnm is used to find the initial values of the nonlinear models required to start

the Newton-Raphson algorithm. We used the Taylor expansion based linear

approximation to the nonlinear functions to fit nonlinear regression models.

4.1 Losartan data

Losartan is a drug used to treat hypertension by blocking angiotensin II recep-

tors (a class of G protein-coupled receptors). The use of this drug is also evident

in the treatment of patients suffering from other diseases such as diabetic kid-

ney disease, heart failure, and left ventricular enlargement. This dataset was
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constructed from a crossover randomized study that administered two different

formulations of the drug (test and reference) to 24 healthy volunteers (Willem-

sen et al., 2017). In order to ensure no carry-over effect, the drugs were given

to each participant on different days in a randomized order. The administered

drug concentration levels in blood were measured at 23 fixed timepoints in-

cluding the baseline. The layout of the analysed dataset is presented in the

following table,

Table 4.1: Data structure

VoI Concentration 1 Time 1 Concentration 2 Time 2 Order

1 0 0 0 0 1

1 90.09 0.33 130.39 0.33 1
...

...
...

...
...

...

1 0 24 0 24 1

2 0 0 0 0 0

2 14.17 0.33 42.88 0.33 0
...

...
...

...
...

...

2 0 24 0 24 0
...

...
...

...
...

...

24 0 0 0 0 1

24 736.87 0.33 158.85 0.33 1
...

...
...

...
...

...

24 3.94 24 0 24 1

The heading VoI stands for volunteer ID and concentration levels in blood re-

sulting from reference and test drug formulations are represented by the head-

ings Concentration 1 and Concentration 2 respectively. Measurements were

taken at 23 fixed timepoints: 0, 20 minutes, 30 minutes, 40 minutes, 60 min-

utes, 80 minutes, 100 minutes, 2hrs, 2.5hrs, 3hrs, 3.5hrs, 4hrs, 4.5hrs, 5hrs,

5.5hrs, 6hrs, 6.5hrs, 7hrs, 8hrs, 9hrs, 10hrs, 14hrs and 24hrs. The order vari-

able presents the randomized order used in the crossover study. There are no
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missing values in the dataset. The above table shows that we have a balanced

longitudinal dataset with complete information on 24 subjects at 23 timepoints.

4.2 Exploratory data analysis

Figure 4.1 shows the change in reference drug concentration level for 4 ran-

domly selected volunteers after getting the high blood pressure treatment. To

depict the overall trend, the time plot in Figure 4.2 combines all the data

points.

Figure 4.1: Reference drug concentration level for four randomly se-
lected volunteers

The blue line represents the mean concentration level of the reference drug in
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blood at different timepoints. It is evident from the graphs mentioned earlier

that the concerned drug concentration level increases rapidly immediately after

administering the drug into body, then it starts decreasing considerably after

the third timepoint (0.50 hrs) for most of the subjects. Finally, it starts be-

coming stable after the ninth timepoint (2 hrs) for all the participants under

study.

Figure 4.2: Reference drug concentration level for all volunteers

The test drug concentration level in blood for the randomly selected individuals

is portrayed in Figure 4.3. The overall change in test drug concentration level

for all the patients under study is displayed in Figure 4.4. This time plot

indicates quite a similar pattern like the reference drug concentration level in

blood for most of the subjects enrolled in the study. However, a few participants

have shown totally different changing pattern in drug concentration level over
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time compared to others. For example, the individual with ID=10 responded

with symmetric changing pattern in test drug concentration. Considerable

variation across individuals is also indicated by both figures presented below.

Figure 4.3: Test drug concentration level for four randomly selected
volunteers
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Figure 4.4: Test drug concentration level for all volunteers

4.3 Nonlinear models

4.3.1 Model statement

This section presents the joint model formulated to investigate the changing

pattern in the drug concentration level in human body in response to the

reference and test drugs under consideration.

Let Yimt stands for the i-th (i=1,2,. . . .,24) volunteer’s measurement on m-th

(m=1,2) longitudinal response at t-th timepoint (sub-cluster) (t=1,2,. . . .,Ti).

