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Abstract

Black holes are among the most enigmatic objects in our universe. Although
many decades have been dedicated to their study, illuminating several of their key
features, there is still very little understood about what happens at their center. At
this location general relativity leads to a singularity and it is widely believed that a
theory of quantum gravity is necessary to understand the structure of space-time in
the vicinity of this point.

In this thesis, we discuss the application of a candidate theory of quantum gravity,
namely loop quantum gravity (LQG), to study spherically symmetric black holes.
We start in Chapter [2[ by developing a framework for an effective LQG description
of spherically symmetric black holes in vacuum and analyze the structure of this
space-time in depth. In Chapters [3] and [4] we extend this framework by including
matter and study black holes that form due to gravitational collapse. We study the
dynamics and causal structure of these space-times in depth to uncover new black hole
properties that are not captured by the classical theory including: a space-time that is
free from strong singularities (although weak singularities in the form of shell-crossings
can and do form quite generically) and the formation of shockwaves that will eventually
move beyond the outer horizon, marking the “death” of the black hole. Further, we
estimate the black hole lifetime to be on the order of M?, where M is the black hole

mass.
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Chapter 1

Introduction

1.1 Why Quantum Gravity?

The 20th century saw quantum mechanics (QM) and general relativity (GR) greatly
extend our understanding of the physical universe, but have resulted in a sort of
tension that has perplexed physicists for decades. Taken separately, they are two of
the most empirically successful theories ever constructed. Indeed, there is currently
no evidence of any observed phenomena that contradicts the predictions of either QM

or GR.

The reason for their tension is due to the fact that they were developed on
contradictory foundations. QM assumes an external time variable and a fixed, non-
dynamical background, two assumptions that are incompatible with GR. Additionally,
QM is concerned with the evolution of wave functions that are probabilistic in nature.
Measurements will “collapse” this wave function into one of its possible eigenstates
according to its probability distribution — a very radical development in comparison

to the deterministic motion of everyday objects described by classical mechanics.

GR, on the other hand, is formulated in terms of a 4-dimensional Riemannian



geometryﬂ7 specified by a smooth and deterministic dynamical field known as the
metric. In this theory, space and time are treated on equal footing, both acting as
coordinates on the Riemannian manifold — time is not an external variable. Moreover,
and perhaps more importantly, the background geometry itself is the dynamical entity
whose evolution is determined by GR, in stark contrast to the evolution of fields on a
fixed geometry that QM describes. It is this background independence that has made
GR such a revolutionary theory in the history of physics, but also the reason why it

has proven so difficult to combine it with QM.

Historically, this type of tension has led to some of the most significant advances in
modern physics, with perhaps the preeminent example being that between Newton’s
mechanics and Maxwell’s electrodynamics. In Newtonian mechanics, based on Galilean
relativity, the speed of light is dependent on the observers’ state of motion — in
essence, the faster the observer, the slower the speed of lightﬂ. At face value this
is quite intuitive, this is exactly the behavior we would expect if we were driving
alongside another vehicle for example, and so it makes sense why Newton based his
mechanics on this type of relativity. Ultimately however, this is not how the universe
works. Counter-intuitively to our everyday experience, in Maxwell’s theory light
always travels at the same speed, regardless of the state of motion of the observer.
It was precisely this tension that led Einstein to his revolutionary theory of special
relativity, and fame, in 1905 and completely altered our understanding of the universe.
Today, we find ourselves at a similar juncture, where two theories at the edge of our
current understanding of the universe seem to be at odds. If history is any indication,

it may just be that we are in a very exciting time for physics that is ripe for innovation.

The next step in the development of physics, and often considered the holy grail

of modern physics, is a theory of quantum gravity, but a logical question to ask at

!Named after its inventor, Bernhard Riemann, father of the famous Riemann hypothesis and
widely considered one of the greatest mathematicians in history.

2This is, of course, assuming the same direction of travel. If the observer and light pulse were
travelling in opposite directions, light would appear to move faster according to Galilean relativity.



this point might be “why?”. We have these two theories that have never failed an
empirical test, despite their contentious relationship. So why exactly do we need a
new theory that combines QM and GR into one framework? In other words, why
can’t we simply use GR where it is applicable and QM where it is applicable and call
it a day?

As it turns out, there are regimes where both theories are expected to become
applicable simultaneously and in such situations GR and QM by themselves become
meaningless. Well known examples of this type of situation, where none of our current
theories are able to elucidate the dynamics, include the beginning of our universe —
the so-called big bang singularity — and singularities located at the center of black
holes. It is precisely in these regimes where one expects the predictions of quantum

gravity to become relevant.

Other than this very concrete reason, it can also be argued that some of our biggest
insights have come from combining seemingly disparate theories of physics into a
single coherent framework, and there is really no reason to believe this wouldn’t be
the case here as well. In short, quantum gravity represents the next frontier and its
discovery could very well lead to a paradigm shift as great as those introduced by GR

and QM during the 20th century.

1.1.1 Black Holes and Beyond

It turns out that singularities are ubiquitous in general relativity. One year after
GR was introduced by Einstein in 1915, Karl Schwarzschild published the first exact
solution to the Einstein field equations, aptly named the Schwarzschild metric. It was
quickly realized that this metric exhibited several unusual properties. For example,
light or matter that falls within a certain radius cannot escape out to larger radii’|

Note that when we say “cannot” here, this is not a restriction on the speed of light

3This radius is known as the “Schwarzschild radius”.



not being fast enough to escape the gravitational field, like the escape velocity on
earth for example. It is not physically possible to travel to larger radii once you fall
within this radius, just the same way it is not possible to travel to an earlier time.

This is rather a consequence of the causal structure of the space-time.

Furthermore, something peculiar happens at the center of this space-time where
the radial coordinate is 0. At this point the metric components become undefined,
i.e., they blow up to infinity, as does the space-time curvature — GR seems to break
down leading to a singularity. Interestingly, not only was this the first exact solution

found, this was the first example of a black hole in GR.

At first glance, it might be easy to disregard such solutions as unphysica]EL albeit
interesting, peculiarities of the theory that we need not concern ourselves with.
However, after their indirect observation in 2015 via gravitational waves [1] and the
first image of a black hole in 2017 2], there is now very strong observational evidence

that black holes are indeed real and exist in our current universe.

Although there is very strong evidence for their existence, their dynamics remains
something of a mystery. In more familiar space-times, given the initial conditions of
a particle, we can predict its dynamics indefinitely in theory. This is not the case
however in black hole space-times in GR. Once a particle falls into a black hole, it will
inevitably reach the singularity at its center, at which point its dynamics ceases to be
well defined. Informally, singularities can simply be thought of as points at which our

classical theory of gravity is invalid.

But why are singularities such a staple of solutions in GR? This is directly related
to the fact that gravity is always attractive for all forms of matter known to be present

in our universe. This is in contrast to a theory such as electromagnetism for example

4Although GR is a theory capable of (very accurately) describing our universe, exact solutions of
the Einstein equations with unphysical properties do, in fact, exist. For example, the Gédel metric
is an exact solution found in 1949 by Kurt Godel (most famous for his incompleteness theorems)
containing closed time-like curves allowing one to time travel in this universe.



where positive and negative charges can exhibit both repulsive and attractive forces.
In fact, in the 1960s and 70s, theorems of Geroch, Penrose and Hawking showed that
under generic conditions, the space-times of GR will indeed become singular [3-5].
Near such singularities, one usually encounters energy densities that are no longer
compatible with a completely classical treatment, since quantum effects should become

important.

Aside from their singularity, black holes provide us with one of the starkest examples
of the aformentioned incompatibility of QM and GR, and the need for a theory of
quantum gravity, known as the “information loss problem”. While studying quantum
field theory (QFT) in curved space-time, Hawking discovered that black holes are
“not so black”, but rather emit radiation [6l [7] (see also [§] for a modern review). This
implies that black holes will evaporate (shrink) over time as they emit radiation and
lose energy. This phenomenon is referred to as “Hawking radiation” and recasts black

holes as thermodynamic objects.

The issue with this however is that the disappearance of the black hole threatens
our understanding of quantum mechanics, where information is always conserved.
Once matter falls into a black hole, there will remain no indication of its information
content, save for a few macroscopic properties such as its total mass and angular
momentum. Once the evaporation process is complete, the black hole disappears —
a non-unitary evolution that contradicts what we expect from quantum mechanics.
Many of the difficulties that arise when regarding QM and GR as separate theories —
the information loss problem being a prime example — are expected to be resolved

once a unified theory of quantum gravity is ultimately discovered.

Although combining QM and GR into a single coherent framework has proven to
be a monumental task, this challenge has done little to dissuade the broader physics
community from searching for a theory of quantum gravity, and attempts in many

directions are currently being explored. Some include modifying the Einstein—Hilbert



action (that leads to GR) given by

1
S instein—Hilbert — 75 _~ d4 - R, 1.1
Einstein-Hilbert 167TG/ T —g (1.1)

where ¢ is the determinant of the gravitational metric and R is the scalar curvature,
with terms that are higher order in the curvature scalar R [9]. Others modify some
of the metric assumptions of GR, for example adding non-metricity or torsion to the
allowable metrics [I0HI2]. The hope is that such modifications will help solve some of
the headaches associated with black holes as well as other problems with the classical
theory such as the the dark matter problem [I3] or the cosmological constant problem
[14], i.e., the discrepancy between its experimentally observed value and that predicted
by QFI| [17H19].

Aside from simple modifications of GR, many attempts have evolved into their
own unique theoretical framework. Since this thesis does not aim to provide a
comprehensive review of the literature, we will simply list several approaches that we
believe warrant recognition, aside from the main approach that we consider: string
theory [20], asymptotic safety [21], group field theory (GFT) [22], causal dynamical
triangulations (CDT) [23], non-commutative geometry [24], and generalized uncertainty

[25] among others.

One seemingly logical approach to the study of quantum gravity is to quantize
metric perturbations on a Minkowski background. This leads to a massless spin-2
particle known as the “graviton” [26]. The perturbative approach has proven very
successful in studying the quantum theories of the other three fundamental forces.
In the case of gravity however, such a theory is non-renormalizable and therefore we

cannot actually extract physical predictions using this approach [27]. The fact that

°The discrepancy between these values is between 50 and 120 orders of magnitude [I5]; it has
been described by some physicists as perhaps “the worst theoretical prediction in the history of
physics” [16].



this does not work for gravity is a testament to just how unique GR is in the space of

physical theories.

With the shortcomings of the traditional perturbative approach to quantizing GR,
many authors have explored the possibility of non-perturbative approaches (several
of which we have listed above). A formulation of quantum gravity that does not try
to break up the gravitational field into background + perturbations is a background
independent (general covariant) QFT. One such theory that is moving along this

direction is known as loop quantum gravity (LQG) and it is the focus of this thesis.

1.2 Loop Quantum Gravity

LQG arose in the 1990s as a background independent approach to the problem of
quantum gravity [28-30]. Recall that GR describes the dynamics of the space-time
geometry itself. This makes background independence one of its key tenets, and hence
it is reasonable to expect background independence to be a motivating feature of an

ultimate theory of quantum gravity as well.

LQG was originally derived from a reformulation of GRF| as a dynamical theory
of SU(2) connections (and their holonomies), with densitized triads acting as the

conjugate variables. The modern starting point is the Holst action [31] given by

1

SHolst = m

1
/d4x|e|e‘;ef} (FW” + gEIJKLFWKL) , (1.2)

where e are tetrads, e is their determinant, F,,’” is the field strength of the SO(3,1)
connection w,’” and 7 is the Barbero-Immirzi parameter, a free parameter of the
theory. In this expression pu,v,--- are spacetime indices and I,.J,--- are Lorentz

indices. As we will see below, a Hamiltonian analysis of the Holst action shows that

SWe use the term “reformulation” here because GR was orginally formulated by Einstein, via the
Einstein-Hilbert action (1.1)), as a dynamical theory of the metric.



the basic canonically conjugate variables are the connection and densitized triads
mentioned earlier. Note that although this starting point differs from the more common
Einstein—Hilbert action (1.1)), it is well known that they lead to the same dynamics,

and hence give the same theory, in the classical settinQZ].

1.2.1 A Brief History

The motivation for this “new” starting point is quite simple: to build a quantum
theory from the familiar machinery of quantization. Recall that the standard canonical
quantizationﬁ procedure from quantum mechanics is to begin with a Hamiltonian
formulation of the theory. We then promote phase space variables (functions on
phase space in general) to operators which act on states living in a Hilbert space.
Additionally, the Poisson brackets, which allow us to compute trajectories in phase
space, are promoted to commutation relations that the operators of our quantum
theory satisfy. This is usually straightforward for a theory such as classical mechanics,

but has proven to be highly non-trivial in the case of gravity.

The earliest attempts at a Hamiltonian decomposition of GR date back to the late
1950s and early 60s when Richard Arnowitt, Stanley Deser and Charles W. Misner
published groudbreaking work on the subject, now known as the “ADM formalism”
[33]. This formulation, which starts from the Einstein-Hilbert action (L.I), is a
successful Hamiltonian reformulation of GR, with the spatial metric as the canonical

variable and conjugate momenta closely related to the extrinsic curvatureﬂ and has

played an important role in canonical quantum gravity. The problem however is that

"This, however, is no longer the case after quantization due to the presence of the second term
multiplying the Barbero-Immirzi parameter.

8There are, of course, other quantization methods as well; for example, path integral quantization
starting from a Lagrangian formulation of the theory. Its application in LQG leads to a theory of
spin foams [32].

9The ADM formalism is based on a foliation of the space-time manifold into 3D spatial slices at
each instant of time. The extrinsic curvature essentially describes how these spatial slices evolve in
time.



the Hamiltonian of this theory is non-polynomial with respect to the phase space

variables, which creates difficulties when we quantize the theory.

As an aside, we note that it is in fact possible to perform a canonical (Schrédinger-
type) quantization of the ADM theory, which leads to the Wheeler-DeWitt equation
[34]

HY =0, (1.3)

where H is the Hamiltonian operator. This equation is telling us that the physical states

of our quantum theory are those that vanish when acted upon by the Hamiltonian.

This is all well and good, but there are many subtle technical issues that remain,
making the theory quite formal. For one, solutions are generally difficult to ﬁnd@.
There is also the issue of extracting dynamics from a “frozen” formalism since the
Hamiltonian operator necessarily vanishes on the physical Hilbert space of the theory.
This is referred to as the “problem of time” in quantum gravity. Moreover, even
in reduced sectors such as cosmology, where the Wheeler-DeWitt equation is well
defined, and we can study the dynamics of states in the quantum theory, it is well
known that evolving states that are initially sharply peaked on the classical trajectory,
remain sharply peaked all the way to the classical singularity [36]. This implies that
there is no singularity resolution in the Wheeler-Dewitt theory, and something else

needs to be done.

Luckily, there is another way. The Palatini formulation of GR is an alternative
formulation in terms of connections and tetrads. The starting point for this theory is
the so-called Hilbert—Palatini action that is related to the Holst action (1.2]) by simply

removing the second term containing the Barbero-Immirizi parameter

1
SHilbert—Palatini = m / d4x|€|el;65Fﬂl/IJ' (14)

10Although Chern-Simons theory has had something to say about this [35].



In this formulation, the connection becomes the fundamental dynamical field of interest,
with tetrads now acting as the conjugate variable. The metric is now a secondary

quantity that can be derived from these more fundamental variables.

This has the advantage of casting GR in a form akin to Yang—Mills gauge theory,
whose quantization has been well studied and offers several tools for developing a
non-perturbative quantization. GR, after all, is a gauge theoryEl with its connection
dynamics reformulation possessing similarities to that of Yang—Mills theory, and
physicists dating back to Dirac in the late 1950s believed this to be a viable path
towards the canonical quantization of gravity. Unfortunately, the 3+1 (Hamiltonian)
decomposition of the Hilbert—Palatini action leads to the same issues as ADM —
namely a non-polynomial Hamiltonian — making it difficult to study the quantum

theory, and it would be decades before this problem was solved.

It wasn’t until 1986 that a new set of variables was proposed by Abhay Ashtekar,
bypassing the problem that had been troubling the canonical quantization program
for decades [37, [38]. This new set of variables — known as the “Ashtekar variables” in
honor of their discoverer — still yield a connection based formulation of GR, meaning
we have many of the tools of Yang—Mills theory at our disposal, but also simplify the
Hamiltonian sufficiently, making canonical quantization viable. It is precisely this

formulation that we get from a Hamiltonian decomposition of the Holst action [31], 39).

The Holst action can be thought of as a generalized Hilbert—Palatini action that
contains both the ADM formalism and the Ashtekar formalism for different choices of
the Barbero-Immirizi parameter. We note here that Ashtekar’s original formulation
was in terms of a self-dual Hilbert—Palatini action, rather than the full Holst action,
where the field strength, F,,'’, in the Hilbert-Palatini action is replaced by its
self-dual part. This is equivalent to choosing a purely imaginary Barbero—Immirzi

parameter in the Holst action, which, when 341 decomposed, leads to Ashtekar’s

HThe gauge transformations of general relativity are coordinate transformations.

10



original formulation. This formulation has the advantage of greatly simplifying the
Hamiltonian at the cost of introducing reality conditions (for metrics with Lorentzian
signature) [40H42]. The reality conditions must be imposed to ensure real metrics, but
have proven to lead to difficulties in the quantum theory. The Holst action above is
the starting point for a generalized version of the original Ashtekar theory, where the
Barbero—Immirzi parameter is a free parameter. A real Barbero—Immirzi parameter
is typically used in modern research, avoiding the difficulty introduced by reality
conditions altogether, but at the cost of a slightly more complicated Hamiltonian

139, @3]

1.2.2 Hamiltonian Picture

Performing the Hamiltonian decomposition of the Holst action gives the
canonically conjugate gravitational variables: A% = €' w, /" + yw,” (the Ashtekar—
Barbero connection) and E* = |e|e} (the densitized triads) where a,b,--- are spatial
indices and 7, j,--- are the spatial components of the Lorentz indices I,J,--- in
the Holst action [31]. The Ashtekar—Barbero connection and densitized triads thus

constitute the dynamical variables of the theory, as promised.

Classically, GR in this form is characterized by 3 constraint{™ the Gauss constraint

G, =V, E! =0, (1.5)

which allow one to arbitrarily rotate the triads with respect to internal indices and

represents an SU(2) gauge invariance of the theory, the diffeomorphism constraint

1

Ha 8rGry

EYEF ~0, (1.6)

12Constraints in this context are equations that solutions of the theory must satisfy in addition to
the equations of motion.



and the scalar (Hamiltonian) constraint

E*Eb
Lt B (Fabk 1 —i—”yQ)Qabk) ~ 0. (1.7)

== 167G~ |e] ok

Here the field strength is Fj,,* = 2(9[aAlg] —i—eijk’AzAi, while the spatial curvature is given
by QuF = 28[aF’,f] + ¢TI, with T = ¢ ,w,’*. Note that “~” in the constraint
equations means that these functions must vanish on the solution space. These
latter two constraints allow us to choose coordinates — they represent the coordinate
independence that underpin general relativity. These are the phase space functions
that we will need to properly promote to operators on the Hilbert space of LQG in

order to quantize the theory.

It is typical to fix the Gauss constraint by fixing a triad orientation. The total
Hamiltonian, which generates the dynamics, is then given by a linear combination of the
remaining constraints, Hro = NH + N*H,. Here, N is the lapse and N® is the shift,
which act as Lagrange multipliers imposing the scalar and diffeomorphism constraints,
respectively, in the action. Since the total Hamiltonian is a linear combination of
constraints, it too must vanish on the solution space. Once this is promoted to an
operator in our quantum theory, physical states will be those that vanish when acted
on by our Hamiltonian operator — recall that this is exactly what the Wheeler—Dewitt
equation is saying. Operator evolution will also vanish in the Heisenberg picture,
which is an explicit manifestation of the problem of time in quantum gravity that
we mentioned in Section [1.2.1] As we will see in Chapters [3] and [}, one way around
this problem is to introduce a matter field that will act as a clock, giving a physical

Hamiltonian (as opposed to a constraint).
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1.2.3 Loop Quantization and the Holonomy

The discussion at the end of the previous section seems to suggest that, using
the Ashtekar variables, we are again led to a Wheeler—Dewitt typﬂ equation for
our quantum states. The difference, as we will see, lies in the selection of canonical
variables that will have unambiguous operator analogs in the quantum theory. With
this in mind, a key ingredient in the construction of the (loop) quantum theory is the

holonomy.

Recall that in Yang-Mills theory, the connection itself is not gauge invariant, but
rather it is the trace of the holonomy of the connection around closed loops that gives
the gauge invariant variables (and hence observables) of the theory. It turns out that
the holonomy is also a convenient choice as one of the fundamental variables in LQG
due to the simple way they transform under gauge transformations. The holonomy of

the Ashtekar—Barbero connection along a path /¢ is given by

hy(A) = Pexp </ZA,1) | (1.8)

where A, = A’ 7;, with 7; a basis of the su(2) Lie algebra, and P denotes path-ordering.

The holonomy of the connection is simply the parallel transport of the connection
along the path ¢ — (|1.8)) is the solution to the parallel transport equation. To see
this, following [28], given an edge ¢ : [t1,t3] — M, where M is some manifold, and a

connection A, the parallel transport from £(¢;) to £(t) along ¢ is defined by

%hz(t, t1; A) = A (0(0) () ho(t, ty; A), (1.9)

13Since we are working in the Ashtekar variables, the Hamiltonian is different (and quite a bit
simpler) than the ADM Hamiltonian that was used to arrive at the Wheeler—-Dewitt equation, as is
the quantization as discussed in the main text.
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with the initial condition

hg(tl,tl;A) = H, (110)

where I is the identity matrix; below we will omit explicit dependence of the holonomy

on the connection A, and assume it is implied. Integrating (|1.9) we have

t .

hz(t,tl) :H+/ dSlAa(g(Sl))K(l(Sl)hg(Sl,tl), (111)

tl

where we have changed the dummy integration variable to s; and used initial condition
(1.10). Although the holonomy h, is unknown, and appears on both sides of (1.11]),
this can be solved by repeated substitution of this expression into the right hand side.

For example, after the first iteration we have

t S1

ho(t, b)) = 1[+/

tl 1

ds1 A (0(51))0%(s1) {]I—i—/t dSQAa<€(82))éa(32)hg(82,tl)}. (1.12)

Continuing this process indefinitely allows us to remove the dependence of the right
hand side on the holonomy, thus solving our original equation. Explicitly, this process

gives

et =1+ > [ st ] [ st ), (113)

where the product expression goes to 1 in the k& = 0 case. This final expression is
exactly the path ordered exponential defining the holonomy in and we have
shown explicitly that this indeed solves the parallel transport equation with
initial condition . The holonomy, together with the densitized triads, form the
basic variables which operators of the quantum theory are defined in terms of. It is
the holonomy, being a fundamental variable of the theory, that gives loop quantum

gravity its name.

By choosing the holonomy as one of our canonical variables, it is well known that
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there is no corresponding operator for the connection in the quantum theory [36]. This
becomes an issue when promoting functions on phase space from the classical theory,
such as the Hamiltonian and field strength which depend explicitly on the connection
variables, to operators on the (kinematic) Hilbert space of LQG, where no operator
analog of the connection exists. Nonetheless, these operators can be approximated by
holonomy operators that are indeed well defined in the quantum theory. This type of
quantization, starting with the holonomy as one of our fundamental variables, is very
similar to a procedure known as “polymer quantization”. Polymer quantization turns
out to be unitarily inequivalent to the more standard Schrodinger quantization. It is
here that LQG departs from the original canonical quantization a la Wheeler—Dewitt,
leading to a difference equation for the evolution of quantum states rather than
the differential equation espoused by Wheeler-DeWitt [36, 44], 45]. This difference
equation arises as a result of the non-infinitesimal length of the paths along which the

holonomies are evaluated (see Section for further discussion).

Polymer quantization is not restricted to gravity in the connection variables,
but can be applied much more generally. This quantization procedure has been
applied to many classical systems, for e.g., point particles and the simple harmonic
oscillator [44], [46]. It has also been shown that states of a quantum mechanical particle
in the Schrodinger representation can be approximated by states in the polymer
representation [47]. In fact, it was even recently shown that polymer quantizing a
simple cosmological model starting with the metric (ADM) variables leads to the
same modified Friedmann equation that was first derived in LQC, suggesting that it
is not the variable selection that is most important to LQG, but rather the polymer

quantization itself [48].

We would also like to emphasize here that although we are framing the use of the
holonomy as a way to approximate the field strength and connection operators with

operators that are well defined in LQG, it is the quantum theory that is ultimately
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correct and the classical theory that is an approximation thereof. In other words, the
holonomy is the correct object to use and, in the classical limit, the field strength and
connection variables will show up in our classical expressions. What we have discussed

is rather a way to derive the correct quantum theory starting from the classical theory.

This new quantization gives LQG several properties that make it an attractive
candidate for a theory of quantum gravity. It has a well defined Hilbert space
that is completely inequivalent to the Wheeler-DeWitt Hilbert space already at the
kinematical level. Furthermore, it can be shown that geometric operators corresponding
to area and volume (geometric operators in general for that matter) have discrete
spectra [49-53]. This latter property is particularly attractive, and quite intuitive,
when we ask the question “what exactly should be quantized in a quantum theory of
general relativity?”. Since GR is really a theory about the geometry of space-time,
one would expect that geometry itself is quantized in a quantum version of the theory,
and this is explicitly realized in LQG. In particular, it is the minimum (non-zero)
eigenvalue of the area operator — referred to as the “area gap” — that leads to
singularity resolution in LQG] and also in the effective framework that we now

introduce.

1.3 Symmetry Reduction and the Effective Frame-

work

The full theory of LQG describes an honest-to-goodness theory of quantum ge-
ometry and its dynamics, just as we would intuitively expect of a theory of quantum
general relativity. However, the mathematical machinery required to run such a theory

is, understandably, quite formidable. As a result, extracting predictions from the

14Recall from Section that cosmological singularities are not resolved in the case of Wheeler—
Dewitt quantization [36].
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theory is far from practical at this stage in its development in all but the simplest of
cases. As a way to study the theory, research has developed an “effective” approach
to the problem in order to extract semi-classical dynamics from symmetry reduced
sectors. Often, this makes it possible to study the dynamics of this reduced sector in
depth. The quintessential example of this is today known as “loop quantum cosmology”

(LQC) (see, e.g., [36, 54-56] for reviews), where the reduced sectors of interest are

cosmological space-times.

LQC is not “derived” from the full theory in the traditional sense. It rather
incorporates elements of the full theory in that it uses a similar selection of phase
space variables and follows an LQG motivated quantization procedure. Although in
simple cosmological space-times a full quantization can be carried out (and has been
studied extensively, see, e.g., [36]), the benefit of the effective theory is that a full
quantization need not be carried out in order to study the quantum dynamics (or at
least leading order quantum corrections to the classical dynamics) for our sector of

interest.

For cosmology, the effective equations derived from this procedure have been shown
to give an excellent approximation to the leading order quantum gravity effects for
sharply-peaked states [36]. Although it is not certain that the dynamics of the effective
theory will continue to closely approximate the full quantum dynamics for such states
in more complicated space-times, for e.g. black hole space-times, it is reasonable to
assume that the arguments in [57] can be generalized to black holeﬁ. This makes it
possible to study the quantum dynamics via the effective framework in these sectors
as well. With this in mind, in this thesis we will use the effective approach to study

the (potential) effects of discrete geometry on the dynamics of black hole space-times.

15At least for black holes with a large mass compared to Mplanck-
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1.3.1 Steps to the effective theory

Since the philosophy of LQG is that quantum gravity should really be described
as a theory of quantum geometry, the most fundamental question that needs to be
answered is “how do we describe gravity in terms of a theory of quantum geometry?”.
(Classically, gravity is described in terms of smooth manifolds and their curvature, so
how can we incorporate quantum geometry into such a framework? The basic idea of

the effective description answers this question and turns out to be quite intuitive.

Disregarding some technical difficulties in implementing the effective theory for
the time being, the steps towards an effective description can roughly be outlined as

follows:

1. First, rewrite GR in canonical (Hamiltonian) form — this will facilitate the
derivation of our quantum theory — and choose Ashtekar variables as the

canonical variables.

2. Next, we select a sector we would like to study and choose the most general
metric that satisfies the symmetry of this sector. For example, in Chapter
we will select spherical symmetry as the sector of interest and choose the most

general spherically symmetric metric as our starting point.

3. With this metric, we compute the classical functions of interest — basically the
diffeomorphism constraint and Hamiltonian constraint E Note that
since we are working in a classical theory, these are simply functions on phase
space rather than operators — functions that vanish on solutions of the theory

since they are constraints in the case of gravity.

4. At this point, as we will see in Chapter [} it is possible to perform a full

quantization of this symmetry reduced sector. Then, taking the expectation

I6Recall from Section that it is typical to fix the Gauss constraint by choosing an orientation
for the triads, whence the total Hamiltonian is given by a linear combination of these two remaining
constraints.
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values of operators in sharply peaked (Gaussian) states followed by the continuum
limit will give the effective theory we are seeking [58]. Much more straightforward
however is to simply take our classical expressions and replace connection
components by their holonomy, avoiding the entire quantization procedure
altogether. This is a well known shortcut for deriving the effective theory that
was developed in LQC and has become a standard method in deriving the
effective description. Note that although this is a common shortcut, it was only
by understanding the full quantization procedure that the i scheme (which we

discuss below) was understood to be necessary.

1.3.2 Approximating the quantum

At this point, it is useful to try and get a feel for where and how quantum effects
are coming into this picture, since we are really working with a modified, but still

classical theory. The answer to this lies in the introduction of the holonomy.

Recall from our discussion of the holonomy in Section that there is no well-
defined operator corresponding to the connection on the Hilbert space of LQG as
a result of its inherent discreteness. This, in turn, permeates other operators that
are important to the quantum theory, notably the field strength operator in the
Hamiltonian, which we are forced to approximate by holonomy operators. This should
be trivial since, from differential geometry, it is well known how to write the field
strength in terms of holonomies of the connection taken around a closed loop that has
been shrunk to enclose zero area. Its geometric interpretation is then the curvature
of the (classically smooth) manifold at that point. This limit, that is the limit of
taking the loop smoothly to zero area, is well defined for Riemannian manifolds to
which solutions of GR belong. Recall that in the case of LQG however, since the
underlying space is discrete, corresponding geometric operators, such as area, have

discrete spectra.
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With this in mind, the predicament we find ourselves in should be clear: how exactly
are we to shrink our loop to zero area (in order approximate the field strength via
holonomies) when areas in LQG should be discrete, i.e., when there is no corresponding
limit? The solution: we simply take the limit as far as we can according to the full
theory. That is to say, we shrink the loop around which we are computing the holonomy
until it encloses an area equal to the area gap[’] This makes the theory non-local.
In a local theory, the field strength (curvature) at a point is a function of that point
alone. Now however, due to the non-zero area gap, the curvature depends on the

surrounding points.

This non-locality is exactly where the correction to the classical theory is imported
into our effective theory. It is also the point at which the Planck length, and hence
quantum effects, make their way into our otherwise classical picture. In the literature
this type of “quantization” procedure for the effective theory, where connection
components are replaced by their holonomy taken around closed loops that enclose
areas equal to the area gap, is typically referred to as a “polymerization”. We note
that although the polymerization function is something of a choice (technically we can
choose whatever polymerization we like, so long as the functions are bounded) [59, [60],
some choices are more well motivated than others based on LQG considerations where

the polymerization function is given by explicit calculation of the holonomy.

In the simplest cases, for e.g. homogeneous space-times of the type studied in
LQC, not only does the effective theory fix the big bang singularity that plagues the
classical theory, replacing the singularity with a “big bounce”, its low energy limit is
exactly the GR solution. This low energy limit requirement derives from the fact that
GR has proven very accurate at cosmological scales and turns out to be a relatively

strict requirement of any theory of quantum gravity. We are not completely out of the

1"Recall from Section that the area gap is the minimum non-zero eigenvalue of the area
operator in LQG. Also recall that the difference equation governing the quantum dynamics of LQG
arises as a result of the non-infinitesimal length of the paths along which the holonomies are evaluated
— here we see that the area gap is the reason why these paths are non-infinitesimal.
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woods though, there still exist quantization ambiguities in the effective description
[61H65] and the question of how well, if at all, does the effective theory capture the
quantum dynamics of the full theory in more complicated sectors remains, but this is
definitely a good starting point for gaining a fuller understanding of the underlying

quantum theory and its consequences.

