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Abstract 

Power converters are widely installed to feed the electrical energy from the distributed 

generation units into the existing electrical grid. The IGBT-based power converters 

control the IGBTs, one type of the power semiconductor switches, to form the matched 

end voltage for the successful power injection. However, the rapid switching with large 

conducting current of IGBTs results in a large amount of high frequency spikes in the 

sensor measurement. The presence of the IGBT switching spikes causes the poor 

operating performance of the power converters and the false detection of the abnormal 

operating conditions. The present thesis work is devoted to research and development of 

a new FPGA-based IGBT switching spike removal algorithm to clean these spikes and 

preserve any other signal shapes. The algorithm is implemented on an FPGA chip. The 

new version of the interface and protection board with the FPGA chip is to be integrated 

into the power converter systems. 
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Definitions and Notations 

A morphological element ℯ in 𝑓(𝑛) is the waveform of the one-dimensional discrete 

function 𝑓(𝑛) over the time interval [𝑝, 𝑞], where 𝑝 ∈ 𝑍, 𝑞 ∈ 𝑍, 𝑝 ≤ 𝑞. 

The mathematical expression of such morphological element is: 

ℯ𝑓 = (𝑝, 𝑓(𝑝))~(𝑝 + 1, 𝑓(𝑝 + 1))~ … ~(𝑞 − 1, 𝑓(𝑞 − 1))~(𝑞, 𝑓(𝑞)) 

where 𝑝 ∈ 𝑍, 𝑞 ∈ 𝑍, 𝑝 ≤ 𝑞. 

 

A morphological set ℳ𝒮 is the collection of one or several waveforms over the same 

time interval [𝑝, 𝑞], where 𝑝 ∈ 𝑍, 𝑞 ∈ 𝑍, 𝑝 ≤ 𝑞. 

Such morphological set is mathematically expressed as: 

ℳ𝒮 = 𝐹(𝑝)~𝐹(𝑝+1)~ … ~𝐹(𝑞−1)~𝐹(𝑞) 

where 𝑝 ∈ 𝑍, 𝑞 ∈ 𝑍, 𝑝 ≤ 𝑞 and 𝐹(𝑝) is an interval on 𝑌-axis at the time point 𝑝. 

 

A morphological element ℯ𝑓 belongs to a morphological set ℳ𝒮, expressed as: 

ℯ𝑓 = (𝑝, 𝑓(𝑝))~(𝑝 + 1, 𝑓(𝑝 + 1))~ … ~(𝑞 − 1, 𝑓(𝑞 − 1))~(𝑞, 𝑓(𝑞)) ∈ ℳ𝒮 =

𝐹(𝑝)~𝐹(𝑝+1)~ … ~𝐹(𝑞−1)~𝐹(𝑞), 

when 

𝑓(𝑝) ∈ 𝐹(𝑝), 𝑓(𝑝 + 1) ∈ 𝐹(𝑝+1), … , 𝑓(𝑞 − 1) ∈ 𝐹(𝑞−1), 𝑓(𝑞) ∈ 𝐹(𝑞). 
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A morphological element ℯ𝑓,𝑔 belongs to a morphological set ℳ𝒮, expressed as: 

ℯ𝑓,𝑔 = (𝑝, 𝑓(𝑝))~(𝑝 + 1, 𝑓(𝑝 + 1))~ … ~(𝑞 − 1, 𝑓(𝑞 −

1))~(𝑞, 𝑓(𝑞)), (𝑝, 𝑔(𝑝))~(𝑝 + 1, 𝑔(𝑝 + 1))~ … ~(𝑞 − 1, 𝑔(𝑞 − 1))~(𝑞, 𝑔(𝑞)) ∈

ℳ𝒮 = 𝐹(𝑝)~𝐹(𝑝+1)~ … ~𝐹(𝑞−1)~𝐹(𝑞), 𝐺(𝑝)~𝐺(𝑝+1)~ … ~𝐺(𝑞−1)~𝐺(𝑞), 

when 

𝑓(𝑝) ∈ 𝐹(𝑝), 𝑓(𝑝 + 1) ∈ 𝐹(𝑝+1), … , 𝑓(𝑞 − 1) ∈ 𝐹(𝑞−1), 𝑓(𝑞) ∈ 𝐹(𝑞), 𝑔(𝑝) ∈

𝐺(𝑝), 𝑔(𝑝 + 1) ∈ 𝐺(𝑝+1), … , 𝑔(𝑞 − 1) ∈ 𝐺(𝑞−1), 𝑔(𝑞) ∈ 𝐺(𝑞). 

 

A morphological element ℯ𝑓 belongs to the intersection of two morphological sets 

𝐹(𝑝)~𝐹(𝑝+1)~ … ~𝐹(𝑞−1)~𝐹(𝑞) and 𝐹(𝑖)~𝐹(𝑖+1)~ … ~𝐹(𝑗−1)~𝐹(𝑗), expressed as: 

ℯ𝑓 ∈ (𝐹(𝑝)~𝐹(𝑝+1)~ … ~𝐹(𝑞−1)~𝐹(𝑞) ∩ 𝐹(𝑖)~𝐹(𝑖+1)~ … ~𝐹(𝑗−1)~𝐹(𝑗)), 

when 

𝑓(𝑝) ∈ 𝐹(𝑝), 𝑓(𝑝 + 1) ∈ 𝐹(𝑝+1), … , 𝑓(𝑞 − 1) ∈ 𝐹(𝑞−1), 𝑓(𝑞) ∈ 𝐹(𝑞) 𝑎𝑛𝑑 𝑓(𝑖)

∈ 𝐹(𝑖), 𝑓(𝑖 + 1) ∈ 𝐹(𝑖+1), … , 𝑓(𝑗 − 1) ∈ 𝐹(𝑗−1), 𝑓(𝑗) ∈ 𝐹(𝑗) 

 

A morphological element ℯ𝑓 belongs to the union of two morphological sets 

𝐹(𝑝)~𝐹(𝑝+1)~ … ~𝐹(𝑞−1)~𝐹(𝑞) and 𝐹(𝑖)~𝐹(𝑖+1)~ … ~𝐹(𝑗−1)~𝐹(𝑗), expressed as: 

ℯ𝑓 ∈ (𝐹(𝑝)~𝐹(𝑝+1)~ … ~𝐹(𝑞−1)~𝐹(𝑞)⋃𝐹(𝑖)~𝐹(𝑖+1)~ … ~𝐹(𝑗−1)~𝐹(𝑗)), 
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when 

𝑓(𝑝) ∈ 𝐹(𝑝), 𝑓(𝑝 + 1) ∈ 𝐹(𝑝+1), … , 𝑓(𝑞 − 1) ∈ 𝐹(𝑞−1), 𝑓(𝑞) ∈ 𝐹(𝑞) 𝑜𝑟 𝑓(𝑖)

∈ 𝐹(𝑖), 𝑓(𝑖 + 1) ∈ 𝐹(𝑖+1), … , 𝑓(𝑗 − 1) ∈ 𝐹(𝑗−1), 𝑓(𝑗) ∈ 𝐹(𝑗) 

 

(𝑛) denotes the amplitude at the time point 𝑛. 

 

An example of morphological element and morphological set is provided in Appendix 

A.1 for the better understanding. 
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Chapter 1 Introduction 

With the worldwide increase of environmental awareness, green energy has received 

increasing attention in the power system research community. To incorporate such clean 

energy sources into existing electrical grids, substantial research work has been done to 

find distributed generation and grid connection solutions during the past several 

decades. Nowadays, wind turbines and solar panels are installed widely as distributed 

power generators in the power industry. Also, the availability of a variety of power 

semiconductor switches has enhanced the affordability and diversity of grid-tie power 

converters for grid connection. 

The Insulated-Gate Bipolar Transistors (IGBTs) are preferably employed as the power 

semiconductor switching devices in a grid-tie power converter because of their fast 

switching, high efficiency and large current-conducting abilities. The Smart Grid 

research group from the University of New Brunswick has developed a complete IGBT 

based grid connected power converter product ‘12kW Single-Phase Wind/Solar-Input 

Utility-Interactive IGBT Power Converter’, which injects the power generated by a wind 

turbine and several roof-mounted solar panels mounted on the roof into the 240V RMS 

AC utility grid. The whole system (Figure 1.1) has been tested and has been running for 

years. 

 

1.1 UNB IGBT Power Converter 

The functioning of the IGBT Power Converter involves a feedback loop for the output 

voltage that matches the grid voltage for power injection. Additionally, the IGBT power 
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inverter has two layers (the hardware layer and the software layer) of system protection 

from abnormal operating conditions, such as overvoltage, overcurrent, undercurrent and 

overheating. These functions are implemented by four key Printed Circuit Boards 

(PCBs) as follows. 

1. The DC-Link Board contains sensors used for the feedback voltage and current 

measurement, IGBTs for the modulation of the output voltage to match the gird, and 

breakers for the faulted power converter to get disconnected from the grid. 

2. The IGBT Driver Board provides physical isolation between high and low voltage 

circuitry, as well as the current amplification to drive IGBTs. 

3. The Interface and Protection Board links two different components in the system 

electronically, so that one component can deliver a compatible form of signals to 

another component. Interface circuitry links the components along the signal flows in 

the feedback loop, such as interfacing the Digital Signal Processing (DSP) Board’s 

Pulse Width Modulation (PWM) signals with the IGBT Driver Board and interfacing the 

sensors’ analog signals with the DSP Board. Interface circuitry also links components 

along other miscellaneous signal flows, such as interfacing buttons’ edge signals with 

the DSP Board and interfacing the DSP Board’s level signals to the fans and breakers. In 

addition to the interface, the hardware layer system protection circuitry is implemented 

to take over the control of the IGBTs and shut them down with microsecond level 

response time. 

4. The DSP Board runs all the algorithms including finite state machines, power 

injection control (Analog-to-digital Converter (ADC) peripheral driver, low pass 



3 
 

filtering, voltage current prediction and PWM peripheral driver) and the software layer 

system protection handlers. 

 

 

 

 

 

 

 

 

 

Figure 1.1 IGBT Power Converter Architecture 

 

Despite IGBT-based power converters being a popular solution to grid connection, 

dealing with spikes caused by switching IGBTs requires more attention in the area of 

power systems research. According to the long-standing observation, IGBT switching 

spikes in the sensor measurement are considered as noise. Each single spike is typically 

narrower than 2 µs, and its amplitude varies. Wider spikes may be informative to the 

power converters’ system protection mechanism, because it may indicate overvoltage or 
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overcurrent. Removing the strong IGBT switching spikes in the sensor measurement is 

necessary for two reasons as described below. 

1) Sensor data with strong, noisy spike corruption could degrade the accuracy of data 

processing in the DSP Board. This could lead to poor performance of power injection 

and falsely trigger the software layer system protection handler, either of which would 

further cause the incorrect control of the power converter. 

2) The occurrence of strong noisy spikes could spuriously activate the hardware layer 

system protection circuitry in the Interface and Protection Board. This situation forces 

the power converter to enter an emergency stop mode under a normal operating 

condition. 

Currently, the IGBT power converters are running properly without the IGBT switching 

spike removal feature. On the one hand, analog (Sallen-Key low pass filters on the 

Interface and Protection Board) and digital (eliminating the extremums and averaging in 

the DSP algorithm) low pass filters remove these noisy spikes for DSP processing. One 

the other hand, as no measure has been taken to filter out the strong IGBT switching 

spikes for the hardware layer system protection, the amplitude thresholds of abnormal 

operating condition detection are set very high to avoid falsely activating the protection. 

However, it lowers the protection sensitivity in the hardware level, which is supposed to 

be the highest degree of protection from the hazard and system damage. 

The present thesis focuses on developing a Field-Programmable Gate Array (FPGA) 

based spike removal algorithm on the Interface and Protection Board. The advantages of 

FPGAs over Microcontroller Units (MCUs) are: 
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1) FPGA is good at parallel hardware, which is a fit for the simultaneous multichannel 

spike removal 

2) The execution time of FPGA bases algorithm is fixed and predictable. 

The spikes targeted for removal by the algorithm are strong IGBT switching spikes 

(strong narrow spikes). Weak spikes and wide spikes are preserved by the algorithm, so 

the information carried by them are intact. 

 

1.2 Literature Review 

Removing noisy spikes from informative spikes or background signals is a common 

issue in many fields. Early in 2003, a modified moving window averaging method was 

developed to remove unidirectional isolated convex spikes [1]. A newly proposed 

automatic spike correction method replaces spikes identified by the Laplacian response 

by the interpolated data [2]. However, for the best performance of the two methods 

above, sampling frequency is limited because a spike has to be presented in one or two 

data points. 

Wavelet is widely employed in spike detection [3][9] and spike removal [4][5][6][7][8]. 

Wavelet detail coefficients of first level contain high frequency information that helps 

localize noisy spikes in Raman spectra temporally, and all spike appropriating regions in 

the original spectrum are smoothed by interpolations [3]. However, one level of wavelet 

decomposition is coarse to distinguish noisy spikes and informative ones in the 

frequency domain in some cases. As an improvement, the wavelet shrinkage method 

uses multiple levels of wavelet decompositions and sets a threshold for each level to 
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shrink detail coefficients to suppress noisy spikes and has been applied in neuroscience 

[4] and radar [5] applications. Other members of the wavelet shrinkage family are the 

combination of hard and soft thresholds [7] and dual thresholds [8]. Compared to 

wavelet shrinkage, wavelet clustering is more computationally complex, but minimally 

depends on the assumption that the noise obeys a certain distribution [9]. Unfortunately, 

the criteria of spike removal in all methods above is not based on the spike’s width, 

which could potentially cause the incorrect removal of informative spikes (such as the 

overcurrent spikes) and, thus, the missed capture of abnormal operating conditions. This 

issue draws the attention to spike detection schemes that analyze spikes by width. 

Some authors recognize a spike from the energy viewpoint through the cumulative 

energy differences [15] or nonlinear energy operation [16] in neural spike detection. The 

width of a single spike could be estimated by the duration of its energy, but the energy 

calculation itself requires the accurate baseline estimation. Template matching [17][18] 

can possibly identify a spike by width using the properly designed templates. However, 

making spike templates, such as centroids of temporal clustering [17], requires massive 

computations and long running recordings. Neural networks of various types, including 

the artificial neural network [19] and convolutional neural network [20], are found 

effective in detecting spikes of different morphologies because of their learning ability. 

On the other hand, finding representative data sets and determining the number of 

training iterations are two universal problems for any application that only cares about 

satisfactory outcomes. Morphological filter is widely applied in image denoising 

[21][22], and its shape extraction capability relies on the design of the structuring 

element. Two parabolas [23] or Gaussian function [24] are chosen as the structuring 
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elements, and their widths and heights are dynamically optimized for the best spike 

detection using electroencephalograph. 

 

1.3 Thesis Objectives 

The existence of strong IGBT switching spikes can falsely trigger system protection, 

which affects functioning during normal operating conditions. The main objective of the 

present thesis is to develop an FPGA based IGBT switching spike removal method 

using morphology theory and wavelet transforms to remove these spikes. The algorithm 

based on the method developed is to not only remove strong IGBT switching spikes but 

to also preserve any other informative signal shapes. As a result, the false detection of 

the abnormal conditions must be avoided, and the functioning of the power converter 

would be improved. 

 

1.4 Thesis Structure  

The thesis is organized as follows. Chapter 2 elaborates on the methodology of the spike 

removal algorithm. Chapter 3 shows simulation results for the spike removal algorithm. 

Chapter 4 presents the implementation of the spike removal algorithm. Chapter 5 

provides the conclusions and introduces the future work. 

Appendix A includes the mathematical proof of the methods deployed in the present 

thesis work. Appendix B contains the MATLAB code and some Verilog code. Appendix 

C presents the timing diagram of the spike removal procedure. 
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Chapter 2 Methodology 

The methodology of the IGBT switching spike removal algorithm employs morphology 

to detect intense narrow spikes, wavelet to smooth the high frequency components and 

multiplexing to produce the right output format. This algorithm is designed to remove 

strong IGBT switching spikes, which may cause false activation of protection circuitry, 

and preserve the sustained and low frequency waveforms for the control and protection 

purpose. 

 

2.1 Algorithm Outline 

Spike detection and spike smoothing are two concurrent processes (Figure 2.1). Spike 

detection identifies the spikes of interest through three cascaded processes. The 

morphological filter extracts positive and negative hats (Section 2.2.1 Spike Hat) 

through the top-hat and bottom-hat filtering respectively. Optimization fixes false 

extraction of morphological filter to improve extraction accuracy. Recognition measures 

a spike by looking at its width and height to pick up the strong narrow ones. Spike 

smoothing uses the wavelet shrinkage method so that the high frequency components in 

the same frequency band as the IGBT switching spikes are suppressed significantly. The 

multiplexer produces the right format of algorithm output by selecting which signal flow 

is forwarded to the algorithm output based on the result of spike detection. When the 

occurrence of a target spike is captured by spike detection, the high frequency-free 

version of the algorithm input, processed by the spike smoothing, is forwarded to the 
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algorithm output. In other cases, the time delayed version of the algorithm input is 

forwarded to the algorithm output. 

 

 

 

 

 

 

 

M: Multiplexer 

Figure 2.1 IGBT Switching Spike Algorithm Architecture 

 

 

2.2 Spike Detection 

Spike detection is the process of recognizing strong IGBT switching spikes through 

extraction, fixing and measurement. The adaption to the variant definitions of the strong 

IGBT switching spikes is through the adjustment of two parameters. 
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2.2.1 Instantaneous Width and Spike Hat 

Firstly, the instantaneous width is introduced to describe the width phase (how wide the 

spike is at the focal time) of a spike. The instantaneous width of a positive spike at the 

time point 𝑛 in the temporal window (−∞, +∞) is defined as: 

⋀
⃡(n,e)(-∞,+∞)= {

p+q-1,if (n-p)<(n)-e,(n-p+1)≥(n)-e,…,(n+q-1)≥(n)-e,(n+q)<(n)-e 

∞,                                                                                                      otherwise
 

(2.1) 

where: 

𝑛 ∈ 𝑍, 𝑒 ∈ 𝑁, 𝑝 ∈ 𝑁+, 𝑞 ∈ 𝑁+; 

𝑛 -- the focal time point; 

𝑒 -- the amplitude error tolerance; 

𝑝 and 𝑞 -- the shortest time distance before and after the focal time point so that 

(𝑛 − 𝑝) < (𝑛) − 𝑒, (𝑛 + 𝑞) < (𝑛) − 𝑒; 

(𝑛) – the amplitude at the time point 𝑛. 

 

Similarly, the instantaneous width of a negative spike at the time point 𝑛 in the temporal 

window (−∞, +∞) is defined as: 

⋁
⃡(n,e)(-∞,+∞)= {

p+q-1,if (n-p)>(n)+e,(n-p+1)≤(n)+e,…,(n+q-1)≤(n)+e,(n+q)>(n)+e 

∞,                                                                                                           otherwise
 

(2.2) 
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where: 

𝑛 ∈ 𝑍, 𝑒 ∈ 𝑁, 𝑝 ∈ 𝑁+, 𝑞 ∈ 𝑁+; 

𝑛 -- the focal time point; 

𝑒 -- the amplitude error tolerance; 

𝑝 and 𝑞 -- the shortest time distance before and after the focal time point so that 

(𝑛 − 𝑝) > (𝑛) + 𝑒, (𝑛 + 𝑞) > (𝑛) + 𝑒; 

(𝑛) – the amplitude at the time point 𝑛. 

 

Secondly, the spike hat is introduced to represent the spike peak. The spike peak could 

be the spike body if the spike was narrow. 

Positive spike hat of 𝑤 (PSH𝑤) is defined as: 

ℳ𝒮⋀⃡  (𝑛,𝑒)[𝑛−𝑤+1,𝑛+𝑤−1]<𝑤                                                     (2.3) 

where: 

𝑛 ∈ 𝑍, 𝑒 ∈ 𝑁, 𝑤 ∈ 𝑁+; 

ℳ𝒮 -- the morphological set; 

𝑛 -- the focal time point; 

𝑒 -- the amplitude error tolerance; 

𝑤 -- the upper limit of the instantaneous width of a positive spike. 
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PSH𝑤 is literally the morphological set whose instantaneous width of a positive spike in 

the window [𝑛 − 𝑤 + 1, 𝑛 + 𝑤 − 1] is narrower than 𝑤. The morphological elements of 

the PSH𝑤 are either the spike body of a narrow positive spike (being described as 

narrow means this positive spike is narrower than 𝑤 data points) or the spike peak of a 

wide positive spike (being described as wide means this positive spike is as wide as or 

wider than 𝑤 data points). 

 

Similarly, negative spike hat of 𝑤 (NSH𝑤) is defined as: 

ℳ𝒮⋁⃡  (𝑛,𝑒)[𝑛−𝑤+1,𝑛+𝑤−1]<𝑤                                                    (2.4) 

where: 

 𝑛 ∈ 𝑍, 𝑒 ∈ 𝑁, 𝑤 ∈ 𝑁+. 

ℳ𝒮 -- the morphological set; 

𝑛 -- the focal time point; 

𝑒 -- the amplitude error tolerance; 

𝑤 -- the upper limit of the instantaneous width of a negative spike. 

 

NSH𝑤 has the same properties as PSH𝑤 except its polarity is opposite. Positive and 

negative spike hats present the peaks (peaks are the bodies when the spikes are narrow) 

of the positive and negative spikes respectively. Spike hats are the smallest 

morphological units of processing in the spike detection (explained in the following 
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sections). Some examples of the morphological elements of the spike hats are provided 

in Appendix A.2 to provide a better understanding. 

 

2.2.2 Morphological Filter with the Impulsive Structuring Element 

A morphological filter can extract the certain morphological details through the 

combinations of the erosion and dilation filtering (two basic morphological filtering 

operations in morphological theory) and the design of the structuring element (a 

morphological kernel used to interact with the input waveform during the erosion and 

dilation filtering). 

Erosion filtering (Figure 2.2 Erosion) is the lower ‘sweeping trace’ of the vertically 

flipped structuring element when its origin slides along the input waveform. The dilation 

filtering (Figure 2.3 Dilation) is the upper ‘sweeping trace’ of the original structuring 

element when its origin slides along the input waveform. The sweeping trace of the 

structuring element refers to the boundary of the area it sweeps over during the 

movement. The morphological effect of the erosion filtering on the input waveform may 

include sunk baseline, bigger negative spikes and shrunk positive spikes, while that of 

the dilation filtering may include lifted baseline, bigger positive spikes and shrunk 

negative spikes. 

Both the opening and closing filtering consist of erosion and dilation filtering in a 

cascaded form. The opening filtering (Figure 2.2 Opening) is the erosion filtering first 

and then the dilation filtering, while the closing filtering (Figure 2.3 Closing) is the two 

in the reverse order. With the structuring elements being an impulsive function for the 
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erosion and dilation filtering, the opening filtering can significantly shrink the positive 

spike hats and keep other shapes unchanged. The reason is that the dilation effect can 

cancel the erosion effect for all the shapes except the positive spike hats, when the 

erosion and dilation filtering use the same impulsive structuring element in opening 

filtering. Similarly, with the impulsive structuring element, closing filtering can 

dramatically shrink the negative spike hats and keep other shapes unchanged. 

 

 

Figure 2.2 Erosion, Opening and Top-hat with 𝒲 = 7, ℋ = 2 
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The top-hat and bottom-hat filtering are highlighting the unrecovered spike hats from 

the opening and closing filtering respectively. The top-hat filtering (Figure 2.2 Top-hat) 

is the difference between the input waveform and its opening filtering, as a result of 

which it extracts the positive spike hats from the input waveform. The bottom-hat 

filtering (Figure 2.3 Bottom-hat) is the difference between the closing filtering and the 

input waveform, and it separates the negative spike hats from the input waveform. The 

mathematical expressions regarding the erosion, dilation, opening, closing, top-hat and 

bottom-hat filtering are provided in Appendix A.3. 