The vector of responses, Yimt can be represented with, Y = (Y111, Y112, . . . , Y11T23 ,

. . . , Y2421, Y2422, . . . , Y242T23)
′. Two different random effects, subject-specific, Ui

and time-specific, Vimt are considered in this model. The assumptions of the

proposed model are:
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Assumption 1: This assumption deals with subject-specific random effects

U1, U2, . . . , U24. It is assumed that Ui′s are positive, independently and

identically distributed with mean, E [Ui] = 1 and variance, V ar [Ui] = σ2

Assumption 2: This assumption is about time-specific random effects, V111, V112,

. . . , V11T23 , . . . , V2421, V2422, . . . , V242T23 . It is assumed that Vimt’s are

positive and have conditional moment structures depending on subject-

specific random effect U as follows,

E [Vimt |U ] = U

and Cov [Vimt, Vi′m′t′ |U ] =

 τ 2mρm(t, t′)Ui, if i = i′andm = m′

0,Otherwise

where the correlation structure among the repeated measures of m-th

response, ρm(t,t′) is assumed to be discrete Autoregressive with order 1

(AR (1)).

Assumption 3: This assumption is about the response variables in the model.

The responses are assumed to be independent conditional on the random

effects U and V. The conditional distribution of the response is assumed to

follow Tweedie distribution. The resulting distribution can be written as,

Yimt|(U, V ) ∼ Twpm(µimtVimt, ε
2
mV

1−pm
imt ) where Twpm(µimtVimt, ε

2
mV

1−pm
imt )

denotes the Tweedie distribution with index parameter p, expected value

µimtVimt and dispersion parameter ε2mV
1−pm
imt . This set of exponential dis-

tributions can also be termed as the power variance family with,

mean, E [Yimt |(U, V ) ] = µimtVimt

and variance, V ar [Yimt |(U, V ) ] = Dispersion Parameter ∗ (Expected Value )pm

= ε2mV
1−pm
imt ∗ (µimtVimt )pm

= ε2mVimtµ
pm
imt
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where µimt = f (ximt, β) is a nonlinear function of covariates ximt and

regression parameters β.

4.3.2 Mean function

As mean function for both responses, the fitted model used the logarithmic

version of the integrated form of the first order compartment model (Willemsen

et al., 2017) that can be expressed as follows,

µimt = e(am+bm−cm)

(
e−e

bm t − e−eam t
)

eam − ebm
(4.1)

where

m=1 (parameters related to reference drug), 2 (parameters related to test

drug)

t stands for time (in hours) spent since drug administration

am is the logarithm of the substance absorption rate

bm is the logarithm of the substance elimination rate and

cm is the logarithm of the plasma clearance.

4.3.3 Modeling setups

The concerned response values in the dataset have a lower detection limit 2

ng/ml. The true values of these non-detectable values are unavailable and

the actual correlation structure among the repeated measures is also unknown.

Considering these facts the following four cases have been investigated in order

to test the robustness of the proposed method:

Case-I: Replace the non-detectable values by 0 (minimum) and assume dis-

crete AR (1) correlation structure for repeated measures.
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Case-II: Replace the non-detectable values by 2 (maximum) and assume dis-

crete AR (1) correlation structure for repeated measures.

Case-III: Replace the non-detectable values by 0 (minimum) and assume Ex-

changeable correlation structure for repeated measures.

Case-IV: Replace the non-detectable values by 2 (maximum) and assume Ex-

changeable correlation structure for repeated measures.

For cases II and IV before fitting the model, 0.00 response values in the dataset

were substituted with the lower detection limit (2 ng/ml). After that this limit

was subtracted from each of the concentration observations in the dataset. In

all four cases the model assumes both jointly modeled outcome variables come

from Compound Poisson distribution. This assumption is valid since the data

points have mass at zero resulting from the imputation of lower detection limit

of concentration level in blood. The rest of the data points are non-negative.

As mentioned in Chapter 3, the Tweedie power parameter for Compound Pois-

son distribution can lie between 1 and 2. A value of 1.6 was set to fit the

proposed model by following one of the automated selection approaches avail-

able to find Tweedie power parameter that assumes linear relationship between

response and time. For both of the responses same estimate (1.6) of the power

parameter was found.