A bit more technically, the holonomy corrections to the theory turn out to be
modifications of the connection variables in the Hamiltonian. Since the modified
Hamiltonian generates the dynamics of the effective theory, just as it does classically,
this in turn leads to a modification of the equations of motion (EOMs). As we will see,
for the black hole framework we present, these equations are modified at high energy,
but reduce to classical solutions of GR sufficiently quickly as we move to lower energy
regimes, as expected. The solutions of these equations of motion will give the quantum
corrected metric(s) of our modified (effective) theory. By studying its properties, we
can glean insights about how the quantum corrections affect the properties of the
space-time, properties such as curvature scalars, thermodynamics (in the case of black

hole space-times), the evolution of matter fields and the causal structure.

There has been a lot of research dedicated to the study of these effective theories,
with varying polymerization schemes, the ways holonomies are computed etc., each
having been proposed to address particular problems in the effective theory of that
sector that existed before it. Many of these issues involve a low energy limit that
does not reduce to the predictions of GR in regimes where we wouldn’t expect any
quantum gravity corrections. The most successful of these attempts has been dubbed
the i scheme (pronounced “mu-bar” )H where the holonomy length, i.e., the length of
the path ¢ in , is related to the physical Planck length through use of the metric
[66].

The earliest polymerization scheme studied in LQC was known as the py scheme

18Also known as the improved dynamics scheme for historical reasons.
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where holonomy lengths were taken to be constant. This scheme is successful in
resolving cosmological singularities, but it was quickly realized that it could result in
bounces at arbitrarily low (non-Planckian) curvatures. The i scheme was found to
resolve these shortcomings and has been shown to be the unique loop quantization
schemelﬂ if we want our theory to satisfy several physically reasonable requirements
[67].

Aside from these choices, and the difficulties that may or may not arise, regardless
of the strategy used, each that have been studied in LQC share one common — and
monumental — result: the resolution of the big bang singularity. In LQC the big bang
is replaced by a so-called “big bounce”, where a collapsing universe reaches a minimum
volume (maximum density) before it begins to expand again. The big bounce is a direct
effect of the boundedness of curvature scalars and energy density that is introduced
via the non-local holonomy corrections in the effective theory. In a mathematical sense,
this boundedness arises due to the boundedness of the trigonometric functions of the
connection that are introduced in the Hamiltonian by explicitly computing the path
ordered integral defining the holonomy in equation (|1.8]). The bounce has implications
for early universe physics and the inflation of our universe. In fact, it may even be
possible to experimentally observe signatures of this effective dynamics via the CMB,
even though current experiments cannot probe the scales at which quantum gravity

effects become important due its astonishing smallness [6§].

Up to now, these effective techniques have been successfully applied to various
space-times and matter configurations including homogeneous and isotropic universes
for various curvatures including the flat (k = 0) [66], [69, [70], closed (k = 1) [T1H73] and
open (k = —1) [74, [75] Friedman-Lemaitre-Robertson-Walker (FLRW) models and in
the case of a non-zero cosmological constant [T6H79]. These methods have also been

extended to increasingly complex space-times including to the (anisotropic) Bianchi

19At least in isotropic cosmology.
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space-times [80-87] and even to inhomogeneous models such as Gowdy models [88-95].
See also [36] for a review of many aspects of these various models. The next logical
step in this development is to extend the effective framework to black hole space-times

which is the focus of this thesis.

1.3.3 Tackling black hole space-times with effective LQG

Although the techniques of effective LQG have been successfully applied to many
simpler space-times to resolve singularities, notably cosmological space-times as dis-
cussed in the previous section, it has proven much more difficult to tackle black hole
space-times. The main reason for this is due to the inhomogeneity of the metric,
where metric components depend on both temporal and spatial coordinates rather
than the solely temporal dependence present in, for e.g., homogeneous cosmological
space-times. This leads to local degrees of freedom (DOF) and all the difficulties that

come when trying to quantize a field theory.

Initial attempts in this direction studied the Kantowski-Sachs metric. This is a
cosmological metric that, classically, is isomorphic to the interior of the Schwarschild
space-time, the simplest black hole solution in GR. Although this isomorphism holds
in GR, it does not necessarily hold in quantum gravity, or even in modified gravity
theories for that matter [96], meaning we need to be cautious when implementing

such a simplification prior to developing the effective framework.

Nonetheless, this allowed early research to follow exactly the procedure that was
successful in resolving cosmological singularities and apply this to a black hole space-
time. Although these studies were successful in resolving the singularity at the center
of the Schwarzschild black hole [97-99], they are unsatisfactory for several reasons.
First, the aforementioned issue of the isometry between Kantowski-Sachs and the
Schwarzschild interior, and whether it remains valid in quantum gravity. Secondly,

issues begin to arise near the horizon where coordinates become null. Recall from
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Section that the j1 scheme requires the use of the metric to relate the coordinate
length along which we compute holonomies to the (physical) Planck length. The
coordinates used when studying the Kantowski-Sachs space-time become null at the
horizon making such a comparison impossible, and it is not known how to properly
implement the fi scheme for null coordinates (or for coordinates that become null at a
point). As a result, earlier work using this isometry, that naively implementated the
scheme despite the coordinates becoming null at the horizon, resulted in large quantum
corrections near the horizon — a location that we do not expect to find quantum
corrections [99]. Finally, and perhaps most importantly, unnaturally studying the
interior portion of the space-time in isolation becomes unsatisfactory when we want

to study physical black holes which necessarily form due to gravitational collapse.

With this in mind, it becomes necessary to consider both the interior and exterior
parts of the space-time simultaneously, since at some point no “interior” exists prior
to the formation of the black hole. This requirement, i.e., the inclusion of the exterior,
complicates things when trying to implement the i scheme, due to the aforementioned
inhomogeneity. Alternatives to the i scheme have been proposed that don’t have any
problems at the horizon, but these necessarily entail a modification of the ji scheme
[TOOHITT].

Several early studies have considered the exterior of the space-time as well [I12HI18]

— and notably [IT9] which played a large role in the early development of our vacuum
work that is the subject of Chapter [2] of this thesis. See also [120] for a recent review
of black holes in LQG. However, this leads to problems at the horizon and potentially
gives the incorrect classical limit, again, if one isn’t careful relating holonomy length
to the Planck length using the metric via the g scheme [I21HI123]. Here, we will deal
with these issues by considering the full space-time and choosing coordinates that are

nowhere null.

Although reduction to spherical symmetry simplifies the theory quite a bit, in
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particular the diffeomorphism constraint, the constraints and equations of motion
remain formidable. Add to this the fact that it is not obvious how to analytically
compute holonomies in the radial direction in this setting (again, due to the inhomo-
geneity) and even the effective, symmetry reduced theory becomes intractable. As a
workaround, we will further reduce the theory through gauge fixing although other

approaches are available [124H126].

In the case of general relativity, a choice of gauge essentially amounts to a choice
of coordinates, leaving the physics unaffected. In order to reduce the theory further,
we will fix some of the spatial coordinates via gauge fixing. Note that we cannot fix
all coordinates in vacuum since this would fully determine our space-time, leaving no
room for holonomy corrections and hence no way to study how geometry quantization
may affect the space-time in the effective setting. This is related to the question of
whether quantization and gauge-fixing commute — if we could quantize first, there

would be no problem in a full gauge-fixing.

Since we are not yet at a stage where a full quantization is possible, in Chapters
and {4| we will see how to fix coordinates further while maintaining the ability to study
how geometry quantization affects space-time dynamics by introducing matter to the
system. With the introduction of a matter field, the Hamiltonian will no longer be a

constraint as mentioned earlier, yet we will still have DOF from the matter itself.

1.4 Contents of Thesis

As we have alluded to, this thesis contains research towards an effective model
of spherically symmetric black holes inspired by the LQC approach that has been
tremendously successful in providing insights on the dynamics and causal structure of
space-time near cosmological singularities. The goal of this work was to extend previous

research on effective models for black hole space-times to properly include the ji scheme

25



for holonomy corrections without having to resort to the interior isometry with the
Kantowski-Sachs cosmological metric. In Chapter [2, we develop a framework for
holonomy corrections in vacuum spherically symmetric space-times (the Schwarzschild
black hole) that allows us to study the entire space-time — both interior and exterior —
and elucidate some of its key features. In Chapter [3| we extend this further by showing
how matter can be included in this framework directly and show the connection
between this result and previously known results from LQC. We end this chapter
by giving a preliminary estimate of what these quantum corrections would mean for
the lifetime of a black hole in this framework. Finally, in Chapter 4] we develop the
matter collapse picture more fully and show that our previous lifetime estimate is
robust across a wide range of initial matter configurations before concluding with a

discussion about our key results and potential future research directions in Chapter

1.4.1 Chapter 2: Effective loop quantum gravity framework

for vacuum spherically symmetric space-times

Chapter [2| contains the work published in [127]. We start with vacuum spherically
symmetric space-times, in particular we show how one can properly incorporate
holonomy corrections in this sector. Holonomy corrections have been applied to the
study of homogeneous cosmologies to successfully resolve the singularities in these
space-times, but up to this point many attempts at a proper way to include holonomy

corrections to black-hole space-times using the ji scheme have been elusive.

After reduction to spherical symmetry, in order to facilitate the derivation of the
effective theory, we perform a gauge fixing that completely fixes away the diffeomor-
phism constraint. A very intuitive choice of gauge that is well known in the literature
is the areal gauge which geometrically corresponds to choosing a radial coordinate

given by the radius of concentric 2-spheres. This is a very simple gauge that can
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usuallylﬂ be imposed, regardless of the gravitational dynamics, and this is the gauge

we will choose here.

As an aside, there are several other benefits of the areal gauge for this work that
we now outline. In order to implement holonomy corrections, we need to compute
holonomies according to the path-ordered integral of the connection given by .
Due to the path-ordering, this integral becomes non-trivial when the connection
depends on a coordinate we are computing the integral along. In this case, due to
the inhomogeneity of general spherically symmetric metrics, it is difficult to compute
holonomies in the radial direction since the connection components will depend on
the radial coordinate in general. The areal gauge has the property that the gauge
fixed Hamiltonian constraint only depends on the angular components of the Ashtekar—
Barbero connection, allowing us to avoid this difficulty altogether. It also turns out to
be difficult to add holonomy corrections before this gauge fixing since the constraint
algebra doesn’t Clos@, which is an important requirement to ensure consistency of
the resulting theory. After gauge fixing using the areal gauge, the algebra generically
closes for any polymerization, avoiding this issue as well. It is also worth mentioning
here that this gauge fixing forces a relation between the lapse and shift, resulting in
the (remaining) connection component making its way into the metric — this will
prove important both in vacuum and later when we introduce matter and study black

holes that have formed due to gravitational collapse.

After gauge fixing the action, we are left with only the scalar constraint, meaning
we still have invariance under arbitrary reparametrizations of the temporal coordinate
that has not yet been fixed. The EOMs are easily found by the standard method, i.e.,
taking the Poisson bracket of the remaining (non-gauge fixed) phase space variables

with the scalar constraint, giving the Hamilton’s equations for the system. We

20Tn order to impose this gauge, the area of concentric 2-spheres must always change monotonically.
Although this is often the case, there are some instances where this does not hold, for example in
wormbholes.

21At least for the simplest attempts at polymerizing the connection components.
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show that one solution to our EOMs corresponds to the Schwarzschild solution in
Painlevé-Gullstrand (PG) coordinates which sets the stage for the remainder of the
paper. These coordinates do not become null at the horizon, nor switch character
from time-like to space-like (or vice versa) as we cross the horizon as the standard
Schwarzschild coordinates would. This makes the PG coordinates an ideal candidate
for this investigation since, as discussed, it is well known that coordinates becoming
null along the horizon leads to undesirable physics when attempting to incorporate
holonomy corrections in the fi scheme. Finally, we show how holonomy corrections
can now be applied to the classical Hamiltonian without affecting the closure of the

algebra, thus giving a modified theory of gravity, and calculate the modified EOMs.

The remainder of this first paper is dedicated to analyzing solutions of this theory
— mainly one particular solution whose classical limit is the Schwarschild solution
in PG coordinates. This analysis shows several interesting features of the modified

theory that differ from the classical space-time:

1. curvature scalars are bounded everywhere by the Planck scal@ and independent

of the black hole mass M

2. mass dependent horizon formation — there is now a minimum mass required
before horizons in this space-time form and there can be 0, 1 or 2 horizons

depending on this mass

3. the solution does not actually reach the center of the black hole, but rather the
metric is only well defined for radial coordinates x > wy, ~ (£2,M)'/3; inside

this radius, metric components become imaginary

4. black hole thermodynamics is also modified in this picture, suggesting that a

mass remnant would be left after the black hole evaporation procesﬂ since the

22Everywhere the solution is valid that is; see Chapter [2| for more details.
23 As opposed to complete evaporation.
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horizon disappears for sufficiently small mass black holes

The multi-horizon structure of the space-time we find is a new feature of LQG black
holes that is not present when quantizing the interior only. Further, as we will argue
in Chapter [2 point 3 above suggests the need to include a matter field in order to

understand the entire space-time.

It is interesting to note that there is evidence of the robustness of these results
due to a correspondence between the equations we derive and the solution derived in
[124], which develops an effective framework from a completely different perspective.
In saying this, one more point that is important here, that remains an open question,
is the relationship between different solutions of our effective theory. In the modified
theory, we still have a closed constraint algebra. This implies we have well defined
evolution in the sense that initial conditions satisfying our (modified) constraints will
continue to satisfy the constraints at all times. What is not clear, however, is how one
solution to our equations can be transformed into another solution in a different gauge.
In the classical theory, this can of course be accomplished via diffeomorphisms, but in
our modified theory we find that taking diffeomorphisms of a given solution no longer
yields valid solutions to our EOMs in general. This could mean one of (at least) two
things: either the model is wrong and needs to be corrected, for example perhaps the
Hamiltonian we derive only holds in a specific gauge, and modifications are required
so it can hold more generally, for recent work in this direction see [126], 128-131],
or there is a quantum deformation to diffeomorphism invariance. Since we have a
Hamiltonian constraint, we can still generate symmetries (by taking Poisson brackets
with the constraints) for our theory, but what exactly the symmetry is will depend on
the precise form of the constraint. So if a constraint is modified, it may be that the
symmetry (in this case the classical diffecomorphism symmetry) is modified as well. If
there is a quantum deformation of this classical symmetry, this means that under a

coordinate transformation, tensors will not transform according to the standard tensor
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transformation law, but rather a tensor transformation law with quantum corrections
of order h. Which one of these (or other) possibilities is the case remains an open

question and will need to be better understood moving forward.

1.4.2 Chapter 3: Black hole collapse and bounce in effective

loop quantum gravity

Chapter |3 contains the work published in [132]. Studying the vacuum space-time
leads directly to the need to introduce a matter field in order to understand the entire
space-time. In particular, we find that a matter field is necessary to understand the
structure of space-time within a radius of ~ (¢2,M)¥/®. In order to understand this
region of the vacuum space-time, in Chapter 3| we extend the framework of the previous
chapter by including a simple matter field known as “dust”. Dust is essentially just
an idealized matter field that exerts no pressure meaning that the particles making
up the field do not interact with one another as they evolve. Although idealized, it is
well known from canonical quantum gravity that this type of matter field can be used
as a sort of clock [I33], [134], an idea that we use to extend the application of effective

LQG in black hole space-times.

We introduce this matter field into the framework developed in Chapter [2| by
coupling the dust field to gravity in the action. As before, we gauge fix the diffeo-
morphism constraint via the areal gauge, but unlike before we can now fix the scalar
(Hamiltonian) constraint as well, using the newly introduced matter as a clock. This
leaves us with a physical Hamiltonian and no constraints. With the introduction of
the matter field, we are left with one physical DOF at each spatial point after this

second gauge fixing and are free to study the dynamics of this reduced system.

After this simplification, holonomy corrections are added, as before, in order to

derive an effective Hamiltonian that governs the quantum corrected dynamics of
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the system. Given this effective Hamiltonian, we are now free to choose an initial
matter distribution and study its dynamics. We start this analysis by considering
the Oppenheimer-Snyder model, a very simple model of black hole collapse that is
well studied in the classical literature [I35]. This is an idealized model of a collapsing
star, where we assume there is a ball of constant density dust out to some radius, and
vacuum outside of this radius. Remarkably, we find the dynamics give precisely the
LQC effective Friedmann equation for spatially flat FLRW space—timesEf]. Intuitively
this makes sense since classically the interior of the Oppenheimer-Snyder model is an
FLRW cosmology, but there was no reason a priori to expect this correspondence in the
effective model, making this result somewhat surprising and the seeming robustness

of the effective theory encouraging.

Studying the dynamics of this model, we find that the dust undergoes an initial
collapse, reaches the critical density (the maximum density allowed in LQC) where
quantum effects become sufficiently strong to counter the gravitational attraction
at which time the ball begins to expand. Eventually the expanding ball of matter
reaches the Schwarzschild radius and the apparent horizon disappears leading to the
“death” of the black hole. We note that this picture is unlike earlier works describing
transition between black and white holes in vacuum [I36-HI38]. We also find that the
minimum radius is exactly the radius defining the forbidden region in the vacuum
space-time studied in Chapter [2| giving credence to the idea that a matter field is

necessary to study the full space-time.

By including edge effects that arise due to a discontinuity in the gravitational field
at the boundary of the dust ball (and modify the dynamics), we further show that
the dynamics leads to a shockwave after the bounce. Thus, we find that although our
model resolves the strong singularity at the center of the black hole, weak singularities

that form due to the evolution of the dust field are not resolved. The same is also

24Tn order to derive this result, we make the simplifying assumption to ignore edge effects at the
boundary of the star and vacuum where the matter density is discontinuous.
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true in LQC [139]. Mathematically, this shockwave arises as a discontinuity of the
gravitational metric due to the presence of the shift. Recall that the connection
components make their way into the metric (via the shift) through our choice of areal

gauge during the simplification process.

The final, and perhaps most intriguing, result outlined in this paper is an estimate
of the lifetime of the black hole; that is, the time between the formation of the
first apparent horizon (when matter collapses within its Schwarzschild radius) to its
disappearence (when matter is ejected from its Schwarzschild radius). Again, after
including the previously neglected edge effects, we give an estimate for the lifetime of
the black hole which is on the order of M? (where M is the black hole mass). This
estimate, which has been proposed in previous literature [137, [140], but never derived
from the EOMs of an underlying model as we do here, is new in LQG black holes
and could have significant implications for black hole physics including the infamous
information loss paradox and warrants further investigation. This result forms the

basis for the investigation discussed in Chapter [4]

1.4.3 Chapter 4: Fate of quantum black holes

Chapter {4 contains the work published in [I41]. Here we revisit the dust collapse
scenario developed in Chapter [3|in order to define the quantum theory in full and
derive the effective theory (with quantum corrections), again by taking the expectation
values of operators in sharply peaked states followed by the continuum limit. In the
end, this leads to a set of two coupled PDE’s that that are studied both analytically
and numerically throughout the remainder of this chapter.

Of particular interest is the family of LTB space-times that describe radially
infalling matter starting at rest at infinity, referred to as marginally bound solutions in
the classical literature. Classically, these solutions have been studied extensively, and

it is well known that shell-crossing singularities may form for general initial conditions
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during the collapse. These are points where a certain function becomes non-invertible,
leaving us with something that is not a function and hence a smooth solution is no
longer well defined beyond such a point. Classically, it can be shown that (under
reasonable assumptions) these types of singularities can be avoided with specifically
chosen initial matter configurations [142, 143], but are otherwise generic. See, e.g.,

[144], 145] for further discussion of shell-crossing singularities in classical GR.

In order to solve such systems of equations, i.e., systems where shell-crossing
singularities exist, we must rewrite the system in its weak (integral) form. A well
known example of these weak solutions — that may not solve the original PDE due
to the existence of discontinuities — in GR is the Israel thin shell [142] 146, [147].
Although we are able to solve the quantum corrected (effective) EOMs analytically
for some simple initial distributions, like the Oppenheimer-Snyder model, in general
we resort to using the well known Gudonov numerical method to study the evolution
[148].

Studying this family of space-times, we are able to provide further evidence for a
phenomenon alluded to in Chapter |3| — the formation of shockwaves. For all matter
configurations studied, we find that after the bounce a shockwave forms in the outgoing
phase. Once again, as in Chapter , the theory is free from the (strong) curvature
singularity at the center of the black hole, but (weak) shell-crossing singularities form
quite generically in this framework. Additionally, simulating the gravitational collapse
both analytically (for simpler matter configurations) and numerically, we again find the
lifetime of the black hole to be on the order of M?, corroborating our rough estimate
from the previous chapter. Finally, using the effective framework developed here, we
also sketch the casual structure of spherically symmetric black hole space-times that

can be expected from LQG.

The sum of this work provides a complete picture of the life of black holes in the

effective theory from initial collapse, to bounce and death as the shockwave exits
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the outer horizon. It also successfully extends the use of the ji scheme, not only to
inhomogeneous black hole space-times, but also to the matter collapse scenario, both

of which were not previously well understood in the literature.

1.5 Personal Contributions

Since this thesis consists of several published papers on which I was a co-author,

here I outline my contributions to the research contained in each.

Chapter [2| was developed in collaboration with Robert Santacruz and Edward
Wilson-Ewing. I participated in the preliminary work in determining an appropriate
initial coordinate selection that became vital to the subsequent research. Once
this choice was made I helped deriving the constraints and analyzing the constraint
structure in both the classical and effective theories, which were necessary to ensure
consistency of the underlying framework. I also played a role in determining an
appropriate gauge fixing, allowing us to simplify the model and bypass some of the
difficulties outlined above. I then helped derive and solve the EOMs in both the
classical and effective theory. In the case of the effective theory, I assisted in analyzing
the modified solution(s) to help elucidate some of its key features and produced
visualizations for the final manuscript. Finally, I was part of writing, proof reading
and editing the final manuscript for publication.

Chapter |3| was also developed in collaboration with Robert Santacruz and Edward
Wilson-Ewing. I again helped analyzing the constraint structure of the theory in order
to select appropriate matter fields to include in the framework developed in Chapter
2l Once a matter field was selected I helped derive the EOMs and several analytical
results in the manuscript. I was again involved in the writing, proof reading and

editing of the final manuscript for publication.

Chapter [4 was developed in collaboration with Vigar Husain, Robert Santacruz
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and Edward Wilson-Ewing. Here I helped finding appropriate analytical and numerical
methods that could be applied to the type of PDEs that were derived in Chapter [3]
I helped with deriving some of the analytical results and assisted in developing the
code to implement the numerical methods and visualize the dynamics of our model.
Finally, I was again involved in writing, proof reading and editing the final manuscript

for publication.
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Chapter 2

Effective loop quantum gravity
framework for vacuum spherically

symmetric space-times

2.1 Introduction

It is widely expected that the singularity at the center of a black hole, predicted by
classical general relativity, signals the breakdown of the classical theory and indicates
the need to include quantum gravity effects. In addition, the black hole information
loss problem further underlines the importance of understanding the role of quantum
gravity effects in black hole space-times, with modifications to the causal structure of

the quantum-corrected space-time being especially relevant.

One approach to explore how quantum gravity could affect black hole space-
times is by modifying the metric of the Schwarzschild space-time, often by hand, to
provide concrete examples of non-singular space-times [IHIT], that can then be classed
according to their geometry [12], [13]. However, in principle the best would be to start

from a specific theory of quantum gravity, to determine the states that correspond
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to spherically symmetric space-times, and to extract physical predictions from these
states. While this so far remains an outstanding challenge for all candidate theories of
quantum gravity, it is nonetheless possible to include certain effects—predicted by
particular theories—and study their impact on black hole space-times. There has been
considerable work in this direction in a number of quantum gravity theories (see, e.g.,
[T4H16]), and in particular in loop quantum gravity (LQG), a background-independent

and non-perturbative theory of quantum gravity [I7-19].

The work in LQG has built on earlier research that studied LQG effects in
cosmological space-times following the loop quantum cosmology (LQC) procedure:
first, the symmetries of the space-time of interest are imposed at the classical level,
and second, the symmetry-reduced classical theory is quantized using LQG methods—
notably, the fundamental operators are holonomies of the connection and areas. For a
review on LQC, see, e.g., [20]; this same procedure has since been applied to black

hole space-times as well.

There has been a considerable focus on the Schwarzschild interior, using the
isometry between the interior and the Kantowski-Sachs space-time to more easily
import techniques from LQC [21H23]. Despite this effort, as shall be discussed in
Sec. [2.2] in more detail, it has turned out to be difficult to handle holonomy corrections
properly in this framework. To ensure that the edges along which the holonomies are
evaluated have a physical length ~ /p, it is necessary to relate the physical length to a
coordinate length by the metric; this is called the ‘i scheme’. However, it is not clear
how to properly take into account the i scheme near the horizon when using a set of
coordinates where a spatial coordinate becomes null at the horizon and the physical
length along that coordinate tends to 0, as is the case for the Schwarzschild interior in
Kantowski-Sachs coordinates [23]. There exist various proposals in the literature to
address this difficulty [24H35], but here we suggest instead that the fi scheme simply

cannot be implemented in terms of a particular set of (spatial) coordinates if one of
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these coordinates becomes null, for example at a horizon.

There has also been significant work studying the dynamics of the full space-time—
interior and exterior together—with LQG-inspired corrections, whether holonomy
effects [36H42] or inverse triad effects [43H47], and there has also been some more
recent work in this setting where it has been shown how to implement the i scheme
[48, [49], which raises the hope that by considering the whole space-time at once it
may be possible to avoid the difficulties that arise when considering the Schwarzschild

interior only.

In this paper, we will further study the i scheme for holonomy corrections in
vacuum spherically symmetric space-times and also extend earlier results in a manner
so that the extension to include matter fields will be quite direct; in particular, it
is straightforward to include pressureless dust [50]. For previous work on including
matter in spherically symmetric space-times (although not in the g scheme), see
[41], 5TH54].

By including matter, it is possible to study how quantum gravity effects may arise
during black hole collapse, and how they could modify the resulting space-time. LQG
effects on black hole collapse have previously been explored in a number of settings
[55H64], and extending these studies to include the i treatment of the holonomies in a
way that provides a general framework that determines the dynamics for both the
interior and exterior regions will set the stage for more detailed investigations into the

role of quantum gravity effects on gravitational collapse.

In particular, one possibility that has been suggested is that when the energy
density of the matter composing the collapsing star reaches the Planck scale, quantum
gravity effects could generate a non-singular transition to a slowly expanding white
hole solution [65HG8], with potential observational implications [69-71]. It turns out
that this general picture is explicitly realized in this framework when a pressureless

dust field is coupled to gravity; for details see [50].
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We begin the paper with a general discussion on holonomy corrections and some
specific comments on the difficulties that arise in black hole space-times in Sec.
then present the classical Hamiltonian framework and impose the areal gauge in
Sec. [2.3] and finally construct the effective theory with LQG holonomy corrections and
study its solutions in Sec. 2.4l Although the effective theory is obtained by following a
different path, the results are in perfect agreement with [49], showing the robustness

of the results. We end with a discussion in Sec. 2.5

Our conventions are the following: space-time indices are denoted by u, v, p, o, .. .;
spatial indices are denoted by a, b, c, .. .; and internal indices are denoted by i, j, k, . ..
We use units where ¢ = 1, but leave G and h explicit to clarify the interplay of

gravitational and quantum effects.

2.2 Holonomy Corrections

To develop an effective framework for vacuum spherically symmetric black holes
following the standard LQC procedure, it is necessary to incorporate holonomy
corrections in an appropriate fashion. In this section, we will briefly review the
main steps, offer an explanation on why it has been found to be difficult to properly
implement the i scheme for holonomy corrections in the Schwarzschild interior, and

explain the procedure we will follow in this paper to avoid these difficulties.

2.2.1 Holonomies

The holonomy of the Ashtekar-Barbero connection A, = A’7; along a path ¢ is

hy(A) = Pexp (/EAG> | (2.1)

given by

o4



where P denotes path-ordering, while the 7; are a basis of the su(2) Lie algebra. There

are two points here that are important to understand for what follows.

First, the connection is usually expressed in terms of some coordinates, in which
case the length of the edge as calculated in terms of these coordinates will necessarily
be a coordinate length L.. So to calculate the holonomy along a path that has a
specific physical length L, it will be necessary to use the space-time metric g, to
relate the coordinate and physical lengths to calculate the required coordinate length
L..

Second, the path-ordered exponential of an integral is defined by a series of nested
integrals which, in general, are typically difficult to evaluate. In the simple case
when the connection is independent of a particular coordinate, then the path-ordering
trivializes for holonomies in that direction and can be evaluated much more
directly. This is relevant for spherically symmetric space-times: holonomies in the
radial direction will be difficult to evaluate, while holonomies along paths where only

the angular coordinates vary will be much easier to calculate.

2.2.2 Black Holes and the Near-Horizon Region

In LQC, the holonomies are taken along paths of physical length v/A, where the
area gap A is the minimum non-zero area eigenvalue in LQG [72]. As explained in
the first point above, it is necessary to use the metric to relate this physical length to
a coordinate length, and the result of doing this gives what is called the i scheme.
If the coordinate and physical lengths are not related properly, it is well known in
cosmological space-times that the resulting theory is not physically viable and does

not have a good classical limit [20].

To avoid the difficulty of evaluating holonomies in the inhomogeneous radial

direction (as described in the second point above), it is possible to consider the

55



Schwarzschild interior only, whose geometry can be expressed in terms of the Kantowski-
Sachs cosmological metric
R - R
ds? = — (=2 — 1) a7?+ [ =2 — 1) dR? + T%d?, (2.2)
T T
where Rg = 2G'M is the Schwarzschild radius, dQ? = df? + sin? 0d¢?, and T is the

radial coordinate that becomes time-like inside the horizon; this coordinate system is

valid for T" € [0, Rg).

For this choice of coordinates, the metric (and the connection) are independent
of any spatial coordinate, and therefore holonomies in all spatial directions can be
evaluated rather directly [21], 22]. Despite this advantage, close to the horizon it
is difficult to relate the coordinate length of a radial path in the R direction with
the physical length—as required by the g scheme—because R becomes null at the
horizon and ds — 0. Requiring that the physical length nonetheless be finite leads to

unacceptably large quantum gravity effects near the horizon [23].

Due to this problem, several alternate forms of holonomy corrections have been
proposed [28], 30, [32] B3], but what this discussion suggests is that the problem lies
in the choice of coordinates that become null and that, to avoid these issues, it is
necessary to use coordinates where there is a clean separation between time-like and

space-like coordinates everywhere in the space-time.

As an aside, note also that the isometry between the Schwarzschild interior and
the Kantowski-Sachs space-time depends on the dynamics of the space-time and is
not guaranteed to hold once quantum gravity effects are included. Among other
possibilities, if there is an inner horizon in the LQG-corrected space-time then the
Kantowski-Sachs metric could not describe the innermost region of the black hole
lying within the inner horizon. For an example of a modified gravity theory where

Kantowski-Sachs is not isometric to the Schwarzschild interior see [73].
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Therefore, in the following we will only consider choices of coordinates where the
spatial coordinates always remain space-like, whether inside the horizon or out; the
Painlevé-Gullstrand coordinates are one such example that we will use here. The
results in this paper can be adapted to several different coordinate choices, but the
coordinates should always have the property that the spatial coordinates remain
space-like everywhere. Then, we will follow the general prescription for the i scheme
that was first laid out in [23], except here we will use coordinates that are everywhere
space-like.