 

Figure 2.3 Dilation, Closing and Bottom-hat with 𝒲 = 7, ℋ = 2 
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The impulsive structuring elements for the erosion and dilation filtering within both the 

top-hat and bottom-hat filtering are constructed as: 

𝑆𝐸⊖(𝑛) = 𝑆𝐸⊕(𝑛) = {
0, 𝑛 =

1−𝒲

2
,
3−𝒲

2
, … , −2, −1,1,2, … ,

𝒲−3

2
,
𝒲−1

2

ℋ, 𝑛 = 0
                (2.5) 

where: 

𝑛 ∈ 𝑍, 𝑊 ∈ 𝑁+, ℋ ∈ 𝑁, and 𝑊 is odd; 

𝑆𝐸⊖(𝑛) -- the structuring element for the erosion filtering; 

𝑆𝐸⊕(𝑛) -- the structuring element for the dilation filtering; 

𝒲 -- the width of the impulse structuring element; 

ℋ -- the height of the impulsive structuring element. 

 

As the width of the impulsive structuring element being 7 (𝒲 = 7) is finally used in the 

algorithm implementation (Chapter 4), only the top-hat filtering with 𝒲 = 7 and the 

PSH7 (positive spike hats of 7) are discussed here. Other cases can be verified 

mathematically in the similar way. ℳ𝒮𝑇(𝑛)>0,𝒲=7 is the morphological set of the 

positive output of the top-hat filtering with 𝒲 = 7. ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7 is the PSH7 

with the amplitude error tolerance being the height of the impulsive structuring element 

(𝑒 = ℋ). Appendix A.4 proves that validity of  

ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7 ⊂ ℳ𝒮𝑇(𝑛)>0,𝒲=7                                                 (2.6) 

Therefore, the PSH7 extraction ability of the top-hat filtering with 𝒲 = 7 is valid. 
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2.2.3 Optimization 

The outcome of the top-hat and bottom-hat filtering with the impulsive structuring 

element is the extracted positive and negative spike hats respectively. However, for the 

top-hat filtering with 𝒲 = 7 and the PSH7 (positive spike hats of 7), ℳ𝒮𝑇(𝑛)>0,𝒲=7 ⊃

ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7 instead of ℳ𝒮𝑇(𝑛)>0,𝒲=7 = ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7. In other words, 

the top-hat filtering extracts not only the positive spike hats of interest 

(ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7) but also some shapes from the complementary set 

(ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]≥7 = 𝐶𝑈ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7). 

 

The optimization process on the top-hat filtering line is expressed as: 

𝑂𝑇(𝑛) = {0, 𝑖𝑓 𝐼(𝑛) ∈ ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−𝒲+1,𝑛+𝒲−1]≥𝒲

𝑇(𝑛), 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                                   (2.7) 

where: 

𝑂𝑇(𝑛) -- the optimized top-hat filtering; 

𝐼(𝑛) -- the algorithm input; 

ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−𝒲+1,𝑛+𝒲−1]≥𝒲 -- the complementary set of the positive spike hats of interest; 

𝑇(𝑛) -- the top-hat filtering. 

 

According to the definition of the instantaneous width of a positive spike (Equation 2.1): 
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ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−𝒲+1,𝑛+𝒲−1]≥𝒲

= ⋃ [(𝑛) − ℋ, +∞)(𝑛−𝒲+𝑚)~ … ~[(𝑛) − ℋ, +∞)(𝑛+𝑚−1)

𝑚=1,2,…,𝒲

 

(2.8) 

The optimization process on the top-hat filtering line can be interpreted as follows. 

When the algorithm input waveform 𝐼(𝑛) is the morphological element of the positive 

spike hats of interest ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−𝒲+1,𝑛+𝒲−1]<𝒲, the output of the top-hat filtering is 

positive. In this case (the ‘otherwise’ case in the Equation 2.7), the output of the 

optimized top-hat filtering heritages from that of the top-hat filtering. When the 

algorithm input waveform 𝐼(𝑛) is the morphological element of the complementary set 

of the positive spike hats of interest ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−𝒲+1,𝑛+𝒲−1]≥𝒲, the output of the top-hat 

filtering can be positive due to the false extraction. In this case, the output of the 

optimized top-hat filtering is overwritten to zero. Therefore, only the positive spike hats 

of interest can be extracted by the optimized top-hat filtering. 

 

The optimization process on the bottom-hat filtering line is expressed as: 

𝑂𝐵(𝑛) = {0, 𝑖𝑓 𝐼(𝑛) ∈ ℳ𝒮⋁⃡  (𝑛,ℋ)[𝑛−𝒲+1,𝑛+𝒲−1]≥𝒲

𝐵(𝑛), 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
                                (2.9) 

where: 

𝑂𝐵(𝑛) -- the optimized bottom-hat filtering; 

𝐼(𝑛) -- the algorithm input; 
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ℳ𝒮⋁⃡  (𝑛,ℋ)[𝑛−𝒲+1,𝑛+𝒲−1]≥𝒲 -- the complementary set of the negative spike hats of 

interest; 

𝐵(𝑛) -- the bottom-hat filtering. 

 

According to the definition of the instantaneous width of a negative spike (Equation 

2.2): 

ℳ𝒮 ∨⃡(𝑛,ℋ)[𝑛−𝒲+1,𝑛+𝒲−1]≥𝒲

= ⋃ (−∞, (𝑛) + ℋ](𝑛−𝒲+𝑚)~ … ~(−∞, (𝑛) + ℋ](𝑛+𝑚−1)

𝑚=1,2,…,𝒲

 

(2.10) 

The optimization process on the bottom-hat filtering line can be analyzed in the similar 

way as the top-hat filtering line. Therefore, only the negative spike hats of interest can 

be extracted by the optimized bottom-hat filtering. 

 

2.2.4 Recognition 

The recognition as the last stage in the spike detection is identifying the strong IGBT 

switching spikes based on the extracted spike hats of interest by the previous stage. 

More precisely, such identifying ability is built by processing the information carried by 

the output values of the optimized morphological filter. The width of the impulsive 

structuring element being 7 (𝒲 = 7) case is used for the explanation and illustration 

because this is the case for the algorithm implementation in Chapter 4. A spike narrower 
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than 6 data points is described as narrow, while one as wide as or wider than 6 data 

points is described as wide. The Figure 2.4 is one good example to demonstrate the 

information that the outputs of the optimized morphological filter carry. 

 

Figure 2.4 Optimized Morphological Filter Demonstration 

 

From the period-of-time viewpoint, the outputted data points of nonzero amplitude by 

the optimized top-hat filtering present the positive spike hats of interest (the only 

extractable shapes), which is the extraction ability discussed previously. The output data 
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points with the zero amplitude present the unextractable shapes, which include the 

nonpeak part (the other part of the body except the peak) of a wide positive spike and 

the no-positive-spike shapes. 

From the instance-of-time viewpoint, whether the output data point has the zero 

amplitude reflects whether the corresponding data point in the algorithm input 

waveform is in the unextractable shapes. Moreover, the output value of the optimized 

top-hat filtering indicates the amplitude of the focal data point in the input waveform 

with respect to the feet of the positive spike hat of interest, and such amplitude is termed 

as the instantaneous height in the positive spike hat of interest. For example, the dashed 

rectangle in Figure 2.4 highlights the morphological element 

(8,81)~(9,92)~(10,113)~(11,100)~(12,87)~(13,76) of a positive spike hat of 7, 

and its hat feet is (7,70). The outputs of the optimized top-hat filtering in the 

corresponding time interval are 11(=81-70), 22(=92-70), 41(113-70-ℋ), 30(100-70), 

17(87-70), 6(76-70). 

Therefore, the output of the optimized top-hat filtering carries the following 

information. 

1) The output value is the instantaneous height in the positive spike hat of interest. 

2) A zero value means the corresponding data point in the input waveform is in the 

unextractable shapes. 

The information carried by the output of the optimized bottom-hat filtering can be 

analyzed in the similar way. 
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The recognition process is expressed as: 

𝑅(𝑛) =

{
 

 
0, 𝑂𝑇(𝑛) ≤ 𝒜 𝑎𝑛𝑑 𝑂𝐵(𝑛) ≤ 𝒜

0, 𝑖𝑓 𝑂𝑇(𝑛), 𝑂𝐵(𝑛) ∈ ℳ𝒮𝑊𝑆𝑃 𝑎𝑛𝑑 𝑂𝑇(𝑛) ≤ 2𝒜

0, 𝑖𝑓 𝑂𝐵(𝑛), 𝑂𝑇(𝑛) ∈ ℳ𝒮𝑊𝑆𝑃 𝑎𝑛𝑑 𝑂𝐵(𝑛) ≤ 𝒜
1, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

                (2.11) 

where: 

𝑅(𝑛) -- the recognition; 

𝑂𝑇(𝑛) -- the optimized top-hat filtering; 

𝑂𝐵(𝑛) -- the optimized bottom-hat filtering; 

𝒜 -- the amplitude threshold; 

ℳ𝒮𝑊𝑆𝑃 -- the template of a wide spike’s peak. 

ℳ𝒮𝑊𝑆𝑃

= ⋃ (
[0,0](𝑛+𝑚−𝒲)~(0, +∞)(𝑛+𝑚−𝒲+1)~ … ~(0, +∞)(𝑛+𝑚−1)~[0,0](𝑛+𝑚),

[0,0](𝑛+𝑚−𝒲)~(−∞, +∞)(𝑛+𝑚−𝒲+1)~ … ~(−∞, +∞)(𝑛+𝑚−1)~[0,0](𝑛+𝑚)
)

𝑚=1,2,…,𝒲−1

 

(2.12) 

 

The visual presentation of ℳ𝒮𝑊𝑆𝑃 with 𝒲 = 7 is in Figure 2.5, which also includes the 

equivalent pattern in the input domain. The mathematical proof of the equivalence of the 

patterns in the optimized morphological filter domain and the algorithm input domain is 

provided in Appendix A.5. 
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Figure 2.5 Template of a Wide Positive Spike’s Peak @𝒲 = 7 

 

The first three conditions in the Equation 2.11 look for some easily identified shapes, 

and these shapes are the complementary set of the strong IGBT switching spikes. The 

first condition contains of two aspects of information. The condition 𝑂𝑇(𝑛) =

0 𝑎𝑛𝑑 𝑂𝐵(𝑛) = 0 corresponds to the no-spike shapes and the nonpeak parts of a wide 

spike (the first two graphs in Figure 2.6). The condition 𝑂𝑇(𝑛) ≤ 𝒜 𝑎𝑛𝑑 𝑂𝐵(𝑛) ≤ 𝒜 

not only includes the condition 𝑂𝑇(𝑛) = 0 𝑎𝑛𝑑 𝑂𝐵(𝑛) = 0, but also corresponds to the 

weak (≤ 𝒜) hats. Such weak hats are either the weak body of a narrow spike or the 

weak peak of a wide spike (first two graphs in Figure 2.6). 

The second condition focuses on the peak of a wide positive spike. If a sole weak 

narrow spike can have the amplitude up to 𝒜 in the first condition (the first graph in 



24 
 

Figure 2.6), the case of a sole weak narrow spike over a wide same-polarity spike (for 

example, a narrow positive spike standing on a wide positive spike; see the third graph 

in Figure 2.6) can have the amplitude up to 𝒜 + 𝒜 = 2𝒜. The third condition is the 

almost the same as the second one, but it works for the peak of a wide negative spike. 

No matter when the strong narrow spike occurs (solely or over a wide spike), it does not 

meet any of the first three conditions. 

 

 

Figure 2.6 Recognition Examples 

 

Adjusting the width of the impulsive structuring element 𝒲 is essentially adjusting the 

width of the hat of interest, thus the body width of a narrow spike. The amplitude 

threshold 𝒜 distinguishes the strong spikes and weak ones. Therefore, the spike 



25 
 

detection has the adaptability of variant width and height definitions of the strong IGBT 

switching spikes. 

 

2.3 Spike Smoothing 

2.3.1 Multiresolution Analysis 

Multiresolution analysis (Figure 2.7) is an efficient tool of function analysis in the 

different function spaces, and each function space has its own basis which represents the 

space feature. 

Function series {Φ𝑗,𝑘(𝑡), 𝑘 ∈ 𝑍 } form the orthogonal basis for the function space 𝑉𝑗, so 

that any function belongs to this function space 𝑓∈𝑉𝑗(𝑡) can be expressed as the linear 

combinations of {Φ𝑗,𝑘(𝑡), 𝑘 ∈ 𝑍 } as: 

𝑓∈𝑉𝑗(𝑡) = ∑ 〈𝑓𝑉𝑗 , Φ𝑗,𝑘(𝑡)〉Φ𝑗,𝑘(𝑡)𝑘                                                (2.13) 

where: 

Φ𝑗,𝑘(𝑡) = 2
𝑗

2Φ(2𝑗𝑡 − 𝑘), 𝑘 ∈ 𝑍; 

Φ(𝑡) -- the scaling function; 

𝑗 -- the scale; 

〈𝑓(𝑡), 𝑔(𝑡)〉 -- the inner product, and its expansion is 〈𝑓(𝑡), 𝑔(𝑡)〉 = ∫ 𝑓(𝑡)𝑔(𝑡)̅̅ ̅̅ ̅̅ 𝑑𝑡
+∞

−∞
. 

The inner product of the function 𝑓∈𝑉𝑗(𝑡) and the basis Φ𝑗,𝑘(𝑡) also represents the 

projection of 𝑓∈𝑉𝑗(𝑡) onto the basis Φ𝑗,𝑘(𝑡). 
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Similarly, the orthogonal basis for the function space 𝑉𝑗+1 and 𝑉𝑗−1 are {Φ𝑗+1,𝑘(𝑡), 𝑘 ∈

𝑍 } and {Φ𝑗−1,𝑘(𝑡), 𝑘 ∈ 𝑍 } respectively. As the basis for these spaces are different in the 

scale 𝑗, they represent different frequency bands that are twice wider or narrower than 

each other. The relation among these function spaces in the time and frequency domains 

is: 

𝑉𝑗+1 ⊃ 𝑉𝑗 ⊃ 𝑉𝑗−1                                                           (2.14) 

 

 

 

 

Figure 2.7 Multiresolution Analysis 

 

The complementary space of 𝑉𝑗 in 𝑉𝑗+1 is 𝑊𝑗 (𝑉𝑗 ⊥ 𝑊𝑗, 𝑉𝑗 + 𝑊𝑗 = 𝑉𝑗+1), and it has the 

orthogonal basis {Ψ𝑗,𝑘(𝑡), 𝑘 ∈ 𝑍 }. Any function belongs to this function space 𝑓∈𝑊𝑗(𝑡) 

can be expresses as: 

𝑓∈𝑊𝑗(𝑡) = ∑ 〈𝑓𝑊𝑗 , Ψ𝑗,𝑘(𝑡)〉Ψ𝑗,𝑘(𝑡)𝑘                                                (2.15) 

where: 

Ψ𝑗,𝑘(𝑡) = 2
𝑗

2Ψ(2𝑗𝑡 − 𝑘), 𝑘 ∈ 𝑍; 

Ψ(𝑡) -- the wavelet function; 

   
𝑉𝑗+1 

𝑉𝑗 

𝑉𝑗−1 𝑊𝑗 𝑊𝑗−1 



27 
 

𝑗 -- the scale; 

〈𝑓(𝑡), 𝑔(𝑡)〉 -- the inner product. 

 

Therefore, 

𝑉𝑗 = 𝑉𝑗−1 + 𝑊𝑗−1 = 𝑉𝑗−2 + 𝑊𝑗−2 + 𝑊𝑗−1 = 𝑉𝑗−3 + 𝑊𝑗−3 + 𝑊𝑗−2 + 𝑊𝑗−1 = ⋯        

(2.16) 

𝑊𝑗−1 ⊥ 𝑊𝑗−2 ⊥ 𝑊𝑗−3 ⊥ ⋯                                                  (2.17) 

 

For the function that belongs to the 𝑉𝑗 space, it can be decomposed into functions that 

belong to the smaller subspaces as: 

𝑓∈𝑉𝑗 = 𝑓∈𝑉𝑗−1 + 𝑓∈𝑊𝑗−1                                                       (2.18) 

The projection of 𝑓∈𝑉𝑗 , 𝑓∈𝑉𝑗−1 and 𝑓∈𝑊𝑗−1 in their own spaces are 𝐴𝑉𝑗(𝑘) =

〈𝑓𝑉𝑗 , Φ𝑗,𝑘(𝑡)〉, 𝐴𝑉𝑗−1(𝑘) = 〈𝑓𝑉𝑗−1 , Φ𝑗−1,𝑘(𝑡)〉 and 𝐷𝑊𝑗−1(𝑘) = 〈𝑓𝑊𝑗−1 , Ψ𝑗−1,𝑘(𝑡)〉 

respectively. The Mallet algorithm reveals the relation between 𝐴𝑉𝑗(𝑘) and 𝐴𝑉𝑗−1(𝑘), 

𝐴𝑉𝑗(𝑘) and 𝐷𝑊𝑗−1(𝑘) as follows. 

𝐴𝑉𝑗−1(𝑛) = ∑ 𝐴𝑉𝑗(𝑘)𝐿𝐷[2𝑛 − 𝑘]𝑘∈𝑍                                            (2.18) 

𝐷𝑊𝑗−1(𝑛) = ∑ 𝐴𝑉𝑗(𝑘)𝐻𝐷[2𝑛 − 𝑘]𝑘∈𝑍                                          (2.19) 

where: 

𝐴 -- the approximation coefficients, and it represents the low frequency components; 
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𝐷 -- the detail coefficients, and it represents the high frequency components; 

𝐿𝐷 -- the low-pass filter coefficients for decomposition; 

𝐻𝐷 -- the high-pass filter coefficients for decomposition. 

 

The Equation 2.18 and 2.19 are also known as the discreet wavelet transform (wavelet 

decomposition). 

The inverse discrete wavelet transform (wavelet reconstruction) is expressed as: 

𝐴𝑉𝑗(𝑛) = ∑ 𝐴𝑉𝑗+1(𝑘)𝐿𝑅[𝑛 − 2𝑘]𝑘∈𝑍 + ∑ 𝐷𝑊𝑗+1(𝑘)𝐻𝑅[𝑛 − 2𝑘]𝑘∈𝑍              (2.20) 

where: 

𝐴 -- the approximation coefficients, and it represents the low frequency components; 

𝐷 -- the detail coefficients, and it represents the high frequency components; 

𝐿𝑅 -- the low-pass filter coefficients for reconstruction; 

𝐻𝑅 -- the high-pass filter coefficients for reconstruction. 

 

The values of 𝐿𝐷, 𝐻𝐷, 𝐿𝑅 and 𝐻𝑅 depend on the choices of the wavelet, and they are 

accessible through the MATLAB commands. Table 2.2 lists the filter bank coefficient 

values of the DB1 and DB2 wavelet. 
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Table 2.1 Filter Bank Coefficients for Wavelet Decomposition and Reconstruction 

Wavelet Filter Bank Coefficients 

DB1 LD(0)=0.7071,LD(1)=0.7071 

HD(0)=-7071,HD(1)=0.7071 

LR(-1)=0.7071,LR(0)=0.7071 

HR(-1)=0.7071,HR(0)=-0.7071 

DB2 LD(0)=-0.1294,LD(1)=0.2241,LD(2)=0.8365,LD(3)=0.4830 

HD(0)=-0.4830,HD(1)=0.8365,HD(2)=-0.2241,HD(3)=-0.1294 

LR(-3)=0.4830,LR(-2)=0.8365,LR(-1)=0.2241,LR(0)=-0.1294 

HR(-3)=-0.1294,HR(-2)=-0.2241,HR(-1)=0.8365,HR(0)=-0.4830 

 

 

2.3.2 Wavelet Shrinkage 

Wavelet shrinkage applies some shrinkage policies on the detail coefficients in each 

decomposition level, and then the signal is reconstructed from the original 

approximation coefficients and the shrunk detail coefficients. In this way, high 

frequency components are removed in the reconstructed signal. The wavelet, which is 

used in the decomposition and reconstruction in the spike smoothing, is the DB1 

wavelet. The filter length of the other wavelet results in the necessity of data extension 

and the increase in the computational complexity and the hardware complexity. The 

level of decomposition depends on the length of the processing window. The most levels 

of the wavelet decomposition are expected to achieve so that all the detail coefficients 
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represent the widest high frequency band to fully cover that of the IGBT switching 

spikes. The wavelet shrinkage diagram is in the Figure 2.8. 

 

 

 

 

 

Figure 2.8 Wavelet Shrinkage 

 

All the coefficients are in the format ‘XnY’. ‘X’ denotes either the approximation 

coefficients or the detail coefficients. The number ‘n’ between the two letters denote the 

level number. ‘Y’ denotes either the coefficients from the decomposition or the 

coefficients for the reconstruction. The shrinkage policy is: 

𝐷𝑛𝐷

2𝒮
= 𝐷𝑛𝑅 

where: 

 𝑆 -- the shrinkage scale; 

𝐷𝑛𝐷 -- the detail coefficients from the 𝑛-level decomposition; 

𝐷𝑛𝑅 -- the detail coefficients for the 𝑛-level reconstruction. 
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Chapter 3 Spike Removal Simulation 

This chapter presents the spike removal algorithm simulated with MATLAB to explore 

parameter combinations for satisfactory removal performance. Section 3.1 specifies the 

source of the input waveform for simulation. Section 3.2 and section 3.3 discusses the 

simulation results of the spike detection and spike smoothing respectively with different 

parameter sets. Section 3.4 summarizes all the simulation results and finalizes the 

parameter set, which is used for the algorithm implementation. 

 

3.1 Simulation Input 

To assure the input waveform correctly presents the real environment and IGBT 

switching spikes, an additional current sensor is placed inside the operating power 

converter to measure the grid current. The grid current is the output current of the power 

converter, and its injection into the grid relies on the modulation of the DC Link end 

voltage through the IGBTs to match the grid voltage. As a result, it contains the most 

IGBT switching spikes. The grid current measurement is sampled by a 12-bit 3MHz 

ADC so that an IGBT switching spike whose width is narrower than 1.5 us is presented 

by five data points at most. The sampling amplitude is range from 0 to 4095 (212 − 1). 

The Figure 3.1 shows the input waveform for the simulation of the spike detection and 

spike smoothing. It contains several strong IGBT switching spikes framed in the figure 

and a synthesized wide positive spike which simulates the overcurrent situation. The 

sawtooth waveform is the current waveform under the normal operating condition. The 

simulation designs and MATLAB codes are presented in Appendices B.1-10. 
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Figure 3.1 Simulation Input Waveform 

 

3.2 Spike Detection Simulation 

The spike detection process (presented in Appendices B.1-4) outputs the Boolean ‘1’ if 

it identifies a strong IGBT switching spike and Boolean ‘0’ if not. Good detection 

performance results from three parameters including the width of the structuring 

element 𝒲, the height of the structuring element ℋ and the amplitude threshold 𝒜. The 

width of the structuring element 𝒲 is the width threshold between an IGBT switching 

spike and a wider informative spike. The height of the structuring element reflects the 

amplitude error tolerance. The amplitude threshold distinguishes a strong or weak IGBT 

strong IGBT 

switching spikes  
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switching spike. A good parameter set enables the spike detection to recognize a strong 

IGBT switching spike, which is narrower than 𝒲 and higher than 𝒜. 

Figure 3.2 and Figure 3.3 show the spike detection results with two different parameter 

sets. In Figure 3.2, the spike detection identifies a target spike based on its width only 

because the amplitude threshold 𝒜 is set to 0. Some key information is pointed out in 

Figure 3.2 as follows. 

1) An IGBT switching spike spans as wide as 5 data points, so the width threshold 𝒲 is 

set slightly higher, to 7 (odd numbers only by the design). 

2) The maximum gradient on the sawtooth is 4, which means the amplitude error is 

small. The error tolerance ℋ is set to 2. 

3) The data points that deviate from the sawtooth dramatically are marked with circles, 

as well as a small amount of those on the sawtooth and some on the weak IGBT 

switching spike. 