4.3.4 Model outputs

The above discussed model can be formulated as an univariate model by consid-

ering only one response variable (that means m=1 or 2). The univariate model

results in Table 4.2 suggest that the absorption rate, the elimination rate and

plasma clearance resulting from reference drug administration are statistically

significantly different from the standard values (a1=28, b1=-2, c1=-3, a2=33,

b2=-2, c2=-3) at 5% level of significance. These standard values are found based

on graphical inspection and fixed effect nonlinear regression model results. For

Case-I and Case-III these standard values are the same since we are using same
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imputations for the non-detectable responses. The only difference between the

standard values for (Case-I, Case-III) and (Case-II, Case-IV) is the absorption

rate parameter for reference drug. It was chosen to be 22 in (Case-II, Case-

IV) due to the imputation of non-detectable values as 2. In the Wald-type

hypothesis tests (Ma, 1999), the estimates of the multiplicative parameters are

compared with standard values. The estimates of random effect parameters

indicate a moderate level of subject-specific ( 0.2516, 0.2116) and time-specific

(0.2699, 0.2990) variation in the concerned outcome variables. Another ran-

dom effect parameter related to the conditional variance of the response given

the random effects is resulted to be small in magnitude (0.0873, 0.0359). The

measurements taken at different occasions are evident to be strongly (0.6529,

0.8155) correlated to each other.

Table 4.2: Univariate models for Case-I

Drug formulation Parameter Estimate SE P value

Reference

a1 27.9357 9.90× 10−15 0.0000

b1 -2.0512 0.0125 0.0000

c1 -3.8044 0.0109 0.0000

σ2 0.2516

τ 2 0.2699

ε2 0.0873

ρ 0.6529

Test

a2 35.3539 1.45× 10−13 0.0000

b2 -2.2173 0.0546 0.0000

c2 -3.9582 0.0522 0.0000

σ2 0.2116

τ 2 0.2990

ε2 0.0359

ρ 0.8155
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The Table 4.3 presents the outputs of our proposed joint nonlinear mixed-

effects model for Case-I. Overall, the fixed effect parameter estimates from the

model are larger than those estimated in the univariate models. This model

suggests a relatively smaller subject-specific variation (0.1870) and larger time-

specific variations (0.2881, 0.3742) compared to the univariate models. The rest

of the random effect parameter estimates are larger than the estimates found

in the univariate models.

Table 4.3: Case-I joint model output

Parameter Estimate SE P value

a1 27.9417 4.23× 10−15 0.0000

b1 -2.2615 0.0514 0.0000

c1 -3.9459 0.0482 0.0000

a2 33.1900 5.19× 10−18 0.0000

b2 -2.2901 0.0580 0.0000

c2 -3.9863 0.0542 0.0000

σ2 0.1870

τ1
2 0.2881

ε1
2 0.0774

ρ1 0.7575

τ2
2 0.3742

ε2
2 0.0628

ρ2 0.8071

The scatter plot in Figure 4.5 shows that none of the individuals out of

24 healthy volunteers deviated considerably from the rest of the volunteers.

Which supports the presence of a small level of subject-specific variation among

individuals.
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Figure 4.5: Subject-specific random effects from Case-I model

The following graph indicates that the joint model performs better compared

to the corresponding univariate models to fit to the observed mean curve for

both of the responses under consideration.
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Figure 4.6: Mean curves for Case-I

The Table 4.4 and Table 4.5 present the outputs of univariate and joint non-

linear mixed-effects model for Case-II respectively. The fixed effect parameter

estimates from the joint model are in line with those from the univariate mod-

els. The joint model estimates a relatively smaller subject specific variation and

larger time specific variations compared to the univariate models. The rest of

the random effect parameter estimates are similar to the estimates found in

univariate models.
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Table 4.4: Univariate models for Case-II