This approach has also been considered in some previous works [48, [49]. In this
case, when considering coordinate choices such that the radial coordinate is always
space-like, the challenge is to either evaluate holonomies in the radial direction (a
difficult problem, in general) or to find a viable way to avoid doing so. In the first work
[48], the holonomies in the radial direction were evaluated in a ‘point-wise’ fashion,
this is an approximation where the path-ordering is dropped. However, the constraints
of the resulting theory did not close, showing that this approximation is not viable.
More recently, this problem was reconsidered using an Abelianized version of the
constraints (see [42]) in which case only holonomies in the angular directions are

needed to construct the Hamiltonian constraint operator [49]; this resulting theory is

well-defined.

Here we will consider a complementary approach, where we will fix a gauge in
the classical theory before introducing holonomy corrections, instead of using the
Abelianized set of constraints as in [42] [49]. Although the procedure that is followed
here is slightly different, the end result is the same. Specifically, we will gauge-fix
the diffeomorphism constraint by imposing the areal gauge (which imposes that the
prefactor to dQ2? in the metric be z?, with z the radial coordinate). This is a very
simple gauge choice, which can always be chosen in spherical symmetry no matter

the gravitational dynamics. The areal gauge also has the additional property that
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the gauge-fixed Hamiltonian constraint only depends on the angular components of
the Ashtekar-Barbero connection: as a result, the only holonomies that need to be
evaluated are holonomies along paths that lie on spheres of constant radius—this
avoids the difficulty of needing to evaluate holonomies in the radial direction and
makes it possible to include holonomy corrections in a rather straightforward manner.
In Sec. 2.3 we will go through this gauge-fixing procedure in detail, before continuing

to the effective theory with LQG holonomy corrections in Sec. [2.4]

2.3 Classical Theory
The metric of any spherically symmetric space-time can be expressed in the form
ds®* = —N?dt* + f?(dx + N*dt)* + ¢*dQ?, (2.3)

where the lapse N(x,t), shift vector N*(z,t) and the functions f(z,t),g(z,t) all
depend on time ¢ and the radial coordinate z, while d2> = d6? + sin® 0 d¢>. Note
that we denote the radial coordinate by z, since it is not necessarily equal to the area
radial coordinate r that satisfies A, = 4mr?, with A, being the surface area of the

sphere at radius r.

2.3.1 Basic Variables

The spatial metric g,, can be rewritten in terms of the co-triads

e =flz,1), eg=g(x,1), ¢ =g(zt)sind, (2.4)
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with q., = efleg&j. The densitized triads are then given by Ef = \/qef, with the triads

ef satisfying e}e} = o} and e},ef = &}, so
EfngSinézE“siné, Eg:fg sin&zEbsiHG, E’g):fg:Eb, (2.5)

with E%(x,t) and E°(z,t) capturing the degrees of freedom of the densitized triads.
The metric can now be rewritten as
2 2 7,2 (Eb)2 2 2
ds* = —Ndt* + F(dva N®dt)” + E*dQ°. (2.6)
The Ashtekar-Barbero connnection A? = I 4+ vK! is the conjugate variable to

the densitized triad, with the spin-connection given by

, 1 . . . )
I = 3 €' ik €™ (D€, — el + eV eqmocey’) (2.7)
while the extrinsic curvature is K = K, e, with Ky, = %thab, and ~ is the Barbero-

Immirzi parameter. Since the spatial metric is diagonal, so is K, and we parametrize

it by a(x,t) and b(x,t),
YK} = a, vK; = b, 'ng = bsin6, (2.8)

while a short calculation gives

0. E*
3 z 1 2
I'y = Yok Iy =cosb, I'y =

o0, E°
2EY

sin 6, (2.9)

all other components of the spin-connection are 0.
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2.3.2 Constraints and Dynamics

The dynamics follow from the gravitational action [I7HI9],

o

where dots denote derivatives with respect to t, the scalar constraint is

Al B
87TG’}/

— NH — N°H ] (2.10)

EEY .
=——19 i (FF—(14+~2)Q,F 2.11
H 167‘[‘G">/\/_ k( ab ( +7) ab>7 ( )

and the diffeomorphism constraint is

1
8tGry

H, = EPEy". (2.12)

Here the field strength is Fj;* = 28[(1/15} + eijkAflAg, while the spatial curvature is
given by Q¢ = QG[GF’;} + €, TiTY.
Using the coordinate choices for spherical symmetry described in Sec. and

integrating over df) gives the symmetry-reduced action

s=fufe

with the scalar constraint

ab* + 2bE?

— NH — N”Hx] : (2.13)

1 |2abvE® EP (0, E*)? 0. E°
H=- + V4P - L \/Eaagc(x ) 2.14
Gy | e ) T upyEe b (2.14)
and the diffeomorphism constraint
. 2E°0,b — a0, E") . 2.1
H e (2E°0,b — a0, E*) (2.15)

Note that only the radial component of the diffeomorphism constraint is non-trivial

60



once coordinates that are explicitly spherically symmetric have been chosen, as is the

case here.

The action also shows that the symplectic structure of the symmetry-reduced

theory is given by

{a(z1), E*(x2)} = 2Gy (a1 — x2), (2.16)
{b(x1), E®(x3)} = Gy6(xy — x2). (2.17)
Denoting C[N] = [dx NH and D[N*] = [dxz N*H,, it is a straightforward,

although long, calculation to verify that the constraint algebra (for the symmetry-

reduced theory) is

Ea

{CIM,],C[N,]} =D (B2 (N103 Ny — N2OpN1) | (2.18)
{D[N{], D[N3]} = D[(N3 0 Ny — Ny 0. N3 )], (2.19)
{CIN], D[N]} = —C[N"0,N]. (2.20)

The equations of motion, determined by f = {/, C[N] + D|N*]}, are given by:

ALV N*0,E", (2.21)
Y
EL—N(MMMM+MWW) (2.22)
- WEe ; ’ '
P)/

N {Eb(b2+7 ) 2ab] N Ny [&c (aan> B (8an)2]

" oEe | B o/ Be BV 1E°EP
L(NVE®) ) v 0, E° -
+ v 0, (—Eb 2&,3 NEb\/ﬁ + 0.(N7a), (2.23)
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Lo N 2 2 1 N aﬂcEa ? " avc “
b_—%/ﬁ(b +9%) -1 @(wb) ~ 0, (NVE?) B

After choosing a lapse and a shift, solutions to these equations of motion and the

+ N%8,b. (2.24)

constraints H = 0 and H, = 0 will give a metric (2.6) that satisfies the vacuum
Einstein equations.

One example that will be relevant here is the Schwarzschild space-time for a black

hole of mass M, expressed in Painlevé-Gullstrand coordinates for which

Npg =1,  Nig=1/-2, (2.25)

| Rg u
apg =7 13 Epg = a?,
(2.26)

corresponding exactly to the Painlevé-Gullstrand metric.

2.3.3 The Areal Gauge

In order to simplify the passage to the effective Hamiltonian, and to avoid evaluating
non-trivial path-ordered exponentials to calculate holonomies in the radial direction,
we will perform a partial gauge-fixing known as the areal gauge. This corresponds
to setting E* = 22 (or, in the original metric (2.3)), g(z,¢) = z). Importantly, this
choice can be imposed without any reference to the equations of motion (indeed, this
is typically done in textbook treatments of the Schwarzschild solution before even
deriving the Einstein equations), so long as the surface area of spheres of constant
x increases monotonically with x, which can easily be checked once the solution is

known.
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The gauge-fixing condition y = E* — 2? = 0 is clearly second-class with the
diffeomorphism constraint H,, and so can be used to gauge fix ‘H,, giving
Eb
E* =2 a=—0,b. (2.27)
x

Then, requiring that this gauge be preserved by the equations of motion, i.e., x = 0,

imposes the condition that E¢ = 0 and therefore

N
L) (2.28)
ol

Note that this implies that, after imposing the areal gauge-fixing condition, b now
appears in the metric through the shift vector N* which is no longer a Lagrange
multiplier that can be freely chosen, but is fully determined once the lapse N has
been chosen. On the other hand, the lapse remains a Lagrange multiplier that can be

freely chosen and imposes the scalar constraint H = 0.

This gauge significantly simplifies the action, which becomes

bE
- e 2.2
Scr /dt/dx N ’,L[] : (2.29)
with
1 I3yx 2y1? - Eb .
"= 2G7[Eb EpleE 20 [+ | (2.30)

Note that the symplectic term aE£® in (2.13]) becomes a total time derivative (aE®)’

since £ is independent of time, and so this term can be dropped.

The remaining Poisson bracket is

{b(x1), E®(x2)} = Gy6(xy — x2), (2.31)
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and the constraint algebra also simplifies, becoming

(CINL €IV} =€ |2 (M.Vs = Nadu2i)

—C [NfaxNQ - N;ale} , (2.32)

using ([2.28)) to obtain the second relation. The second form of the constraint algebra
in the areal gauge will give some insight into what the correct form for the shift vector

N? should be in the effective theory once LQG effects are included.

Finally, the equations of motion are

. b
b9 b b
E° = o (NE 20, (NFE )), (2.33)
. YNz ya? B N 9 9
b= 2B + (Eb)QamN _2957835(9017 + 7). (2.34)

These equations can be obtained either by imposing the conditions (2.27) on the
original equations of motion (2.21)—(2.24)), or by deriving them directly from the
simplified scalar constraint (2.30)) via f = {J, Jdz NH}. As expected, the solution

for N =1 is exactly the Painlevé-Gullstrand metric.

2.4 LQG Effective Dynamics

The procedure to obtain the LQG effective dynamics for vacuum spherically
symmetric space-times is to take the classical theory, described in Sec. , then (i)
replace the components of the Ashtekar-Barbero connection by holonomies, and (ii)
include correction functions multiplying inverse powers of the densitized triad. The
first step is necessary since the basic operators in LQG are holonomies and areas (there
is no operator corresponding to the connection itself), and it gives rise to ‘holonomy

corrections’. The second step arises because 0 is a discrete eigenvalue of the area
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operator in LQG, so there is no well-defined operator corresponding to, e.g., 1/E®;
introducing well-defined operators corresponding to inverse powers of £ gives ‘inverse

triad corrections’.

Here we will focus on holonomy corrections for two reasons. First, in LQC the
dominant quantum gravity effects comes from holonomy corrections: these are the
source of the non-singular bounce, and it seems reasonable to expect that holonomy
corrections will be dominant compared to inverse triad corrections in spherical sym-
metry as well. Second, there is considerable ambiguity in the choice of inverse triad
corrections, and in fact some choices of inverse triad operators in LQC do not generate
any inverse triad corrections in the effective theory [74]. Therefore, in the following
we will assume that the inverse triad operator in the underlying quantum theory has
an action such that there are no inverse triad corrections in the effective theory, and

only consider holonomy corrections.

In LQC, the effective dynamics are known to provide an excellent approximation
to the full quantum dynamics for states that are sharply peaked, and for which
the expectation value for the spatial volume is always much larger than ¢}, [75] [76].
While it is not yet clear whether the effective dynamics will also provide a good
approximation to the full quantum dynamics for black hole space-times, it seems
likely that the arguments in [76] can be generalized. If this turns out to be the case,
then the effective dynamics could be used to approximate the quantum dynamics of
semi-classical states, at least for observables whose relevant physical length scale is
much larger than /p;. Based on this expectation, we will focus on the effective theory
here, but we note that it is possible to construct the quantum theory following an

analogous procedure to the one given in [49].
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2.4.1 Effective Hamiltonian

To include holonomy corrections, it is necessary to replace in H the connection
by holonomies. This is, in the simplest cases, done by expressing the field strength
F,* in terms of the holonomy of the Ashtekar-Barbero connection around a loop of
minimal area A, where the area gap A ~ (3, is the smallest non-zero eigenvalue of

the area operator in LQG [72].

However, this procedure is not always viable in LQC when the spatial curvature
is non-vanishing (as is the general case in spherical symmetry). This is because the

%
a’

holonomy of A!, evaluated around a loop of physical area A, cannot be expressed
as an operator on the LQC Hilbert space (to be specific, the holonomy cannot be
written in terms of almost-periodic functions of the connection). For the case of
spherical symmetry, using the Cayley-Hamilton theorem it is possible to check that

the holonomy of A’ around a loop of minimal area is not almost periodic in b, and

therefore a different approach is necessary.

This is a difficulty that has already been addressed in cosmological space-times
with non-vanishing spatial curvature, and in this case what is known as the ‘K’ loop
quantization is preferred [74, [77]. For the case of spherical symmetry (and after
imposing the areal gauge), this means replacing b by holonomies of the extrinsic

curvature 1-form yK!, evaluated in the df directionE],

[
ho(dp) = exp (/ YK d@) = cos (%) I+ 2sin (%) . (2.35)
0

where the 7° are a basis in the (fundamental representation of the) su(2) Lie algebra
satisfying 777 = 1¢ 7% — 26T, and T is the 2 x 2 identity matrix.

Then, to extract a scalar quantity from the SU(2)-valued expression (2.35)), we

We could equally well choose any path that follows a great circle, we choose ¢ = constant for
simplicity.
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replace

Tr(h9(25b) . 7'2) .

b -2
- 2,

(2.36)

Here the factor of 2 in 20, is to ensure consistency between the ‘K’ loop quantization
and the loop quantization based on expressing the field strength in terms of holonomies
[78].

The remaining task is to determine the appropriate value for d,. The key heuristic
argument from LQG, which guides the choice of ¢y, is that the physical length of this
edge should be given by v/A. Since the holonomy was integrated along the edge with
respect to the coordinate 6, d; gives the coordinate length of the path, not the physical
length. The coordinate and physical lengths are simply related by the metric; for a
path with constant x and ¢ (and constant ¢, of course) the relation is just ds = x df.

So, for the physical length to be v/A, the coordinate length must be taken to be

8y = (2.37)

-5

(In general, if the areal gauge is not imposed then ds = v E*df and §, = \/A/E%.)
This result is in agreement with what has earlier been argued in [23, 48, [49] (up to an

overall factor of 47 in some cases, which essentially implies a slightly different choice

for A). Then, ([2.36)) becomes

b— % sin (@b) . (2.38)

It is now possible to construct the effective Hamiltonian by replacing all instances

of b in (2.30)) using (2.38)), with the result

1 E? 3 VAD 3 2yx?
o, <$_Sin2_+72x> R W O
T

HULRG) —
2Gy

= -t oy . (2.39)
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A direct calculation of the Poisson bracket of the effective scalar constraint with itself

gives the following constraint algebra,

z . VAb  VAD
cos

(LQO) 1 LR N, — C(LQG) | _
{C [N1],C [No]} =C 7\/Zsm " "

(N10; Ny — NoOp N1)
(2.40)

Note that although the constraint algebra has changed compared to the classical form

, the constraint algebra for the effective scalar constraint is closed: there are no

anomalies.

Next, it is necessary to update the areal gauge relation between the lapse and the
shift, which is classically given by ([2.28)), by replacing b by an appropriate expression
in terms of holonomies. A simple way to do this is in fact suggested by comparing the

classical constraint algebra (2.32) and the constraint algebra in the effective theory

(2.40)): the choice
Nz . VAb  VAD
cos

— sin
WA x x

ensures that the constraint algebra for the effective theory will have exactly the

N® =

(2.41)

classical form

{CERDN, ], CLLDN,|} = O [NF9, Ny — NEO,N] . (2.42)

This choice for the shift vector, although based on different arguments, is the same as
in [49)].

As an aside, we mention that if a different modification for b is preferred for
the effective Hamiltonian, say b — f(x,b), then the constraint algebra will be
{C¢[N1],C[No]} = Cf[—y H(N10, Ny — N30, N1)(f0,f)], and by redefining the lapse-
shift relation to be N* = —N(f0yf)/, the constraint algebra becomes identical with
the classical case (And for a more general analysis of modified constraint algebras in

spherical symmetry for the case of the diffeomorphism constraint not being gauge-fixed,
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see [79]).

For the choice (2.41]) for the shift vector, the effective metric will be

b\2
ds®* = —N?dt? + % (dx + N¥dt)* + 22d2>. (2.43)

Finally, from the scalar constraint and the basic Poisson bracket relation ([2.31)),

the equations of motion for E® and b are derived in the usual manner, giving

: 2 NE" VA VA
o —— Oy ( > sin b Ccos b, (2.44)
WA x x x
. yNzx 0N yN N 3 . o VAD
— 142 - . 24
b 2(Eb)2< TN ) o0 2yAz t\T T Ty (2.45)

2.4.2 Solution in Painlevé-Gullstrand Coordinates

A stationary solution to the equations of motion and to the scalar constraint
H(LRE) = ( can easily be found in terms of Painlevé-Gullstrand-like coordinates for

N =1. For N =1, then Eb =0 implies tha
E' =1z, (2.46)

while b = 0 gives

x . C
b= JA arcsin —7, (2.47)

where C' is a constant of integration.
It is immediately clear that C' = 0 gives Minkowski space, ds? = —dt?+dz? +22dQ?.

Note that there are no quantum gravity effects in this case, which is not surprising

20f Bb = 0, then either E, = z, or sin@ = 0, or cos @ = 0. In the second case, b=0

implies F} = x in agreement with the first case, while in the third case sin @ =+l and b=0 gives
E? = v*Ax?/(32% + ?A), which does not satisfy the scalar constraint. Therefore, only the first two
cases are viable and both imply E? = z.
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since the curvature is zero.

The black hole solutions are obtained for C' = —/~v2ARg, where Rg = 2GM is
the Schwarzschild radius and M is the mass of the black hole. This is easily verified
by considering the solution at large z, in which case arcsin(C/x%/?) ~ C/2%? and the

usual Painlevé-Gullstrand solution ([2.26)) is recovered.

An important point, as already pointed out in [49], is that this solution is only
well-defined for
T > Tmim = (VARg)Y?. (2.48)

This lower bound on x in vacuum space-times is not surprising given the following
argument. First, in spherically symmetric space-times there are no local gravitational
degrees of freedom (gravitational waves), so a matter source is needed to generate any
space-time curvature. Second, studies in LQC show that quantum gravity effects due
to holonomy corrections generate an upper bound on the possible energy density of
any matter field. Therefore, to generate a gravitational field corresponding to mass
M, a matter field with density p ~ M/R? is needed, and if p < ppac ~ pp1, then the
matter field must extend to at least a radius of ~ (M/pp;)'/? ~ Zpi,. This argument
can be made precise, and shown to be exact, in the case that the matter field is
pressureless dust field [50]. So to describe the solution for z < @y, it is necessary to

include matter fields.

For the vacuum part of the space-time, the shift vector is

2
NT = \/@ <1 7 A3R5>, (2.49)
xr xr

which gives the effective metric

2\ R2 2A
ds® = — (1 _hs + i RS) dt2+2 \/& (1 _7 RS) dt dz+dx®+22dQ?. (2.50)

3
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Note that in the limit A — 0, the effective metric tends to the classical Schwarzschild
metric in Painlevé-Gullstrand coordinates, as expected. Also, the condition = > z i,
ensures that the shift is well-defined for all x > x,,;,. Another interesting point
is that in the limit £ — x,;,, the effective line element tends to the Minkowski metric.
As we shall see, this is because the repulsive quantum gravity effects exactly balance

out the attractive classical gravitational force at © = ;.

2.4.3 Curvature Scalars and Killing Horizons

To understand the geometry underlying the effective metric (2.50)), it is useful
to examine curvature scalars and look for horizons, with Killing horizons being

particularly easy to find in stationary space-times.

In the following, to simplify the notation we will express the metric as ds? =
—Fdt? + 2N%dtdx + da?® + 22dQ?, with
RS VQAR%

F =1-—
(z) x+ 4

: (2.51)

and N7 given by (2.49), note that F + (N*)? = N2 = 1.

It is straightforward to calculate some simple curvature scalars for (2.50)), with the

results
6v2AR% L 90v*A%RY
R=— T, R/WRH = T, (252)
oo 12R% 10v*ARs  397*A?R%
Ry pe RMP7 = —5 (1 - T s . (2.53)

Note that these expressions for the curvature scalars are exact. Also, setting A = 0
in these equations gives the expected classical expressions, in particular R,, = 0.
Further, as the lower bound x,,;, is approached, all of these curvature scalars approach

a critical value that is independent of their mass, and which provides an upper bound
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Figure 2.1: This figure shows the location of x;, (solid purple line), Zipner (dashed red
line) and Zouger (solid black line) as a function of § = WA /Rg; the scale on the x-axis
is in units of z/Rg. Region I corresponds to & > Zouter, in Region I Zipner < = < Zouter,
and in Region III z,;, < = < Zjner- For a black hole mass of M < M, there are no
horizons, this corresponds to Region IV with § > d;,. Finally, the effective solution is
only valid for x > z,;,; in Region V the vacuum solution is not well-defined and it
is necessary to include matter fields. Note that in the limit of a large mass (§ — 0),
Zinner — Lmin while Touter — RS-

to the amplitude of each curvature scalar in the vacuum region,

6 90 360
. _ . p _ . Hrpo
xl;liflnin R N ’yzA ’ ml}i{]-nin R'L“/R 74A2 ’ xk;{lnin RMVPUR 74A2 ’
(2.54)

These upper bounds agree with the results obtained in [49] (up to overall factors of

47 due to what amounts to a different choice by [49] for A in ([2.37)).

Next, in an explicitly stationary space-time like this one, &* = (1,0,0,0) is
necessarily a Killing vector field and the Killing horizons are located where 4§, = 0,
which corresponds to F' = 0. What is interesting here is that (for M > mp) there
are two Killing horizonsﬂ an outer Killing horizon near x = Rg, and an inner Killing

horizon just outside p,ip.

3F = 0 gives a fourth-order polynomial in z; two roots are always complex and for M > mp;
the other two roots are real and distinct. As will be explored next, there is a limiting case M = M,
where there is one repeated real root, and for M < M, all four roots are complex, in which case
there is no Killing horizon.
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Specifically, to leading order in A/R% the outer Killing horizon is located at

2 4/3
VA A
Touter — RS - -+ @) <_5 3> s (255)
Rg RS/
while the inner horizon is located at
1 /~41A2 1/3 A4/3
inner — QAR 1/3 - O — 2.56
x (v s)77 + 5\ Rs + Rg/3 5 ( )

note that the first term is exactly xn;,. The location of the Killing horizons as a

function of the black hole mass is shown in Fig. 2.1}

This shows that the outer Killing horizon is located (up to small quantum cor-
rections) at the classical horizon Rg, while the interior horizon is a new feature of
the quantum geometry that lies within the region where the space-time curvature
is Planckian. As depicted in Fig. this shows that there is a thin region inside
the black hole where the lightcone flips again and outgoing null rays begin to expand
(with respect to the coordinate x) once again. Note that the presence of an interior
horizon is analogous to what occurs in Reissner-Nordstrom black holes, although the
new term in the Reissner-Nordstrom metric with charge Q goes as GQ?/x? while here

the quantum gravity correction in the effective metric is proportional to AR%/z%.

This result also emphasizes the importance of studying the full space-time rather
than using the classical isometry between the Schwarzschild interior and the Kantowski-
Sachs space-time, which implicitly assumes that there is no interior horizon. Also,
note the existence of an interior horizon is a necessary condition for a transition to
occur from a black hole collapse to an expanding white hole solution [64]; for details
in how such a transition is realized in this effective framework for the case that the

matter field is pressureless dust, see [50].
The above results for the locations of the two horizons assumes M > mp;, but

if M is sufficiently small there may be only 1 or 0 Killing horizons. The limiting
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Figure 2.2: Schematic diagram for M > mp; showing the behaviour of the lightcone
in the presence of multiple horizons. The shaded area is outside the domain of our
solution and the innermost region between x.;, and Ty, is a shell of thickness

~ (YIAZ/Rg)V3.

case occurs for M, = 8yv/A /v/27G, when there is exactly one Killing horizon, while
if M < M, then there are no Killing horizons at all. Although it is likely that the
effective description fails for small x < Rg in a space-time with such a small mass, the
absence of Killing horizons in this case is nonetheless interesting as it suggests that a
minimal mass is required to form a black hole, with a (Killing) horizon—if M < M,
the space-time is indeed curved by the mass but not sufficiently for a horizon to form.
This is very different from the situation in classical general relativity, where there is
always a horizon surrounding a sufficiently compact matter source. Note that this
also suggests that elementary particles with m < mp; (like electrons, say) cannot form
a black hole alone; rather, many elementary particles must be packed in a sufficiently

small region for a black hole to form.

2.4.4 Geodesics and Apparent Horizons

Further insight into the effective geometry of the LQG-corrected black hole can

be obtained by studying geodesics. For the sake of simplicity we will consider radial
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Figure 2.3: Behaviour of outgoing radial null geodesics, dx/dt = 1 — N*, for the
effective metric with shift for black holes of different mass. These three curves
are characteristic of the different possible behaviours that the outgoing null rays may
exhibit depending on the mass of the black hole compared to M,. Here the red curve
corresponds to M = 0.3M,, the blue curve to M = M,, and the green to M = 3M,.
The abrupt end to each curve corresponds to x = x,;, for each of the three black hole
masses. In these plots we set v =G =1 and A = 1072

motion only, but it is straightforward to extend these results to include rotational

motion as well.

Radial geodesics satisty

—e = —F(2)t* + 2N"& + i*; (2.57)

for time-like geodesics, € = 1 and the dots denote derivatives with respect to proper
time 7, while for null geodesics € = 0 and dots denote derivatives with respect to an

affine parameter \.

For time-like geodesics, it is convenient to use the conserved energy associated

with the time-like Killing vector £&# = (1,0,0,0) to isolate &; specifically,

E = ¢,i" = —F(2)i + N%i. (2.58)
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Combining this with € = 1, the geodesic equation (2.57)) simplifies to

—F(z) = —(N"& — E)* + 2N*(N®& — E)i + Fi?, (2.59)
giving
2
dv_ 4 o1 Bs (| 1ARs) (2.60)
dr x x3

Note that in the case E = 1, corresponding to a particle that starts at rest at infinity,
this particle will again have © = 0 at * = x,,;,. This is another way to see that
T = Ty 18 the location where the quantum gravity repulsive effects cancel out the

classical gravitational attraction.

For null geodesics the calculation is even simpler. Since € = 0, dividing (2.57)) by

t? gives )
0=—F(x)+ 2N“2—f + (%) , (2.61)
which has the solution
d
d—f - N4, (2.62)
For dx/dt = —N* —1, the ingoing null rays always have decreasing x, but the situation

is a little more complicated for the outgoing rays with dz/dt = 1 — N* which will
depend on the location of the zeros of 1 — N¥; unsurprisingly these correspond exactly

to the Killing horizons found in Sec. [2.4.3

For M > mp, the x position of the outgoing rays will increase for x > yuer and
T < Tinner, DUt decrease for xipner < T < Touter- On the other hand, if M < M,, then
the outgoing null rays will satisfy dx/dt > 0 everywhere. This is depicted in Fig. [2.3}

once again the behaviour is analogous with that of a Reissner-Nordstrom black hole.

Next, it is possible to determine whether there are any apparent horizons by
considering congruences of null geodesics. Due to spherical symmetry, it is sufficient

to consider congruences that are orthogonal to the surface of concentric 2-spheres
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M=3M,

Figure 2.4: Comparison of the outgoing null expansion 6§, = 2z7'(1 — N*) for the
effective metric (solid line) compared to the classical limit A — 0 (dashed line).
The three cases, from left to right, correspond to: (i) a space-time with no apparent
horizon (left), (ii) a space-time with one sphere S that is marginally trapped sphere
(where 0, = 0) but no region with 6, < 0 (middle), and (iii) a space-time with two
apparent horizons (right). In the first two cases, 6, > 0 throughout the entire space-
time while in the large mass case of M > M,, 0, is negative for Ziner < T < Touter-
Each of these examples are qualitatively different from the classical case where, in
all examples, at x* = Rg the expansion 6, becomes negative and diverges to —oo as
x — 0. Note that 6, for the effective metric stops at © = x;,. In the plots we set

y=G=1and A =10"2%
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S defined by constant z and t. Denoting the tangent vector to the outgoing null
geodesics by /# = (1,1 — N®,0,0), then the other linearly independent null vector
that is also orthogonal to S is k* = (1,—1 — N*,0,0), which is the tangent vector to
ingoing null geodesics. Here the overall normalization of these two vectors fields is

such that ¢k, = —2, so the hypersurface metric for S is given by
1
by = G + 5 (fuky + MV). (2.63)
The outgoing and ingoing expansions are respectively
0, = h"V 0, 0_ = h""V ,k,, (2.64)
and a short calculation gives

2 (14 N). (2.65)

T

20N, 6 =

Xz

0

The standard definition of a trapped surface S is one where both expansions 6
are negative, and the boundary of the total trapped region is called the apparent
horizon—in this case, since §_ < 0 for all z, the apparent horizon corresponds to the
surfaces where 6, = 0. Interestingly, for M > mp), in addition to the usual outer
boundary to the trapped region, there is also an interior boundary and there are
therefore two apparent horizons. As expected, these apparent horizons are located at
precisely the same location as the Killing horizons, xijyne; and Zouger- The expansion 6,

is plotted in Fig. for different M and compared to the classical result.
It is straightforward to calculate the surface gravity at the outer horizon,

RS . ZVQAR%

— 5.2 5
2xouter xouter

K

(2.66)

In the case that M > mpy, then the outer horizon is given by ([2.55) and the surface
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gravity, to leading order in A, is given by

1 'VQA A4/3
n:———3+0<—3 . (2.67)

It is also interesting to examing the surface gravity for smaller masses which is shown
in Fig. [2.5; of course, since there is no horizon for M < M, a surface gravity can
be associated to a horizon only for M > M,. It is interesting to note that the slope
of k(M) is positive for small M, so the specific heat of black holes becomes positive
for sufficiently small mass (assuming the black hole thermodynamics correspondence

between surface gravity and temperature continues to hold in this setting).
Finally, for large M and keeping only the leading order LQG correction, the black
hole thermodynamics relation for these effective (non-rotating, zero charge) black

holes is slightly modified to

2
K MAouter = 87G (1 - 22, A) oM, (2.68)
S

suggesting that, not too surprisingly, quantum gravity effects will generate some
departures from semi-classical expectations based on quantum field theory on a

classical background. A more detailed exploration of this topic is left for future work.

2.4.5 Other Coordinate Systems

While we have so far used the Painlevé-Gullstrand coordinate system, it is also

possible to express the stationary solution in terms of other coordinate systems.

Leaving N free in (2.44) and ({2.45)), requiring Eb =0 gives

N =_"— (2.69)
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— KGR

— KLQG

Figure 2.5: This plot shows the (outer) horizon surface gravity s as a function of the
black hole mass M for small M; the smallest mass shown here is M = M, as there
are no horizons for M < M,. Note that the slope of the curve is positive for small M
close to M,, but x rapidly tends to the classical result kK = 1/2Rg. In this plot we set
y=G=1and A =10"2%

which can then be substituted into b = 0, with the result

2 A 2
T gin? \/m_b =2 ((JJ— -1+ &) ; (2.70)

where the constant of integration has been chosen to obtain the correct classical limit

at large x.

To make contact with [49], we will now consider the specific example

Ne_ 1 (2.71)

\/1—|—RS/I’

for which it follows that

2 Ab 2 D2
B’ =2\/1+ Rg/x, I—SiHQ\/_ _ 0 Hs (2.72)
X
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and so the resulting effective line element is

RS ’}/QAR4 RS
ds? = — [1- = S dt? + (14 —=2 ) da?
s ( . +:C6(1+R5/x)2 + {1+ = x

Rg VQAR% 2 7002
2———m————— |1 — ————=— dxdt dQ)”. 2.73
* a:(l—l—Rs/a:)\/ 241+ Rg/x) vt (273)

This is precisely the effective metric found in [49], up to some small discretization
effects which are not included in the analysis here. This shows that the different
approaches followed here and in [49] give the same effective metric, and are consistent

with each other.

While the effective line elements and are both solutions of the effective
equations of motion and , these two effective metrics are not related by
coordinate transformations, as would be the case in classical general relativity. Rather,
there is a quantum deformation to this classical symmetry; we leave a determination of
the precise properties of this deformation for future work. We emphasize that although
the classical symmetry is deformed due a modification of the structure function in the
effective algebra , the modified constraint algebra does close, thus ensuring the

covariance of the effective model considered here.