4)  The data points on the weak peak of a wider spike are marked, because the amplitude 

threshold is set to 0. 
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Figure 3.2 Spike Detection with 𝒲 = 7, ℋ = 2, 𝒜 = 0 

 

In Figure 3.3, the amplitude threshold 𝒜 has a nonzero value, and the other two 

parameters are kept unchanged, so the amplitude threshold criterion applies. The data 

points that deviate from the sawtooth are still marked, but a smaller amount of those on 

the sawtooth and on a weak IGBT switching spike are recognized. The synthesized wide 

spike is not recognized by the spike detection algorithm, because the nonpeak part and 

the weak peak of a wide spike is designed to be ignored. The full simulation design and 

MATLAB codes for the spike detection is presented in Appendices B.1-4 and B.8. 

 

1) an IGBT switching spike 

spanning 5 data points 

2) maximum gradient of 4 

in the sawtooth 

3) sawtooth and weak 

IGBT switching spike 

4) weak peak of a 

wider spike 
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Figure 3.3 Spike Detection with 𝒲 = 7, ℋ = 2, 𝒜 = 15 

 

3.3 Spike Smoothing Simulation 

The spike smoothing process (presented in Appendices B.5-6) suppresses the high 

frequency components that are in the same frequency band with an IGBT switching 

spike. The smoothing effect depends on only one parameter, the shrinkage degree 𝒮. 

Two in the power of the shrinkage degree (2𝒮) is the value the wavelet detail 

coefficients are reduced by. Figure 3.4 and Figure 3.5 show the smoothing results with 

two different shrinkage degree values. The full simulation design and MATLAB code 

for the spike smoothing is presented in Appendices B.5-6 and B.9. 
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Figure 3.4 Spike Smoothing with 𝒮 = 1 

 

In Figure 3.4 with 𝒮 = 1, the output waveform of the spike smoothing presents the 

outline of the sawtooth, but strong spikes still exist, which means the smoothing effect is 

not effective enough. In Figure 3.5 with 𝒮 = 4, strong spikes disappear, and the spike 

region is smoother. Therefore, the larger the shrinkage degree value is, the better the 

smoothing effect is. However, the amplitude of the synthesized wide spike is lowered 

because the wavelet shrinkage does not distinguish a spike by width and suppresses any 

high frequency components including those in the synthesized wide spike. The 

conclusion is the wavelet shrinkage is satisfactory for the removal of the strong IGBT 

switching spikes, but not for the preservation of the other spikes. 

a strong spike 
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Figure 3.5 Spike Smoothing with 𝒮 = 4 

 

3.4 Spike Removal Simulation 

Spike removal (presented in Appendices B.1-7) is the combination of spike detection 

and spike smoothing in the way that the spike detection controls the multiplexing of the 

smoothed input waveform and the original input waveform over the output. In this way, 

the output waveform is different from the input only when a target spike is detected. 

Good performance of spike removal relies on the parameter choices discussed 

previously. Figure 3.6 shows the spike removal result with 5000 input data points and 

the parameter set: 𝒲 = 7, ℋ = 2, 𝒜 = 15, 𝒮 = 4. 

smoother 

amplitude of a nontarget 

spike changed 
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Figure 3.6 Spike Removal with 𝒲 = 7, ℋ = 2, 𝒜 = 15, 𝒮 = 4 

 

In Figure 3.6, the dots denote the data points identified as the strong IGBT switching 

spikes by the algorithm in the input waveform, and they fell back onto the sawtooth after 

the spike smoothing process. The data points of the nontarget in the input waveform are 

not highlighted as dots, but they are in the output waveform as the spike removal 

algorithm lets them through without any modification. Figure 3.7 presents the bigger 

picture by feeding 30,000 data points into the spike removal algorithm. With the strong 

IGBT switching spikes removed, the extremums are closer to the sinusoid waveform 

(the current waveform under the normal operating conditions in a longer time interval) 

itself. It is much less unlikely for the extremums to reach the overcurrent or 
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undercurrent thresholds. The parameter set 𝒲 = 7, ℋ = 2, 𝒜 = 15, 𝒮 = 4 is thus used 

in the spike removal implementation in the next chapter. The full simulation design and 

MATLAB codes for the spike removal is presented Appendices B.1-7 and B.10. 

 

Figure 3.7 Spike Removal with 𝒲 = 7, ℋ = 2, 𝒜 = 15, 𝒮 = 4 
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Chapter 4 Spike Removal Implementation 

This chapter presents the spike removal algorithm implemented with Verilog on the 

FPGA chip XC7A100T (XILINX family). Section 4.1 describes the new power 

converter system that involves the spike removal module and the real time data 

acquisition subsystem for testing purposes. Section 4.2 discusses the algorithm’s 

implementation in terms of mitigation, resource usage, post-synthesis verification and 

propagation delay. 

 

4.1 Power Converter System 

In the new power converter system (Figure 4.1), the spike removal algorithm is 

translated into a Verilog module named ‘spike removal’, and it has been tested with the 

behavioral simulation. The FIFO based protocol, USB bridge IC, USB and GUI form 

the real time data acquisition subsystem for the testing purpose (post-implementation of 

the spike removal algorithm) and other utilities. The FIFO based protocol is the 

application layer protocol implemented with the Verilog language over the lower layer 

FIFO protocol, so that any data inside the FPGA is accessible and fetchable in either the 

interrupt or the streaming mode. The chip FT600Q, the USB bridge Integrated Chip 

(IC), plays a key role in the communication between the FPGA and the PC, and it offers 

the USB 3.0 compatibility, so the bandwidth is sufficient for the multichannel streaming 

type of data transfer. The GUI is a Windows Presentation Foundation application based 

on .NET, which was developed for data display (real time line chart) and analysis (data 

is logged for analysis with MATLAB). 
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4.2 Spike Removal Implementation 

Some key aspects regarding the implementation of the spike removal algorithm are 

discussed in the following paragraphs. 

 

4.2.1 Mitigation 

Although the Verilog language is good for modularization and parallel hardware, the 

erosion module is strongly recommended to avoid instantiating the erosion cell module 

as presented in Figure 4.2. The reason is that there exists duplicated logic, such as 

𝑀𝑖𝑛(𝐼𝑛4, 𝐼𝑛5) in the instances i_ers_cll_0 and i_ers_cll_4, which causes a wasteful call 

to the Look-Up-Table (LUT) resource in the FPGA. The wasted LUT can skyrocket 

exponentially with the growth of the width of the structuring element, and it reaches an 

unacceptable order of magnitude when 𝒲 = 9, depleting the LUT resources. A resource 

efficient way of delivering the erosion module is presented in Figure 4.3. The 

improvement is that no duplicate logic exists anymore. (See Appendix B.11 for the 

Verilog codes of the top module of the erosion module with 𝒲 = 7) 
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12-bit       In 0        In 1         In 2        In 3        In 4        In 5        In 6         In 7         In 8 

 

 

 

 

 

   12-bit                 Out 0                                       Out 1              …                            Out 4 

 

Figure 4.2 Resource Inefficient Erosion Module @𝒲 = 3 

 

12-bit       In 0        In 1        In 2         In 3       In 4         In 5        In 6        In 7         In8 

 

 

 

 

 

 

12-bit                          Out 0                        Out 1                 …               Out 4 

Figure 4.3 Resource Efficient Erosion Module @𝒲 = 3 
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Another resource saving strategy is applied on the implementation of the opening and 

closing filtering showed in Figure 4.4. The parallel way of performing opening and 

closing filtering requires two instances of the erosion module and dilation module (4 in 

total), whilst the crossing way needs only 1 instance of each. The saved LUT resources 

would be enormous when the width of the structuring element was larger. 

 

 

 

                                        (a)                                                                    (b) 

Figure 4.4 (a) Opening and Closing Implementation in the Parallel Way, (b) Opening 

and Closing Implementation in the Crossing Way 

 

 

 

4.2.2 Resource Usage 

FPGA IC: XC7A100TCSG324-2 

IDE: Vivado 2019.1 

Algorithm Parameter set: 𝒲 = 7, ℋ = 2, 𝒜 = 15, 𝒮 = 4 

 

 

i_ers_0 

i_dlt_1 i_ers_1 

i_dlt_0 

i_dlt_0 

i_ers_0 
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Table 4.1 Spike Removal Post-Implementation Utilization 

Resource Utilization Available Utilization % 

LUT 5915 63400 9.33 

FF 4720 126800 3.72 

 

The simultaneous spike removal on four current channels takes up 27.9% of the LUT 

resources. 

 

4.2.3 Post-Synthesis Verification 

Post-synthesis verification is an important step for the algorithm implementation 

because it considers the propagation delay in the FPGA fabric. The input data and 

output data of the spike removal module are transferred to the PC through the real time 

data acquisition subsystem. The module input data is also used to generate the reference 

data with the MATLAB calculation. Comparison of the reference data with the module 

output data is repeated with several iterations of the data size of 100,000 to verify the 

correctness of post-synthesis. One iteration is presented graphically in Figure 4.5. The 

maximum and minimum values of the module input are 2914 and 1304, and those of the 

module output are 2687 and 1532. After applying the spike removal algorithm, the 

strong IGBT switching spikes, which limit the choices of the thresholds for the hardware 

layer overcurrent detection, are gone. 
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Figure 4.5 Post Synthesis Verification 

 

4.2.4 Propagation Delay 

As the execution time in the FPGA is accurate and stable, the propagation delay of the 

spike removal module is predictable. There are two types of delay adding to the final 

propagation delay: the processing window delay and the execution delay. For the 

processing window delay, the amount of data points that are necessary for the spike 

removal algorithm are 4𝒲 − 3 = 25, when 𝒲 = 7. When the spike removal algorithm 

processes for the current moment, it requires 12 input data from the past and 12 from the 

future. In other words, when a new datum arrives from the ADC at the processing 
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window right now, the spike removal algorithm shifts it in, processes and outputs a 

datum for the 12-data-point ago as showed in Figure 4.6. 

 

Figure 4.6 Processing Window with 𝒲 = 7 

 

In terms of execution delay, it takes 17 system clock cycles for the spike removal 

module to process and get the output datum (see Appendix C.1 for the timing diagram of 

the spike removal module). The propagation delay of the spike removal module is 

12 ×
1

𝐹𝑠𝑎𝑚𝑝𝑖𝑛𝑔
+ 17 ×

1

𝐹𝑠𝑦𝑠𝑡𝑒𝑚
= 12 ×

1

3𝑀𝐻𝑧
+ 17 ×

1

100𝑀𝐻𝑧
= 4.17𝑢𝑠               (4.1) 
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When an overcurrent event occurs, the hardware layer system protection receives it after 

4.17µs. 
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Chapter 5 Conclusions and Future Work 

5.1 Conclusions 

As the result of the present thesis work, an FPGA-based IGBT switching spike removal 

algorithm for the power converter has been developed. The implementation of the 

developed algorithm allows noisy spikes to be removed from the sensor measurement. 

This algorithm uses the existing morphological filtering theory and designed the follow-

up processes to analyze the features of the spikes of interest in its spike detection 

process. The algorithm also uses the existing wavelet shrinkage method to produce the 

spike-free measurement. Although the morphological filter theory is commonly used in 

the image processing area, it can be applied to other fields of research. In particular, the 

wavelet shrinkage method is one of the denoising methods based on the traditional 

temporal-frequency domain. The significance of the developed algorithm is combining 

the two techniques in the signal-processing-for-the-power-converter application to 

detect and remove the targets of interest, such as spikes. 

The occurrence of strong IGBT switching spikes causes low accuracy in data analysis in 

DSP and false activation of the hardware-layer system protection. A great deal of 

mathematical supports, simulation results and implementation results demonstrate the 

effective removal performance of the algorithm. After integrating this algorithm in the 

system, the DSP receives a spike-free sensor measurement for the data processing, and 

the hardware-layer system protection is not triggered during the normal operating 

conditions. 
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The wavelet shrinkage or other frequency-based denoising methods alter the shapes of 

wider spikes, because they suppress the high-frequency components of a wide spike. 

The advantages of the algorithm developed over the sole wavelet shrinkage in the 

present application are: (1) wider spikes are preserved so that no information is lost, and 

(2) adjustable parameter guarantees the adaption to variant width and height definitions 

of a strong IGBT switching spike. 

 

5.2 Major Contribution 

In the present thesis work, the IGBT switching spike removal algorithm has been 

designed with mathematical support, simulated with the real environmental data and 

verified with an FPGA board. Two versions of the Interface and Protection Board PCB 

have been designed and manufactured to integrate the FPGA chip and other interfacing 

circuits. The Verilog codes of the other module, such as the hardware-layer system 

protection module, ADC driver module, DSP communication module and USB 

communication module, have been tested successfully. The GUI development (not 

compulsory) has been tested, but some misleading transitions in the user interface cause 

the application to exit occasionally. 

 

5.3 Future Work 

The third version of the Interface and Protection Board PCB need to be designed to 

incorporate the ADC circuit, because ADC development boards are plugged vertically 
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into the Interface and Protection Board currently. The new PCB board need to be tested 

for the correct wire connection and functionality. The GUI needs to be fully debugged. 
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Appendix A 

A.1 An Example of Morphological Element and Morphological Set 

The morphological set ℳ𝒮 = [1,2](10)~[(13), +∞)(11)~(−∞, (11) −

6))
(12)

~(8, +∞)(13) can be equivalently expressed as: 

ℳ𝒮 = {(10, 𝑓(10))~(11, 𝑓(11))~(12, 𝑓(12))~(13, 𝑓(13))|1 ≤ 𝑓(10) ≤ 2, 𝑓(13)

≤ 𝑓(11), 𝑓(12) < 𝑓(11) − 6,8 < 𝑓(13)} 

It is easy to prove that 

(10,1)~(11,9)~(12,2)~(13,9)

∈ [1,2](10)~[(13), +∞)(11)~(−∞, (11) − 6))
(12)

~(8, +∞)(13) 
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A.2 Examples of Positive Spike Hats of 7 and Negative Spike Hats of 7 
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A.3 Morphological Filtering 

Erosion (𝑓 ⊖ 𝑆𝐸⊖)(𝑛) = min
𝑚=

1−𝑊⊖
2

,
3−𝑊⊖

2
,…,

𝑊⊖−3

2
,
𝑊⊖−1

2

{𝑓(𝑛 + 𝑚) − 𝑆𝐸⊖(𝑚)} 

Dilation (𝑓 ⊕ 𝑆𝐸⊕)(𝑛) = max
𝑚=

1−𝑊⊕
2

,
3−𝑊⊕

2
,…,

𝑊⊕−3

2
,
𝑊⊕−1

2

{𝑓(𝑛 + 𝑚) + 𝑆𝐸⊕(𝑚)} 

Opening (𝑓 ⊚ (𝑆𝐸⊖, 𝑆𝐸⊕)) (𝑛) = ((𝑓 ⊖ 𝑆𝐸⊖) ⊕ 𝑆𝐸⊕) (𝑛) 

Closing (𝑓 ⊙ (𝑆𝐸⊕, 𝑆𝐸⊖)) (𝑛) = ((𝑓 ⊕ 𝑆𝐸⊕) ⊖ 𝑆𝐸⊖) (𝑛) 

Top-hat (𝑓⋀(𝑆𝐸⊖, 𝑆𝐸⊕)) (𝑛) = 𝑓(𝑛) − (𝑓 ⊚ (𝑆𝐸⊖, 𝑆𝐸⊕)) (𝑛) 

Bottom-hat (𝑓⋁(𝑆𝐸⊕, 𝑆𝐸⊖)) (𝑛) = (𝑓 ⊙ (𝑆𝐸⊕, 𝑆𝐸⊖)) (𝑛) − 𝑓(𝑛) 

The one-dimensional discrete function 𝑓(𝑛) is the input waveform to be 

morphologically operated on. 𝑆𝐸⊖(𝑛) is the structuring element for the erosion, and its 

width 𝑊⊖ is positive and odd. 𝑆𝐸⊕(𝑛) is the structuring element for the dilation, and its 

width 𝑊⊕ is positive and odd. 
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A.4 Positive-Spike-Hats-of-7 Extraction Ability of the Top-hat with the Width of 

the Impulsive Structuring Element Being 7: 

ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7 ⊂ ℳ𝒮𝑇(𝑛)>0,𝒲=7 

 

Three steps are taken to prove the equation above as follows. 

Step 1 (A.4.1): Obtain the expression of ℳ𝒮𝑇(𝑛)=0,𝒲=7. 

Step 2 (A.4.2): Prove ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7 ⊆ ℳ𝒮𝑇(𝑛)>0,𝒲=7. 

Step 3 (A.4.3): Find the morphological element ℯ in ℳ𝒮𝑇(𝑛)>0,𝒲=7 so that ℯ ∉

ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7. 

 

A.4.1 Obtaining the expression of 𝓜𝓢𝑻(𝒏)=𝟎,𝓦=𝟕 

The calculation procedure of the top-hat is presented as below. 
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𝑇(𝑛) = (𝑓⋀(𝑆𝐸⊖, 𝑆𝐸⊕)) (𝑛) = 𝑓(𝑛) − (𝑓 ⊚ (𝑆𝐸⊖, 𝑆𝐸⊕)) (𝑛)

= 𝑓(𝑛) − ((𝑓 ⊖ 𝑆𝐸⊖) ⊕ 𝑆𝐸⊕) (𝑛) = 𝑓(𝑛) − max

{
 
 
 
 

 
 
 
 

(𝑓 ⊖ 𝑆𝐸⊖)(𝑛 − 3),

(𝑓 ⊖ 𝑆𝐸⊖)(𝑛 − 2),

(𝑓 ⊖ 𝑆𝐸⊖)(𝑛 − 1),

(𝑓 ⊖ 𝑆𝐸⊖)(𝑛) + ℋ,

(𝑓 ⊖ 𝑆𝐸⊖)(𝑛 + 1),

(𝑓 ⊖ 𝑆𝐸⊖)(𝑛 + 2),

(𝑓 ⊖ 𝑆𝐸⊖)(𝑛 + 3), }
 
 
 
 

 
 
 
 

= 𝑓(𝑛)

− max

{
 
 
 

 
 
 

min{𝑓(𝑛 − 6), 𝑓(𝑛 − 5), 𝑓(𝑛 − 4), 𝑓(𝑛 − 3) − ℋ, 𝑓(𝑛 − 2), 𝑓(𝑛 − 1), 𝑓(𝑛)},

min{𝑓(𝑛 − 5), 𝑓(𝑛 − 4), 𝑓(𝑛 − 3), 𝑓(𝑛 − 2) − ℋ, 𝑓(𝑛 − 1), 𝑓(𝑛), 𝑓(𝑛 + 1)},

min{𝑓(𝑛 − 4), 𝑓(𝑛 − 3), 𝑓(𝑛 − 2), 𝑓(𝑛 − 1) − ℋ, 𝑓(𝑛), 𝑓(𝑛 + 1), 𝑓(𝑛 + 2)},

min{𝑓(𝑛 − 3), 𝑓(𝑛 − 2), 𝑓(𝑛 − 1), 𝑓(𝑛) − ℋ, 𝑓(𝑛 + 1), 𝑓(𝑛 + 2), 𝑓(𝑛 + 3)} + ℋ,

min{𝑓(𝑛 − 2), 𝑓(𝑛 − 1), 𝑓(𝑛), 𝑓(𝑛 + 1) − ℋ, 𝑓(𝑛 + 2), 𝑓(𝑛 + 3), 𝑓(𝑛 + 4)},

min{𝑓(𝑛 − 1), 𝑓(𝑛), 𝑓(𝑛 + 1), 𝑓(𝑛 + 2) − ℋ, 𝑓(𝑛 + 3), 𝑓(𝑛 + 4), 𝑓(𝑛 + 5)},

min{𝑓(𝑛), 𝑓(𝑛 + 1), 𝑓(𝑛 + 2), 𝑓(𝑛 + 3) − ℋ, 𝑓(𝑛 + 4), 𝑓(𝑛 + 5), 𝑓(𝑛 + 6)} }
 
 
 

 
 
 

 

From the equation above, the time points that contribute to the top-hat calculation is 

from 𝑛 − 6 to 𝑛 + 6. 

Therefore, the universal morphological set is built on the relevant time points as: 

ℳ𝒮𝑈

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~(−∞, +∞)(𝑛−2)~(−∞, +∞)(𝑛−1)~ 

(−∞, +∞)(𝑛)~(−∞, +∞)(𝑛+1)~(−∞, +∞)(𝑛+2)~(−∞, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 

 

The universal morphological set ℳ𝒮𝑈 is partitioned into 7 mutually exclusive subsets 

as the 7 preconditions of the discussion of ℳ𝒮𝑇(𝑛)=0,𝒲=7. These 7 preconditions 

denoted as ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛𝑀, M = 1,2, … 7 have expressions as: 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟏 = (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~[(𝑛) − ℋ, +∞)(𝑛−3)~ 
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[(𝑛) − ℋ, +∞)(𝑛−2)~[(𝑛) − ℋ, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛) − ℋ, +∞)(𝑛+1)~[(𝑛) − ℋ, +∞)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                (a.1) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟐 = (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, (𝑛) − ℋ)(𝑛−3)~ 

[(𝑛) − ℋ, +∞)(𝑛−2)~[(𝑛) − ℋ, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛) − ℋ, +∞)(𝑛+1)~[(𝑛) − ℋ, +∞)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                 (a.2) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟑 = (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~ 

(−∞, (𝑛) − ℋ)(𝑛−2)~[(𝑛) − ℋ, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛) − ℋ, +∞)(𝑛+1)~[(𝑛) − ℋ, +∞)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                    (a.3) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟒 = (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~ 

(−∞, +∞)(𝑛−2)~(−∞, (𝑛) − ℋ)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛) − ℋ, +∞)(𝑛+1)~[(𝑛) − ℋ, +∞)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)           (a.4) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟓 = (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~ 

(−∞, +∞)(𝑛−2)~(−∞, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~(−∞, (𝑛) − ℋ)(𝑛+1)~[(𝑛) − ℋ, +∞)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                        (a.5) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟔 = (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~ 

(−∞, +∞)(𝑛−2)~(−∞, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~(−∞, +∞)(𝑛+1)~(−∞, (𝑛) − ℋ)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                (a.6) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟕 = (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~ 

(−∞, +∞)(𝑛−2)~(−∞, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~(−∞, +∞)(𝑛+1)~(−∞, +∞)(𝑛+2)~ 

(−∞, (𝑛) − ℋ)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                         (a.7) 
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Some other condition notations are needed during the process of proof. We use 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 to ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 to denote ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−3)=𝑓(𝑛) to ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+3)=𝑓(𝑛) 

respectively, and they have expressions as: 

𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟏 = ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−3)=𝑓(𝑛) = ℳ𝒮𝑚𝑖𝑛(𝑓(𝑛−6),𝑓(𝑛−5),𝑓(𝑛−4),𝑓(𝑛−3)−ℋ,𝑓(𝑛−2),𝑓(𝑛−1),𝑓(𝑛))=𝑓(𝑛) 

= [(𝑛), +∞)(𝑛−6)~[(𝑛), +∞)(𝑛−5)~[(𝑛), +∞)(𝑛−4)~[(𝑛) + ℋ, +∞)(𝑛−3)~[(𝑛), +∞)(𝑛−2) 

~[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~(−∞, +∞)(𝑛+1)~(−∞, +∞)(𝑛+2)~ 

(−∞, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                                   (a.8) 

𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟐 = ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−2)=𝑓(𝑛) = ℳ𝒮𝑚𝑖𝑛(𝑓(𝑛−5),𝑓(𝑛−4),𝑓(𝑛−3),𝑓(𝑛−2)−ℋ,𝑓(𝑛−1),𝑓(𝑛),𝑓(𝑛+1))=𝑓(𝑛) 

= (−∞, +∞)(𝑛−6)~[(𝑛), +∞)(𝑛−5)~[(𝑛), +∞)(𝑛−4)~[(𝑛), +∞)(𝑛−3)~[(𝑛) + ℋ, +∞)(𝑛−2)~ 

[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~(−∞, +∞)(𝑛+2)~ 

(−∞, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                                (a.9) 

𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟑 = ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−1)=𝑓(𝑛) = ℳ𝒮𝑚𝑖𝑛(𝑓(𝑛−4),𝑓(𝑛−3),𝑓(𝑛−2),𝑓(𝑛−1)−ℋ,𝑓(𝑛),𝑓(𝑛+1),𝑓(𝑛+2))=𝑓(𝑛) 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~[(𝑛), +∞)(𝑛−4)~[(𝑛), +∞)(𝑛−3)~[(𝑛), +∞)(𝑛−2)~ 

[(𝑛) + ℋ, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~[(𝑛), +∞)(𝑛+2)~ 

(−∞, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                                 (a.10) 

𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟒 = ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+1)=𝑓(𝑛) = ℳ𝒮𝑚𝑖𝑛(𝑓(𝑛−2),𝑓(𝑛−1),𝑓(𝑛),𝑓(𝑛+1)−ℋ,𝑓(𝑛+2),𝑓(𝑛+3),𝑓(𝑛+4))=𝑓(𝑛) 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~[(𝑛), +∞)(𝑛−2)~ 

[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛) + ℋ, +∞)(𝑛+1)~[(𝑛), +∞)(𝑛+2)~ 

[(𝑛), +∞)(𝑛+3)~[(𝑛), +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                                 (a.11) 

𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟓 = ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+2)=𝑓(𝑛) = ℳ𝒮𝑚𝑖𝑛(𝑓(𝑛−1),𝑓(𝑛),𝑓(𝑛+1),𝑓(𝑛+2)−ℋ,𝑓(𝑛+3),𝑓(𝑛+4),𝑓(𝑛+5))=𝑓(𝑛) 
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= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~(−∞, +∞)(𝑛−2)~ 

[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~[(𝑛) + ℋ, +∞)(𝑛+2)~ 

[(𝑛), +∞)(𝑛+3)~[(𝑛), +∞)(𝑛+4)~[(𝑛), +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)                                 (a.12) 

𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟔 = ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+3)=𝑓(𝑛) = ℳ𝒮𝑚𝑖𝑛(𝑓(𝑛),𝑓(𝑛+1),𝑓(𝑛+2),𝑓(𝑛+3)−ℋ,𝑓(𝑛+4),𝑓(𝑛+5),𝑓(𝑛+6))=𝑓(𝑛) 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~(−∞, +∞)(𝑛−2)~ 

(−∞, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~[(𝑛), +∞)(𝑛+2)~ 

[(𝑛) + ℋ, +∞)(𝑛+3)~[(𝑛), +∞)(𝑛+4)~[(𝑛), +∞)(𝑛+5)~[(𝑛), +∞)(𝑛+6)                            (a.13) 

 

After having these 7 preconditions, 



64 
 

ℳ𝒮𝑇(𝑛)=0,𝒲=7 = ℳ𝒮𝑈 ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7

= (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛1 ∪ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 ∪ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛3 ∪ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛4 ∪ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛5

∪ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛6 ∪ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7) ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7

= (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛1 ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7) ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛3 ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7) ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛4 ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛5 ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7) ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛6 ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7 ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7)

= ⋃ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛𝑀 ∩ ℳ𝒮𝑇(𝑛)=0,𝒲=7

𝑀=1,2,…,7

= ⋃ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛𝑀 ∩ ℳ𝒮(𝑓⋀(𝑆𝐸⊖,𝑆𝐸⊕))(𝑛)=0,𝒲=7

𝑀=1,2,…,7

= ⋃ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛𝑀 ∩ ℳ𝒮(𝑓⊚(𝑆𝐸⊖,𝑆𝐸⊕))(𝑛)=𝑓(𝑛),𝒲=7

𝑀=1,2,…,7

= ⋃ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛𝑀 ∩ ℳ𝒮((𝑓⊖𝑆𝐸⊖)⊕𝑆𝐸⊕)(𝑛)=𝑓(𝑛),𝒲=7

𝑀=1,2,…,7

= ⋃ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛𝑀 ∩ ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛),𝒲=7

𝑀=1,2,…,7
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Therefore, the expression of ℳ𝒮𝑇(𝑛)=0,𝒲=7 can be derived by obtaining 

ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛)

 under each of the 7 preconditions. 

 

With the 7 preconditions applied, it is easier to calculate the output ranges of the 

erosion, opening and top-hat, and their results are in the ‘Erosion Output’, ‘Opening 

Output’ and ‘Top-hat Output’ sections respectively in the table below. 

 PreCon1 PreCon2 PreCon3 PreCon4 PreCon5 PreCon6 PreCon7 

Erosion Output 

(f⊖SE⊖) (n-3) ≤f(n) <f(n)-2ℋ <f(n)-ℋ <f(n)-ℋ ≤f(n) ≤f(n) ≤f(n) 

(f⊖SE⊖) (n-2) ≤f(n) <f(n)-ℋ <f(n)-2ℋ <f(n)-ℋ <f(n)-ℋ ≤f(n) ≤f(n) 

(f⊖SE⊖) (n-1) ≤f(n) <f(n)-ℋ <f(n)-ℋ <f(n)-2ℋ <f(n)-ℋ <f(n)-ℋ ≤f(n) 

(f⊖SE⊖) (n) =f(n)-ℋ <f(n)-ℋ <f(n)-ℋ <f(n)-ℋ <f(n)-ℋ <f(n)-ℋ <f(n)-ℋ 

(f⊖SE⊖) (n+1) ≤f(n) ≤f(n) <f(n)-ℋ <f(n)-ℋ <f(n)-2ℋ <f(n)-ℋ <f(n)-ℋ 

(f⊖SE⊖) (n+2) ≤f(n) ≤f(n) ≤f(n) <f(n)-ℋ <f(n)-ℋ <f(n)-2ℋ <f(n)-ℋ 

(f⊖SE⊖) (n+3) ≤f(n) ≤f(n) ≤f(n) ≤f(n) <f(n)-ℋ <f(n)-ℋ <f(n)-2ℋ 

Opening Output 

(f⊚ (SE⊖,SE⊕)) (n) =f(n) ≤f(n) ≤f(n) ≤f(n) ≤f(n) ≤f(n) ≤f(n) 

Top-hat Output 
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(f⋀ (SE
⊖
,SE⊕)) (n) =0 ≥0 ≥0 ≥0 ≥0 ≥0 ≥0 

Table a.1 Erosion, Opening and Top-hat Output Ranges 

According to the erosion results under each precondition (in each column) in the table 

above, 

Under precondition 1, 

ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛)

= ℳ𝒮𝑈 

Under precondition 2, 

ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛)

= ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+1)=𝑓(𝑛) ∪ ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+2)=𝑓(𝑛)

∪ ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+3)=𝑓(𝑛) = ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛4 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 

Under precondition 3, 
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ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛)

= ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+2)=𝑓(𝑛) ∪ ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+3)=𝑓(𝑛)

= ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 

Under precondition 4, 

ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛)

= ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛+3)=𝑓(𝑛) = ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 

Under precondition 5, 

ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛)

= ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−3)=𝑓(𝑛) = ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 

Under precondition 6, 

ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛)

= ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−3)=𝑓(𝑛) ∪ ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−2)=𝑓(𝑛)

= ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2 

Under precondition 7, 
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ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛)

= ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−3)=𝑓(𝑛) ∪ ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−2)=𝑓(𝑛)

∪ ℳ𝒮(𝑓⊖𝑆𝐸⊖)(𝑛−1)=𝑓(𝑛) = ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛3 

 

Now, the expression of ℳ𝒮𝑇(𝑛)=0,𝒲=7 is reachable after all the mathematical 

preparation is done. 
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ℳ𝒮𝑇(𝑛)=0,𝒲=7 = ⋃ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛𝑀⋂ℳ𝒮

𝑚𝑎𝑥

(

 
 
 
 
 
 

(𝑓⊖𝑆𝐸⊖)(𝑛−3),

(𝑓⊖𝑆𝐸⊖)(𝑛−2),

(𝑓⊖𝑆𝐸⊖)(𝑛−1),

(𝑓⊖𝑆𝐸⊖)(𝑛)+ℋ,

(𝑓⊖𝑆𝐸⊖)(𝑛+1),

(𝑓⊖𝑆𝐸⊖)(𝑛+2),

(𝑓⊖𝑆𝐸⊖)(𝑛+3) )

 
 
 
 
 
 

=𝑓(𝑛),𝒲=7

𝑀=1,2,…,7

= (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛1 ∩ ℳ𝒮𝑈)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 ∩ (ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛4 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6))

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛3 ∩ (ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6))

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛4 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6) ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛5 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛6 ∩ (ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2))

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7 ∩ (ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2 ∪ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛3))

= ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛1 ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛4)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5) ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛3 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5) ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛3 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛4 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6) ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛5 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛6 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1) ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛6 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1) ∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2)

∪ (ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛3) 

(a.14) 

where 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟏 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 1 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~[(𝑛) − ℋ, +∞)(𝑛−3)~[(𝑛) − ℋ, +∞)(𝑛−2)~ 
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[(𝑛) − ℋ, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛) − ℋ, +∞)(𝑛+1)~[(𝑛) − ℋ, +∞)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 

 

Figure a.1 ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛1 

 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟐 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟒 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 2 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 11 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, (𝑛) − ℋ)(𝑛−3)~[(𝑛), +∞)(𝑛−2)~ 

[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛) + ℋ, +∞)(𝑛+1)~[(𝑛), +∞)(𝑛+2)~ 

[(𝑛), +∞)(𝑛+3)~[(𝑛), +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟐 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟓 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 2 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 12 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, (𝑛) − ℋ)(𝑛−3)~[(𝑛) − ℋ, +∞)(𝑛−2)~ 
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[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~[(𝑛) + ℋ, +∞)(𝑛+2)~ 

[(𝑛), +∞)(𝑛+3)~[(𝑛), +∞)(𝑛+4)~[(𝑛), +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟐 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟔 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 2 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 13 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, (𝑛) − ℋ)(𝑛−3)~[(𝑛) − ℋ, +∞)(𝑛−2)~ 

[(𝑛) − ℋ, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~[(𝑛), +∞)(𝑛+2)~ 

[(𝑛) + ℋ, +∞)(𝑛+3)~[(𝑛), +∞)(𝑛+4)~[(𝑛), +∞)(𝑛+5)~[(𝑛), +∞)(𝑛+6) 

 

Figure a.2 ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛4, ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 and ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 

 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟑 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟓 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 3 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 12 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~(−∞, (𝑛) − ℋ)(𝑛−2)~ 
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[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~[(𝑛) + ℋ, +∞)(𝑛+2)~ 

[(𝑛), +∞)(𝑛+3)~[(𝑛), +∞)(𝑛+4)~[(𝑛), +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟑 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟔 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 3 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 13 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~(−∞, (𝑛) − ℋ)(𝑛−2)~ 

[(𝑛) − ℋ, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~[(𝑛), +∞)(𝑛+2)~ 

[(𝑛) + ℋ, +∞)(𝑛+3)~[(𝑛), +∞)(𝑛+4)~[(𝑛), +∞)(𝑛+5)~[(𝑛), +∞)(𝑛+6) 

 

Figure a.3 ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛3 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 and ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛3 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 

 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟒 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟔 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 4 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 13 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~(−∞, +∞)(𝑛−4)~(−∞, +∞)(𝑛−3)~(−∞, +∞)(𝑛−2)~ 
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(−∞, (𝑛) − ℋ)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~[(𝑛), +∞)(𝑛+2)~ 

[(𝑛) + ℋ, +∞)(𝑛+3)~[(𝑛), +∞)(𝑛+4)~[(𝑛), +∞)(𝑛+5)~[(𝑛), +∞)(𝑛+6) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟓 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟏 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 5 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 8 

= [(𝑛), +∞)(𝑛−6)~[(𝑛), +∞)(𝑛−5)~[(𝑛), +∞)(𝑛−4)~[(𝑛) + ℋ, +∞)(𝑛−3)~[(𝑛), +∞)(𝑛−2)~ 

[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~(−∞, (𝑛) − ℋ)(𝑛+1)~[(𝑛) − ℋ, +∞)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~[(𝑛), +∞)(𝑛+5)~[(𝑛), +∞)(𝑛+6) 

 

Figure a.4 ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛4 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 and ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛5 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 

 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟔 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟏 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 6 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 8 

= [(𝑛), +∞)(𝑛−6)~[(𝑛), +∞)(𝑛−5)~[(𝑛), +∞)(𝑛−4)~[(𝑛) + ℋ, +∞)(𝑛−3)~[(𝑛), +∞)(𝑛−2)~ 
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[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~(−∞, +∞)(𝑛+1)~(−∞, (𝑛) − ℋ)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟔 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟐 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 6 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 9 

= (−∞, +∞)(𝑛−6)~[(𝑛), +∞)(𝑛−5)~[(𝑛), +∞)(𝑛−4)~[(𝑛), +∞)(𝑛−3)~[(𝑛) + ℋ, +∞)(𝑛−2)~ 

[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~(−∞, (𝑛) − ℋ)(𝑛+2)~ 

[(𝑛) − ℋ, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 

 

Figure a.5 ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛6 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 and ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛6 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2 

 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟕 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟏 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 7 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 8 

= [(𝑛), +∞)(𝑛−6)~[(𝑛), +∞)(𝑛−5)~[(𝑛), +∞)(𝑛−4)~[(𝑛) + ℋ, +∞)(𝑛−3)~[(𝑛), +∞)(𝑛−2)~ 
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[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~(−∞, +∞)(𝑛+1)~(−∞, +∞)(𝑛+2)~ 

(−∞, (𝑛) − ℋ)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟕 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟐 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 7 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 9 

= (−∞, +∞)(𝑛−6)~[(𝑛), +∞)(𝑛−5)~[(𝑛), +∞)(𝑛−4)~[(𝑛), +∞)(𝑛−3)~[(𝑛) + ℋ, +∞)(𝑛−2)~ 

[(𝑛), +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~(−∞, +∞)(𝑛+2)~ 

(−∞, (𝑛) − ℋ)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 

𝓜𝓢𝑷𝒓𝒆𝑪𝒐𝒏𝟕 ∩ 𝓜𝓢𝑺𝒖𝒃𝑪𝒐𝒏𝟑 = 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 7 ∩ 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑎. 10 

= (−∞, +∞)(𝑛−6)~(−∞, +∞)(𝑛−5)~[(𝑛), +∞)(𝑛−4)~[(𝑛), +∞)(𝑛−3)~[(𝑛), +∞)(𝑛−2)~ 

[(𝑛) + ℋ, +∞)(𝑛−1)~(−∞, +∞)(𝑛)~[(𝑛), +∞)(𝑛+1)~[(𝑛), +∞)(𝑛+2)~ 

(−∞, (𝑛) − ℋ)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6) 
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Figure a.6 ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1, ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2 and ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7 ∩ ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛3 

 

A.4.2 Proof of 𝓜𝓢⋀⃡  (𝒏,𝓗)[𝒏−𝟔,𝒏+𝟔]<𝟕 ⊆ 𝓜𝓢𝑻(𝒏)>𝟎,𝓦=𝟕 

ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7 ⊆ ℳ𝒮𝑇(𝑛)>0,𝒲=7 is equivalent to the statement that none of the 

morphological elements in ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7 belongs to the complementary 

morphological set of ℳ𝒮𝑇(𝑛)>0,𝒲=7. 

According to the ‘Top-hat Output’ section in Table a.1, 

𝐶𝑈ℳ𝒮𝑇(𝑛)>0,𝒲=7 = ℳ𝒮𝑇(𝑛)=0,𝒲=7.                                            (a.15) 

From the Equation a.14, the intersection of certain precondition and sub-condition leads 

to ℳ𝒮𝑇(𝑛)=0,𝒲=7. 

 

Based on all the information above, the procedures of proof are as follows: 

1. Go through all the morphological element in ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7 (in the ‘Positive 

Hats of 7’ column in the Table a.2). 

2. Get the the corresponding precondition (the Equations a.1-a.7) that each 

morphological element belongs to (in the ‘Precondition’ column in the Table a.2). 

3. Get the certain sub-condition (the Equations a.8-a.13), of the precondition and which, 

the intersection leads to ℳ𝒮𝑇(𝑛)=0,𝒲=7 (the ‘Sub-conditions’ column in the Table a.2). 
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4. Verify that each morphological element does not belong to any of the corresponding 

sub-conditions. 

Take the first row in the Table a.2 for example. 

1. All the morphological elements in ⋀𝑛,3,4,ℋ belong to ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7. 

2. All the morphological elements in ⋀𝑛,3,4,ℋ belong to ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2. 

3. Under the precondition 2, only ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛4, ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 or ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 leads to 

ℳ𝒮𝑇(𝑛)=0,𝒲=7. 

4. However, ⋀𝑛,3,4,ℋ shares no common morphological element with ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛4, 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 or ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6. 

Positive Hats of 7 Precondition Sub-condition(s) 

⋀𝑛,3,4,ℋ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛2 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛4 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 

⋀𝑛,2,4,ℋ, ⋀𝑛,2,5,ℋ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛3 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛5 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 

⋀𝑛,1,4,ℋ , ⋀𝑛,1,5,ℋ , ⋀𝑛,1,6,ℋ ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛4 ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛6 

⋀𝑛,1,1,𝐻⋂[(𝑛) − 𝐻, +∞)(𝑛+2)~[(𝑛)

− 𝐻, +∞)(𝑛+3) 

⋀𝑛,2,1,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛5 ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 
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⋀𝑛,3,1,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,4,1,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,5,1,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,6,1,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,1,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,2,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,3,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,4,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,5,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,6,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+2)~[(𝑛)

− ℋ, +∞)(𝑛+3) 

⋀𝑛,1,2,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+3) 

ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛6 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2 
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⋀𝑛,2,2,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+3) 

⋀𝑛,3,2,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+3) 

⋀𝑛,4,2,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+3) 

⋀𝑛,5,2,ℋ⋂[(𝑛) − ℋ, +∞)(𝑛+3) 

⋀𝑛,1,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,2,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,3,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,4,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,5,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,6,1,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,1,2,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,2,2,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,3,2,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,4,2,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,5,2,ℋ⋂(−∞, (𝑛) − ℋ)(𝑛+3) 

⋀𝑛,1,3,ℋ 

⋀𝑛,2,3,ℋ 

⋀𝑛,3,3,ℋ 

⋀𝑛,4,3,ℋ 

ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛7 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛2 

ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛3 

 

Table a.2 Proof of ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7 ⊆ ℳ𝒮𝑇(𝑛)>0,𝒲=7 



80 
 

 

 

A.4.3 the Morphological Element in 𝓜𝓢𝑻(𝒏)>𝟎,𝓦=𝟕 not Belong to 

𝓜𝓢⋀⃡  (𝒏,𝓗)[𝒏−𝟔,𝒏+𝟔]<𝟕 

The morphological elements we are looking for are in the morphological set ℳ𝒮𝑡𝑎𝑟𝑔𝑒𝑡. 

ℳ𝒮𝑡𝑎𝑟𝑔𝑒𝑡 = [(𝑛), (𝑛)](𝑛−6)~[(𝑛), (𝑛)](𝑛−5)~[(𝑛), (𝑛)](𝑛−4)~[(𝑛), (𝑛)](𝑛−3)~ 

[(𝑛), (𝑛)](𝑛−2)~[(𝑛), (𝑛)](𝑛−1)~(−∞, +∞)(𝑛)~(−∞, (𝑛) − ℋ)(𝑛+1)~ 

[(𝑛) − ℋ, +∞)(𝑛+2)~[(𝑛) − ℋ, +∞)(𝑛+3) 

 

ℳ𝒮𝑡𝑎𝑟𝑔𝑒𝑡 is included by ℳ𝒮𝑃𝑟𝑒𝐶𝑜𝑛5 (Equation a.5), but it shares no common 

morphological element with ℳ𝒮𝑆𝑢𝑏𝐶𝑜𝑛1 (Equation a.8). Therefore, ℳ𝒮𝑡𝑎𝑟𝑔𝑒𝑡 is 

included by the complementary morphological set of ℳ𝒮𝑇(𝑛)=0,𝒲=7 (the same 

procedures of proof in A.4.2). 

 

It is obvious that ℳ𝒮𝑡𝑎𝑟𝑔𝑒𝑡 have no common morphological element with 

ℳ𝒮⋀⃡  (𝑛,ℋ)[𝑛−6,𝑛+6]<7. 
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A.5 Template of a Wide Positive Spike’s Peak with 𝓦 = 𝟕 

The optimized top-hat domain meeting 

[0,0](𝑛)~(0, +∞)(𝑛+1)~(0, +∞)(𝑛+2)~(0, +∞)(𝑛+3)~(0, +∞)(𝑛+4)~(0, +∞)(𝑛+5)~(0, +∞)(𝑛+6)~[0,0](𝑛+7) 

and the optimized bottom-hat domain meeting 

[0,0](𝑛)~(−∞, +∞)(𝑛+1)~(−∞, +∞)(𝑛+2)~(−∞, +∞)(𝑛+3)~(−∞, +∞)(𝑛+4)~(−∞, +∞)(𝑛+5)~(−∞, +∞)(𝑛+6)~[0,0](𝑛+7) 

is equivalent to the input domain meeting 

(−∞, (𝑛) + ℋ](𝑛−6)~(−∞, (𝑛) + ℋ](𝑛−5)~(−∞, (𝑛) + ℋ](𝑛−4)~(−∞, (𝑛) + ℋ](𝑛−3)~(−∞, (𝑛)

+ ℋ](𝑛−2)~ 

(−∞, (𝑛) + ℋ](𝑛−1)~(−∞, +∞)(𝑛)~(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+1)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+2)

~ 

(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+3)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+4)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+5)

~ 

(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+6)

~(−∞, +∞)(𝑛+7)~(−∞, (𝑛 + 7) + ℋ](𝑛+8)~(−∞, (𝑛 + 7)

+ ℋ](𝑛+9)~ 

(−∞, (𝑛 + 7) + ℋ](𝑛+10)~(−∞, (𝑛 + 7) + ℋ](𝑛+11)~(−∞, (𝑛 + 7) + ℋ](𝑛+12)~(−∞, (𝑛 + 7)

+ ℋ](𝑛+13) 

 

Three steps are taken to prove the statement above as follows. 

Step 1 (A.5.1): Obtain the expression of ℳ𝒮𝑂𝑇(𝑛)=0,𝑂𝐵(𝑛)=0,𝒲=7. 