Drug formulation Parameter Estimate SE P value

Reference

a1 21.9292 1.69× 10−12 0.0000

b1 -2.2192 0.0487 0.0000

c1 -3.9666 0.0436 0.0000

σ2 0.3101

τ 2 0.1979

ε2 0.0335

ρ 0.7862

Test

a2 33.1890 1.61× 10−11 0.0000

b2 -2.1803 0.0517 0.0000

c2 -3.9452 0.0495 0.0000

σ2 0.2905

τ 2 0.2911

ε2 0.0188

ρ 0.8326
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Table 4.5: Case-II joint model output

Parameter Estimate SE P value

a1 21.9792 1.66× 10−12 0.0000

b1 -2.2248 0.0450 0.0000

c1 -3.9573 0.0429 0.0000

a2 33.1905 4.60× 10−17 0.0000

b2 -2.2493 0.0685 0.0000

c2 -3.9149 0.0636 0.0079

σ2 0.2719

τ1
2 0.2187

ε1
2 0.0366

ρ1 0.7747

τ2
2 0.4815

ε2
2 0.0289

ρ2 0.8203

The scatter plot in Figure 4.7 depicts the presence of a moderate level of

subject-specific variation among individuals since none of the individuals sig-

nificantly deviated from the rest of the individuals.
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Figure 4.7: Subject-specific random effects from Case-II model

It is evident from the following figure that the difference between univariate

model fitted curve and joint model fitted curve is not so high in case of the

reference drug response. But the joint model clearly outperforms its univariate

counterpart to fit to the observed mean curve for the test drug.
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Figure 4.8: Mean curves for Case-II

The results from univariate and joint nonlinear mixed-effects models for Case-

III are summarized in Table 4.6 and Table 4.7 respectively. The joint model

produced marginally larger estimates for fixed effects compared to those esti-

mated in univariate models. The joint model estimated a relatively larger time

specific variations compared to the univariate models. The rest of the ran-

dom effect parameter estimates are in line with the estimates from univariate

models.
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Table 4.6: Univariate models for Case-III

Drug formulation Parameter Estimate SE P value

Reference

a1 27.9410 3.04× 10−15 0.0000

b1 -2.2654 0.0292 0.0000

c1 -3.9619 0.0337 0.0000

σ2 0.0899

τ 2 0.2625

ε2 0.1088

ρ 0.2551

Test

a2 33.2011 3.84× 10−17 0.0000

b2 -2.2835 0.0320 0.0000

c2 -3.9882 0.0366 0.0000

σ2 0.0969

τ 2 0.3326

ε2 0.0999

ρ 0.2257
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Table 4.7: Case-III joint model output

Parameter Estimate SE P value

a1 27.9417 3.11× 10−15 0.0000

b1 -2.3023 0.0297 0.0000

c1 -3.9942 0.0340 0.0000

a2 33.1900 2.74× 10−19 0.0000

b2 -2.2897 0.0395 0.0000

c2 -3.9804 0.0416 0.0000

σ2 0.0963

τ1
2 0.2832

ε1
2 0.1038

ρ1 0.2538

τ2
2 0.5796

ε2
2 0.0927

ρ2 0.1925

The following scatter plot shows the evidence of a small level of subject-specific

variation among individuals since most of estimates of subject-specific random

effects lie within a small range (0.5-1.25).
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Figure 4.9: Subject-specific random effects from Case-III model

It can be seen in the Figure 4.10 that the joint model clearly outperforms the

univariate models to fit to the observed mean curves for both reference drug

and test drug responses.
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Figure 4.10: Mean curves for Case-III

The results for univariate and joint nonlinear mixed-effects models presented

in the following tables indicate considerable differences in the estimates for

random effect parameters. To illustrate, joint model estimated subject-specific

and time-specific variations are smaller than those in the univariate models.

Another striking point to notice in the following tables is the large differences in

the estimates of the random effect parameter related to the conditional variance

for both of the responses. The magnitude of this estimate in the univariate

models are 0.0369 and 0.0199 for reference drug and test drug respectively.