One way to verify that the two metrics are not related by a coordinate transforma-
tion is to compare curvature scalars. While R, R, R*" and R, ,, """’ are all slightly
different for the effective line elements and , nonetheless these curvature
scalars have a nearly identical behaviour (especially for large M, with differences only
becoming apparent near x;, for small M) and in fact have exactly the same upper
bound that in both cases is reached at x = Zin.

The fact that the space-time geometry depends on the coordinates—or, in other
words, is observer-dependent—is (at least in hindsight) not surprising. It is well known
in the context of quantum field theory on curved space-times that different observers

see different states: one may observe the quantum vacuum, while another (at the
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same location but with a relative acceleration) sees a thermal state. Something similar
appears to occur here: the quantum gravity corrections to the classical metric are
observer-dependent (although some quantum gravity effects, like the presence of a
Planck-scale bound on curvature scalars, appear to be observer-independent). An

in-depth study of this effect is left for future work.

2.5 Summary and Discussion

In this paper we constructed an effective framework to study quantum gravity
holonomy effects in vacuum spherically symmetric space-times, and studied the
stationary solutions to the effective theory. By imposing the areal gauge, it was
possible to implement the i loop quantization scheme; in an important sign of the
robustness of these results, this gives results in perfect agreement with the i loop

quantization based on the Abelianized version of the constraints [49].

We explored the geometry of the solution mostly in terms of the effective line
element expressed in Painlevé-Gullstrand-like coordinates, and found that quantum
gravity effects: (i) slightly shift the location of the outer horizon from = = Rg by
a term of the order A/Rg, (ii) showed that the vacuum solution only holds for
T > T = (YARg)'3, with the implication that the presence of matter is necessary
at smaller = to curve the space-time, and (iii) there is now an inner horizon located
just outside wp,;, where the outgoing expansion of radial null geodesics becomes
positive again. (In this effective space-time, Killing horizons and apparent horizons
are the same, so we simply refer to ‘horizons’.) Note that the presence of an outer
and inner horizon occurs in many models of non-singular black holes, including the
well-known Bardeen model [I]. Further, in agreement with [49], the curvature scalars
R, R*™ R, and R*"*" R,,,, are all bounded by quantum gravity effects, with each

bound depending only on 7?A ~ (2, and independent of M.
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Also, while this may lie outside the regime of validity of the effective description,
it is nonetheless interesting to point out that the effective theory predicts that for
sufficiently small M < mp; there will not be any horizon at all: although the mass will
curve the space-time in the usual way far from the source, the gravitational field will
never be strong enough to generate a trapped region, even for x < Rg; this provides
a quantum gravitational counterexample to the hoop conjecture for sufficiently low

mass objects.

The static space-time solution that we derived as a solution to the effective scalar
constraint corresponds to an eternal (vacuum) black hole. To describe physical black
holes, it will be important to extend these results to include matter fields and to study
the process of the formation of a black hole. In addition, by including dynamical
effects, it will be possible to study the problem of mass inflation, which appears to
indicate that inner horizons in an eternal black hole are unstable [80H82] (although
this conclusion has recently been challenged, see [83]). More generally, to properly
understand the properties of astrophysically relevant black holes, it will be essential

to include matter and allow for fully dynamical space-times.

Importantly, the effective framework developed here can be extended to include
matter fields, and in particular it is quite straightforward to include a pressureless
dust field [50]. Then, it is possible to study black hole collapse; for example, it can be
shown that in the Oppenheimer-Snyder collapse model the dynamics of the interior of
the ‘star’ are given by exactly the LQC effective Friedman equation, and therefore the
star bounces at the LQC critical density p. ~ pp; and then starts to expand, much
like a white hole [50]. This model is a first step towards a more complete analysis
of quantum gravity effects in a dynamical black hole space-time, starting from the
collapse of an in-falling matter field. Interestingly, it provides an explicit realization,
derived from an effective LQG description of the full black hole space-time, that shows

how quantum gravity effects can generate a transition from a collapsing black hole to
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an expanding ‘white hole’, as suggested in [65].

There also remain several other important open questions, in addition to the
inclusion of matter and the study of the dynamics of evolving black hole space-times
starting from their initial formation. In particular, it is important to explore the
relation of the effective metric expressed in terms of different coordinates, and to
understand precisely how quantum gravity effects will differ depending on the observer.
While these questions are by now quite well understood for quantum field theory on
curved space-times, this is not the case for quantum gravity effects, even in relatively
simple effective theories like the one considered here. Finally, it will also be important
to go beyond the effective description in order to study other quantum gravity effects
in black holes, most notably Hawking radiation and the black hole information loss

problem.
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Chapter 3

Black hole collapse and bounce in

effective loop quantum gravity

3.1 Introduction

General relativity is typically expected to break down when the curvature reaches
the Planck scale, at which point a theory of quantum gravity becomes necessary.
One important example is a black hole of mass M: in the simplest case of the
Schwarzschild vacuum spherically symmetric space-time, the Kretschmann scalar
Rupo BHP7 ~ (2GM)? /7S reaches the Planck scale at the radius r ~ (2GM /(%)Y
suggesting that quantum gravity effects may become important not only close to the

singularity at r = 0, but as far away from the black hole center as (2GM¢%))Y/3.

In addition to quantum gravity effects being presumably important in vacuum
black hole solutions, quantum gravity is also expected to play an important role during
black hole collapse. While the matter forming the star is classically predicted to
reach the central singularity, quantum gravity effects could resolve the singularity and

modify the dynamics of infalling matter.

In spherically symmetric space-times, there are no gravitational waves and therefore
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to study black hole collapse a matter field is needed. A simple choice is pressureless
dust; spherically symmetric space-times minimally coupled to dust are known as the

Lemaitre-Tolman-Bondi (LTB) solutions [1H3].

To explore how quantum gravity effects may modify black hole collapse, we will
consider the effect of expressing the (classical) Hamiltonian in terms of area and
holonomy variables, as suggested by loop quantum gravity (LQG) [4]. (For the
quantization of LTB space-times in other contexts, see [5H7].) In this approach, the
Hamiltonian depends on holonomies of the Ashtekar-Barbero connection along paths
of physical length ~ /p;, rather than the connection itself. The resulting ‘effective’
equations of motion include quantum gravity effects due to the presence of these
Planck-length holonomies in the Hamiltonian. For cosmology, the effective equations
derived in this manner have been shown to give an excellent approximation to the
leading order quantum gravity effects for sharply-peaked states in loop quantum
cosmology (LQC) [8]. Note that to ensure the physical length of the holonomy paths is
~ {p1, the coordinate length has to be related to the physical length through the metric;
this step is essential to obtain physical results (otherwise an unphysical coordinate
length is related to the physical Planck scale, resulting in inconsistencies) and this

procedure is called, for historical reasons, the ‘improved dynamics’ or ‘fi-scheme’ [9].

There has been considerable work studying various LQG effects in spherically
symmetric space-times. For vacuum space-times, most studies are based on the
isometry between the classical Schwarzschild interior and the Kantowski-Sachs space-
time [10-24], but this isometry is based on results in classical general relativity and
may not hold in LQG (it is also unclear how to properly carry out the i scheme when
a spatial coordinate becomes null at a horizon). The full vacuum space-time (interior
and exterior) was first studied without using the g scheme [25H31], and more recent
work has shown how to include that missing step and implement the ji scheme in

vacuum spherically symmetric space-times [32H34].
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To study black hole collapse, it is necessary to include a matter field. For previous
work on the inclusion of matter fields in spherical symmetry in the context of LQG, see
[277, B5H38], and for studies of black hole collapse based on this approach, see [38-42].
(And for other LQG/LQC-based studies of black hole collapse, see [43H51]). Although
these studies provide interesting insights into potential quantum gravity effects in
black hole collapse—in particular, many predict that the black hole singularity is
resolved and that the black hole bounces into a white-hole-like solution—none use the
i scheme throughout the entire space-time. (Some of these studies do not use the
scheme at all, while others use it only for the interior of the star and use the equations
of general relativity for the vacuum region outside the star.) Finally, there have also
been some studies of LQG-motivated inverse triad effects in spherical symmetry, for

details see [52-56].

In this paper we will show how to implement the i scheme for the full family of
LTB space-times and then use this framework to derive effective equations of motion.
These equations will hold both in the presence and absence of matter, as well as inside
and outside a horizon. We then use the resulting effective equations to study LQG
effects in the Oppenheimer-Snyder black hole collapse model. Note that we will refer to
a black hole being present if there is, at that instant of (coordinate) time, an apparent
horizon; we do not require an event horizon to exist since we do not necessarily expect

an event horizon to be present in a non-singular black hole space-time.

3.2 Classical Theory

The line element for a spherically symmetric space-time can be put in the form

Eb 2
ds? = —N2dt* + (E—a)(dx + N*dt)* + E*d$)?, (3.1)
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where N(z,t) and N®(z,t) are the lapse and the radial component of the shift vector,
E%(x,t) and E°(x,t) are the densitized triad in the radial and angular directions, and
dQ? = db? + sin® 0 d¢>.

The densitized triads are conjugate to the Ashtekar-Barbero connection whose

components are [34]

a

: 0, F
Al 1ida® = aT dr + (b Ty + Vo0 T3> do

a

0. F .
+ (Cot 0 — Vo + ng) sin 6 do. (3.2)

Here a(z,t) and b(x,t) capture the extrinsic curvature in the radial and angular

directions respectively, while 79 = —ig7 /2, with ¢/ the Pauli matrices.

For the Lemaitre-Tolman-Bondi (LTB) space-times the matter content is a pres-

sureless dust field and, after integrating over d2, the action is [57]
1B + 2bE" :
S:/dt/dx L—FZLTFTPT—

(9) 4 (@
e N (H9 4+ HY)

— N* (HY — 4mprd,T) |. (3.3)

Here T denotes the dust field and pr is its conjugate momentum, while the dots
denote derivatives with respect to t. The contributions to the scalar constraint from

the gravitational and dust sectors are

1 EY
HO = — e (Qab\/E“ t = (0% + 72))

L OB VER, (OB (3.4)
8G pb/Ea  2G "\ Eb )’ ‘
Ea

and the gravitational term in the diffeomorphism constraint is HY = (2G~)~t -
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(2E°0,b — a0, E?).

The Hamiltonian framework can be simplified by using the dust-time gauge to fix
the scalar constraint [57] and the areal gauge to fix the diffeomorphism constraint
[13, B4]. After this gauge-fixing there will remain a true Hamiltonian, with no
constraints left. Note that due to this gauge-fixing procedure, the resulting effective

theory does not fall within the class of (vacuum) models studied in [5§].

The benefit of the dust-time gauge T' =t is clear, as then 0,7 = 0. The gauge-
fixing condition x; =T —t = 0 is second-class with the scalar constraint, so x; can be
used to gauge-fix it. Solving the scalar constraint gives 4mpy = —H9) while requiring
that the gauge-fixing condition be preserved by the dynamics imposes N = 1. Further,
the symplectic term in the action 47rpTT simplifies to 4mpr = —H@, which becomes
a true physical Hamiltonian H,p,,s = H9 [57].

The next simplification is to impose the areal gauge through the condition y, =
E* — 22 = 0, which imposes that a sphere at radius x has surface area 4mwx%. The
condition ys is second-class with the diffeomorphism constraint, which can be solved
giving a = E°(9,b)/z, and requiring that y, be preserved dynamically gives N® = —b/~
[34]. Since E* is independent of time, the aE* term is a total time derivative and can
be dropped from the action, while Hnys simplifies considerably after substituting for

E% and a:

Sor — [ /dx( ) 36)

E ’yEb
s = b? b)) + 11—
Hony QGW[W( 20 ) +
222 b 3”yx
B> ——]. .
el - (3.7)
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After fixing these two gauges, the metric reduces to

2 . (B T 11\2 2 1092
ds® = —dt* + ~—5— (dz + N* dt)” + x~d€2", (3.8)
x
with N = —b/~ for classical general relativity, and it is clear that there is one physical

degree of freedom at each point due to the dust field (there are no gravitational waves

in spherically symmetric space-times). The energy density p(x,t) of the dust field,

related to the dust contribution to the scalar constraint by H® = [d2\/qp, where

V/q is the determinant of the spatial metric, is

_ pbr _ thys
P VE® Eb Ara B’

and the remaining non-trivial Poisson bracket is
{b(x1,t), E(z9,t)} = Gy (x1 — x2).

The dynamics follow from f = {f, [dx Hynys}, giving

. bEY b
Eb="—" — Z9,FE"
ooy

yx

1
— —(20b0,b + 1 +42).
2(Eb)? 2W<xax + +7>

(3.9)

(3.10)

(3.11)

(3.12)

These are the usual equations of motion for the LTB family of metrics, for the Painlevé-

Gullstrand coordinates (3.8) of the metric [59, [60], and in a form convenient to include

holonomy corrections as motivated by LQG.

3.3 LTB Effective Equations

One of the main features of LQG is that the fundamental operators, out of which all

other operators are constructed, are holonomies of A, and the areas £*. In LQC, it has
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been shown that there exist ‘effective equations’ that provide a good approximation to
the dynamics of expectation values of observables, at least for wave functions that are
sharply peaked and whose expectation value for the spatial volume satisfies (V') > 3,
[61], 62]. These effective equations can be derived as the Hamilton equations of an
effective Hamiltonian that includes modifications proportional to & which ensure the

resulting dynamics track sharply-peaked wave functions in the full quantum theory.

To derive an effective Hamiltonian for (gauge-fixed) LTB space-times, the main
step is to replace the connection component b by minimal length holonomies of b in
the classical gauge-fixed Hamiltonian. (Recall that after the gauge-fixing imposed in
Sec.[3.2] the system is described by a single true Hamiltonian—there are no constraints
left.) It is necessary that these holonomies give trigonometric functions of b (without
b-dependent prefactors) for it to be possible to promote the holonomies to operators
in LQC. This condition is satisfied by holonomies of the extrinsic curvature 1-form in

the 6 direction,

26,
hg(26p) = exp (/ b7y d@)
0

= cos (0pb) I + 2sin (0pb) To. (3.13)

This is known as the ‘K’ loop quantization, for details see [63], [64]. (The path could
be a portion of any great circle on the sphere, for simplicity we took ¢ = const.)
Still following [63), 64], the coordinate length 24, must be chosen so that the physical
length of the path is VA, where A ~ (%, is the smallest non-zero eigenvalue of the
area operator in LQG. (The factor of 2 is to ensure consistency with expressions of
the curvature in terms of holonomies [65].) For this path, = and ¢ are constant, so
the metric implies ds = x dfl. Integrating and requiring that the physical length

be VA gives fo\/Z ds = 025b zdf, so 26, = VA/z, see also [32-34].

Finally, b must be replaced in Hynys by an appropriate expression in terms of
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he(26p) [63], 64],

—2Tr(he(28) 1) = . (VA
b— 2, = \/Zsm< . b). (3.14)

This substitution gives the effective physical Hamiltonian for LTB space-times,

b
o = I[P, (2 geBY) e
2G| yx A x E?
2 EY
+ (;f) ) E”+VT (3.15)

To reconstruct the space-time metric from the phase space variables it is necessary to
find the shift N* and this requires rewriting the relation between N® and b in terms
of holonomies (as before, this step is required since there is no operator corresponding
to b in the quantum theory). Following earlier work in vacuum spherically symmetric

space-times gives [33], 34]

Ne =T g YAD (VAD (3.16)

7\/_ x x

Note that the form of the metric (3.8)) remains unchanged.

The effective dynamics for general LTB space-times follow directly from ’thys and
the (unchanged) Poisson bracket ({3.10)),
. 2 VA b \/ Ab
Br=—"_9, ( ) , (3.17)
fy\/ Z T

.oy 1 1 5 VAD
b:_< __>_ 5, 3.18

2\(E*)? =z 2vAx (x sin” (3.18)
These effective equations can be used to study LQG effects in LTB space-times, and

in particular in black hole collapse models.

LQG

phys = 0 and have already been studied

The vacuum solutions p = 0 correspond to H

[33, 34]. In Painlevé-Gullstrand coordinates, the metric for the vacuum solution has
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the form

2A 2
al32:—<1—&—|—7 Rs)dt2+d:c2

x 4
R 2AR
+ 2\/73 (1 7 p S)dtda:+a:2d§22, (3.19)

where Rg = 2G M is the Schwarzschild radius, and the quantum gravity corrections
are proportional to A. Note that for the vacuum case M = 0, the result is the
classical Minkowski solution without any quantum gravity corrections. Interestingly,
this metric is only valid for > o, = (v?ARs)Y? [33, B34]. This is not surprising,
since in spherical symmetry there are no gravitational waves and therefore a central
potential must be generated by some distribution of matter. Since LQC effects are
known to bound p < pp; by the Planck scale, this suggests that to have a source
of mass M, there must be some matter content out to (assuming maximal density)
x ~ (M/pp)'/3, in qualitative agreement with the bound z > 2, for the vacuum
solution. In the simple model for black hole collapse considered next, this expectation

will be shown to be precisely correct.

This vacuum solution has an outer apparent horizon located at xouer ~ Rg —
7?A/Rg and an inner apparent horizon at Tinner ~ Tmin + (Y*A2/27Rs)"/? [34]; matter
that lies inside the inner horizon can remain at rest, or bounce and start to expand as
required for a transition from a black hole to a white hole [50]. In the Planck regime,
quantum gravity repulsive effects counteract the classical gravitational attractive force,

and the outgoing expansion becomes positive again for r < Zinper-

3.4 Black Hole Collapse and Bounce

A simple model for black hole collapse is the Oppenheimer-Snyder model [66].

This space-time belongs to the family of LTB solutions, and corresponds to a ‘star’ of
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radius L(t), with vacuum outside. The star is composed of pressureless dust, and it is
further assumed that the star has a spatially constant density p within its interior:
p(x,t) = p(t) if < L(t) and p(x,t) = 0 for x > L(t). As the star collapses, L(t)
will decrease and p(t) will increase. To simplify the analysis, for now we neglect edge
effects due to the discontinuity in p at the surface L of the star. Note that the interior
of the Oppenheimer-Snyder model is a Friedman-Lemaitre-Robertson-Walker (FLRW)

cosmology, while the exterior is vacuum.
For a spatially flat interior, we set E® = x which is clearly a solution of (3.17)).
Then (3.18) and ({3.9)) simplify to

o — D <x3sin2\/Zb>, (3.20)
X

B 2vAx

B 1 5 . o VAD
p—87rG72Aa:2 Oy <x sin” — ), (3.21)

and conservation of energy implies that M = 4wpL3/3 is constant. The relation (3.21))

is easily inverted, and for the collapsing Oppenheimer-Snyder model this gives

i VAL |- p(t)/pe if @ < L(t), (322)

v —+/3M /A7 p.a? if x > L(t),

where the critical energy density is p. = 3/(87G~2A). Note that the overall minus

sign is chosen so N* > 0 and the star collapses (for cos(v/Ab/z) > 0).

Combining (3.20) and the interior solution ([3.22)) gives an equation for p, and
using p = 3M /4n L3 this becomes

<%> T ?,) (1 - ﬁ) | (3.23)

exactly the LQC effective Friedmann equation for spatially flat FLRW space-times
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with scale factor L [9]. This is easily solved, with the result

L(t) = {VZARS (4321 + 1)} " (3.24)

and p = 3M /4w L3.

This solution shows that the star contracts until it reaches L = zi, = (WZARS)U 3
~ ((3,Rs)Y? at t = 0, when there is a bounce, and after this the radius L of the star
begins to expand: quantum gravity effects generate a non-singular transition from
a black hole to something similar to a white hole, as has previously been suggested
[67-69]. The difference between the white hole solution proposed in these works
and the post-bounce t > 0 solution derived here is subtle, but important. In the
white hole solution for vacuum general relativity, the whole interior of the white
hole is anti-trapped. For this solution, it is only part of the region inside # < L(t)
that is anti-trapped, while on the other hand the region L(t) < x < Rg is trapped,
like for a black hole; see Fig. 1. L will move outwards, and once L reaches a value
L(t) > Zouter ~ Rg, the apparent horizon will go away and so at this time there is no
longer a black hole—this Oppenheimer-Snyder space-time only contains a black hole

for the time interval between when L = xu during the contracting phase and when

L = zouer after the bounce.

Importantly, the minimal value of the radius of the star is L = x,;,. This fits
exactly with the constraint that the vacuum solution is only valid for x > x,;,: the
curvature of the space-time (in the absence of gravitational waves) must be generated
by a matter field, and since p is bounded in LQC, matter must extend out at least to

the minimal radius x,;, (that depends on M).

The metric describing this collapse and bounce of a black hole is (3.8]), with E* = z
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Figure 3.1: This shows a snapshot of the lightcones on a spatial slice of the effective
Oppenheimer-Snyder space-time at an instant of time, after the bounce has occurred
and L is moving outwards. The dust field is shown in gray, and the energy density of
the dust field will be larger near L than in the interior. The dust field is coupled to
gravity, and will act on the space-time geometry of the outer neighbourhood of L with
the ultimate effect of rotating the lightcone in that neighbourhood upwards. This in
turn will allow the dust to move outwards, little by little, as the outer neighbourhood
of L stops being trapped. An estimate of the rate of expansion of L is given in Sec. .

and the shift vector

6xt
L if 2 < L(t
02 | 472A if v < L(2),
N® = (3.25)
2A
\/& (1 7 SRS) it x> L(t).
x x

For the interior, the coordinate transformation x = L(t)x gives the flat FLRW metric
ds> = —dt* + L*(t) (dx* + x2d2?) . (3.26)

It is easy to verify that N* is continuous at = L when the star is contracting, but
these terms differ by a sign after the bounce: for ¢ > 0, there will be a shock wave in

the gravitational field with a discontinuity at x = L in b(x) and in the effective metric.

The presence of a discontinuity in the gravitational field variable b (and also in
the space-time metric) shows that the assumption that edge effects can be neglected
(which the calculations giving f rely upon) fails after the bounce at ¢t = 0,
and therefore the solution — cannot be expected to be correct for the
expanding post-bounce phase. To correctly describe the expanding phase and the

effect of the shock wave that appears then, it is necessary to include the edge effects
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which have been ignored so far. Note that this shock wave, i.e., the discontinuity in b,
will persist when edge effects are included—so the importance of including edge effects
is not to remove the shock wave (which is predicted to form whether edge effects are
included in the analysis or not), but rather to be able to accurately calculate the rate

at which the shock wave moves outwards after the bounce.

3.5 The White Hole Shock Wave

Since B’ = z, as assumed at the onset of the Oppenheimer-Snyder collapse, the

dynamics of the shock wave are given by E® = 0, due to (3.17), and

b= —4nGrap, (3.27)

p= W@C (z*N*p), (3.28)

which follow from (3.9)), (3.15)), (3.16]), and (3.18]). Note that these equations hold

even if p is not (piecewise) spatially homogeneous.

The first equation clearly shows that b is monotonically decreasing, and constant
outside the star where p = 0 (this is why N* remains constant for z > L). Away from
the edge x = L, the second equation shows that p increases for N* > 0 (a collapsing

star) while p decreases for N* < 0 (the post-bounce expanding white hole).

One way to explore the edge dynamics near x = L is to do a simple discretization
of on a lattice with spacing dx, replacing 0, f(z;) — [f(xiz1) — f(xi—1)]/20.
During collapse, N* > 0 everywhere and at the edge x; = L, the discretized derivative
is negative since p(x;41) = 0 and p(x;—1) > 0, so p(z;) < 0. As expected, in a collapse
the density increases inside the star, and decreases at x; precisely as the edge L
becomes smaller than x;. This agrees with , which can be trusted for the collapse

phase as there is no shock wave then.
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On the other hand, after the bounce N* < 0 inside the expanding star, but N* > 0
in the surrounding vacuum region. If the edge is at x; = L (assuming N* < 0 for
z; < z; and N* > 0 for x; > ,41), it is easy to see that p(x;11) > 0 since p(zi42) =0
and N*(z;) < 0. However, at the next time step the dust field cannot (yet) go
beyond z;41: this is because p(x;12) < 0 due to N*(z;41) > 0, even though now
p(xir1) > 0. (Of course, p cannot decrease below 0, p < 0 occuring in this context
is an artefact of the simple discretization.) Instead, the white hole cannot expand
further until N*(2;4,) becomes negative, i.e., when sin(vAb(x41)/2i41) = —1. So
the discontinuity in N* will cause the white hole to expand at a much slower rate
than it collapsed. Also, the dust field will accumulate near the edge x = L (since
p(x;), p(ziy1) > 0 as long as L does not move), so p will become greater at the wave
front than inside the star. Results obtained neglecting edge effects can be trusted
far from the white hole edge, but the wave front location L will move outwards at a

slowed rate and p will be greater near L than for x < L.

From a physical perspective, the dust field in the vicinity of x = L is caught
between an outside trapped region and an inside anti-trapped region, as shown in
Fig. 3.1} Although the matter field located at L initially cannot move, it is of course
coupled to gravity and changes the geometry of the space-time in its neighbourhood.
In particular, in the outer neighbourhood of L, the orientation of the lightcones will
change so that this region is no longer trapped, and then the dust field will be able to
move outwards into this region. This slow process will end once L reaches the outer
horizon, at which point the matter fields will be able to freely move outwards. In the

following, we estimate the time required for L to reach zgyuter-

This calculation can be used to obtain an estimate for the lifetime T of a black hole
(as measured by a distant observer detecting light signals emitted from the surface of
the star), which is given by the coordinate time ¢ elapsed between the instants when

L = Zouter ~ Rg before and after the bounce, as shown in Appendix [A]
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From , the duration of the contracting portion (from L = Zouter 10 L = Tyyin)
is ~ Rg, so the last step to find T is to calculate the duration of the expanding phase,
from L = zpi to when L = gy Once more. A precise determination of the white
hole’s lifetime T" will require a considerably more detailed analysis, likely including
high-resolution numerics, but it is possible to obtain a simple estimate for 7" by using
to calculate the time dt;, for each location of the shock-wave front L, it takes

for N* to change sign, and then sum over all z from z,;, to Rg, assuming dx ~ (p;.

It is enough to start the calculation at, say, x; ~ V/fp1Rs >> Tmin. (The following
calculation can also be used to estimate the contribution to 1" for the time elapsed
while Ty, < L(t) < x;, which shows that it is subleading compared to the contribution
from z; < L < ZTouwer and so can safely be ignored for an estimate of the leading
contribution to T".) When the front L of the shock wave first reaches the radius z, then
|sin(v/Ab/x)| < 1 for x > x; and therefore, for N* to change signs, b must change
by ~ —mx/ 2v/A. Then, from it follows that (dropping numerical prefactors of
order 1) 6t; ~ 1/(GVAp(x;)).

At the bounce, p = p. but p will decrease as the shock wave expands. The leading
edge of the shock wave will have a greater p than the center (where p evolves in a
symmetric fashion around the bounce) since the dust field will be pushed towards the
edge where it will accumulate due to the slow expansion of the front of the shock wave.
After some time, it can be expected that a significant fraction of the dust field will lie

within a short distance w of the leading front, in which case the energy density at the

3

min

edge p. will scale as p. ~ M/(z*w). Evaluating p at the bounce gives p. ~ M/x
so M ~ Ap.Rg and p, ~ Ap.R,/x*w. Then, 6t; ~ wr?/(GA*?Rgp.) and, since the

pre-bounce phase is much shorter than the post-bounce expansion,

Rs 5t wR2
T~ 6t~ / —dr ~ —2, 3.29
; x; lp1 é%’l ( )
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similar what is suggested in [48]. If w is independent of Rg, then w/¢p is a (potentially
large) dimensionless constant and the black hole lifetime T' ~ R%//(p is significantly
shorter than the Page time [70] in which case the standard black hole information loss

problem is avoided.

3.6 Discussion

The LTB space-times are spherically symmetric space-times coupled to pressureless
dust. After imposing some convenient gauges, we constructed an effective Hamiltonian
following the standard LQC procedure of replacing components of the Ashtekar-
Barbero connection by holonomies using the i scheme, and derived the effective
equations for LTB space-times. A particularly interesting case is the Oppenheimer-
Snyder model for black hole collapse, which can be solved exactly if edge effects are
neglected; the result is that the star contracts until the density reaches the LQC
critical density p. ~ pp; and then bounces; for the post-bounce phase it is necessary to
include edge effects which become important. Although the post-bounce phase does
not exactly correspond to a white hole, there are some significant similarities which
lead us to view this model as a specific realization of quantum gravity generating a
non-singular transition from a black hole to a ‘white hole’, as proposed in [67H69],
with this general picture also found in [46], 47, 50, [71) [72]. Also, since the effective
equations in this case are known for both the interior and exterior regions, as well as
at the discontinuity at the surface of the star, it is now possible to properly include
the edge effects that become large after the bounce.

The dynamics of the LQG Oppenheimer-Snyder space-time can be split in two main
phases: the black hole collapse and the white hole shock wave. First, the star collapses
until its surface L(t) reaches Zouter ~ Rg, at which point an apparent horizon appears

and the star forms a black hole. Then, quantum gravity effects become important
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when L nears T, ~ ((3,Rs)"?. The quantum gravity effects are sufficiently strong
to stop the collapse of the star and cause a bounce. Note that the region inside .,
is never trapped as there is an interior horizon at = = Tiyner ~ Tuin + (Y1A2/27Rg)'3.
Then, after the bounce, edge effects become important and slow the expansion of the
star. These edge effects can be understood qualitatively to arise from the surface L
being caught between an anti-trapped region lying within part of the interior of the
star, and the trapped region outside the star for L < & < Zguter. As the surface of the
star L slowly moves outwards, the trapped region becomes smaller, until L = zqyter
and the apparent horizon vanishes; at this point the solution no longer corresponds to
a black hole. We estimate that due to these edge effects, the lifetime of the black hole
(as measured by a distant observer detecting light signals emitted from the surface
of the star) is T~ R%/{p;. Note that matter plays an important role in this context,
giving a much shorter lifetime than what spin foam calculations have found for vacuum
space-times [49 51]. After the surface L of the star has once more passed © = Zoyter,

high-energy photons could be emitted by the expanding star, producing a potentially

observable astronomical signature.

There are two results that show a remarkable unity between LQG holonomy
corrections applied to different families of space-times. First, the equation of motion
for the Oppenheimer-Snyder (flat FLRW) interior is identical to the LQC effective
Friedmann equation for flat FLRW space-times in the limit that edge effects are
neglected. Although the derivation of the two equations is quite different, they
describe the same physics, so it is reassuring that both procedures give the same
dynamics. Second, the vacuum spherically symmetric solution for a black hole of mass
M is only valid to a minimal radius i, ~ (Rsf%,)"? [33, 34]. This vacuum solution
corresponds to the exterior of the Oppenheimer-Snyder solution, and it turns out that
the minimal radius of the interior is exactly z.;n: to generate a Schwarzschild-like

exterior of mass M, there must be a matter field extending to at least the radius xy;,.
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Once again, the consistency between LQG results in vacuum and LTB space-times is

remarkable.

There remain a number of important open problems that we leave for future work.
First, a better understanding of the physics of the white hole shock wave could be used
to calculate the lifetime of a black hole more accurately, and could also give predictions
concerning the light emitted by a white hole that could be seen by distant observers.
It would also be interesting to study more realistic black hole collapse models by
including matter fields with pressure and/or a radially-varying density, and also to
determine the stability of the solution to further infalling matter. We point out that
since the expanding solution that we obtain is not exactly a white hole (although it
does share some qualitative similarities), the instability results for white holes [73, [74]
are not directly applicable here. Nonetheless, despite their differences, it does seem
likely that at least some of the phenomenology of this model could be similar to what
has been found for transitions from a black hole to a white hole [75H77]. Finally, it will
also be important to include other quantum effects, most notably Hawking radiation,

to obtain a complete picture of quantum gravity effects in black hole space-times.
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Chapter 4

On the fate of quantum black holes

4.1 Introduction

In general relativity, collapsing matter may form a black hole depending on the
initial conditions [I, 2]. The simplest black hole in classical general relativity is
spherically symmetric, singular, and stable. In the semiclassical theory where quantum
fields propagate on classical space-times, black holes are unstable due to Hawking
radiation [3]. The endpoint of the process of Hawking evaporation remains unknown—
it is expected that a theory of quantum gravity will answer this question by resolving

the singularity and providing dynamics past the classically singular region.