Step 2 (A.5.2): Prove 
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ℳ𝒮𝑂𝑇(𝑛+1)>0,𝑂𝑇(𝑛+2)>0,𝑂𝑇(𝑛+3)>0,𝑂𝑇(𝑛+4)>0,𝑂𝑇(𝑛+5)>0,𝑂𝑇(𝑛+6)>0,𝒲=7 = 

(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+1)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+2)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+3)

~ 

(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+4)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+5)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+6)

 

Step 3 (A.5.3): Obtain the expression of 

ℳ𝒮𝑂𝑇(𝑛)=0,𝑂𝐵(𝑛)=0,𝒲=7⋂ℳ𝒮𝑂𝑇(𝑛+1)>0,𝑂𝑇(𝑛+2)>0,𝑂𝑇(𝑛+3)>0,𝑂𝑇(𝑛+4)>0,𝑂𝑇(𝑛+5)>0,𝑂𝑇(𝑛+6)>0,𝒲=7⋂ℳ𝒮𝑂𝑇(𝑛+7)=0,𝑂𝐵(𝑛+7)=0,𝒲=7
 

 

A.5.1 𝓜𝓢𝑶𝑻(𝒏)=𝟎,𝑶𝑩(𝒏)=𝟎,𝓦=𝟕 

According to the Equations 2.7-2.10, 

ℳ𝒮𝑂𝑇(𝑛)=0,𝒲=7 = ⋃ [(𝑛) − ℋ, +∞)(𝑛−𝒲+𝑚)~ … ~[(𝑛) − ℋ, +∞)(𝑛+𝑚−1)

𝑚=1,2,…,𝒲

 

ℳ𝒮𝑂𝐵(𝑛)=0,𝒲=7 = ⋃ (−∞, (𝑛) + ℋ](𝑛−𝒲+𝑚)~ … ~(−∞, (𝑛) + ℋ](𝑛+𝑚−1)

𝑚=1,2,…,𝒲

 

 

ℳ𝒮𝑂𝑇(𝑛)=0,𝑂𝐵(𝑛)=0,𝒲=7 = ℳ𝒮𝑂𝑇(𝑛)=0,𝒲=7 ∩ ℳ𝒮𝑂𝐵(𝑛)=0,𝒲=7

= ⋃ [(𝑛) − ℋ, +∞)(𝑛+𝑚−7)~ … ~[(𝑛) − ℋ, +∞)(𝑛+𝑚−1)

𝑚=1,2,…,7

∩ ⋃ (−∞, (𝑛) + ℋ](𝑛+𝑚−7)~ … ~(−∞, (𝑛) + ℋ](𝑛+𝑚−1)

𝑚=1,2,…,7
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Figure a.7 ℳ𝒮𝑂𝑇(𝑛)=0,𝑂𝐵(𝑛)=0,𝒲=7 

 

 



84 
 

A.5.2 Proof of 

𝓜𝓢𝑶𝑻(𝒏+𝟏)>𝟎,𝑶𝑻(𝒏+𝟐)>𝟎,𝑶𝑻(𝒏+𝟑)>𝟎,𝑶𝑻(𝒏+𝟒)>𝟎,𝑶𝑻(𝒏+𝟓)>𝟎,𝑶𝑻(𝒏+𝟔)>𝟎,𝓦=𝟕 = 

(𝒎𝒂𝒙((𝒏), (𝒏 + 𝟕)) + 𝓗, +∞)
(𝒏+𝟏)

~(𝒎𝒂𝒙((𝒏), (𝒏 + 𝟕)) + 𝓗, +∞)
(𝒏+𝟐)

~(𝒎𝒂𝒙((𝒏), (𝒏 + 𝟕))

+ 𝓗, +∞)
(𝒏+𝟑)

~ 

(𝒎𝒂𝒙((𝒏), (𝒏 + 𝟕)) + 𝓗, +∞)
(𝒏+𝟒)

~(𝒎𝒂𝒙((𝒏), (𝒏 + 𝟕)) + 𝓗, +∞)
(𝒏+𝟓)

~(𝒎𝒂𝒙((𝒏), (𝒏 + 𝟕))

+ 𝓗, +∞)
(𝒏+𝟔)

 

 

First, prove 𝑂𝑇(𝑛 + 1) > 0, 𝑂𝑇(𝑛 + 2) > 0, 𝑂𝑇(𝑛 + 3) > 0, 𝑂𝑇(𝑛 + 4) > 0, 𝑂𝑇(𝑛 + 5) >

0, 𝑂𝑇(𝑛 + 6) > 0 ⟹ min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} >

max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ} 

 

Let 𝑚, 𝑛 + 1 ≤ 𝑚 ≤ 𝑛 + 6 be the time point when 𝐼(𝑚) is the minimum of  

𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6).  

 

If 𝐼(𝑚) ≤ 𝐼(𝑛) + ℋ, 

𝐼(𝑚) ≤ 𝐼(𝑛) + ℋ, 𝑛 + 1 ≤ 𝑚 ≤ 𝑛 + 6 

⟹ 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛), 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛 + 1), 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛 + 2), 𝐼(𝑚) − ℋ

≤ 𝐼(𝑛 + 3), 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛 + 4), 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛 + 5), 𝐼(𝑚) − ℋ

≤ 𝐼(𝑛 + 6) 

⟹ 𝑂𝑇(𝑚) = 0, which is contradictory to 𝑂𝑇(𝑚) > 0. 
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If 𝐼(𝑚) ≤ 𝐼(𝑛 + 7) + ℋ, 

𝐼(𝑚) ≤ 𝐼(𝑛 + 7) + ℋ, 𝑛 + 1 ≤ 𝑚 ≤ 𝑛 + 6 

⟹ 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛 + 1), 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛 + 2), 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛 + 3), 𝐼(𝑚) − ℋ

≤ 𝐼(𝑛 + 4), 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛 + 5), 𝐼(𝑚) − ℋ ≤ 𝐼(𝑛 + 6), 𝐼(𝑚) − ℋ

≤ 𝐼(𝑛 + 7) 

⟹ 𝑂𝑇(𝑚) = 0, which is contradictory to 𝑂𝑇(𝑚) > 0. 

 

Therefore, 𝑂𝑇(𝑛 + 1) > 0, 𝑂𝑇(𝑛 + 2) > 0, 𝑂𝑇(𝑛 + 3) > 0, 𝑂𝑇(𝑛 + 4) > 0, 𝑂𝑇(𝑛 + 5) >

0, 𝑂𝑇(𝑛 + 6) > 0 ⟹ min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} >

max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ}. 

 

Second, prove 𝑂𝑇(𝑛 + 1) > 0, 𝑂𝑇(𝑛 + 2) > 0, 𝑂𝑇(𝑛 + 3) > 0, 𝑂𝑇(𝑛 + 4) > 0, 𝑂𝑇(𝑛 + 5) >

0, 𝑂𝑇(𝑛 + 6) > 0 ⟸ min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} >

max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ} 

 

min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} > max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ}

⟹ 𝐼(𝑛 + 1) − ℋ > 𝐼(𝑛), 𝐼(𝑛 + 1) − ℋ > 𝐼(𝑛 + 7) ⟹ 𝑂𝑇(𝑛 + 1) > 0 

min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} > max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ}

⟹ 𝐼(𝑛 + 2) − ℋ > 𝐼(𝑛), 𝐼(𝑛 + 2) − ℋ > 𝐼(𝑛 + 7) ⟹ 𝑂𝑇(𝑛 + 2) > 0 

min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} > max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ}

⟹ 𝐼(𝑛 + 3) − ℋ > 𝐼(𝑛), 𝐼(𝑛 + 3) − ℋ > 𝐼(𝑛 + 7) ⟹ 𝑂𝑇(𝑛 + 3) > 0 
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min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} > max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ}

⟹ 𝐼(𝑛 + 4) − ℋ > 𝐼(𝑛), 𝐼(𝑛 + 4) − ℋ > 𝐼(𝑛 + 7) ⟹ 𝑂𝑇(𝑛 + 4) > 0 

min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} > max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ}

⟹ 𝐼(𝑛 + 5) − ℋ > 𝐼(𝑛), 𝐼(𝑛 + 5) − ℋ > 𝐼(𝑛 + 7) ⟹ 𝑂𝑇(𝑛 + 5) > 0 

min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} > max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ}

⟹ 𝐼(𝑛 + 6) − ℋ > 𝐼(𝑛), 𝐼(𝑛 + 6) − ℋ > 𝐼(𝑛 + 7) ⟹ 𝑂𝑇(𝑛 + 6) > 0 

Therefore, 𝑂𝑇(𝑛 + 1) > 0, 𝑂𝑇(𝑛 + 2) > 0, 𝑂𝑇(𝑛 + 3) > 0, 𝑂𝑇(𝑛 + 4) > 0, 𝑂𝑇(𝑛 + 5) >

0, 𝑂𝑇(𝑛 + 6) > 0 ⟸ min{𝐼(𝑛 + 1), 𝐼(𝑛 + 2), 𝐼(𝑛 + 3), 𝐼(𝑛 + 4), 𝐼(𝑛 + 5), 𝐼(𝑛 + 6)} >

max{𝐼(𝑛) + ℋ, 𝐼(𝑛 + 7) + ℋ}. 

 

Finally, 

ℳ𝒮𝑂𝑇(𝑛+1)>0,𝑂𝑇(𝑛+2)>0,𝑂𝑇(𝑛+3)>0,𝑂𝑇(𝑛+4)>0,𝑂𝑇(𝑛+5)>0,𝑂𝑇(𝑛+6)>0,𝒲=7 = 

(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+1)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+2)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+3)

~ 

(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+4)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+5)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+6)

 

 

A.5.3 

𝓜𝓢𝑶𝑻(𝒏)=𝟎,𝑶𝑩(𝒏)=𝟎,𝓦=𝟕⋂𝓜𝓢𝑶𝑻(𝒏+𝟏)>𝟎,𝑶𝑻(𝒏+𝟐)>𝟎,𝑶𝑻(𝒏+𝟑)>𝟎,𝑶𝑻(𝒏+𝟒)>𝟎,𝑶𝑻(𝒏+𝟓)>𝟎,𝑶𝑻(𝒏+𝟔)>𝟎,𝓦=𝟕⋂𝓜𝓢𝑶𝑻(𝒏+𝟕)=𝟎,𝑶𝑩(𝒏+𝟕)=𝟎,𝓦=𝟕 
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ℳ𝒮𝑂𝑇(𝑛)=0,𝑂𝐵(𝑛)=0,𝒲=7 = ℳ𝒮𝑂𝑇(𝑛)=0,𝒲=7 ∩ ℳ𝒮𝑂𝐵(𝑛)=0,𝒲=7

= ⋃ [(𝑛) − ℋ, +∞)(𝑛+𝑚−7)~ … ~[(𝑛) − ℋ, +∞)(𝑛+𝑚−1)

𝑚=1,2,…,7

∩ ⋃ (−∞, (𝑛) + ℋ](𝑛+𝑚−7)~ … ~(−∞, (𝑛) + ℋ](𝑛+𝑚−1)

𝑚=1,2,…,7

 

ℳ𝒮𝑂𝑇(𝑛+1)>0,𝑂𝑇(𝑛+2)>0,𝑂𝑇(𝑛+3)>0,𝑂𝑇(𝑛+4)>0,𝑂𝑇(𝑛+5)>0,𝑂𝑇(𝑛+6)>0,𝒲=7 = 

(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+1)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+2)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+3)

~ 

(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+4)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+5)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+6)

 

ℳ𝒮𝑂𝑇(𝑛+7)=0,𝑂𝐵(𝑛+7)=0,𝒲=7 = ℳ𝒮𝑂𝑇(𝑛+7)=0,𝒲=7 ∩ ℳ𝒮𝑂𝐵(𝑛+7)=0,𝒲=7

= ⋃ [(𝑛 + 7) − ℋ, +∞)(𝑛+𝑚)~ … ~[(𝑛 + 7) − ℋ, +∞)(𝑛+𝑚+6)

𝑚=1,2,…,7

∩ ⋃ (−∞, (𝑛 + 7) + ℋ](𝑛+𝑚)~ … ~(−∞, (𝑛 + 7) + ℋ](𝑛+𝑚+6)

𝑚=1,2,…,7

 

 

ℳ𝒮𝑂𝑇(𝑛)=0,𝑂𝐵(𝑛)=0,𝒲=7⋂ℳ𝒮𝑂𝑇(𝑛+1)>0,𝑂𝑇(𝑛+2)>0,𝑂𝑇(𝑛+3)>0,𝑂𝑇(𝑛+4)>0,𝑂𝑇(𝑛+5)>0,𝑂𝑇(𝑛+6)>0,𝒲=7 
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⋂ℳ𝒮𝑂𝑇(𝑛+7)=0,𝑂𝐵(𝑛+7)=0,𝒲=7

= ( ⋃ [(𝑛) − ℋ, +∞)(𝑛+𝑚−7)~ … ~[(𝑛) − ℋ, +∞)(𝑛+𝑚−1)

𝑚=1,2,…,7

∩ ⋃ (−∞, (𝑛) + ℋ](𝑛+𝑚−7)~ … ~(−∞, (𝑛) + ℋ](𝑛+𝑚−1)

𝑚=1,2,…,7

)

∩ (𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+1)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+2)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+3)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+4)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+5)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7)) + ℋ, +∞)
(𝑛+6)

∩ ( ⋃ [(𝑛 + 7) − ℋ, +∞)(𝑛+𝑚)~ … ~[(𝑛 + 7) − ℋ, +∞)(𝑛+𝑚+6)

𝑚=1,2,…,7

∩ ⋃ (−∞, (𝑛 + 7) + ℋ](𝑛+𝑚)~ … ~(−∞, (𝑛 + 7) + ℋ](𝑛+𝑚+6)

𝑚=1,2,…,7

)

= (−∞, (𝑛) + ℋ](𝑛−6)~(−∞, (𝑛) + ℋ](𝑛−5)~(−∞, (𝑛)

+ ℋ](𝑛−4)~(−∞, 𝑛 + ℋ](𝑛−3)~(−∞, (𝑛) + ℋ](𝑛−2)~(−∞, (𝑛)

+ ℋ](𝑛−1)~(−∞, +∞)(𝑛)~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+1)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+2)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+3)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+4)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))
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+ ℋ, +∞)
(𝑛+5)

~(𝑚𝑎𝑥((𝑛), (𝑛 + 7))

+ ℋ, +∞)
(𝑛+6)

~(−∞, +∞)(𝑛+7)~(−∞, (𝑛 + 7)

+ ℋ](𝑛+8)~(−∞, (𝑛 + 7) + ℋ](𝑛+9)~(−∞, (𝑛 + 7)

+ ℋ](𝑛+10)~(−∞, (𝑛 + 7) + ℋ](𝑛+11)~(−∞, (𝑛 + 7)

+ ℋ](𝑛+12)~(−∞, (𝑛 + 7) + ℋ](𝑛+13) 
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Appendix B Source Codes 

B.1 Morphological Filter MATLAB Codes 

function[top_hat,bottom_hat,erosion,dilation,opening,closing] = 

MorphologicalFilter(window_data,structuring_element_width,structuring_e

lement_height) 

  
top_hat = 0; 
bottom_hat = 0; 
erosion = zeros(1,structuring_element_width); 
dilation = zeros(1,structuring_element_width); 
opening = 0; 
closing = 0; 

  
if(length(window_data) ~= 2*structuring_element_width-1) 
    disp('Input Error!'); 
    return; 
end 

  
structuring_element = zeros(1,structuring_element_width); 
structuring_element((structuring_element_width+1)/2) = 

structuring_element_height; 

  
for i = 1:structuring_element_width 
    erosion(i) = min(window_data(i:i+structuring_element_width-1)-

structuring_element); 
end 
opening = max(erosion+structuring_element); 
top_hat = window_data(structuring_element_width)-opening; 
erosion = erosion((structuring_element_width+1)/2); 

  
for i = 1:structuring_element_width 
    dilation(i) = max(window_data(i:i+structuring_element_width-

1)+structuring_element); 
end 
closing = min(dilation-structuring_element); 
bottom_hat = closing-window_data(structuring_element_width); 
dilation = dilation((structuring_element_width+1)/2); 

  
end 
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B.2 Optimization MATLAB Codes 

function[optimized_top_hat,optimized_bottom_hat] = 

Optimization(window_data,top_hat,bottom_hat,structuring_element_width,s

tructuring_element_height) 

  
optimized_top_hat = top_hat; 
optimized_bottom_hat = bottom_hat; 

  
if(length(window_data) ~= 2*structuring_element_width-1) 
    disp('Input Error!'); 
    return; 
end 

  
for i = 1:structuring_element_width 
    if(window_data(i:i+structuring_element_width-1) >= 

window_data(structuring_element_width)-structuring_element_height) 
        optimized_top_hat = 0; 
        break; 
    end 
end 

  
for i = 1:structuring_element_width 
    if(window_data(i:i+structuring_element_width-1) <= 

window_data(structuring_element_width)+structuring_element_height) 
        optimized_bottom_hat = 0; 
        break; 
    end 
end 

  
end 
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B.3 Recognition MATLAB Codes 

function[recognition] = 

Recognition(optimized_top_hat,optimized_bottom_hat,structuring_element_

width,amplitude_threshold) 

  
recognition = 1; 

  
if(length(optimized_top_hat)~=2*structuring_element_width-1 || 

length(optimized_bottom_hat)~=2*structuring_element_width-1) 
    disp('Input Error!'); 
    return; 
end 

  
if(optimized_top_hat(structuring_element_width)<=amplitude_threshold && 

optimized_bottom_hat(structuring_element_width)<=amplitude_threshold) 
    recognition = 0; 
    return; 
end 

  
if(amplitude_threshold == 0) 
    amplitude_threshold = inf; 
end 

  
for i=1:structuring_element_width-1 
    if(optimized_top_hat(i)==0 && 

optimized_top_hat(i+structuring_element_width)==0 && 

optimized_bottom_hat(i)==0 && 

optimized_bottom_hat(i+structuring_element_width)==0) 
        if(optimized_top_hat(i+1:i+structuring_element_width-1) > 0) 
            if(optimized_top_hat(structuring_element_width) <= 

2*amplitude_threshold) 
                recognition = 0; 
                return; 
            end        
        end 
        if(optimized_bottom_hat(i+1:i+structuring_element_width-1) > 0) 
            if(optimized_bottom_hat(structuring_element_width) <= 

2*amplitude_threshold) 
                recognition = 0; 
                return; 
            end      
        end 
    end 
end 

  
end 
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B.4 Spike Detection MATLAB Codes 

function[recognition,erosion,dilation,opening,closing,top_hat,bottom_ha

t,optimized_top_hat,optimized_bottom_hat] = 

SpikeDetection(window_data,structuring_element_width,structuring_elemen

t_height,amplitude_threshold) 

  
recognition = 1; 
erosion = zeros(1,2*structuring_element_width-1); 
dilation = zeros(1,2*structuring_element_width-1); 
opening = zeros(1,2*structuring_element_width-1); 
closing = zeros(1,2*structuring_element_width-1); 
top_hat = zeros(1,2*structuring_element_width-1); 
bottom_hat = zeros(1,2*structuring_element_width-1); 
optimized_top_hat = zeros(1,2*structuring_element_width-1); 
optimized_bottom_hat = zeros(1,2*structuring_element_width-1); 

  
if(length(window_data) ~= 4*structuring_element_width-3) 
    disp('Input Error!'); 
    return; 
end 

  
for i=1:2*structuring_element_width-1 
    

[top_hat(i),bottom_hat(i),erosion(i),dilation(i),opening(i),closing(i)] 

= MorphologicalFilter(window_data(i:i+2*structuring_element_width-

2),structuring_element_width,structuring_element_height); 
    [optimized_top_hat(i),optimized_bottom_hat(i)] = 

Optimization(window_data(i:i+2*structuring_element_width-

2),top_hat(i),bottom_hat(i),structuring_element_width,structuring_eleme

nt_height); 
end 

  
[recognition] = 

Recognition(optimized_top_hat,optimized_bottom_hat,structuring_element_

width,amplitude_threshold); 

  
erosion = erosion(structuring_element_width); 
dilation = dilation(structuring_element_width); 
opening = opening(structuring_element_width); 
closing = closing(structuring_element_width); 
top_hat = top_hat(structuring_element_width); 
bottom_hat = bottom_hat(structuring_element_width); 
optimized_top_hat = optimized_top_hat(structuring_element_width); 
optimized_bottom_hat = optimized_bottom_hat(structuring_element_width); 

  
end 
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B.5 Haar Wavelet Decomposition and Reconstruction MATLAB Codes 

function[approximation,detail] = HaarDecomposition(window_data) 

  
approximation = zeros(1,ceil(length(window_data)/2)); 
detail = zeros(1,ceil(length(window_data)/2)); 

  
if(mod(length(window_data),2) ~= 0) 
    disp('Input Error!'); 
    return 
end 

  
for i = 1:length(window_data)/2 
    approximation(i) = floor((window_data(2*i-1)+window_data(2*i))/2); 
    detail(i) = floor((window_data(2*i-1)-window_data(2*i))/2); 
end 

  
end 

 

function[reconstructed_window_data] = 

HaarReconstruction(approximation,detail) 

  
reconstructed_window_data = zeros(1,2*length(approximation)); 

  
if(length(approximation) ~= length(detail)) 
    disp('Input Error!'); 
    return 
end 

  
for i = 1:length(approximation) 
    reconstructed_window_data(2*i-1) = approximation(i) + detail(i); 
    reconstructed_window_data(2*i) = approximation(i) - detail(i); 
end 

  
end 
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B.6 Spike Smoothing MATLAB Codes 

function[smoothing_9,smoothing_17] = 

SpikeSmoothing(window_data,shrinkage_degree) 

  
smoothing_9 = 0; 
smoothing_17 = 0; 

  
if(length(window_data) ~= 32) 
    disp('Input Error!'); 
    return; 
end 

  
[approximation_decomposition_1,detail_decomposition_1] = 

HaarDecomposition(window_data); 
[approximation_decomposition_2,detail_decomposition_2] = 

HaarDecomposition(approximation_decomposition_1); 
[approximation_decomposition_3,detail_decomposition_3] = 

HaarDecomposition(approximation_decomposition_2); 
[approximation_decomposition_4,detail_decomposition_4] = 

HaarDecomposition(approximation_decomposition_3); 
[approximation_decomposition_5,detail_decomposition_5] = 

HaarDecomposition(approximation_decomposition_4); 

  
detail_reconstruction_1 = floor(detail_decomposition_1 / 

2^shrinkage_degree); 
detail_reconstruction_2 = floor(detail_decomposition_2 / 

2^shrinkage_degree); 
detail_reconstruction_3 = floor(detail_decomposition_3 / 

2^shrinkage_degree); 
detail_reconstruction_4 = floor(detail_decomposition_4 / 

2^shrinkage_degree); 
detail_reconstruction_5 = floor(detail_decomposition_5 / 

2^shrinkage_degree); 
approximation_reconstruction_5 = approximation_decomposition_5; 

  
approximation_reconstruction_4 = 

HaarReconstruction(approximation_reconstruction_5,detail_reconstruction

_5); 
approximation_reconstruction_3 = 

HaarReconstruction(approximation_reconstruction_4,detail_reconstruction

_4); 
approximation_reconstruction_2 = 

HaarReconstruction(approximation_reconstruction_3,detail_reconstruction

_3); 
approximation_reconstruction_1 = 

HaarReconstruction(approximation_reconstruction_2,detail_reconstruction

_2); 
smoothing = 

HaarReconstruction(approximation_reconstruction_1,detail_reconstruction

_1); 

  
smoothing_9 = smoothing(9); 
smoothing_17= smoothing(17); 
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end 
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B.7 Spike Removal MATLAB Codes 

function[removal,erosion,dilation,opening,closing,top_hat,bottom_hat,op

timized_top_hat,optimized_bottom_hat,recognition,smoothing_9,smoothing_

17] = 

SpikeDetectionSmoothing(window_data,structuring_element_width,structuri

ng_element_height,amplitude_threshold,shrinkage_degree) 

  
removal = 0; 
erosion = 0; 
dilation = 0; 
opening = 0; 
closing = 0; 
top_hat = 0; 
bottom_hat = 0; 
optimized_top_hat = 0; 
optimized_bottom_hat = 0; 
recognition = 1; 
smoothing_9 = 0; 
smoothing_17 = 0; 

  
if(length(window_data) ~= 4*structuring_element_width-3) 
    disp('Input Error!'); 
    return 
end 

  
[recognition,erosion,dilation,opening,closing,top_hat,bottom_hat,optimi

zed_top_hat,optimized_bottom_hat] = 

SpikeDetection(window_data,structuring_element_width,structuring_elemen

t_height,amplitude_threshold); 

  
if(structuring_element_width == 11) 
    [smoothing_9,smoothing_17] = 

SpikeSmoothing(window_data(5:36),shrinkage_degree); 
    if(recognition == 1) 
        removal = smoothing_17; 
    else 
        removal = window_data(2*structuring_element_width-1); 
    end 
elseif(structuring_element_width == 9) 
    [smoothing_9,smoothing_17] = 

SpikeSmoothing(window_data(1:32),shrinkage_degree); 
    if(recognition == 1) 
        removal = smoothing_17; 
    else 
        removal = window_data(2*structuring_element_width-1); 
    end 
elseif(structuring_element_width == 7) 
    [smoothing_9,smoothing_17] = 

SpikeSmoothing([window_data(5:20),window_data(5:20)],shrinkage_degree); 
    if(recognition == 1) 
        removal = smoothing_9; 
    else 
        removal = window_data(2*structuring_element_width-1); 
    end 
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elseif(structuring_element_width == 5) 
    [smoothing_9,smoothing_17] = 