The same parameter is estimated to be 0.6899 (reference drug) and 1.3797

(test drug) in the joint model. This result is in contrast with the results from

the rest of the three cases. On the other hand, fixed effect parameter estimates

from the univariate and the joint models are overall similar to each other.
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Table 4.8: Univariate models for Case-IV

Drug formulation Parameter Estimate SE P value

Reference

a1 21.9791 1.66× 10−12 0.0000

b1 -2.2413 0.0441 0.0000

c1 -3.9942 0.0429 0.0000

σ2 0.3260

τ 2 0.1871

ε2 0.0361

ρ 0.7903

Test

a2 33.1905 5.46× 10−17 0.0000

b2 -2.2043 0.0505 0.0000

c2 -3.9749 0.0485 0.0000

σ2 0.3083

τ 2 0.2740

ε2 0.0199

ρ 0.8327

54



Table 4.9: Case-IV joint model output

Parameter Estimate SE P value

a1 21.9792 1.46× 10−12 0.0000

b1 -2.2512 0.0299 0.0000

c1 -3.9885 0.0378 0.0000

a2 33.1905 1.38× 10−17 0.0000

b2 -2.2652 0.0339 0.0000

c2 -3.9692 0.0393 0.0005

σ2 0.1700

τ1
2 0.0816

ε1
2 0.6899

ρ1 0.6758

τ2
2 0.0253

ε2
2 1.3797

ρ2 0.8700

The Figure 4.11 portrays the level of variation among volunteers. The Figure

4.12 presents a comparison between univariate and joint model fits to the

observed mean curves for the responses. Both of these figures have similar

pattern as it was found in the Case-II model results. Small level of subject-

specific variation is evident in Figure 4.11. Overall, the joint model results

for Case-IV fits the observed mean curve better than the univariate models.
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Figure 4.11: Subject-specific random effects from Case-IV model
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Figure 4.12: Mean curves for Case-IV

In order to assess the bioequivalence between the two formulations under study,

simple Z-tests of difference between the estimated fixed effect parameters are

conducted from the fitted joint model outputs. The summarized results of

these tests are provided in Table 4.10:
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Table 4.10: Test of difference in fixed effect parameter estimates

Case Difference SE Z P-value

I

â1-â2=-5.2483 1.65× 10−12 <-318.995 0.0000

b̂1-b̂2=0.0286 0.0689 0.4152 0.6780

ĉ1-ĉ2=0.0404 0.0619 0.6524 0.5141

II

â1-â2=-11.2113 4.23× 10−15 <-264.471 0.0000

b̂1-b̂2=0.0245 0.0698 0.3509 0.7256

ĉ1-ĉ2=-0.0424 0.0615 -0.6892 0.4906

III

â1-â2=-5.2483 1.46× 10−12 <-169.0821 0.0000

b̂1-b̂2=-0.0126 0.0424 -0.2971 0.7663

ĉ1-ĉ2=-0.0138 0.0437 -0.0751 0.7522

IV

â1-â2=-11.2113 3.10× 10−15 <-766.9054 0.0000

b̂1-b̂2=0.0140 0.0367 0.3807 0.7034

ĉ1-ĉ2=-0.0123 0.0368 -0.3345 0.7379

The results in the above table suggest that the substance absorption rate pa-

rameter for reference drug and test drug are significantly different in all four

investigated cases. The differences between the important parameters related

to substance elimination rate and plasma clearance are revealed not to be signif-

icant in all the cases. The substance absorption rate determines the steepness

of the initial slope of the mean curve. The larger substance elimination rate

results in sharp decrease in the later stage and reduced initial slope of the

curve. The large value of plasma clearance parameter stretches the mean curve

upward (Willemsen et al., 2017). Considering the influence of the parameters

on the mean curve, we can conclude that the above test results show evidence

of potential bioequivalence between the reference drug and the test drug for-

mulations. The similarity in the test results from all four cases indicates the

consistency of the proposed data analysis method.

Depending on the results from the above table, the joint models in Case-I,

II, III and IV can be simplified. If we set b1=b2 and c1=c2, then a simplified
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version of the mean function can be written as follows,

µimt = e(am+b−c)

(
e−e

bt − e−eam t
)

eam − eb
(4.2)

where the variable t and the parameters bear the same meaning as the mean

function introduced in 4.1.
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Chapter 5

Simulation Study: An

Evaluation of the Proposed

Modeling Framework

This chapter introduces simulation studies that involved generating data by

random sampling from known Tweedie distributions. We conducted simulation

experiments to check if our proposed nonlinear modeling approach works in

the scenarios for which it is intended to deal with. The true values for the

assumed model parameters are calculated by fitting our proposed joint model

to Losartan data in four different cases introduced in the previous chapter.