One approach to quantum gravity is loop quantum gravity (LQG), a non-perturbati-
ve attempt to quantize general relativity using a background-independent Hilbert
space where the inner product does not utilize the space-time metric [4-6]. Solving
the full quantum dynamics in LQG currently remains out of reach, but there is a
substantial body of work on symmetry-reduced models, including applications to
homogeneous cosmological space-times known as loop quantum cosmology (LQC) [7],

and to inhomogeneous spherically symmetric models including black hole space-times

8.
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There are two main inputs from LQG in studying these simpler systems, the
holonomy and inverse triad operators. These arise due to the quantization procedure
used: (i) the connection and its curvature do not exist as operators and must be
defined using the holonomy operators, and (ii) a well-defined inverse triad operator is
required for constructing the constraint operators. These two features lead to what

are respectively called “holonomy” and “inverse triad” corrections.

In symmetry-reduced models these features arise through polymer quantization.
Denoting the phase space configuration variables ¢; (corresponding to the connection)
and p; (corresponding to spatial metric degrees of freedom), the polymer quantization
prescription is based on elementary operators corresponding to the (non-differentiable)

—

complex exponential Uu(qj) = exp(ipg;) and the operator p;; (the inverse momentum
operators p/]:l corresponding to the inverse triad operator of LQG is defined using
these elementray operators). The parameter y in the operator U ,.(gj) corresponds to
the coordinate length of a holonomy segment. This parameter is chosen by requiring
that the holonomies appearing in curvature operators must have a physical length of
the order of the Planck length /p;. This requirement is implemented by relating the
coordinate length i to a physical length using the spatial metric. Since the spatial

metric can be reconstructed from p; it follows that ;o = u(p;); this prescription is known

in the literature (for historical reasons) as the i scheme or “improved dynamics”.

In LQC, these methods have successfully led to the resolution of the big-bang
singularity in classical general relativity, replacing it with a non-singular bounce in

homogeneous cosmological space-times [7], 9].

The application of LQG techniques to black hole space-times falls into three main
categories. Works in the first category use the classical isometry between the black
hole interior and the Kantowski-Sachs homogeneous space-time. This suggests a
description of the black hole interior where LQC methods can be applied directly

[10-28]. Although simple, this approach has several drawbacks: the isometry between
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the Schwarzschild interior and the Kantowski-Sachs space-time may not hold in full
quantum gravity (it is known to fail for some modified gravity theories [29]); the
isometry requires the presence of an outer horizon and assumes there is no inner
horizon; and the standard improved dynamics scheme as applied in [12] fails near the

horizon (likely due to the spatial coordinates becoming null).

In the second category are works that use coordinates in spherical symmetry where
the radial coordinate remains spacelike throughout the entire space-time, making it
is possible to treat the interior and exterior of the black hole on an equal footing
for quantization [30-38]. Building on earlier works [12} 39], the improved dynamics
scheme was recently applied to vacuum spherically symmetric space-times [40-H42].
These works provide a framework that can be used to study the entire black hole
space-time (not just the interior). It has the advantage that the correct classical limit

is recovered where the space-time curvature is small compared to the Planck scale.

There is also work in a third category which aims for a full LQG treatment of states
potentially corresponding to black holes in canonical LQG [43-45], in the covariant
spin foam approach [46H51], and in the group field theory reformulation of LQG
[52]. Although it is challenging to include inhomogeneous matter fields and make
contact with semiclassical physics, these works provide some guidance for recovering

low curvature classical black hole space-times from full quantum gravity.

To determine the fate of a black hole in quantum gravity, it is important to include
matter so that the entire process from gravitational collapse to black hole formation
to its entire subsequent evolution is captured. Initial steps in this direction used
Oppenheimer-Snyder type models where the interior is an FRLW cosmology [53H58],
and thin shells [59-61]. Beyond this there is work on inhomogeneous models including
a scalar field with holonomy corrections [62] or with inverse triad corrections [63-65],
a dust field with inverse triad corrections [66, 67], and Wheeler-DeWitt canonical

quantization [68].

123



A generic feature of these works is that, as in cosmology, the singularity is resolved
and matter bounces when space-time curvature reaches the Planck scale. This is seen
in LQG [53H58] and in other approaches [69-74, 93]; a model-independent view is

studied in [75], and a recent review is [76].

It may also be possible to understand the bounce generated by quantum gravity
effects as a transition from a black hole to a white hole [77, 78], with potential
observational consequences [T9-81]. However, since white holes are known to be
unstable [82, [83] this scenario requires further study. An additional feature of non-
singular black holes in classical gravity is mass inflation at inner horizons [84H86]. We

will see that the model we consider here is free of these two problems.

Building on earlier work on the vacuum Schwarzschild space-time [41], the improved
dynamics scheme was applied to the entire space-time of a spherically symmetric
inhomogeneous dust model, and used to study the quantization of the Oppenheimer-
Snyder model [87]. It was found that quantum gravity effects halt the collapse, resolve
the singularity and cause a bounce; the dust then expands outwards until the outer

horizon disappears. This led to an estimate of M?/mp for the lifetime of this quantum

black hole.

In this paper, and the companion letter [88], we revisit this inhomogeneous dust
model to define the quantum theory in full. We then derive the effective equations with
quantum corrections for the theory; these are two coupled partial differential equations.
We numerically solve the effective equations to a high degree of accuracy for a variety of
initial conditions. Our solutions extend all previous works by describing evolution from
initial collapse to the formation of apparent horizons, to their subsequent disappearance
following a bounce and re-expansion of matter. This provides a complete lifetime
scenario of black holes with matter. As further developments to the companion letter
[88], this paper contains (i) significant calculations concerning the quantum theory and

the derivation of the effective dynamics, (ii) analytic results for Oppenheimer-Snyder
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and thin shell solutions, (iii) an in-depth description of the main features in the
conformal diagram, and (iv) a discussion on some implications for the information

loss problem and possible astrophysical consequences.

An important feature and common point of concern for dust collapse models
in classical gravity is the formation of caustics, also referred to as “shell-crossing
singularities.” This feature is often viewed as undesirable; it can be avoided in the
classical theory by restricting the initial data so the central singularity is reached before
caustic formation [89-92]. The same restriction may also be imposed in quantized
models [61]; however, such restrictions are undesirable as they limit the exploration of

possible solutions.

In a quantized theory that has the potential to resolve singularities, caustics are
unavoidable: ingoing matter trajectories will inevitably cross outgoing ones during
matter evolution past a bounce. For this reason it is essential to avoid excising
potential caustics “by hand” and instead permit so-called “weak solutions” [94] 95].
Such solutions are an essential part of non-linear wave dynamics. A common feature
of weak solutions is a shock wave, corresponding to a discontinuity in the field. In the
gravitational case, the shock wave corresponds to a discontinuity in the metric, and

therefore in the geometry of space-time.

The effective equation we derive and solve numerically is a non-linear 1 + 1
dimensional continuity equation. We solve this equation numerically using the well-
known Godunov method [96]; this is one of a class of so-called “finite volume” methods
for solving non-linear continuity equations. This method generates weak numerical
solutions past the points of characteristic crossing, resulting in shock wave formation.
Using this scheme we simulate the collapse of initial matter configurations where no
horizon is initially present. We find generically that as the dust profile falls inward, a
pair of apparent horizons form when the Schwarzschild radius is reached. The collapse

continues until the space-time curvature reaches the Planck scale, and matter bounces
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outward as a shock wave; the shock is a discontinuity in the metric. The shock wave
moves outward together with the inner apparent horizon until they reach the outer
horizon located at the Schwarzschild radius; at this point both apparent horizons
merge and disappear. To an outside observer this would appear as a spherical shock

wave emanating from a horizon.

Our numerical procedure allows a calculation of the black hole lifetime, defined
as the time between the formation and disappearance of the outermost apparent
horizon as measured by a distant observer. After evolutions spanning two orders of
magnitude in data mass M, we find that this lifetime is 7' ~ M?/mp;. This extends
and reinforces the estimate obtained for Oppenheimer-Snyder collapse that yielded
the same result [87]. Furthermore, from the evolution of a double peaked Gaussian
data, we demonstrate that a collapsing pulse followed by another does not result in
recollapse, and does not cause mass inflation at the inner horizons; in all cases the

final state is a single outgoing shock wave.

The structure of the paper is as follows: in Sec. we review the classical theory
of Lemaitre-Tolman-Bondi space-times; in Sec. we define the quantum theory; in
Sec. [£.4) we derive the effective dynamics from the quantum theory, consider some
simple cases and determine the conformal diagram for dust collapse in this model,
in Sec. we summarize the numerical method we use and present our results; in
Sec. we discuss potential implications of our work including some consequences
for the information loss problem; and we conclude in Sec. with a summary and

outlook.

4.2 Classical theory

In this section we review the class of Lemaitre-Tolman-Bondi (LTB) metrics and

its Hamiltonian theory in the connection-triad variables as a prelude to studying the
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quantum theory.

4.2.1 Hamiltonian Lemaitre-Tolman-Bondi dynamics

LTB space-times are spherically symmetric solutions of Einstein gravity with a
pressureless dust field that provide simple models for stellar collapse and non-linear

cosmological perturbations. The metric is often written in the diagonal form [97]

(O-R(r, 1))

2
ds? = —d¢? dr? 1)2d0? 4.1
s + 1+ E0r) r* + R(r,t) , (4.1)

where dQ? = df? + sin® @ d¢?. The dust stress energy tensor is T}, = p(x,t) u,u,,

where u, = 0,1 is the 4-velocity of the dust field and 7" is the dust field variable.

Although the coordinate system (4.1)) is commonly used, a different set of co-
ordinates based on a generalization of the Painlevé-Gullstrand coordinates of the
Schwarzschild space-time is better suited for a Hamiltonian description of the dynamics

[95]. Introducing the coordinate x = R(r,t), the metric becomes

1
ds? = —dt? + —— (dz + N*dt)? + 22d0? 4.2
s +1+5(x,t)(x+ )+ , (4.2)

with N* = —0;R. The Schwarzschild solution in Painlevé-Gullstrand coordinates is

recovered in the vacuum 7, = 0 case [95].

For the quantum theory it is convenient to use the connection-triad Hamiltonian
formulation minimally coupled to dust. In spherical symmetry, the densitized triads

have two independent components corresponding to the radial and angular directions,
Ef = Esinf,  EY=E’sing,  FEj=E" (4.3)

The canonically conjugate Ashtekar-Barbero connection AY = I + K is defined in

terms of the spin-connection I and the extrinsic curvature K, and v is the Barbero-
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Immirzi parameter [98, Q9] (note that the classical theory is independent of the value
of , but not the quantum theory). In spherical symmetry, the Ashtekar-Barbero

connection can be parametrized as

a

, B E
A;idx® = am de+ (b Ty — 82? T3> df+ (— cot 0 + O

o fb — Ty + ng) Sln9d¢ (44)

As a function of densitized triads, the spherically symmetric metrics take the form

2 (Eb)2 x a 2
ds? = —N?*dr? + ~— Za (do + N*dt)? + E*dQ?, (4.5)

where N(z,t) and N*(z,t) are the lapse function and radial shift vector.

In the general case E%, E° a,b, N and N* as well as T and its momentum pr, are
all functions of x and ¢. To make contact with the metric (4.2)) we impose the radial
gauge fixing £ = 22, which sets N® = —b/v to ensure the gauge is preserved by the
dynamics [41]. Additionally it is convenient to fix the dust time gauge 7' = ¢ which
requires N = 1 as the gauge-fixing condition [I00]. With these gauge choices that
fix a, E*, T, pr, there remains only a two-dimensional phase space parametrized by

(b, E®), and the metric (4.5) exactly matches the form given in (4.2)),

Eb 2 2
ds? = —dt* + E) dz — b dt | + 22dQ?, (4.6)
x2 y

with (E*)?/2? =1/(1 +&).
Since all gauge freedom is fixed at this stage, the constraints have been solved and

there only remains the physical canonical action [41], [87]

bE®
SGF = /dt/dx (— —thys>, (47)

‘Eb‘ 2 7|Eb| 2”Y$ bl ST

where




is the physical Hamiltonian that generates evolution with respect to physical time T
(which has been gauge-fixed to T" = t). The third and fourth terms can be combined

by integrating by parts the third term, keeping the total derivative the result is

1| |E v|E| |y @’
L ) R P I 900, e
o = =30 | g Ol T T g~ (rEbr)

(4.9)

The total derivative does not affect the equations of motion, but it is important when

calculating the energy density of the dust through H,ys, see below.

The gauge-fixed action (4.7]) also determines the symplectic structure for the

remaining phase space variables,

{b(z1), E(22)} = Gy 02y — 23). (4.10)

The dust energy density is related to the physical Hamiltonian by [87]

thys

= - — 4.11
and the total mass contained within a radius z is
m(z,t) = 47r/ dzz |E’| p(Z,t) = —/ Az Hopnys (7, ). (4.12)
0 0

The equations of motion follow from f = {f, [dx Hpnys}, assuming E® > 0 they are

. EY
o tE D 0. E", (4.13)
Ty
; 7z 1 ( 2 2)
b= — —(22b0,b+ b : 4.14
2EY)?2 29 2b0zb + 0"+ (4.14)
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4.2.2 Marginally bound solutions

A particularly simple family of LTB metrics are those with £ = 0 in the metric
(4.2), referred to in the literature as marginally bound solutions. Physically these
correspond to solutions where the energy of all dust particles is zero (with their positive
kinetic energy cancelled by their negative gravitational potential energy, and both
going to zero at infinity). There are many other interesting families of LTB metrics
with £ # 0, but as a first step in studying LTB space-times in effective LQG we focus
here on the marginally bound class of solutions. In triad variables these correspond
to B’ = z, which is readily seen as a solution to the E° equation of motion, and the
remaining canonical equation for b(x,t) simplifies to

1

2\ _
3 Osat?) = 0. (4.15)

b+

The dust energy density for this class of solutions is

1
t) = ———0, (¢b?), 4.16
Pl 1) = gz s (ab?) (4.16)
and the mass function is
m(x,t) = 47r/ dz 7p(7,1). (4.17)
0

As an aside, note that the equation of motion for b may also be rewritten in terms of

m+\/2GTm Oym = 0. (4.18)

The dynamics for this system can be solved by the method of characteristics by

the mass function [95]

writing b = b(x(\), t(\)) to transform (4.15) into the equations

dt dz b\ db BN

— =1 2N

dx 7 -y dX 292\

(4.19)



The first two equations determine the characteristic curves in the (z,t) plane, while
the third gives the value of b along these curves. These may be solved with the initial

conditions

tA=0)=0, 2(A=0)=x0, b\ =0) = by(zo), (4.20)

where by(z) = b(z,0) is the initial data for b; it may be determined from an initial
profile for the dust energy density po(z) by inverting (4.16]).
It is straightforward to solve these coupled ODEs: the first gives A = ¢, while the

equation for d(z71b)/d\ is separable, leaving a final ODE which is also separable once

b/x is known. The solution for z(A) and b(\) is

2/3
z(\) = zg (1 + —3Z°($0)>\> . b\ = ( bo(0) )1/3 . (4.21)
71’0 3b0(:)§0)
1 4 2olzo) )y
Yo

By following different characteristic curves (each curve labeled by its initial radial
position zy), it is possible to determine b(z,t) by inverting x(\, xo)—for this system
inverting t(\, xo) is trivial.

Depending on the initial conditions, characteristic curves starting at different radial
points x( can intersect; if this happens the solution for b becomes multivalued at these
points since the value of b on different curves will typically differ. The space-time points
where characteristic curves intersect are known as shell-crossings. Shell-crossings are
characterized by the condition 0,,x(\, zo) = 0, these are points where the determinant
of the Jacobian associated to the transformation (A, zg) — (¢, z) becomes zero, and

x(A, o) ceases to be invertible.

The time it takes before a shell-crossing develops depends on the initial profile

bo(x), and is given by
—27z9

= 4.22
bo + Ql'oamobo ( )

ls
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It is possible to choose initial conditions to ensure shell-crossings never occur [90], but
another approach is to extend the equations of motion to allow for weak solutions [94].
This is commonly required for non-linear wave equations like and leads to the
observable phenomena of shock waves. For this system, the shock wave will form in

the gravitational field, i.e., the metric.

4.2.3 Weak solutions and shock waves

Weak solutions arise in many contexts, and consist of solutions to an integrated
form of the equations of motion that cannot satisfy the original n*"-order differential
equations since they are not n times differentiable. Some examples in general relativity
are the Israel junction conditions for distributional matter sources such as thin shells

[T01], and the Dray-'t Hooft shock wave [102].

In general, for systems described by flow equations with velocities that depend on
the field, it is common for characteristic curves to intersect, leading to a breakdown of
the evolution generated by the differential equations beyond the intersection point.
The solution to this problem is to seek “weak solutions” that solve an integrated form

of the differential equation.

It can often happen that a weak solution is discontinuous, and then the discontinuity
is known as a shock wave. Typically, shock waves propagate dynamically; a simple
example is a sonic boom. Many physical phenomena exhibit shock waves, which

commonly arise as weak solutions to non-linear wave equations.

To review and illustrate the basic idea, consider the non-linear conservation
equation

U+ Oy f(u,x) =0, (4.23)

where f(u,z) is a non-linear function of u, and potentially depends on x as well.
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If u(x,t) satisfies the integral equation

o0

/Ooo dt /_Z dx[(atw)u + (0x0) f (u, :c)] = —/ dz o(z,0)u(z,0) (4.24)

—0o0

for any test function ¢(z,t) of compact support that is continuously differentiable,
then u is called a weak solution of this conservation equation. If discontinuities in
u only arise along the z-axis (as would be expected for a physical system with a

well-posed initial value problem), it is sufficient to consider the integral equation

2

% 5 dz u + /:2 dz 0, f(u,z) = %/:2 dz u+ f(u(xa), ) — f(u(xr), 1) =0,
(4.25)

for any interval [z, z5] of interest.

A discontinuity in u(x) propagates as a shock wave with a speed determined by
the integral equation. To see this, consider (4.25) when there is a discontinuity at

x = L(t) in the interval [z1, z5]. Then the integral splits into two parts to give

L -
% 5 dx u+%/L doe u+ f(u(z),xe) — f(u(zy),21) = 0; (4.26)

expanding the first term gives

dL . L dL v2
yr xlirgi u—l—/ﬂc1 dx 8tu+a -Zlirihu—ir/L dz Owu+ f(u(za), ) — f(u(xy),x1) =0,

(4.27)
where x — Lt and z — L~ denote the limits from above and below the discontinuity

at x = L respectively. Taking the limits z; — L~ and xo — L™, the contributions

from the integrals go to 0, and solving for dL/d¢ gives the Rankine-Hugoniot condition

dL _ [f(u, )]
T (4.28)

where [¢g] = lim, ,;+ g(x) — lim,_, ;- g(z) denotes the amplitude of the discontinuity
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in the function g(x) at =z = L.

Returning now to LTB space-times, we are interested in weak solutions that permit
discontinuities in the metric due to shell-crossings [94], 05]. The equation of motion
(4.15) can be rewritten in the form of a conservation equation with v = xb and

f(u,x) = u?/2yz. Tt gives the integral equation

d *2 %26(&32,t>2 Ilb(Il,t)Q
— — = 4.2
i), dz zb(z,t) + 2 2 0, (4.29)

and the Rankine-Hugoniot condition gives the propagation speed of a dust shock wave:

dL L[t b(LY) +b(L7)

At 29Lb] 2 (4.30)

In general, numerics are necessary to solve the dynamics of a non-linear wave
equation of the general form (4.23)); we discuss the Godunov numerical scheme in

Sec. 4.5

Finally, we note that different prescriptions to find weak solutions are not guar-
anteed to be equivalent, since there are (for functions with discontinuities) many
inequivalent integral forms for any given differential equation that can be obtained
by non-linear field redefinitions. In particular, the weak solutions derived from (|4.29))
are inequivalent to the Israel junction conditions—although in both cases the induced
three-dimensional metric across the discontinuous surface will be continuous, the Israel
junction conditions impose an additional relation on the trace-free extrinsic curvature,
while on the other hand it is a relation on b that is implicitly imposed by . We
leave a more detailed exploration of weak solutions in classical general relativity for
future work; in the remainder of this paper we consider weak solutions to (4.29) (and

its equivalent for the LQC effective equations).
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4.2.4 Discretization

To pass to the quantum theory, it is convenient to start from a discretization of
the classical theory. There are of course many discretizations that are possible and
equivalent in the limit that the discretization parameter becomes infinitesimally small.

Here, for the sake of simplicity we will choose a rather direct discretization.

First, we introduce a lattice in the radial direction denoted by z,,, with ¢y = 0 and
the width of each interval given by w, = z,+1 — x, > 0. It is possible to set w,, to be
the same for all n, but that is not necessary here; we will however assume that w,, is

fixed for each n and does not evolve dynamically.

Given this discretization, we further assume that all fields are constant in each

interval [x,,x,41), and approximate derivatives by

f<$n+1) - f($n>

Wn,

Ouf(z) = (4.31)

With these choices, the action for the discretized theory becomes

- fas (wb

where b,, = b(x,), E® = E°(z,) and (for n # 0)

Hd> (4.32)

b 2 a2 b
prdie — w, [|EY] Tl — @by i E24 X 7%1} (4.33)

2Gy lvxn w, T,  |EY
dropping the boundary term.

Note that the same general expression cannot be used for H3¢ due to the presence
of £y = 0 in some denominators. Various regularizations to address this difficulty are
possible; looking ahead to the quantum theory where there are inverse triad operators,

we simply set Hgs = 0.
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The Poisson brackets for the discretized variables are now

{bm: B} = % Sy (4.34)

n

and the equations of motion (for n > 2 and assuming E° > 0) are

: b (B E;
o ( ——— > (4.35)

n

Y WnTn Wp—1Tp—1

; xn—&-lbi—&-l B l’nbi Y Yn

b, = — — : 4.36
2VWy Ty, 21, * 2(E?)? ( )

In the equations of motion for n = 1, there are no contributions from n = 0, while the
equations of motion for n = 0 are trivial, Eg — 0 and by = 0, at least for the choice
H((Jiisc =0.

Finally, the energy density is given by

Pn = — H?Lisc o 1 . 1 x?%-l—l . x721 (4 37)
" drwpt, |EY Amw,x,|EY| Guw, \|ES.| |EL] ) '

(the second term is the total derivative that was dropped in (4.33]) but is necessary to

calculate p,), while the total mass within a radius z,, is

m, = 47 Z wp:vp|E£|pp. (4.38)
p=0

4.3 Quantum theory

The quantum theory for LTB space-times defined here is based upon the methods
of loop quantum cosmology (LQC). Starting from the discretized classical theory given
in Sec. [4.2.4] an LQC Hilbert space is defined at each point x,, in the radial lattice; the
total Hilbert space for LTB space-times is given by their tensor product. (Note that

due to the gauge-fixing which gives a physical Hamiltonian, there is no distinction
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between a kinematical and physical Hilbert space in this case.) Then, the dynamics

are generated by the Hamiltonian operator.

4.3.1 Hilbert space

LQC techniques were first developed for cosmological space-times that are homo-
geneous and therefore have a finite number of degrees of freedom. This is not the case
for LTB space-times, which allow fields that can depend on the radial coordinate. This
adds a certain degree of complexity that is not present in the treatment of Friedman-

Lemaitre-Robertson-Walker (FLRW), Bianchi, or Kantowski-Sachs space-times.

To address this problem, we introduce an arbitrary discretization of the radial
coordinate x as explained in Sec. At each node n, we can define a Hilbert space
H,, following the standard methods of LQC, and then the full Hilbert space H for

LTB space-times will be given by the tensor product H = QH,,.

As usual in LQC, the elementary operators for each Hilbert space H,, correspond
to densitized triads and complex exponentials of components of the Ashtekar-Barbero

connection, from which it is possible to construct holonomies along coordinate edges.

To understand the relation between complex exponentials of b and holonomies,
recall that after the gauge-fixing imposed on the classical theory, it is the angular
component of A’ that has not been gauge-fixed and therefore we are interested in
holonomies along paths tangent to, for example, (0/00)* along the equator ¢ = 7/2;
in general the paths of interest are portions of a great circle at different radii z,,.
We use the ‘K’ loop quantization [103, [104] that is based on the ‘extrinsic curvature

holonomy’,

“ .
hno(1t) = exp </ YK (2,)T; d@)
0
I
= exp (/ b To dQ) = cos (%bn) [+ 2sin (%bn) Ta, (4.39)
0
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where p is the coordinate length of the holonomy’s path (in this case p is the angle
covered by the portion of the great circle). To be concrete, here we consider the great
circle ¢ = 7/2, but the result would be similar for any other path along a portion of
a great circle. The 7" are a basis in the fundamental representation of the su(2) Lie
algebra with 7'77 = 1€V, 7% — 26T, and I is the 2 X 2 identity matrix. Importantly, due
to spherical symmetry the path integral along 6 is trivial and easily evaluated—this
would not be true for paths in the radial direction, but these are not needed in this

case due to the gauge-fixing that has been imposed before quantization.

This defintion of the holonomy operator uses the fundamental representation of
su(2), also commonly utilized in LQC. Other choices are in principle possible and have
been explored in LQC [105-107]. But the key physical feature of singularity avoidance
that is central to our results is not affected by this choice: the curvature operator
constructed from the holonomy is a bounded operator regardless of the representation
of su(2).

The non-trivial dependence on b, in is fully captured by the complex
exponentials

No (1) = expl(ipby) (4.40)

of the component b of the Ashtekar-Barbero connection. Given this result, we can
choose the fundamental operators (at each node n) in the quantum theory to correspond

to the densitized triad E® and complex exponentials of b.

It is convenient to express the Hilbert space H,, using the E°’-representation where

the states |E®) form an orthonormal basis

n(E|EY), =6 (4.41)

EbED)
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and are eigenkets of the triad operator
EY|EY), = E°|EY),. (4.42)

As usual in LQC, the operators corresponding to N, (u) act as shift operators in this
representation,

. |
Nl E)n = | B” + — hGyp)n, (4.43)

a direct calculation confirms that the commutator of these elementary operators
matches the Poisson bracket of the equivalent observables on the classical phase space,

up to the required factor of ih,

Na B =N ) o W) B = TR ). (a49)

Wnp, Wn,

Since Eﬁ has a discrete spectrum, it is also necessary to define an inverse triad
operator for each H,,. There is considerable ambiguity in the possible choices here
(see [104] for a discussion); we take the simplest choice possible [10§]:

T 0 if B2 EY),, =0,

1
ﬁuﬂb)n = (4.45)
" (E?) “'EY),  otherwise.

1 appears in the Hamiltonian, a term which could be

In addition, note that x,
problematic at the origin. Since these terms appear due to the gauge-fixing of F¢ = 22,
there would normally be an inverse triad operator for (E%)~! that vanishes for £* = 0,

so we add the requirement that all terms in the Hamiltonian containing z,! vanish

when z,, = 0.

Any state |¥),, € H,, has the general form of a countable sum
(W =D U(E") [E), (4.46)
Eb

139



with finite norm

2T DY, Z w(EY)|? (4.47)

As already mentioned, the full Hilbert space H is given by the tensor product of
the Hilbert spaces Hl, located at each node, H = ®@H,,, and the elementary operators
EY N, acting at different nodes n # m commute.

Finally, if the orientation of the densitized triad E? is flipped, E’(x) — —E%(x)
(and also b — —b), the space-time geometry remains the same. Therefore, we require

that the parity transformation
U (ES, Eb,...,E’, .. ) =U(-El, —E", ...,—E",..) (4.48)
leaves the wave function invariant, namely
v = wv. (4.49)

As an aside, we note that it is possible to define a parity transformation at a given
node which changes the sign of the E° argument of ¥. However, this is not natural
from a physical point of view since parity transformations are global operations and

cannot act locally, therefore we do not introduce such an operator.

4.3.2 Quantum dynamics

In order to define an operator corresponding to the physical Hamiltonian in LQC, it
is first necessary to construct a non-local operator corresponding to l;n, which captures

one of the components of the field strength through

~

Fpst(x,) = 0% sin . (4.50)
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Note that this operator is non-local since it is constructed from holonomies along
edges of finite, not infinitesimal, length. Following the usual LQC procedure for the

‘K’ quantization [103] 104], we use a holonomy of minimal physical length ~ ¢,

7 ;Ln 2_n _i’/n _2_n i _nbn
by = —2Ty | Mm0(2in) = hno(=2/tn) ) _ S0 finbn (4.51)
27, f,

where [i,, is a coordinate length chosen so that the physical length of the path is VA,
where A ~ (3, is the smallest non-zero eigenvalue of the area operator in LQG. Of

~

course, sin fi,b, can be expressed in terms of N, () and N, (—fa) = N, (7)1

As the holonomy follows a path where only the coordinate 6 varies, it is
straightforward to relate the coordinate length in the 6 direction to the physical length
through the metric (4.6)), |ds| = x|df|. Requiring that the physical length be given by
VA sets

oy, = : (4.52)
which implies that the operator b, acts on basis states as

Tn

1 1
GhyvVA) — |E® —

WnTy WnTn,

b | EY),, = ( B + GlyVA) ) (4.53)

B

Interestingly, in this case ji,, is independent of phase-space variables, unlike in the LQC
of homogeneous space-times. This is ultimately due to the gauge-fixing of E¢ = 22 in
Sec. 2.1

With this definition, it is now possible to express the operator for the (discretized)
physical Hamiltonian (4.33) in terms of the elementary operators. As in the classical
theory, the total physical Hamiltonian operator is given by a sum of operators, each

corresponding to the physical Hamiltonian on one node of the lattice,

H=> ., (4.54)
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and using the elementary operators defined above, together with the definition for by

that captures the non-local curvature along angular directions, gives

" 2GY | vz, ", | A Tpi1 A Tn,

—

VIEH]

1
+ vz, i +—|Eb\ (4.55)

The only factor-ordering choice to be made is in the first term, where we chose a

symmetric factor-ordering between Eg and ZA)%

Note that given the definition of the inverse triad operators and the requirement
that terms in the Hamiltonian containing z;;! also vanish for n = 0 (due to inverse
triad corrections for E* which has been gauge-fixed to z2, see the discussion following
the definition of the inverse triad operator in Sec. , it follows that Ho = 0. So
although 7:[0 is well-defined, it is trivial. For all other n, #,, is non-trivial and acts
on H,, ® H,, .1, given the discretization scheme we chose for derivatives in Sec. |4.2.4]
Assuming E? # 0, the inverse triad operators give the second line in and the

action of #, (for n > 1) on basis states |E®), ® |E®),1 = |E®, Eb ) is

) 3 B
Ho |Eb EZ+1> - 8G+712|A.’E{ (lEb Eb+1+€n+1>+ |Eb EZH £n+1>>
w1 B
~aoin (VBB + o B} + VI = LI 1B, — b Bl
('Ti—l—l B xi) ‘EZ‘ Wn |E | Wn Ty, b b
— EE 4.56
4Gy Ax, 2Gx,, ZGIE”\ | wi1) ( )
where
2Ghyv A
g = 2GMva (4.57)
WLy

Note that if E? = 0, then all terms vanish exactly (the last term is zero due to the

inverse triad operator).

Also, recall that # is a true Hamiltonian (not a constraint) due to the dust-time
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gauge-fixing, and the Hamiltonian operator is related to the dust energy density

operator,
—~(1/2 — — —~(1/2
1 1 ~ 1 9 1 5 1 1
Op = — — n+ = —| = — — , 4.58
P drw,z, |Eb ot Guw, <x"+1 Eb ., " E? ) E? (4.58)

while the mass operator is given by

it :47rzwpxp,/‘z%g ﬁp,/‘E;;, (4.59)
p=0

where we have again used a symmetric factor-ordering for both operators.