SpikeSmoothing([window_data(1:16),window_data(1:16)],shrinkage_degree); 
    if(recognition == 1) 
        removal = smoothing_9; 
    else 
        removal = window_data(2*structuring_element_width-1); 
    end 
end 

  
end 
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B.8 Spike Detection Simulation MATLAB Codes 

close all; 
clearvars; 

  
structuring_element_width = 7; 
structuring_element_height = 2; 
amplitude_threshold = 15; 

  
input_data = load('log.txt'); 
input_data = input_data(1,100:499); 

  
for i = 0:40 
    input_data(280+i) = input_data(280+i)+round(400*sin(pi/40*i)); 
end 

  
recognition = zeros(1,length(input_data)); 
erosion = input_data; 
dilation = input_data; 
opening = input_data; 
closing = input_data; 
top_hat = zeros(1,length(input_data)); 
bottom_hat = zeros(1,length(input_data)); 
optimized_top_hat = zeros(1,length(input_data)); 
optimized_bottom_hat = zeros(1,length(input_data)); 

  
for i = 2*structuring_element_width-1:length(input_data)-

2*structuring_element_width+2 
    

[recognition(i),erosion(i),dilation(i),opening(i),closing(i),top_hat(i)

,bottom_hat(i),optimized_top_hat(i),optimized_bottom_hat(i)] = 

SpikeDetection(input_data(i-

2*structuring_element_width+2:i+2*structuring_element_width-

2),structuring_element_width,structuring_element_height,amplitude_thres

hold); 
end 

  
figure('Name','Spike Detection Demo'); 
p_input = plot(input_data,'.-k'); 
hold on; 
for i = 1:length(input_data) 
    if(recognition(i) == 1) 
        p_recognition = plot(i,input_data(i),'ok','MarkerSize',5); 
    end 
end 
xlabel('Time Point'); 
ylabel('Amplitude'); 
title('Spike Detection @W=7,H=2,A=15'); 
legend([p_input,p_recognition],{'Input(n)','Recognition(n)==1'}); 

 

 



100 
 

B.9 Spike Smoothing Simulation MATLAB Codes 

close all; 
clearvars; 

  
shrinkage_degree = 1; 

  
input_data = load('log.txt'); 
input_data = input_data(1,100:499); 

  
smoothing = input_data; 

  
for i = 9:length(input_data)-7 
    [smoothing(i),] = SpikeSmoothing([input_data(i-8:i+7),input_data(i-

8:i+7)],shrinkage_degree); 
end 

  
figure('Name','Spike Smoothing Demo'); 
p_smoothing = plot(smoothing,'-k'); 
hold on; 
p_input = plot(input_data,'.k'); 
xlabel('Time Point'); 
ylabel('Amplitude'); 
title('Spike Smoothing @S=1'); 
legend([p_input,p_smoothing],{'Input(n)','Smoothing(n)'}); 
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B.10 Spike Removal Simulation MATLAB Codes 

close all; 
clearvars; 

  
structuring_element_width = 7; 
structuring_element_height = 2; 
amplitude_threshold = 15; 
shrinkage_degree = 4; 

  
%load('TestData.mat','input_data'); 

  
input_data = load('log.txt'); 
input_data = input_data(1,1:5000); 

  
removal = input_data; 
erosion = input_data; 
dilation = input_data; 
opening = input_data; 
closing = input_data; 
top_hat = zeros(1,length(input_data)); 
bottom_hat = zeros(1,length(input_data)); 
optimized_top_hat = zeros(1,length(input_data)); 
optimized_bottom_hat = zeros(1,length(input_data)); 
recognition = zeros(1,length(input_data)); 
smoothing_9 = input_data; 
smoothing_17 = input_data; 

  
for i = 2*structuring_element_width-1:length(input_data)-

2*structuring_element_width+2 
    

[removal(i),erosion(i),dilation(i),opening(i),closing(i),top_hat(i),bot

tom_hat(i),optimized_top_hat(i),optimized_bottom_hat(i),recognition(i),

smoothing_9(i),smoothing_17(i)] = SpikeDetectionSmoothing(input_data(i-

2*structuring_element_width+2:i+2*structuring_element_width-

2),structuring_element_width,structuring_element_height,amplitude_thres

hold,shrinkage_degree); 
end 

  
figure('Name','Spike Detection Smoothing Demo'); 
p_removal = plot(removal,'-k'); 
hold on; 
for i = 1:length(input_data) 
    if(recognition(i) == 1) 
        p_recognition = plot(i,input_data(i),'.k'); 
    end 
end 
xlabel('Time Point'); 
ylabel('Amplitude'); 
title('Spike Detection Smoothing @W=7,H=2,A=15,S=4'); 
legend([p_recognition,p_removal],{'Detected Spikes In 

Input(n)','Removal(n)'}); 
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B.11 Top Module of Erosion Verilog Codes 

/* Erosion W=7 */ 

module ers_w_7 

# 

( 

parameter DAT_WDT = 12, // Data Width 

parameter STR_ELM_HGH = 10 // Structuring Element Height 

) 

( 

input clk, // Clock 

input rst, // Reset 

input [DAT_WDT:0] din_0, // Data In 0 

input [DAT_WDT:0] din_1, // Data In 1 

input [DAT_WDT:0] din_2, // Data In 2 

input [DAT_WDT:0] din_3, // Data In 3 

input [DAT_WDT:0] din_4, // Data In 4 

input [DAT_WDT:0] din_5, // Data In 5 

input [DAT_WDT:0] din_6, // Data In 6 

input [DAT_WDT:0] din_7, // Data In 7 

input [DAT_WDT:0] din_8, // Data In 8 

input [DAT_WDT:0] din_9, // Data In 9 

input [DAT_WDT:0] din_10, // Data In 10 

input [DAT_WDT:0] din_11, // Data In 11 

input [DAT_WDT:0] din_12, // Data In 12 

input [DAT_WDT:0] din_13, // Data In 13 

input [DAT_WDT:0] din_14, // Data In 14 

input [DAT_WDT:0] din_15, // Data In 15 

input [DAT_WDT:0] din_16, // Data In 16 

input [DAT_WDT:0] din_17, // Data In 17 

input [DAT_WDT:0] din_18, // Data In 18 

input [DAT_WDT:0] din_19, // Data In 19 
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input [DAT_WDT:0] din_20, // Data In 20 

input [DAT_WDT:0] din_21, // Data In 21 

input [DAT_WDT:0] din_22, // Data In 22 

input [DAT_WDT:0] din_23, // Data In 23 

input [DAT_WDT:0] din_24, // Data In 24 

output wire [DAT_WDT:0] dout_0, // Data Out 0 

output wire [DAT_WDT:0] dout_1, // Data Out 1 

output wire [DAT_WDT:0] dout_2, // Data Out 2 

output wire [DAT_WDT:0] dout_3, // Data Out 3 

output wire [DAT_WDT:0] dout_4, // Data Out 4 

output wire [DAT_WDT:0] dout_5, // Data Out 5 

output wire [DAT_WDT:0] dout_6, // Data Out 6 

output wire [DAT_WDT:0] dout_7, // Data Out 7 

output wire [DAT_WDT:0] dout_8, // Data Out 8 

output wire [DAT_WDT:0] dout_9, // Data Out 9 

output wire [DAT_WDT:0] dout_10, // Data Out 10 

output wire [DAT_WDT:0] dout_11, // Data Out 11 

output wire [DAT_WDT:0] dout_12, // Data Out 12 

output wire [DAT_WDT:0] dout_13, // Data Out 13 

output wire [DAT_WDT:0] dout_14, // Data Out 14 

output wire [DAT_WDT:0] dout_15, // Data Out 15 

output wire [DAT_WDT:0] dout_16, // Data Out 16 

output wire [DAT_WDT:0] dout_17, // Data Out 17 

output wire [DAT_WDT:0] dout_18 // Data Out 18 

); 

 

wire [DAT_WDT:0] min_din_1_2; 

wire [DAT_WDT:0] min_din_3_4; 

wire [DAT_WDT:0] min_din_5_6; 

wire [DAT_WDT:0] min_din_7_8; 

wire [DAT_WDT:0] min_din_9_10; 

wire [DAT_WDT:0] min_din_11_12; 
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wire [DAT_WDT:0] min_din_13_14; 

wire [DAT_WDT:0] min_din_15_16; 

wire [DAT_WDT:0] min_din_17_18; 

wire [DAT_WDT:0] min_din_19_20; 

wire [DAT_WDT:0] min_din_21_22; 

wire [DAT_WDT:0] min_din_23_24; 

 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_1_2  
(.clk(clk),.rst(rst),.din_0(din_1), .din_1(din_2), .dout(min_din_1_2)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_3_4  
(.clk(clk),.rst(rst),.din_0(din_3), .din_1(din_4), .dout(min_din_3_4)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_5_6  
(.clk(clk),.rst(rst),.din_0(din_5), .din_1(din_6), .dout(min_din_5_6)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_7_8  
(.clk(clk),.rst(rst),.din_0(din_7), .din_1(din_8), .dout(min_din_7_8)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_9_10 
(.clk(clk),.rst(rst),.din_0(din_9), .din_1(din_10),.dout(min_din_9_10)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_11_12(.clk(clk),.rst(rst),.din_0(din_11),.din_1(din_12),.dout(min_din_11_12)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_13_14(.clk(clk),.rst(rst),.din_0(din_13),.din_1(din_14),.dout(min_din_13_14)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_15_16(.clk(clk),.rst(rst),.din_0(din_15),.din_1(din_16),.dout(min_din_15_16)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_17_18(.clk(clk),.rst(rst),.din_0(din_17),.din_1(din_18),.dout(min_din_17_18)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_19_20(.clk(clk),.rst(rst),.din_0(din_19),.din_1(din_20),.dout(min_din_19_20)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_21_22(.clk(clk),.rst(rst),.din_0(din_21),.din_1(din_22),.dout(min_din_21_22)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_23_24(.clk(clk),.rst(rst),.din_0(din_23),.din_1(din_24),.dout(min_din_23_24)); 

 

wire [DAT_WDT:0] min_din_0_to_2; 

wire [DAT_WDT:0] min_din_1_to_3; 

wire [DAT_WDT:0] min_din_2_to_4; 

wire [DAT_WDT:0] min_din_3_to_5; 

wire [DAT_WDT:0] min_din_4_to_6; 
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wire [DAT_WDT:0] min_din_5_to_7; 

wire [DAT_WDT:0] min_din_6_to_8; 

wire [DAT_WDT:0] min_din_7_to_9; 

wire [DAT_WDT:0] min_din_8_to_10; 

wire [DAT_WDT:0] min_din_9_to_11; 

wire [DAT_WDT:0] min_din_10_to_12; 

wire [DAT_WDT:0] min_din_11_to_13; 

wire [DAT_WDT:0] min_din_12_to_14; 

wire [DAT_WDT:0] min_din_13_to_15; 

wire [DAT_WDT:0] min_din_14_to_16; 

wire [DAT_WDT:0] min_din_15_to_17; 

wire [DAT_WDT:0] min_din_16_to_18; 

wire [DAT_WDT:0] min_din_17_to_19; 

wire [DAT_WDT:0] min_din_18_to_20; 

wire [DAT_WDT:0] min_din_19_to_21; 

wire [DAT_WDT:0] min_din_20_to_22; 

wire [DAT_WDT:0] min_din_21_to_23; 

wire [DAT_WDT:0] min_din_22_to_24; 

 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_0_to_2  
(.clk(clk),.rst(rst),.din_0(din_0),        .din_1(min_din_1_2),  .dout(min_din_0_to_2)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_1_to_3  
(.clk(clk),.rst(rst),.din_0(min_din_1_2),  .din_1(din_3),        .dout(min_din_1_to_3)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_2_to_4  
(.clk(clk),.rst(rst),.din_0(din_2),        .din_1(min_din_3_4),  .dout(min_din_2_to_4)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_3_to_5  
(.clk(clk),.rst(rst),.din_0(min_din_3_4),  .din_1(din_5),        .dout(min_din_3_to_5)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_4_to_6  
(.clk(clk),.rst(rst),.din_0(din_4),        .din_1(min_din_5_6),  .dout(min_din_4_to_6)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_5_to_7  
(.clk(clk),.rst(rst),.din_0(min_din_5_6),  .din_1(din_7),        .dout(min_din_5_to_7)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_6_to_8  
(.clk(clk),.rst(rst),.din_0(din_6),        .din_1(min_din_7_8),  .dout(min_din_6_to_8)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_7_to_9  
(.clk(clk),.rst(rst),.din_0(min_din_7_8),  .din_1(din_9),        .dout(min_din_7_to_9)); 
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min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_8_to_10 
(.clk(clk),.rst(rst),.din_0(din_8),        .din_1(min_din_9_10), .dout(min_din_8_to_10)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_9_to_11 
(.clk(clk),.rst(rst),.din_0(min_din_9_10) ,.din_1(din_11),       .dout(min_din_9_to_11)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_10_to_12(.clk(clk),.rst(rst),.din_0(din_10),       .din_1(min_din_11_12),.dout(min_din_10_to_1
2)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_11_to_13(.clk(clk),.rst(rst),.din_0(min_din_11_12),.din_1(din_13),       .dout(min_din_11_to_1
3)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_12_to_14(.clk(clk),.rst(rst),.din_0(din_12),       .din_1(min_din_13_14),.dout(min_din_12_to_1
4)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_13_to_15(.clk(clk),.rst(rst),.din_0(min_din_13_14),.din_1(din_15),       .dout(min_din_13_to_1
5)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_14_to_16(.clk(clk),.rst(rst),.din_0(din_14),       .din_1(min_din_15_16),.dout(min_din_14_to_1
6)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_15_to_17(.clk(clk),.rst(rst),.din_0(min_din_15_16),.din_1(din_17),       .dout(min_din_15_to_1
7)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_16_to_18(.clk(clk),.rst(rst),.din_0(din_16),       .din_1(min_din_17_18),.dout(min_din_16_to_1
8)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_17_to_19(.clk(clk),.rst(rst),.din_0(min_din_17_18),.din_1(din_19),       .dout(min_din_17_to_1
9)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_18_to_20(.clk(clk),.rst(rst),.din_0(din_18),       .din_1(min_din_19_20),.dout(min_din_18_to_2
0)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_19_to_21(.clk(clk),.rst(rst),.din_0(min_din_19_20),.din_1(din_21),       .dout(min_din_19_to_2
1)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_20_to_22(.clk(clk),.rst(rst),.din_0(din_20),       .din_1(min_din_21_22),.dout(min_din_20_to_2
2)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_21_to_23(.clk(clk),.rst(rst),.din_0(min_din_21_22),.din_1(din_23),       .dout(min_din_21_to_2
3)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_22_to_24(.clk(clk),.rst(rst),.din_0(din_22),       .din_1(min_din_23_24),.dout(min_din_22_to_2
4)); 
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wire [DAT_WDT:0] min_din_0_to_2_4_to_6; 

wire [DAT_WDT:0] min_din_1_to_3_5_to_7; 

wire [DAT_WDT:0] min_din_2_to_4_6_to_8; 

wire [DAT_WDT:0] min_din_3_to_5_7_to_9; 

wire [DAT_WDT:0] min_din_4_to_6_8_to_10; 

wire [DAT_WDT:0] min_din_5_to_7_9_to_11; 

wire [DAT_WDT:0] min_din_6_to_8_10_to_12; 

wire [DAT_WDT:0] min_din_7_to_9_11_to_13; 

wire [DAT_WDT:0] min_din_8_to_10_12_to_14; 

wire [DAT_WDT:0] min_din_9_to_11_13_to_15; 

wire [DAT_WDT:0] min_din_10_to_12_14_to_16; 

wire [DAT_WDT:0] min_din_11_to_13_15_to_17; 

wire [DAT_WDT:0] min_din_12_to_14_16_to_18; 

wire [DAT_WDT:0] min_din_13_to_15_17_to_19; 

wire [DAT_WDT:0] min_din_14_to_16_18_to_20; 

wire [DAT_WDT:0] min_din_15_to_17_19_to_21; 

wire [DAT_WDT:0] min_din_16_to_18_20_to_22; 

wire [DAT_WDT:0] min_din_17_to_19_21_to_23; 

wire [DAT_WDT:0] min_din_18_to_20_22_to_24; 

 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_0_to_2_4_to_6    
(.clk(clk),.rst(rst),.din_0(min_din_0_to_2),  .din_1(min_din_4_to_6),  .dout(min_din_0_to_2_4_to_6)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_1_to_3_5_to_7    
(.clk(clk),.rst(rst),.din_0(min_din_1_to_3),  .din_1(min_din_5_to_7),  .dout(min_din_1_to_3_5_to_7)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_2_to_4_6_to_8    
(.clk(clk),.rst(rst),.din_0(min_din_2_to_4),  .din_1(min_din_6_to_8),  .dout(min_din_2_to_4_6_to_8)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_3_to_5_7_to_9    
(.clk(clk),.rst(rst),.din_0(min_din_3_to_5),  .din_1(min_din_7_to_9),  .dout(min_din_3_to_5_7_to_9)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_4_to_6_8_to_10   
(.clk(clk),.rst(rst),.din_0(min_din_4_to_6),  .din_1(min_din_8_to_10), .dout(min_din_4_to_6_8_to_10)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_5_to_7_9_to_11   
(.clk(clk),.rst(rst),.din_0(min_din_5_to_7),  .din_1(min_din_9_to_11), .dout(min_din_5_to_7_9_to_11)); 
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min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_6_to_8_10_to_12  
(.clk(clk),.rst(rst),.din_0(min_din_6_to_8),  .din_1(min_din_10_to_12),.dout(min_din_6_to_8_10_to_12)
); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_7_to_9_11_to_13  
(.clk(clk),.rst(rst),.din_0(min_din_7_to_9),  .din_1(min_din_11_to_13),.dout(min_din_7_to_9_11_to_13)
); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_8_to_10_12_to_14 
(.clk(clk),.rst(rst),.din_0(min_din_8_to_10), .din_1(min_din_12_to_14),.dout(min_din_8_to_10_12_to_1
4)); 

min_uuu #(.DAT_WDT(DAT_WDT)) i_min_din_9_to_11_13_to_15 
(.clk(clk),.rst(rst),.din_0(min_din_9_to_11), .din_1(min_din_13_to_15),.dout(min_din_9_to_11_13_to_1
5)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_10_to_12_14_to_16(.clk(clk),.rst(rst),.din_0(min_din_10_to_12),.din_1(min_din_14_to_16),.
dout(min_din_10_to_12_14_to_16)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_11_to_13_15_to_17(.clk(clk),.rst(rst),.din_0(min_din_11_to_13),.din_1(min_din_15_to_17),.
dout(min_din_11_to_13_15_to_17)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_12_to_14_16_to_18(.clk(clk),.rst(rst),.din_0(min_din_12_to_14),.din_1(min_din_16_to_18),.
dout(min_din_12_to_14_16_to_18)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_13_to_15_17_to_19(.clk(clk),.rst(rst),.din_0(min_din_13_to_15),.din_1(min_din_17_to_19),.
dout(min_din_13_to_15_17_to_19)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_14_to_16_18_to_20(.clk(clk),.rst(rst),.din_0(min_din_14_to_16),.din_1(min_din_18_to_20),.
dout(min_din_14_to_16_18_to_20)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_15_to_17_19_to_21(.clk(clk),.rst(rst),.din_0(min_din_15_to_17),.din_1(min_din_19_to_21),.
dout(min_din_15_to_17_19_to_21)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_16_to_18_20_to_22(.clk(clk),.rst(rst),.din_0(min_din_16_to_18),.din_1(min_din_20_to_22),.
dout(min_din_16_to_18_20_to_22)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_17_to_19_21_to_23(.clk(clk),.rst(rst),.din_0(min_din_17_to_19),.din_1(min_din_21_to_23),.
dout(min_din_17_to_19_21_to_23)); 

min_uuu #(.DAT_WDT(DAT_WDT)) 
i_min_din_18_to_20_22_to_24(.clk(clk),.rst(rst),.din_0(min_din_18_to_20),.din_1(min_din_22_to_24),.
dout(min_din_18_to_20_22_to_24)); 

 

wire [DAT_WDT:0] sbt_din_3_h; 

wire [DAT_WDT:0] sbt_din_4_h; 
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wire [DAT_WDT:0] sbt_din_5_h; 

wire [DAT_WDT:0] sbt_din_6_h; 

wire [DAT_WDT:0] sbt_din_7_h; 

wire [DAT_WDT:0] sbt_din_8_h; 

wire [DAT_WDT:0] sbt_din_9_h; 

wire [DAT_WDT:0] sbt_din_10_h; 

wire [DAT_WDT:0] sbt_din_11_h; 

wire [DAT_WDT:0] sbt_din_12_h; 

wire [DAT_WDT:0] sbt_din_13_h; 

wire [DAT_WDT:0] sbt_din_14_h; 

wire [DAT_WDT:0] sbt_din_15_h; 

wire [DAT_WDT:0] sbt_din_16_h; 

wire [DAT_WDT:0] sbt_din_17_h; 

wire [DAT_WDT:0] sbt_din_18_h; 

wire [DAT_WDT:0] sbt_din_19_h; 

wire [DAT_WDT:0] sbt_din_20_h; 

wire [DAT_WDT:0] sbt_din_21_h; 

 

sbt #(.DAT_WDT(DAT_WDT)) i_sbt_din_3_h 
(.clk(clk),.rst(rst),.din_0(din_3), .din_1(STR_ELM_HGH),.dout(sbt_din_3_h)); 

sbt #(.DAT_WDT(DAT_WDT)) i_sbt_din_4_h 
(.clk(clk),.rst(rst),.din_0(din_4), .din_1(STR_ELM_HGH),.dout(sbt_din_4_h)); 

sbt #(.DAT_WDT(DAT_WDT)) i_sbt_din_5_h 
(.clk(clk),.rst(rst),.din_0(din_5), .din_1(STR_ELM_HGH),.dout(sbt_din_5_h)); 

sbt #(.DAT_WDT(DAT_WDT)) i_sbt_din_6_h 
(.clk(clk),.rst(rst),.din_0(din_6), .din_1(STR_ELM_HGH),.dout(sbt_din_6_h)); 

sbt #(.DAT_WDT(DAT_WDT)) i_sbt_din_7_h 
(.clk(clk),.rst(rst),.din_0(din_7), .din_1(STR_ELM_HGH),.dout(sbt_din_7_h)); 

sbt #(.DAT_WDT(DAT_WDT)) i_sbt_din_8_h 
(.clk(clk),.rst(rst),.din_0(din_8), .din_1(STR_ELM_HGH),.dout(sbt_din_8_h)); 

sbt #(.DAT_WDT(DAT_WDT)) i_sbt_din_9_h 
(.clk(clk),.rst(rst),.din_0(din_9), .din_1(STR_ELM_HGH),.dout(sbt_din_9_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_10_h(.clk(clk),.rst(rst),.din_0(din_10),.din_1(STR_ELM_HGH),.dout(sbt_din_10_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_11_h(.clk(clk),.rst(rst),.din_0(din_11),.din_1(STR_ELM_HGH),.dout(sbt_din_11_h)); 
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sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_12_h(.clk(clk),.rst(rst),.din_0(din_12),.din_1(STR_ELM_HGH),.dout(sbt_din_12_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_13_h(.clk(clk),.rst(rst),.din_0(din_13),.din_1(STR_ELM_HGH),.dout(sbt_din_13_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_14_h(.clk(clk),.rst(rst),.din_0(din_14),.din_1(STR_ELM_HGH),.dout(sbt_din_14_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_15_h(.clk(clk),.rst(rst),.din_0(din_15),.din_1(STR_ELM_HGH),.dout(sbt_din_15_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_16_h(.clk(clk),.rst(rst),.din_0(din_16),.din_1(STR_ELM_HGH),.dout(sbt_din_16_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_17_h(.clk(clk),.rst(rst),.din_0(din_17),.din_1(STR_ELM_HGH),.dout(sbt_din_17_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_18_h(.clk(clk),.rst(rst),.din_0(din_18),.din_1(STR_ELM_HGH),.dout(sbt_din_18_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_19_h(.clk(clk),.rst(rst),.din_0(din_19),.din_1(STR_ELM_HGH),.dout(sbt_din_19_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_20_h(.clk(clk),.rst(rst),.din_0(din_20),.din_1(STR_ELM_HGH),.dout(sbt_din_20_h)); 

sbt #(.DAT_WDT(DAT_WDT)) 
i_sbt_din_21_h(.clk(clk),.rst(rst),.din_0(din_21),.din_1(STR_ELM_HGH),.dout(sbt_din_21_h)); 