Pseudo-random data points were generated based on the resulting estimates

of parameters from the fitted joint models. Two performance measures: bias

and standard error (SE) for the model parameters have been reported from

all the simulation experiments. Simulated and Estimated standard errors are

calculated for each of the simulation experiment. Simulated standard errors

are the standard deviation of the estimates and Estimated standard errors are

the mean of the standard errors of the fixed effects from the joint models in an

experiment.

The rest of the parts of this chapter present the simulation experiments in de-

tail with different components including data generating mechanism and per-
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formance measures.

The dataset and the simplified mean function assumed to fit the noinlinear

models for Losartan data are introduced in the previous chapter. For this

dataset we conducted four simulation experiments based on the Case I, Case

II, Case III and Case IV joint models presented in Chapter 4.

5.1 Data generating mechanism

The proposed fitting algorithm is run for 500 randomly generated sample of

responses. The random data generation mechanism for joint model experiments

are exhibited in Figure 5.1.

Figure 5.1: Random data generation from joint model

5.2 Simulation results for Case-I model

On average it took 31 iterations to converge for each of the simulated samples

in the Case-I model simulation experiment. The algorithm converged for a

total of 407 (81.4% of 500) out of 500 runs. The estimated values are averages

from the converged samples. A summary of the results of this experiment is
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organized in Table 5.1:

Table 5.1: Case-I model based simulation results

Parameter True value Estimate Bias
SE

Simulated Estimated

a1 27.9417 27.0944 -0.8473 0.8637 6.74× 10−06

b -2.2615 -2.1653 0.0962 0.0298 0.0025

c -3.9459 -3.7927 0.1532 0.4877 0.0022

a2 33.1900 33.3165 0.1265 0.7023 1.21× 10−27

σ2 0.1870 0.2159 0.0289 0.0234

τ1
2 0.2881 0.2601 -0.0280 0.0208

ε1
2 0.0774 0.0563 -0.0211 0.0106

ρ1 0.7575 0.7655 0.0080 0.0075

τ2
2 0.3742 0.3652 -0.0090 0.0145

ε2
2 0.0628 0.0564 -0.0064 0.0078

ρ2 0.8071 0.8159 0.0088 0.0097

5.3 Simulation results for Case-II model

In this experiment on the fitted joint model 346 (69.2% of 500) sample con-

verged for the joint nonlinear algorithm. On average it took around 42 itera-

tions for the algorithm to converge in this simulation experiment. A summary

of this experiment is presented in Table 5.2:
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Table 5.2: Case-II model based simulation results

Parameter True value Estimate Bias
SE

Simulated Estimated

a1 21.9792 21.0232 -0.9560 0.4137 1.07× 10−24

b -2.2248 -2.1766 0.0482 0.0112 0.0044

c -3.9573 -3.9562 0.0011 0.0932 0.0038

a2 33.1905 32.8583 -0.3322 1.1583 2.65× 10−11

σ2 0.2719 0.2358 -0.0361 0.0240

τ1
2 0.2187 0.2560 0.0373 0.0176

ε1
2 0.0366 0.0541 0.0175 0.0100

ρ1 0.7747 0.7669 -0.0078 0.0085

τ2
2 0.4815 0.5219 0.0404 0.0811

ε2
2 0.0289 0.0399 0.0110 0.0081

ρ2 0.8203 0.8164 -0.0039 0.0089

5.4 Simulation results for Case-III model

The joint nonlinear algorithm converged for 356 (71.2% of 500) samples in this

simulation experiment. The average number of iterations for the algorithm to

converge in this simulation experiment is around 18. The summarized results

of this exiperiment is presented in Table 5.3:
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Table 5.3: Case-III model based simulation results