Finally, to reconstruct all of the components in the metric , it is also necessary
to define an operator corresponding to N”. Recall that the flat FLRW space-time
(minimally coupled to dust) is a particular solution of the LTB space-time; starting from
the standard flat FLRW line element in spherical coordinates ds* = —dt? + a(t)?(dr? +
r2dQ2?) where a(t) is the scale factor, the coordinate transformation z = a(t) - r gives
a line element that has precisely the form (4.6) with E®* = 2 and N® = —2H, where
H is the Hubble rate. In LQC the Hubble rate in terms of the phase space variables is
H = (vv/A)~'sin(jab) cos(fib), see, e.g., [I09] (where we have simplified the notation
by removing hats, and denoted the non-zero component of the Ashtekar-Barbero
connection for the flat FLRW space-time by b). This suggests that the appropriate

operator for N* in LTB space-times is

N® = — ™ in VAb, Ccos VAb, . (4.60)
’)/\/Z Tn T,

This choice has the correct classical limit, and it also agrees with earlier work [40], 41]
(although it differs from the choice proposed in [110]). This operator is not obtained by
simply replacing the classical b, in N* by the operator b,, defined in (4.51)); nonetheless,

this is a natural choice for the operator as it ensures that the homogeneous sector of
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(marginally bound) LTB space-times agrees with earlier results obtained for flat FLRW
space-times in LQC. (Note that there is a priori no guarantee that (N*)? ~ b* and
the field strength Fy,' ~ b will be represented by the same operator in the quantum

theory; it is possible for A corrections to modify these terms differently.)

As an aside, we mention two points concerning the operator N;’f First, even
though as argued above we find to be the most strongly motivated definition
for fo, it is nonetheless possible to make other choices, see, e.g., [I10] for an alternate
choice in vacuum space-times. A different choice affects quantitative results, but
our numerical evidence suggests that the key qualitative properties of the (effective)
LQC dynamics for LTB space-times, such as the non-singular bounce, shock wave
formation, and black hole lifetime are not significantly modified by different choices
for N*—this is due in large part to fact that the evolution of b and E® does not
depend on the reconstruction of the metric via . A second technical point is the
following. Although this has so far not been done, it should be possible to define a
consistent quantum theory for LTB space-times without first imposing any gauges
before quantization, and instead impose appropriate gauges only after the theory has
been quantized. Gauge fixing after quantization would require introducing operators
corresponding to gauge-fixing conditions that ensure the gauge choices are preserved
dynamically, and these gauge-fixing conditions will fix the Lagrange multipliers, here
corresponding to the lapse and shift. The classical gauge-fixing conditions for the
dust-time and areal gauges in LTB space-times are known, and it would be interesting
to determine their form as operators in LQC; in particular, it will be necessary to
express the components of the Ashtekar-Barbero connection in terms of holonomies.
Although deriving the specific form of such gauge-fixing conditions for LQC lies beyond
the scope of this paper, it can be shown that since the operator for N* is not related
to the classical one by a simple ‘polymerization’ where each b,, term is replaced by

A

b,, similarly the LQC gauge-fixing conditions cannot be obtained simply by taking
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the classical expressions and performing a direct polymerization [I11]. This is not
surprising for two reasons: first, the LQC shift vector is not given by the direct
polymerization of the classical expression, and second, the non-gauge-fixed LQC scalar
and diffeomorphism constraints for the LTB space-times are not related to the classical
expressions through a direct polymerization, since this would result in a quantum
constraint algebra which does not close and hence would give an inconsistent theory.
A more careful and sophisticated treatment is needed to construct the non-gauge-fixed
LQC theory for LTB space-times; this presumably requires following LQG more closely
and avoiding shortcuts like polymerization which appear to work only in the simplest

contexts.

This completes the definition of the loop quantization of LTB space-times. We
next derive effective equations which capture important quantum gravity effects, and

are significantly easier to solve than the full quantum dynamics.

4.4 Effective Theory

Loop quantum cosmology effective equations are functions on the classical phase
space that include some quantum corrections in the form of terms containing A that
arise from, e.g., holonomy corrections. It would of course be preferable to solve
the full quantum dynamics, but this is a technically challenging problem—deriving
semiclassical physics would require constructing the unitary evolution operator for the
Hamiltonian and calculating its action on semiclassical states. Instead, as a first step,
we extract and solve the effective equations with holonomy corrections from the LTB

quantum theory defined in Sec. [£.3]

For homogeneous cosmological space-times, it has been shown that the quantum
dynamics of sharply-peaked states is well-approximated by a set of effective equations,

and that these effective equations remain a good approximation to the quantum
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dynamics for sharply peaked states even when the space-time curvature becomes
Planckian, so long as the relevant length scales remain large compared to ¢p; [9), 109,
112 113]. The main approximation underlying the effective equations is that they
assume quantum fluctuations are negligible, but include important effects like the
fundamental quantum discreteness encoded by the non-local curvature operator in

the Hamiltonian.

In addition to results in cosmology, some early work on black holes suggests that
effective dynamics are also reliable for black hole space-times with a large mass, at
least for (i) states that are sharply peaked and (ii) so long as one only probes length
scales ¢ > (p [114]. If these two conditions are satisfied, then the effective dynamics
are expected to provide a good approximation to the full quantum dynamics, even

when the curvature is Planckian.

In this section, we define the LQC effective Hamiltonian for LTB space-times in
the dust-time and areal gauges, derive the LQC effective dynamics, and find analytic

weak solutions for some simple configurations.

4.4.1 Effective Dynamics

The effective equations for LTB space-times can be derived from the quantum
theory by expressing the Hamiltonian operator (4.55) as a function on the classical
phase space. For the LTB space-time, this gives an effective Hamiltonian (for the

discretized theory) composed of the sum over n of

1
2Gy

eff
H, =

)

E? x> Ab,, 3 Ab,, n E?
N ( il sin2\/_ l ﬁsinQ\/_ >+7m + Lo

YWn Ty EZ L,

A Tpil A T,

(4.61)
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assuming E° > 0 for the sake of simplicity. The continuum limit is easily taken; the

resulting Hamiltonian is

1
eff
/dl‘thyS: —E/dx

The transition from the Hamiltonian operator to this effective expression requires

Az o (4.62)

E? Ab EY
—ax <$381n2 \/x_ ) + Y + 77

taking the expectation of the former in a semiclassical Gaussian state peaked on a
phase space point (see, e.g., [I15]), and then taking the continuum limit. This is
the same process used to obtain the effective LQC dynamics, where the Hamiltonian
operator with matter is also unbounded. A shortcut that is known to work in LQC, and
one we use here, is to replace the quantum operators with the appropriate phase space
functions. Note that the effective dynamics do not take into account dispersion effects
of the Hamiltonian operator captured by expressions as such A(H,)? = (H2) — ()2

for expectation values in semiclassical states, which are of higher order in .

The Poisson bracket is the same as in the classical theory,
{b(z1), E(22)} = Gy d(z1 — 22), (4.63)

and the effective equations of motion are generated, as usual, by taking the Poisson

eff

brackets of the dynamical variables with the effective Hamiltonian, [dz Hohys:

giving

: 075 0 r . VA |3 . VA . VA
- ~ T T n Y2 [ 2sin Y2 ve 4.64
b 2EVE 9z 4 sin — b[2sm . b+ 0, sin " bl, (4.64)

: 2 E, VA VA
E' = — x_\/z Oy (f) sin Tb oS Tb' (4.65)
Y

As in the classical theory, b and E° determine the metric,

2
ds* = —dt* + %(dx + N*dt)? + 2°dQ?, (4.66)
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where the shift vector is related to b by

r VA VA

N* = — sin b cos b, 4.67
WA p (4.67)

taking the prescription (4.60)) used for the quantum theory.

Finally, the energy density in the effective theory follows from (4.58]),

EY VAD yr  yEP x?
893 34in2 Y —U il = 9 L[ =
yAzx (:1: i > T ! (Eb)

We note that the area gap A and the Barbero-Immirzi parameter v often combine

1
-~ 8nGyxEY

p (4.68)

in the form 72A, and many observables of physical interest depend only on this
combination. This also occurs in LQC and seems to be a general feature of loop
quantized symmetry-reduced systems. In contrast, in LQG the quantities v and A
are distinct (although related, since A is proportional to ), and can be distinguished

for example by measuring the spectrum of the LQG area operator.

4.4.2 Marginally bound solutions

As in the classical theory, E® = x corresponds to the effective version of the
marginally bound solutions. For this family of solutions, b is the only dynamical
degree of freedom left, satisfying the equation of motion

M 1 3 . 2 Ab
=0. 4.
b+ Q’YA.%'@I (x sin” — ) 0 (4.69)

The energy density is closely related to b through

_ 4,
p TGP a7 Oy (:L’ sin” — ) , (4.70)
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which can also be expressed in terms of b, although this relation will not be necessary

for us here. Expanding the derivative,

! <351n VAD +2v/Asin \/_b cos \/be ((%b—%)). (4.71)

P= 8rGY2A

In the homogeneous limit of d,b = 0, the energy density is bounded above by
pe = 3/87Gy?A, the critical energy density for spatially flat FLRW space-times in
LQC.

It is simpler and more intuitive to give initial conditions in terms of the density

p(x,to); these can be translated into initial conditions for b through

2 T
b(x,ty) = —% arcsin <\/87TC;—JA/ dz §:2p(92,t0)) . (4.72)
0

When taking the square root, we chose an overall negative sign; this choice means

that the initial data corresponds to a collapse scenario. On the other hand, taking
the positive root would correspond to an LTB space-time with dust initially moving

outwards.

For collapse models, an important quantity is the outgoing null expansion 6, ,
which is used to locate marginal apparent horizons via 6, = 0. For the LTB metric

([4.66), with E* = x, the outgoing null expansion is

2 2 1 2VAb

4.
; 7\/Zsm " (4.73)

Similarly, the in-going null expansion is §_ = —(2/x) - (1 + N%).

It is possible to find implicit solutions for b by using the method of characteristics,
namely by finding curves in the (x,t) plane parametrized by A such that along these
curves the partial differential equation becomes a set of coupled ordinary

differential equations. Solving the set of coupled ordinary differential equations along
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each of these curves gives the full solution, although in implicit form in terms of the

parameter \.

It is convenient to first introduce the variable § = \/Zb/ x, in which case the

equation of motion becomes

: 1 3.2\ _
B+ 27\/Zm28x (2’ sin? B) = 0. (4.74)

As an aside, note that this equation can be rewritten as

B = —4xGyV A p, (4.75)

and since p > 0, it follows that § is monotonically decreasing.

Taking a parametrized curve (z(\),t(\)) and evaluating 5(A) at points along this

curve gives

dg 9pdt  9Bda

7 =, 4.
d\  OtdAx Oz dA (4.76)
By choosing a curve such that
g 3 .,
a = § S1n ﬂ, (477)
the equation of motion for § implies that
dx ) dt
T x sin 3 cos 3, = TWA. (4.78)
Solving these ODEs first gives A = t/vv/A (setting A(t = 0) = 0), and
3\ z\*  sin? Bo
t (B(\)) = cot = =) === 4,
cot (B(N)) = cot By + 5 <x0> e (4.79)

For each curve, the initial conditions are t¢(A = 0) = 0 and z(A = 0) = zy. For

such a curve, S(A = 0) = SBy(x), and we have the exact implicit solutions for 5(x,t).
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These can be inverted numerically everywhere, except where characteristics cross—at
these points the method of characteristics fails, and it is necessary to search for weak
solutions to the equation of motion. As mentioned previously, it is always possible in
the classical theory to restrict initial data such that caustics do not form [90] O], 04],
but as we explain next this is not possible in the effective quantum theory due to the
singularity avoidance and bounce: shock waves are a general feature of quantum dust

collapse.

As in the classical case, shock formation occurs when the Jacobian for the trans-
formation (X, xo) — (t,2) vanishes. Since dxt = yV/A and 9,,t = 0, the Jacobian

vanishes if and only if d,,2 = 0. Rewriting
1/3
v = <xg sin? B [1 + (cot By + gA)QD , (4.80)

a numerical investigation finds that the derivative

1 sin2ﬁ0>l/3 1 3\ + cot By
&Ex:—( : 3+ 2208, [ cot By — — - 2 4.81
"3 \sin’ O s B 14 (B0 + cot o) sy

generically vanishes for initial data with in-falling dust that satisfies the two following
properties: the initial density py is not zero everywhere, and there is an exterior
vacuum region x > x. where py = 0. Physically, this can be understood by following
characteristics in the interior and exterior regions. In the interior, the characteristics
for dust particles will eventually bounce due to LQC effects and move outwards, while
in the vacuum exterior region characteristic curves will always move inwards. As a
result, these two families of characteristic curves must eventually cross; see also the
discussion in [93]. (Note that characteristic curves where p # 0 may also cross, but this
depends quite sensitively on the initial configuration of py and will not always occur,
while characteristic curves for the interior matter region and the exterior vacuum

region will cross after the bounce.) Therefore, for this large class of initial data,
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characteristics will cross, showing that it is necessary to allow for weak solutions to

the effective dynamics.

4.4.3 Weak solutions

As characteristic curves will cross, weak solutions to the dynamics must be con-
sidered. As reviewed in Sec. [£.2.3] it is helpful to write the dynamics in the form
of a conservation law @ + 0,[f(u,x)] = 0, which can in turn be expressed as an
integral equation. Then, the speed of a shock wave located at x = L(t) is given by
dL/dt = [f(u,x)]/[u], where [g(x)] = lim, ,p+ g(x) — lim, ;- g(z).

To rewrite the equation of motion as a conservation law, it is useful to

introduce the variable B = v/A b, whose dynamics are given by

. x3 B
B+ 0, sin? —) = 0. 4.82
(2,y —sin* 2 (152)

Then, the speed of any shock waves that may form is given by

o I’ ‘[Sin2 x%]: L [sin*f]
dt — 2yv/A  [B] 7VA [A]

(4.83)

Here we give the expression in terms of both of the variables B and 8 = B/x?;

depending on the calculation, one variable may be more convenient than the other.

The Oppenheimer-Snyder model and the thin shell solution can be solved an-
alytically; the general case for arbitrary initial data profiles requires a numerical

solution.

4.4.3.1 Oppenheimer-Snyder solution

The Oppenheimer-Snyder collapse model has two regions: a ‘star’ interior region

x < L(t) where the energy density p is radially constant (but grows with time as the
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star collapses and becomes denser), and a vacuum exterior region > L(t) where
p = 0. We will denote the interior region with the index ¢ and the exterior region with

the index e.

The solution for the p. = 0 vacuum exterior region follows from (4.70)),

Y?ARg
x3

sin B, = — , (4.84)

where the minus sign is due to the attractive nature of the gravitational field generated
by the dust field in the interior, and the constant of integration is chosen to match the
classical solution. As usual, Rg = 2G'M is the classical Schwarzschild radius and M is

the total mass of the star (which is a constant of the motion). Also, note that B, = 0.
Similarly, for the interior region (4.70]) shows that if d,p = 0, then 0,4 = 0 also,

and (4.74) becomes
3 sinQ 61

51' = _2’)/—\/Z’

(4.85)
with the solution

—cot 3; = 3t~ o) = sin 3; = ! (4.86)

29V A V1+962/472A

The minus sign indicates that the Oppenheimer-Snyder star is collapsing, rather than

expanding, and in the second relation we have fixed the constant of integration ¢o = 0.
Since (; is monotonically decreasing, as seen in (4.75)), it follows that for ¢ < 0, then

—7m/2 < B; <0, while —7 < 3; < —7/2 for t > 0. As a result, [3; itself is given by

for t <0,

. 1
— arcsin ————,
B, = A/ 14962 /472 A (4.87)
1

—7 -+ arcsin \/HTW’ for ¢t > 0,
keeping in mind that —7/2 < arcsinz < /2.

In terms of the gauge-fixed metric (4.66)), the interior is a flat FLRW space-time

153



with a dust field whose energy density evolves as

3

e ) 4.
Pi = 3G (97 + 17PA) (4.88)

During the ¢ < 0 contracting phase of the star, 5 is continuous across the boundary
between the interior and exterior solutions (although not differentiable), so there is no
shock wave and the location of the boundary = L(t) can be determined by requiring

that 8 be continuous across the boundary, giving [87]

tQ 1/3
L= (ng +72ARS> . (4.89)

Using this expression to rewrite the energy density of the interior, it is clear that L(t)
plays the role of the scale factor for the FLRW-like interior, with

3M

Pi

and the effective Friedman equation that L satisfies during the collapse phase is

Gomin

which is exactly identical to the LQC effective Friedman equation for flat FLRW
space-times.

A bounce occurs at ¢ = 0 when ; = —m/2. The bounce occurs both in the radius
L of the collapsing star, which reaches a minimum and begins to increase, and also in
the energy density p, which reaches a maximum precisely equal to p. = 3/81G2A,

the critical energy density in LQC, and then decreases after the bounce.

The post-bounce dynamics are significantly different from the collapse, because
after the bounce 3; < —m/2 while 5, > —7/2, showing that a discontinuity in § has

formed: there is now a shock in the gravitational field. Since there is a shock, L no
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longer follows the dynamics given by (4.91)) which holds only when the solution is
continuous; instead the motion of the front of the shock wave during the expanding

phase is determined by the Rankine-Hugoniot condition (4.83)),

dt . > . L2 92 4 42A
7 — arcsin 4/ 2 ﬁfs —aresin |, /g O
1A

In the interior, away from the shock, the energy density after the bounce decreases

dr WA/2 — (RS L ) L (4.92)

following (4.88]), but L moves more slowly after the bounce, as compared to before,
and the outside region remains vacuum. The combination of these effects implies that
a growing fraction of the dust field becomes trapped at the boundary x = L(¢) in the

expanding phase,

— (9t23+ 472A)@(L(t) —a)+ <M - (9t22f 47%)) 5(L(t) ~ ), (4.93)

where O(x) is the Heaviside function.

Since the energy density of dust in the interior quickly decays, soon after the bounce
it is reasonable to approximate the interior by a flat Minkowski space-time where
3 = —m and sin 8 = 0. Further, soon after the bounce L > Lyouee = (7?ARg)"? and
it is possible to neglect terms of the order Lyounce/L. With these two approximations,

the speed of the shock (4.92) reduces to

| @, (4.94)
dt 2 L2

which can be solved to give

21

1/3
L(t) ~ (@> , (4.95)

although this result is a good approximation only for ¢ > tp;. At the bounce L(0)
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does not vanish, rather L(0) = Lyounce = V2ARg.

With these results, it is straightforward to determine the space-time metric; putting

E® = z into (4.66)),
2
ds? = —d? + (dx + Nxdt) 422402, (4.96)

the lapse N* = —(z/vv/A) - sin B cos 3 is [§7]

6t
. i — if 2 < I
012 + 472 ifw < L(t),
N® = (4.97)
2A
\/& (1 2 3R5> if 2 > L(t);
xXr xXr

where L(t) is given by (4.89)) for the collapse ¢ < 0 portion of the space-time, while L
expands more slowly following (4.92)) for ¢ > 0 after the bounce. For more details on

the exterior vacuum solution see [41], and for the interior solution see [87].

In addition, it is possible to calculate the lifetime of an Oppenheimer-Snyder black
hole solution, defined as the (proper) time interval between the formation of the
outer apparent horizon, and its eventual disappearance when the outgoing shock wave
reaches it, as measured by a distant observer. Assuming the distant observer detects
lightlike signals emitted from the surface L just before the formation of the black
hole and just after the emergence of the shock from the outer apparent horizon, this
observer’s proper time interval is simply given by the coordinate interval T' =ty — ¢
between these two events [87]. For this calculation, we make the approximation that
the apparent horizon is located at Rg, neglecting corrections to the location of the

horizon of the order ~ ¢4,/ Rg that are negligible for black holes with M > mp.

The black hole forms at t = t; when L = Rg during the collapse phase, so by

inverting (4.89) we find

2 2R
h=-3\Rs—7A~ - == (4.98)
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showing that the collapse time of the Oppenheimer-Snyder star is of the order of ~ M.

On the other hand, the apparent horizon vanishes once the outgoing shock wave

reaches L = Rg, and the solution (4.95]) gives

b~ 2w R%
2 37\/Z.

(4.99)

As an aside, we mention that it is also possible to numerically integrate the exact

Bs  rqr\ !
ty = / (—) dL, 4.100
T dt ( )

bounce

equation

with dL/dt given by (4.92)), and the result of this calculation is in excellent agreement
with the approximate solution (4.99). This shows that the time between the bounce
and the disappearance of the outer apparent horizon scales as ~ M?/mpy, in agreement

with an earlier estimate [87].

Combining these two results and keeping only the dominant term (assuming

M > mpy), the lifetime of an Oppenheimer-Snyder black hole is predicted to be

T A 27TR§ .
37\/Z

(4.101)

As we shall discuss in more detail in Sec. [4.6], this prediction for the lifetime of a black
hole is shorter than the Page time and has important implications for the information

loss problem.

4.4.3.2 Thin shell solution

Another interesting solution to consider is a thin shell, where the interior is

Minkowski with sin 3; = 0, and the exterior is Schwarzschild with sin 5. = —y/7?ARg /23 ;
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these two solutions are separated by a thin shell of total mass M located at = = L(t),

p= A7 a2

5<:c - L(t)). (4.102)

There are two cases of interest, the contracting case when g; = 0, and the expanding
case 3; = —m.

Before studying the dynamics, it is important to note that although there is a
bounce, a contracting thin shell solution does not immediately become an expanding
thin shell solution when the bounce occurs. The key point is that a thin shell of
mass M can reach a minimal radius Ly, = (7?ARg)"/3. When the shell reaches this
minimal radius, the thin shell splits, with a portion continuing to fall inwards and
another portion being scattered outwards. The scattering process is continuous, with
a broad distribution of dust being scattered backwards until there is a bounce at the
origin (the total mass remains M throughout). This process can be seen in more
detail using the numerical methods described in Sec. [4.5] For this reason, the ingoing
and outgoing shell solutions must be treated separately. (Another way to see that
the ingoing thin shell does not immediately become an outgoing shell after reaching
Ly, is that an ingoing shell has 8; = 0, while an outgoing shell has 3; = —m, so the
first cannot just bounce at L,,;, and become the second without any changes to the

interior.)

For the case of an ingoing thin shell, the shock speed relation (4.83)) gives

dL 29V ARg

dt  L2arcsin VV2ARg/L3

this can be integrated to give an analytic implicit solution for L(t), although it is

(4.103)

not especially transparent or useful. Instead, the collapse time t;, can be obtained by

integrating (dL/dt)~! from L = Rg (again neglecting small Planckian corrections to
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the location of the outer apparent horizon) to Ly, = (Y2ARg)'?; the result is

Lmin 2 2

2L A 2

tin = — / ——— arcsin @ dL ~ ﬁ, (4.104)
Rs YVARg L 3

dropping subleading corrections of order h. As expected, the time for collapse is
tim ~ M, as is the case for the Oppenheimer-Snyder collapse (in this particular
case, even the prefactors of the leading order term match for the thin shell and

Oppenheimer-Snyder solutions).

Switching now to the outgoing case, the shock speed (4.83]) becomes

d _ 1VARs (4.105)
dt  2L2(m — arcsin \/72ARg/L3)’
so the time for the shell to travel from L,,;, to Rg is
Rs 92 2AR 21 R2
tout :/ ———— | m — arcsin 7 3 S) aL ~ 2- S (4.106)

again only keeping the leading order term when evaluating the integral.

In general, the lifetime of a black hole can be split into three parts: a collapse time,
a bounce time, and an outgoing time. (The bounce time may be zero in some cases
where the bounce occurs simultaneously everywhere, like in the Oppenheimer-Snyder
model, but this will not necessarily always be true.) The lifetime of a black hole will

be dominated by the outgoing time %y,

N 21 R,

out ™~ 3"}/\/Z

Tt (4.107)

Note that the leading order contribution to T is identical for the thin shell and
Oppenheimer-Snyder solutions. This is not surprising because after the bounce, the
dust energy density p in the Oppenheimer-Snyder interior rapidly decays to the point

where the interior is well approximated by Minkowski space and all of the matter is
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located at the shock. In other words, soon after the bounce the Oppenheimer-Snyder
solution becomes (to an excellent approximation) an outgoing thin shell. Further, as
shall be seen in Sec. 4.5 numerics show that this occurs quite generally: for a large
class of initial density profiles for the collapse, after the bounce the outgoing shock
wave rapidly tends to the outgoing thin shell solution. For this reason, the lifetime of a

black hole appears to be universal to leading order with T' = 2w R%/(3yVA) + O(M).

4.4.3.3 Conformal diagram

The conformal diagram for the effective vacuum solution has already been studied
in considerable detail [T16], but there are some important differences in the conformal
diagram once matter (in this case dust) is included. For concreteness, we will sketch the
conformal diagram for the Oppenheimer-Snyder collapse model derived in Sec. 4.4.3.1]
but we expect a qualitatively similar diagram for most of the main features for other
solutions to the LQC effective dynamics for LTB space-times that start from a collapse
that leads to the formation of a black hole—this expectation is met for the numerical

solutions we obtain in Sec. 4.5

In the Oppenheimer-Snyder model, during collapse the radius L(t) of the dust
sphere is given by (4.89)), while after the bounce the shock wave moves outwards
following (4.92)), whose solution is approximated by (4.95)) for times ¢ > tp.

In broad strokes, the conformal diagram shows the following events and processes.
First, a pair of apparent horizons appears when L = Rg during the collapse, the outer
horizon is null and remains at the radius x = Rg, while the inner horizon lies inside L
for almost all of the collapse. Second, the inner horizon crosses outside L only a short
(Planckian) time before the bounce, at this point the inner horizon becomes null and
remains at the same radius j,er until the fourth stage. Third, after the inner horizon
stops at Tinner the entire spherical region bounded by L no longer lies within a trapped

region and the dust sphere bounces (this meets general expectations described in
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[75]). Fourth, a shock wave forms after the bounce, the shock-wave front briefly moves
beyond the inner horizon and then the inner horizon rapidly moves outwards and
catches up, at which point the shock and the inner horizon move outwards together.
Finally, the shock wave eventually reaches the outer apparent horizon located at
x = Rg, at this time the inner and outer horizons meet and annihilate, and the black

hole disappears.

An important point is that due to the gravitational shock wave that forms after
the bounce, there is a discontinuity in the gravitational field, namely in the space-time
metric. This means that the x = L surface has different properties with respect to
the inner and outer metrics. In particular, during most of the fourth stage mentioned
above, the x = L surface is timelike according to the inner space-time metric, but
spacelike according to the outer metric. Further, when constructing the conformal
diagram, different coordinate transformations will be required for the interior and
exterior regions for stages four and five after the bounce (and these are discontinuous
across the boundary); as a result the location of the boundary surface x = L in the
conformal diagram will not be the same with respect to the interior and exterior
metrics. Due to this, we identify the two locations of the boundary surface and excise
the region in the conformal diagram that lies between the location of the boundary

with respect to the inner and outer metrics.

With the overview complete, we now revisit each of the stages described above in
more detail, first determining the location of the apparent horizons, and then describing
the trajectory of L(t). We do not construct the conformal diagram rigourously through
coordinate transformations of the metric, but rather provide a sketch by determining

which horizons and trajectories are null, spacelike, or timelike.

In spherical symmetry, the location of the apparent horizons is given by the zeros of

O, = |Vx|? [117], which for the Painlevé-Gullstrand form of the metric (with E® = x)
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Figure 4.1: Conformal diagram for the Oppenheimer-Snyder model showing the radius
of the collapsing dust sphere (dashed line), the inner and outer apparent horizons (red
lines) and the outgoing shock wave as seen from the exterior (dark blue line) and as
seen from the interior (light blue line). The outgoing trajectories of the shock wave
are identified, and the region in between (horizontal hatching) is excised from the
conformal diagram.
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gives

0, = |Vz|* =1— (N")? (4.108)
and recall that in the effective theory N* = —(x/yv/A) - sin 3 cos 5.
During collapse, the shift vector in the interior (z < L) is given by the upper

relation in (4.97)), so for the interior region the zeros zj; of ©4 are located at

31t 292A
hall) = =5~ + 3

(4.109)

Of course, there is only an apparent horizon in the interior if the location of this
xp,; lies within L = (2Rgt? + 2 ARg)"/3. Neglecting quantum gravity corrections, it
is easy to verify that an apparent horizon appears at t = —2Rg/3 at the location

xp; = Rg, and then moves inwards as z,; = —3t/2, this is a faster rate than L.

Once quantum gravity corrections become important close to the bounce time
t = 0, the apparent horizon in the interior will cross over x;; = L and enter the exterior
region. The time this occurs can be approximated by assuming the quantum gravity
corrections dominate, so the location of the apparent horizon is zj,; ~ 2v*A/(6t)
while L & Lpgunce = (Y2ARg)'Y/?, implying a crossover time of ., ~ —(8v*A?/27Rg)"/>.
Substituting this back into L(t) gives L(t.) ~ Lyounce + (7*A2/27Rg)"3.

Also note that the minimum radius of the apparent horizon in the interior is
Thi = 2yVA, which is reached at t = —2yv/A /3.

To recap, there is an apparent horizon inside the dust sphere during the collapse,
between the times when L reaches the radii L ~ Rg and L & Lyounce + (7*A%/27Rg)"/3.
Importantly, note that ©, > 0 for x < z3,(t), so it is the region x > x5, that is
trapped, while the region x < x5, ;() is not trapped; this shows that this apparent

horizon is an inner horizon.

For the exterior, the shift vector during collapse is given by the lower relation in

(14.97)), so the zeros of O for the vacuum exterior region are located at the solutions
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of the following implicit equation for xj,

AR
Zhe = Rs <1 -2 S) . (4.110)

xh,e

Once again, these apparent horizons are only present if x), . > L(t). It is immediately
clear that there will be an apparent horizon at x,uer = Rg, neglecting quantum gravity
corrections, once L(t) passes the Schwarzschild radius. As expected, this is an outer

horizon since ©, < 0 for x < Rg.

There is another solution to (4.110) that gives a second apparent horizon at
Tinner ~ Lpounce + (7*A2/27Rg)Y3, whose location matches the radius where the
interior horizon z,; exits the surface L of the dust sphere as described above. This is

an inner horizon where O, > 0 for = < ZTjn.er, again as expected.

In summary, during the collapse phase a pair of apparent horizons forms when L
reaches the radius © ~ Rg (up to small Planckian corrections), with the outer horizon
remaining at Rg in the vacuum exterior, while the radius of the inner horizon decreases
faster than L (staying within the dust sphere) until it reaches Zjyper, at which time the
inner horizon crosses outside the trajectory of L, enters the vacuum exterior region

and stays at Zinner-

After the bounce, a shock wave forms and moves outwards, as described in
Sec. [£.4.3.1] The outer horizon at Rg will stay there until the outgoing shock L
reaches it a time ~ M?/mp; later, at which point it will disappear. On the other
hand, the inner horizon will follow (4.109|) and contract back to its minimum radius
of xp,; = 29V at t = 27\/Z/3 before expanding once more. For the short period
of time that L > x,;, the dust located inside this region is moving outwards in a
trapped region—this does not indicate a violation of the dominant energy condition,
but rather is due to quantum gravity effects being large and significantly modifying

the dynamics from what could be expected from classical general relativity. After
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t=29vVA /3, the inner apparent horizon will rapidly move outward until it reaches
the shock, at which point it will move in lockstep with the shock until they reach the
outer apparent horizon (a time ~ M?/mp later) and then the two apparent horizons
will disappear. After this, even though the black hole is now gone the shock will

continue to move outwards forever.

We note also that the dust is not superluminal as it emerges from the horizon. This
may be seen by recalling that for the Oppenheimer-Snyder collapse model considered
here, the dust ball is isomorphic to (a portion of) the FLRW space-time. As in the
FLRW space-time, the dust is not superluminal—it is just co-moving with the region

of space-time that is rapidly expanding after the bounce.

The trajectory of the two (outer and inner) apparent horizons, as described, is
shown in the conformal diagram in Fig. [4.1] the two apparent horizons are shown as

red lines.