 

min_uss #(.DAT_WDT(DAT_WDT)) i_ers_0 
(.clk(clk),.rst(rst),.din_0(min_din_0_to_2_4_to_6),    .din_1(sbt_din_3_h), .dout(dout_0)); 

min_uss #(.DAT_WDT(DAT_WDT)) i_ers_1 
(.clk(clk),.rst(rst),.din_0(min_din_1_to_3_5_to_7),    .din_1(sbt_din_4_h), .dout(dout_1)); 

min_uss #(.DAT_WDT(DAT_WDT)) i_ers_2 
(.clk(clk),.rst(rst),.din_0(min_din_2_to_4_6_to_8),    .din_1(sbt_din_5_h), .dout(dout_2)); 

min_uss #(.DAT_WDT(DAT_WDT)) i_ers_3 
(.clk(clk),.rst(rst),.din_0(min_din_3_to_5_7_to_9),    .din_1(sbt_din_6_h), .dout(dout_3)); 

min_uss #(.DAT_WDT(DAT_WDT)) i_ers_4 
(.clk(clk),.rst(rst),.din_0(min_din_4_to_6_8_to_10),   .din_1(sbt_din_7_h), .dout(dout_4)); 

min_uss #(.DAT_WDT(DAT_WDT)) i_ers_5 
(.clk(clk),.rst(rst),.din_0(min_din_5_to_7_9_to_11),   .din_1(sbt_din_8_h), .dout(dout_5)); 

min_uss #(.DAT_WDT(DAT_WDT)) i_ers_6 
(.clk(clk),.rst(rst),.din_0(min_din_6_to_8_10_to_12),  .din_1(sbt_din_9_h), .dout(dout_6)); 

min_uss #(.DAT_WDT(DAT_WDT)) i_ers_7 
(.clk(clk),.rst(rst),.din_0(min_din_7_to_9_11_to_13),  .din_1(sbt_din_10_h),.dout(dout_7)); 

min_uss #(.DAT_WDT(DAT_WDT)) i_ers_8 
(.clk(clk),.rst(rst),.din_0(min_din_8_to_10_12_to_14), .din_1(sbt_din_11_h),.dout(dout_8)); 
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min_uss #(.DAT_WDT(DAT_WDT)) i_ers_9 
(.clk(clk),.rst(rst),.din_0(min_din_9_to_11_13_to_15), .din_1(sbt_din_12_h),.dout(dout_9)); 

min_uss #(.DAT_WDT(DAT_WDT)) 
i_ers_10(.clk(clk),.rst(rst),.din_0(min_din_10_to_12_14_to_16),.din_1(sbt_din_13_h),.dout(dout_10)); 

min_uss #(.DAT_WDT(DAT_WDT)) 
i_ers_11(.clk(clk),.rst(rst),.din_0(min_din_11_to_13_15_to_17),.din_1(sbt_din_14_h),.dout(dout_11)); 

min_uss #(.DAT_WDT(DAT_WDT)) 
i_ers_12(.clk(clk),.rst(rst),.din_0(min_din_12_to_14_16_to_18),.din_1(sbt_din_15_h),.dout(dout_12)); 

min_uss #(.DAT_WDT(DAT_WDT)) 
i_ers_13(.clk(clk),.rst(rst),.din_0(min_din_13_to_15_17_to_19),.din_1(sbt_din_16_h),.dout(dout_13)); 

min_uss #(.DAT_WDT(DAT_WDT)) 
i_ers_14(.clk(clk),.rst(rst),.din_0(min_din_14_to_16_18_to_20),.din_1(sbt_din_17_h),.dout(dout_14)); 

min_uss #(.DAT_WDT(DAT_WDT)) 
i_ers_15(.clk(clk),.rst(rst),.din_0(min_din_15_to_17_19_to_21),.din_1(sbt_din_18_h),.dout(dout_15)); 

min_uss #(.DAT_WDT(DAT_WDT)) 
i_ers_16(.clk(clk),.rst(rst),.din_0(min_din_16_to_18_20_to_22),.din_1(sbt_din_19_h),.dout(dout_16)); 

min_uss #(.DAT_WDT(DAT_WDT)) 
i_ers_17(.clk(clk),.rst(rst),.din_0(min_din_17_to_19_21_to_23),.din_1(sbt_din_20_h),.dout(dout_17)); 

min_uss #(.DAT_WDT(DAT_WDT)) 
i_ers_18(.clk(clk),.rst(rst),.din_0(min_din_18_to_20_22_to_24),.din_1(sbt_din_21_h),.dout(dout_18)); 

 

endmodule 
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B.12 Top Module of Spike Removal Verilog Codes 

/* Spike Removal W=7 */ 

module spk_rmv_w_7 

# 

( 

parameter DAT_WDT = 12, // Data Width 

parameter STR_ELM_HGH = 3, // Structuring Element Height 

parameter AMP_THR = 20, // Amplitude Threshold 

parameter SHR_DGR = 4, // Shrinkage Degree 

parameter TWC_AMP_THR = 40 // Twice the Amplitude Threshold 

) 

( 

input clk, // Clock 

input rst, // Reset 

input din_req, // Data In Request 

input [DAT_WDT-1:0] din, // Data In 

output reg dout_req = 1'b0, // Data Out Request 

output reg [DAT_WDT-1:0] dout = {DAT_WDT{1'b0}} // Data Out 

); 

 

localparam STR_ELM_HLF_WDT = 3; // Structuring Element Half Width 

 

 

/* ----------Processing Window---------- */ 

wire [DAT_WDT-1:0] hst_rgs_1; // History Register 1 

wire [DAT_WDT-1:0] hst_rgs_2; // History Register 2 

wire [DAT_WDT-1:0] hst_rgs_3; // History Register 3 

wire [DAT_WDT-1:0] hst_rgs_4; // History Register 4 

wire [DAT_WDT-1:0] hst_rgs_5; // History Register 5 

wire [DAT_WDT-1:0] hst_rgs_6; // History Register 6 

wire [DAT_WDT-1:0] hst_rgs_7; // History Register 7 
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wire [DAT_WDT-1:0] hst_rgs_8; // History Register 8 

wire [DAT_WDT-1:0] hst_rgs_9; // History Register 9 

wire [DAT_WDT-1:0] hst_rgs_10; // History Register 10 

wire [DAT_WDT-1:0] hst_rgs_11; // History Register 11 

wire [DAT_WDT-1:0] hst_rgs_12; // History Register 12 

wire [DAT_WDT-1:0] hst_rgs_13; // History Register 13 

wire [DAT_WDT-1:0] hst_rgs_14; // History Register 14 

wire [DAT_WDT-1:0] hst_rgs_15; // History Register 15 

wire [DAT_WDT-1:0] hst_rgs_16; // History Register 16 

wire [DAT_WDT-1:0] hst_rgs_17; // History Register 17 

wire [DAT_WDT-1:0] hst_rgs_18; // History Register 18 

wire [DAT_WDT-1:0] hst_rgs_19; // History Register 19 

wire [DAT_WDT-1:0] hst_rgs_20; // History Register 20 

wire [DAT_WDT-1:0] hst_rgs_21; // History Register 21 

wire [DAT_WDT-1:0] hst_rgs_22; // History Register 22 

wire [DAT_WDT-1:0] hst_rgs_23; // History Register 23 

wire [DAT_WDT-1:0] hst_rgs_24; // History Register 24 

wire [DAT_WDT-1:0] hst_rgs_25; // History Register 25 

 

hst_rgs #(.DAT_WDT(DAT_WDT)) i_hst_rgs_1 
(.clk(clk),.rst(rst),.din_req(din_req),.din(din),       .dout(hst_rgs_1)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) i_hst_rgs_2 
(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_1), .dout(hst_rgs_2)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) i_hst_rgs_3 
(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_2), .dout(hst_rgs_3)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) i_hst_rgs_4 
(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_3), .dout(hst_rgs_4)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) i_hst_rgs_5 
(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_4), .dout(hst_rgs_5)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) i_hst_rgs_6 
(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_5), .dout(hst_rgs_6)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) i_hst_rgs_7 
(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_6), .dout(hst_rgs_7)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) i_hst_rgs_8 
(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_7), .dout(hst_rgs_8)); 
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hst_rgs #(.DAT_WDT(DAT_WDT)) i_hst_rgs_9 
(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_8), .dout(hst_rgs_9)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_10(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_9), .dout(hst_rgs_10)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_11(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_10),.dout(hst_rgs_11)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_12(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_11),.dout(hst_rgs_12)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_13(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_12),.dout(hst_rgs_13)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_14(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_13),.dout(hst_rgs_14)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_15(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_14),.dout(hst_rgs_15)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_16(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_15),.dout(hst_rgs_16)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_17(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_16),.dout(hst_rgs_17)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_18(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_17),.dout(hst_rgs_18)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_19(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_18),.dout(hst_rgs_19)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_20(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_19),.dout(hst_rgs_20)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_21(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_20),.dout(hst_rgs_21)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_22(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_21),.dout(hst_rgs_22)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_23(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_22),.dout(hst_rgs_23)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_24(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_23),.dout(hst_rgs_24)); 

hst_rgs #(.DAT_WDT(DAT_WDT)) 
i_hst_rgs_25(.clk(clk),.rst(rst),.din_req(din_req),.din(hst_rgs_24),.dout(hst_rgs_25)); 

 

/* ----------Morphological Filter---------- */ 

reg [DAT_WDT:0] ers_din_0 = {DAT_WDT+1{1'b0}}; // Erosion Data In 0 

reg [DAT_WDT:0] ers_din_1 = {DAT_WDT+1{1'b0}}; // Erosion Data In 1 

reg [DAT_WDT:0] ers_din_2 = {DAT_WDT+1{1'b0}}; // Erosion Data In 2 
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reg [DAT_WDT:0] ers_din_3 = {DAT_WDT+1{1'b0}}; // Erosion Data In 3 

reg [DAT_WDT:0] ers_din_4 = {DAT_WDT+1{1'b0}}; // Erosion Data In 4 

reg [DAT_WDT:0] ers_din_5 = {DAT_WDT+1{1'b0}}; // Erosion Data In 5 

reg [DAT_WDT:0] ers_din_6 = {DAT_WDT+1{1'b0}}; // Erosion Data In 6 

reg [DAT_WDT:0] ers_din_7 = {DAT_WDT+1{1'b0}}; // Erosion Data In 7 

reg [DAT_WDT:0] ers_din_8 = {DAT_WDT+1{1'b0}}; // Erosion Data In 8 

reg [DAT_WDT:0] ers_din_9 = {DAT_WDT+1{1'b0}}; // Erosion Data In 9 

reg [DAT_WDT:0] ers_din_10 = {DAT_WDT+1{1'b0}}; // Erosion Data In 10 

reg [DAT_WDT:0] ers_din_11 = {DAT_WDT+1{1'b0}}; // Erosion Data In 11 

reg [DAT_WDT:0] ers_din_12 = {DAT_WDT+1{1'b0}}; // Erosion Data In 12 

reg [DAT_WDT:0] ers_din_13 = {DAT_WDT+1{1'b0}}; // Erosion Data In 13 

reg [DAT_WDT:0] ers_din_14 = {DAT_WDT+1{1'b0}}; // Erosion Data In 14 

reg [DAT_WDT:0] ers_din_15 = {DAT_WDT+1{1'b0}}; // Erosion Data In 15 

reg [DAT_WDT:0] ers_din_16 = {DAT_WDT+1{1'b0}}; // Erosion Data In 16 

reg [DAT_WDT:0] ers_din_17 = {DAT_WDT+1{1'b0}}; // Erosion Data In 17 

reg [DAT_WDT:0] ers_din_18 = {DAT_WDT+1{1'b0}}; // Erosion Data In 18 

reg [DAT_WDT:0] ers_din_19 = {DAT_WDT+1{1'b0}}; // Erosion Data In 19 

reg [DAT_WDT:0] ers_din_20 = {DAT_WDT+1{1'b0}}; // Erosion Data In 20 

reg [DAT_WDT:0] ers_din_21 = {DAT_WDT+1{1'b0}}; // Erosion Data In 21 

reg [DAT_WDT:0] ers_din_22 = {DAT_WDT+1{1'b0}}; // Erosion Data In 22 

reg [DAT_WDT:0] ers_din_23 = {DAT_WDT+1{1'b0}}; // Erosion Data In 23 

reg [DAT_WDT:0] ers_din_24 = {DAT_WDT+1{1'b0}}; // Erosion Data In 24 

 

wire [DAT_WDT:0] ers_dout_0; // Erosion Data Out 0 

wire [DAT_WDT:0] ers_dout_1; // Erosion Data Out 1 

wire [DAT_WDT:0] ers_dout_2; // Erosion Data Out 2 

wire [DAT_WDT:0] ers_dout_3; // Erosion Data Out 3 

wire [DAT_WDT:0] ers_dout_4; // Erosion Data Out 4 

wire [DAT_WDT:0] ers_dout_5; // Erosion Data Out 5 

wire [DAT_WDT:0] ers_dout_6; // Erosion Data Out 6 

wire [DAT_WDT:0] ers_dout_7; // Erosion Data Out 7 

wire [DAT_WDT:0] ers_dout_8; // Erosion Data Out 8 
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wire [DAT_WDT:0] ers_dout_9; // Erosion Data Out 9 

wire [DAT_WDT:0] ers_dout_10; // Erosion Data Out 10 

wire [DAT_WDT:0] ers_dout_11; // Erosion Data Out 11 

wire [DAT_WDT:0] ers_dout_12; // Erosion Data Out 12 

wire [DAT_WDT:0] ers_dout_13; // Erosion Data Out 13 

wire [DAT_WDT:0] ers_dout_14; // Erosion Data Out 14 

wire [DAT_WDT:0] ers_dout_15; // Erosion Data Out 15 

wire [DAT_WDT:0] ers_dout_16; // Erosion Data Out 16 

wire [DAT_WDT:0] ers_dout_17; // Erosion Data Out 17 

wire [DAT_WDT:0] ers_dout_18; // Erosion Data Out 18 

 

reg [DAT_WDT:0] dlt_din_0 = {DAT_WDT+1{1'b0}}; // Dilation Data In 0 

reg [DAT_WDT:0] dlt_din_1 = {DAT_WDT+1{1'b0}}; // Dilation Data In 1 

reg [DAT_WDT:0] dlt_din_2 = {DAT_WDT+1{1'b0}}; // Dilation Data In 2 

reg [DAT_WDT:0] dlt_din_3 = {DAT_WDT+1{1'b0}}; // Dilation Data In 3 

reg [DAT_WDT:0] dlt_din_4 = {DAT_WDT+1{1'b0}}; // Dilation Data In 4 

reg [DAT_WDT:0] dlt_din_5 = {DAT_WDT+1{1'b0}}; // Dilation Data In 5 

reg [DAT_WDT:0] dlt_din_6 = {DAT_WDT+1{1'b0}}; // Dilation Data In 6 

reg [DAT_WDT:0] dlt_din_7 = {DAT_WDT+1{1'b0}}; // Dilation Data In 7 

reg [DAT_WDT:0] dlt_din_8 = {DAT_WDT+1{1'b0}}; // Dilation Data In 8 

reg [DAT_WDT:0] dlt_din_9 = {DAT_WDT+1{1'b0}}; // Dilation Data In 9 

reg [DAT_WDT:0] dlt_din_10 = {DAT_WDT+1{1'b0}}; // Dilation Data In 10 

reg [DAT_WDT:0] dlt_din_11 = {DAT_WDT+1{1'b0}}; // Dilation Data In 11 

reg [DAT_WDT:0] dlt_din_12 = {DAT_WDT+1{1'b0}}; // Dilation Data In 12 

reg [DAT_WDT:0] dlt_din_13 = {DAT_WDT+1{1'b0}}; // Dilation Data In 13 

reg [DAT_WDT:0] dlt_din_14 = {DAT_WDT+1{1'b0}}; // Dilation Data In 14 

reg [DAT_WDT:0] dlt_din_15 = {DAT_WDT+1{1'b0}}; // Dilation Data In 15 

reg [DAT_WDT:0] dlt_din_16 = {DAT_WDT+1{1'b0}}; // Dilation Data In 16 

reg [DAT_WDT:0] dlt_din_17 = {DAT_WDT+1{1'b0}}; // Dilation Data In 17 

reg [DAT_WDT:0] dlt_din_18 = {DAT_WDT+1{1'b0}}; // Dilation Data In 18 

reg [DAT_WDT:0] dlt_din_19 = {DAT_WDT+1{1'b0}}; // Dilation Data In 19 

reg [DAT_WDT:0] dlt_din_20 = {DAT_WDT+1{1'b0}}; // Dilation Data In 20 
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reg [DAT_WDT:0] dlt_din_21 = {DAT_WDT+1{1'b0}}; // Dilation Data In 21 

reg [DAT_WDT:0] dlt_din_22 = {DAT_WDT+1{1'b0}}; // Dilation Data In 22 

reg [DAT_WDT:0] dlt_din_23 = {DAT_WDT+1{1'b0}}; // Dilation Data In 23 

reg [DAT_WDT:0] dlt_din_24 = {DAT_WDT+1{1'b0}}; // Dilation Data In 24 

 

wire [DAT_WDT:0] dlt_dout_0; // Dilation Data Out 0 

wire [DAT_WDT:0] dlt_dout_1; // Dilation Data Out 1 

wire [DAT_WDT:0] dlt_dout_2; // Dilation Data Out 2 

wire [DAT_WDT:0] dlt_dout_3; // Dilation Data Out 3 

wire [DAT_WDT:0] dlt_dout_4; // Dilation Data Out 4 

wire [DAT_WDT:0] dlt_dout_5; // Dilation Data Out 5 

wire [DAT_WDT:0] dlt_dout_6; // Dilation Data Out 6 

wire [DAT_WDT:0] dlt_dout_7; // Dilation Data Out 7 

wire [DAT_WDT:0] dlt_dout_8; // Dilation Data Out 8 

wire [DAT_WDT:0] dlt_dout_9; // Dilation Data Out 9 

wire [DAT_WDT:0] dlt_dout_10; // Dilation Data Out 10 

wire [DAT_WDT:0] dlt_dout_11; // Dilation Data Out 11 

wire [DAT_WDT:0] dlt_dout_12; // Dilation Data Out 12 

wire [DAT_WDT:0] dlt_dout_13; // Dilation Data Out 13 

wire [DAT_WDT:0] dlt_dout_14; // Dilation Data Out 14 

wire [DAT_WDT:0] dlt_dout_15; // Dilation Data Out 15 

wire [DAT_WDT:0] dlt_dout_16; // Dilation Data Out 16 

wire [DAT_WDT:0] dlt_dout_17; // Dilation Data Out 17 

wire [DAT_WDT:0] dlt_dout_18; // Dilation Data Out 18 

 

ers_w_7 

# 

( 

.DAT_WDT(DAT_WDT), 

.STR_ELM_HGH(STR_ELM_HGH) 

) 

i_ers 
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( 

.clk(clk), 

.rst(rst), 

.din_0(ers_din_0), 

.din_1(ers_din_1), 

.din_2(ers_din_2), 

.din_3(ers_din_3), 

.din_4(ers_din_4), 

.din_5(ers_din_5), 

.din_6(ers_din_6), 

.din_7(ers_din_7), 

.din_8(ers_din_8), 

.din_9(ers_din_9), 

.din_10(ers_din_10), 

.din_11(ers_din_11), 

.din_12(ers_din_12), 

.din_13(ers_din_13), 

.din_14(ers_din_14), 

.din_15(ers_din_15), 

.din_16(ers_din_16), 

.din_17(ers_din_17), 

.din_18(ers_din_18), 

.din_19(ers_din_19), 

.din_20(ers_din_20), 

.din_21(ers_din_21), 

.din_22(ers_din_22), 

.din_23(ers_din_23), 

.din_24(ers_din_24), 

.dout_0(ers_dout_0), 

.dout_1(ers_dout_1), 

.dout_2(ers_dout_2), 

.dout_3(ers_dout_3), 
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.dout_4(ers_dout_4), 

.dout_5(ers_dout_5), 

.dout_6(ers_dout_6), 

.dout_7(ers_dout_7), 

.dout_8(ers_dout_8), 

.dout_9(ers_dout_9), 

.dout_10(ers_dout_10), 

.dout_11(ers_dout_11), 

.dout_12(ers_dout_12), 

.dout_13(ers_dout_13), 

.dout_14(ers_dout_14), 

.dout_15(ers_dout_15), 

.dout_16(ers_dout_16), 

.dout_17(ers_dout_17), 

.dout_18(ers_dout_18) 

); 

 

dlt_w_7 

# 

( 

.DAT_WDT(DAT_WDT), 

.STR_ELM_HGH(STR_ELM_HGH) 

) 

i_dlt 

( 

.clk(clk), 

.rst(rst), 

.din_0(dlt_din_0), 

.din_1(dlt_din_1), 

.din_2(dlt_din_2), 

.din_3(dlt_din_3), 

.din_4(dlt_din_4), 
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.din_5(dlt_din_5), 

.din_6(dlt_din_6), 

.din_7(dlt_din_7), 

.din_8(dlt_din_8), 

.din_9(dlt_din_9), 

.din_10(dlt_din_10), 

.din_11(dlt_din_11), 

.din_12(dlt_din_12), 

.din_13(dlt_din_13), 

.din_14(dlt_din_14), 

.din_15(dlt_din_15), 

.din_16(dlt_din_16), 

.din_17(dlt_din_17), 

.din_18(dlt_din_18), 

.din_19(dlt_din_19), 

.din_20(dlt_din_20), 

.din_21(dlt_din_21), 

.din_22(dlt_din_22), 

.din_23(dlt_din_23), 

.din_24(dlt_din_24), 

.dout_0(dlt_dout_0), 

.dout_1(dlt_dout_1), 

.dout_2(dlt_dout_2), 

.dout_3(dlt_dout_3), 

.dout_4(dlt_dout_4), 

.dout_5(dlt_dout_5), 

.dout_6(dlt_dout_6), 

.dout_7(dlt_dout_7), 

.dout_8(dlt_dout_8), 

.dout_9(dlt_dout_9), 

.dout_10(dlt_dout_10), 

.dout_11(dlt_dout_11), 
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.dout_12(dlt_dout_12), 

.dout_13(dlt_dout_13), 

.dout_14(dlt_dout_14), 

.dout_15(dlt_dout_15), 

.dout_16(dlt_dout_16), 

.dout_17(dlt_dout_17), 

.dout_18(dlt_dout_18) 

); 

 

/* ----------Optimization---------- */ 

wire [20:0] ovr_tph; // Overwritting Top-hat 

wire [20:0] ovr_btt; // Overwritting Bottom-hat 

wire [12:0] nnz_opt_tph; // Non-Zero Optimized Top-hat 

wire [12:0] nnz_opt_btt; // Non-zero Optimized Bottom-hat 

reg [DAT_WDT-1:0] opt_tph = {DAT_WDT{1'b0}}; // Optimized Top-hat 

reg [DAT_WDT-1:0] opt_btt = {DAT_WDT{1'b0}}; // Optimized Bottom-hat 

 

opt 

# 

( 

.DAT_WDT(DAT_WDT), 

.STR_ELM_HGH(STR_ELM_HGH), 

.STR_ELM_HLF_WDT(STR_ELM_HLF_WDT) 

) 

i_opt 

( 

.clk(clk), 

.rst(rst), 

.din_m20({DAT_WDT{1'b0}}), 

.din_m19({DAT_WDT{1'b0}}), 

.din_m18({DAT_WDT{1'b0}}), 

.din_m17({DAT_WDT{1'b0}}), 
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.din_m16({DAT_WDT{1'b0}}), 