Parameter True value Estimate Bias
SE

Simulated Estimated

a1 27.9417 26.4881 -1.4563 0.7112 2.10× 10−07

b -2.3023 -2.2003 0.1020 0.0768 0.0072

c -3.9942 -3.9903 0.0039 0.0626 0.0064

a2 33.1900 33.7063 0.5163 0.4171 3.24× 10−18

σ2 0.0963 0.1182 0.0219 0.0308

τ1
2 0.2832 0.2741 -0.0091 0.0199

ε1
2 0.1038 0.0879 -0.0159 0.0068

ρ1 0.2538 0.2609 0.0071 0.0027

τ2
2 0.5796 0.5510 -0.0286 0.0398

ε2
2 0.0927 0.0783 -0.0144 0.0072

ρ2 0.1425 0.1504 0.0079 0.0010

5.5 Simulation results for Case-IV model

In this experiment on the fitted joint model 369 (73.8% of 500) sample con-

verged for the joint nonlinear algorithm. The algorithm converged with an

average of 48 iterations in this simulation experiment. A summary of this

exiperiment is presented in Table 5.4:
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Table 5.4: Case-IV model based simulation results

Parameter True value Estimate Bias
SE

Simulated Estimated

a1 21.9792 20.5170 -0.9560 0.5149 3.93× 10−13

b -2.2512 -2.2398 0.0482 0.0181 0.0080

c -3.9885 -3.9499 0.0011 0.0745 0.0023

a2 33.1905 32.9379 -0.3322 1.0444 1.06× 10−17

σ2 0.1700 0.1487 -0.0361 0.0253

τ1
2 0.0861 0.0946 0.0373 0.0172

ε1
2 0.6899 0.6974 0.0175 0.0847

ρ1 0.6758 0.6619 -0.0078 0.0035

τ2
2 0.0253 0.0346 0.0404 0.0287

ε2
2 1.3757 1.3886 0.0110 0.0156

ρ2 0.8700 0.8574 -0.0039 0.0021

The results in the above tables suggest that in general the fixed effect parameter

estimates have large bias and SE in all the four experiments. It is not a rare

situation to encounter in nonlinear models (Cook et al., 1986). On the other

hand, the random effect parameter estimates have shown relatively small bias

and SE compared to the fixed effect parameter estimates. This result is in

line with an earlier study that fitted nonlinear univariate model of this type

(Snow, 2019). The simulated SE for the fixed effect parameters are considerably

larger compared to Estimated SE, particularly for substance absorption rate

parameter in all the cases. One of the potential reasons behind this result

could be the sensitivity of the nonlinear regression models to the fixed effect

parameters in genereal (Snow, 2019).
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Chapter 6

Conclusion

We proposed a joint Generalized Nonlinear Mixed-Effects Modeling framework

designed for Longitudinal Data. The Joint model is developed by following a

shared random effects approach.

The Newton–Raphson algorithm is implemented to find the estimates for the

parameters in the model. The bouncing algorithm procedure is employed to

deal with the absurd estimate and non-convergence issues that usually arise in

nonlinear models. Subject-specific random effects are included in the model

to capture the unobserved heterogeneity among subjects of interest. Time-

specific random effects conditional on the subject-specific random effects are

introduced to account for the correlation among the repeated measures for each

response. The random effects are estimated with orthodox best linear unbiased

predictors (BLUPs).

The proposed model can accommodate response variables belonging to Tweedie

exponential distributions. It also allows for mixed (such as discrete and contin-

uous) types of responses to be modeled together. The distributional assumption

about the random effects is not restricted to normal. It requires only the first

two moments of the random effects to be specified to optimize the parameter

estimation process. A wide range of correlation structures is acceptable in the

model to explore the dependencies among repeated measures within subjects.

There is still room for improvement in the proposed modeling framework. Fu-
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ture work may include the development of a robust prediction interval for the

outcome variables in the model. As a medium of model fitting performance, one

can look for approaches beyond simulation and simple graphical assessment.

A considerable amount of missing values is a common problem in longitudinal

studies. The quality of the framework can be upgraded by addressing this par-

ticular issue in this line of research. It is possible to estimate standard error for

dispersion and correlation parameters by implementing resampling algorithms

such as Bootstrapping and Jackknife resampling.
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