The other trajectory of interest in the conformal diagram is the path followed by
L(t), denoting the surface of the dust sphere during collapse, and the location of the

shock wave after the bounce. The normal vector to the surface x = L(t) is

n, = — <i—§> (dt), + (dx),, (4.111)

and the sign of

dL\? dL
w =1—(—=) —2N® | —= ) — (N®)? 4.112
#mn,=1- () —2v () - ) (1.112)

will determine whether the trajectory of L is timelike or spacelike.

During the collapse, using the solution (4.89) for L(¢) and the metric (4.66) with
the shift vector (4.97)) evaluated at x = L, a direct calculation gives n*n, =1 at all
times—independently of whether the interior or exterior metric is used—showing that

L(t) follows a timelike trajectory during the collapse.

165



After the bounce, the norm of n, will depend on the metric that is used; due to
the discontinuity in the gravitational field, using the interior metric or the exterior

metric will give a different answer.

With respect to the interior metric,

dL)2 124 L(t) (dL>_ 36¢° L(t)* (4.113)

P Yo =1 — [ —= il S et S
(nn.); ( at ) Torraea \at) T 02t 4rA)

while with respect to the exterior metric,

o dL\? Rs 72AR%Y [(dL Rs  7*AR%
wne=1- (%) _2\/ t o (o) 7o e

Note that in both cases L(t) is given by the same solution to the differential equation
(4.92). Clearly, if n*n, > 0, then the trajectory of L(t) is timelike, while if n*n, <0,

then L(t) is moving in a spacelike manner.

By numerically solving for L(t), it can be verified that, according to the
interior metric, L(t) follows a trajectory that is almost always timelike, except for the
brief interval after the bounce when L > ;. On the other hand, the post-bounce
trajectory of L with respect to the outer metric is spacelike until L reaches the outer
apparent horizon at xr = Rg, at which instant it is null and then immediately after

becomes timelike.

This is shown in the conformal diagram in Fig. 4.1, where the trajectory of L(t)
during collapse is given by the dashed blue line, while after the bounce the trajectory
of L(t) with respect to the interior and exterior metrics is shown in pale blue and
dark blue respectively. As discussed above, there are two trajectories for L(t) in the
conformal diagram after the bounce, this is due to the discontinuity in the metric across
the shock wave located at L(t) after the bounce: different coordinate transformations
are required for the interior and exterior regions to construct the conformal diagram,

so the common boundary of the interior and exterior does not have the same location
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in the conformal diagram. The conformal diagram is made whole by identifying the
two locations of the boundary, and excising the portion of the conformal diagram in

between (marked with a horizontal hatching).

To understand this identification in the conformal diagram, consider an infalling
particle that reaches the dark blue solid line in Fig. 4.1 corresponding to the location
of the shock as seen from the exterior. When the particle reaches a point on the dark
blue line, it also lies on a point on the light blue line since these lines are physically
the same and therefore identified (recall that the hatched region is excised from the
conformal diagram). The particle would then continue to move inwards, above the

light blue line in the region inside the shock wave.

In summary, the qualitative picture combining the locations of the apparent
horizons and also L(t) is depicted in the conformal diagram shown in Fig. [{.1} the
star surface collapses to form a black hole with the formation of an outer null
horizon at * = Rg (neglecting tiny Planckian corrections to the location of the outer
apparent horizon), together with an inner dynamical horizon; a bounce occurs when
L(t) = Lyounce = (Y?ARg)'? and an outgoing gravitational shock wave forms; the
shock wave slowly moves outward, and when the inner and outer horizons meet and

annihilate the black hole ceases to exist.

We note that the conformal diagram constructed here is specifically for the
Oppenheimer-Snyder collapse. In Sec. [4.5] we present the conformal diagram in-
ferred from numerical solutions for a different family of initial data corresponding to
the collapse of dust with a Gaussian radial density profile, see Fig. [£.6] Although
the conformal diagrams have some differences, the important qualitative features are
similar: there is a non-singular bounce, a gravitational shock wave, and the eventual
disappearance of the black hole when the inner and outer apparent horizons meet and

annihilate after a time ~ M?/mp,.

167



4.5 Numerical solutions

As discussed in the previous section, shell crossings are a feature of the effective
dynamics, and evolution beyond the point where characteristic curves cross requires
finding weak solutions; a numerical approach is generally needed for this. In this
section we review and apply the well-known Godunov method to this problem, this is

one of a family of numerical techniques available for solving non-linear flow equations.

4.5.1 Godunov method

The Godunov method is a numerical approach for solving differential equations
that are non-linear conservation laws of the form O;p(z,t) + 0,j(p) = 0; see, e.g., [90]

for an in-depth discussion of this and related algorithms.

To use this method we first write the evolution equation (4.69) by defining

3 B
B(z,t) =xb(xz,t) and m(x,B) = Q;A sin? (;) . (4.115)
This gives the desired form of a conservation law
0:B(z,t) + 0,m(z,B) =0 ; (4.116)

the current in this equation is the mass function m(x,t), which is related to the dust

density (4.70)):
m(z,t) = 47r/ dz #°p(z,t). (4.117)
0

It is also evident from (4.115]) that the current has an explicit x dependence.

Integrating (4.116)) over a spatial interval z;, < x < xg and time interval t; <t < t,
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gives the integral form of the conservation equation (4.116|),

/xR dz Blts,z) = /IR dz B(ty,z) —/tz at [mz, B)] " (@118)

rr Ty, t1 rr

In either form the conservation equation is non-linear and cannot be solved
analytically (except for a few especially simple configurations like thin shells and the
Oppenheimer-Snyder model). Finite-volume methods like the Godunov scheme are
based on the approximation that at each time step, the field is piecewise constant in
every spatial cell j of width dx; that is, the field at the point (x,t,) is defined by the

spatial average over the cell

1 ijr%éx
Br / dz B(z,t,), (4.119)

i 5,
ox xj—iéx

and this average value is then assigned to each point in the interval,

B(x,t,) = B, z € (x; — 30w, x; + 30x). (4.120)

In this way, the field B(z,t) is taken to be piecewise constant.

This discretization makes a numerical integration of the equation (4.118|) possible

on a space-time lattice of spacings ¢t and dz,

1 tnt1 a:-+l5x
B;LJrl — B" _/ dt [m(@B)] ! ? ) (4.121)

J
ox tn zjfiéac

This form of the equation shows that B}”l can be calculated by adding the flux
m(z, B) across the boundaries z; + %5x and x; — %ch to the initial value B}'. However
the fact that the time integral is from ¢,, to ¢,,1 means that the method is implicit
and the net flux in the integrand requires careful construction. This is accomplished

by the Godunov method.

The key insight underlying the Godunov method is that, given the initial conditions
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of a piecewise constant field B, it is possible to solve exactly for the flux functions
m(z; + 36z, B) and m(z; — 30z, B), at least for a short period of time.

The basic idea is illustrated by focusing on the flux through the boundary xp; =
zj+ 16z if B is moving outwards, the flux across the boundary is given by m/(zyq, B});
if the field is moving inwards the flux is given by m(zyq4, B},,). These simple forms are
due to the piecewise constant prescription for B within the cell [z; — %5:6, T+ %5x]

A similar consideration applies to the cell boundary at z; — %53:.

It remains to determine the direction in which the flux moves. This requires the

velocity of B, given by the derivative of the current function m in (4.116|) with respect

x . (B B
v=0pm = A sin (ﬁ) cos (;) ; (4.122)

v depends on both the position x and the value of the field B.

to B,

There are four possible types of B-field velocity configurations at each boundary
Tpg between two lattice cells. Denoting quantities on the left and right of the boundary

by the subscripts L and R respectively, the possibilities are:

(i) v > 0 and vg > 0: field moving right/outwards;
(ii) vy <0 and vg < 0: field moving left /inwards;
(iii) vy > 0 > wg: shock wave;

(iv) vy < 0 < vg: rarefaction wave.

The first two cases are simple as they have velocities in the same direction. The
third case corresponds to a shock wave with speed vy = [m]/[B] (4.28), with its sign
determining whether the shock moves outwards (positive v;) or inwards (negative vy),
and flux m(zpq, BY) or m(xea, B}, ) respectively. The fourth case is a rarefaction wave,

the corresponding flux is obtained by taking m(xyq, Bs) where By is the stationary
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value of B where v = 0. From (4.116]) and , v =0 for B = wa?/2, for which
m(wa, Bs) = x4/ (20°A).

By looking at the explicit forms in terms of B of the current m(z, B) in
and the velocity v(z, B) in (4.122)), the flux for these four cases are summarized by

mingy<pzpy,, (m(z, B)) for By < By,

F(Bn, Bn_,'_l, ZL’bd) =

" B (4.123)

maXB;?HSBSB;L (m(mbd, B)) for Bjn > B?Jrl'

The min and max refer the minimum/maximum value attained by m(zyq, B) for B in
the given interval. This is the general Godunov scheme for the flux; it holds also for a
non-convex flux function (m in this case); i.e., for either sign of 95m. Here, due to
the relatively simple (although non-convex) form of m, for the interval B € [—mx?,, 0]
the minimum is always one of the two endpoints, while the maximum is either one of
the two endpoints or the stationary point m(xy, Bs) = x3,/(2v*A) if the stationary

point By lies between By and Bp.

With this prescription of the flux function, discrete evolution equation takes the

explicit form

Bt = B — = [F(Bj+1, B, x; + Yx) — F(BM, B, a; — sow)|,  (4.124)
For boundary conditions, since B = xb we impose that B(xz = 0) = 0, and we also
assume that there is no infalling matter coming from beyond the outermost lattice

point x5 by assuming that B (21ast) = 0, recall that B = 0 in vacuum as seen in
(4.75)).

Lastly, the discrete evolution scheme is stable provided dt is chosen small enough
to satisfy the Courant-Friedrich-Lewy condition that 6t < d2/|vmax| Where |vpax| is
the maximal speed v at any boundary x4 for the given time step. In the numerical

code, we determine 0t dynamically by finding the maximum characteristic speed vyax
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at each time step and using this to fix §t to an appropriate value.

The MATLAB code we used is available online [I1§].

4.5.2 Results

We used the algorithm described above to generate numerical solutions for Gaussian

and hyperbolic tangent initial density profiles given by

o) = exp (= (o —20)*/0%), (4.125)

pe(r) = 1-+tanh < — (z — xo)/a>, (4.126)
that we use to construct an initial mass function
(4.127)

where M denotes the total mass. We considered M ranging from 5mp; to ~ 200mp;.

Inverting (4.115)) gives the initial profile for B,

2724 -
B(z,t = 0) = —2? arcsin (\/ FAmlr,t 0)) ) (4.128)

3

and we evolve B using the Godunov method described above. The negative sign of
the square root corresponds to a density profile that is initially contracting, this is the
case of interest for gravitational collapse.

Time frames from a typical simulation of Gaussian data for M = 5 mp; are shown
in Fig. 4.2 The left column displays the evolving density profile at the displayed

times, and the right column is the function

2

O, (z,t) = |Vaf=1—(N")2=1- %snﬂ <23) , (4.129)

2
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Figure 4.2: Frames from a numerical simulation of black hole formation and evolution
for the Gaussian initial density profile with M = bmpy; the left column is the energy
density p; the right column is the function ©,; its zeros give the locations of apparent
horizons. The middle frame shows part of the bounce. Axes are in Planck units and
VA = 1.

the roots of © give the locations of the evolving apparent horizons [117]. A number
of features are apparent in Fig. [£.2} as the density profile moves inward, it compresses
to become a sharp pulse; the outer horizon forms at the Schwarzschild radius Rg =
2G M = 10¢p; as the pulse crosses this radial location; the inner horizon moves inward
until the matter bounces, and then moves outward; finally in the last frame the
inner and outer horizons merge and disappear as the outgoing shock wave exits the

horizon. These general features can be seen for all choices of M (except very small

M < 8yV/A/\/27G for which a horizon never forms [41], although the bounce and
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shock formation still occur).

The collapse for hyperbolic tangent initial data is somewhat different, but there
is also a bounce and an outgoing shock, this is shown in Fig. [4.3. The outgoing
evolution is quite similar to that for Gaussian initial data: the density becomes sharply
peaked at the shock, and the inner horizon moves outwards until it meets the outer
horizon. These general features occur for all hyperbolic tangent initial data with
M > 8yVA/V21G.

The evolution of two Gaussian profiles is shown in Fig. [£.4 Again the main features
are qualitatively similar: horizon formation, non-singular bounce, shock formation,
and eventual disappearance of the horizons. There are two notable points for the
double pulse results: the second ingoing profile does not cause the outgoing shock wave
to recollapse, and the mass function remains bounded at the inner horizon. These

features show a robustness of the results to perturbations.

We also calculated the black hole lifetime 7" from numerical simulations. This is
the time between the formation and disappearance of its outer apparent horizon. It is
natural to calculate this using the proper time of a distant observer who observes a
light ray emitted shortly before the collapse forming the black hole (for example, from a
supernova of a collapsing star), and another light ray emitted by the shock wave once it
has exited the outer apparent horizon. A short calculation shows that this proper time
interval, as measured by a distant observer, equals the Painlevé-Gullstrand coordinate

time between the formation and disappearance of the outer apparent horizon [87].

In our simulations, we numerically record the times at which the outer horizon
appears and disappears, the results are shown in Fig. [4.5l The best fit is shown in

each of the plots, in both cases the leading order behaviour is

8
T~ §M2 +O(M), (4.130)
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in units where G = h = ¢ = 1, and having set v2>A = 1 for the numerics.

This result is in good agreement with the expectation from analytic calculations
in the Oppenheimer-Snyder and thin shell models and . This not
surprising: numerical simulations show that soon after the bounce, the dust density
can be approximated by a thin shell, so the thin shell calculation gives the correct

leading order contribution to 7.

The predicted black hole lifetime T~ M? /mpy is very long in astrophysical terms,
but short compared to the lifetime of a black hole as predicted by standard Hawking
evaporation calculations. We comment below in Sec. on the implications of this

result for the information loss problem.

This completes our description of numerical results. We now provide several

comments and describe the conformal diagram suggested by our simulations.

The outgoing shock wave may be viewed in some ways as “white hole.” Indeed, it
has been argued that quantum gravity might generate a transition from a black hole
to a white hole [78]. But white holes are known to be unstable to infalling matter in
general relativity; under small perturbations they recollapse and subsequently form a
black hole [82] [83]. Our results are similar in spirit in that a singularity is replaced by
a bounce, but different in the important detail that a shock wave is not a white hole.
Our simulation of the double Gaussian provides numerical evidence that the outgoing
shock wave is stable to an ingoing perturbation. This distinguishes our result from

the black to white hole transition ideas.

Another instability in classical general relativity is mass inflation [84-86]. This is
the observation that the mass function grows without bound at an inner Cauchy horizon
under time-dependent perturbations. On this horizon, infalling radiation is infinitely
blueshifted. Therefore, in generic collapse the expectation is that backreaction would
produce a curvature singularity at an inner horizon. This effect has also been observed

in some non-singular black hole models in loop quantum gravity [119].
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There is no mass inflation evident in our simulations. While the curvature is not
well-defined at the shock due to the jump discontinuity, the density remains finite at

all times and the total mass in the space-time is dynamically conserved.

To summarize these points, our numerical simulations show that there is no

recollapse of the shock wave, and there is no mass inflation.

Our last observation is the determination of a conformal diagram. The diagram
corresponding to our numerical solutions is qualitatively similar to that for the effective
Oppenheimer-Snyder model described in Sec. [4.4.3.3l The main difference is during
the collapse phase, where some features of the conformal diagram depend on the initial
density profile. For the hyperbolic tangent data, the conformal diagram is essentially
identical to the one derived analytically for the Oppenheimer-Snyder collapse model

shown in Fig. [L.1]

For Gaussian initial data, the conformal diagram is shown in Fig. [£.6] It is slightly
different in two ways. Firstly, the trajectory of the star surface is replaced by a packet
of dust trajectories, and there may be multiple dynamical inner horizons depending
on the type of initial data chosen (for example, if there are multiple Gaussian packets
in the initial dust profile). Secondly, the inner horizon moves differently during the
collapse phase: it moves inwards more slowly, following the Gaussian dust density.
Despite these two points of difference, the main features remain the same: a collapse
during which inner and outer horizons are formed, a non-singular bounce, formation
and outward evolution of a shock wave, and the eventual disappearance of the inner

and outer horizons when they meet.

As for the conformal diagram for the Oppenheimer-Snyder model, the trajectory
of the shock wave can be calculated with respect to the inner space-time metric, or
the outer one, with different results. This is why two trajectories are shown for the
shock wave; these curves are identified in the conformal diagram and the hatched

region in between is excised.
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4.6 Implications for black hole physics

We discuss here potential consequences of shock wave formation, and the implica-

tions of the predicted black hole lifetime for the information loss problem.

4.6.1 Shock wave formation and quantum geometry domain

walls

All our simulations show shock wave formation, this appears to be a generic
feature of any initial data profile. For some initial profiles, a shock wave may form
during the collapse phase; these are the cases that may be artificially avoided by
imposing restrictions on initial data as in [61} [89-92]. No matter the initial conditions,
characteristic curves from the p # 0 region and the exterior vacuum region cross after

the bounce.

Thus, in every case, including the double-peaked Gaussian profiles, an outgoing
shock wave eventually emerges from the Schwarzschild radius signaling the end of the
black hole phase. Although our simulations were limited to masses up to ~ 200 mp,
the shock wave is expected to emerge from the outer horizon for data of any mass
since there is no mechanism in the effective equation for the current to change sign
during the outgoing phase. (Although the shock wave solutions we find may be viewed
in some respects to be similar to a white hole solution, their properties are quite
different: the shock wave solution is stable to infalling matter whereas a white hole
solution is not [82].)

The occurrence of a shock wave has not been noticed in previous work, likely
because many of the earlier studies focused on vacuum solutions or only included
simple models for matter with a finite number of degrees of freedom (as opposed
to a field theory with local degrees of freedom like the LTB space-time). Still, it

is important to ask whether the shock wave is a robust prediction, or merely the
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consequence of some restriction, for example a gauge choice that may fail. As such, it
would be useful to extend this work by relaxing the gauge conditions (namely the areal
and dust-time gauges), but this generalization lies beyond the scope of this paper and
is left for future work. Instead, we present some general arguments supporting the

formation of a shock wave in a non-singular bouncing black hole in LQG.

Firstly, the bounce of the dust ball is not surprising—the region inside the collapsing
dust sphere is locally similar to a contracting cosmological space-time (in fact, for the
Oppenheimer-Snyder model this is an exact isomorphism), and these are known to
bounce in loop quantum cosmology [7]. Secondly, the vacuum region outside the dust
sphere has no local degrees of freedom (at least in the spherically symmetric case we
consider here) and therefore cannot evolve in the absence of matter; for example, in
the marginally bound LTB space-times we consider here, by combining and
it is easy to show that b = 0 when p = 0. With these two ingredients, we expect
a bounce inside the collapsing dust ball, but not outside. This causes a discontinuity

to form, and it is the source of the shock wave.

Another way to see this is to consider an initial configuration with a dense core
and a more dilute outer region; the core will bounce first and collide with the outer
region which is still collapsing; this causes a shell-crossing and thereby the formation
of a shock wave. More generally, if there is an effective description of the space-time,
it will presumably be governed by a wave equation that can reasonably be expected
to be non-linear; solutions to non-linear wave equations are typically weak solutions,
often including shock waves (especially solutions corresponding to highly energetic
phenomena). Given this general expectation, it has been argued that it is necessary to
allow weak solutions for LTB space-times even in classical general relativity [94, 05]. It
is therefore not surprising that weak solutions are important also for effective metrics
with quantum gravity corrections, as we find here. These arguments suggest that

shock waves are a robust feature of quantum black holes formed from matter collapse,
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at least in LQG and possibly in other approaches to quantum gravity that resolve the

black hole singularity.

There are different perspectives one can take when studying the shock waves found
here. The simplest is to view the shock as a weak solution of the non-linear wave
equation, as we have done. Another complementary perspective that may be valuable

is to view the shock wave as a domain wall in space-time.

The late-time post-bounce effective solution has two regions, the inside region
(lying within the shock wave), and the outside region. Since the shock wave is slowly
moving outwards, the boundary between the two regions is also dynamical. Each
region is separately well described by an effective line element, with a discontinuity
across the shock. Taking seriously the perspective of LQG that a classical geometry
should emerge from the coarse-grained description of many microscopic Planck-scale
quanta of geometry, we propose the interpretation that the two regions are in different
phases of the underlying quanta of geometry, with the shock wave being a domain wall
separating the two (and carrying a non-zero energy density). From this perspective,
the effective dynamics may have a thermodynamic interpretation, and the bounce can

be understood as creating a domain wall separating two geometric phases.

At late times after the bounce, nearly all the dust accumulates on the shock wave,
with the result that the interior region is nearly Minkowski and the exterior is nearly
classical Schwarzschild. These are two vacuum solutions of classical general relativity,
presumably corresponding to different microscopic configurations of the fundamental
quanta of geometry. As the shock wave (or domain wall) moves outwards, the outside
Schwarzschild vacuum geometry slowly relaxes to the Minkowski vacuum geometry.
From a quantum geometry perspective, the shock wave is a domain wall that separates

two different phases of vacuum quantum gravity:.
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4.6.2 Observable consequences

It is natural to expect that a shock wave emerging from what was a black hole
could have significant observational consequences. The black hole lifetime result
T ~ M?/mp suggests that (dust) black holes of ~ 107® solar masses have a lifetime
of approximately the current age of the universe. If formed in the very early universe,
such black holes would be on the verge of disappearing via shock wave emission at the

present time.

A more realistic collapse model will include several matter fields, not just dust.
If the general picture obtained here continues to be applicable, then photons (for
example) would be part of the shock wave, and be unable at first to move outward
any faster due to the outer apparent horizon. After the shock wave exits the horizon,
photons would no longer be trapped and could move outwards faster than the shock,
and ultimately be detected by distant observers. The same scenario holds for other
types of particles, so a shock wave would release a variety of astroparticles. For
a discussion of possible observational consequences in a related (but not identical)
scenario, see [7T9H8I].

Another possibility that we mention is that the shock wave might also generate

significant gravitationally induced particle production that might be detectable.

However, the prospect for such potential phenomenological consequences could
be suppressed (perhaps significantly) by the gravitational redshift of the exterior
Schwarzschild geometry: if a photon escapes from the shock wave after the shock has
emerged a short distance § outside its Schwarzschild radius Rg, the photon’s frequency
would be red-shifted by a factor ~ §/Rg (assuming 6 < Rg); this redshift could make

observations challenging even if the photon is initially highly energetic.
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4.6.3 Information loss problem

The prediction that the black hole lifetime is of the order T' ~ M?/mp; has

important implications for the black hole information loss problem.

It is well known that a black hole emits thermal radiation at the Hawking tem-
perature Ty = h/8rGkpM. Assuming a quasi-static evaporation process, if black
hole evaporation is the only quantum effect, its lifetime would be ~ M3 /m32, [3]. This
leads to the black hole information loss problem: an initially pure state of matter on

a black hole background evolves into a thermal state with non-zero entropy.

This problem with unitarity arises well before a black hole has completely evapo-
rated. Assuming that the entropy of black hole thermodynamics S = A/4Gh represents
(the logarithm of) the number of microscopic degrees of freedom constituting a black
hole, if the initial state is pure and the evolution is unitary, then any Hawking ra-
diation (although it may appear to be thermal) must be entangled with geometric
degrees of freedom in the black hole. As the black hole evaporates, the number of
Hawking quanta increases while the number of black hole geometric degrees of freedom
decreases. The increase in the number of Hawking quanta indicates that the required
entanglement between Hawking radiation and the black hole degrees of freedom must
also increase. But this is in tension with the decreasing number of black hole degrees
of freedom. The Page time is when exp(A/4Gh), the number of degrees of freedom
in the (evaporating) black hole, is no longer sufficient for the Hawking quanta to be
entangled with the black hole [120, 121]. Tt is at the Page time that the information
loss problem truly denotes a potential loss of unitarity in the dynamics; before the
Page time it is (at least in principle) possible for all Hawking radiation to be entangled
with the black hole and for the total system (black hole and Hawking radiation) to
remain in a pure state. The Page time is approximately half the evaporation lifetime

of a black hole, and therefore is of order ~ M?/m3,.
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There are several differences between the features derived here as compared to
the standard treatment. Two particularly important differences are the absence of a
singularity and the absence of an eternal event horizon. In the standard semi-classical
treatment of Hawking evaporation, the background space-time is assumed to be
the classical Schwarzschild geometry, with a singularity and event horizon. These
features make it difficult to see how information could escape a black hole: firstly, any
information inside the horizon would eventually hit the singularity and be destroyed
there, and (assuming energy conditions hold) information would not be able to travel
in a spacelike fashion to escape the event horizon. In contrast, in the scenario we
study, quantum gravity effects resolve the singularity and replace the eternal event
horizon by a long-lived but temporary apparent horizon. As a result, the two obvious
obstructions to information recovery are removed by quantum gravity effects, which
also significantly change the causal structure of the space-time. This is exhibited in

the conformal diagram in Fig. [£.6]

This result is in agreement with earlier work in LQG, which similarly suggests that
quantum gravity effects will resolve the singularity, thereby enlarging the space-time
and also replacing the event horizon by an apparent horizon which eventually vanishes
[8, 1], 50, 122]. However, there are some important differences in the specific way
this occurs in comparison to earlier proposals, in large part due to the presence of
matter. During the collapse process, an inner horizon forms inside the dust ball, and
eventually exits the dust ball just before the bounce. (As a concrete example, in the
Oppenheimer-Snyder collapse model the location of the inner horizon is at its ‘Hubble
radius’ rg = L/ L, and it exits the star when ry = L.) Continuity requires that this
inner horizon extend into the vacuum region outside the dust ball, and this modifies

in some important aspects the general scenario proposed in Refs. [11], [50] [122].

Specifically, with an inner horizon, the radial coordinate x (of the areal gauge) is

space-like (and therefore # = constant surfaces are timelike) in the region between the
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origin and the inner horizon, including a neighbourhood outside the dust sphere at the
bounce. Due to this fact, it is impossible to glue a white hole solution to the future
of a black hole solution, a scenario that requires x = constant surfaces be spacelike.
Hence, instead of a black hole to white hole transition, the future of the black hole in
this scenario is an outgoing shock wave, as described in detail here with the conformal
diagram in Fig. [4.1]

In addition to the absence of a singularity and the absence of an eternal event
horizon, Hawking radiation can continue only while the black hole outer horizon
exists—this is the black hole lifetime 7" ~ M? /mp) before the shock wave reaches
this horizon. (This feature is another important difference with earlier studies of
black holes in LQG, which typically assume that the black hole will eventually fully
evaporate after a lifetime of T ~ M?/m%, [11], 50, 122], although see [77, [78] for a
discussion on different possible lifetimes, including 7' ~ M?/mp;.) Due to the shorter
lifetime of the outer horizon that we find, Hawking evaporation would end well before
the Page time (assuming the initial black hole mass satisfies M > mp;). As a result,
the amount of Hawking radiation would be relatively small (compared to what is
predicted by the standard semiclassical calculations based on the assumption that the
black hole completely evaporates due to Hawking radiation). Therefore, this limited
amount of Hawking radiation could remain entangled with the degrees of freedom of
the black hole without loss of unitarity, and information could escape with the shock
wave, in gravitational and matter degrees of freedom, as the shock wave exits the
horizon.

To summarize, quantum gravity effects captured by our model (i) remove the
singularity, (ii) remove the event horizon, and (iii) predict the lifetime of a quantum
black hole to be ~ M?/mp;. The combination of these three ingredients suggests that
Hawking radiation lasts for the duration of the black hole’s lifetime 7' ~ M?/mp). As

a consequence, Hawking radiation can remain entangled with black hole degrees of
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freedom (or perhaps with Planckian geometric or pre-geometric degrees of freedom
[122]), and information can be recovered (at least in principle) by an outside observer
once the shock wave exits the outer apparent horizon at the end of the black hole’s

lifetime.

We leave for future work an extension of this model to include Hawking radiation,

and develop further the resolution of the information loss problem suggested here.
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4.7 Summary

This work provides a model for black hole formation and subsequent evolution
based on a loop quantization of Lemaitre-Tolman-Bondi space-times. Using the
effective equations derived from the quantum theory, the singularity is replaced by a
non-singular bounce, and a shock forms after the bounce in the gravitational field,
with a discontinuity in the metric. We find weak solutions to the effective dynamics,
these include analytic solutions for the Oppenheimer-Snyder and thin shell models,
and numerical solutions for a variety of initial dust energy density profiles. The black
hole lifetime, predicted to be T'~ M?/mpy, together with the absence of a singularity
or an event horizon, suggests that the information loss problem is avoided; Hawking
radiation remains entangled with the black hole degrees of freedom, and ends as the

shock wave exits the outer apparent horizon in a time much less than the Page time.

Our results provide a step towards providing an all-encompassing view of black
hole physics—an effective quantum dynamics problem in a field theoretic setting that
describes gravitational collapse to black hole formation to post-bounce dynamics. This
field-theoretic description goes beyond “quantizing the Schwarzschild metric” or the
Oppenheimer-Snyder model, which are both systems with only a finite number of

degrees of freedom.

Spherically symmetric systems with matter provide useful field theory models, and
dust is the simplest form of matter. A next step would be to extend this model to
include other types of matter that have non-vanishing pressure; for example, it would
be interesting to consider a massless scalar field in spherical symmetry, a system that
has been well studied classically—for some recent work in this direction (although it

does not use the improved dynamics), see [62].

There remain a number of questions within the dust model. First, it would also

be interesting to revisit the model without imposing any gauges before quantization.
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Second, the weak solutions we described are for the subset of LTB space-times with
E® = z; it would be interesting to see whether the main features we report here remain
unaltered for the more general case without this condition. The physical argument
that characteristics inevitably cross when a bounce occurs suggests that an outgoing

shock wave will remain.

Another question concerns the effective equations themselves. The quantum gravity
corrections they contain capture the fundamental discreteness that comes from the
discrete spectrum of the area operator in loop quantum gravity, but they neglect
quantum fluctuations. It would be interesting to look for solutions to the quantum
dynamics that include quantum fluctuations as well, especially in the high-curvature
regime.

Beyond the specific model proposed here, our results suggest a new perspective
that a shock wave following a bounce may be a ubiquitous feature of singularity
avoidance in black holes for any approach to quantum gravity, and raise the possibility
that a lifetime of the order of ~ M?/mp, provides a means for solving the black hole

information loss problem.
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Figure 4.3: Frames from a numerical simulation of black hole formation and evolution
for the Gaussian initial density profile with M = 5mpy; the left column is the energy
density p; the right column is the function ©,; its zeros give the locations of apparent
horizons. The middle frame shows part of the bounce. Axes are in Planck units and
VA = 1.
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Figure 4.4: Frames from a numerical simulation of black hole formation and evolution
for the initial density profile py(z) = exp[—2(x — 7.5)%] /5 + exp[—4(z — 17.5)?]/10 in
with M = 5 mpy; the left column is the energy density p; the right column is
the function ©.; its zeros give the locations of apparent horizons. The middle frame
shows part of the bounce. Axes are in Planck units and 7?A = 1. These frames are
also shown in the companion letter [8§].
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Figure 4.5: Black hole lifetime 7" as a function of data mass M for Gaussian (left) and
hyperbolic tangent (right) initial density profiles. The leading order dependence is
T =87tM?/3+ O(M) to an excellent approximation. Axes are in Planck units with
v?A = 1. These plots are also shown in the companion letter [38].
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Figure 4.6: The conformal diagram is shown in three frames. The left frame shows the
apparent horizons in red; the outer horizon is null. The middle frame also includes
the location of the collapsing Gaussian wave packet with the dashed blue line, and
the solid blue gives the outgoing shock wave as seen by an outside observer, the shock
wave exits at the point where the inner and outer horizons meet. The third frame
illustrates the discontinuity in the metric at the shock wave—its trajectory is timelike
from the perspective of the interior (shown in cyan), while it is spacelike with respect
to the exterior metric until it exits the outer horizon at which time it becomes timelike;
the hatched region is excised and the inner and outer shock wave trajectories are
identified. The rightmost conformal diagram is also shown in the companion letter
[88].
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Chapter 5

Discussion

5.1 Discussion

The work in this thesis developed a model of black hole formation due to matter
collapse within the framework of effective LQG and presented a new way to tackle
the spherically symmetric black hole problem. Unlike many previous studies, the
framework presented allows one to model the full space-time without unnaturally
splitting the interior and exterior portions and “gluing” along the horizon. Moreover,
there are no issues with the semi-classical limit of the effective theory presented, as
we found that quantum corrections near the singularity die off sufficiently quickly
as we move to larger radii, reducing to the classical theory where one would expect;
this resolves an issue found in some of the earlier works on this subject [I]. This
represents a crucial first step in the direction of a complete understanding of black
hole space-times and matter collapse in effective LQG.