.din_m15({DAT_WDT{1'b0}}), 

.din_m14({DAT_WDT{1'b0}}), 

.din_m13({DAT_WDT{1'b0}}), 

.din_m12(hst_rgs_25), 

.din_m11(hst_rgs_24), 

.din_m10(hst_rgs_23), 

.din_m9(hst_rgs_22), 

.din_m8(hst_rgs_21), 

.din_m7(hst_rgs_20), 

.din_m6(hst_rgs_19), 

.din_m5(hst_rgs_18), 

.din_m4(hst_rgs_17), 

.din_m3(hst_rgs_16), 

.din_m2(hst_rgs_15), 

.din_m1(hst_rgs_14), 

.din_mp0(hst_rgs_13), 

.din_p1(hst_rgs_12), 

.din_p2(hst_rgs_11), 

.din_p3(hst_rgs_10), 

.din_p4(hst_rgs_9), 

.din_p5(hst_rgs_8), 

.din_p6(hst_rgs_7), 

.din_p7(hst_rgs_6), 

.din_p8(hst_rgs_5), 

.din_p9(hst_rgs_4), 

.din_p10(hst_rgs_3), 

.din_p11(hst_rgs_2), 

.din_p12(hst_rgs_1), 

.din_p13({DAT_WDT{1'b0}}), 

.din_p14({DAT_WDT{1'b0}}), 

.din_p15({DAT_WDT{1'b0}}), 



123 
 

.din_p16({DAT_WDT{1'b0}}), 

.din_p17({DAT_WDT{1'b0}}), 

.din_p18({DAT_WDT{1'b0}}), 

.din_p19({DAT_WDT{1'b0}}), 

.din_p20({DAT_WDT{1'b0}}), 

.dout_ovr_tph(ovr_tph), 

.dout_ovr_btt(ovr_btt) 

); 

 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_0 
(.clk(clk),.rst(rst),.clr(ovr_tph[4]), .din_0(dlt_dout_0[DAT_WDT-
1:0]), .din_1(hst_rgs_19),.dout(nnz_opt_tph[0])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_1 
(.clk(clk),.rst(rst),.clr(ovr_tph[5]), .din_0(dlt_dout_1[DAT_WDT-
1:0]), .din_1(hst_rgs_18),.dout(nnz_opt_tph[1])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_2 
(.clk(clk),.rst(rst),.clr(ovr_tph[6]), .din_0(dlt_dout_2[DAT_WDT-
1:0]), .din_1(hst_rgs_17),.dout(nnz_opt_tph[2])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_3 
(.clk(clk),.rst(rst),.clr(ovr_tph[7]), .din_0(dlt_dout_3[DAT_WDT-
1:0]), .din_1(hst_rgs_16),.dout(nnz_opt_tph[3])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_4 
(.clk(clk),.rst(rst),.clr(ovr_tph[8]), .din_0(dlt_dout_4[DAT_WDT-
1:0]), .din_1(hst_rgs_15),.dout(nnz_opt_tph[4])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_5 
(.clk(clk),.rst(rst),.clr(ovr_tph[9]), .din_0(dlt_dout_5[DAT_WDT-
1:0]), .din_1(hst_rgs_14),.dout(nnz_opt_tph[5])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_6 
(.clk(clk),.rst(rst),.clr(ovr_tph[10]),.din_0(dlt_dout_6[DAT_WDT-
1:0]), .din_1(hst_rgs_13),.dout(nnz_opt_tph[6])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_7 
(.clk(clk),.rst(rst),.clr(ovr_tph[11]),.din_0(dlt_dout_7[DAT_WDT-
1:0]), .din_1(hst_rgs_12),.dout(nnz_opt_tph[7])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_8 
(.clk(clk),.rst(rst),.clr(ovr_tph[12]),.din_0(dlt_dout_8[DAT_WDT-
1:0]), .din_1(hst_rgs_11),.dout(nnz_opt_tph[8])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_tph_9 
(.clk(clk),.rst(rst),.clr(ovr_tph[13]),.din_0(dlt_dout_9[DAT_WDT-
1:0]), .din_1(hst_rgs_10),.dout(nnz_opt_tph[9])); 
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not_eql #(.DAT_WDT(DAT_WDT)) 
i_nnz_opt_tph_10(.clk(clk),.rst(rst),.clr(ovr_tph[14]),.din_0(dlt_dout_10[DAT_WDT-
1:0]),.din_1(hst_rgs_9), .dout(nnz_opt_tph[10])); 

not_eql #(.DAT_WDT(DAT_WDT)) 
i_nnz_opt_tph_11(.clk(clk),.rst(rst),.clr(ovr_tph[15]),.din_0(dlt_dout_11[DAT_WDT-
1:0]),.din_1(hst_rgs_8), .dout(nnz_opt_tph[11])); 

not_eql #(.DAT_WDT(DAT_WDT)) 
i_nnz_opt_tph_12(.clk(clk),.rst(rst),.clr(ovr_tph[16]),.din_0(dlt_dout_12[DAT_WDT-
1:0]),.din_1(hst_rgs_7), .dout(nnz_opt_tph[12])); 

 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_0 
(.clk(clk),.rst(rst),.clr(ovr_btt[4]), .din_0(hst_rgs_19),.din_1(ers_dout_0[DAT_WDT-
1:0]), .dout(nnz_opt_btt[0])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_1 
(.clk(clk),.rst(rst),.clr(ovr_btt[5]), .din_0(hst_rgs_18),.din_1(ers_dout_1[DAT_WDT-
1:0]), .dout(nnz_opt_btt[1])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_2 
(.clk(clk),.rst(rst),.clr(ovr_btt[6]), .din_0(hst_rgs_17),.din_1(ers_dout_2[DAT_WDT-
1:0]), .dout(nnz_opt_btt[2])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_3 
(.clk(clk),.rst(rst),.clr(ovr_btt[7]), .din_0(hst_rgs_16),.din_1(ers_dout_3[DAT_WDT-
1:0]), .dout(nnz_opt_btt[3])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_4 
(.clk(clk),.rst(rst),.clr(ovr_btt[8]), .din_0(hst_rgs_15),.din_1(ers_dout_4[DAT_WDT-
1:0]), .dout(nnz_opt_btt[4])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_5 
(.clk(clk),.rst(rst),.clr(ovr_btt[9]), .din_0(hst_rgs_14),.din_1(ers_dout_5[DAT_WDT-
1:0]), .dout(nnz_opt_btt[5])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_6 
(.clk(clk),.rst(rst),.clr(ovr_btt[10]),.din_0(hst_rgs_13),.din_1(ers_dout_6[DAT_WDT-
1:0]), .dout(nnz_opt_btt[6])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_7 
(.clk(clk),.rst(rst),.clr(ovr_btt[11]),.din_0(hst_rgs_12),.din_1(ers_dout_7[DAT_WDT-
1:0]), .dout(nnz_opt_btt[7])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_8 
(.clk(clk),.rst(rst),.clr(ovr_btt[12]),.din_0(hst_rgs_11),.din_1(ers_dout_8[DAT_WDT-
1:0]), .dout(nnz_opt_btt[8])); 

not_eql #(.DAT_WDT(DAT_WDT)) i_nnz_opt_btt_9 
(.clk(clk),.rst(rst),.clr(ovr_btt[13]),.din_0(hst_rgs_10),.din_1(ers_dout_9[DAT_WDT-
1:0]), .dout(nnz_opt_btt[9])); 

not_eql #(.DAT_WDT(DAT_WDT)) 
i_nnz_opt_btt_10(.clk(clk),.rst(rst),.clr(ovr_btt[14]),.din_0(hst_rgs_9), .din_1(ers_dout_10[DAT_WDT-
1:0]),.dout(nnz_opt_btt[10])); 
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not_eql #(.DAT_WDT(DAT_WDT)) 
i_nnz_opt_btt_11(.clk(clk),.rst(rst),.clr(ovr_btt[15]),.din_0(hst_rgs_8), .din_1(ers_dout_11[DAT_WDT-
1:0]),.dout(nnz_opt_btt[11])); 

not_eql #(.DAT_WDT(DAT_WDT)) 
i_nnz_opt_btt_12(.clk(clk),.rst(rst),.clr(ovr_btt[16]),.din_0(hst_rgs_7), .din_1(ers_dout_12[DAT_WDT-
1:0]),.dout(nnz_opt_btt[12])); 

 

always@(posedge clk or posedge rst) 

begin 

    if(rst) begin opt_tph <= {DAT_WDT{1'b0}}; end 

    else 

    begin 

        if(ovr_tph[10] == 1'b1) begin opt_tph <= {DAT_WDT{1'b0}}; end 

        else                    begin opt_tph <= hst_rgs_13 - dlt_dout_6[DAT_WDT-1:0]; end 

    end 

end 

 

always@(posedge clk or posedge rst) 

begin 

    if(rst) begin opt_btt <= {DAT_WDT{1'b0}}; end 

    else 

    begin 

        if(ovr_btt[10] == 1'b1) begin opt_btt <= {DAT_WDT{1'b0}}; end 

        else                    begin opt_btt <= ers_dout_6[DAT_WDT-1:0] - hst_rgs_13; end 

    end 

end 

 

/* ----------Recognition---------- */ 

wire rcg; // Recognition 

 

rcg 

# 

( 

.DAT_WDT(DAT_WDT), 
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.STR_ELM_HLF_WDT(STR_ELM_HLF_WDT), 

.AMP_THR(AMP_THR), 

.TWC_AMP_THR(TWC_AMP_THR) 

) 

i_rcg 

( 

.clk(clk), 

.rst(rst), 

.din_nnz_opt_tph({4'b0000,nnz_opt_tph,4'b0000}), 

.din_nnz_opt_btt({4'b0000,nnz_opt_btt,4'b0000}), 

.din_opt_tph(opt_tph), 

.din_opt_btt(opt_btt), 

.dout(rcg) 

); 

 

/* ----------Spike Smoothing---------- */ 

wire [DAT_WDT-1:0] smt; // Smoothing 

 

wvl_shr 

# 

( 

.DAT_WDT(DAT_WDT), 

.SHR_DGR(SHR_DGR) 

) 

i_wvl_shr 

( 

.clk(clk), 

.rst(rst), 

.din_0(hst_rgs_21), 

.din_1(hst_rgs_20), 

.din_2(hst_rgs_19), 

.din_3(hst_rgs_18), 
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.din_4(hst_rgs_17), 

.din_5(hst_rgs_16), 

.din_6(hst_rgs_15), 

.din_7(hst_rgs_14), 

.din_8(hst_rgs_13), 

.din_9(hst_rgs_12), 

.din_10(hst_rgs_11), 

.din_11(hst_rgs_10), 

.din_12(hst_rgs_9), 

.din_13(hst_rgs_8), 

.din_14(hst_rgs_7), 

.din_15(hst_rgs_6), 

.din_16(hst_rgs_21), 

.din_17(hst_rgs_20), 

.din_18(hst_rgs_19), 

.din_19(hst_rgs_18), 

.din_20(hst_rgs_17), 

.din_21(hst_rgs_16), 

.din_22(hst_rgs_15), 

.din_23(hst_rgs_14), 

.din_24(hst_rgs_13), 

.din_25(hst_rgs_12), 

.din_26(hst_rgs_11), 

.din_27(hst_rgs_10), 

.din_28(hst_rgs_9), 

.din_29(hst_rgs_8), 

.din_30(hst_rgs_7), 

.din_31(hst_rgs_6), 

.dout_16(), 

.dout_8(smt) 

); 
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/* ----------Timing Control---------- */ 

localparam dly_0 = 17'b0_0000_0000_0000_0001; // Delay 0 

localparam dly_1 = 17'b0_0000_0000_0000_0010; // Delay 1 

localparam dly_2 = 17'b0_0000_0000_0000_0100; // Delay 2 

localparam dly_3 = 17'b0_0000_0000_0000_1000; // Delay 3 

localparam dly_4 = 17'b0_0000_0000_0001_0000; // Delay 4 

localparam dly_5 = 17'b0_0000_0000_0010_0000; // Delay 5 

localparam dly_6 = 17'b0_0000_0000_0100_0000; // Delay 6 

localparam dly_7 = 17'b0_0000_0000_1000_0000; // Delay 7 

localparam dly_8 = 17'b0_0000_0001_0000_0000; // Delay 8 

localparam dly_9 = 17'b0_0000_0010_0000_0000; // Delay 9 

localparam dly_10 = 17'b0_0000_0100_0000_0000; // Delay 10 

localparam dly_11 = 17'b0_0000_1000_0000_0000; // Delay 11 

localparam dly_12 = 17'b0_0001_0000_0000_0000; // Delay 12 

localparam dly_13 = 17'b0_0010_0000_0000_0000; // Delay 13 

localparam dly_14 = 17'b0_0100_0000_0000_0000; // Delay 14 

localparam dly_15 = 17'b0_1000_0000_0000_0000; // Delay 15 

localparam dly_16 = 17'b1_0000_0000_0000_0000; // Delay 16 

 

reg [16:0] crr_dly = dly_0; // Current Delay 

reg [16:0] nxt_dly = dly_0; // Next Delay 

 

always@(*) 

begin 

    if(din_req) begin nxt_dly = dly_1; end 

    else 

    begin 

        case(crr_dly) 

            dly_1: begin nxt_dly = dly_2; end 

            dly_2: begin nxt_dly = dly_3; end 

            dly_3: begin nxt_dly = dly_4; end 

            dly_4: begin nxt_dly = dly_5; end 
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            dly_5: begin nxt_dly = dly_6; end 

            dly_6: begin nxt_dly = dly_7; end 

            dly_7: begin nxt_dly = dly_8; end 

            dly_8: begin nxt_dly = dly_9; end 

            dly_9: begin nxt_dly = dly_10; end 

            dly_10: begin nxt_dly = dly_11; end 

            dly_11: begin nxt_dly = dly_12; end 

            dly_12: begin nxt_dly = dly_13; end 

            dly_13: begin nxt_dly = dly_14; end 

            dly_14: begin nxt_dly = dly_15; end 

            dly_15: begin nxt_dly = dly_16; end 

            default: begin nxt_dly = dly_0; end 

        endcase 

    end 

end 

 

always@(posedge clk or posedge rst) 

begin 

    if(rst) begin crr_dly <= dly_0; end 

    else    begin crr_dly <= nxt_dly; end 

end 

 

always@(posedge clk or posedge rst) 

begin 

    if(rst) 

    begin 

        ers_din_0 <= {DAT_WDT+1{1'b0}}; 

        ers_din_1 <= {DAT_WDT+1{1'b0}}; 

        ers_din_2 <= {DAT_WDT+1{1'b0}}; 

        ers_din_3 <= {DAT_WDT+1{1'b0}}; 

        ers_din_4 <= {DAT_WDT+1{1'b0}}; 

        ers_din_5 <= {DAT_WDT+1{1'b0}}; 
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        ers_din_6 <= {DAT_WDT+1{1'b0}}; 

        ers_din_7 <= {DAT_WDT+1{1'b0}}; 

        ers_din_8 <= {DAT_WDT+1{1'b0}}; 

        ers_din_9 <= {DAT_WDT+1{1'b0}}; 

        ers_din_10 <= {DAT_WDT+1{1'b0}}; 

        ers_din_11 <= {DAT_WDT+1{1'b0}}; 

        ers_din_12 <= {DAT_WDT+1{1'b0}}; 

        ers_din_13 <= {DAT_WDT+1{1'b0}}; 

        ers_din_14 <= {DAT_WDT+1{1'b0}}; 

        ers_din_15 <= {DAT_WDT+1{1'b0}}; 

        ers_din_16 <= {DAT_WDT+1{1'b0}}; 

        ers_din_17 <= {DAT_WDT+1{1'b0}}; 

        ers_din_18 <= {DAT_WDT+1{1'b0}}; 

        ers_din_19 <= {DAT_WDT+1{1'b0}}; 

        ers_din_20 <= {DAT_WDT+1{1'b0}}; 

        ers_din_21 <= {DAT_WDT+1{1'b0}}; 

        ers_din_22 <= {DAT_WDT+1{1'b0}}; 

        ers_din_23 <= {DAT_WDT+1{1'b0}}; 

        ers_din_24 <= {DAT_WDT+1{1'b0}}; 

    end 

    else 

    begin 

        case(crr_dly) 

            dly_1: 

            begin 

                ers_din_0 <= {1'b0,hst_rgs_25}; 

                ers_din_1 <= {1'b0,hst_rgs_24}; 

                ers_din_2 <= {1'b0,hst_rgs_23}; 

                ers_din_3 <= {1'b0,hst_rgs_22}; 

                ers_din_4 <= {1'b0,hst_rgs_21}; 

                ers_din_5 <= {1'b0,hst_rgs_20}; 

                ers_din_6 <= {1'b0,hst_rgs_19}; 
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                ers_din_7 <= {1'b0,hst_rgs_18}; 

                ers_din_8 <= {1'b0,hst_rgs_17}; 

                ers_din_9 <= {1'b0,hst_rgs_16}; 

                ers_din_10 <= {1'b0,hst_rgs_15}; 

                ers_din_11 <= {1'b0,hst_rgs_14}; 

                ers_din_12 <= {1'b0,hst_rgs_13}; 

                ers_din_13 <= {1'b0,hst_rgs_12}; 

                ers_din_14 <= {1'b0,hst_rgs_11}; 

                ers_din_15 <= {1'b0,hst_rgs_10}; 

                ers_din_16 <= {1'b0,hst_rgs_9}; 

                ers_din_17 <= {1'b0,hst_rgs_8}; 

                ers_din_18 <= {1'b0,hst_rgs_7}; 

                ers_din_19 <= {1'b0,hst_rgs_6}; 

                ers_din_20 <= {1'b0,hst_rgs_5}; 

                ers_din_21 <= {1'b0,hst_rgs_4}; 

                ers_din_22 <= {1'b0,hst_rgs_3}; 

                ers_din_23 <= {1'b0,hst_rgs_2}; 

                ers_din_24 <= {1'b0,hst_rgs_1}; 

            end 

            dly_7: 

            begin 

               ers_din_0 <= dlt_dout_0; 

               ers_din_1 <= dlt_dout_1; 

               ers_din_2 <= dlt_dout_2; 

               ers_din_3 <= dlt_dout_3; 

               ers_din_4 <= dlt_dout_4; 

               ers_din_5 <= dlt_dout_5; 

               ers_din_6 <= dlt_dout_6; 

               ers_din_7 <= dlt_dout_7; 

               ers_din_8 <= dlt_dout_8; 

               ers_din_9 <= dlt_dout_9; 

               ers_din_10 <= dlt_dout_10; 
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               ers_din_11 <= dlt_dout_11; 

               ers_din_12 <= dlt_dout_12; 

               ers_din_13 <= dlt_dout_13; 

               ers_din_14 <= dlt_dout_14; 

               ers_din_15 <= dlt_dout_15; 

               ers_din_16 <= dlt_dout_16; 

               ers_din_17 <= dlt_dout_17; 

               ers_din_18 <= dlt_dout_18; 

               ers_din_19 <= {DAT_WDT+1{1'b0}}; 

               ers_din_20 <= {DAT_WDT+1{1'b0}}; 

               ers_din_21 <= {DAT_WDT+1{1'b0}}; 

               ers_din_22 <= {DAT_WDT+1{1'b0}}; 

               ers_din_23 <= {DAT_WDT+1{1'b0}}; 

               ers_din_24 <= {DAT_WDT+1{1'b0}}; 

            end 

        endcase 

    end 

end 

 

always@(posedge clk or posedge rst) 

begin 

    if(rst) 

    begin 

        dlt_din_0 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_1 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_2 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_3 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_4 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_5 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_6 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_7 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_8 <= {DAT_WDT+1{1'b0}}; 
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        dlt_din_9 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_10 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_11 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_12 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_13 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_14 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_15 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_16 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_17 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_18 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_19 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_20 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_21 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_22 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_23 <= {DAT_WDT+1{1'b0}}; 

        dlt_din_24 <= {DAT_WDT+1{1'b0}}; 

    end 

    else 

    begin 

        case(crr_dly) 

            dly_1: 

            begin 

                dlt_din_0 <= {1'b0,hst_rgs_25}; 

                dlt_din_1 <= {1'b0,hst_rgs_24}; 

                dlt_din_2 <= {1'b0,hst_rgs_23}; 

                dlt_din_3 <= {1'b0,hst_rgs_22}; 

                dlt_din_4 <= {1'b0,hst_rgs_21}; 

                dlt_din_5 <= {1'b0,hst_rgs_20}; 

                dlt_din_6 <= {1'b0,hst_rgs_19}; 

                dlt_din_7 <= {1'b0,hst_rgs_18}; 

                dlt_din_8 <= {1'b0,hst_rgs_17}; 

                dlt_din_9 <= {1'b0,hst_rgs_16}; 
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                dlt_din_10 <= {1'b0,hst_rgs_15}; 

                dlt_din_11 <= {1'b0,hst_rgs_14}; 

                dlt_din_12 <= {1'b0,hst_rgs_13}; 

                dlt_din_13 <= {1'b0,hst_rgs_12}; 

                dlt_din_14 <= {1'b0,hst_rgs_11}; 

                dlt_din_15 <= {1'b0,hst_rgs_10}; 

                dlt_din_16 <= {1'b0,hst_rgs_9}; 

                dlt_din_17 <= {1'b0,hst_rgs_8}; 

                dlt_din_18 <= {1'b0,hst_rgs_7}; 

                dlt_din_19 <= {1'b0,hst_rgs_6}; 

                dlt_din_20 <= {1'b0,hst_rgs_5}; 

                dlt_din_21 <= {1'b0,hst_rgs_4}; 

                dlt_din_22 <= {1'b0,hst_rgs_3}; 

                dlt_din_23 <= {1'b0,hst_rgs_2}; 

                dlt_din_24 <= {1'b0,hst_rgs_1}; 

            end 

            dly_7: 

            begin 

                dlt_din_0 <= ers_dout_0; 

                dlt_din_1 <= ers_dout_1; 

                dlt_din_2 <= ers_dout_2; 

                dlt_din_3 <= ers_dout_3; 

                dlt_din_4 <= ers_dout_4; 

                dlt_din_5 <= ers_dout_5; 

                dlt_din_6 <= ers_dout_6; 

                dlt_din_7 <= ers_dout_7; 

                dlt_din_8 <= ers_dout_8; 

                dlt_din_9 <= ers_dout_9; 

                dlt_din_10 <= ers_dout_10; 

                dlt_din_11 <= ers_dout_11; 

                dlt_din_12 <= ers_dout_12; 

                dlt_din_13 <= ers_dout_13; 
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                dlt_din_14 <= ers_dout_14; 

                dlt_din_15 <= ers_dout_15; 

                dlt_din_16 <= ers_dout_16; 

                dlt_din_17 <= ers_dout_17; 

                dlt_din_18 <= ers_dout_18; 

                dlt_din_19 <= {DAT_WDT+1{1'b0}}; 

                dlt_din_20 <= {DAT_WDT+1{1'b0}}; 

                dlt_din_21 <= {DAT_WDT+1{1'b0}}; 

                dlt_din_22 <= {DAT_WDT+1{1'b0}}; 

                dlt_din_23 <= {DAT_WDT+1{1'b0}}; 

                dlt_din_24 <= {DAT_WDT+1{1'b0}}; 

            end 

        endcase 

    end 

end 

 

always@(posedge clk or posedge rst) 

begin 

    if(rst) begin dout_req <= 1'b0; end 

    else 

    begin 

        if(crr_dly == dly_16) begin dout_req <= 1'b1; end 

        else                  begin dout_req <= 1'b0; end 

    end 

end 

 

always@(posedge clk or posedge rst) 

begin 

    if(rst) begin dout <= {DAT_WDT{1'b0}}; end 

    else 

    begin 

        if(crr_dly == dly_16) 
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        begin 

            if(rcg) begin dout <= smt; end 

            else    begin dout <= hst_rgs_13; end 

        end 

    end 

end 

 

endmodule 
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Appendix C Timing Diagram 

C.1 Spike Removal 
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