By first studying the vacuum space-time, we found that in order to understand the
region surrounding the classical singularity, it was imperative that matter be included
in our framework. The extension to include matter from the start is one of the few

early works that consider a matter collapse scenario in effective LQG. This allows us
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to glean insight into the properties of more realistic black holes that invariably form
due to gravitational collapsd’] Our work suggests that dust collapse in an effective
model of quantum gravity will indeed produce a black hole — just as in the classical
case — but won’t remain static, even in spherical symmetry. The quantum “pressure”
will eventually stop the collapse when the density of the ball reaches its maximum
allowed by the Planck length, and explode outwardly producing a shock wave. As
the shock wave reaches the horizon, the space-time around this region is distorted
allowing it to travel beyond the horizon, a classically forbidden phenomenon. This
result, should it be physical, would have huge implications for the information loss
problem that has plagued physics for decades after Hawkings discovery that black
holes radiate energy, eventually evaporating completely. The lifetime estimate we
find implies that the evaporation process would end prior to the Page time, when the
shockwave exits the outer horizon, avoiding the non-unitary evolution that is implied

by the Hawking result.

Although there is still some debate as to whether the shock wave results we have
presented are indeed physical [2], there is strong evidence to suggest this is the case
generically [3]. We will discuss this in more detail below, but in [2] the authors argue
that the shock in the Oppenheimer-Snyder (OS) model can be removed through a
coordinate transformation. Shell-crossing singularities on the other hand cannot be
removed through coordinate changes. They arise very generically and signal the
formation of a shock [3], as we have seen in this thesis. We note that although
shocks arise generically in our model, their specific dynamics still needs to be better
understood. Since weak solutions to partial differential equations are not unique, we
still need some input from quantum gravity to select the correct physical solution. We
make a specific proposal (based on the use of the Ashtekar-Barbero variables), but

other choices are possible, and could lead to important differences in the evolution of

IThis is still not the whole story, however, since real black holes have angular momentum, while
this work is in spherical symmetry.
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the shock, a point that remains to be studied.

5.2 Vacuum Construction

The first step in our construction was a reduction to spherically symmetric space-
times which are the simplest space-times for which a black hole solution exists
classically. To encompass the entirety of space-time at once, we introduced a distinct
set of coordinates — specifically, Painlevé-Gullstrand coordinates. The reason for this
choice is quite simple as explained in the introduction: in order to properly implement
the holonomy corrections, a required step in deriving the effective theory, we needed
to compare the length of the path along which we compute holonomies to the physical
Planck length which requires the use of the metric. In the standard Schwarzschild
coordinates, this leads to issues at the event horizon where coordinates become null
(and hence physical lengths in the direction of that coordinate become 0) making it
impossible to make a comparison to the Planck length. To facilitate such a comparison,
a new coordinate system was chosen that was horizon penetrating. The necessary
coordinates cannot become null as we reach the event horizon, or switch character

anywhere in space-time for that matter, making PG coordinates a very natural choice.

After rewriting the symmetry reduced theory in terms of connection and triad
variables, the next step was to derive the effective theory by incorporating holonomy
corrections a la LQC. It proved difficult to implement the holonomy corrections even
after the reduction to spherical symmetry for several reasons. The first of these
is simply the fact that it is difficult to calculate holonomies in the radial direction
due to the path ordering in its definition, in conjunction with the fact that general
spherically symmetric metrics are inhomogeneous. Another difficulty was a constraint
algebra that would not close. This second difficulty arises if we abandon trying to

capture the holonomy (by its explicit calculation) and simply try to polymerize the
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system instead, which in general is not equivalent [4]. Recall that in GR closure of
the constraint algebra is one of the requirements of a consistent theory since this
ensures the invariance of the theory under different choices of coordinatesﬂ — a very
natural requirement for any physical theory and one of the main ingredients in the

Hamiltonian theory of GR.

Even though it proves difficult to compute holonomies in the radial direction, we
can take a quick-and-dirty approach by simply replacing connection variables by their
trigonometric counterparts in the scalar and diffeomorphism constraints, similar to
what happens by carrying out the full calculation (when it is possible), and study this
theory. Indeed this method is often implemented when studying effective theories in
LQC and has proven to be quite effective (no pun intended) in capturing the leading
order quantum corrections to the classical theory implied by LQG. The difficulty here
lies in the fact that the inhomogeneity of spherically symmetric metrics makes the
algebra non—trivia]lﬂ and when a polymerization of the type described above is carried
out, it is not so easy to retain the algebra closure. This type of problem has been
studied before, albeit for different sectors, and one resolution was to add counter terms
as in [5]. Here however, we could not find a solution using this method in the case of

spherical symmetry.

Another possibility is that it is necessary to work with the full holonomy. This
approach, however, would significantly increase the mathematical complexity of the
problem making it somewhat infeasible for an initial investigation into the spherically
symmetric sector. In the framework discussed, the requirement of algebra closure,
coupled with the fact that holonomies could not be calculated in a straightforward

manner, led us to a further reduction in the form of a gauge fixing (to the areal gauge),

2Put another way, constraint algebra closure ensures diffeomorphim invariance. In addition
to this, having constraints that Poisson commute with the Hamiltonian is also required to have
consistent dynamics.

3By non-trivial here we mean that the algebra does not simply vanish. If this were so, as is the
case for homogeneous cosmologies, any polymerization function can be chosen and not affect the
algebra.
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although this is by no means the only way forward.

In [6 [7], the authors choose instead to abelianize the algebra by a change of
variables. This means that algebra closure holds regardless of the polymerization
chosen and we are again free to choose any polymerization we see fit. Interestingly, we
found that the solution the authors study in [7], although arising from a completely
different construction, turns out to be a solution of our vacuum EOMs as well, which

speaks to the robustness of our vacuum results.

Another alternative to the areal gauge may be to impose the so-called “LTB
condition”. This amounts to a relationship between triads of the form E? ~ 9,E®
(in our notation), while leaving the diffeomorphism constraint unpolymerized — an
interesting possibility discussed in [§]. We note that imposing the LTB condition also
leads to results that are consistent with what we obtained. Classically, this type of
relationship exists between the triad variables in spherical symmetry (see for example
the PG solution given by in Chapter [2)) and imposing this kind of relationship
can be viewed as a generalization of the areal gauge chosen here. Such a generalization
may also have important implications on the formation or absence of shock waves

during gravitational collapse [3], [14].

This possibility was considered in our vacuum work early on since it significantly
simplifies the Hamiltonian constraint, but abandoned since the LTB condition is not
(always) a second-class constraintﬂ We instead decided to avoid this issue by choosing
a different gauge, i.e., the areal gauge. We note that in [8] and [I4], the authors show
how to properly impose the LTB condition in effective LTB space-times. Furthermore,
in [I4] it is shown that by leaving the diffeomorphism constraint unpolymerized,
algebra closure in this setting can be achieved. This is a possible route forward in

order to avoid the areal gauge fixing that we have imposed and to extend the model.

4The LTB condition being second-class is not a requirement, but if it’s not second-class then the
procedure is more complicated [10].
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Imposition of the areal gauge allowed us to implement a ‘K’ loop quantizationﬂ a
well known procedure in LQC. A more common type of quantization known as the
‘A’ loop quantizationﬂ was not available here since their holonomies give functions
that are not trigonometric functions of the connection variables — a requirement for
promoting them to operators in the quantum theory. This further reduction (after
symmetry reduction) and quantization ensured generi(ﬂ algebra closure and a theory
that is free from anomalies [12]. From this modified theory, the effective EOMs were
derived the same way as in the classical case, namely by taking the Poisson brackets
of our phase space variables with the modified Hamiltonian. After deriving the EOMs,
we were able to find multiple solutions including the quantum counterpart to the PG

metric, the main solution that was studied in the remainder of Chapter

We found several interesting properties of the effective vacuum space-time that
were a deviation from the classical spherically symmetric black hole from general
relativity, as well as earlier models of effective LQG black holes where the interior
was quantized in isolation via the Kantowski-Sachs isometry. First, the space-time
we found may include 0, 1 or 2 horizons depending on the mass of the black hole.
Furthermore, there exists a minimum mass required to form a black hole that is related
to several parameters of the quantum model via the relation M, = 8yv/A / V21G.
Interestingly this mass is larger than the mass of elementary particles such as electrons
which thus cannot create black holes alone. We also touched on the thermodynamics of
this space-time and it was shown that there is a maximum surface gravity, a deviation
from the thermodynamics of classical black holes. Finally, as discussed in Chapter [2]
although multiple solutions were found, with the modified algebra it is not exactly

clear how coordinate transformations work in this setting. For example, by taking

SWith this type of quantization, one computes holonomies of the extrinsic curvature, hence ‘K’
loop.

SWith this type of quantization, one computes holonomies of the Ashtekar-Barbero connection,
hence ‘A’ loop. See [I1] for more details on the application of both quantization methods in LQC.

"Generic in the sense that we are free to choose any polymerization function and the algebra will
still close regardless of this choice, just as in cosmology.
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our solution and performing a coordinate transformation by the usual procedure to
Swarzschild-like coordinated’] it can be shown that the new metric does not solve
the modified EOMs. As discussed in the introduction, this could mean one of two
things: either the model needs to be corrected to recover covariance, for example
perhaps the Hamiltonian we derive only holds in a specific gauge, and modifications
are required so it can hold more generally [13H17], or there is a quantum deformation
to diffeomorphism invariance. This is currently an open problem that will need to be
better understood moving forward if we want to develop a more robust framework for

spherically symmetric LQG.

Although the original aim of the vacuum work was to describe the entire space-time
in an effective framework, we found a ball of radius z;, = ('yARg)l/ 3 that could
not be studied in the vacuum space-time. As we reach this radius from above, the
space-time metric reduces to the classical Minkowski space-time; we can think of
this as the radius where quantum gravity “pressure” exactly cancels gravity. As we
continue to move to smaller radii, the metric components become imaginary and we
can no longer study the structure of space-time in this region. As a consequence of
this, curvature scalars remain bounded everywhere space-time is well defined, reaching

their (mass independent) maximum value at the surface of the forbidden region.

The existence of a forbidden region in the vacuum space-time, which seems like a
surprising result at first glance, becomes quite intuitive upon further inspection. In
Chapter [2] we argued that the reason for this region in our space-time is a consequence
of: 1) there being no gravitational waves in spherical symmetry, thus requiring a
matter field to introduce curvature into the space-time and 2) the existence of a
maximal energy density when incorporating holonomy corrections a la LQC. This

implies that the matter core must extend out to a minimum radius of x,;,. This was

8By “Schwarzschild-like” here we mean coordinates where there are no off-diagonal terms in the
metric and the g4 and g,, components of the metric are related by g, = 1/gs, which is the case for
the classical Schwarzschild metric.
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our motivation for including a matter field in Chapter |3| allowing us to both extend
the framework studied in Chapter [2| to this region, while at the same time developing
a more comprehensive picture of what the life of black holes in our universe may look

like.

5.3 Adding Matter

In Chapter 3], a matter field was included in the framework constructed and studied
extensively in Chapter [2] Dust was the matter field of choice since it is an idealized
type of matter where the individual particles that make it up do not interact with each
other. It is also well known in the literature that this type of matter is a convenient
choice of clock in the Hamiltonian formulation of quantum gravity [I8,[19]. These facts
made it particularly attractive to use as an extension of the vacuum model since we
were able to include a matter field with minimal complications and get a Hamiltonian

that takes nearly the same form as the vacuum case.

The addition of matter allowed us to study a more realistic scenario where black
holes are formed due to collapsing matter rather than the simple, yet unrealistic,
case of an eternal black hole studied in the second chapter. Indeed, this addition
allowed us to study the entire evolution of matter in the effective setting from the
initial collapse, to a point of maximum density, to the death of the black hole via an
outwardly travelling shock wave that is able to exit the horizon. This latter finding is
particularly interesting since it is impossible for matter to escape a black hole after
falling within the event horizon in the classical space-time.

The inclusion of matter followed the same procedure as the vacuum framework,
where the theory was cast in Hamiltonian form using Ashtekar variables as the
canonical variables, with the same areal gauge fixing. The (dust) matter field was

added and the theory was further gauge fixed by using the dust field as our reference
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clock — this left us with a fully gauge fixed theory and a physical Hamiltonian.
Moreover, we no longer had to worry ourselves with constraint algebra closure, which
we recall proved to be difficult to impose in the vacuum case prior to gauge fixing.
Since we gauge fixed away the diffeomorphism constraint by imposing the areal gauge,
and now gauge fixed the Hamiltonian constraint by choosing the dust field as a clock,
we were left with a constraint free model. This means we had a free hand in modifying
the theory without needing to check if the modifications broke the constraint algebra.
Note that although we had this free hand, we again used exactly the same corrections
as in the vacuum case, since this procedure is well motivated by LQC. This fact made
the matter theory simpler to deal with than the vacuum theory in some sense, which is
sensible considering the theory has been gauge fixed further after the introduction of
matter. Moreover, the Hamiltonian took the same form as before and thus the EOMs
were the same as in the vacuum setting. Indeed we can even recover the vacuum
space-time from this theory by taking Hpnys = 0.

The evolution of the dust field naturally depends in its initial distribution. Since
black holes are typically formed due to stellar collapse, an obvious first pass was to
study what star-like evolution may look like in this model. We studied star-like collapse
by studying an idealized initial distribution where dust homogeneously fills space out
to a finite radius and is surrounded by vacuum beyond this radius — classically known
as the Oppenheimer-Snyder model. In this scenario, we found that the ball initially
collapses, falling inward towards the center, and reaches a point of maximum density

(minimum radius) before starting to expand outwardly — a bounce.

It is quite striking to see the cohesive picture that emerges here, where the EOMs
give exactly the LQC effective Friedmann equation for spatially flat FLRW space-times.
That is, we found agreement between LQC and the seemingly very different system we
are studying here. This agreement carries over to the maximum density reached by the

collapsing matter, which which we found agrees exactly with the LQC critical density
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where the bounce occurs in cosmological space-times. This correspondence is what is
found in the classical setting when studying dust collapse as well, where we have an
FLRW solution in the stars’ interior, but it is not obvious that this should remain
the case in the effective setting, so this came as a pleasant surprise. Furthermore, we
found the minimum radius of the ball of dust is exactly the radius of the forbidden
region of the vacuum space-time, making very concrete the argument that matter is

required to have a picture of the full space-time.

For the Oppenheimer-Snyder model, when edge effects were neglected at the
boundary of the dust filled region and vacuum space-time, the collapse and bounce is
completely symmetric and the lifetime of the black hole is on the order of M, the black
hole mass. Of course, this would make black holes in our universe unrealistically short-
lived were this the case. To get a more realistic estimate of the lifetime, we considered
what happens at the edge of our star, which acts as a barrier between the exterior
and interior. Moreover, after the bounce the metric components (corresponding to
the shift vector) become discontinuous at the boundary between the interior and
exterior — a phenomenon known as a shock wave. Thus, we found that although
strong singularities were absent in the effective theory, being replaced by a quantum
gravitational bounce, weak singularities persist. Our previous assumptions leading to
the effective Friedmann equation no longer hold, and we were forced to include edge
effects due to the discontinuity in the gravitational field to get a realistic picture of

the evolution of the outgoing phase.

The effect of such a shock wave is that it allows matter to travel outward past
the outer horizon, an impossible feat in the classical setting where no matter can
travel outwardly after falling within the event horizon. Physically, the matter moves
outwardly until reaching the inner horizon. Matter piles up here forming a kind of
thin-shell until enough has piled up to distort the space-time locally. Once distorted,

the horizon has a chance to move outward. The matter then piles up at the new inner
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horizon location and the process repeats, allowing the shock wave to move radially
outward indefinitely. Eventually, the inner horizon reaches the outer horizon, at which
point they both disappear, marking the death of our black hole after which the shock
wave will continue its outward march. The picture that develops in this scenario is in
striking contrast to the classical, spherically symmetric scenario where once matter
collapses beyond its Schwarzschild radius, it is doomed to fall to the singularity and

remain static for the entirety of its life.

The formation of the shock wave also has the effect of making the bounce asym-
metric — the expansion phase is now much longer than the collapse phase. This is
due to the fact that the matter now has to “wait” at the inner horizon for enough
matter to pile up until the space-time is sufficiently distorted and the matter can
move further outward. Interestingly, we found an estimate of the lifetime of the black
hole when including these edge effects to be on the order of M?. This is a much more
plausible lifetime than the M estimate prior to their inclusion, and in agreement with
some earlier proposals arguing that black-white hole transition should have a similar
lifetime [20]. A major difference between our work here and other works is that our
lifetime estimate is the result of a solution to the equations of motion of our model,

rather than the qualitative arguments used to arrive at this estimate in, for e.g., [20].

5.4 Further Investigation

Chapter |4 was dedicated to a more complete study of the system of PDEs that
was derived in the previous chapter. Transforming the system of PDEs into a system
of ODEs using the method of characteristics, although generally possible, led to issues
that are somewhat delicate to deal with in the form of shell-crossing singularities,
which make evolution beyond them non-unique. Classically, it is possible to avoid

these types of singularities by fine-tuning initial conditions so that shell crossings

213



won’t occur before matter reaches the central singularity [21], 22]. We saw however
that this is no longer possible in the effective quantum theory due to the singularity

avoidance and bounce — shock waves are a general feature of quantum dust collapse.

In our model, where shock waves seem to be a ubiquitous feature of our EOMs, we
dealt with discontinuities that show up in the evolution by considering the EOMs in
integral form, rather than their more familiar differential counterpart. In this form, we
were able to study two models analytically — namely the Oppenheimer-Snyder model
and thin shell collapse, both very well studied in the classical setting. An encouraging
result of these solutions was that the shock wave exits the black hole (reaches the

2
outer horizon) in a time of T ~ ;:5%, to leading order. The agreement between

leading order lifetimes was an expected result. In the case of OS collapse, after the
bounce matter piles up at the horizon relatively quickly (in a time on the order of
M), leaving Minkowski space-time inside and a thin shell at the shock wave. Since
the outgoing phase is the dominant phase when computing the black hole lifetime, it
is quite sensible that both of these models would have the same lifetime to leading
order. This estimate corroborates the estimate for black hole lifetimes that was made
when including edge effects from the previous chapter. The analytic OS case also
allowed us to sketch the conformal diagram, giving insight into the structure that such

a space-time should have.

In the remainder of the chapter, the well known Gudonov numerical method
[23] was used to solve the EOMs for general initial matter configurations, giving a
comprehensive picture of the collapse and bounce of matter in the spherically symmetric
sector of effective LQG. Numerical studies of several initial distributions were carried
out including a single and double Guassian pulse and a star-like distribution of matter
where the density dies off smoothly as we move outward from the stars’ center. In
each of these situations, a lifetime of approximately T' ~ 8w M?/3 was found, giving

further credence to the earlier estimate. Unlike the classical collapse scenario, in all
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cases tested, we found no evidence of mass inflation or the re-collapse of matter into a
black hole as more matter is introduced into the system — a phenomenon exhibited
by white holes in classical GR. We found that once the shock wave inevitibly forms, it
seems to move outwardly ad infinitum. We note here that in a recent paper studying
a generalization of the marginally bound LTB space-times studied in this work, the
authors show that this is not always the case. If the initial configuration is bound,

the shock will asymptote to a maximal radius rather than escaping to infinity [24].

5.5 Conclusion

Our study of black hole evolution illuminated the quantum structure of space-time
that arises from effective LQG and how this may affect physics in a non-trivial way.
The quantum structure not only affects the dynamics of space-time itself, but the
dynamics of fields and particles on these space-times as well. This research, although
relying on several simplifying assumptions including a spherically symmetric space-
time and the use of the areal and dust time gauges, leads to important insights into
the structure of our universe beyond its classical description, and gives a glimpse into
some new effects that a discrete space-time structure may lead to — a structure that

is indeed motivated by quantum gravity.

The vacuum model that was developed acted as a stepping stone to understanding
a more complete matter collapse scenario and allowed us to make contact with earlier
work in this direction. This framework was also useful for the fact that it allowed us
to fairly straightforwardly add matter to the system, while maintaining essentially the
same formalism as in vacuum. Although we were able to use the vacuum framework
to make contact with previous work, this work is distinct in it use of the areal gauge
for implementing the effective framework, the fact that we study the entire space-time

without splitting it into interior and exterior segments and the inclusion of matter.
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This represents a step forward for the effective theory of black holes in LQG.

One of the main strengths of the results presented here is the inhomogeneous
description of the space-time we started with — a direct consequence of the fact that
we did not study the interior space-time as a cosmology as in many early works on
this subject. Indeed, the conservation equation derived from the EOMs has a spatially
dependent flux; when LQC techniques are applied to the Schwarzschild interior only,
the EOMs have no radial dependence (they are ODEs) and miss shock wave type

solutions from developing altogether.

In addition to this, older studies typically considered only vacuum solutions,
completely ignoring the collapse process which is another key ingredient for shock
wave formation’} As a consequence, we found black holes with lifetimes on the order
of M?, which is different than the lifetimes found in studies considering only vacuum
solutions or that break up space-time (unnaturally) into interior and exterior portions.
This lifetime result, if it is indeed realized by black holes in our universe, would have
huge implications for the information loss problem, one of the most important open

problems in quantum gravity today.

The shock wave is not only the most interesting and unexpected result we find, but
perhaps also the least understood aspect of the model currently, although there has
been some recent work attempting to understand shock waves and their consequences
in this setting [2 3]. The shock wave essentially constitutes a domain wall separating
two portions of the space-time — an interior (nearly) Minkowski space-time from the
exterior Schwarzschild. It effectively acts as thin shell bringing quantum corrections
to external observers. It is quite different from the white hole solutions that have
been proposed in other works such as [20], 25, 26], and does not exhibit some of the
undesirable characteristics of white holes from classical GR such as instablity under

the accretion of matter. Indeed, our simulations showed that the outgoing shock wave

9Recall that the shock wave arises as a metric discontinuity in our solutions when studying the
evolution of matter.
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will absorb any additional matter it comes into contact with, rather than recollapsing

to form another black hole.

Aside from purely theoretical implications, the shock wave could potentially carry
with it observable consequences. If, for example, the shock wave carries a signature of
the quantum structure of space-time, this may be measurable in some capacity by
an external observer after the shock wave exits the horizon. This brings up a very
interesting possibility of testing some kind of prediction of the current model and
may present an opportunity to test the effects of quantum gravity in an observational
setting, although more work would need to be done to precisely define what kind
of effect would be expected. There are of course additional challenges of such an
endeavor, such as the extremely long lifetime of astrophysical black holes due to their

large mass, but the observable consequence possibility is nonetheless valid.

In saying this, there is still an interesting debate as to whether the shock wave
is in fact physical, or if it is simply a coordinate singularity due to the use of PG
coordinates in our construction. Recall that in Schwarzschild space-time in the
standard coordinates, there is a singularity at the horizon. This singularity can be
removed however by an alternative choice of coordinates, such as PG coordinates. The
ability to remove this singularity by a coordinate transformation means that it is a
“coordinate singularity” rather than a physical singularity (such as the singularity at
the center of the Schwarzschild black hole). Physical singularities are present in all

coordinate systems and cannot be removed via a simple coordinate transformation.

In [2], the authors argue that something similar may be happening in the model
presented here, at least for the case of the Oppenheimer-Snyder dust profile. Specif-
ically, they show that the discontinuity in the gravitational field (the shock) can
be removed by performing different coordinate transformations on either side of the
surface of the OS star after the bounce. This allows the dust field (used as a relational

clock) to evolve at different rates in the interior and exterior regions, but comes at
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the cost of introducing a new discontinuity in the dust field itself. We emphasize that

the arguments presented however only apply to the OS space-time.

In more general (and realistic) cases, if we start with a continuous density profile
of compact support for the dust, it can be shown that, in the marginally bound case
(which we studied in Chapter [4)), shell-crossing singularities necessarily occur, even for
initial density profiles that are arbitrarily close to OS [3]. This result suggests that
the shock is indeed physical, in contrast to several recent papers claiming otherwise
that focus on the OS configuration, which escapes the theorem presented in [3] as
the density profile is not continuous [2l 14]. More recent work generalizing our model
beyond the marginally bound configuration also has evidence in support of shock wave
formation [24]. We conclude this section by emphasizing that it is possible that a less
restrictivd'’] extension of our model may be necessary in order to definitively answer

this question.

5.5.1 Future Work

Rather than an end point, this work should be thought of as a starting point where
we’ve introduced a new direction of study for the spherically symmetric sector of LQG
(of which LTB space-times and dust collapse are a subset). While this work presented
many new results, it also introduced a lot of questions and opened many avenues for

future work.

One pressing question, that is of fundamental importance, is the relationship
between solutions of the effective theory. As we have already discussed, the algebra
of our effective theory is closed suggesting that diffeomorphism invariance has been
maintained, but since the constraint algebra has changed, although the symmetries are
preserved, they have been deformed. This is to say, there are quantum deformations

to the symmetry, in this case the diffeomorphisms. This means that it is currently

10T ess restrictive in our use of the areal gauge and our choice of PG coordinates.
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not clear how different solutions of the modified theory are related to one another,

something that will need to be better understood moving forward.

Another important result that needs to be investigated further is to determine if
the shock wave is physical or not. If the shock wave is not observable, then why is it
showing up as a seemingly generic feature of this work? Is it the gauge fixing we chose?
Is it the coordinates? Is it related to the polymerization prescription? All of these
questions will need to be understood in more depth moving forward. If, on the other
hand, the shock wave is observable, then new questions arise such as what exactly are
we observing or what observable consequences does the shock wave have and what are
the implications for observing the Planck scale physics that these phenomena are the

result of?

A somewhat less pressing but still interesting path for investigation is whether
we can reconstruct the initial matter configurations given the lifetime of the black
hole. Recall that different matter configurations led to different estimated black
hole lifetimes (although the leading order term is the same). Perhaps unrealistic,
but it would be interesting to determine if there is some kind of one-to-one map
between black hole lifetimes and initial matter distributions of the model presented
here. This would allow us to reconstruct the initial matter configuration from the
lifetime alone. In saying this, the estimated lifetime was always of order M? (with
the same prefactor) for all marginally bound configurations we looked at, and it was
only (comparatively small) subleading corrections of order M that were different for
different configurations. If this is the case then it would be very difficult to look for
such an effect observationally, meaning this is likely solely a theoretical endeavour.

Aside from the above, which are more or less directly related to the model studied
in this thesis, where do we go from here? Beyond simply extending our model to
the non-marginally bound case, which has been studied in [24], a completely general

effective framework for spherical symmetry is desirable, although currently out of
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reach. If there is a way to perform polymer quantization without gauge fixing, while
maintaining algebra closure, such a model may give insights into the vacuum space-
time beyond the results presented here. We note that work along these lines has been
done in [I4], under the assumption that the radial component of the connection is
not polymerized, and that the diffeomorphism constraint is not deformed. Ideally
however, it would be nice to polymerize (or even better include holonomies) along the

radial direction as well.

Recall that alternative methods such as adding counter terms as in |5, [12] don’t seem
to reliably fix the algebra closure issue in the framework presented here. Furthermore,
in addition to the algebra closure issue, recall that the areal gauge was chosen to
avoid having to compute holonomies in the radial direction. If we wish to avoid gauge
fixing, rather than choose some ad hoc polymerization, the proper polymerization
functions should be calculated through explicit calculation of the holonomy, so that the
effective theory is motivated by LQG. Obviously difficult, but a method for calculating
holonomies in non-trivial directions without resorting to gauge fixing or abelianizations

of the type studied in [7] would be ideal.

Moving beyond the current framework entirely, the next step in this picture would
be first to study the evolution of more realistic matter fields, such as a scalar field, in
order to determine how this would affect the quantum dynamics or causal structure
of the space-time developed here. Steps in this direction have been taken in effective
LQG [27H33], but not in the exact framework that we have developed. Initial attempts
to include a scalar field were taken early in our work, but again the algebra closure
issue was non-trivial, so it is not currently clear how scalar fields can be incorporated
into our model (at least without a further gauge fixing such as the dust time gauge).

Secondly, since real black holes that exist in our universe invariably have angular

momentum, a similar framework to describe Kerr black holes (which possess angular

momentum) should be developed and steps in this direction have already been taken
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in effective LQG at large [34-42]. Finally, although quantization of the spherically
symmetric sector can be developed, the dynamics of the quantum theory is difficult
to tackle. The ultimate goal would really be to find quantum states from the full
theory that correspond to spherically symmetric space-times and compare the quantum
dynamics of such states to the effective models such as those developed here. Only
then would we have a truly definitive answer as to whether or not our effective model
is capturing the pertinent features of the quantum dynamics of such states. This kind
of analysis remains quite a way off, with this work representing a small step in this

direction.
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Appendix A

Lifetime of a Quantum Black Hole

The lifetime of the black hole is of course observer-dependent. Here we consider the
lifetime as measured by a distant observer (located at a fixed radius x = R > Rg),
who measures the proper time elapsed between receiving two light signals; the first
sent during the collapse of the star just before the black hole forms, and the second

sent shortly after the surface of the star L exits the apparent horizon after the bounce.

Here, for the sake of concreteness we assume that the two light signals are emitted
from the x = L surface of the Oppenheimer-Snyder star when L = 3G M, but other
choices will give similar results. Explicitly, the first light signal is emitted when
L = 3G M during the contracting phase, and the second light signal is emitted when
L = 3GM after the bounce.

Using the coordinate system ([3.19) for the vacuum exterior of the star, null radial
geodesics satisfy

0= —t* + 2N"t3 + 2, (A1)

with dots denoting a derivative with respect to an affine parameter. Note that the
explicit form of N7? is not necessary here, all that matters is that N* depends only

the radial coordinate x but not on the time coordinate t; this condition will always be
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satisfied for the exterior of the Oppenheimer-Snyder star in spherical symmetry, even

without assuming the Einstein equations (in classical general relativity, N* = y/Rg/x).

By solving for #/i = dt/dx and integrating, it follows that the ¢ and x coordinates
for outgoing null radial geodesics (passing through z = x, > Rg at the coordinate
time ¢t = t,) satisfy

t(z) =to + flx) = flao), (A.2)

with f(x) = [da [N* + /(N*)2+1].
Therefore, if two light signals are emitted at x = 3GM at times t;(3GM) = 0 and

to(3GM) = Aty, then the elapsed time (as measured by a distant observer located at

r = R > Rg) will be, using (A.2)),

Aty = to(R) — t1(R)
= 1,(3GM) + f(R) — f(3GM)
— [t(3GM) + f(R) — f(3GM)]

— At (A.3)

Finally, the elapsed proper time for an observer at constant radius x = R > Rg is
AT1q = Aty for the metric (3.19) (up to small corrections of the order Rg/R that can

safely be neglected), therefore
ATd =~ Atd = AtL <A4)

So the lifetime of a quantum black hole is simply given by the difference in coordinate
time, in terms of the metric (3.19)), between the times the first and second light signals
were emitted for some Temission > R, respectively from the collapse and from the

shock wave after the bounce.
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Publication Rights

This appendix contains reuse and permissions licenses for permission to reuse
articles published by APSe that make up chapters 2 and 4 of this thesis. Note that
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